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Frontispiece: G. H. Hardy. Kindly supplied by Trinity College, Cambridge

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without the written

permission of Cambridge University Press.

First published 2013

Printed and bound in the United Kingdom by the MPG Books Group

A catalog record for this publication is available from the British Library

Library of Congress Cataloguing in Publication data
Ivic, A., 1949– author.

The theory of Hardy’s Z-function / Aleksandar Ivic.
pages cm. – (Cambridge tracts in mathematics ; 196)

Includes bibliographical references and index.
ISBN 978-1-107-02883-8 (hardback)

1. Number theory. I. Title.
QA241.I83 2012

512.7 – dc23 2012024804

ISBN 978-1-107-02883-8 Hardback

Cambridge University Press has no responsibility for the persistence or
accuracy of URLs for external or third-party internet websites referred to

in this publication, and does not guarantee that any content on such
websites is, or will remain, accurate or appropriate.

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-02883-8 - The Theory of Hardy’s Z-Function
Aleksandar Ivić
Frontmatter
More information

http://www.cambridge.org/9781107028838
http://www.cambridge.org
http://www.cambridge.org


Contents

Preface page xi
Notation xv

1 Definition of ζ (s), Z(t) and basic notions 1
1.1 The basic notions 1
1.2 The functional equation for ζ (s) 3
1.3 Properties of Hardy’s function 6
1.4 The distribution of zeta-zeros 8
Notes 14

2 The zeros on the critical line 21
2.1 The infinity of zeros on the critical line 21
2.2 A lower bound for the mean values 23
2.3 Lehmer’s phenomenon 25
2.4 Gaps between consecutive zeros on the critical line 28
Notes 41

3 The Selberg class of L-functions 49
3.1 The axioms of Selberg’s class 49
3.2 The analogs of Hardy’s and Lindelöf’s function for S 51
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Preface

This text has grown out of a mini-course held at the Arctic Number Theory
School, University of Helsinki, May 18-25, 2011. The central topic is Hardy’s
function Z(t), of great importance in the theory of the Riemann zeta-function
ζ (s). It is named after Godfrey Harold (“G. H.”) Hardy FRS (1877-1947), who
was a prominent English mathematician, well-known for his achievements in
number theory and mathematical analysis. Sometimes by Hardy function(s)
one denotes the element(s) of Hardy spaces Hp, which are certain spaces of
holomorphic functions on the unit disk or the upper half-plane. In this text,
however, Hardy’s function Z(t) will always denote the function defined by (0)
below. It was chosen as the object of study because of its significance in the
theory of ζ (s) and because, initially, considerable material could be presented
on the blackboard within the framework of six lectures. Some results, like
Theorem 6.7 and the bounds in (4.25) and (4.26) are new, improving on older
ones. It is “Hardy’s function” which is the thread that holds this work together.
I have thought it is appropriate for a monograph because the topic is not as
vast as the topic of the Riemann zeta-function itself. Moreover, specialized
monographs such as [Iv4], [Lau5], [Mot5] and [Ram] cover in detail other
parts of zeta-function theory, but not Z(t). It appears that one volume cannot
suffice today to cover all the relevant material concerning ζ (s), although some
of the most important problems (such as the distribution of zeros, in particular
the notorious Riemann hypothesis that all complex zeros of ζ (s) have real parts
1/2), are not settled yet. On the other hand, there seems now to be enough
material on Z(t) to warrant the writing of a monograph dedicated solely to it,
especially since there is at present a lot of research concerning Z(t) going on.

In the desire to keep the size of the text compact, I had to avoid going
into detail in subjects which are connected with zeta-function theory, but are
already adequately covered in the literature. These include spectral theory,

xi
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xii Preface

random matrix theory and representation theory, among others. Proofs of some
well-known results such as the first and second derivative tests for exponential
integrals (Lemma 2.2 and Lemma 2.3) are omitted, while the proof of, for
example, Lemma 7.2 would lead us too much astray. I have tried to include
most of the material of the ongoing research onZ(t), thus there is much material
from papers which are just published or in print. Starting with Chapter 2, the
theory of Hardy’s function is systematically developed, hence the title The
Theory of Hardy’s Z-Function seems appropriate. In developing the theory,
some modern tools of analytic number theory are systematically used and
discussed, such as approximate functional equations, exponential sums and
integrals, and integral transforms, to name just a few.

The text is intended for ambitious graduate students, Ph.D. students, and
researchers in the field. The prerequisites are basically standard courses in real
and complex analysis, but it will help if the reader is familiar with a general
text on the Riemann zeta-function, such as the monographs [Tit3], [KaVo] and
[Iv1], although efforts have been made to keep the text self-contained. Besides
mathematicians, the book will hopefully appeal to physicists whose work is
linked to the applications of ζ (s) in Physics.

The text offers sufficient material for a course of one semester. Except for the
introductory Chapter 1, other chapters are basically independent, and various
shorter courses may be given based on disposable time and the interest of
students.

The material is organized as follows. In Chapter 1 we present the Riemann
zeta-function and discuss some of its basic properties. Hardy’s function

Z(t) := ζ ( 1
2 + it)(χ ( 1

2 + it))−1/2
, ζ (s) = χ (s)ζ (1 − s), (0)

is introduced and some of its properties are presented. One of the most important
aspects of Z(t) is that it is a real-valued function of the real valuable t , and
its zeros exactly correspond to the zeros of ζ (s) on the so-called “critical line”
Re s = 1/2. Thus it is very convenient to work with, being real-valued, both
theoretically and in conjunction with the calculation of zeta-zeros. It is in
Chapter 2 that we discuss the zeros of the zeta-function on the critical line.
In particular, we present a variant of Hardy’s original proof that there are
infinitely many zeta-zeros on Re s = 1/2. Besides that, we discuss Lehmer’s
phenomenon, namely that the Riemann hypothesis fails if Z(t) has a positive
local minimum or a negative local maximum (except at t = 2.475 75 . . .) and
the unconditional estimation of gaps between the consecutive zeros of Z(t).

Chapter 3 is devoted to the Selberg class S of L-functions, of which ζ (s) can
be thought of as a prototype, since the elements of S inherit the intrinsic prop-
erties of ζ (s), namely the Euler product (see (1.1)) and the functional equation
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Preface xiii

(see (1.5)). Basic notions and properties of functions in S are presented. The
class S (introduced by A. Selberg in 1989) is a natural generalization of ζ (s),
and the modern theory of L-functions often focuses on families and classes of
L-functions containing ζ (s), such as S.

Chapter 4 is dedicated to AFEs (approximate functional equations) for ζ k(s)
when k ∈ N. The AFEs are an essential tool in the theory of L-functions,
approximating a Dirichlet series by a finite number of Dirichlet polynomials.
For the AFEs that we treat, the accent is on the methods of proof, of which
there are several. From an AFE for ζ k(s) one then deduces an AFE for Zk(t).

In Chapter 5 we provide formulas for the derivatives Z(k)(t), and in
Chapter 6 we deal with Gram points gn which satisfy θ (gn) = πn, where
Z(t) = eiθ(t)ζ ( 1

2 + it) and θ (t) is given by (1.19). We also discuss the so-called
“Gram’s law” related to Gram points.

In Chapter 7 we give formulas for the kth moment of Z(t), that is, for the
integral

∫ T
0 Z

k(t) dt , where k ∈ N. This is achieved by employing an AFE with
smooth weights.

M. Jutila’s recent formula for the oscillating function F (T ) = ∫ T
0 Z(t) dt

is given in detail in Chapter 8. It furnishes the results F (T ) = O(T 1/4) and
F (T ) = �±(T 1/4), thereby determining the true order of magnitude of F (T ).
This approach is different from the author’s work and from the recent work of
M. Korolev [Kor3], [Kor4], who also obtained an explicit formula for F (T ).

The Mellin transforms (k ∈ N)

Zk(s) =
∫ ∞

1
|ζ ( 1

2 + ix)|2kx−s dx, Mk(s) =
∫ ∞

1
Zk(x)x−s dx

form the subject of Chapter 9 and Chapter 10. In general, classical integral trans-
forms, in particular Fourier, Laplace and Mellin transforms, play an important
rôle in analytic number theory. Analytic continuation, pointwise and mean
square estimates of Zk(s),Mk(s) are given in detail, by using various tech-
niques of analytic number theory. The importance of these functions is their
connections with power moments of |ζ ( 1

2 + it)|, one of the most important
topics of zeta-function theory.

The concluding Chapter 11 focuses on some problems involving Hardy’s
function and zeta moments. I hope that this will be of interest to all who
want to do research in areas connected to these topics. This is in the spirit of
P. Erdős’s motto: “Prove and conjecture!”.

Each chapter is followed by “Notes”, where many references, comments and
remarks are given. This seemed preferable to burdening the body of the text
with footnotes, parentheses, etc. On many occasions dates of birth and death
are given for the mathematicians mentioned in the text.
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xiv Preface

A full bibliography of all the relevant works mentioned in the text is to be
found at the end of the text.

Acknowledgements. Several experts in the field have read (parts of) the
text, and made valuable remarks. I wish to thank all of them. In alphabetical
order they are: H. Bui, J. Kaczorowski, M. Korolev, Y. Motohashi, A. Perelli,
I. Rezvyakova, T. Trudgian and N. Watt. Special thanks go to M. Jutila.

I also wish to thank the staff of Cambridge University Press for their unfailing
courtesy and help.
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Notation

Owing to the nature of this text, absolute consistency in notation could not
be attained, although whenever possible standard notation is used. Notation
used commonly through the text is explained there, while specific notation
introduced in the proof of a theorem or lemma is given at the proper place in
the body of the text.

k, l,m, n, . . . Natural numbers (positive integers).
p A generic prime number.
N,Z,R,C The sets of natural numbers, integers, real and com-

plex numbers, respectively.
A,B,C,C1, . . . Absolute, positive constants (not necessarily the

same ones at each occurrence).
ε An arbitrarily small positive number, not necessarily

the same one at each occurrence.
s, z, w Complex variables (Re s and Im s denote the real and

imaginary part of s, respectively; common notation
is σ = Re s and t = Im s).

t, x, y Real variables.
Res
s=s0

F (s) Denotes the residue of F (s) at the point s = s0.

ζ (s) The Riemann zeta-function is defined by ζ (s) =∑∞
n=1 n

−s for Re s > 1 and otherwise by analytic
continuation.

�(s) = ∫∞
0 xs−1e−x dx for Re s > 0, otherwise by ana-

lytic continuation by s�(s) = �(s + 1). This is the
Euler gamma-function.

γ Euler’s constant γ = −�′(1) = 0.577 2157 . . ..

xv
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xvi Notation

χ (s) The function defined by ζ (s) = χ (s)ζ (1 − s), so that
by the functional equation for ζ (s) we have χ (s) =
(2π )s/(2�(s) cos(πs/2)).

Z(t)
Hardy’s function, Z(t) = ζ ( 1

2 + it)(χ ( 1
2 + it))−1/2.

θ (t) For real t defined as θ (t) = Im
{
log�( 1

4 + 1
2 it)

}−
1
2 t logπ .

ρ = β + iγ A complex zero of ζ (s); β = Re ρ, γ = Im ρ.
N (T ) The number of zeros ρ = β + iγ of ζ (s), counted

with multiplicities, for which 0 < γ ≤ T .
S(T ) = 1

π
arg ζ ( 1

2 + iT ).
μ(σ ) For real σ defined as μ(σ ) = lim sup

t→∞
log |ζ (σ+it)|

log t .

exp(z) = ez.
e(z) = e2πiz.
log x = Logex ≡ ln x.
[x] The greatest integer not exceeding the real number

x.
{x} = x − [x], the fractional part of x.∑
n≤x f (n) A sum taken over all natural numbersn not exceeding

x; the empty sum is defined to be equal to zero.∏
j The product taken over all possible values of the

index j ; the empty product is defined to be unity.
dk(n) The number of ways n can be written as a product

of k ≥ 2 fixed factors; d2(n) = d(n) is the number of
divisors of n.


(x) = ∑
n≤x d(n) − x(log x + 2γ − 1), the error term in

the Dirichlet divisor problem.
f (x) ∼ g(x) Means limx→x0 f (x)/g(x) = 1, as x → x0, with x0

not necessarily finite.
f (x) = O(g(x)) Means |f (x)| ≤ Cg(x) for x ≥ x0 and some constant

C > 0. Here f (x) is a complex function of the real
variable x and g(x) is a positive function of x for x ≥
x0. f (x) = Oα,β,...(g(x)) means the implied constant
depends on α, β, . . ..

f (x) � g(x) Means the same as f (x) = O(g(x)). Likewise
f (x) �α,β,... g(x) means the implied constant
depends on α, β, . . ..

f (x) � g(x) Means the same as g(x) = O(f (x)).
f (x) 
 g(x) Means that both f (x) � g(x) and g(x) � f (x)

hold.
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Notation xvii

(a, b) Means the interval a < x < b.
[a, b] Means the interval a ≤ x ≤ b.
Cr [a, b] The class of functions having a continuous rth

derivative in [a, b].
Lp(a, b) The class of measurable functions f (x) such that∫ b

a
|f (x)|p dx is finite.

f (x) = o(g(x)) as
x → x0

Means limx→x0 f (x)/g(x) = 0, with x0 possibly
infinite.

f (x) = �
(
g(x)

)
Means that f (x) = o(g(x)) does not hold when
x → ∞.

f (x) = �+(g(x)) Means that there exists a suitable constant C > 0
such that f (x) > Cg(x) holds for some arbitrarily
large values of x.

f (x) = �−(g(x)) Means that there exists a suitable constant C > 0
such that f (x) < −Cg(x) holds for some arbitrarily
large values of x.

f (x) = �±(g(x)) Means that both f (x) = �+(g(x)) and
f (x) = �−(g(x)) hold.∫

(c)G(s) ds = lim
T→∞

c+iT∫
c−iT

G(s) ds.

Mk(s) =
∞∫
1
Zk(x)x−s dx (k ∈ N).

Zk(s) =
∞∫
1

|ζ ( 1
2 + ix)|2kx−s dx (k ∈ N).

AFE Means “approximate functional equation”.
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