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The study of structural analysis and design is a central subject in civil, aeronautical, and
mechanical engineering. This book presents a modern and unified introduction to structural
analysis, with a strong focus on how structures actually behave.

The unifying theme is the application of energy methods, developed without the formal
mathematics of the calculus of variations. The energy approach makes it possible to articulate
the logical relationship between equilibrium and compatibility; emphasize the unity of struc-
tural analysis, particularly for indeterminate structures; and identify the roles of idealization
and discretization in structural modeling. Thus, energy methods also serve as a prelude to the
main ideas behind modern computational approaches to structural analysis and design.

Overall, the author intends to convey a style of thinking about and modeling structures and
their behavior, and to introduce the intellectual roots from which most computer tools derive.
As an aid to upper-level undergraduate students in mastering this material, the text includes
numerous worked examples, as well as homework problems.
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1 Still Another Introduction to Structural Analysis?

I studied civil engineering as an undergraduate at the Cooper Union, earning my
B. C.E. in 1962. I took three courses in structures and two on the strength of materials, as
well as two design courses that heavily featured structural design. The curriculum totaled
143.5 credits. Recently, engineering schools have begun to reduce their total credit hours
in an emerging trend toward a total of 120 credits. Further, civil engineering curricula have
been reoriented away from a traditional emphasis on structural and geotechnical engineer-
ing toward more general programs that include environmental engineering, transportation
engineering, systems analysis, and computer-aided engineering. Consequently, the num-
ber of required courses in structural analysis taken by civil engineering undergraduates has
declined steadily, reaching a point where, typically, civil engineering majors take only one
required course in structures, usually after (only) one course in the strength of materials.

In the face of such changes, you might expect that the way in which we teach structures
has also shifted markedly. However, beyond extending the classical approaches to this
subject to include elementary structures programs on attached floppy disks, the basic text-
books on structural analysis remain largely unchanged. That is, those books that present
the first course in structures are not terribly different than those that were available when
I was an undergraduate. To be sure, there are many books on computational techniques,
especially on finite element methods, but they are intended for advanced undergraduate
and graduate courses. There are one or two elementary books that purport to support
computer-based modeling, but in my view they won’t provide the reader with a sound
basis — about both theory and behavior — for learning much about structures. I think we
can do better, and this book is my contribution to the continuing dialogue on how we
should transmit the beginnings of an extraordinary body of knowledge.

We clearly need a shift away from traditional approaches to the subject. Structural
analysis is often presented as a collection of tools — often seemingly unrelated — for handling
a set of fairly specific problem types. A major dividing line on the problem-type axis is the
distinction between statically determinate and statically indeterminate structures. Further,
the tools are often presented in an order reflecting their respective degree of difficulty of
application, rather than in an order reflecting a coherent view of the discipline. In fact,
structural analysis is taught in two or three different disciplines, including civil engineering,
aeronautical engineering, and mechanical engineering. (It is also taught in architecture
programs, but that really is a horse of another color.) Perhaps reflecting long-standing
differences in the different engineering disciplines, traditional approaches to structural
analysis are often presented as distinct from their logical underpinnings in mechanics,
especially engineering or applied mechanics. There are, I feel, better ways to do this.
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I haven’t said much about computers, yet there is no doubt that the ways in which
structures are analyzed and designed are dramatically different than what was done in my
professional youth. Computers are ubiquitous both in the classroom and in the design
office. However, in terms of introducing structural analysis in a first course, the major
response to this change in the working environment has been the inclusion of elementary
computer programs within a shrinking structural curriculum. One common result of this
is more time spent on generating numbers and less time spent on understanding what
meaning — if any — to attach to the numbers that are generated with these programs. In
short, I believe that as computers become ever more powerful, it is even more important
to teach basic structural modeling, with a heavy emphasis on understanding behavior, as
well as on interpreting results in terms of the limitations of the models being applied. In
fact, I have heard it argued that the generation of numerical analyses for particular cases is,
in the real world, a task increasingly performed by technicians — and not by professional
engineers. As numerical analysis becomes both more common and significantly easier,
the premiums will be earned by those who know which calculations to perform and what
meaning to attach to the subsequent results.

As I've already indicated, there have been many, many books written about structures. I
have included a bibliography of recent and classical textbooks and tradebooks on structural
mechanics, structural analysis, and structural engineering, organized into five broad cat-
egories: classical civil engineering structures, energy methods, finite element and matrix
methods, special topics, and general structural behavior.

Any teacher of structures could, of course, choose a selection of books from several
categories to generate material for a single course. However, it seems pretty clear that
there is no single book that, in a one semester course, could: present a unified approach
to analysis tools; successfully integrate structural modeling and analysis with elements of
structural behavior; provide a solid basis for further learning for those going on to further
work in structural engineering; and, finally, make structural analysis a useful and more
interesting subject for those students whose primary focus is not structural engineering.
This book represents my attempt, classroom tested here at Harvey Mudd, to write a book
that achieves these ends.

2 What | am Trying to Do in This Book

Meeting the four goals just outlined is a formidable challenge, especially within
the constraint of a one-semester introduction to a complex subject. The approach I take
includes (1) choosing a unifying theme and (2) limiting the scope of the implementation
to a manageable feast.

The unifying theme is the application of energy methods. I believe these methods can
be developed and applied in a relatively straightforward way, without the heavy machinery
of the formal mathematics of the calculus of variations. An energy approach allows us to
develop a logical relationship between equilibrium concepts and compatibility concepts.
Further, energy approaches also provide a sound base for developing approximate solutions
for structural analysis (e.g., Rayleigh-Ritz methods) as a prelude to introducing the central
ideas behind numerical approaches (e.g., finite element methods (FEM)). In fact, it is
possible to go further in this direction and identity indirect energy methods with the
idealization part of the modeling process and direct energy methods with idealization and
discretization in structural modeling.
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I also use the energy-based approach to emphasize the unity of structural analysis, par-
ticularly in the consideration of indeterminate structures. While there are important differ-
ences between determinate and indeterminate structures that emerge as a consequence of
design considerations (e.g., stress and deflection limitations, redundancy, stability, etc.),
their analysis should reflect behavioral and computational differences, not that they are
different branches of structural analysis (as is often the case with traditional approaches).

Some will feel that energy methods themselves require enough background and so-
phistication that they are not readily accessible to undergraduates. However, I argue from
my own classroom experience that energy methods can be readily introduced by focusing
first on elementary structural models such as simple springs and discrete structures (e.g.,
the bent beam as a pair of rigid links joined by a rotational spring). Further, as I’ve said
before, energy approaches can be introduced without the heavy machinery of the calcu-
lus of variations by introducing small systematic variations in an informal and intuitive
manner, and then focusing on the pragmatics of applying the delta or “§ operator.” The
subject can thus be introduced correctly and without too much jargon.

Trying to do all of this in one-semester is tough, very tough. This severe constraint
is reflected by (generally) limiting considerations to linearly elastic trusses, linearly elas-
tic beams, and frames with symmetrical crosssections, responding in bending about a
principal axis. This class of structures is sufficiently complex and practically interesting
to illustrate the major points. It should also provide an adequate base for studying more
complex structures in further courses. In addition, not all of the material presented need be
covered in a one-semester, first course on structures. For example, the general statements
of energy methods (Chapter 6) can be summarized or even deleted, as can some of the
material in Chapters 4 and 7 where classical approximate solutions for the extensions of
bars and the bending deflections of beams are demonstrated.

I will also emphasize two other points in this book. First, I will normally do examples
and solve problems in terms of variables, with numerical values inserted irregularly and
then only in the very last steps. I do this to emphasize the validation and interpretation
of results in terms of (1) dimensional consistency and (2) the range of values of proper
dimensionless ratios (e.g., the thickness-to-length ratio of a long, slender beam). This
approach also lays the foundation for doing “back of the envelope calculations” in support
of both analysis and design, particularly as an aid in the evaluation of computer results.

Second, I will try to emphasize structural behavior in terms of reasonableness of de-
flected shapes and of force and stress distributions (e.g., shear and moment diagrams).
Again, I want to reinforce the notion that an intuitive feel for how a structure will respond
can be developed, and that this intuition can often be expressed in sketches or simple
formulas that help one interpret more complex analyses (or experiments).

There is an important point here that is intended particularly for student readers; it will
use language that you will see again in what follows. The models of various structural
elements that I will present are done with the intention of conveying a style of modeling
and thinking about structures and their behaviors. Thus, specific numerical results are less
important here than knowing what sorts of things to look for, including the right dimensions,
the right dimensional ratios, and the presence and absence of terms embodying specific
kinds of behavior. Certainly getting the magnitudes right is important, which is where the
numerical results come in. All of the results I have given can be done for specific cases on a
computer with one program or another. And there are certainly countless problems you can
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find where you can do it all numerically. However, the kinds of approaches emphasized
here are intended to convey a flavor of what we always need to look for whenever we
are doing any numerical work, but most especially when we are using computer-based
tools, sometimes called “black boxes.” Remember, a computer can’t tell you whether
the axial force should be greater than or smaller than the moment, it can only give you
numbers. You have to apply some engineering judgement to see if you want to accept those
numbers.

As with many other engineering courses, mastery of the material is developed and
reflected in the ability to solve problems. There are many examples worked out in the
main text, forming an integral part of the narrative, and they are also highlighted in a
special format. The homework problems given include examples of the physical systems
being modeled, often showing results that there was no time to get to in the main text.
Therefore, it is very important for you, as reader, to do as many of the given problems
as you can, and still more that you can find elsewhere. Remember, you can never do too
many problems!

Finally, a word on notation, always a difficult issue. Whereas many aspects of structural
engineering notation are fairly standard (e.g., E for the modulus of elasticity), many others
vary — and oft times they simply conflict. This is particularly true for deflection and
displacement quantities, and the concern is made even more difficult because I use the
traditional § for the variational operator, although it is often used to denote a deflection.
So, the policy will be as follows. In Chapter 3, where I discuss discrete elements (i.e.,
springs), I denote extensions by £, whereas in Chapter 4, where I discuss one-dimensional
structural elements, I use A for displacements and deflections. Later on, in an attempt to
be consistent also with other works on structural mechanics, I use lower case “deltas” with
subscripts, (e.g., 8¢, or 87) to denote particular structural deflections — with one exception:
dp is introduced in Eq. (4.9) as the Dirac delta function.

3 How This Book Is Organized

This book is organized as follows. In Chapter 1 I outline some important aspects
of structural behavior, focusing on what purposes structures and structural elements are
designed to achieve. I also discuss in general terms considerations of design for both
strength and stiffness, as well as notions of load paths, redundancy, and safety. In Chapter
2 I review some fundamental structural models, focusing here mostly on idealization,
although I complete the chapter by bringing discretization under the modeling umbrella
as well. I also review the meaning of determinacy. I devote Chapter 3 to introducing the
minimum potential energy principle for the elastic spring and for discrete models of struc-
tures. This will constitute the first introduction to the § operator and to energy principles.
These ideas are reinforced and extended in Chapter 4, which is devoted to a discussion
of axially-loaded members or bars. These structural types provide a simple but robust
platform for introducing potential and complementary energy principles, including the
Castigliano theorems, the second of which is used to derive the standard unit-load calcula-
tion for the displacements of truss joints. Bars also offer the opportunity to introduce both
indirect and direct energy approaches, the latter of which allows me to reinforce the idea
of discretization and to introduce both matrix notation and the notion of interpolation. In
Chapter 5 I describe how Castigliano’s theorems are used to analyze those assemblages
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of bars called trusses, and I give a brief review of the classical methods of sections and of
joints.

In Chapter 6, building on the examples presented in Chapters 3, 4, and 5, I provide
formal statements of the energy principles in three dimensions (in Cartesian coordinates)
and in matrix form. (And, as noted earlier, this material can be summarized or even
deleted in a first course.) In Chapter 7 I use energy-based tools to derive the basic models
for elastic beams and I introduce and apply some ideas about discretization and the direct
displacement approach. In Chapter 8 I use energy-based tools, including Castigliano’s
second theorem, to calculate (and use) beam deflections, including examples of beams
supported by elastic restraints. In Chapter 9 I introduce frames as assemblages of beams,
again making frequent use of Castigliano’s second theorem. Last, in Chapter 10 I present
an overview of the force (flexibility) and displacement (stiffness) methods of analyzing
structures, describe how they are represented in matrix format, and outline how these
methods and formats are used in computational-based approaches to structural analysis
and design.

A comment on the topic of modern computational-based approaches to structural en-
gineering. While I summarize that in Chapter 10, you will find that it is a topic I highlight
and discuss at several points in the book (e.g., Sections 4.6, 6.5, and 7.3). However, | am
not going to tell you how to write programs or format input, nor do I provide programs,
disks, or user’s manuals. This is because, as I've already said, a goodly chunk of what
this book is about is providing a basis for understanding the intellectual roots from which
most of these computer tools derive, what these tools can do, why they do it in the ways
they do, and most important, how their results can be assessed for good use. That is, the
emphasis is on knowing the why of whatever calculations or computations are being done.

4 A Note on Style

Writing style is an important issue, even for a writer of technical textbooks or
monographs. For example, my older brother, Harry, is a mathematician who writes with
an economy and elegance of style that I can only admire. Itry to choose words as carefully
as topics and equations, and I wanted this book to be informal, even conversational, hoping
that this would be more effective than a more formal pedagogic style. Thus, I intend the
book to “sound” as I think I do in a relaxed, informal classroom setting, and I hope it
works for you!

AN
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