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Polyhedral functions provide a model for an important class of problems that
includes both linear programming and important applications in data analysis.
General methods for minimizing such functions using the polyhedral geom-
etry explicitly are developed. Such methods approach a minimum by moving
from extreme point to extreme point along descending edges and are described
generically as simplicial. The best known member of this class is the simplex
method of linear programming, but simplicial methods have found important
applications in discrete approximation and statistics. In particular, the general
approach considered here has permitted the development of finite algorithms
for the rank regression problem, a fascinating technique of statistical estima-
tion. The key ideas are those of developing a general format for specifying the
polyhedral function and the application of this to derive multiplier conditions
to characterize optimality. Also considered is the application of the general
approach to the development of active set algorithms for polyhedral function
constrained problems and associated Lagrangian forms. Such methods are find-
ing current application in statistics and data mining.
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Preface

Preliminary Remarks

Polyhedral functions provide a model for an important class of problems that
includes not only the linear programming problem but also important applica-
tions in data analysis. The data analysis problems can involve nonconvex as
well as convex objective functions. This book presents methods for minimiz-
ing such functions that use the polyhedral geometry explicitly. Such methods
approach a minimum by descending from vertex to vertex along descending
edges and are described generically as simplicial. The best known member
of this class is the simplex method for solving linear programming problems,
but the simplicial approach has found important applications in discrete ap-
proximation where it is applied to solve various formulations of /; and /
problems. Polyhedral functions provide a convenient framework and make it
possible to attempt a broadly based approach to the general class of prob-
lems that can be solved by simplicial methods. These problems have been
described in fair detail in my book Finite Algorithms in Optimization and
Data Analysis [45]. Here much of the same ground is covered with an em-
phasis on more recent developments. Thus the basic convex analysis that was
previously treated in some detail is summarized in a preliminary chapter;
there is less attention given to linear programming and /; fitting problems,
and considerably more given to the general class of separable piecewise lin-
ear functions, and to minimizing the rank regression functional. The derivation
of finite algorithms for this latter problem appears to require this general ap-
proach and provides one of the more significant justifications for it. A new
departure is the development of active set methods for polyhedral constrained
problems and their associated Lagrangians. Problems of this kind are occur-
ring in significant new applications in statistics and the emerging area of data
mining.

ix
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X Preface

The main tools are much the same as those developed in the earlier book.
Differences or extensions include:

* Some properties of generalized derivatives in the sense of [11] have been
included as a preliminary to considering some aspects of the nonconvex
problems.

» The structure functional formalism introduced in [45] is developed to give
a general basis for representing polyhedral functions by means of their dif-
ferential structure. Structure functionals play a role in simplicial methods
analogous to that of constraints in linear programming. Here properties of
completeness and redundancy are introduced to relate them directly to the
geometry of the epigraph of the polyhedral convex function. Extreme points
are defined by the vanishing of suitable sets of structure functionals, and
edges correspond to exactly one structure functional in such a set relaxing
from zero while the remaining members remain active.

The treatment of degeneracy in linear programming in [45] has been widely

appreciated. Here it has been expanded to reflect practical experience gained

subsequently.

» Homotopy methods for postoptimality studies in linear programming and
quantile regression problems are considered. It is shown that the homotopy
paths are piecewise linear in the dual variables and piecewise constant in
the state variables. The successive piecewise constant states are linked by
directions of nonuniqueness, and these transitions occur at the changes in
slope of the dual variables. The corresponding calculation has the character
of a pivoting step in a simplicial algorithm.

* Anextended discussion of the problems of minimizing piecewise linear, sepa-
rable functions is presented. Here the simplicial algorithms make a linesearch
in the descent edge direction, and it is shown that it is often possible to do
considerably better in the sense of taking fewer iterations to locate the min-
imum than is possible with the sorting based algorithms currently in favor.
The first numerical treatment of a nonconvex problem in this class is probably
due to Womersley [68]. This work is discussed in some detail here. Of interest
is the apparent inherent ability of the simplicial methods to avoid aspects of
the nonconvex structure.

* Therank regression problem is treated in considerable detail. Derivation of the
conjugate function and the Fenchel dual problem are considered (comparison
with the /; dual is interesting). A reduced gradient algorithm is developed,
and the fascinating asymptotic linearity properties are used both to provide a
least squares method for computing a consistent initial point and to justify the
use of a secant based linesearch. Programming details are discussed in some
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Preface xi

depth to make the point that this is a case where object oriented language
facilities serve the algorithm implementer well. Nonconvex problems appear
to have a natural place in this class of robust estimation procedures, and it is
of interest that the difficuity avoiding property observed for piecewise linear
separable problems appears to hold in this case also.

* Interest in variable selection problems in statistics and in the analysis and
summarizing of very large data sets in data mining has led to consideration
of optimization problems subject to a polyhedral constraint and to related
unconstrained Lagrangian problems that incorporate polyhedral functions in
the objective. The interest here is in the development of descent algorithms
that permit compact treatment of the polyhedral component.

The attention given to interior point methods, and the excitement generated
by them, make the utility of simplicial methods a fair question. It seems that
even in the linear programming case, where it is clear that interior point methods
have an important role to play, the answer is not completely clear. Certainly it
seems that simplicial methods will retain their importance for postoptimality
problems, where it is necessary to move from the solution of a given prob-
lem to one that is a close neighbor in an appropriate sense, even if the first
solution is obtained by an interior point method. However, there are examples
where the simplicial algorithms are known to be effective. The simplicial ascent
(exchange) algorithm for the [, problem is discussed in [45], Appendix 2, where
it is shown to live close to a second-order convergent algorithm for continuous
approximation problems and so must be expected to be competitive in most
circumstances. A rigorous treatment is given in [57]. Both the linear program-
ming and /, problems can be characterized as having simple vertex structures
in the nondegenerate case. Here the main interest is in what will be shown to
be more complex cases. The /; problem is perhaps the simplest of these, and
an argument is developed in [45], Appendix 2, that simplicial methods can
be expected to be efficient for the /; problem in a somewhat similar sense to
that in the /o, exchange algorithm. The /; problem has a Fenchel duai, which
is the well-known interval linear program, and it is argued that one can ex-
pect to solve this dual problem efficiently by interior point methods also [55].
There may not be much difference between the two approaches in this case
provided the linesearch is performed adequately (some new comparisons are
presented here). The situation seems less clear for piecewise linear problems
with more complex structure. In the rank regression case the Fenchel dual is
derived in Chapter 2 and bears a family resemblance to the /; form. However,
the constraint set has enormously greater complexity in general. How to begin
to implement an interior point method becomes a question of interest. Here the
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property of asymptotic linearity can be exploited to provide a consistent starting
point for the simplicial algorithm, and the resulting hybrid algorithm appears
very effective.
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Notation

{x; P(x)} setof elements with property P
{x} set consisting of a single element
X point set
X° interior of X
Co set complement
v index set {i, j. k, ...} or {v(1), v(2),...}
v number of elements in v
R {x;—0c0 < x < 00}
R? R X R xR---x R (pterms)
H(u,v) hyperplane (set {x;ulx = v})
H(u,v) {x;u'x > v}
H (u,v) {xu’x<v}
c cone,xeC=>AxeCVAL>0
c* polar cone, {x;x”y <0, Vy € C}
Lt orthogonal complement of linear space £
0 subdifferential (of convex function)
v gradient operator
f/(x:t) directional derivative in direction t
fo(x:t) generalized directional derivative
T(S,x) tangentconetoS atx
L(x,u) Lagrangian
8(x|S)  indicator function of S
8*(x|S) support function of S
A matrix (dimensions from context)
AT matrix transpose
A, submatrix, rows pointed to by v
cl closure
Apx kth row of A
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Xiv Notation
Asj Jjth column of A
X vector (dimension from context)
X subvector pointed to by o
e; ith coordinate vector
e ec R? =3 e (dimension from context)
I, unit matrix of dimension p
-1 norm
Il a =1, [; norm; o = 2, I, norm; @ = 00, [y, norm
aff affine hull
arg argument
cond condition number
conv convex hull
det determinant
dim dimension
eff effective domain
epi epigraph
lim limit
rank rank (of matrix)
ri relative interior
sgn sign
span linear hull
trace trace of matrix
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