Chapter 2
Intuitionistic Fuzzy Clustering Algorithms

Since the fuzzy set theory was introduced (Zadeh 1965), many scholars have
investigated the issue how to cluster the fuzzy sets, and a lot of clustering algo-
rithms have been developed for fuzzy sets, such as the fuzzy c-means clustering
algorithm (Fan et al. 2004), the maximum tree clustering algorithm (Christopher and
Burges 1998), and the net-making clustering method (Wang 1983), etc. However,
the studies on clustering problems with intuitionistic fuzzy information are still at an
initial stage (Wang et al. 2011, 2012; Xu 2009; Xu and Cai 2012; Xu and Wu 2010;
Xu et al. 2008, 2011; Zhang et al. 2007; Zhao et al. 2012a, b). Zhang et al. (2007)
first defined the concept of the intuitionistic fuzzy similarity degree and constructed
an intuitionistic fuzzy similarity matrix, and then proposed a procedure for deriving
an intuitionistic fuzzy equivalence matrix by using the transitive closure of the intu-
itionistic fuzzy similarity matrix. After that, they presented a clustering technique
of IFSs on the basis of the A-cutting matrix of the interval-valued matrix. Xu et al.
(2008) defined the concepts of the association matrix and the equivalent association
matrix, they introduced some methods for calculating the association coefficients of
IFSs, and used the derived association coefficients to construct an association matrix,
from which they derived an equivalent association matrix. Based on the equivalent
association matrix, a clustering algorithm for IFSs was developed and extended to
cluster interval-valued intuitionistic fuzzy sets (IVIFSs). Xu (2009) introduced an
intuitionistic fuzzy hierarchical algorithm for clustering IFSs, which is based on
the traditional hierarchical clustering procedure, the intuitionistic fuzzy aggregation
operator, and some basic distance measures, such as the Hamming distance, the nor-
malized Hamming distance, the Euclidean distance, and the normalized Euclidean
distance, etc. Xu and Wu (2010) developed an intuitionistic fuzzy C-means algorithm
to cluster IFSs, which is based on the well-known fuzzy C-means clustering method
(Bezdek 1981) and the basic distance measures between IFSs. Then, they extended
the algorithm for clustering IVIFSs. Xu et al. (2011) extended the fuzzy closeness
degree (Wang 1983) to the intuitionistic fuzzy closeness degree, and defined an intu-
itionistic fuzzy vector, the inner and outer products of intuitionistic fuzzy vectors.
Based on the intuitionistic fuzzy closeness degree, they put forward a new method of
constructing intuitionistic fuzzy similarity matrix. Zhao et al. (2012a) developed an
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160 2 Intuitionistic Fuzzy Clustering Algorithms

intuitionistic fuzzy minimum spanning tree (MST) clustering algorithm to deal with
intuitionistic fuzzy information. Zhao et al. (2012b) gave a measure for calculating
the association coefficient between IFVs, and presented an algorithm for clustering
IFVs. Moreover, they extended the algorithm to cluster IVIFVs. Wang et al. (2011)
proposed a formula to derive the intuitionistic fuzzy similarity degree between two
IFSs and developed an approach to constructing an intuitionistic fuzzy similarity
matrix. Then, they presented a netting method to make cluster analysis of IFSs via
intuitionistic fuzzy similarity matrix. Wang et al. (2012) developed an intuitionistic
fuzzy implication operator and extended the Lukasiewicz implication operator to
intuitionistic fuzzy environments, and then defined an intuitionistic fuzzy triangle
product and an intuitionistic fuzzy square product. Furthermore, they used the intu-
itionistic fuzzy square product to construct an intuitionistic fuzzy similarity matrix,
based on which a direct method for intuitionistic fuzzy cluster analysis was given.

Considering their wide range of application prospects of the intuitionistic fuzzy
clustering techniques in the fields of medical diagnosis, pattern recognition, etc. (Xu
and Cai 2012), in this chapter, we shall give a detailed introduction of the above
intuitionistic fuzzy clustering algorithms.

2.1 Clustering Algorithms Based on Intuitionistic Fuzzy
Similarity Matrices

Leto = (e, Va), @1 = (Uays Vay)s and @ = (e, , Vo, ) be three IFVs, Zhang et al.
(2007) defined some basic operational laws as below:

(1) a° = (o, ta);
(2) ay Aaa = (min{ite;, ey}, Max{ve,, Va, });
B) a1 Vay = (max{ﬂm s Maz}: min{vm , Vot2})§
Based on the operational laws above, Zhang et al. (2007) derived the following
conclusions:

Theorem 2.1 (Zhang et al. 2007) Let o; = (lo;, Vo) (@ = 1, 2, 3) be the IFVs,
then

(D) (@1 Var) ANag = (o Aas) V(a2 Aaz).
(2) (01 Aap) Vas = (o) Vaz) A Vasz).
3) (1 Var) Vaz =a1 V(a2 V az).
4) (1 Aoo) Ao = ag A (a2 Aaz).

Proof

(D) (a1 Vaz) Aaz = (min{max{uy,, la, }, Lz}, max{min{vy,, ve,}, vas})
= (max{min{itq,, a3}, Min{ia, Las}}s
min{max{vy, , Vas}, Max{Ve,, Va; }})

= (a1 Vaz) A (a2 Vaz)
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(@) (o1 Aap) vz = (max{min{ie,, Uay }s Uay b, min{max{vy, , Ve, }, Vas})

= (min{max{pa,, Las}, Max{ia,, Las}}s
max{min{ve,, Va; }, min{ve,, Vs }})

= (a1 Vaz) A (a2 Va3)

3) (xivVar)Vaz= (max{max{ual , Maz}a /La3}’ min{min{v(xl , Vaz}, Vag )
= (max{,ua] s Man » Ma3}a min{"oq » Vag s Vot3})
= (max{fte,, Max{flo,, os }, Min{vy,, Min{ve,, ves})
=a; V (xy Vaz)

4) (a1 Aag) Aaz = (min{min{iig,, Ky} Lay b, max{max{ve,, va, }, vas})
= (min{ﬂal s Mag s Ma3}» maX{Val » Vag s Vot3})
= (min{pq,, Min{ia,, Ko}, max{vy,, max{vy,, ves})
=a; A (0 Aag)

which completes the proof.

Let X = {x1,x2, ..., x,} be a finite universe of discourse, A| = {(x;, ta, (x;), va,
(x;))|xi € X}and Ay = {{x;, pta, (xi), va, (x;))|x; € X} be two IFSs. Atanassov (1983,
1986) suggested the inclusion relations between the IFSs as follows:

(1) A1 € Ay ifand only if a, (x;) < pa,(x;) and va, (x;) > va, (x;), for any x; € X;

(2) Ay = Az if and only if A} € Ay and A| D A, ie., ua,(x;)) = pa,(x;) and
VA, (i) = va, (x;), for any x; € X.

In fuzzy mathematics, the similarity matrix with reflexivity and symmetry is a

common matrix. Zhang et al. (2007) introduced the similarity matrix to the IFS
theory, and defined the concept of intuitionistic fuzzy similarity degree:

Definition 2.1 (Zhang et al. 2007) Let D (IFS(X))? — IFS(X), where IFS(X)
indicates the set of all IFSs, and let A; € IFS(X) (i = 1,2, 3). If 9 (A1, A) satisfies
the following properties:

(1) 9(A1,Ayp) is an IFV.
(2) D(A1,Ay) = (1,0) if and only if A} = A,.
(3) P(A1,A2) =V (A2, A).

Then 1§(A1 ,As) is called an intuitionistic fuzzy similarity degree of A; and A,.

Liu (2005) gave a formula for calculating the similarity degree between A;
and Ajy:

F(A1LA) =1 — [Z wi (Bil1eay () — peay ) |* + Balva, () — va, (x)*

i=1

1
x

+ B3lma, (xi) — ma, (xi)l'\) i| (2.1)
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where & > 1w = (wi,wa, ..., w)", wi € [0,1],5; € X,i = 1,2,...,n, and
Z?:l wi = 1.

Eq. (2.1) can weight not only the deviation of each IFV, but also the deviations of
the corresponding membership degree, the non-membership degree and the hesitancy
(indeterminancy) degree. It is more general than the similarity measure:

V' (A1, Ap)

1 n
=1- J n Z (1, () — 1Ay (D)% 4 (Va, (X)) — va, ()% + (714, (X)) — A, (7))
j=1
(2.2)

and thus, Eq. (2.1) is of high flexibility. If we take ¥ (A1, A2) as the function of w,
then it is a bounded function. Let

d(w) = D wilpta, () = pa, )" + Balva, () — va, G |* + Balma, (i)
i=1
— A, )M, A =1 (2.3)

then we need to solve the maximum and minimum problem of Eq. (2.1), which can
be transformed to solve the maximum and minimum problem of d(w). Since

d(w) = D" wilBilpa, (%) — pa, ()" + Balva, (i) — va, ()|
i=1

+ Balma, (xi) — mwa, (x)17)

< max{Bilea; (i) = par ()" + Balva, (i) — va, ()l

+ Balma, (v) = ma, )l*), A= 1 2.4)
There must exist a positive integer k such that

max (B, () = a, @)™ + Balva, 6) — va, ) |* + B3lma, (xi) — 7ma, ()|}

= Bulpa, (k) — pa, ) 1™ + Balva, (k) — va, (i) + Balma, ()
— a0t} A= (2.5)

Hence, when wy = 1 and w; = 0, i # k, the equality holds. Also since

d(w) =D wilBilua, (%) — pay ()" + Balva, (xi) — va, ()|
i=1

+ Balma, (xi) — ma, (x) ")
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. A
= min{f[pa, () — pa, (x)|” + Balva, (xi)
1
A A
— VA, ()" + B3lma, (i) — wa, )7}, A =1 (2.6)
There must exist a positive integer s such that

min{B |, () — ta, 6+ Balva, (x) — va, 61" + B3lma, (xi) — 74, ()|}

= Bula, (xs) — pa, )™ + Balva, (x5) — va, ()" + Balma, (x5)
— A, ()M}, A= 1 2.7)

As aresult, when wy = 1 and w; = 0, i # s, the equality holds. Let
du(A1, A2) =min{Bula, () — pa, ()" + Balva (i) = va, ()"
+ B3lma, () — ma, ()M}, A= 1 (2.8)
d* (A, Az) =max{Bulpa, ) = par ()1 + Balva, (i) = va, ()l
+ Balma, () — ma, ()M}, A =1 (2.9)

Thus
1 — Jd*(A1,A2) <9'(A1,A2) <1 — {d(A1,Ar), A > 1 (2.10)

Based on Eqs. (2.8) and (2.9), Zhang et al. (2007) gave a formula for calculating
the similarity degree between two IFSs:

Theorem 2.2 (Zhang et al. 2007) Let A| and A, be two IFSs. Then

BarAr) = (1= Y@ A1, A, Jd(Ar An)) 2 = 1 @11)

is called the similarity degree between A; and Aj.

Proof (1) We first prove that 19(A 1,A») is an IFV. Since

0 < Bilia, (i) — pay )™ + Balva, (i) — va, Gl + B3lma, (xi) — 7a, (i) *
< (B1 + B2 + B3) max{|pa, () — pa, )1, [va, () — va, ()%,
|7ma, (x0) — 74, (i) |*)

= max{|pa, (%) — pa, DI, [va, () — va, ()17, 14, () — a, () 1M} < 1,
A>1

then

0<1-Yd*(A1,A2) <1,0 < Jdi(A1,A2) < 1,1 > 1 (2.12)
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Also since
0 < dy(A1, A7) < d*(A1,A) < 1 (2.13)
then
0 < Jd* (A1, Ar) — Jdo(A1,A2) <1, A >1 (2.14)
ie.,

0 < 1 — J/d*(A1, Az) + Vdu(A1, A2)
=1 - (V& @A) - YA a)) 1, az 1 (2.15)

Thus d(Aq, Ay) is an IFV.
Q) If (A, A2) = (1,0), then

1 — Jd*(A1, A2) = 1, Vda (A1, A2) =0, A>1 (2.16)

Also since

1=1-Jd*(A1,A)) <O (A1,A2) <1 — Jd(A1,Ar), A>1 (2.17)
ie., ¥(A1,A2) = 1, by Eq. (2;1), we get A| = Ajp; otherwise, if A| = A, then by
Egs. (2.8) and (2.9), we have (A1, Az) = (1,0).

(3) Obviously, we have z§(A1 LAr) = z§(A2, A1). This completes the proof of the
theorem.

Definition 2.2 (Zhang etal. 2007) Let Z = (z;j)nxn be a matrix, if all of its elements
zj (i,j=1,2,...,n) are IFVs, then Z is called an intuitionistic fuzzy matrix.

Definition 2.3 (Zhang et al. 2007) Let Z; = (zfjl))nx,, and Z, = (zsz))nm be two
intuitionistic fuzzy matrices. If Z = Z; o Z,, then Z is called the composition matrix
of Z| and Z,, where

noo () ) . .
Zii = V (2, NZ. )= (maxymin (1), @), MIN{Maxy\v_cay, V_) s
ij k=1( ik ki ) =( £ { {Mzik Mzkj } k { { Ve 1))

i,j=1,2,...n (2.18)

Theorem 2.3 (Zhang et al. 2007) The composition matrix Z of the intuitionistic
fuzzy matrix Z; and Z; is also an intuitionistic fuzzy matrix.

Proof LetZy = (2 Yxm Z2 = (2 Inxn and Z = (Z)nxn- Then by Eq. (2.18), we
have
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1
Zj = \/ (ka) A zkj)) = (max{mm{u W, 1, <2>} mlH{maX{V (), v <2>}})
= (max{min{uzg]u, /szz-)}’ -, minfpu (s H ot}
i j ’7/
min{max{v_u,v.o},.. max{v m,V.o}}) (2.19)
31 le Zin an
Since
0< max{min{,uzm, ,uz(z)}, e min{,uz(l), uzm}} <1 (2.20)
il 1) in nj
0 < min{max{v_n,v.»}, .. max{v m,v.olh) <1 (2.21)
21 le Zin an

There must exist two positive integers k| and k> such that

maX{min{uzgll), Mziz)},. »min{p ), i, <2>}} = min{u, s I, (2)} (2.22)

i j Zin

min{max{vzu), vz(z)}, . max{v 1,V (2)}}) = max{v 1,V (2)} (2.23)
il 1 Zin Zik 2 21

Accordingly, we have

max{min{uzm, MZ@)}, ~omin{p ), MZ&)}} + min{max{v_ ),V (2)}
max{v_ Y (2)}}) = min{u_ (1), I, (2)} + maX{VZ<kl>, % /((2)} (2.24)
' (49 2

In the case of k1 = k», we get

min{pu ), it <2>} +max{v_m,v e} =minfu, <1>, 1, <2>} +max{v._n,v.o} <1
o ¢

k1j ikq kz/ Ztkl Zk]/
(2.25)
Also when k| # k», it yields

min{p_ ), 4@} +max{v.a,v o} <minf{u_ o, 4@} +max{v.a,v.e} <1
Sy Ckyj Liky  Chpj liky  Ck2j liky ko)

(2.26)
Hence
maX{min{Mzgln, MZ§2>}, cosmin{p ), @ (2>}}
i j Zin
+ min{max{v_m,v.»}, .. max{v m,v.olh) <1 2.27)
1 le Zin an

Consequently, the composition matrix of two intuitionistic fuzzy matrices is also an
intuitionistic fuzzy matrix. This completes the proof.

Definition 2.4 (Zhang et al. 2007) If the intuitionistic fuzzy matrix Z = (Z;j)uxn
satisfies the following condition:
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(1) Reflexivity: z;; = (1,0),i=1,2,...,n.
(2) Symmetry: z;; = zj;, i.e., Mz = Mg Vo = Vi Lj=12,...,n

Then Z is called an intuitionistic fuzzy similarity matrix.
Based on Theorem 2.3 and Definition 2.4, we have

Corollary 2.1 (Zhang et al. 2007) The composition matrix of two intuitionistic
fuzzy similarity matrices is an intuitionistic fuzzy matrix. However, the composition
matrix of two intuitionistic fuzzy similarity matrices may not be an intuitionistic
fuzzy similarity matrix. For example, let

(1,0)  (0.2,0.3) (0.5,0.2)]
Zi=1|(0203) (1,00 (0.1,0.7)
| (05,02) (0.1,0.7) (1,0) |
M (1,00 (0.4,0.4) (0.9,0.1)7]
Z>=|(04,04) (1,00 (0.3,0.3)
| (0.9,0.1) (0.3,0.3) (1,0)

Obviously, both Z; and Z; are intuitionistic fuzzy similarity matrices, but the
composition matrix of Z; and Z; is as follows:

(1,0)  (0.4,0.3) (0.9,0.1)
Z=Z10Z =] (04,03) (1,0) (0.3,0.3)
0.9,0.1) (0.4,0.3) (1,0)

where 723 # 232, i.e., Z does not satisfy symmetry property. Thus, Z is not an intu-
itionistic fuzzy similarity matrix. But when the composition matrix of an intuitionistic
fuzzy similarity matrix and itself is an intuitionistic fuzzy similarity matrix:

Theorem 2.4 (Zhang et al. 2007) Let Z; = (zi(jl))nxn be an intuitionistic fuzzy
similarity matrix. Then the composition matrix Z = Z; o Z; = (g;j)nxn 18 also an
intuitionistic fuzzy similarity matrix.

Proof (1) Since Z; is an intuitionistic fuzzy similarity matrix, by Corollary 2.1, the
composition matrix Z of Z; and itself is an intuitionistic fuzzy matrix.
(2) Since

N ¢} My _ : :
Zii = k\=/1(z”‘ ANz') = (mlflx{mm{ﬂz;(l), “z,ﬁ})}}’ mkm{max{vztgkw, VZ;U!)}}) (2.28)

then when k = i, we have

DAy =1,00 A 1,00} =(1,0) (2.29)

ii

So
Zi = k\_"/l(zl?,? Ay =(1,0) (2.30)
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(3) Since Z; is an intuitionistic fuzzy similarity matrix, then we have zl(,: ) — z,((:).

Thereby

6]

a
Zji = V (Zk Az Wy = (max{mln{u TR <1>} mln{maX{V 05V (1)}})

= (max{min{u_u), u_m }, min{max{v_a), v_a)
Sy ax {szk,uzik} in| {ij, N N

(max{min{u (1), M}, min{max{v_u, v.iy}})
Zjk k Tk Lk

l l

= ZU (2.31)

Theorem 2.5 (Zhang et al. 2007) Let Z; = (zi(jl))nxn, Z) = (zfl.z) Ynxn and Zz =

z@ axn be three intuitionistic fuzzy similarity matrices. Then their composition
ij y y p
operation satisfies the associative law:

(Z1oZp)oZz=2Z10(Zro0Z3) (2.32)

Proof Let(Z102Zy)0Z3 = (Zit)nxn and Zy 0 (Zr 0 Z3) = (zl’.t)nxn. Then by Theorem
2.1, we have

n n
=V {(/v @ A (2))) Az,(j))] =V V(G Az /\2(3))]
= = j=
n n n n
=V V (z(l) A (z(,?) A zkt))) VoV (z(l) A (z(,f) A Zk,)))
k=1j=1 j=lk=1 J
n 1 2
= (e )]

|
N ~.

=

i,t=1,2,...,n

Hence, Eq. (2.32) holds, which completes the proof.

Corollary 2.2 (Zhang et al. 2007) Let Z be an intuitionistic fuzzy similarity matrix.
Then for any positive integers m and m,, we have

gmitmy _ zmi g 7zm;

where Z™! and Z™2 are the m| and my compositions of Z, respectively. Furthermore,
Z™  Z™ and their composition matrix Z "2 are the intuitionistic fuzzy similarity
matrix.

Definition 2.5 (Zhang et al. 2007) If the intuitionistic fuzzy matrix Z = (Z;j)uxn
satisfies the following condition:

(1) Reflexivity: z;; = (1,0), i=1,2,...,n

(2) Symmetry: z;; = zji, i.e., gy = Uz Vo = Ve 6J=1,2,...,n
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e . . n P
(3) Transitivity: Z> C Z,ie., V (zx Azgg) <z, i,j=1,2,...,n.
k=1
Then Z is called an intuitionistic fuzzy equivalence matrix.

In order to save computation, motivated by the idea of Wang (1983), we have the
following conclusion:

Theorem 2.6 (Zhang et al. 2007) Let Z be an intuitionistic fuzzy similarity matrix.
Then after the finite times of compositions:

Z—)Zz—>Z4—>---—>Z2k—>---

_ 20D

. .. . k k. . ..
There must exist a positive integer k such that Z> ,and Z*" is an intuition-

istic fuzzy equivalence matrix.

Definition 2.6 (Zhang et al. 2007) Let Z = (z;j),,x» be an intuitionistic fuzzy simi-
larity matrix, where z;j = (tz;, vz;) i,j = 1,2, ..., n. Then Z, = (32;)nxn is called
the A-cutting matrix of Z, where

0, i]‘k>l—vzij,
1

2Zij = o gy <A S 1=y, (2.33)

2
L, if:uz,y E

Definition 2.7 (Wang 1983) If the matrix 7= (Zij)nxn satisfies the following con-
ditions:

(1) Reflexivity: z;; =1,i=1,2,...,n,and forany z;; € [0,1],i,j=1,2,...,n.
(2) Symmetry: z; = zj;.
(3) Transitivity: m]?x{min{iik, g} <z, foralli,j=1,2,...,n.

Then Z is called a fuzzy equivalence matrix.

Theorem 2.7 (Zhang et al. 2007) Z = (z;j)nxn 1S an intuitionistic fuzzy equivalence
matrix if and only if its A-cutting matrix Z;, = (5zij)nxn i a fuzzy equivalence matrix,
where z;; = (/inj, inj)’ i,j=1,2,...,n

Proof (Necessity)

(1) (Reflexivity) Since z;; = (1,0), 2 € [0, 1], then A < puy, =1, 2;; = 1.

(2) (Symmetry) Since z;; = zj;, i.e., Mz = My Vo = Vi thus ;z;; = 1z

(3) (Transitivity) Since Z = (z;j)uxx 1S an intuitionistic fuzzy equivalence matrix,
we have

ml?x{min{ﬂzikv szj}} = Mgy (2.34)

min{max (v, vz, )} < vz, (2.35)
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Also since the intuitionistic fuzzy equivalence matrix Z = (z;j)nxn and the compo-
sition matrix of itself is an intuitionistic fuzzy matrix, it yields

ml?x{min{ﬂzikv l/szj}} = mkin{max{vzik, Vzkf}} (2.36)
(a) When A < Kz and ;z; = 1, also since
m}?X{min{AZik, 22t} € [0, 1] (2.37)

then
ml?x{min{xz,-k, A < azij =1 (2.38)

(b) When 1 — Vi

1}

< X and ;z; = 0, also since
ij

mkin{max{vz[k, Vgt = vy > 1= A (2.39)

then, for any k, we have max{v,, , Vzk,} > 1 —A,i.e., for any k, it can be obtained that

min{,zi, 12k} = 0 (2.40)

Then
m,gx{min{xz,-k, Az} =0 (2.41)

Thus
mlglx{min{xzz'k, A2} < aZij (2.42)

(c) When My < A<1-— vz, We have ; z;; = 1/2. In this case, if

mkin{rnax{vzl,k, vij}} > vy > 1—A (2.43)
then by (b), we get
mlgx{min{/\zik, 22ty =0 (2.44)
Therefore
m]flx{min{xz,-k, a2kt < azij (2.45)
If
m]flx{min{uzik, :u'ij}} = A = 1 - mkin{max{vzik, Vzkj}} (246)
then

) 1 .
mlflx{mm{,\zl'k, AZH = > ml?-x{mln{kziks A2k} = A% (2.47)
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From the known condition, it follows that

max(min(uz, . s )) < pzy < (2.48)
which indicates that the case

A=< m}gx{min{uzik, Mz th (2.49)

does not exist. Therefore, when Mz < A<1-— V> We have

m]flx{min{le'k, 221 < aZij (2.50)

Hence, Z) = (5.2jj)nxn satisfies the transitivity property.
(Sufficiency)

(1) (Reflexivity) Since 5z; = 1, then for any A € [0, 1], A < pg,, and then let
A = 1. Then Zii = (1, 0)

(2) (Symmetry) Since for any i, k, »zit = a2k, if there exists zjx # zii, 1.€.,
Mzy 7 My OF Vo # vz, without loss of generality, suppose that i, < fiz;, and let
A= (g + Hg;) /2, then pugy < A < Uy, zi = 0or 1/2,and w2k = 1, 5zi # 22kis
which contradicts the known condition. Therefore, Z = (z;j)nxn 1s Symmetry.

(3) (Transitivity) Since for any i, j, we have

m]?X{min{AZik, A2t < azij (2.51)

and each element in Z, takes its value from {0, 1/2, 1}. Then

(a) When ;z; = 1, for any A € [0, 1], we have My = A, taking A = 1, it can be
obtained that y1;; = 1 and v;; = 0. Consequently,

ml?x{min{ﬂz,-kv Mzkj}} = Mg mkin{max{vz,-k, Vzk_/-}} =V (2.52)

(b) When ,z;; = 1/2, forany 2 € [0, 1], we have u;; < A <1 —v,,. Also since

(2.53)

N =

m]?x{min{,\zz‘k, Azt <

then .
mlgx{min{AZik, a2kt = 0 or 3 (2.54)

Thus, for any k, we get
min{yzjk, 12k} = 0 (2.55)
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or there exists a positive integer s, such that

min{; zjs, 125} = %
Case 1 If for any k, we have
min{; zjx, 22%} = 0
Then for any A € [0, 1], it yields

max{vy,, vz} > 1—2

hence
mkin{max{vzik, Vg ty = vy > 1= A

Considering the arbitrary of A, when A tends to be infinitely small, we get

m]?x{min{y“z;kv Mzkj}} = 1— mkin{maX{VZ[k, Vzkj}} =0

As a result,
m]?x{min{uz,.k, Mij}} = My

Case 2 If there exists a positive integer ki, such that

. 1
min{; zik, , 2%k} = 3

and for any k = ki, let
min{yzjk, 12k} = 0

Then according to Case 1, we have
/g/:}{max {VZ,’/{ ’ vij}} 2 inj

max{min{it,, , iz 1} < Wz
n kl{ (e ot} < gy
and when k = kj, suppose that

mln{ﬂzikl ) Mzk”-} = Hazpy s Mz, = Mz

Then let A = (uz; + ,uzikl)/Z, and thus, pz; <A < Mz, - Accordingly,

AZiky = AZkj = 1, min{pzi,, 22k} = 1
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(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)
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m}?X{AZik, Ak =1> 5z (2.68)

which contradicts the known condition. Therefore,

g%{min{uz[k, Hzidh < phg (2.69)
Similarly, we get
min{max vz, v, )} = vz, (2.70)

(c) When ;z;; =0, i.e., forany A € [0, 1], we have 1 — Vg < A. Then by
m,?X{min{xZik, Ak} <z =0 (2.71)
It can be seen that for any &, we get
min,zi, 12} = 0 (2.72)
max{vg,, vz} >1—2 (2.73)
Considering the arbitrary of A, it yields p;; =1 —v;; =0, and

mfx{min{ﬂzik» /’szj}} = 1= mkin{max{vzik s vij}} =0 (274)

Thus Z satisfies the transitivity property.
From the above analysis, the sufficiency of Theorem 2.7 holds. The proof is
completed.

Definition 2.8 (Zhang et al. 2007) Let A;(i = 1, 2, ..., n) be a collection of IFSs,
Z = (Zjj)nxn is the intuitionistic fuzzy similarity matrix derived by Eq.(2.11), Z* =
(zl’.kj) nxn 18 the intuitionistic fuzzy equivalence matrix of Z, and ; Z* = (12})nxn is the
A-cutting matrix of Z*. If the corresponding elements in both the ith line (column)
and the jth line (column) of 3 Z* are equal, then A; and A; are classified into one type.

Note: Since A-cutting matrix ,Z* has the transitivity property, then if A; and Ay
are of the same type, while Ay and A; are of the same type, then A; and A; are of the
same type.

On the basis of the above theory, Zhang et al. (2007) introduced a clustering
algorithm for IFSs, which involves the following steps:

Algorithm 2.1
Step 1 For a multi-attribute decision making problem, let Y = {y1, y2, ..., yn} be
a finite set of alternatives, and G = {G1, G2, ..., G, } the set of attributes. Suppose

that the characteristic information on the alternative y; is expressed in IFSs:
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yi = {(G]7 ,uy,-(Gj), Vy,(G])H G] € G}a J = 15 27 cee,m (275)

where 1y,(G;) indicates the degree that the alternative y; satisfies the attribute
Gj, vy, (Gj) indicates the degree that the alternative y; does not satisfy the attribute
G;j, my;(Gj) = 1 — 1y;(Gj) —vy,(G;) indicates the uncertainty degree that the alterna-
tive y; to the attribute G;. By the intuitionistic fuzzy similarity degree formula (2.11),
we establish the intuitionistic fuzzy similarity matrix Z = (z;j)uxn, Where

2= 00y = (1= Y iy, Jdutioyp) i =1.2....on (276)

dx (i, ) = min {B1111,(Gi) = 1y (GOI" + Balvy, (Go) = vy (GoI*

+ Bslmy (Gr) — 7y, (G} (2.77)

du (i, ) = min {B1|11y, (Gi) = 1y, (GOI™ + Balvyy (Gr) = vy (GO

+ B3lmy, (Gr) — 7y, (G} (2.78)

d* (yi, yj) = max {B1ty,(Gr) — 113, (GOI* + Balvy, (Gi) — vy, (Go)I*
+ Balmy, (Gr) — my, (G} (2.79)

and A, B1, B2, B3 are the predefined parameter, A > 1, 5; € [0, 1],i = 1,2, 3, and
Z?:l ,Bi =1L

Step 2 Check whether the intuitionistic fuzzy matrix Z is the intuitionistic fuzzy
equivalence matrix or not (i.e., check 72 C Zor not); otherwise, do the composition
operation: Z — 7> — Z* — ... — 72 5 o until 22 = 22" Then 22 is the
derived intuitionistic fuzzy equivalence matrix. For the sake of convenience, without
loss of generality, let Z* = (Z;'kj)nxn be the derived intuitionistic fuzzy equivalence
matrix, where zl’; = (,uz;,vz?;), Lj=1,2,...,n

Step 3 For the given confidence level A, by Eq. (2.33), we calculate the A-cutting
matrix ; Z* = (AZ?}) nxn Of the intuitionistic fuzzy equivalence matrix Z*.

Step 4 According to the A-cutting matrix , Z* and Definition 2.8, we cluster the
given alternatives.

Example 2.1 (Zhang et al. 2007) Consider a car classification problem. There are
five new cars y;(i = 1,2,...,5) to be classified in the Guangzhou car market in
Guangdong, China, and six attributes: (1) G1: Fuel economy; (2) G2: Aerod. Degree;
(3) G3: Price; (4) G4: Comfort; (5) Gs: Design; and (6) Gg: Safety, are taken into
consideration in the classification problem. The characteristics of the ten new cars
vii = 1,2,...,5) under the six attributes G;(j = 1,2, ..., 6) are represented by
the IFSs, shown in Table2.1 (Zhang et al. 2007).
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Table 2.1 The characteristics of the ten new cars

G G, Gs G Gs G

i (0.3,0.5) (0.6,0.1) (0.4,0.3) (0.8,0.1) (0.1,0.6) (0.5,0.4)
v (0.6,0.3) (0.5,0.2) (0.6,0.1) (0.7,0.1) (0.3,0.6) (0.4,0.3)
3 (0.4,0.4) (0.8,0.1) (0.5,0.1) (0.6,0.2) (0.4,0.5) (0.3,0.2)
V4 0.2,0.4) (0.4,0.1) (0.9,0) (0.8,0.1) (0.2,0.5) (0.7,0.1)
Vs (0.5,0.2) (0.3,0.6) (0.6,0.3) (0.7,0.1) (0.6,0.2) (0.5,0.3)

Step 1 By Eq. (2.11), we construct the intuitionistic fuzzy similarity matrix (with-
out loss of generality, let A = 2, 81 = B2 = B3 = 1/3):
We first calculate

1
1= Yd*Gi,y) =1— ﬁ[max{|0.3 —0.6>+10.5— 0317+ 02— 0.1]%,

10.6 —0.5]> +10.1 —0.2> + 0.3 — 0.3/, 10.4 — 0.6> + 0.3 — 0.1]*> +10.3 — 0.3,
0.8 —0.7)> +10.1 — 0.1+ 0.1 = 0.2]%,]0.1 — 0.3]*> + 0.6 — 0.6|> + 0.3 — 0.1},
0.5 — 0.412 +10.4 — 0312 + 0.1 — 0.3%}]2 = 0.78

1
ds (1, y2) = ﬁ[min{|0.3 —0.6>+10.5— 031>+ 02— 0.1]%,

10.6 —0.5]> +10.1 —0.2]> + 0.3 — 0.3/, 0.4 — 0.6]> + 0.3 — 0.1]*> +10.3 — 0.3,
10.8 —0.7)> +10.1 — 0.1 4+0.1 — 0.2/%, 0.1 — 0.3]*> +10.6 — 0.6/> + 0.3 — 0.1,
10.5—0.412 + 0.4 —0.3]> + 0.1 — 0.3]2}]2 = 0.08

Thus, z12 = (0.78, 0.08), similarly, we can calculate the other intuitionistic fuzzy
similarity degrees, and then get the intuitionistic fuzzy similarity matrix:

(1,0)  (0.78,0.02) (0.72,0.02) (0.64,0) (0.63,0.08)
(0.78,0.02)  (1,0)  (0.78,0.08) (0.71,0.08) (0.71,0)
Z = (0.72,0.08) (0.78,0.08)  (1,0)  (0.67,0.14) (0.59,0.08)
(0.64,0) (0.71,0.08) (0.67,0.14)  (1,0)  (0.63,0.08)
(0.63,0.08) (0.71,0) (0.59,0.08) (0.63,0.08)  (1,0)

Step 2 Calculate

(1,0) [0.78,0.92] (0.78,0.08) (0.71,0) (0.71,0.08)
(0.78,0.08)  (1,0)  (0.78,0.08) (0.71,0.08) (0.71,0)
72 =7Zo0Z =1 (0.78,0.08) (0.78,0.08)  (1,0) (0.71,0.08) (0.71,0.08)
(0.71,0) (0.71,0.08) (0.71,0.08)  (1,0)  (0.71,0.08)
(0.71,0.08) (0.71,0) (0.71,0.08) (0.71,0.08)  (1,0)



2.1 Clustering Algorithms Based on Intuitionistic Fuzzy Similarity Matrices 175

Since Z? # Z, then Z is not an intuitionistic fuzzy equivalence matrix. Thus we need
to calculate

74 =7%207>
(1,0)  (0.78,0.08) (0.78,0.08) (0.71,0) (0.71,0.08)
(0.78,0.08)  (1,0)  (0.78,0.08) (0.71,0.08) (0.71,0)

— | 0.78,0.08) (0.78,0.08)  (1,0)  (0.71,0.08) (0.71,0.08) | = 22
(0.71,0) (0.71,0.08) (0.71,0.08)  (1,0)  (0.71,0.08)
(0.71,0.08) (0.71,0) (0.71,0.08) (0.71,0.08)  (1,0)

Therefore, Z? is an intuitionistic fuzzy equivalence matrix.

Step 3 By Eq. (2.33), we can see that the value of confidence level A is only related
to the membership degree e and the non-membership degree Ve of the elements
z;"j = (le{;, sz;-) in the intuitionistic fuzzy equivalence matrix Z* = Z? = (zz’;)5x5. In
general, we can make a detailed discussion by taking Mz and 1 — Ver corresponding
to each element of Z* as the bounded values of the confidence level A of the A-cutting
matrix ) Z*:

(1) When A < 0.71, we have

11111
11111
Zr=111111
11111
11111
(2) When 0.71 < A < 0.78, we have
1 1
1 11 - =
2 2
1 1
111 - =
2 2
* 1 1 1 L1
W= 2 2
1 1 1 q 1
2 2 2 2
1 1 1 1 1
2 2 2 2
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(3) When 0.78 < A < 0.92, we have

11111
2 2 2 2
11111
2 2 2 2
s |1
M= 2 2 2 2
11111
2 2 2 2
11111
2 2 2 2
(4) When 0.92 < A < 1, we have
1
1 0 0 = O
2
1
01 00 =
2
Z5=10 0 10 0
1
-0 01 0
2
01001
2

Step 4 According to ;Z* and Definition 2.8, we make the following discussions:

(1)If0 <A <0.71,thenthecarsy; (i =1, 2,...,5) are classified into one type:

{y1,¥2,¥3, ¥4, ¥5}

2)If0.71 < A <0.78, thenthe cars y; (i =1, 2, ..., 5) are classified into three

types:
{1, y2, ¥3} {va), (s}

3)If0.78 < A < I,thenthecarsy; (i = 1,2,...,5) are classified into five

types:
{1}, {2, {vads vald, (s}

From the above analysis, it can be seen that the clustering of the alternatives
(or IFSs) is closely related to the predefined confidence level L. How to select the
confidence level A is an interesting issue. We suggest the interested readers should
refer to the literature (Wang 1983).



2.2 Clustering Algorithms Based on Association Matrices 177

2.2 Clustering Algorithms Based on Association Matrices

In the above section, we have introduced an intuitionistic fuzzy clustering algorithm,
which is on the basis of the intuitionistic fuzzy similarity matrix. In this clustering
technique, all the given intuitionistic fuzzy information is first transformed into the
interval-valued fuzzy information. The intuitionistic fuzzy similarity degrees derived
by using distance measures are interval numbers, and both the intuitionistic fuzzy
similarity matrix and the intuitionistic fuzzy equivalence matrix are also interval-
valued matrices. As a result, this clustering technique requires much computational
effort and cannot be extended to cluster IVIFSs, and more importantly, it produces
the loss of too much information in the process of calculating intuitionistic fuzzy
similarity degrees, which implies a lack of precision in the final results. To overcome
this drawback, Xu et al. (2008) proposed a straightforward and practical clustering
algorithm for IFSs, and extended the algorithm to cluster IVIFSs.

Xu and Chen (2008) gave an overview of the existing association measures for
IFSs (or IVIFSs). Based on the association measures, in the following, we introduce
the concept of association matrix:

Definition 2.9 (Xu et al. 2008) Let A; (j = 1,2,...,m) be m IFSs. Then
C = (¢ij)mxm is called an association matrix, where ¢; = c(A;, A;) is the asso-
ciation coefficient of A; and A; (which can be derived by one of the intuitionistic
fuzzy association measures introduced by Xu and Chen (2008)), and has the follow-
ing properties:

M O0=<¢;=<Lij=12,...,m.

(2) ¢;j =1lif and only if A; = A;.

3) cj=cji,i,j=1,2,...,m.

Definition 2.10 (Xu et al. 2008) Let C = (cjj))mxm be an association matrix. If
C?=CoC= (Cij)mxm- then C? is called the composition matrix of C, where

Cij = ml?x{min{cik, il ij=12,....,m (2.80)

According to Definition 2.9, we have

Theorem 2.8 (Xu et al. 2008) Let C = (cjj)mxm be an association matrix. Then the
composition matrix C? is also an association matrix.

Proof (1) Since C is an association matrix, then for any i, j = 1, 2, ..., m, we have
0 <c¢j < 1. Thus

0<¢j= ml?x{min{c,-k, ity <1,i,j=12,....m (2.81)
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(2) Since ¢;j = lifand only if A; = A;,i,j = 1,2, ..., m, it yields

cij = m]?x{min{cik, o}y =lifandonlyif A; = Ay =A;, k=1,2,...,m (2.82)

(3) Since ¢;j = ¢ji,i,j = 1,2, ..., m, we get

Cij = m]flx{min{cik, cil} = m}?X{min{Cki, cjk}}

= ml?x{rnin{cjk, aily=¢ji, i,j=1,2,...,m (2.83)

which completes the proof of the theorem.
According to Theorem 2.8, we can derive the following conclusion:

Theorem 2.9 (Xu et al. 2008) Let C = (¢jj)mxm be an association matrix. Then for
any positive integer k, we have

ok+1

A =¥ (2.84)

.. . k+1 . .. .
where the composition matrix C is also an association matrix.

Definition 2.11 (Xu et al. 2008) Let C = (cjj)mxm be an association matrix. If
C?cC(,ie., for any i,j = 1,2, ..., m, the following inequality holds:

m}flx{min{cik, cill < cjj (2.83)

Thus, C is called an equivalent association matrix.
By the transitivity principle of equivalent matrix (Wang 1983), we can easily
prove the following theorem:

Theorem 2.10 (Xu et al. 2008) Let C = (cjj)mxm be an association matrix. Then
after the finite times of compositions:

Co>C st . (2.86)

. e k (k1) k.
there must exist a positive integer k, such that C> = C?" ', and C? is also an
equivalent association matrix.

Based on the equivalent association matrix, we give the following useful concept:

Definition 2.12 (Xu et al. 2008) Let C = (c;j)mxm be an equivalent association
matrix. Then C), = (.¢jj)mxm is called the A-cutting matrix of C, where

0, ¢cj<x, |
ACU_[L CUZ)»,’I’J_LZ’-“’m (2.87)

and A is the confidence level with A € [0, 1].
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From the above theoretical analysis, we introduce an algorithm for clustering IFSs
as follows (Xu et al. 2008):

Algorithm 2.2
Step 1 Let X = {x1,x2,...,x,} be a discrete universe of discourse, and let
w = (w1, wa,...,wy)T be the weight vector of the elements x; (i = 1,2,...,n),

withw; € [0,1],i=1,2,...,n,and Z;’:l w; = 1. Consider a collection of m IFSs
Aj(j=1,2,...,m), where

Aj = {(x, pa; (xi), va; (x) [xi € X} (2.88)

with JTAI.(X[) =1- /LA_/(x,-) — VA_/,(x,-),j =1,2,...,m.
Step 2 Select an intuitionistic fuzzy association measure, such as

c(Ai, Aj)
D=1 wi(pa, () - pra; () =+ va; Oe) - va; Oo) + 7a, () - 7245 (1))

max (34 _ w3, () + 93, () + 72, 00), X wh (1 ) + 9%, @) + 73 () )
(2.89)

to calculate the association coefficients of the IFSs A; and A; (i,j = 1,2, ..., m).
Then construct an association matrix C = (c¢jj)mxm>» Where c¢;j = c(A;, Aj),
Lj=1,2,...,m.

Step 3 If the association matrix C = (cjj)uxn iS an equivalent association
matrix, then we construct a A-cutting matrix C, = (1¢jj)mxm Of C by using
Eq.(2.87); otherwise, we compose the association matrix C by using Eq.(2.86) to
derive an equivalent association matrix C. Then we construct a A-cutting matrix
C. = (.jj)mxm of C by using Eq.(2.87).

Step 4 If all elements of the ith line (column) in C; (or Cy) are the same as
the corresponding elements of the jth line (column) in C; (or C;,), then the IFSs
A; and A; are of the same type. By this principle, we can classify all these m IFSs
A (G=1,2,...,m).

By using the cutting matrix of the equivalent association matrix, Algorithm-IFSC
classifies the IFSs under the given confidence levels. Considering that the confidence
levels have a close relationship with the elements of equivalent association matrices,
in practical applications, people can properly specify the confidence levels according
to the elements of the equivalent association matrices and the actual situations, and
thus, the algorithm has desirable flexibility and practicability. However, in some
cases, people may expect that the algorithm can automatically generate the “optimal”
clustering without any interaction with them. In other words, the algorithm should
have the ability to set the optimal A according to cluster structure. To fulfill this
requirement, here we use the Separation Index (SI), one of the relative measures for
cluster validity, which was introduced by Nasibov and Ulutagay (2007).
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For two clusters C; and Cj, let 9(C;, C;j) (i # j) be the inter-cluster similarity
degree of C; and Cj, and let ' (C;) be the intra-cluster similarity degree of C;. Then
the similarity-based SI can be defined as:

max ﬁ(Cl‘, Cj)
17

£
Sl = ——M—— 2.90
sim mjn 9(Cr) ( )
1
where
?(Ci, C)) = max (A, B) (2.91)
AeCi,BeC;
9/ (C;) = min 9(A, B) (2.92)
A,BeC;

As arelative measure, SI does not depend on the cluster number, but on the structure
of clusters. Therefore, the optimal A can be selected as:

A =arg mkin Slgim (L) (2.93)

where ST, (1) is the SI of the resultant clusters with A being the confidence level of
the equivalent association matrix.

In the following, we shall extend the algorithm for clustering IVIFSs. Before
doing so, we first introduce the basic concepts related to IVIFSs:

Atanassov and Gargov (1989) defined the concept of IVIFS:

Definition 2.13 (Atanassov and Gargov 1989) Let X be a fixed set. Then
A = {{x, iy (), 73(0)lx € X ) (2.94)

is called an interval-valued intuitionistic fuzzy set (IVIFS), where ji;(x) C [0, 1]
and v; (x) C [0, 1], x € X, with the condition:

sup iz (x) +supvi(x) <1, x € X (2.95)

Clearly, if inf ji3(x) = sup fi7(x) and inf V5 (x) = supV;(x), then the IVIFS A
reduces to a traditional IFS.

Atanassov and Gargov (1989) further gave some basic operational laws of IVIFSs:

Definition 2.14 (Atanassov and Gargov 1989) Let A = {(, Lz (x), V3 (0) |x
€ X} A = {(x, iz, (0), vz ())|x € X} and Ay = {(x, i1z, (x), vz, () |x € X}
be three IVIFSs. Then
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(1) Z (. 7300, i3 (@)lx € X).
(2) A1 N Ay = {(x, [minfinf fig, (), inf fig, (©)}, min{sup fig (), sup ji, (0},
[max{inf ‘7,5 (x), inf ‘7,& (x)}, max{sup ‘7,& (x), sup \7;‘ ) x € X}.
(3) Ay UA; = {{x, max{inf /i Az, (), inf iz (o)}, max{sup iz, (x), sup iz, (0},
[min{inf v Vi, (x), inf v Vi, (x)}, min{sup v Vi, (x)), sup vA2 @I |x € X}.
(4) A1+ Ay = {{x, [inf i, () +inf iz, (x) —inf iz (x) - inf iz, (%),
sup /:LAI (x) + sup /1/32 (x) — sup ﬂAl (x) - sup ,&Az )1,
[inf 17/31 (x) - inf ‘N};\z (x), sup 17/31 (x) - sup f};\z @] |x € X}.
(5) A1+ Ay = {(x, [inf iz (x) - inf iz, (x). sup fiz (x) - sup i, ()],
[inf 73, (x) + inf 5 (x) — inf ¥3 (). inf 75 (x),
sup ‘~’A1 (x) + sup \7/;2 (x) — sup T’Al (x) - sup GAz(x)])Ix € X}.

Taking into account the needs of the application, Xu and Chen (2007a) further intro-
duced another two operational laws:

(6) A = {{x, [1 = (1 —inf 5 (), 1 = (1 = sup iz ()],
[(inf 73 (0))*, (sup 73 () 1) |x € X}, & > 0.

(7) A* = {(x, [(nf i3 (x))*, (sup iz ()],
[1— (1 —inf¥;(x)*, 1 — (1 —sup¥;(x)*Dlx € X}, 4 > 0.

Let X = {x1, x2, ..., x,} be a discrete universe of discourse, Al = {(x;, [LAI (x7),
\7A1 (xi))lx,- (S X} and Az = {(x,-, ,CLAz (xi), \N/Az (xi))|xi (S} X} two IVIFSS, where

g, 00) = [ng (6), ng ()l g, () = [g (), ni Gl (2.96)
B3, () = vy (), vy ()l 73, () = v (), vy (o) (2.97)

Atanassov and Gargov (1989) defined the inclusion relation between two IVIFSs:
(1) Ay € Ayifandonlyif uf (4) < pf (), u (@) < pg (), vi () 2 v (x0)
and v (x;) > v> (x;),x; € X.
A A2 .
(2) A; =Asifandonly if A C A3 H_Al D Aj.
Similar to Definition 2.9, we have
Definition 2.15 (Xu et al. 2008) Let A G = 1,2,...,m) be m IVIFSs. Then

C = (Cij)mxm 1s called an association matrix, where Cij = C(A,,A ) is the asso-

ciation coefficient of A; and A (which can be derived by one of the interval-valued
intuitionistic fuzzy association measures introduced by Xu and Chen (2008)), and
has the following properties:
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) 0=<¢=<1li,j=12,...,m
(2) &5 = 1ifand only if A; = A;.
(3) C"ijZC"j,',i,jI 1,2,...,m
Based on the association matrix of the IVIFSs, in what follows, we introduce an
algorithm for clustering IVIFSs (Xu et al. 2008):

Algorithm 2.3
Step 1 Let X = {x1,x,...,x,} be a discrete universe of discourse,
w = (W,wa, ..., wn)T the weight vector of the elements x; (i = 1,2,...,n),

withw; € [0,1],i=1,2,...,n,and D7_, w;i = 1,andletA,~ G=1,2,...,m)be
a collection of IVIFSs:

Aj = (. iz, (). V3, () € X) (2.98)
where
[z, () = [/L;:j(xi), ;L;\“j(xi)] Cl0,1], ¥ (x) = [v;:j(xi), V;{j(xl')] c [0, 1],
Mj{j (i) + v;{j(xi) <lL,xeX (2.99)
Additionally, ﬁA (x;) = [n?(x,-), nfr(x,-)] c [0, 1], mo) =1 - :“::;(xi) 11—

viGa), () = 1—p (xz) 1= vy ().

Step 2 Utilize the 1nterva1 valued 1ntu1t10n1stlc fuzzy association measures:

ZZ_1WJ<( L)y (Xk)+u () g (xk)
+vz (xk) vy <xk>+v+<xk) v+(xk>

+T[A,~(xk) ﬂAj(xk)—i_ﬂ,;;(xk) JT‘Z;(xk))

c(Ai, Aj) = > : — (2.100)
max (372 we (15 @0) "+ (1 )+ (v 0)
1 2 1
+(v/{(Xk)) +(n (xk)) + (n;t (xk)) )
{5 0) + (5 0) (5 00)°
k=1Wk k ILA]- k ) Aj k
+ +
+(vAj<xk>) (nAj<xk>) + (o))
to calculate the association coefficients of the IVIFSs A; andA ,j=1,2,...,m),
and then construct an association C = (Cij)mxm> Where ¢; = é(A,,Aj),
i,j=1,2,.
Step 3 If the association matrix C = (c,])mxm is an equivalent association

matrix, then we construct a A-cutting matrix CA = (WCij)mxm Of C by using
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Eq. (2.87); otherwise, we compose the association matrix C by using Eq. (2.86) to
derive an equivalent association matrix E, and then construct a A-cutting matrix
EA = (WCi))mxm ofE by using Eq. (2.87).

Step 4 If all elements of the ith line (column) in Cx (or_E;L) are the same as the

corresponding elements of the jth line (column) in C, (or C), then the IVIFSs A;
and A; are of the same type. By this principle, we can classify all these m IVIFSs
A G=1,2,...,m).

Example 2.2 (Xu et al. 2008) We conduct experiments on both the real-world and
simulated data sets in order to demonstrate the effectiveness of the proposed cluster-
ing algorithm for IVIFSs.

Below we first introduce the experimental tool and the experimental data set,
respectively:

(1) Experimental tool. In the experiments, we use Algorithm 2.2 as a tool imple-
mented by ourselves in MATLAB. Note that if we let 7(x) = 0, for any x € X,
then Algorithm 2.2 reduces to the traditional algorithm for clustering fuzzy sets
(denoted by Algorithm-FSC). Therefore, we can use Algorithm 2.2 to compare the
performance of both Algorithm 2.2 and Algorithm-FSC.

(2) Experimental data set. We use two kinds of data in our experiments. The car
data set contains the information of ten new cars to be classified in the Guangzhou
car market in Guangdong, China. Lety; (i = 1,2, ..., 10) be the cars, each of which
is described by six attributes: (1) G1: Fuel economy; (2) G»: Aerod degree; (3) G3:
Price; (4) G4: Comfort; (5) Gs: Design; and (6) Gg: Safety. The weight vector of
these attributes is w = (0.15, 0.10, 0.30, 0.20, 0.15, O.IO)T. The characteristics of
the ten new cars under the six attributes are represented by the IFSs, as shown in
Table2.2 (Xu et al. 2008).

We also use the simulated data set for the purpose of comparison, and assume
that there are three classes in the simulated data set, denoted by C;(i = 1, 2, 3). The
number of IFSs in each class is exactly the same: 300. The differences of the IFSs
in different classes lie in the following aspects: (1) The IFSs in C; have relatively
high and positive scores; (2) the IFSs in C; have relatively high and negative scores;
and (3) the IFSs in C3 have relatively high and uncertain scores. Along this line, we
generate the simulated data set as follows: (1) w(x) ~ U(0.7,1) and v(x) + m(x) ~
U@O,1—pu(x)),foranyx € C1;(2)v(x) ~ U(0.7,1) and p(x)+m (x) ~ U(0,1—v(x)),
for any x € Cp; and (3) w(x) ~ U(0.7,1), u(x) +v(x) ~ U(0,1 — m(x)), for any
x € C3,where U(a, b) means the uniform distribution on the interval [a, b]. By doing
so, we generate a simulated data set which consists of 900 IFSs from 3 classes.

Now we utilize Algorithm 2.2 to cluster the ten new cars y; (i = 1,2, ..., 10),
which involves the following steps (Xu et al. 2008):
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Table 2.2 The car data set

& Gy G3 Gy Gs Ge

Hy; Vyi Hy; Vyi Hy; Vyi Hy; Vyi Hy; Vyi Hy; Vyi

(Gy) (G1) (G2) (G2) (G3) (G3) (Gy) (Gy) (Gs) (Gs) (Ge) (Ge)
i 0.30 0.40 0.20 0.70 0.40 0.50 0.80 0.10 0.40 0.50 0.20 0.70
2 0.40 0.30 0.50 0.10 0.60 0.20 0.20 0.70 0.30 0.60 0.70 0.20
3 0.40 0.20 0.60 0.10 0.80 0.10 0.20 0.60 0.30 0.70 0.50 0.20
V4 0.30 0.40 0.90 0.00 0.80 0.10 0.70 0.10 0.10 0.80 0.20 0.80
ys 0.80 0.10 0.70 0.20 0.70 0.00 0.40 0.10 0.80 0.20 0.40 0.60
Y6 0.40 0.30 0.30 0.50 0.20 0.60 0.70 0.10 0.50 0.40 0.30 0.60
y7 0.60 0.40 0.40 0.20 0.70 0.20 0.30 0.60 0.30 0.70 0.60 0.10
8 0.90 0.10 0.70 0.20 0.70 0.10 0.40 0.50 0.40 0.50 0.80 0.00
y9 0.40 0.40 1.00 0.00 0.90 0.10 0.60 0.20 0.20 0.70 0.10 0.80
Y10 0.90 0.10 0.80 0.00 0.60 0.30 0.50 0.20 0.80 0.10 0.60 0.40

Step 1 Utilize

(i, i)

i1 Wk (1 (G - 11y (Gi) + vy, (G - vy, (Gi) + 703, (Gr) - 71y, (Gi))

max (7 wi (13, (Go) + 3, (Go) + 72 (Go) » iy we (143 (G +13 (Go) + 72 (Go) )
2.101)

to calculate the association coefficients of y; (i = 1,2, ..., 10), and then construct
an association matrix:

1.000 0.667 0.645 0.709 0.633 0.919 0.696 0.609 0.666 0.611
0.667 1.000 0.909 0.661 0.666 0.665 0.913 0.820 0.665 0.640

0.645 0.909 1.000 0.768 0.740 0.576 0.937 0.862 0.771 0.670
0.709 0.661 0.768 1.000 0.755 0.610 0.717 0.728 0.968 0.711
0.633 0.666 0.740 0.755 1.000 0.623 0.713 0.476 0.764 0.861
0.919 0.665 0.576 0.610 0.623 1.000 0.634 0.579 0.566 0.622
0.696 0.913 0.937 0.717 0.713 0.634 1.000 0.889 0.722 0.692
0.609 0.820 0.862 0.728 0.476 0.579 0.889 1.000 0.740 0.811
0.666 0.665 0.771 0.968 0.764 0.566 0.722 0.740 1.000 0.732
0.611 0.640 0.670 0.711 0.861 0.622 0.692 0.811 0.732 1.000
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Step 2 Calculate

c’=CocC

1.000 0.696 0.709 0.709 0.709 0.919 0.709 0.709 0.709 0.709
0.696 1.000 0.913 0.768 0.740 0.667 0.913 0.889 0.771 0.811
0.709 0.913 1.000 0.771 0.764 0.665 0.937 0.889 0.771 0.811
0.709 0.768 0.771 1.000 0.764 0.709 0.768 0.768 0.968 0.755
0.709 0.740 0.764 0.764 1.000 0.665 0.740 0.811 0.764 0.861
0.919 0.667 0.665 0.709 0.665 1.000 0.696 0.665 0.666 0.640
0.709 0.913 0.937 0.768 0.740 0.696 1.000 0.889 0.771 0.811
0.709 0.889 0.889 0.768 0.811 0.665 0.889 1.000 0.771 0.811
0.709 0.771 0.771 0.968 0.764 0.666 0.771 0.771 1.000 0.740
0.709 0.811 0.811 0.755 0.861 0.640 0.811 0.811 0.740 1.000

then C2 C C does not hold, i.e., the association matrix C is not an equivalent
association matrix. Thus, by Eq. (2.86), we further calculate

ct=cC?oC?

1.000 0.709 0.709 0.709 0.709 0.919 0.709 0.709 0.709 0.709
0.709 1.000 0.913 0.771 0.811 0.709 0.913 0.889 0.771 0.811
0.709 0.913 1.000 0.771 0.811 0.709 0.937 0.889 0.771 0.811
0.709 0.771 0.771 1.000 0.768 0.709 0.771 0.771 0.968 0.771
0.709 0.811 0.811 0.768 1.000 0.709 0.811 0.811 0.771 0.861
0.919 0.709 0.709 0.709 0.709 1.000 0.709 0.709 0.709 0.709
0.709 0.913 0.937 0.771 0.811 0.709 1.000 0.889 0.771 0.811
0.709 0.889 0.889 0.771 0.811 0.709 0.889 1.000 0.771 0.811
0.709 0.771 0.771 0.968 0.771 0.709 0.771 0.771 1.000 0.771
0.709 0.811 0.811 0.771 0.861 0.709 0.811 0.811 0.771 1.000

cd=c*ocC?

1.000 0.709 0.709 0.709 0.709 0.919 0.709 0.709 0.709 0.709
0.709 1.000 0.913 0.771 0.811 0.709 0.913 0.771 0.771 0.811
0.709 0.913 1.000 0.771 0.811 0.709 0.937 0.889 0.771 0.811
0.709 0.771 0.771 1.000 0.771 0.709 0.771 0.771 0.968 0.771
0.709 0.811 0.811 0.771 1.000 0.709 0.811 0.811 0.771 0.861
0.919 0.709 0.709 0.709 0.709 1.000 0.709 0.709 0.709 0.709
0.709 0.913 0.937 0.771 0.811 0.709 1.000 0.889 0.771 0.811
0.709 0.771 0.889 0.771 0.811 0.709 0.889 1.000 0.771 0.811
0.709 0.771 0.771 0.968 0.771 0.709 0.771 0.771 1.000 0.771
0.709 0.811 0.811 0.771 0.861 0.709 0.811 0.811 0.771 1.000
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c'®=ctoc®

1.000 0.709 0.709 0.709 0.709 0.919 0.709 0.709 0.709 0.709
0.709 1.000 0.913 0.771 0.811 0.709 0.913 0.771 0.771 0.811
0.709 0.913 1.000 0.771 0.811 0.709 0.937 0.889 0.771 0.811
0.709 0.771 0.771 1.000 0.771 0.709 0.771 0.771 0.968 0.771
0.709 0.811 0.811 0.771 1.000 0.709 0.811 0.811 0.771 0.861
0.919 0.709 0.709 0.709 0.709 1.000 0.709 0.709 0.709 0.709
0.709 0.913 0.937 0.771 0.811 0.709 1.000 0.889 0.771 0.811
0.709 0.771 0.889 0.771 0.811 0.709 0.889 1.000 0.771 0.811
0.709 0.771 0.771 0.968 0.771 0.709 0.771 0.771 1.000 0.771
0.709 0.811 0.811 0.771 0.861 0.709 0.811 0.811 0.771 1.000

hence, C1¢ = C8,ie., C8isan equivalent association matrix.

Step 3 Since the confidence level A has a close relationship with the elements of
the equivalent association matrix C8, in the following, we give a detailed sensitivity
analysis with respect to the confidence level A, and by Eq.(2.87), we get all the
possible classifications of the ten new cars y; (i = 1,2, ..., 10):

(1) f0<x<0.709, theny; (i =1,2,...,10) are of the same type:

{1, 2,3, Y4, Y5, Y6, Y7, ¥8, Y9, Y10}

(2) If0.709 < 2 <0.771, theny; (i = 1,2, ..., 10) are classified into the follow-
ing two types:
{1, v6}, {2, ¥3, ¥4, ¥5, 7, ¥85 ¥9, Y10}

3) If0.771 < » <0.811,theny; (i = 1,2,...,10) are classified into the follow-
ing five types:
{y1, v}, {y2}, {¥3, ¥5, ¥7. y10}, {ys}, {v4, yo}

4) If0.811 < 2 <0.861,theny; (i =1,2,...,10) are classified into the follow-
ing six types:
1.y}, {y2), 3, v}, (s}, (v, yol, {vs. 10}

(5) If0.861 < X <0.889,theny; (i =1,2,...,10) are classified into the follow-
ing seven types:
{1, ye}, 2}, {y3, y7}, 4, o), {ys}, (s} {vi0}

(6) If0.889 < A <0913, theny; (i = 1,2,..., 10) are classified into the follow-
ing six types:
{1, v} {v2, y3, y7}, {4, yo}, {ysh, {ys}, {vio}

(7) If 0913 < A <0919, theny; (i = 1,2,...,10) are classified the following
into seven types:

{1, ye}, 2}, {y3, y7}, 4, yo), {ysh, (s} {v10}
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(8) If0.919 < X <0.937, theny; (i = 1,2, ..., 10) are classified into the follow-
ing eight types:

i} 2}, (ys) eds (3, y73s {va, o), {8}, (vio}

(9) If0.937 < X <0.968, theny; (i = 1,2, ..., 10) are classified into the follow-
ing nine types:

i} {2} (3), (s) sds (7}, (s), (4, yols {(vio}

(10) If 0.968 < A < 1,theny; (i = 1,2,...,10) are classified into the following
ten types:

{yih {2} (yah (vad, (s) shs (7}, {os), (o), {10}

If we utilize Algorithm 2.1 to cluster the ten new cars y; (i = 1, 2, ..., 10), then
we first need to transform all the given IFSs (see Table 2.2) into the interval-valued
fuzzy sets, listed in Table2.3 (Xu et al. 2008).

After that, we utilize Eq.(2.11) (without loss of generality, here we let A = 2,
B1 = B2 = B3 = 1/3) to calculate the intuitionistic fuzzy similarity degrees of
Vi (i =1,2,...,10), and then construct the intuitionistic fuzzy similarity matrix
R = (Fij)10x10:

Table 2.3 The transformed car data set
G Gy G3 Gy Gs Ge

[1y; (G), [y (G2), [y (G3), [14y; (Ga), L1y, (Gs), [y, (Ge),
I=v,(GDI 1=w,(G2)] 1=w(G3)] 1—v,(G)] 1—-v,(Gs)] 1—w,(Ge)l

Y1 [0.30, 0.60]  [0.20,0.30]  [0.40,0.50]  [0.80,0.90]  [0.40,0.50]  [0.20, 0.30]
y2  [0.40,0.70] [0.50,0.90] [0.60,0.80]  [0.20,0.30] [0.30,0.40]  [0.70, 0.80]
y3  [0.40,0.80] [0.60,0.90] [0.80,0.90]  [0.20,0.40]  [0.30,0.30]  [0.50, 0.80]
ys  [0.30,0.60]  [0.90,1.00]  [0.80,0.90] [0.70,0.90]  [0.10,0.20]  [0.20, 0.20]
ys [0.80,0.90]  [0.70,0.80]  [0.70,1.00]  [0.40,0.90]  [0.80,0.80]  [0.40, 0.40]
ye  [0.40,0.70]  [0.30,0.50]  [0.20,0.40]  [0.70,0.90]  [0.50,0.60]  [0.30, 0.40]
y7  10.60,0.60]  [0.40,0.80]  [0.70,0.80]  [0.30,0.40]  [0.30,0.30] [0.60,0.90]
yg  [0.90,0.90] [0.70,0.80]  [0.70,0.90] [0.40,0.50]  [0.40,0.50]  [0.80, 1.00]
yo  [0.40,0.60] [1.00,1.00] [0.90,0.90] [0.60,0.80]  [0.20,0.30]  [0.10, 0.20]
yio [0.90,0.90]  [0.80,1.00]  [0.60,0.70]  [0.50,0.80]  [0.80,0.90]  [0.60, 0.60]
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[1,1] [0.507, 0.918] [0.545, 0.859] [0.428, 1.000] [0.592, 0.859]
[0.507, 0.918] [1,1] [0.837,0.918] [0.545, 0.918] [0.568, 0.859]
[0.545, 0.859] [0.837, 0.918] [1,1] [0.576, 1.000] [0.592, 0.859]
[0.428, 1.000] [0.545, 0.918] [0.576, 1.000] [1,1] [0.465, 0.859]
[0.592, 0.859] [0.568, 0.859] [0.592, 0.859] [0.465, 0.859] [1,1]
[0.859, 0.918] [0.545, 1.000] [0.545, 0.918] [0.545, 1.000] [0.545,0.918]
[0.568, 0.859] [0.784, 0.918] [0.717, 1.000] [0.503, 0.918] [0.592, 0.837]
[0.465, 1.000] [0.644, 0.918] [0.626, 0.918] [0.411, 0.918] [0.568, 1.000]
[0.384, 0.918] [0.510, 0.918] [0.568, 0.918] [0.918, 0.918] [0.545, 0.784]
[0.465, 0.837] [0.592, 0.918] [0.545, 0.859] [0.428,0.918] [0.784,0.918]

[0.859, 0.918] [0.568, 0.859] [0.465, 1.000] [0.384, 0.918] [0.465, 0.837]
[0.545, 1.000] [0.784, 0.918] [0.644, 0.918] [0.510, 0.918] [0.592,0.918]
[0.545,0.918] [0.717, 1.000] [0.626, 0.918] [0.568, 0.918] [0.545, 0.859]
[0.545, 1.000] [0.503, 0.918] [0.411, 0.918] [0.918,0.918] [0.428,0.918]
[0.545, 0.918] [0.592, 0.837] [0.568, 1.000] [0.545,0.784] [0.784,0.918]
[1,1] [0.626, 0.784] [0.545, 0.918] [0.490, 0.918] [0.592, 0.859]
[0.626, 0.784] [1,1] [0.755,0.918] [0.490, 0.918] [0.545, 0.918]
[0.545, 0.918] [0.755, 0.918] [1,1] [0.384, 0.837] [0.673, 1.000]
[0.490, 0.918] [0.490, 0.918] [0.384, 0.837] [1,1] [0.510, 0.918]
[0.592, 0.859] [0.545, 0.918] [0.673, 1.000] [0.510, 0.918] [1,1]

=
Il

—_— — — —

By the composition operation of interval-valued matrices, we have

[1,1] [0.568,0.918] [0.592, 1.000] [0.545, 1.000] [0.592, 1.000]
[0.568,0.918] [1,1] [0.837,0.918] [0.576, 0.918] [0.592, 0.918]
[0.592, 1.000] [0.837,0.918] [1,1] [0.576, 1.000] [0.592, 1.000]
[0.545, 1.000] [0.576,0.918] [0.576, 1.000] [1,1] [0.576,0.918]
[0.592, 1.000] [0.592, 0.918] [0.592, 1.000] [0.576, 0.918] [1,1]
[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.545, 1.000] [0.592, 0.918]
[0.592,0.918] [0.784, 0.918] [0.784, 1.000] [0.576, 1.000] [0.592,0.918]
[0.568, 1.000] [0.755,0.918] [0.717, 0.918] [0.576, 1.000] [0.592, 1.000]
[0.545,0.918] [0.568, 0.918] [0.576, 0.918] [0.918, 0.918] [0.568, 0.918]
[0.592, 1.000] [0.592, 0.918] [0.626, 0.918] [0.545, 0.918] [0.784, 1.000]

[0.859, 1.000] [0.592, 0.918] [0.568, 1.000] [0.545, 0.918] [0.592, 1.000]
[0.626, 1.000] [0.784, 0.918] [0.755, 0.918] [0.568, 0.918] [0.592, 0.918]
[0.626, 1.000] [0.784, 1.000] [0.717, 0.918] [0.576, 0.918] [0.626, 0.918]
[0.545, 1.000] [0.576, 1.000] [0.576, 1.000] [0.918, 0.918] [0.545, 0.918]
[0.592, 0.918] [0.592, 0.918] [0.592, 1.000] [0.568, 0.918] [0.784, 1.000]
(1,11 [0.626,0.918] [0.626,0.918] [0.545, 0.918] [0.592,0.918]
[0.626,0.918]  [1,1]  [0.755,0.918] [0.568,0.918] [0.673,0.918]
[0.626,0.918] [0.755,0.918]  [1,1]  [0.568,0.918] [0.673, 1.000]
[0.545,0.918] [0.568, 0.918] [0.568,0.918]  [I,1]  [0.545,0.918]
[0.592, 0.918] [0.673, 0.918] [0.673, 1.000] [0.545,0.918]  [I,1]
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[1,11  [0.626,0.918] [0.626, 1.000] [0.576, 1.000] [0.592, 1.000]
[0.626,0.918]  [1,1]  [0.837,1.000] [0.576, 1.000] [0.592, 0.918]
[0.626, 1.000] [0.837,1.000]  [1,1]  [0.576,1.000] [0.626, 1.000]
[0.576, 1.000] [0.576, 1.000] [0.576,1.000]  [1,1]  [0.576, 1.000]
— = = | 10.592,1.000] [0.592,0.918] [0.626, 1.000] [0.576, 1.000 (1, 1]
[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.576, 1.000] [0.592, 1.000]
[0.626, 1.000] [0.784, 0.918] [0.784, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.626, 1.000] [0.755, 0.918] [0.755, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.576, 0.918] [0.576, 0.918] [0.576, 0.918] [0.918, 0.918] [0.576, 0.918]
[0.592, 1.000] [0.673, 0.918] [0.673, 1.000] [0.576, 1.000] [0.784, 1.000]

[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.576, 0.918] [0.592, 1.000]
[0.626, 1.000] [0.784,0.918] [0.755, 0.918] [0.576, 0.918] [0.673, 0.918]
[0.626, 1.000] [0.784, 1.000] [0.755, 1.000] [0.576, 0.918] [0.673, 1.000]
[0.576, 1.000] [0.576, 1.000] [0.576, 1.000] [0.918, 0.918] [0.576, 1.000]
[0.592, 1.000] [0.673, 1.000] [0.673, 1.000] [0.576, 0.918] [0.784, 1.000]
[1,1] [0.626, 1.000] [0.626, 1.000] [0.576, 0.918] [0.626, 1.000]

[ ]

[ ]

[ ]

[ Rt e i e

[0.626, 1.000] [1,1] [0.755,1.000] [0.568, 0.918] [0.673, 0.918
[0.626, 1.000] [0.755, 1.000] [1,1] [0.576,0.918] [0.673, 1.000
[0.576,0.918] [0.568, 0.918] [0.576, 0.918] [1,1] 0.576,0.918
[0.626, 1.000] [0.673, 0.918] [0.673, 1.000] [0.576, 0.918] [1,1]

[1,1] [0.626, 1.000] [0.626, 1.000] [0.576, 1.000] [0.626, 1.000]
[0.626, 1.000] [1,1] [0.837, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.626, 1.000] [0.837, 1.000 [1,1] [0.576, 1.000] [0.673, 1.000]
[0.576, 1.000] [0.576, 1.000] [0.576, 1.000] [1,1] [0.576, 1.000]
R R o R = [0.626, 1.000] [0.673, 1.000] [0.673, 1.000] [0.576, 1.000] [1,1]
[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.576, 1.000] [0.626, 1.000]
[0.626, 1.000] [0.784, 1.000] [0.784, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.626, 1.000] [0.755, 1.000] [0.755, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.576,0.918] [0.576,0.918] [0.576, 0.918] [0.918, 0.918] [0.576, 0.918]
[0.626, 1.000] [0.673, 1.000] [0.673, 1.000] [0.576, 1.000] [0.784, 1.000]

[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.576, 0.918] [0.626, 1.000]
[0.626, 1.000] [0.784, 1.000] [0.755, 1.000] [0.576, 0.918] [0.673, 1.000]
[0.626, 1.000] [0.784, 1.000] [0.755, 1.000] [0.576, 0.918] [0.673, 1.000]
[0.576, 1.000] [0.576, 1.000] [0.576, 1.000] [0.918, 0.918] [0.576, 1.000]
[0.626, 1.000] [0.673, 1.000] [0.673, 1.000] [0.576, 0.918] [0.784, 1.000]
(1,11 [0.626, 1.000] [0.626, 1.000] [0.576, 0.918] [0.626, 1.000]
[0.626,1.000]  [1,1]  [0.755,1.000] [0.576,0.918] [0.673, 0.918]
[0.626, 1.000] [0.755, 1.000]  [1, 1] 0.576, 0.918] [0.673, 1.000]
[0.576, 0.918] [0.576,0.918] [0.576,0.918]  [1,1]  [0.576,0.918]
[0.626, 1.000] [0.673, 0.918] [0.673, 1.000] [0.576,0.918]  [1,1]

[ Bt St R s St

—_ e, — =
[ttt R Bt
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[1,1]  [0.626, 1.000] [0.626, 1.000] [0.576, 1.000] [0.626, 1.000]
[0.626, 1.000 (1,11 [0.837, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.626, 1.000] [0.837,1.000]  [1,1]  [0.576, 1.000] [0.673, 1.000]
[0.576, 1.000] [0.576, 1.000] [0.576,1.000]  [1,1]  [0.576, 1.000]
216 _ 78 78 _ | [0-626,1.000] [0.673,1.000] [0.673, 1.000] [0.576,1.000]  [1,1]

[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.576, 1.000] [0.626, 1.000]
[0.626, 1.000] [0.784, 1.000] [0.784, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.626, 1.000] [0.755, 1.000] [0.755, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.576, 0.918] [0.576, 0.918] [0.576,0.918] [0.918, 0.918] [0.576, 0.918]
[0.626, 1.000] [0.673, 1.000] [0.673, 1.000] [0.576, 1.000] [0.784, 1.000]

[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.576, 0.918] [0.626, 1.000]
[0.626, 1.000] [0.784, 1.000] [0.755, 1.000] [0.576, 0.918] [0.673, 1.000]
[0.626, 1.000] [0.784, 1.000] [0.755, 1.000] [0.576, 0.918] [0.673, 1.000]
[0.576, 1.000] [0.576, 1.000] [0.576, 1.000] [0.918, 0.918] [0.576, 1.000]
[0.626, 1.000] [0.673, 1.000] [0.673, 1.000] [0.576, 0.918] [0.784, 1.000]
]
]
]
]

[t e e SR s e B

[1,1] [0.626, 1.000] [0.626, 1.000] [0.576, 0.918] [0.626, 1.000
[0.626, 1.000] [1, 1] [0.755,1.000] [0.576,0.918] [0.673, 0.918
[0.626, 1.000] [0.755, 1.000] [1,1] [0.576,0.918] [0.673, 1.000
[0.576,0.918] [0.576,0.918] [0.576, 0.918] [1,1] 0.576,0.918
[0.626, 1.000] [0.673, 0.918] [0.673, 1.000] [0.576, 0.918] [1,1]

Rl

Thus, R'® = R®. Let R* = R* = (7)10x10, where 75 = [uf, 1 — Vil i,j =

1,2, ..., 10, then the A-cutting matrix of R* can be constructed as I}i = (ﬁ’;-)mx 105
where

0, if 1—vj<n,
L
A= 5 fup<i=1-=vi ij=1,2,...,10, A €[0,1]  (2.102)
Loif wj = A

Considering that the confidence level A is directly related to the lower and upper
limits of each 7}; in the interval-valued matrix R*, we get, based on R}, all the possible
classifications of the tennew cars y; (i = 1,2, ..., 10):

(1) If 0 < A < 0.576, then

{1, 2, ¥3, ¥4, ¥5, Y6, Y7, Y8, Y9, Y10}

(2) If0.576 < 1 < 0.626, then

{y1,¥2:¥3,¥5, Y6, ¥7, ¥8, Y10}, {v4, yo}

(3) If0.626 < A < 0.673, then

{1, ¥6}, 1v2, ¥3, ¥5. ¥7. ¥8, Y10}, {4, yo}
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(4) If0.673 < 1 < 0.755, then

{1, ye}, 2, ¥3, y7. y8}. {v4, yo}, {ys. y10}

(5) If0.755 < A < 0.784, then

{1, y6}, {y2, ¥3, y7}, {ys}, {v4, yol, {ys, yio}

(6) If0.784 < A < 0.837, then

{1, ¥6}, {v2, 3}, {ys}, {7}, (s}, 1o}, (v, yol

(7) If 0.837 < A < 0.859, then

1, ve}, {v2, {v3hs {ysh, {v7)ds {vshs {vio}s {v4, yo}

(8) If 0.859 < A < 0.918, then

{1}, 2}, {yah, (s}, {ve}, D7), {vsh (1o} {4, ol

(9) If0.918 < A < 1, then

{y1}, {y2}, {3}, (va}, (ysh (veds (7}, {os)s o), (1o}

From the above numerical analysis, we know that Algorithm 2.1 only takes into
account the maximal and minimal deviation information, and ignores all the other
deviation information, more importantly, it cannot take into account any information
on attribute weights, and thus produces the loss of too much information, while
Algorithm 2.2 can not only avoid losing the given information, but also require less
computational effort and is more convenient in practical applications.

Now we further compare Algorithm 2.2 with Algorithm-FSC on the simulated
data set:

We first exploit Algorithm 2.2 on the simulated data set. In the experiment, we
set a series of A values ranging from 0.6 to 1.0, and compute the values of the SI
measure for each clustering result. The results can be found in Table2.4 (Xu et al.
2008):

Table 2.4 The results derived by Algorithm 2.2 with different A levels on the simulated data set

A 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
SI 0.437 0.437 0.437 0.437 0.437 0.437 0.437 0.437 0.995
K 3 3 3 3 3 3 3 3 900
Note: (1) K is the number of clusters found by Algorithm 2.2.

(2) Since c? =c 26, we get the equivalent associate matrix C?° after six iterations.
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Table 2.5 The results derived by Algorithm-FSC with different A levels on the modified data sets
Modified data set I

A 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
SI 0.466 0.466 0.466 0.466 0.466 0.466 0.466 0.466 0.999
K 2 2 2 2 2 2 2 2 2
Modified data set 1T

A 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
SI 0.474 0.474 0.474 0.474 0.474 0.474 0.474 0.474 0.999
K 2 2 2 2 2 2 2 2 2

As can be seen from Table 2.4, for most of the A levels, Algorithm 2.2 produces
three clusters, and the smallest SI values are exactly the same as 0.437. In fact, if
we take a closer look at the assigned cluster label of each IFS, then we can find
that Algorithm 2.2 recognizes the cluster structure perfectly under these A levels.
Clearly, by incorporating the uncertainty degree into the correlation computation
of IFSs, Algorithm 2.2 has the ability to identify all the three classes. However,
this is not the case for traditional clustering algorithms for fuzzy sets. To illustrate
this, we also exploit Algorithm-FSC on the simulated data set. As mentioned above,
Algorithm-FSC does not take into account the uncertain information. Therefore, to
make sure p(x) + v(x) = 1 for any x in the simulated data set, we should modify
the data set by adding 7 (x) to either v(x) or u(x). We produce the two modified data
sets and then exploit Algorithm-FSC on them. The results can be found in Table 2.5
(Xu et al. 2008).

As can be seen in Table?2.5, the clustering results of Algorithm-FSC on the two
modified data sets are poor, since it cannot identify all the three classes precisely.
This further justifies the importance of the uncertain information in IFSs.

In summary, by comparing the performance of Algorithm-IFSC with that of
Algorithm-FSC on the simulated data set, we know that (1) Algorithm-IFSC is capa-
ble to cluster large scale IFSs; and (2) the uncertain information captured by IFSs is
crucial for the success of some clustering tasks.

2.3 Intuitionistic Fuzzy Hierarchical Clustering Algorithms

Xu (2009) introduced an intuitionistic fuzzy hierarchical algorithm for clustering
IFSs, which is based on the traditional hierarchical clustering procedure, the intuition-
istic fuzzy aggregation operator, and the basic distance measures between IFSs. Then,
the algorithm was extended for clustering IVIFSs. The algorithm and its extended
form were applied to the classifications of building materials and enterprises respec-
tively. In this section, we shall give a detailed introduction to the intuitionistic fuzzy
hierarchical algorithms.
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We first introduce some basic operations and distance measures for IFSs and
IVIFSs:

Let X = {x1, x2, ..., x,} be a discrete universe of discourse, A; = {{x;, oy (x),
va; (xi))lxi € X} G =1,2,...,m) acollection of m IFSs. Then based on the opera-
tions of IFSs, Xu (2009) defined the average of m IFSs A; (j = 1,2, ..., m) as:

1
JALA, - Ap) = — (A1 @ A2 S - B An) (2.103)

which can be further transformed into the following:

m m
Fr Az A = i1 = [T = @, [T o Gymin e x
j=1 j=1
(2.104)
Xu (2009) defined the weighted Hamming distance, the normalized Hamming
distance, the weighted Euclidean distance, and the normalized Euclidean distance
for measuring IVIFSs:

Let Aj = {{xi, ,&Aj(x,-), ﬁAj(x,-)Hxi € X }(j = 1,2) be two IVIFSs in X, where
iz, () = [y (). pf ()] C [0, 1] and 93 (v) = [v; (). vy ()] C [0, 1]
J J J J

(j =1,2). Then

(1) The weighted Hamming distance:
dyri (A1, A2)

1 n
= 3 2o willig () = g el + e () = pf )l + vy () = vy ()l
i=1

+ v ) = v @l + I () = )l + o ) — 7 ()l (2.105)

Especially, if w = (1/n, 1/n, ..., 1/n)T, then Eq.(2.105) reduces to the normalized
Hamming distance:

dyr (A1, Az)
1 < - - + + - -
=1 Z (WAI (x;) — MAQ(Xi)l + |MA1 (x;) — MAZ(Xi)l + |VA1(Xi) - VAz(xi)|

i=1
+ IV 00 = v )l + g () = ()l + e () — 7 (al) - (2.106)
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(2) The weighted Euclidean distance:
dye(A1, A2)
= (i Z wil(ug @) = g () + (uf () = ud ()* + 07 (o) = vy ()’

i=1

1
2

2 — — 2 2
+ 07 () = vy ()" + (g () =y () + (] () — 7 (x0)) )) (2.107)

Especially, if w = (1/n, 1/n, ..., 1/n)T, then Eq. (2.107) reduces to the normalized
Euclidean distance:

dyg(A, As)

1l <, _ _ _ _
= (4,1 i;«u;h (i) = ug @) + (ud (o) = wf () + 07 @) = v ()
1
2

2 - 2 2
+ (Vj{l (xi) — ng (i)™ + (3 (i) — 73 ()" + (ﬂ;] (x;) — ﬂg_z(xi)) )) (2.108)

Moreover, let A; = {(ni. g, (). 93, ()l € X}, where fiz (x) = 17 (%),
"y (x,)] C [0, 1] and ¥ Vi, x) = [v (x,) v+ xp]cl0,11(G=1,2,...,m). Then,

based on the operations of IVIFSs, Xu (2009) defined the average of a collection of
mIVIFSsA G=1,2,...,m)as:

~ o~ ~ 1 - ~
f(Al,Azs--.,Am)zZ(AléBAzEB-”GBAm) (2.109)
which can be further transformed into the following:

fA1, Ay, ... Ay)

=1 (x, I—H(l—u ()7 I—H(l—u ) |

j=1 j=1

H(v ()7 H(v ) )i € X (2.110)

Jj=1 ! j=1

The traditional hierarchical clustering algorithm (Anderberg 1972) is generally
used to cluster numerical information. However, in many fields including medical
informatics, information retrieval and bio-informatics, where the data information
sometimes may be imprecise or uncertain, and is suitable to be expressed in IFSs or
IVIFSs, the traditional hierarchical clustering algorithm fails in dealing with these
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situations. Based on the distance measures (2.105) and (2.106), and the intuitionistic
fuzzy aggregation operator (2.103), Xu (2009) extended the traditional hierarchical
clustering algorithm to the IFS theory:

Algorithm 2.4

Given a collection of m IFSs A; (j = 1,2,...,m), in the first stage each of
the m IFSs A; (G = 1,2,...,m) is considered as a unique cluster. The IFSs A;
G = 1,2,...,m) are then compared among themselves by using the weighted
Hamming distance:

dywr (A1, A2)

1 n
=5 Zwi(IMAi(xi) = A, () |+ [va, (i) — va; ()| + |4, () — 4, (%))
i=1

(2.111)
or the weighted Euclidean distance:

dye(A1, A2)

n 1/2

1

= (2 D wil(pa, () = pa; ) A+ 4, (x0) = va, () + (4, () — 7, (x,->>2>)
i=1

(2.112)

The two clusters with smaller distance are jointed. The procedure is then repeated
time after time until the desirable number of clusters is achieved. Only two clusters
can be jointed in each stage and they cannot be separated after they are jointed. In
each stage the center of each cluster is recalculated by using the average (derived
from Eq. (2.103)) of the IFSs assigned to the cluster, and the distance between two
clusters is defined as the distance between the centers of each clusters.

If the collected data information is expressed as IVIFSs, then based on the distance
measures (2.105) and (2.107), and the interval-valued intuitionistic fuzzy aggregation
operator (2.110), Xu (2009) gave an interval-valued intuitionistic fuzzy hierarchical
algorithm for clustering IVIFSs:

Algorithm 2.5

Given a collection of m IVIFSs Aj G = 1,2,...,m), in the first stage each of
the m IVIFSs ;\j G = 1,2,...,m) is considered as a unique cluster. The IVIFSs
;\j(j = 1,2,...,m) are then compared among themselves by using the weighted
Hamming distance (2.105) or the weighted Euclidean distance (2.107). The two
clusters with smaller distance are jointed. The procedure is then repeated time after
time until the desirable number of clusters is achieved. Only two clusters can be
jointed in each stage and they cannot be separated after they are jointed. In each
stage the center of each cluster is recalculated by using the average (derived by
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the interval-valued intuitionistic fuzzy aggregation operator (2.110)) of the IVIFSs
assigned to the cluster, and the distance between two clusters is defined as the distance
between the centers of each clusters.

Example 2.3 (Xu 2009) Given five building materials: sealant, floor varnish, wall
paint, carpet, and polyvinyl chloride flooring, which are represented by the IFSs
A; G =1,2,3,4,5) in the feature space X = {x1,x2,...,x8}. w = (0.15, 0.10,
0.12,0.15,0.10,0.13,0.14, 0.1 )7 is the weight vector of x; (i = 1,2,...,8), and
the given data are listed as follows:

Ay ={(x1,0.20, 0.50), (x>, 0.10, 0.80), (x3, 0.50, 0.30), (x4, 0.90, 0.00),
(x5, 0.40, 0.35), (x6, 0.10, 0.90), (x7, 0.30, 0.50), (xg, 1.00, 0.00)}
As ={{x1,0.50, 0.40), (x2, 0.60, 0.15), (x3, 1.00, 0.00), (x4, 0.15, 0.65),
(x5, 0.00, 0.80), (x6, 0.70, 0.15), (x7, 0.50, 0.30), (xg, 0.65, 0.20)}
Az ={{x1,0.45,0.35), (x2, 0.60, 0.30), (x3, 0.90, 0.00), (x4, 0.10, 0.80),
(x5, 0.20, 0.70), (x6, 0.60, 0.20), (x7, 0.15, 0.80), (xg, 0.20, 0.65)}
Ay ={{x1, 1.00, 0.00), (x>, 1.00, 0.00), (x3, 0.85, 0.10), (x4, 0.75, 0.15),
(x5, 0.20, 0.80), (x6, 0.15, 0.85), (x7, 0.10, 0.70), (xg, 0.30, 0.70)}
As ={{x1,0.90, 0.00), (x2, 0.90, 0.10), (x3, 0.80, 0.10), (x4, 0.70, 0.20),
(x5, 0.50, 0.15), (x6, 0.30, 0.65), (x7, 0.15, 0.75), (xg, 0.40, 0.30)}

Now we utilize Algorithm 2.3 to classify the building materials A;
G=1,2,3,4,5):

Step 1 In the first stage, each of the IFSs A; (j = 1, 2, 3,4, 5) is considered as a
unique cluster:

{A1}, {A2}, {A3}, {A4}, {As)

Step 2 Compare each IFS A; with all the other four IFSs by using the weighted
Hamming distance (2.110):

dywy (A1, Ay) = dywy(Az, Ay) = 04915, dywu (A1, A3) = dyw (A3, A1) = 0.5115
dwra (A1, Ag) = dywg(Ag, A1) = 0.4310,d,,5q (A1, As) = d,g(As, Ap) = 0.4045
dyi (A2, A3) = dyy(Az, Ay) = 0.2170, d\ypy (Az, Ag) = dywig(Ag, Ap) = 0.4515
dywi (A2, As) = dypg(As, Ay) = 0.4545, dywy (A3, Ag) = dywi(Ag, Az) = 0.4480
dyp (A3, As) = d7(As, A3) = 0.3735, d, i (A4, As) = d,yg(As, Ag) = 0.1875

Since

dyp (A1, As) = min{d, g (A1, A2), dyg (A1, A3), dywr (A1, Ag), dyg (A1, As)} = 0.4045
dyp (A, A3) = min{dypg (A2, A1), dyg (A2, A3), dywp (A2, Ag), dyyp (A2, As)} = 0.2170
dywh (A4, As) = min{d, (A4, A1), dyyr (A4, A2), dyp (A4, A3), dyyr (Ag, As)} = 0.1875



2.3 Intuitionistic Fuzzy Hierarchical Clustering Algorithms 197

and considering only two clusters can be jointed in each stage, the IFSs A;
G = 1,2,3,4,5) can be clustered into the following three clusters at the second
stage:

{A1}, {A2, A3}, {Ag, As)

Step 3 Calculate the center of each cluster by using Eq. (2.103):

c{A1} = A
c{A2, A3} = f(A2, A3)
— {(x1,0.48, 0.37), (x2, 0.60, 0.21), (x3, 1.00, 0.00), (x4, 0.13, 0.72),
(xs5,0.11, 0.75), (xg, 0.65, 0.17), (x7,0.35, 0.49), (xg, 0.47, 0.36)}
c{Aq, As} = f (A4, As)
— {(x1, 1.00, 0.00), (x2, 1.00, 0.00), (x3, 0.83, 0.10), (x4, 0.73, 0.17),
(xs5,0.37, 0.35), (xs, 0.23, 0.74), (x7,0.13, 0.72), (xs, 0.35, 0.46)}

and then compare each cluster with all the other two clusters by using the weighted
Hamming distance (2.111):

dwr (c{Ar}, c{A2, A3}) = dwr (c{A2, A3}, c{A1}) = 0.4921
dyr (clAr}, c{A4, As}) = dywr (c{A4, As}, c{A1}) = 0.4007
dwr (c{A2, A3}, c{A4, As}) = dywr (c{As, As}, c{A2, A3}) = 0.3879

Hence, the IFSs A; (j = 1,2, 3,4, 5) can be clustered into the following two
clusters at the third stage:
{A1}, {A2, A3, A4, As}

Finally, the above two clusters can be further clustered into a unique cluster:
{A1, A2, A3, A4, As}

All the above processes can be shown as in Fig.2.1 (Xu 2009).
In the process of clustering, the number of clusters can be determined according
to practical applications.

Example 2.4 (Xu 2009) Given four enterprises, represented by the IVIFSs ;\j
G = 1,2,3,4) in the attribute set X = {x1,x2,...,x6}, where (1) x1: The
ability of sale; (2) xp: The ability of management; (3) x3: The ability of pro-
duction; (4) x4: The ability of technology; (5) x5: The ability of financing; and
(6) x¢: The ability of risk bearing (the weight vector of x; (i = 1,2,...,0) is
w = (0.25,0.20, 0.15,0.10, 0.15, 0.15)7. The given data are listed as follows:
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Finalstage

{A, Ay, A3, A, A5}

Firststage Second stage T hird stage
{4}
A,
{42} {42,45}
{4:}
{42, 45,44, As}
{4}
{A4 SAS}
{4s}

Fig. 2.1 Classification of the building materials A; (j = 1,2, 3,4, 5)

{{x1,[0.70, 0.75], [0.10, 0.15

x3, [0.15, 0.20], [0.60, 0.65]), (

x5, [0.10, 0.15], [0.50, 0.60]), {(xs, [0.70, 0.75], [0.10, 0.15])}
{

)
)
)
[0.40, 0.45], [0.30, 0.35]), (x2, [0.60, 0.65], [0.20, 0.30]),
)
1
)

Al =
Ar ={{x1,
As =
4=

x3, [0.80, 1.00], [0.00, 0.00]), (x4

{
x5, [0.70, 0.75], [0.10, 0.20]), {(xs, [0.90, 1.00], [0.00, 0.00])}

x5, [0.00, 0.10], [0.80, 0.90]),

]
]

, {x2,[0.00, 0.10], [0.80, 0.90]),
, (x4, [0.50, 0.55], [0.30, 0.35]),

,[0.70, 0.90], [0.00, 0.10]),

x3,[0.10, 0.20], [0.70, 0.801), {x4, [0.15, 0.20], [0.70, 0.75]),
{x6, [0.60, 0.70], [0.20, 0.30])}
{

{(x1, [0.60, 0.65], [0.30, 0.35]), {x2, [0.45, 0.50], [0.30, 0.40]),

]
x3,[0.20, 0.25], [0.65, 0.70]
x5, [0.00, 0.10], [0.75, 0.80]),

k]

{ )
{ )
{ )
{ )
{ )
{ )
{{x1,[0.20, 0.30], [0.40, 0.45]), (x2, [0.80, 0.90], [0.00, 0.10]),
{ )
{ )
{ )
{ )
{ )

{
{

)
)
x4, [0.20, 0.30], [0.50, 0.60]),
x6, [0.50, 0.60], [0.20, 0.25])}

Here we can use Algorithm 2.4 to classify the enterprises Aj G=1,2,3,4):

Step 1 In the first stage, each of the IVIFSs Aj (G =1,2,3,4) is considered as a

unique cluster:

{A1}, (A2}, {43}, {Ag}

Step 2 Compare each IVIFS A; with all the other three IVIFSs by using the
weighted Hamming distance (2.111):

dwir (A1, A2) = dyp (A, A}) = 0.4600, dyi (A1, Az) = dyr (Az, A)) = 0.4012

dwr (A1, Ag) =

dyr(Ag, Ay) = 0.2525, dyi (Az, A3) = dyr (A3, Ay) = 0.4237
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dyti (A2, As) = dyri (A4, A2) = 0.4237, dypy (A3, Ag) = dynr (As, A3) = 0.2288

then the IVIFSs Aj (G =1,2,3,4) can be clustered into the following three clusters
at the second stage:

A1}, {A2}, (A3 A4}
Step 3 Calculate the center of each cluster by using Eq. (2.109):

clA1}y = A1, oA} =4,

c{A3, Ag} = f (A3, Ag)
= {{x1, [0.43, 0.51], [0.35, 0.40]), {(x», [0.67, 0.78], [0.00, 0.20]),
(x3,[0.15, 0.23], [0.67, 0.75]), (x4, [0.18, 0.25], [0.59, 0.67]),
(xs, [0.00, 0.10], [0.77, 0.851]), (x5, [0.55, 0.65], [0.20, 0.27])}

and then compare each cluster with all the other two clusters by using the weighted
Hamming distance (2.111):

dywrr (c{A1}, cfAz)) = dym(c{Aa)}, c{A1}) = 0.4600
dywri (cfA1}, clAs, Ag)) = dywn(clAs, As}, cfAr}) = 0.3211
dywri (c{Az}, clAs, Ag)) = dyi(c{As, As}, c[A2)) = 0.3871

As a result, the IVIFSs ;\j (G = 1,2,3,4) can be clustered into the following two
clusters at the third stage:

{A2}, (A1, A3, Ag)
In the final stage, the above clusters can be further clustered into a unique cluster:
{A, A, A3, Ag)

All the above processes can be shown as in Fig. 2.2 (Xu 20009).

2.4 Intuitionistic Fuzzy Orthogonal Clustering Algorithm

We first introduce some basic concepts:

Definition 2.16 (Bustince 2000) Let X and Y be two non-empty sets. Then

R = {{(x,y), ur(x,y), ve(x, y))lx € X,y € Y} (2.113)

is called an intuitionistic fuzzy relation, where
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Firststage Second stage T hird stage Finalstage
{4}
~ {A191&29A39‘%4}
{4}
{(4.4,,4,}

{4;,4,)

{4}

Fig. 2.2 Classification of the enterprises Aj G§=1,2,3,4)

ur: X xY = [0,1],vg : X x Y — [0, 1] (2.114)

and
0 < urx,y)+vr(x,y) <1,forany (x,y) e X x Y (2.115)
Definition 2.17 (Bustince 2000) Let R be an intuitionistic fuzzy relation. If

(1) (Reflexivity). ug(x, x) = 1, vg(x, x) = 0, for any x € X.

(2) (Symmetry). ur(x,y) = ur(y, x), ve(x, y) = vg(y, x), forany (x, y) € X x Y,
then R is called an intuitionistic fuzzy similarity relation.

Definition 2.18 (Xu et al. 2011) Let o = (a1, a2, ..., ®,) be a vector. If all o; =
(Ma;, va;) (@ =1,2,...,n) are IFVs, then we call @ an intuitionistic fuzzy vector,
and denote o! as the transpose of o, where a7 is a n-dimensional column vector.

Definition 2.19 (Xu et al. 2011) Let «, 8 € Xix,, Where X1, denotes the set of
intuitionistic fuzzy vectors. Then

o - B = (max{min{sie,. j1p,}}. minfmax{va,. vg,}})
n n
= (V (o App)s A O VVg)) (2.116)
is called the inner product of @ and g, where v and A denote the max and min
operations respectively.

Definition 2.20 (Xu et al. 2011) Let &, 8 € Xixp, if @ - B = (0, 1) or (0, 0). Then
we call that « is orthogonal to §.
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Definition 2.21 (Xu et al. 2011) Let «, B € X1x,,. Then

a o f = (min{max{ue;, ng 1}, max{min{vy,, vg }})

n n
= (ii\l(ﬂai VLB il/l(v‘”" AVE)) (2.117)

is called the outer product of & and 8.

Theorem 2.11 (Xuetal. 2011) Let «, 8 € X1 x5. Then
(@-B) =a“op (@xop) =a g (2.118)

where ¢ = (af, a5, ..., a5 and B¢ = (Bf,B5, ..., B, af = (Va;, le;) and
ﬂlc = (vﬁi’ /,Lﬂ,.), = 1, 2, col,n.

Proof By Definitions 2.19 and 2.21, we have

@ B) = (A o, Vg, Y (o, A pip)) = a0 B° (2.119)

@0 ) = (¥ Ou Avg). A (o V 1)) = o - B (2.120)

Similarly, we can easily prove the following properties:

Theorem 2.12 (Xuetal. 2011) Let o, 8 € X{xp. Then

a-f=B-a, aof=PBou« (2.121)

Theorem 2.13 (Xuetal. 2011) Let o, B, ¥ € Xixn. Then

a-(B-y)=(-B)-y, ao(Boy)=(xopf)oy (2.122)
Theorem 2.14 (Xuetal.2011) Leto, 8 € Xix,. Thena - f and o o B are also [FVs.

Definition 2.22 (Xu et al. 2011) Let A and B be two IFSs on X. Then
A+ B = {x, {y(ua(0) A pp(x), Aa(X) V vp(x)), x € X} (2.123)
AoB = {x, (Ara@) Vv pp(x)), Y (valx) A vp(x))), x € X} (2.124)
are called the inner and outer products of A and B respectively.

Definition 2.23 (Xu et al. 2011) Let A and B be two IFSs on X, R(A, B) is a binary
relation on X x X. If
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(1,0),A =B,

(A-B)N(AoB),A # B, (2.125)

R(A,B) = [

then R(A, B) is called the closeness degree of A and B.
By Eq.(2.125), we have

Theorem 2.15 (Xu et al. 2011) The closeness degree R(A, B) of A and B is an
intuitionistic fuzzy similarity relation.

Proof (1) We first prove that R(A, B) is an IFV, since A and B are two IFSs on X,
we have

(a) IfA =B, then R(A, B) = (1, 0);
(b) IfA # B, then

0 < patx),valx) =1, 0 < palx) +valx) <1 (2.126)
0 < pupx),vp(x) <1,0 < uplx) +vpx) <1 (2.127)
(AoB) = {;(/(VA(X) A vp(x)), g(\(l/«A(x) V g (x))} (2.128)

R(A,B) = (min{g(\(MA(X) v up(x)), ;(VA(X) Ave(x))},

min{A(a () Vv vp(x)), Alra ) vV up(x)} (2.129)

Thus, R(A, B) is an IFV.

(2) Since R(A,A) = (1, 0), then R is reflexive.

(3) Since R(A,B) =(A-B)A(AoB) =(B-A)AN(BoA)X =R(B,A), then R is
symmetrical. Thus, R(A, B) is an intuitionistic fuzzy similarity relation.

Definition 2.24 (Xuetal.2011) LetR = (7;j),x, be an intuitionistic fuzzy similarity
matrix, where rij = (,bL,'j, v,-j), i,j = 1,2,...,n. Then (A,S)R = (()L,g)}’,‘j)an =
(A Mij> 8VijJnxn 1s called a (A, §)-cutting matrix of R, where (A, §) is the confidence
leve, 0 <XA,6<1,0<A+d5<1,and

(150)7 lf‘u’l] Z )"a Vl'j S 89

o tij = Glij» svij) = [(0’1)’ if 1y < hovy > 6. (2.130)

Theorem 2.16 (Xu et al. 2011) R = (rjj)uxx is an intuitionistic fuzzy similarity
matrix if and only if its (A, §)-cutting matrix (5 5 R = ((5.,5)%ij)nxn 1S an intuitionistic
fuzzy similarity matrix.

Proof (Necessity) If R = (rj)nxn 1 an intuitionistic fuzzy similarity matrix, then

(1) (Reflexivity) Since r; = (1,0),0 < A, <1, 0 < A +§ < 1, then
w.ori = (1,0).
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(2) (Symmetry) Since r;; = rj;, i.e., ujj = pji, vij = Vvji, from Eq.(2.130), it
follows that O = n.8)ji-

(Sufficiency) If (5, 5)R = ((1,5)ij)nxn 1S an intuitionistic fuzzy similarity matrix,
then

(1) (Reflexivity) Since ;5 = (1,0),forany 0 < 1,8 <1, 0 <A +46 <1,
Wii = A, vij <8, wehave u;; =1, v =0,1.e., r; =(1,0).

(2) (Symmetry) If there exists r;j # rj;, i.e., [Ljj 7 ji OF Vj 7# Vji, in this case,
without loss of generality, suppose that p;; < wj;, and let A = (u;; + w;)/2. Then
wij < A < i, i = 0, uji = 1, and thus, 57 # (.,5)7ji» Which contradicts the
condition that ¢ 5)7;; = (x,s)%ji> for any i, j. Therefore, R = (rjj)nx, i symmetrical.

In what follows, we introduce the orthogonal principle of intuitionistic fuzzy
cluster analysis:

LetY = {y1,y2, ..., ya} be a collection of n objects, and G = {G1, G2, ..., Gy}
the set of attributes related to the considered objects. Assume that the characteristics
of the objects y;(i = 1,2, ..., n) with respect to the attributes G; (j = 1,2, ...,m)
are represented by the IFSs, shown as follows:

yi = {{Gj. 1y, (G)), v, (GG € G}, i=1,2,....n; j=1,2,....m (2.131)

where w,,(G;) denotes the degree that the object y; should satisfy the attribute Gy,
vy;(G)) indicates the degree that the object y; should not satisfy the attribute G;,
7y,(Gj) = 1 — 1y;(Gj) — vy,(G;j) indicates the indeterminacy degree of the object
yi to the attribute G;. By Egs.(2.125) and (2.131), we construct the intuitionistic
fuzzy similarity matrix R = (rjj)nxn, Where rj; is an IFV, and r; = (u;, vij) =
R, y),i = 1,2,...,n;j = 1,2,...,m. After that, the (A, §)-cutting matrix
,85)R = ((n,8)Tij)nxn can be determined under the confidence level (4, §). If we

denote (1,8) 17 = ((.,5)"1j» (1, 8)72s - - - » (A,(g)r,,j)T as the vector of the jth column of

0.0 R, then g s)R = ((,8) 715 (1,8) 725 - - 5 (1.,8) Tn)-
The orthogonal principle of intuitionistic fuzzy cluster analysis is to determine the

N

orthogonality of the column vectors of (A, §)-cutting matrix (, 5)R. Let (;\,5)?;{, 0.8 Tt

N

and (5 1; (k,t,j=1,2,...,n) denote the kth, rth and jth column vectors of (; s R
respectively. Then the orthogonal principles for clustering intuitionistic fuzzy infor-
mation can be classified into the following three categories:

(1) (Direct clustering principle) If

- - 1,1);
ATkl = [ El 0; (2.132)

then (5 sy 7x and (5, 5 1; are non-orthogonal. In this case, y; and y; are clustered into
one class.
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) (Indlrect clustering principle) If (;,, 5) rk and (5 s) r, are non-orthogonal, (; s) r,

and () j 7 are non- orthogonal, then (; 4 rk and (. 5) j 7 are non- orthogonal. In this
case, Yk and y; are clustered into one class.
(3) (Heterogeneous principle) If

- - 0, 1);
Tk o)1 = [ EO 0; (2.133)

then (; g rk is orthogonal to (j, ,;) rj. In this case, y; and y; do not belong to one class.

Theorem 2.17 (Xu et al. 2011) (Dynamic clustering theorem) If the objects y; and
y; are clustered into one class by the orthogonal principle under the confidence level
(A1,01), then when A, < A1,82 > &1, yx and y; are still clustered into one class
under the confidence level (A, 67).

Proof Since the objects y; and y; are clustered into one class by the orthogonal
principle under the confidence level (A1, 61), then two column vectors (., 51)7k and
O b of (A1, 61)- cuttmg matrix ()R are non-orthogonal, i.e., the inner product

of 1,51 rk and (, s,) #; is equal to (1, 0) or (1, 1). Suppose that in the ith line, there
exist wjx > A1 and pwj; > Aqp. Then  uyx = 1and y, u; = 1, and if A < A1, 8, >
81, ik > Az and p; > Ao, then ),y =1 and i =1 under the confidence level

(A2, 82). Thus, two column vectors (,s,) rk and (y,, 52) i are also non-orthogonal,
i.e., yr and y; are clustered into one class.

Based on the orthogonal principle, Xu et al. (2011) presented an orthogonal algo-
rithm for clustering intuitionistic fuzzy information:

Algorithm 2.6

Step 1 Let Y = {y;,y2,...,y} and G = {G1, G2, ..., Gy} be defined as in
Sect. 2.1, and assume that the characteristics of the objects y; (i = 1, 2, ..., n) with
respect to the attributes G;(j = 1, 2, ..., m) are represented as in Eq. (2.131).

Step 2 Construct the intuitionistic fuzzy similarity matrix R = (7j),x» by using
Eqgs.(2.125) and (2.131), where r; is an IFV, and r;; = (u;j, vij) = RQi, ),
i=12,...,mj=1,2,...,m

Step 3 Determine the (A, §)-cutting matrix (5 R = ((1,5)7ij)nxn Of R = (rij)nxn
by using Eq. (2.130) under the confidence level (A, §).

Step 4 Calculate the inner products of the column vectors of the (A, §)-cutting
matrix ()R, and then check whether each pair of the column vectors are orthogonal
or not.

Step 5 Cluster the objects y;(i = 1,2, ..., n) by the orthogonal principles.

Example 2.5 (Xu et al. 2011) In the supply chain management, supplier strategies
are to formulate the different levels of strategies considering the relationships among
the suppliers. From the procurement point of view, the supplier classification is to
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Table 2.6 The characteristics of the suppliers
G G, G3 Gy Gs G

V1 (0.61,0.32) (0.24,0.53) (0.14,0.76) (0.77,0.18) (0.36,0.62) (0.54,0.42)
V2 (0.18,0.65) (0.81,0.17) (0.12,0.84) (0.62,0.24) (0.21,0.68) (0.43,0.37)
3 (0.62,0.11) (0.26,0.62) (0.33,0.25) (0.91,0.08) (0.22,0.75) (0.12,0.86)
V4 (0.45,0.35) (0.62,0.24) (0.74,0.15) (0.41,0.52) (0.18,0.81) (0.32,0.65)
Vs (0.13,0.76) (0.26,0.75) (0.24,0.68) (0.81,0.12) (0.74,0.13) (0.55,0.36)
V6 (0.32,0.45) (0.45,0.25) (0.73,0.24) (0.62,0.36) (0.12,0.82) (0.22,0.75)
7 (0.55,0.35) (0.24,0.75) (0.03,0.84) (0.39,0.61) (0.49,0.28) (0.85,0.14)
8 (0.65,0.25) (0.38,0.45) (0.92,0.06) (0.24,0.57) (0.82,0.17) (0.04,0.92)

divide the suppliers into several groups in the supply markets, which is based on a
variety of different factors. It aims at implementing the different supplier strategies
according to the different types of suppliers.

A purchasing company wants to classify its eight suppliers y; (i = 1,2, ..., 8),
The six factors which are considered here in assessing the suppliers are: (1) Gi:
Prices; (2) G: Product quality; (3) G3: The degree of market impacting; (4) G4:
After-sales service; (5) Gs: Current assets efficiency; and (6) Gg: Deliveries. Assume
that the characteristics of the suppliers y; (i = 1, 2, ..., 8) with respect to the factors
G; (j =1,2,...,6) are represented by the IFSs, shown as in Table2.6 (Xu et al.
2011).

In what follows, we utilize the intuitionistic fuzzy orthogonal clustering algorithm
to classify the eight suppliers, which involves the following steps (Xu et al. 2011):

Step 1 By Eqgs. (2.125) and (2.131), we first calculate y; - y» = (0.62,0.24), (y; o
)¢ = (0.75,0.14), R(y1, y2) = (0.62,0.24), and then calculate the others in a
similar way. Consequently, we get the intuitionistic fuzzy similarity matrix:

(1,0)  (0.62,0.24) (0.62,0.26) (0.45,0.36) (0.68,0.24) (0.62,0.36) (0.55,0.35) (0.45,0.38)
0.62,024)  (1,0)  (0.62,0.24) (0.62,0.24) (0.62,0.24) (0.62,0.25) (0.43,0.37) (0.37,0.45)
(0.62,0.26) (0.62,0.24)  (1,0)  (0.45,0.25) (0.62,0.26) (0.62,0.25) (0.55,0.35) (0.62,0.25)
(0.45,0.36) (0.62,0.24) (0.45,0.25)  (1,0)  (0.36,0.52) (0.73,0.24) (0.45,0.41) (0.65,0.32)
(0.68,0.24) (0.62,0.24) (0.62,0.26) (0.36,0.52)  (1,0)  (0.45,0.36) (0.55,0.28) (0.45,0.38)
(0.62,0.36) (0.62,0.25) (0.62,0.25) (0.73,0.24) (0.45,0.36)  (1,0)  (0.39,0.45) (0.73,0.24)
(0.55,0.35) (0.43,0.37) (0.55,0.35) (0.45,0.41) (0.55,0.28) (0.39,0.45)  (1,0)  (0.55,0.38)
(0.45,0.38) (0.37,0.45) (0.62,0.25) (0.65,0.32) (0.45,0.38) (0.73,0.24) (0.55,0.38)  (1,0)

Step 2 Take the different values of the confidence level (X, §) from the elements
of R, and determine the (A, §)-cutting matrix . 5yR = ((5,5)7;))8x8 of R by using
Eq. (2.130) under the different values of the confidence level (%, §).

Then we classify the suppliers y; (i = 1,2, ..., 8) by the orthogonal principles.
Concretely, we have
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(D) If (A, 8) = (1, 0), then each pair of the column vectors of the (1, 0)-cutting
matrix (1,0)R are orthogonal. Thus the suppliers y; (i = 1,2, ..., 8) are clustered

into eight classes: {y1}, {y2}, {va}. {va}, {ys}, {ye}, {y7}, {ys}
2) If (1, 8) = (0.73, 0.24), then we get the (0.73, 0.24)-cutting matrix:

(1,00 (0,0) (0,1) (0,1) (0,0) (0,1) (0,1) (0,1)
0,0) (1,0) (0,0) (0,0) (0,0) (0,1) (0,1) (0,1)
0,1) (0,0) (1,00 (0,1) (0,1) (0,1) (0,1) (0,1)
r_ | @D 00 ©D (1.0 O (10 ©.1) O
(0.73,0.24) 0,0) (0,0) (0,1) (0,1) (1,0) (0,1) (0,1) (0,1)
0,1) (0,1) (0,1) (1,0) (0,1) (1,0) (0,1) (1,0)
0,1) (0,1) (0,1) (0,1) (0,1) (0,1) (1,0) (0,1)
0,1) (0,1) (0,1) (©0,1) (0,1) (1.0) (0,1) (1,0)

Calculating the inner products of all pairs of the column vectors of (0.73,0. 24)R

we know that (0.73,0.24) rla (0.73,0.24) ’"2 (0.73,0.24) r3 (0.73,0.24) 7'5 and (0.73, 024) r7
are orthogonal to each other column of (0.65)0.32)R (0.73,0.24) V4, (0.73,0.24) I’6 and

N

(0.73,0.24) ' are non-orthogonal. Then the suppliers y; (i = 1,2,..., 8) are clus-

tered into six classes: {y1}, {y2}, {y3}, {ys}, {y7}, {va, y6, ys}.
(3) If (1, 8) = (0.68, 0.24), then we get the (0.68, 0.24)-cutting matrix:

(1,00 (0,0) (0,1) (0,1) (1,0) (0,1) (0,1) (0,1)
0,0) (1,0) (0,0) (0,0) (0,0) (0,1) (0,1) (0,1)
0,1) (0,0) (1,00 (0,1) (0,1) (0,1) (0,1) (0,1)
r_ | @D 0.0 ©D (10 O (1,0 (0.1 ©1
(0.68,0.24) (1,0) (0,0) (0,1) (0,1) (1,0) (0,1) (0,1) (0,1)
0,1) (0,00 (0,1) (1,0) (0,1) (1,0) (0,1) (1.0)
0,1) (0,1) (0,1) (0,1) (0,1) (0,1) (1,0) (0,1)
0,1) (0,1) (0,1) (0,1) (0,1) (1,0) (0,1) (1,0)

Calculating the inner products of all pairs of the column vectors of (0.68,0. 24)R
we can see that (0.68,0.24) 7”1 is non-orthogonal to bOth (0.68,0.24) 7‘3 and (0.68,0.24) 7‘5,

(0.68,0.24) r4 is non- OrthOgOHal to both (0.68,0.24) 76 and (0.68,0.24) rg; (0.68,0.24) V3,

(0.68,0.24) r2 and (0.68,0.24) r7 are orthogonal to each other column of (g 63,0.24)R. Then
the suppliers y; (i =1, 2, ..., 8) are clustered into four classes:

1, ysh, {2}, (sds {vrds s, e, vs)

For the case where (A, ) = (0.65, 0.32), we can also get the above clustering
result.
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@) If (A, 8) = (0.62, 0.36), then we get the (0.62, 0.36)-cutting matrix:

(1,0) (1,0) (1,1) (0,1) (1,0) (1,1) (0,1) (0,1)
(1,0) (1,0) (1,0) (1,0) (1,0) (1,1) (0,1) (0,1)
(1,0) (1,0) (1,0) (0,1) (1,1) (1,1) (0,1) (1,1)
r— | @D 1.0) (0.1 (1,0) 0.1) (1,0) (0.1) (1,1)
0620307 =1 (1,0) (1,0) (1,1) (0,1) (1,0) (0,1) (0,1) (0,1)
(1,1) (1,1) (1,1) (1,0) (0,1) (1,0) (0,1) (1,0)
(0,1) (0,1) (0,0) (0,1) (0,1) (0,1) (1,0) (0,1)
0,1) (0,1) (1,1) (1,0) (0,1) (1,0) (0,1) (1,0)

N N N

Since (0:62,0.36) 71 is non- OrthOgOIlal to (0.62,0. 36) 22 (0.62.036) 3+ (0.62.0.36) T4»

(0.62,0.36) 75 (0.62,0.36) V6 (0.62,0.36) "8, and (0.62,0.36) 7 1 s orthogonal to (9.62,0.36) 7,
then the suppliers y; (i = 1,2, ..., 8) are clustered into two classes: {y1, y2, ¥3, 4,
¥s5. Y6, ¥}, {y7}.

For the cases where (1,5) = (0.62,0.26), (0.62, 0.24), we can get the same
clustering result as above.

S) If (A, 8) = (0.55, 0.38), then we get the (0.55, 0.38)-cutting matrix:

(1,0) (1,0) (1,0) (0,0) (1,0) (1,0) (1,0) (0,0)
(1,0) (1,0) (1,0) (1,0) (1,0) (1,0) (0,0) (0,1)
(1,0) (1,0) (1,0) (0,0) (1,0) (1,0) (1,0) (1,0)
2 | ©0)(1.0)(0.0) (1,0) 0.1) (1,0) (0.1) (1,0)
0350387 =1 (1,0) (1,0) (1,0) (0,1) (1,0) (0,0) (1,0) (0,0)
(1,0) (1,0) (1,0) (1,0) (0,0) (1,0) (0,1) (1,0)
(1,0) (0,0) (1,0) (0,1) (1,0) (0,1) (1,0) (1,0)
(0,0) (0,1) (1,0) (1,0) (0,0) (1,0) (1,0) (1,0)

Since the inner products of all pairs of the column vectors of (9 55,0.38)R are (1, 0),
i.e., all pairs of the column vectors of (9.55,0.38)R are non-orthogonal, the suppliers
yi i=1,2,...,8) are clustered into one class: {y1, y2, ¥3, Y4, ¥5, Y6, ¥7, Y8}

In the other cases where (A, §)=(0.55, 0.35), (0.55,0.28), (0.45,0.41), (0.45,0.38),
(0.45,0.36), (0.43,0.37), (0.39,0.45), (0.37,0.45) or (0.36,0.52) or (0.36,0.52), all the
suppliers y; (i = 1,2, ..., 8) are also clustered into one class.

If we use the transitive closure clustering algorithm (Algorithm 2.1) to classify
the suppliers, then we first derive the intuitionistic fuzzy equivalence matrix R* after
the finite times of compositions of R:

(1,0) (0.62,0.24) (0.62,0.24) (0.62,0.24) (0.68,0.24) (0.62,0.24) (0.55,0.28) (0.62,0.24)
(1,0)  (0.62,0,24) (0.62,0.24) (0.62,0.24) (0.62,0.24) (0.55,0.28) (0.62,0.24)
(1,0)  (0.62,0.24) (0.62,0.24) (0.62,0.24) (0.55,0.28) (0.62,0.24)
(1,0)  (0.62,0.24) (0.73,0.24) (0.55,0.28) (0.73,0.24)
(1,00 (0.62,0.24) (0.55,0.28) (0.62,0.24)
(1,0)  (0.55,0.28) (0.73,0.24)
(1,00 (0.55,0.28)
(1,0)
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and then take the different values of the confidence level A from the elements of R*,
by which we classify the suppliers y; (i = 1,2, ..., 8). Concretely, we have

(1) If 0.73 < A < 1, then the suppliers y;(i = 1,2,...,8) are clustered into
eight classes:

i}, 2}, (3}, sl s, (e) s (7} {ys)

(2) If 0.68 < A < 0.73, then the suppliers y; (i = 1,2, ..., 8) are clustered into
six classes:

i}, a2, st (st (7, s, e, vsd

3)If0.62 < A < 0.68, then the suppliers y;(i = 1, 2, ..., 8) are clustered into
four classes:

. ys), (2}, (v3d, ), (04, 6, y8)

(4) If 0.55 < A < 0.62, then the suppliers y;(i = 1,2, ..., 8) are clustered into
two classes:

V1,2, ¥3. ¥4, ¥5, Y6, ¥8} . {y7}

(5) If 0 < A < 0.55, then the suppliers y;(i = 1, 2, ..., 8) are of the same class:

V1, 2,3, ¥4, Y5, Y6, ¥7, ¥8}

From the above numerical analysis, we can see that the intuitionistic fuzzy orthog-
onal clustering algorithm and the transitive closure clustering algorithm derive the
same clustering results under the different confidence levels. Since the intuitionistic
fuzzy similarity matrix generally does not has the transitivity property, and thus, the
transitive closure clustering algorithm needs to derive the intuitionistic fuzzy equiva-
lence matrix after the finite times of compositions of the intuitionistic fuzzy similarity
matrix, and then get the A-cutting matrix under the confidence level A, by which the
considered objects are clustered. However, the composition process of the transitive
closure clustering algorithm is somewhat cumbersome, and is not easy to calculate;
while the intuitionistic fuzzy orthogonal clustering algorithm only needs to derive
the (X, 6)-cutting matrix of the intuitionistic fuzzy similarity matrix according to the
confidence level (A, §), and then directly clusters the considered objects by judging
the orthogonality of the column vectors of the cutting matrix. The intuitionistic fuzzy
orthogonal clustering algorithm does not need to take time to derive the intuitionistic
fuzzy equivalence matrix, and is very easy to be implemented on a computer, and
thus, it is more straightforward and convenient than the transitive closure clustering
algorithm in practical applications.
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2.5 Intuitionistic Fuzzy C-Means Clustering Algorithms

The algorithms presented previously are straightforward, but cannot provide the
information about membership degrees of the objects to each cluster. To overcome
this drawback, Xu and Wu (2010) developed an intuitionistic fuzzy C-means algo-
rithm to cluster IFSs, which is based on the well-known fuzzy C-means clustering
method (Bezdek 1981) and the basic distance measures between IFSs. Then, they
extended the algorithm for clustering IVIFSs.

Here, we first introduce the intuitionistic fuzzy C-means (IFCM) algorithm for
IFSs. We take the normalized Euclidean distance between the IFSs Z; and Z;:

dne(Z;, Z))

j=1

1 n
= J o > (nz7,(5) — 1z, ()% + (vz,(5) — vz, ()% + (z,(x) — 77,(x)))2
(2.134)

as the proximity function of the IFCM algorithm. Then the objective function of the
IFCM algorithm can be formulated as follows:

min J,, (U, V) = ZZM "d3p (A, Vi) (2.135)
j=1li=1

Subject to

;
Duj=1l1<j<p

i=1

u; >0,1<i<c¢,1<j<p

E u; >0,1<i=<c
j=1

where A = {A1,A2, ..., Ap} are p IFSs each with n elements, ¢ is the number of
clusters (1 < ¢ < p),and V = {V1, V5, ..., V.} are the prototypical IFSs, i.e., the
centroids, of the clusters. The parameter m is the fuzzy factor (m > 1), u;; is the
membership degree of the jth sample A; to the ith cluster, U = (ujj)cxp is a matrix
of ¢ x p.

To solve the optimization problem in Eq.(2.135), we employ the Lagrange mul-
tiplier method (Ito and Kunisch 2008). Let

14 c
L= ZZ“ e (Ap V) = D (D uy = 1) (2.136)

j=li=1 j=1 i=1
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where

drp (AL Y

NE(Ajs Vi)

1 n
= o 2 (a (0) = 1y 00))* + (v, () = vy, () o+ Gy () — 720, ()°)
=1

(2.137)
Furthermore, let
oL .
— =0,1<i<c1=<j=<p
oL
ag =TSP
J
we have |
uyj = . l<i<els<j<p (2.138)
dng (A}, Vi) N m=T
S (deivs)
Next we compute V, the prototypical IFSs. Let
oL oL oL 0.1 | <]<
= = =V, <1=<¢C, = n
Oy, (xp) vy, (xp)  dmy, ()
We get
5'?:1 i pa; (x1) .
Mvi(x,)zﬁ,lflfc,lflfn (2.139)
o U
/j ij
5’7=] MZ'IVA,' ()C[) .
w) = ———,—1<i<c¢l=<l<n (2.140)
N
/j ij
;=1 ulr";ln’Aj ()Cl) .
nVi(xl)zﬁ,lflfc,lflfn (2141)

j=14j

For simplicity, we define a weighted average operator for IFSs as follows: Let
w = (wi, wa,. ..,wp)T be a set of weights for the IFSs A; (G = 1,2,...,p),
respectively, withw; € [0,1],j =1,2,...,n, and Z;’:] w; = 1. Then the weighted
average operator f is defined as:

P P
FAwy =1 (a, D wina ), D wiva, ()| 1 <1 <n (2.142)
j=1 ji=1
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According to Egs. (2.139)—(2.142), if we let

w(’):{ e = e =t },1§i§c (2.143)
Zj:]”ij Zj:]”ij j=1HUij

then the prototypical IFSs V. = {V|, V,, ..., V,} of the IFCM algorithm can be
computed as:

Vi = (A, w?)

P P
= <xs, ZWJ(-O[LA/(XS), Z w;l)vAj(xS)> I<s<ng,l1<i<c (2.144)
j=1 j=1

Since Egs. (2.138) and (2.144) are computationally interdependent, we exploit an
iterative procedure similar to the fuzzy C-means to solve these equations. The steps
are as follows:

Algorithm 2.7 (IFCM algorithm)

Step 1 Initialize the seed V(0), let k = 0, and set ¢ > 0.
Step 2 Calculate U (k) = (u;;(k))cxp, Where

(1) If for all j, r, di (A}, V+(k)) > 0, then

1
u;j (k) = —,1<i<ec1<j<p (2.145)

. dng(A;,Vi(k)) \ m—1
> (S
(2) If there exist j and r such that dyg (A, V,(k)) = 0, then let u,;(k) =1
and u;j(k) = 0, for all i # r.
Step 3 Calculate V(k+ 1) = {Vi(k+ 1), Vo(k+ 1), ..., Vo(k+ 1)}, where

Vik+1) =fA,wPk+1),1<i<c (2.146)
where
; i1(k) up (k) uip (k) )
D41y =§ O Lt =iz
" (k)T 30wy (k) =1 uij(k) e
(2.147)

Step41f >¢_, w < ¢, then end the algorithm; otherwise, let k :=
k + 1, and return to Step 2.

For cases where the collected data are expressed as IVIFSs, Xu and Wu (2010)
extended Algorithm 2.7 to the interval-valued intuitionistic fuzzy C-means (IIFCM)
algorithm. We take the basic distance measure (2.134) as the proximity function of
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the IIFCM algorithm, then the objective function of the IIFCM algorithm can be
formulated as follows:

4 Cc
minJ,, (U, V) = D" ulldyp(Aj, V;) (2.148)
j=1li=1

Subject to

c
Duj=1,1<j<p

i=1

u;>0,1<i<c,1<j<p

p
Zuij>0,1§i§c
j=1

where Aj G =1,2,...,p) are p IVIFSs each with n elements, c is the number of
clusters (1 < ¢ < p), and \7[ (i=1,2,...,c) are the prototypical IVIFSs of the
clusters. The parameter m is the fuzzy factor (m > 1), u;; is the membership degree

of the jth sample Aj to the ith cluster, U = (u;j)cxp is a matrix of ¢ x p.
To solve the optimization problem in Eq. (2.148), we also employ the Lagrange
multiplier method. Let

P < p c
L=> > uldp A Vi) =D 5O uy— 1) (2.149)
j=li=1 j=1i=1
where

diE(Aj, Vi)

1 n
= 2w (((u/gj (k) = g, () o (e f (k) — e, () + (v () = v, ()
I=1

+ 07 ) = v G0) o+ (g () — g () o G o) — n;l_(xl))Z) (2.150)

Similar to Algorithm 2.7, we can establish the system of partial differential func-
tions of L as follows:



2.5 Intuitionistic Fuzzy C-Means Clustering Algorithms 213

oL . .
—=0,1<i=<c¢1<j<p
Buij
oL
—=0,1<j<
e =J=r
JdL oL oL
- N = =0,1<i<e¢1=<l=<n
g, () vy () O, ()
9L oL oL
o 3o gty — o lsiselsisn
[ Oug G BV () By ()
The solution for the above equation system is:
1
wj = . (2.151)

s dwe(Aj, V) "
= dWE(Ajs Vr)

p p
Vi=f@A,w") = <xk, Doz o), > wud ) |
J J

j=1 j=1

p p
@, — @, + .
Ele VAj(xl)’_E]Wj VAj(xl) > l1<l<nt,l1<i<c
j= j=

where

(i) _ Uil U2 Uip .
wt = , e, JI<i<e (2.153)
[ Zf:l Mij Zj?:l MU ZJP:l ul]

Because Eqgs.(2.152) and (2.153) are computationally interdependent, we also
exploit an iteration procedure as follows:

Algorithm 2.8 (IIFCM algorithm)

Step 1 Initialize the seed ‘7(0), letk =0, and set ¢ > 0.
Step 2 Calculate U (k) = (u;j(k))cxp, where

(1) If for all j, r, d\g (A;, V,(k)) > 0, then

1

u;i(k) = 1<i<ecl<j<p (2.154)

2

¢ due@;Vit) !
2 (dWs(Aj,Vr(k»)
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(2) If there exist j and r such that d,,g (Aj, Vr(k)) = 0, then let u,j(k) = 1 and
ujj(k) = 0fori #r.

Step 3 Calculate V(k + 1) = {\71 k+1), Valtk+1), ..., Velk + 1)}, where

Vik+1) =fAwOk+ 1) 1<i<c (2.155)
Dk +1) = uj1 (k) up (k) . ujp (k) i<
v : { jflull(k) ij_lul/(k) j,lu,,(k) =t=c
(2.156)

i (Vi) Vi(k+1)
Step 4 If >°¢_ M

k:=k+1,and return to Step 2.

< ¢, then end the algorithm; otherwise, let

Example 2.6 (Xu and Wu 2010) We conduct experiments on both the real-world
and simulated data sets (Xu et al. 2008) in order to demonstrate the effectiveness of
Algorithm 2.7 for IFSs.

Below we first introduce the experimental tool, the experimental data sets, and
the cluster validity measures, respectively:

(1) Experimental tool. In the experiments, we use Algorithm 2.7 implemented by
ourselves in C language. The parameters that can be set in Algorithm 2.7 are shown
in Table 2.7 (Xu and Wu 2010).

Note that if we let w(x) = O for any x € X, then Algorithm 2.7 reduces to the
traditional fuzzy C-means (FCM) algorithm. Therefore, we can use the [FCM tool
to compare the performance of both Algorithm 2.7 and the FCM algorithm.

(2) Experimental data sets. We use two kinds of data in our experiments. The car
data set contains the information of ten new cars to be classified in the Guangzhou
car market in Guangdong, China. We also use the simulated data set for the purpose
of comparison. All these data are shown as in Example 2.2 (Table 2.2).

(3) Cluster validity measure. One of the unavoidable problems for Algorithm 2.7 is
the setting of the parameter c, i.e., the number of the clusters. To meet this challenge,
here we use two relative measures for fuzzy cluster validity given by Nasibov and
Ulutagay (2007): Partition Coefficient (PC) and Classification Entropy (CE). The
descriptions of these two measures are shown in Table 2.8 (Xu and Wu 2010).

Now we utilize Algorithm 2.7 to cluster the ten new cars y; (i = 1,2, ..., 10),
which involves the following steps (Xu and Wu 2010):

Step 1 Let ¢ = 3 and ¢ = 0.005. Randomly select the initial centroid V (0) from
the data set, say for instance,
Y9
V(O0) = | yi0
8
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Table 2.7 IFCM parameters

Parameters Explanation

f The input file name

c The number of clusters, the default value is 3

m The fuzzy factor, the default value is 2

w The type of the sample weights, 0-equal (default), 1-user specified

s The type of the initial centroids, O-random (default), 1-user specified

i The maximal number of iterations until convergence, the default value is 100
t The threshold for stopping the iterations, the default value is 0.001

Table 2.8 Descriptions of two cluster validity criteria

Validity criteria Functional description Optimal cluster number
C 14
Partition coefficient Vpc = 217 > > uizj argmax.(Vpc, U, ¢)
i=1j=1
c P
Classification entropy Vce = —}) > > ujjlogu arg min.(Vcg, U, ¢)

i=1j=1
where p is the number of samples in the data set, and ¢ is the number of clusters

Step 2 Calculate the membership degrees and the centroids iteratively. First,
according to Eq. (2.154), we have

[0.401 0.317 0.281 ]
0.215 0.252 0.533
0.289 0.231 0.480
0.896 0.054 0.051
0.166 0.631 0.203
0.319 0.390 0.291
0.179 0.213 0.607
0.000 0.000 1.000
1.000 0.000 0.000

| 0.000 1.000 0.000 |

U0) =

Step 3 According to Eq. (2.155), update the centroids as follows:

(0.365,0.382) (0.838,0.084) (0.782,0.153)
V(1) = | (0.762,0.151) (0.677,0.136) (0.586,0.258)
(0.678,0.211)  (0.574,0.206) (0.666, 0.165)

(0.625,0.182) (0.207,0.700) (0.190, 0.737)
(0.488,0.203) (0.707,0.221) (0.509, 0.457)
(0.361,0.516) (0.369,0.561) (0.667, 0.130)
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Step 4 Check whether we should stop the iterations:

3
ZdwE (Vi(0), vi(1))/3 = 0.088 > 0.005

i=1

Since this value is not small enough, we continue the iterations as follows:
K=1:
[70.399 0.326 0.275]
0.138 0.169 0.693
0.202 0.176 0.622
0.919 0.042 0.039
0.128 0.724 0.148
0.309 0.410 0.280
0.101 0.127 0.772
0.071 0.164 0.766
0.899 0.054 0.048
| 0.057 0.840 0.102

U(l) =

(0.356,0.387) (0.841,0.086) (0.776,0.157)
V() = | (0.753,0.150) (0.661,0.172) (0.585,0.236)
(0.587,0.258) (0.530,0.187) (0.668, 0.179)

(0.647,0.160) (0.198,0.705) (0.181, 0.757)
(0.494,0.176) (0.710,0.225) (0.479, 0.490)
(0.321,0.553) (0.344,0.601) (0.630, 0.158)

3

Z dwe (Vi(1), Vi(2))

3 = 0.024 > 0.005

i=1

[0.388 0.335 0.277 |
0.086 0.105 0.809
0.140 0.127 0.733
0.932 0.035 0.034
0.104 0.785 0.111
0.298 0.422 0.280
0.064 0.082 0.854
0.110 0.245 0.645
0.894 0.056 0.050

| 0.074 0.813 0.113

UQ) =
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(0.759, 0.146) (0.661,0.184) (0.587,0.224)
(0.542,0.276) (0.513,0.176) (0.670,0.183)

(0.655,0.152) (0.193,0.709) (0.176, 0.766) }

{ (0.355,0.389) (0.852,0.080) (0.780, 0.154)
V(3) =

(0.496,0.165) (0.715,0.224) (0.473, 0.498)
(0.299,0.574) (0.331,0.620) (0.614, 0.170)

= 0.011 > 0.005

23: dye (Vi(2), Vi(3))
3
i=1

[0.383  0.337 0.280 ]
0.0645 0.079 0.856
0.114 0.105 0.782
0.939 0.030 0.030
0.094 0.811 0.095
0.295 0.423 0.282
0.058 0.073 0.869
0.127  0.283 0.590
0.901 0.052 0.047

| 0.077 0.813 0.110 |

U@i3) =

(0.763,0.144) (0.662,0.186) (0.590, 0.218)
(0.524,0.280) (0.509,0.172) (0.671, 0.184)

(0.657,0.150) (0.190,0.711) (0.174, 0.769) }

{ (0.356,0.389) (0.856,0.077) (0.783,0.152)
V4 =

(0.494,0.164) (0.716,0.223) (0.474, 0.497)
(0.291,0.581)  (0.326,0.626) (0.609, 0.175)

23: dyi (Vi(3), Vi(4))
3

= 0.004 < 0.005

i=1

So we stop the iterations, and finally have
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Table 2.9 The clustering

result of the car data set by Instance Cluster ID
IFCM Y4, Y9 1
Y5, Y10 2
Y2,¥3, Y7 3
Y1, Y6, Y8 No significant membership

of any cluster

[0.381 0.336 0.283 ]
0.085 0.071 0.871
0.105 0.097 0.798
0.942 0.029 0.029
0.090 0.819 0.090
0.294 0.422 0.284
0.059 0.075 0.867
0.132 0.298 0.569
0.905 0.050 0.045

| 0.077 0.817 0.106 |

U@) =

According to U(4), we get the cluster validation measures Vpc and Veg:

3 10 3 10
1 5 1
Vpc = 521 Elulj =0.638, VCE = —E .El.gluijloguij = 0.947
I1=1]= 1=1j=

If we further assume that u;; > 0.75 = A; € C; (1 <j < 10,1 < i < 3), where
C; denotes Cluster i, then we have the clusters as follows (see Table 2.9) (Xu and Wu
2010).

Next, we pay special attention to the convergence of Algorithm 2.7 on the car data
set. Figure 2.3 (Xu and Wu 2010) shows the movements of the objective function
values J,, (U, V) along the iterations:

As can be seen in Fig.2.3, Algorithm 2.7 indeed can decrease the objective
function value continuously by iterating the two phases—updating the membership
degrees in Eq. (2.154) and updating the prototypical IFSs in Eq. (2.156).

If we utilize Algorithm 2.2 to cluster this car data set, the results are shown in
Table2.10 (Xu and Wu 2010).

By comparing the above result by Algorithm 2.2 with the result by Algorithm
2.7, we know that Algorithm 2.2 can only produce “crisp” clusters. That is, each
instance of the car data set can only be assigned to one cluster if Algorithm-IFSC
is used. For Algorithm 2.7, however, things are different. By using the membership
degree matrix U, Algorithm 2.7 can produce “overlapped” clusters in which the
instances have different membership degrees. This is noteworthy, since in many real-
world applications, it makes sense that one instance shares some common grounds of
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Table 2.10 The clustering results of the car data set by Algorithm-IFSC in different A levels

A level Clustering results

0<x=<0.709 {¥1, ¥2, ¥3, ¥4, ¥5, Y6, 7, ¥85 ¥9, Y10}

0.709 < A < 0.771 {y1, v}, {v2, ¥3, y4, ¥5, ¥7, ¥8, ¥9, Y10}

0.771 < » < 0.811 {1, ye}s 2}, (135 ¥5, y7. y10}, {vs)s {va, yo}

0.811 < A < 0.861 {1, vehs {v2}, {3, 73, {vsh {va, yo}, (s, yio}
0.861 < A < 0.889 {v1, v}, (v}, {v3, y7}, {va, yo}, s}, s}, {vio}
0.889 <1 <0.913 {1, ye}s 12, ¥3, 7}, 4, yo}, {ysh, (s}, {vio}
0.913 < A <0919 {1, y6}, (v}, {v3, y7}, (va, yo}, (s}, {ysh, {vio}
0.919 < A <0.937 {1} {2} {vsh (ve}, {v3. y7}, {va, yo}, {vs}, (1o}
0.937 < 1 <0.968 ), 2}, s}, (st eds () (s {vas yols {10}
0968 <1 <1 {1}, (v}, {v3), {val, {vs), (e}, (v}, (s}, {vo}, {y10}

Note: (1) A is used to cut the association matrix of Algorithm 2.2 to produce the clusters

several clusters. For instance, a VOLVO car is often famous for its safety equipment.
On the other hand, it is also a luxury car with a relatively high price. So a VOLVO
car can naturally be grouped into the safe car cluster and the luxury car cluster
simultaneously. Viewing from this angle, Algorithm 2.7 indeed can generate more
valuable information than Algorithm 2.2.

Furthermore, compared with Algorithm 2.2, Algorithm 2.7 has lower compu-
tational complexity. Roughly speaking, the storage required by Algorithm 2.7 is
O (p(n + c) 4 cn), where p is the number of samples in the data, # is the number of
IFSsin a sample, and c is the number of clusters. The time requirement for Algorithm
2.71is O (Icpn), where I is the maximum number of iterations preset for the optimal
value searching process. Since in most cases n and ¢ are much smaller than p, we
can view Algorithm 2.7 as a linear algorithm in the sample size p. As to Algorithm-
IFSC, it must compute and store the association matrix for each pair of samples, so
the computational complexity of Algorithm-IFSC is roughly O (p?). Therefore, for
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Fig. 2.3 Illustration of the convergence of IFCM on the car data set
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Table 2.11 The results derived by Algorithm 2.7 with different cluster numbers on the simulated
data set

¢ 2 3 4 5 6 7 8 9 10
Obj 76.760 7.087 5.853 5.389 3.543 3.138 2.743 2536 2161

Vec 0.744 0.949 0.779 0.710 0.475 0.420 0.367 0.338 0.289
Vce 0.582 0.198 0.563 0.809 1.198 1.404 1.598 1.749 1.927

Note: (1) “Obj” is the objective function value after the convergence of Algorithm 2.7
(2) The optimal values of the measures are highlighted in bold and italic fonts

80

8 9 10

5 6 7
The Number of Clusters ¢

Fig. 2.4 Comparison of Obj and Vpc given different ¢ values

a data set with a large sample size, say, 1,000,000, Algorithm-IFSC may encounter
some computational troubles.

In summary, while Algorithm 2.2 has some unique merits such as simplicity
and flexibility, it cannot provide the information about the membership degree of
the samples to all the clusters, and has a relatively high computational complexity,
which indeed motivates Algorithm 2.7.

In this part, we compare the performances of Algorithm 2.7 with the traditional
FCM algorithm. We first exploit Algorithm 2.7 on the simulated data set. In this
experiment, we set a series of ¢ values in the range of 2 to 10, and compute the Vpc
and Vg measures for each clustering result. The results can be found in Table2.11
(Xu and Wu 2010).

As can be seen in Table2.11, when ¢ = 3, Vp¢ reaches its optimal (maximum)
value 0.949, and Vg also reaches its optimal (minimum) value 0.198. This implies
that both Vpc and Vg are capable of finding the optimal number of clusters, i.e.,
c. The objective function value, however, is not the case. Let us look at Fig.2.4 (Xu
and Wu 2010).

As the increase of the number of clusters, Obj decreases continuously and finally
reaches 2.161 when ¢ = 10. This just illustrates why we employ Vpc and Vg to
evaluate the clustering results produced by Algorithm 2.7.
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Table 2.12 The results derived by Algorithm 2.7 with different cluster numbers on the simulated
data set

Modified data set I

c 2 3 4 5 6 7 8 9 10
Vpe 0.982 0.648 0.531 0.469 0.324 0.289 0.239 0.216 0.196
Ve 0.073 0.750 1.163 1.465 1.750 1.975 2.153 2.335 2.395
Modified data set 11

c 2 3 4 5 6 7 8 9 10
Vpe 0.982 0.648 0.531 0.381 0.324 0.289 0.266 0.248 0.235
VcE 0.072 0.750 1.164 1.465 1.750 1.976 2.163 2.325 2.463

Note: (1) The optimal values of the measures are highlighted in bold and italic fonts

Next, we exploit the traditional FCM algorithm on the simulated data set for the
comparison purpose. As mentioned above, the FCM algorithm does not take into
account the uncertain information. Therefore, to make sure 1« (x) 4+ v(x) = 1 for any
x in the simulated data set, we should modify the data set by adding 7 (x) to either
w(x) or v(x). We produce the two modified data sets and then exploit Algorithm 2.7
on them. The results can be found in Table2.12 (Xu and Wu 2010).

As indicated by the Vpc and Vg measures in Table2.12, Algorithm 2.7 prefers
to cluster the modified simulated data sets into two clusters, which is actually away
from the three “true” clusters in the data. In other words, the FCM algorithm cannot
identify all the three classes precisely. This further justifies the importance of the
uncertain information in IFSs.

2.6 Intuitionistic Fuzzy MST Clustering Algorithm

Zhao et al. (2012a) developed an intuitionistic fuzzy minimum spanning tree (MST)
clustering algorithm to deal with intuitionistic fuzzy information. To do so, they first
introduced some concepts related to the graph theory.

A graph is composed of a set of points called nodes and a set of node pairs called
edges, which can be denoted by (V, E), where V is the set of nodes and E is the set of
edges. In fact, the set E in a normal graph is a crisp relation over V x V. That is to say,
if there exists an edge between x and y, then the membership degree uz (x,y) = 1;
otherwise uz (x,y) = 0, where (x,y) € (V X V) If we define a fuzzy relation R
over V x V, then the membership function ug (x, y) takes various values from O to
1, and such a graph is called a fuzzy graph.

Definition 2.25 (Chen et al. 2007) Let V= {Vl, Vz, e, Vn} be a collection of n
nodes, and R = (rjj)uxn a fuzzy relation over the set V. Then (V R) is called a
fuzzy graph. If E = {Ex = V;V;|VV;, V; € V}, then (V, E) is called a basic graph of
(V.R).
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Definition 2.26 (Zhao et al. 2012a) Let V = {Vy, V3, ..., V, } be a collection of n
nodes, and R = (7j),x, an intuitionistic fuzzy relation over VxV.Then G = (V, R)
is called an intuitionistic fuzzy graph. If E = {Ek = Vi\7j|VVi, Vj € V} then (V, E)
is called a basic graph of (V, R).

A path in a graph is a sequence of edges joining two nodes as (ABCD). A circuit
is a closed path as (ABCA). A connected graph has paths between any pair of nodes.
A tree is a connected graph with no circuits and a spanning tree of a connected graph
is a tree in graph (V R) which contains all nodes of (V R) (Zahn 1971).

If we add every edge a weight and define the weight of a tree to be the sum of the
weights of its constituent edges, then

Definition 2.27 (Zahn 1971) A minimum (maximum) spanning tree of a graph
(V, R) is a spanning tree whose weight is minimum (maximum) among all span-
ning trees of the graph (V, R).

We usually compute the minimum (maximum) spanning tree of a graph (V, R)
by Kruskal method (Kruskal 1956) or Prim method (Prim 1957). Because of the
complexity of the objective world and the fuzziness of the human perception, the data
information needed to be clustered is often imprecise or uncertain and sometimes
is given by IFSs. In such situations, some effective and convenient intuitionistic
clustering algorithms are needed. The MST (minimum spanning tree) clustering
algorithm was first proposed by Zahn (1971), whose basic idea is that: a multi-
attribute sample point can be considered as a point of a multi-dimensional space.
If the density of the sample points in some regions in the multi-dimensional space
is high, while in other regions is low or even blank, then the high-density regions
can be separated from the blank or the low-density regions naturally, so that we get
the clustering structure of the sample points which best embodies the distribution of
the sample points. Based on the idea of Zahn (1971), Zhao et al. (2012a) introduced
an intuitionistic fuzzy clustering method called intuitionistic fuzzy MST clustering
algorithm based on the graph theoretic techniques and the intuitionistic fuzzy distance
measure to cluster intuitionistic fuzzy information. In the following, we firstintroduce
the concepts of intuitionistic fuzzy distance measure and intuitionistic fuzzy distance
matrix:

Definition 2.28 (Zhao et al. 2012a) LetA; (j =1,2,...,n) be n IFSs. Then D =
(dij)nxn is called an intuitionistic fuzzy distance matrix, where d;; = d (Al-, Aj) =
1 - z§‘(A 1, Az) is the intuitionistic fuzzy distance between A; and A;, which has the
following properties:

(1) dy(i,j=1,2,...,n) are IFVs.
(2) di = (0,1)if and only if A; = A;.
(3) d,'j =dji,forall i,j = 1,2, Y (%

where 1§(A1, A») is defined in Theorem 2.2.
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Based on the idea of the traditional MST clustering algorithm and the intuitionistic
fuzzy distance matrix above, Zhao et al. (2012a) proposed an intuitionistic fuzzy MST
clustering algorithm:

Algorithm 2.9

Step 1 Construct the intuitionistic fuzzy distance matrix and the intuitionistic
fuzzy graph:

(1) Calculate the distance dj; = d (Ai, Aj), then we get the intuitionistic fuzzy
distance matrix D = (d,;/)nxn.
(2) Construct the intuitionistic fuzzy graph (V D) with n nodes associated to the
samples A;(i = 1,2, ..., n) to be clustered which are expressed by IFSs and every
edge between A; and A; having the weight d;j, which is an element (expressed by IFV)
of the intuitionistic fuzzy distance matrix D = (djj),x, and denotes the dissimilarity

degree between the samples A; and A;.

Step 2 Compute the MST of the intuitionistic fuzzy graph (V, D) by Kruskal
method (Kruskal 1956) or Prim method (Prim 1957):

(1) Arrange the edges of (V, D) in order from the smallest weight to the largest
one. Because the weight of each edge is an IFV, we can firstly compute the score
and the accuracy degree of each IFV, and then we use Definition 2.27 to sort all the
intuitionistic fuzzy weights.

(2) Select the edge with the smallest weight.

(3) Select the edge with the smallest weight from the rest edges which do not form
a circuit with those already chosen.

(4) Repeat the process (3) until (n — 1) edges have been selected where 7 is the
number of the nodes in (V, D). Thus we get the MST of the intuitionistic fuzzy graph
(V.D).

Step 3 Group the nodes (sample points) into clusters by cutting down all the edges
of the MST with weights greater than a threshold A (where A is an IFV), we can get a
certain number of sub-trees (clusters) automatically. The clustering results induced
by the sub-trees do not depend on some particular MST (Gaertler 2002).

Moreover, Zhao et al. (2012a) improved Algorithm 2.9 by changing the intuitionis-
tic fuzzy distance measure by Eq.(2.111) or (2.112) so as to lessen the computational
effort. They first defined another intuitionistic fuzzy distance matrix:

Definition 2.29 (Zhao et al. 2012a) LetA; (j=1,2,...,n) be n IFSs. Then D =
(), ., is called an intuitionistic fuzzy distance matrix, where d;; = d (A;, A)) is
the distance between A; and A;, which has the following properties:

() 0=<dj <1 foralli,j=1,2,...,n
(2) dij =0ifand only if A; = A;.
(3) dj =dj, foralli,j=1,2,...,n.
Based on Definition 2.29, Zhao et al. (2012a) developed another intuitionistic
fuzzy MST clustering algorithm:
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Algorithm 2.10

Step 1 Compute the intuitionistic fuzzy distance matrix and draw the fuzzy graph:

(1) Calculate the distance d;; = d (A,-, Aj) by Eq.(2.111) or (2.112) and get the
intuitionistic fuzzy distance matrix D = (d,:/) which is actually a fuzzy similarity
relation.

(2) Draw the fuzzy graph (V, D). Although the n nodes associated to the samples
Aij(i=1,2,...,n) tobe clustered are still expressed by IFSs, the weight d;; of every
edge between A; and A; changes into a real number which comes from the second
kind of intuitionistic fuzzy distance matrix D = (d;j)nxn» (the graph here is really a
fuzzy graph and is quite different from the one in Algorithm 2.9).

nxn

Step 2 Compute the minimum spanning tree (MST) of the fuzzy graph (V, D),
which is similar to Step 2 of Algorithm 2.9.

Step 3 See Step 3 of Algorithm 2.9.

In the following, we use an example to illustrate Algorithms 2.9 and 2.10:

Example 2.7 In an operational mission (adapted from Zhang et al. (2007), there are
six operational plans y; (i = 1,2, ..., 6). In order to group these operational plans
with respect to their comprehensive functions, a military committee has been set up
to provide assessment information on the operational plans. The attributes which are
considered here in assessmentofy; (i = 1,2, ..., 6)are: (1) G;: The effectiveness of
operational organization; and (2) G»: The effectiveness of operational command. The
military committee evaluates the performance of all the operational plans according
to the attributes G; (j = 1, 2), and gives the data as follows:

y1 = {{Gy,0.70,0.15), (G2, 0.60, 0.20)}
y2 = {{Gy, 0.40, 0.35), (G2, 0.80, 0.10)}
y3 = {(G1, 0.55,0.25), (G», 0.70, 0.15)}
ya = {(Gy,0.44,0.35), (G2, 0.60, 0.20)}
ys = {{G1,0.50, 0.35), (G2, 0.75, 0.20)}
v6 = {{G1,0.55,0.25), (G2, 0.57, 0.15)}

Let the weight vector of the attributes G; (j = 1,2) be w = (0.45, 0.55)T. We
first utilize Algorithm 2.9 to group these operational plans y; j = 1,2, ..., 6):

Step 1 Construct the intuitionistic fuzzy distance matrix and the intuitionistic
fuzzy graph:

(1) Calculate the distance d;; = d (y,-, yj) (see Definition 2.28), and let A = 2,
o =pf =y =1/3. Then
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d(y1,y2) =d@O2,y1) = (0.141,0.784), d(y1,y3) =d(y3,y1) = (0.059, 0.892)
di(y1,y4) = dy(y4, y1) = (0, 0.808), d(y1,ys) =d(ys, y1) = (0.123, 0.837)
d(y1,y6) = d(ye, y1) = (0.057,0.892), d(y2,y3) = d(y3,y2) = (0.059, 0.892)
d(y2,y4) = d(ya,y2) = (0.033,0.859), d(y2,y5) =d(y5,y2) = (0.071,0.918)
d(y2,y6) = d(ye, y2) = (0.108, 0.829), d(y3,v4) = d(y4,y3) = (0.071,0.914)
d(y3,ys) = d(ys, y3) = (0.071,0.929), d(y3,ys) = d(ys, y3) = (0, 0.894)
d(ys,ys) = di1(ys,y4) = (0.049,0.878), d(ys,ys) = d(ys,y4) = (0.057,0.914)
d(ys, y6) = d(y6,y5) = (0.071, 0.829)

Accordingly, we get the intuitionistic fuzzy distance matrix as follows:

0,1) (0.141,0.784) (0.059,0.892)  (0,0.808)  (0.123,0.837) (0.057,0.892)
(0.141,0.784) 0,1) (0.059,0.892) (0.033,0.859) (0.071,0.918) (0.108,0.829)
(0.059,0.892) (0.059.0.892) 0,1) (0.071,0.914) (0.071,0.929)  (0,0.894)

(0,0.808)  (0.033,0.859) (0.071,0.914) 0,1) (0.049,0.878) (0.057,0.914)
(0.123,0.837) (0.071,0.918) (0.071,0.929) (0.049,0.878) 0,1) (0.071,0.829)
(0.057,0.892) (0.108,0.829)  (0,0.894) (0.057,0.914) (0.071,0.829) 0,1)

(2) Draw the intuitionistic fuzzy graph (V, D) with 6 nodes associated to the
samples y; (i = 1,2, ...,6) to be clustered and every edge Ej between y; and y;
having the weight d;;, which is an element of the intuitionistic fuzzy distance matrix
D = (djj)6x6 and denotes the dissimilarity degree between the samples y; and y; (see
Fig.2.5) (Zhao et al. 2012a).

Step 2 Compute the intuitionistic fuzzy MST of the intuitionistic fuzzy graph by
Kruskal method (Kruskal 1956):

(1) Arrange the edges of (V, D) in order from the smallest weight to the largest
one. Because the weight of each edge is an IFV, we can first use the scores and the
accuracy degrees of each IFV in the intuitionistic fuzzy distance matrix to sort all
the intuitionistic fuzzy weights (based on Definition 2.28) as follows:

S(d12) =0.141 — 0.784 = —0.643, S(d13) = 0.059 — 0.892 = —0.833
S(d14) = 0—0.808 = —0.808, S(d5) =0.123 — 0.837 = —0.714
S(dig) = 0.057 — 0.892 = —0.835, S(dr3) =0.059 — 0.892 = —0.833
S(dr4) = 0.033 — 0.859 = —0.826, S(d25) =0.071 —0.918 = —0.847
S(dx) = 0.108 — 0.829 = —0.721, S(d34) = 0.071 — 0.914 = —0.843
S(dzs) = 0.071 — 0.929 = —0.858, S(d3¢) =0 —0.894 = —0.894
S(dze) = 0.049 — 0.878 = —0.829, S(dse) = 0.057 — 0.914 = —0.857
S(dse) = 0.071 — 0.829 = —0.758

Thus

dye < d3s5 < dag < drs < d3g < dig < di3
=dy3 < dys < day < di4 < dse < dys < di5 <di2
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and then we sort all the intuitionistic fuzzy weights as follows:

(2) Select the edge with the smallest weight, that is the edge E3 between 3
and ye.

(3) Select the edge with the smallest weight from the rest edges, that is the edge
E35 between y3 and ys.

(4) Select the edge with the smallest from the rest edges which do not form a circuit
with those already chosen (we can choose the edge E4¢ between y4 and yg). Repeat
(4) until five edges have been selected. Thus we get the MST of the intuitionistic
fuzzy graph (V D) (see Fig.2.6) (Zhao et al. 2012a).

Step 3 Group the nodes (sample points) into clusters: by choosing a threshold A
and cutting down all the edges of the MST with the weights greater than A, we can
get a certain number of sub-trees (clusters).

(1) If » = dje = (0.057, 0.892), then we get {y, ¥2, ¥3, Y4, V5, V6}-

(2) If A = drs = (0.071, 0.918), then we get {y1}, {v2, ¥3, y4, ¥5, V6.

(3) If A = dae = (0.057, 0.914), then we get {y1}, {y2}, {y3, y4, y5, y6!.
(4) If A = d3s = (0.071, 0.929), then we get {y1}, {y2}, {va}, {3, ys, ye}-
(5) It A = dse = (0,0.894), then we get {y1}, {y2}, {va}, {ys}, {v3, e}
(6) If A = (0, 1), then we get {y1}, {y2}, {v3}, {ya}, {y5}, {ye}-

Furthermore, we use Algorithm 2.10 to cluster these battle projects y; (j =
1,2,...,6) as follows:
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Step 1 Construct the intuitionistic fuzzy distance matrix and the fuzzy graph
where each node is associated to a sample to be clustered which is expressed by IFS:

(1) Calculate the distances d;; = d (yi, yj) G,j=1,2,...,6) by Eq.(2.111):

d(y1,y3) = d(y3,y1) = 0.1225, d(y1,ys) = d(ys, y1) = 0.117
d(y1,ys) =d(ys,y1) = 0.1725, d(y1,ys) = d(ys,y1) = 0.1115
d(y2,y3) =d(y3,y2) = 0.1225, d(y2,y4) = d(ys4,y2) = 0.128
d(y2,y5) =d7(ys,y2) = 0.1,  d(y2,y6) = d7(ys, y2) = 0.194
d(y3,y4) = d(y4,y3) = 0.1045, d(y3,ys) = d(ys,y3) =0.1
d(y3,y6) = d(ye, y3) = 0.0715, d(y4, ys) = d(ys, y4) = 0.1095
d(y4,y6) = d (6, ya) = 0.088,  d(ys, ys) = d(ys,ys5) = 0.1715

then we get the intuitionistic fuzzy distance matrix as follows:

0 0.245 0.1225 0.117 0.1725 0.1115

0245 0 0.1225 0.128 0.1 0.194

D— 0.1225 0.1225 0 0.1045 0.1 0.0715
— | 0.117 0.128 0.1045 0 0.1095 0.088
0.1725 0.1 0.1 0.1095 0 0.1715

0.1115 0.194 0.0715 0.088 0.1715 O

(2) Draw the fuzzy graph G = (V, D) with 6 nodes associated to the samples
yi i=1,2,...,6)tobeclustered and every edge between y; and y; having the weight
d;j, which is an element of the intuitionistic fuzzy distance matrix D = (d;j)¢x6 and
denotes the dissimilarity degree between the samples y; and y; (see Fig.2.7) (Zhao
et al. 2012a).

Step 2 Compute the MST of the fuzzy graph G = (V, D) by Kruskal method
(Kruskal 1956):

(1) Arrange the edges of G in order from the smallest weight to the largest one:

d36 < dus < d3s
=dys < dzy < dss <dig < dis < diz =dyz < dy <dse <dis < dy <ds

(2) Select the edge with the smallest weight, that is the edge E3¢ between y3
and ye.

(3) Select the edge with the smallest weight from the rest edges, that is the edge
E 6 between va and ye.

(4) Select the edge with the smallest weight from the rest edges which do not form
a circuit with those already chosen, we can choose the edge E35 between y3 and ys.

(5) Repeat the process (4) until five edges have been selected. Thus we get the
MST of the fuzzy graph G = (V, D) (see Fig.2.8) (Zhao et al. 2012a).



228 2 Intuitionistic Fuzzy Clustering Algorithms

Fig. 2.7 The fuzzy graph ¥
Wi

y;w}@
B}/

Vs !
Fig. 2.8 The MST of the b2
fuzzy graph Vs
Ve
Vs
Vs
Y2

Step 3 Choose a threshold A and cut down all the edges of the MST with weights
greater than A so that we could arrive at a certain number of sub-trees (clusters)
automatically.

(1) If » = dj¢ = 0.1115, then we get {y1, ¥2, ¥3, Y4, ¥5, Y6}

(2) If A = dos = d35s = 0.1, then we get {y1}, {y2, y3, y4, ys, Y6}

(3) If 2 = dae = 0.088, then we get {y1}, {y2}, {ys}, {y3, 4, ye}.
(4) If A = d3e = 0.0715, then we get {y1}, {y2}, {va}, {ys}. {y3, ye}
(5) If A =0, then we get {y1}, {y2}. {y3}, va}. {ys}, {ye}.

From the results of Algorithms 2.9 and 2.10, we have found that they coincide
with each other on the whole.

Sometimes, it is not suitable to assume that the membership degrees and the non-
membership degrees for certain elements are exactly real numbers, but fuzzy ranges
can be given. As a result, Zhao et al. (2012a) defined the concept of interval-valued
intuitionistic fuzzy distance matrix:

Definition 2.30 (Zhao et al. 2012a) Let y; (j=1,2,...,n) be m IVIFSs. Then

D = (dij)nxn is called an interval-valued intuitionistic fuzzy distance matrix, where

dij=d (yi, yj) is the distance between y; and y;, which has the following properties:

() 0=<dj <1 foralli,j=1,2,...,n
(2) dij =0if and only if y; = y;.
3) dijzdj,',foralli,jz1,2,...,n.
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Drawing support from the interval-valued intuitionistic fuzzy distance matrix, we
can extend Algorithm 2.10 to the interval-valued intuitionistic fuzzy environment
and raise the interval-valued intuitionistic fuzzy MST clustering algorithm:

Algorithm 2.11

Step 1 Construct the interval-valued intuitionistic fuzzy distance matrix and the
fuzzy graph:

In this step, we first calculate the distance djj = d (y,-,yj) by Eq.(2.105) or
(2.107) to get the interval-valued intuitionistic fuzzy distance matrix D = (dif)nxn’
and then draw the fuzzy graph (V, D) with n nodes associated to the samples y;
(i =1,2,...,n) which are expressed by IVIFSs and every edge between y; and
y; having the weight d;;, which is a real number coming from the interval-valued
intuitionistic fuzzy distance matrix D = (djj)nxn-

Step 2 Compute the minimum spanning tree (MST) of the fuzzy graph (V, D) by
Kruskal method (Kruskal 1956) or Prim method (Prim 1957).

Step 3 Cluster through the minimum spanning tree (see to Step 3 of Algorithm
2.10).

Example 2.9 can also be used to illustrate Algorithm 2.11 when the evaluation
information is expressed in IVIFSs (here omitted for brevity).

2.7 Intuitionistic Fuzzy Clustering Algorithm Based on Boole
Matrix and Association Measure

2.7.1 Intuitionistic Fuzzy Association Measures

Since clustering is the grouping of similar objects, we usually need to find some sort
of measure that can determine the degree of the relationship between two objects.

Generally, there are three main types of measures which can estimate this relation:
distance measures, similarity measures and association measures. The choice of a
good measure will directly influence the clustering effect. Next we shall seek for
some association measures to be prepared for cluster analysis.

An association measure is an important tool for determining the degree of the rela-
tionship between two objects. Many scholars have given various association measures
(see Xu and Chen 2008 for a review). For example, Xu et al. (2008) introduced the
associate measures (2.89) and (2.100). Gerstenkorn and Mafiko (1991) proposed a
method to calculate the association coefficient of IFSs, which was formulated in the
following way:

27:1 ma(xp) - up(x;) +va(x) - vp(x;)

(2.157)
VI )+ @) X (1) + v )

c1(A,B) =
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Hong and Hwang (1995) further considered the case where the set X is infinite
and defined another association coefficient of A-IFSs as follows:

Jx (ma(x) - mp(x) + va(x) - vp(x)) dx

(A, B) =
VI (0 12 0) dr- [y (130 + 3 0) de

(2.158)

where c1(A, B) and c;(A, B) satisfy the three conditions: (1) 0 < c¢(A,B) < 1;
(2)c(A,B) = 1if A = B; and (3) c(A, B) = c(B, A). But they cannot guarantee the
necessity in the condition (2). Hong and Hwang (1995) and Mitchell (2004) pointed
out that if association coefficients don’t guarantee the necessity in the condition (2),
then some situations where the obtained results are counter-intuitive will appear,
although in most cases the association coefficient may give reasonable result. For
this reason, Xu et al. (2008) proposed an axiomatic definition for the association
measure of IFSs, which is an improved version of Gerstenkorn and Mafiko (1991)
and Hong and Hwang (1995):

Definition 2.31 (Xu et al. 2008) Let ¢ be a mapping c: (IFS(X )2 = [0, 1], then the
association coefficient between two IFSs A and B is defined as c(A, B), which has
the following properties: (1) 0 < c(A,B) < 1;(2) c(A,B) = l ifand only if A = B;
and (3) c(A, B) = ¢(B, A).

Furthermore, Szmidt and Kacprzyk (2000) pointed out that omitting any one of
the three parameters may lead to incorrect results, and therefore, we should take the
three parameters into account when computing the association coefficients between
IFSs.

Based on the two ideas above when constructing an association coefficient
between IFSs, Zhao et al. (2012b) improved Eq.(2.155) to a new form, satisfy-
ing all the conditions proposed by Hong and Hwang (1995), Mitchell (2004) and
Szmidt and Kacprzyk (2000):

c3(A, B)
i1 (raGy) - mp(y) +valy) - ve(g) + ma(x) - TR (X)))

S ) ) i) - S (3 + i) + i)
(2.159)

It is clear that c3(A, B) takes the third parameter of an IFS (the hesitancy degree)
into consideration, moreover, we will prove that it also satisfies all the three conditions
of Definition 2.31:

Proof Because A, B € IFS(X), then from the concept of IFS and Eq.(2.159), we
know that c3(A, B) > 0. To prove the inequality c3(A, B) < 1, we can use the famous
Cauchy-Schwarz inequality:
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D aibi < (Z aiz) (Z b%) (2.160)

i=1 i=1 i=1

with equality if and only if the two vectors a = (aj, az, . .,a)T and b =
(by, ba, ..., by)T are linearly dependent, that is, there is a nonzero real number
A such that a = Ab. From Eq.(2.160), we know that c3(A, B) < 1 with equality if
and only if there is a nonzero real number A such that

ma(x;) = App(xi), va(x;) = Avp(x;), ma(x;) = Amp(x;),
for all x; € X (2.161)

while because

wA(x) =1 — pa(x) —valx), mp(x) =1 — up(x;) —vp(x),
forall x; € X (2.162)

then by Eq. (2.161), we know that A = 1, and thus, c3(A, B) = 1 ifand only if A = B.
Hence we complete the proof of the conditions (1) and (2) in Definition 2.31.

In addition, by Eq. (2.159) we know that

c3(A, B)
B i1 (raG) - mp(y) +val) - ve(g) + ma(x) - TR (X))
S )+ A+ ) S (1) + v0n) + )
B i1 (mB () - may) +ve(y) - va(x) + Tp(x) - TA (X))
I 30 )+ T0) - S (1) O + i)
_ es(BA) (2.163)

Thus, the condition (3) in Definition 2.31 also holds.

It’s very interesting that when we add the third parameter, i.e., the indeterminacy
degree of IFSs, to c1(A, B), we get a good association coefficient ¢3(A, B), which
not only takes the third parameter of IFS (the hesitancy degree) into consideration,
but also satisfies all the three conditions of Definition 2.31.

In many cases, for instance, in cluster analysis, the weights of the attributes are

always different, so we should take them into account, and thus extend c3(A, B) to
the following form:
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c4(A, B)
Z}': VWi (A () - wB(x) +va(x)) - vB () + A (x)) - TR (x)))

\/ > ywy (30 + v ) + mF) - sy wi (uF o) +v3@) + 730)
(2.164)

where w = (wy, wa, ..., w,)T is the weight vector of x; (j = 1,2,...,n) with
wj>0,j=1,2,...,nand Z}'zl w; = 1. Similar to Eq.(2.159), Eq.(2.164) also
satisfies all the conditions of Definition 2.31.

If the universe of discourse, X, is continuous and the weight of the elementx € X =

[a, b] is w(x), where w(x) > 0 and f ab w(x)dx = 1, then Eq.(2.164) is transformed
into the following form:
c5(A, B)
_ Jo w0 (AC)RBO) +vA VB () + TA()T()) d
\/ff w(x) (uf‘(x) + vf‘(x) + ni(x)) dx - f: w(x) (u%(x) + vlzg(x) + né(x)) dx
(2.165)

If all the elements have the same importance, i.e., w(x) = ﬁ € [0, 1] (in this

case, (b —a) > 1), for any x € [a, b], then Eq. (2.165) is replaced by

12 (A0 @) + vA()VE () + T4 (X)) dx

\/ [P (13 + V30 + 120) dx - [P (1300 + vE(0) + TR () dx
(2.166)

c6(A, B) =

2.7.2 Intuitionistic Fuzzy Clustering Algorithm

Let C = (cjj)mxm be an association matrix, where c¢;; = c(A;, A;) is the association
coefficient of A; and A;, which is derived by one of the intuitionistic fuzzy association
measures (2.157) and (2.162)—(2.164). Then by Definition 2.12, we can directly
derive the following result:

Theorem 2.18 (Zhao et al. 2012b) Let C), = (A c,;/)mxm be a A-cutting matrix of the
association matrix C = (cjj)mxm- Then C is an equivalent association matrix if and
only if C), is an equivalent Boole matrix, for all A € [0, 1], that is,

(1) Cisreflexive,ie.,I € Cifandonlyifl, € C,,i.e.,I C Cy.
(2) C is symmetric, i.e., cT = Cifand only if (CT))L =C,,1i.e., (C)\)T =C,.
(3) C is transitive, i.e., C?c Cifand only if Cj o C), € C,.
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From Theorem 2.18, we can see that if the association matrix is equivalent, then
its A-cutting matrix is an equivalent Boole matrix, and then we can use the equivalent
Boole matrix to do clustering directly. But if the association matrix doesn’t satisfy the
transitivity, then we know that the A-cutting matrix of C is just only a similar Boole
matrix, and thus, we cannot do clustering. In this situation, we can transform the
similar Boole matrix into an equivalent matrix for clustering. Let’s see the following
theorem:

Theorem 2.19 (Lei 1979) Let Bo be a similar Boole matrix over a discrete universe
of discourse X = {x1, x2, ..., X,}, then Bo is transitive if and only if Bo has not the
following special sub-matrices:

11\ (11\ (10\ (01
(10)’(01)’(11)’(11) (2.167)

no matter how the matrix Bo is arranged.

We can judge from Theorem 2.19 whether or not a similar Boole matrix is an
equivalent one.

Based on Theorems 2.18 and 2.19, Zhao et al. (2012b) developed an intuitionistic
fuzzy clustering algorithm based on Boole matrix and association measure as follows:

Algorithm 2.12

Step 1 Use Eq.(2.159) or (2.164) (if the weights of the attributes are the same,
we use Eq. (2.159); otherwise, we use Eq.(2.164)) to compute the association coef-
ficients of the IFSs A; (j = 1,2,...,m), and then construct an association matrix
C = (¢ij)mxm» Where ¢;j = c3(A;, Aj) or ¢;j = c4(Ai, Ap), i, j=1,2,...,m.

Step 2 Construct a A-cutting matrix Cj, = (x¢jj), ., of C by using Eq.(2.87).

Step 3 If C, is an equivalent Boole matrix, then we can cluster the m samples
as follows: If all the elements of the ith column are the same as the corresponding
elements of the jth column in Cy, then the IFSs A; and A; are in the same cluster. By
this principle, we can cluster all these m samples A; (j = 1,2, ..., m).

If C, is not an equivalent Boole matrix, then by Theorem 2.19, we know that
no matter how the matrix C, is arranged, it must have some of the special sub-
matrixes in Eq. (2.167). In such cases, we can transform the elements O into 1 in such
special sub-matrices until C, has not any special sub-matrix, and thus, we get a new
equivalent matrix C;.

Step 4 Employ the equivalent matrix C} to classify all the given IFSs A;
(G =1,2,...,m) by the procedure in Step 3.

Step 5 End.

The principal of choosing A: Based on the idea of constructing the association
matrix whose elements are association coefficients between every two alternatives
(samples) in this paper, we balance the similarity degree between two alternatives
mainly through the association coefficient (that is, the confidence level) of them. We
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choose the confidence level A from the biggest one to the smallest one in the associ-
ation matrix. After that, in terms of the chosen confidence level A, we construct the
corresponding A-cutting matrix. With this principle, the clustering results come into
being, the smaller the confidence level A is, the more detailed the clustering will be.

2.7.3 Numerical Example

Example 2.8 (Zhao et al. 2012b) A military equipment development team needs to
cluster five combat aircrafts according to their operational effectiveness. In order to
group these combat aircrafts y; (i = 1, 2, ..., 5) with respect to their comprehensive
functions, a team of military experts have been set up to provide their assessment
information on y; (i = 1,2,...,5). The attributes which are considered here in
assessment of y; (i = 1,2,...,5) are: (1) Gy is the aircraft power; (2) Gy is the
fire power (a military capability to direct force at an enemy); (3) G3 is the capacity
for target detection; (4) G4 is the controlling ability; (5) Gs is the survivability; (6)
Gy is the range of voyage; and (7) G7 is the electronic countermeasure effect. The
military experts evaluate the performances of the combat aircraftsy; (i = 1,2, ..., 5)
according to the attributes G; (j = 1,2, ...,7), and gives the data as follows:

{(G1,0.5,0.3), (G2, 0.6,0.3),
G4,0.8,0.1), (Gs, 0.7,0.2),
{(G1,0.6,0.2), (G2, 0.5, 0.3),
G, 0.6,0.2), (Gs, 0.6, 0.3),

y1 = G3,0.4,0.3),
(
Y2 =
(
v3 = {(G1, 0.7,0.1), (G2, 0.6, 0.3),
( (
Y4 =
(
ys =

G, 0.5,0.2), (G7,0.4,0.3)}
Gs,0.5,0.2),
Gs, 0.6, 0.3), (G7,0.5,0.2)}
Gs,0.7,0.2),
G, 0.5,0.2), (G7,0.6,0.3)}
Gs,0.5,0.3),
G, 0.4,0.3), (G7,0.7,0.2)}
Gs,0.6,0.2),
G, 0.6,0.1), (G7,0.6,0.1)}

_ —~

N~

3

= Z =
_ ~

G4,0.5,0.3), (Gs, 0.5,0.2),
{(G1,0.4,0.3), (G2, 0.7, 0.2),
G4,0.6,0.2), (Gs,0.7,0.1),
{(G1,0.6,0.2), (G2, 0.6,0.3),
(G4,0.5,0.3), (Gs, 0.8,0.1),

’

=
—~ Y~

—

Suppose that the weights of the attributes G; (j = 1,2, ..., 7) are equal, now we
utilize Algorithm 2.12 to group these combat aircrafts y; (i = 1,2, ...,5):

Step 1 Use Eq.(2.160) to compute the association coefficients of the IFSs y;
(i =1,2,...,5), and then construct an association matrix C = (c;)5x5, Where
Cij = C3(yl',yj), i,j = 1, 2, ey 5:

1.000 0.964 0.917 0.952 0.947
0.964 1.000 0.948 0.941 0.963
C =1 00917 0.948 1.000 0.946 0.957
0.952 0.941 0.946 1.000 0.957
0.947 0.963 0.957 0.957 1.000
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Step 2 By Eq. (2.87), we give a detailed analysis with respect to the threshold A,
and then we get all the possible clusters of the combat aircrafts y; (i =1,2,...,5):

(H)IfA=1,theny; (i=1,2,...,5) are grouped into the following nine types:

{yi}, (2}, (3}, a) s {ys)

(2) If » = 0.964, then by Eq. (2.87), the A-cutting matrix C, = ()‘Cij)st of C is:

11000
11000
CG.,=]100100
00O0T1OQO0
00001

According to Theorem 2.19, we know that C;, is an equivalent Boole matrix, we
can use C, to cluster the combat aircrafts y; (i = 1,2,...,5) directly, and then
yi (i=1,2,...,5) are grouped into the following four types:

(i, y2}, {3}, (e}, {ys)

(3) If 2 = 0.963, then the A-cutting matrix C;, = (5.cjj)s, s of C is:

11000
11001
CG.,=]100100
00O0T10QO0
01001

From Theorem 2.19, we know that C, is not an equivalent Boole matrix, we
should first transform Cj, into an equivalent Boole matrix by changing the element
“0” in the special sub-matrices into “1” and get

11001
11001
C;=100100
00010
11001

and thus, y; (i = 1,2, ...,5) are grouped into the following three types:

{1, 2, y5}, {y3}, (vl
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Table 2.13 Comparisons of the derived results

Types The results derived by Zhao The results developed by Xu The results developed by
et al. (2012b)’s method et al. (2008)’s method Pelekis et al. (2008)’s
method

5 {id 2t {ysds {vad, st ks D ds {3 h {vads {ys) D h (2} (s ) (e} {ys)
4 (v, 2} (s}, {ya}, {ys} {yi, y2}, {3}, {yal, {ys} {v2, ys}, {1}, {3}, {va}

3 v, y2, ys}, {y3}, {ya} (v, y2, 5}, {3} {va} {y2, ya, y5}, {1}, {v3}

2 {vi, 2}, {3, 4, 5}

1 {y1,y2, ¥3, ¥4, ys} {y1,y2, 3, ¥4, ys} {y1,y2,¥3, ¥4, 5}

(4) If . = 0.957, then the A-cutting matrix C; = (i.cjj)s, s of C is:

11000
11001
CG,=]100101
00O0T1°1
01111

Similarly, Cj, is not an equivalent Boole matrix, we should first transform Cj into
an equivalent Boole matrix by changing the element “0” in the special sub-matrices
into “1” and get

11111
11111
ci=|11111
11111
11111

and thus, y; (i = 1,2, ..., 5) are grouped into the following one type:

{1, ¥2, 3,4, Y5} -

In the following, some simple comparisons are made among Zhao et al. (2012b)’s
method, Xu et al. (2008)’s method which may be regarded as a generalization of
Yang and Shih (2001)’s method and Pelekis et al. (2008)’s method in Table2.13
(Zhao et al. 2012b).

Through Table2.13, we know that Zhao et al. (2012b)’s method has the same
clustering results with those of Xu et al. (2008)’s method, and Pelekis et al. (2008)’s
method can make more detailed clustering results.

In order to demonstrate the effectiveness of the intuitionistic fuzzy Boole cluster-
ing method, we further conduct an experiment with more samples to compare these
methods:
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Example 2.9 (Zhao et al. 2012b) Below we first introduce the experimental data
sets, and then make a comparison among these methods:

Experimental data sets: Suppose that the military experts evaluate the perfor-
mance of another group of combat aircrafts y; (i = 1,2, ..., 10) according to the
attributes G; (j = 1,2, ..., 7), and give the data as:

= {(G1,0.5,0.3), (G2, 0.6,0.3), (G3,0.4,0.3),
(G4,08 0.1), (Gs,0.7,0.2), (Gs, 0.5,0.2), (G7, 0.4, 0.3)}

{(G1,0.6,0.2), (G2, 0.5,0.3), (G3,0.5,0.2),

(G4,0.6,0.2), (Gs, 0.6, 0.3), (G, 0.6, 0.3), (G7, 0.5, 0.2)}
= {(G1,0.7,0.1), (G2, 0.6,0.3), (G3,0.7,0.2),
(G4,0.5,0.3), (Gs, 0.5,0.2), (G, 0.5,0.2), (G7,0.6,0.3) }
= {(G1,0.4,0.3), (G2,0.7,0.2), (G3,0.5,0.3),
(G4,0.6,0.2), (Gs, 0.7,0.1), (Gg, 0.4, 0.3), (G7,0.7,0.2)}
= {(G1,0.6,0.2), (G2, 0.6,0.3), (G3, 0.6, 0.2),
(G4,0.5,0.3), (Gs, 0.8, 0.1), (G, 0.6, 0.1, (G, 0.6, 0.1)}
= {(G1,0.8,0.1), (G, 0.5,0.2), (G3,0.7,0.1),
(G4,0.7,0.1), (Gs, 0.7,0.2), (G, 0.8, 0.1, (G7, 0.7, 0.2)}
= {(G1,0.7,0.2), (G2, 0.6,0.3), (G3,0.8,0.1),

(
(G4,0.8,0.1), (Gs, 0.6,0.3), (Ge, 0.5, 0.4), (G7,0.8,0.1)}
{(G1,0.5,0.2), (G,0.7,0.2), (G3,0.7,0.2),

( (

G1,0.6,0.2), (Gs, 0.5, 0.3), (Ge, 0.7, 0.1), (G7, 0.6, 0.2))

= {(G1,0.6,0.2), (G2, 0.5,0.3), (G3, 0.6,0.3),
(

Gs,0.5,0.2), (Gs, 0.8,0.1), (Gg, 0.8, 0.1, (G7,0.5, 0.2)}
le - {(Gl 1) 0'97 0‘0>7 <G27 0'97 0’1>7 (G37 0‘85 0'1)5
(G4,0.7,0.2), (Gs, 0.5, 0.15), (Gg, 0.3, 0.65), (G7, 0.15, 0.75)}

Comparison results among these methods are listed in Table 2.14 (Zhao et al. 2012b).

Again we can see from Table2.14 that Zhao et al. (2012b)’s method has the
same clustering results with those of Xu et al. (2008)’s method, and Pelekis et al.
(2008)’s method can make more detailed clustering results. It is worthy of pointing
out that the clustering results of Zhao et al. (2012b)’s method are exactly the same
with those of Xu et al. (2008)’s method, but Zhao et al. (2012b)’s method does not
need to use the transitive closure technique to calculate the equivalent matrix of the
association matrix, and thus requires much less computational effort than Xu et al.
(2008)’s method. Let’s examine into the computing process of the two methods:
whether in Xu et al. (2008)’s method or Zhao et al. (2012b)’s method, the clustering
processes are all based on A-cutting matrix. Before getting the A-cutting matrix,
Xu et al. (2008) first transformed the intuitionistic fuzzy association matrix into
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an intuitionistic fuzzy equivalent association matrix by transitive closure technique,
which needs lots of computational effort. In Zhao et al. (2012b)’s method, we get
the A-cutting matrix directly from the intuitionistic fuzzy association matrix.

Furthermore, Let m and n represent the amount of alternatives and attributes
respectively. Then the computational complexity of our method is O (nm?), Xu
et al. (2008)’s method is O ((1 4+ k)nm?) where k (usually, k > 2) represents the
transfer times until we get the equivalent matrix, and Pelekis et al. (2008)’s method
is O (nm?* 4 jem) where c is the number of the clusters, j is the times of judgment if
|7t — Ul|| . > & is valid.

In summary, Xu et al. (2008)’s method and Pelekis et al. (2008)’s method have
relatively high computational complexity, which indeed motivates the intuitionistic
fuzzy Boole clustering method given by Zhao et al. (2012b).

Furthermore, from Examples 2.8 and 2.9, we can see that the clustering results
have much to do with the threshold A, the smaller the confidence level A is, the more
detailed the clustering will be.

Either in Example 2.8 or in Example 2.9, we all use the association coefficient
Eq.(2.159) but not Eq. (2.157), the reason is that Eq.(2.157) cannot guarantee the
necessity in the condition (2) of Definition 2.31 and omits the hesitation degree,
which may lead to the incorrect results. The following example shows these ideas:

Example 2.10 (Zhao et al. 2012b) Suppose that the military experts evaluate the
performance of another group of combat aircrafts y; (i = 1,2, ..., 9) according to
the attributes G; G = 1,2, ...,7), and give the data as:

y1 = {{G1,0.5,0.3), (G2, 0.6, 0.3), (G3, 0.4, 0.3),

(G4,0.8,0.1), (Gs,0.7,0.2), (Gg. 0.5,0.2), (G, 0.4, 0.3)}
y2 = {(G1,0.6,0.2), (G2, 0.5,0.3), (G3,0.5,0.2),

(G4, 0.6,0.2), (Gs, 0.6,0.3), (Gg, 0.6, 0.3), (G7,0.5,0.2)}
y3 = {(G1,0.7,0.1), (G,, 0.6, 0.3), (G3,0.7,0.2),

(G4,0.5,0.3), (Gs,0.5,0.2), (Gg. 0.5,0.2), (G7, 0.6, 0.3) }
y4 = {(G}, 0.4,0.3), (G2, 0.7,0.2), (G3,0.5,0.3),

(G4, 0.6,0.2), (Gs,0.7,0.1), (G, 0.4,0.3), (G7,0.7, 0.2)}
ys = {(G1,0.6,0.2), (G2, 0.6,0.3), (G3, 0.6, 0.2),

(G4, 0.5,0.3), (Gs, 0.8,0.1), (Gg. 0.6, 0.1), (G7, 0.6, 0.1)}
y6 = {(G1,0.8,0.1), (G2, 0.5,0.2), (G3,0.7,0.1),

(G4,0.7,0.1), (Gs,0.7,0.2), (Gg, 0.8,0.1), (G7,0.7, 0.2)}
y7 = {{G1,0.7,0.2), (G»,0.6,0.3), (G3, 0.8, 0.1),

(G4, 0.8,0.1), (Gs, 0.6,0.3), (Gg, 0.5, 0.4), (G7, 0.8, 0.1)}
yg = {(G1,0.5,0.2), (G2,0.7,0.2), (G3,0.7,0.2),

(G4, 0.6,0.2), (Gs,0.5,0.3), (G, 0.7,0.1), (G7, 0.6, 0.2)}
yo = {{G1,0.6,0.2), (G2, 0.5,0.3), (G3, 0.6, 0.3),

(G4,0.5,0.2), (Gs, 0.8,0.1), (G, 0.8,0.1), (G7, 0.5, 0.2)}
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If we use Eq.(2.157) to compute the association coefficients of the IFSs y;
(i=1,2,...,9), then the association matrix C = (c;j)ex6, Where ¢;j = ¢1(yi, yj),
i,j=1,2,...,9 will be:

1.000 0.971 0.931 0.960 0.945 0.933 0.934 0.943 0.948
0.971 1.000 0.973 0.956 0.970 0.970 0.971 0.972 0.970
0.931 0.973 1.000 0.945 0.968 0.964 0.965 0.973 0.953
0.960 0.956 0.945 1.000 0.962 0.923 0.952 0.950 0.938
C =] 0.9450.970 0.968 0.962 1.000 0.967 0.946 0.965 0.985
0.933 0.970 0.964 0.923 0.967 1.000 0.963 0.969 0.971
0.934 0.971 0.965 0.952 0.946 0.963 1.000 0.960 0.923
0.943 0.972 0.973 0.950 0.965 0.969 0.960 1.000 0.960
0.948 0.970 0.953 0.938 0.985 0.971 0.923 0.960 1.000

If we use Eq.(2.159) to compute the association coefficients of the IFSs y;
(i=1,2,...,9), then the association matrix C = (¢jj)mxm, Where ¢;j = ¢3(yi, yj),
i,j=1,2,...,9 will be:

1.000 0.964 0.917 0.952 0.947 0.914 0.914 0.934 0.933
0.964 1.000 0.948 0.941 0.963 0.959 0.950 0.959 0.964
0.917 0.948 1.000 0.946 0.957 0.945 0.948 0.969 0.936
0.952 0.941 0.946 1.000 0.957 0.908 0.934 0.950 0.923
C =] 0.947 0.963 0.957 0.957 1.000 0.950 0.930 0.960 0.976
0.914 0.959 0.945 0.908 0.950 1.000 0.956 0.953 0.961
0.914 0.950 0.948 0.934 0.930 0.956 1.000 0.947 0.911
0.934 0.959 0.969 0.950 0.960 0.953 0.947 1.000 0.955
0.933 0.964 0.936 0.923 0.976 0.961 0.911 0.955 1.000

Based on the above two association matrices, using the intuitionistic fuzzy Boole
clustering method, we can make comparisons between the clustering results of the
two association coefficients (See Table 2.15) (Zhao et al. 2012b).

We can see from Table 2.15 that Eq. (2.159) can derive more detailed clustering
results than Eq. (2.157). Since Eq. (2.157) cannot guarantee the necessity in the con-
dition (2) of Definition 2.31, and omits the hesitation degree, some information may
be missing. Namely, Eq. (2.157) cannot reflect all the information that the intuition-
istic fuzzy data contains. Considering the stated reasons above, it is not hard for us
to comprehend why Eq. (2.159) can get more detailed types than Eq. (2.157). There-
fore, Compared to Eq.(2.157), Eq.(2.159) has much more potential for practical
applications.
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Table 2.15 Comparisons of the clustering results of Eqs. (2.157) and (2.159)

Types  The clustering result using Eq.(2.157) The clustering result using Eq. (2.159)

9 (i} {2} {ys)s ads {ysh {ved, {v7), (o ds {2} {v3)s (vads {ysh, {vel}, {7},
{ys}, {yo} {8}, {yo}

8 {ys.yo b {yi}s {2}, {vads {vads {ve s (7}, {ys.yolds {vi ) (v} {3, {vads {yve ) {7},
{ys} {ys}

7 {y3.y8}, {yss yol, (v}, {32}, {ya}, {6,

{y7}

6 b vz, y3.¥8): (s, yo ), {va}, {ve}s {y7}

5 {y1, y2, y5, yo . {3, y8} 5 {val}, {ye}, {7}

4 {1, y2. ¥5. ¥6, yo }, {y3, ¥}, {ya}, {y7}

3 {v1> y2, ¥3, ¥7. y8}- {5, ¥, yo ), {va} {1, ¥2: ¥3, 5, Y6, ¥8, Yo}, {ya}, {7}

2 {¥1, y2, ¥3, ¥5. Y6, ¥7, ¥8, ¥o }, {va} {y1, ¥2, ¥3, ¥4, ¥5, ¥6, ¥8, o }, {y7}

1 {1, ¥2, ¥3, Y4, ¥s, Y6, Y7, ¥8, Y9 } {1, ¥2, ¥3, ¥4, Y5, Y6, Y7, Y8, Y9 }

2.7.4 Interval-Valued Intuitionistic Fuzzy Clustering Algorithm

Let IVIFS(X) be the set of all IVIFSs over X, Xu et al. (2008) defined the concept
of association coefficient between two IVIFS as follows:

Definition 2.32 (Xu et al. 2008) Let ¢ be a mapping ¢: (IVIFS(X )% — [0, 1], then
the association coefficient between two IVIFSs A and B is defined as ¢(A, B), which
satisfies the following conditions: (1) 0 < ¢(A,B) < 1;(2) ¢(A,B) = 1 if and only
if A = B; and 3) ¢(A, B) = ¢(B, A).

In the case where X = {x1,x2,...,x,} is a discrete universe of discourse, we
extend c3(A, B) to IVIFSs to calculate the association coefficient between two IVIFSs
A and B as below:

i ifis ()

é7(A, B) = = -
\/Zj:l 8z (%) - 2=185 (%)

(2.168)

where
e () = (5 () + (5 )+ (75 )+ (uF ()
+ (vt (x,-))2 +(wf (x,»))2 (2.169)
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& () = (15 () + (v5 )+ (75 )+ (i ()

+ (v (x,‘))2 + (7 (x-))2 (2.170)
fig () =y () ng () +vi () vy (%)

+ g (9) g (9) + g () g (g

+vi (g) vy () + 3 () 75 (%) 2.171)

If we need to consider the weights of the element x; € X, then Eq. (2.166) can be
extended to its weighted counterpart:

S wifi s ()

ég(A, B) = (2.172)
n n
\/Z;’: 1 Wi84 (xj) ’ Zj: 1 Wi8p (xj)
where w = (wi,wp, ..., wn)T is the weight vector of x; (i = 1,2,...,n), with
wj > 0,i = 1,2,...,nandzj’-l=1wj=l.Ifwl =wy, =--- =w, = 1/n, then

Eq.(2.172) reduces to Eq. (2.168).
In the following, we prove that Eq. (2.172) satisfies all the conditions of Definition
2.32:

Proof Since A, B € IVIFS(X), then
0<p) <pf0y)<10<vi0p)=vily) =<1 0<m () <7y =L

forall x; € X (2.173)

0<pz() =pf) =10=v() <viey) <1, 0=<7y (g <7)(y) <1,

forall x; € X (2.174)

and thus, by Eq.(2.172), we get ¢3(A,B) > 0. According to the famous Cauchy-
Schwarz inequality Eq. (2.160), we have

n

Dowifip = || 2o wiga () ) [ Do wigs () (2.175)

j=1 j=1 j=1

and thus, ¢g (;\, E) < 1 with equality if and only if there exists a nonzero real number
A, such that
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1y () = Ay (), 1 () = Aud (), vy () = dvy ()
Vi) =iy, my () = Ay (), 7w () = A ()

forall x; € X (2.176)
while because

nA_(xj) =1- ,u:{(xj) — vg()q/), n;(xj) =1- /Lg(xj) — VA_ (xj), forall x; € X
2.177)
ni;(xj) =1- ,ug(xj) — v;;(xj), nli;(xj) =1- u;(xj) — vé (xj), forall x; € X
o (2.178)
Then by Eq.(2.178), we have A = 1, i.e., A = B, which completes the proofs of
the conditions (1) and (2) in Definition 2.32. Furthermore, by Eq.(2.172), we have

27:1 Wifi B ()
s wiga (5) - S wigg ()
_ o wifpa (%)
VZo i (o) - - wigs ()

é3(A, B) =

= ¢g(B, A) (2.179)

Thus, we can prove that ¢g (A, B) also satisfies the condition (3) of Definition 2.32.

If the universe of discourse, X, is continuous and the weight of the element x €
X = [a, b] is w(x), where w(x) > 0 and fah w(x)dx = 1, then we get the continuous
form of Eq. (2.172):

b
o (0 d
oA, B) = Ju WO () dx (2.180)

P w@gs @ dx - [P wingp () dx

where

0 = (155 @) + (5 @)+ (r; @) + (1 @) + (5 @) +(7F @)

A
(2.181)
600 = (5 @)+ (5 @)+ (5 @) + (7 0) + (5 ) +(nf @)
(2.182)

fig () = ny () py @) +vy vy @)+ @)y )+t () pg (0
+vi @) vg (x) + n; (x) nlz; (x) (2.183)

If all the elements have the same importance, then Eq. (2.181) reduces to
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b
o - (0 d
¢0(A, B) = Jutip 09 (2.184)

VIL g a7 g5 ) dx

For convenience, we introduce the concept of interval-valued intuitionistic fuzzy
association matrix:

Definition 2.33 (Xu et al. 2008) Let /Nlj G = 1,2,...,m) be m IVIFSs, then
C= (Cij)mxm 1s called an association matrix, where ¢;; = ¢(A, ;\j) is the interval-
valued intuitionistic fuzzy association coefficient of A; and A;, which has the follow-
ing propertieS' (D0 <¢j<lforalij=12,...,m;(2)¢; = 1if and only if
A; —A ;and (3) ¢;j = ¢j, forall i, j=1,2,.

Based on the definition above, in what follows, we introduce an algorithm for
clustering IVIFSs (Zhao et al. 2012b):

Algorithm 2.13

Step 1 Use Eqgs. (2.168) or (2.172) (if the weights of the attributes are the same,
we use Eq. (2.168); otherwise, we use Eq.(2.172)) to calculate the association coef-
ﬁcients of the IVIFSs A (G =1,2,...,m), and then construct an association matrix

= (Cij)mxm> Where ¢;; = C7(A,,A ) or cl] = Cg(Al,A ), i j =1,2,.

Step 2 Construct a A-cutting matrix C = (ACU) of C by using Eq (2.87).

Step 3 See Algorithm 2.12.

Step 4 See Algorithm 2.12.

Step 5 End.

mxm

Example 2.11 (Zhao et al. 2012b) Suppose that there are six samples
yi (i = 1,2,...,6) to be classified. According to the attributes G; (i = 1,2),
their attribute values are expressed by IVIFSs as follows:

= {{G1, [0.60, 0.80] , [0.10, 0.201]), (Ga, [0.50, 0.70] , [0.10, 0.30])}
y2 = {(G1, [0.30, 0.50], [0.25, 0.45]), (Ga, [0.70, 0.85] , [0.00, 0.15])}
y3 = {(G1, [0.45, 0.65] , [0.15, 0.351]), (Ga, [0.60, 0.80] , [0.05, 0.20])}
ya = {(G1, [0.34, 0.54] , [0.25, 0.45]), (Ga, [0.50, 0.70] , [0.10, 0.30])}
ys = {(G1, [0.40, 0.60] , [0.25, 0.40]), (Ga, [0.65, 0.80], [0.10, 0.20])}

6 = {(G1,[0.45,0.65] , [0.15, 0.35]), (Ga, [0.47, 0.67], [0.05, 0.25])}

Suppose that the weights of the attributes G; (j = 1, 2) are equal, now we utilize
Algorithm 2.13 to group these samples y; (i = 1,2, ..., 6):

Step 1 Use Eq.(2.168) to compute the association coefficients of the IFSs
yi i =1,2,...,6), and then construct an association matrix C = (c;j)6x6, Where

cjj =C7071,)’])a17J = 1,2, ...,6:
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1.000 0.908 0.973 0.944 0.950 0.977
0.908 1.000 0.979 0.975 0.987 0.950
0.973 0.979 1.000 0.982 0.992 0.986
0.944 0.975 0.982 1.000 0.981 0.983
0.950 0.987 0.992 0.981 1.000 0.967
0.977 0.950 0.986 0.983 0.967 1.000

Step 2 By Eq.(2.87) we give a detailed analysis with respect to the threshold A,
and then we get all the possible clusters of the samplesy; i = 1,2, ..., 6):

(OIfA=1,theny; (i =1,2,...,6) are grouped into the following six types:

{1}, 2}, {3}, (e}, s, (e}

(2)If 2 = 0.992, then by Eq. (2.87), the A-cutting matrix Cj, = (.c;j) of Cis:

mxm

Cy,

Il
cocoococo~
cococor~o
o~ o ~OO
co~ocoo
o~ o—~oOo
—o o oo Oo

According to Theorem 2.19, we know that C) is an equivalent Boole matrix,
we can use C, to cluster the samples y; (i = 1,2,...,6) directly, and then y;
(i=1,2,...,6) are grouped into the following five types:

1}, 2}, (3, y5), va) s (el

(3) If & = 0.987, then the A-cutting matrix C; = (,.c;j),, ., of C is:
1 0000O0O0
01 00T1PO0
C; = 0010T1PO0
000100
011010
000O0O0T1

Similar to (2), y; (i = 1,2, ..., 6) are grouped into the following four types:

{1}, 2, y3, ¥5) . {va}, {ve}
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(4) If 2. = 0.986, then the A-cutting matrix C;, = (5.c;j) of Cis:

mxm

100000
010010
001011

G=1000100
011010
001001

By Theorem 2.19, we know that C}, is not an equivalent Boole matrix, to transform
C, into an equivalent Boole matrix, we should change the element “0” in the special
sub-matrices into “1” and then we get

SO OO O
—_— O = = O
_——_— 0 = = O
SO = O OO
—_— O = = O
_——_— 0 = = O

Obviously, C; is an equivalent Boole matrix, by which we can group y;
(i=1,2,...,06) into the following three types:

1}, (2, 3, y5. y6} s {va}

(5) If A = 0.982, then the A-cutting matrix C; = ()‘Cij)6><6 of C is:

G,

S OO OO~
——_ O O = O
— = =0 O
SO == OO
S = O == O
— O O = = O

Similar to (4), y; (i = 1,2, ..., 6) are grouped into the following two types:

{1}, {2, 3, ¥4, ¥5, Y6}
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(6) If 1 = 0.977, then the A-cutting matrix C;, = (5.¢jj), ¢ Of C is:

Cy.

I
—_—0 00O~
— e = = e O
—_— = = = = O
e e =)
— e = = = O
— e

Similar to (4), y; (i =1, 2, ..., 6) are grouped into the following one types:

{1, 52, ¥3, Y4, ¥5, Yo}

2.8 A Netting Method for Clustering Intuitionistic
Fuzzy Information

2.8.1 An Approach to Constructing Intuitionistic Fuzzy
Similarity Matrix

Now we consider a multi-attribute decision making problem, let ¥ and G be as
defined previously. The characteristic of each alternative y; under all the attributes
G; (j=1,2,...,n)is represented as an IFS:

vi = UGj, 1y, (G, vy (GG € GYi= 1,2, ... om;j=1,2,...,n  (2.185)

where iy, (Gj) denotes the membership degree of y; to G;, and vy, (G;) denotes the
non-membership degree of y; to G;. Obviously, 7y, (Gj) = 1 — wy,(Gj) — vy, (G))

is the uncertainty (or hesitation) degree of y; to Gj. If let rj = (wi, vy) =
(1y,(Gj), vy;(Gj)), which is an IFV, then based on these IFVs r; (i = 1,2, ..., m;
Jj=1,2,...,n), wecan construct an /n X n intuitionistic fuzzy matrix R = (¥jj)mxn-

Next, we shall introduce an approach to constructing an intuitionistic fuzzy sim-
ilarity matrix based on the intuitionistic fuzzy matrix R = (7j)mxn-

For any two alternatives y; and yi, we first use the normalized Hamming distance
to get the average value of the absolute deviations of the non-membership degrees
vijand vy, forallj =1,2,...,m

. 1< _
dnu i, yi) = P E vij —wiil, i, k=1,2,...,m (2.186)
j=1

Analogously, we get the average value of the absolute deviations of the member-
ship degrees p;; and uyj, forallj =1,2, ..., n:
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1 - ,
dng Vi, yi) = - Z‘T lij — gl ik =1,2,...,m (2.187)
j:

Obviously, the distances (2.186) and (2.187) show the closeness degrees of the
characteristics of each two alternatives y; and y. The smaller the values of dNH iy Vi)
and dyy (vi, yi) are, the more similar the two alternatives y; and yy.

In an intuitionistic fuzzy similarity matrix, each of its elements is an IFV. To get
an intuitionistic fuzzy closeness degrees of y; and y;, we may consider the value of
dNH (i, yx) as a non-membership degree v, and then it may be hopeful to define

, I < :
Mk=1—;2|ug—ukj|,z,k=1,2,...,m (2.188)
]:

as a membership degree. Now we need to check whether O < iz + vix < 1 holds or
not. However,

) ] 1 n 1 n
i+ Vi = 1= = > I = gl + 2 > vy = vl 2 0 (2.189)
j=1 j=1
1 - 1 -
,l'/vik—i‘\'/ik:1—;Z‘”sz_ﬂkﬂ‘i‘zz‘”"zj_vkﬂ
J= J=

n

1< 1
=1-- Z% (= ) = (= )| + Z; lvi —vgl  (2.190)
J= J=

1 n 1 n
=1 == > 15 +75) = (g +7) + — > Ivij = vl

j=1 j=1
1 « 1 «
=1 == > 1y = vig) + (= 7g) | + = > v = vigl
j=1 j=1
1 < 1 « 1 «
= 1= D vy = vl = - D by — gl > vy — v
j=1 j=1 j=1
1 n
=1—;Z‘Tm,-j—nkﬂ,i,k:l,z,...,m (2.191)
]:

where 77;; = 1 — f1;; — v;;. Thus, 0 < fix + Vix < 1 cannot be guaranteed.

In the numerical analysis above, we can see that in an IFV, the membership degree
is closely related to both the non-membership and the uncertainty degree. Motivated
by this idea, we may modify Eq.(2.188) as:
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. 1< I < .
l/Lik:1_ZZ:IWU_Vkﬂ—ZZ:IVTij—ﬂkle,k:1,2,...,m (2.192)
j= j=

with p = 1if and only v;; = Vyj and 71;; = 735, forallj = 1,2, ..., n.
Based on Eqgs. (2.186) and (2.192), we have the following concept:

Definition 2.34 (Wang et al. 2011) Let y; and y; be two IFSs on X, and Z(y;, y) a
binary relation on X x X, if

(1»0)7 Yi = Yk,
| - | - | -
Zoiy) =\ 1= X i —vgl =5 2 [mi —mgl. 5 2 vy — v ).
= = =
Yi # Vi

(2.193)
then Z(y;, yx) is called a closeness degree of y; and y.
By Eq.(2.193), we have

Theorem 2.20 (Wang et al. 2011) The closeness degree Z(y;, yx) of y; and yi is an
intuitionistic fuzzy similarity relation.

Proof (1) Let’s first prove that Z(y;, yx) is an IFV:

(a) Ify; = yx, then Z(y;, yr) = (1, 0);
(b) If y; # yk, then

1 — 1 —
"k=1——§ |V"_Vk'|_—§ |7rij — 745
Mi " ij L ij G

Jj=1 j=1

A

l n
1_;Z|th_vkj+nij_ﬂkj|
j=1

1 n
=1- - Z‘; [ — Mgl (2.194)
j:

Obviously, we have 0 < i < 1, with i = 1 if and only if u; = ., for
allj = 1,2,...,n, and with /1 = 0if and only if u; = 1 and ug; = 0, for all
J=12,...,n0orpuj=0and uy =1,forallj=1,2,...,n.

Similarly, we have 0 < v, = Z;':] [vij — vijl/n < 1, with vy = 1 if and only if
vij = vij, forallj = 1,2, ..., n, and with v = 0 if and only if v;; = 1 and v}; = 0,
forallj=1,2,...,n,0orvj=0and v; = 1,forallj =1,2,...,n

Also since
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1w 1 « 1 —
'~+\'/‘=1——E v~~—v~——E 7'[“—7['—}-—2 Vij — Vkj
Mik ik " - [vij k]| "y |7z k]| " - [vij k]|
j=1 j=1 j=1

1
:1_;Z:I|7Tij_nkj| <1 (2.195)
j=

then we have 0 < fi;; + vy < 1, with 1 + vy = 1 if and only if ;; = my;, for
allj = 1,2,...,n,and fijx + v = 0, if and only if m;; = 1 and m; = 0, for all
Jj=12,...,normj=0andm; = 1,forallj=1,2,...,n

(2) Since Z(y;, yi) = (1, 0), then Z is reflexive.

(3) Since |vij — vijl = |vij — vijl and |7y — mpi| = | — 750, then Z(y;, yi) =
Z(yk, i), i.e., Z is symmetrical. Thus, Z(A, B) is an intuitionistic fuzzy similarity
relation.

From Eq.(2.193), we can see that if all the differences of the non-membership
degrees and the differences of the uncertainty degrees of two alternatives y; and yj
withrespect to the attributes G; (j = 1, 2, ..., n) get smaller, then the two alternatives
are more similar to each other.

In the following section, we shall use Eq. (2.193) to introduce a clustering method.

2.8.2 A Netting Clustering Method

The so called netting means a simple process: Firstly, for an intuitionistic fuzzy
similarity matrix Z, we should choose a confidence level A € [0, 1], and then get a
A-cutting matrix Z and change the elements on the diagonal of Z; with the symbol of
the alternatives. Under the diagonal, we replace ‘1’ with the nodal point ‘*’ and ignore
all the ‘0’ in Z, . From the node ‘*’, we draw the vertical line and the horizontal line
to the diagonal and the corresponding alternatives on the diagonal will be clustered
into one type (He 1983).

Netting method was first used to cluster data in the field of fuzzy mathematics (He
1983). With this method, we can get the clustering results by ‘netting’ the elements of
similarity matrix directly. Wang et al. (2011) proposed a netting method for clustering
the objects with intuitionistic fuzzy information:

Step 1 For a multi-attribute decision making problem, Let Y = {y;, y2, ..., ym}
and G = {Gq, Gy, ..., G,} be defined previously, and assume that the charac-
teristics of the alternatives y; (i = 1,2,...,m) with respect to the attributes
G; (j=1,2,...,n) are represented as in Eq. (2.185).

Step 2 Construct the intuitionistic fuzzy similarity matrix Z = (z;})uxm by using
Eq.(2.193), where z;; is an IFV, and z;; = (w;j, vij)) = Z(i, i), i,j = 1,2, ..., m.

Step 3 Delete all the elements above the diagonal and replace the elements on the
diagonal with the symbol of the alternatives.
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Table 2.16 The characteristics information of the cars

G G, Gs G Gs Gs
i (0.3,0.5) (0.6,0.1) (0.4,0.3) (0.8,0.1) (0.1,0.6) (0.5,0.4)
v (0.6,0.3) (0.5,0.2) (0.6,0.1) (0.7,0.1) (0.3,0.6) (0.4,0.3)
3 (0.4,0.4) (0.8,0.1) (0.5,0.1) (0.6,0.2) (0.4,0.5) (0.3,0.2)
V4 (0.2,0.4) (0.4,0.1) (0.9,0.0) (0.8,0.1) (0.2.0.5) (0.7,0.1)
Vs (0.5,0.2) (0.3,0.6) (0.6.0.3) (0.7,0.1) (0.6,0.2) (0.5,0.3)

Step 4 Choose the confidence level A and construct the corresponding A-cutting
matrix. Replace ‘1’ with “*’ and delete all the ‘0’ in the matrix before drawing
the vertical and horizontal line to the symbol of alternatives on the diagonal from
“*7_ Corresponding to each “*’, we have a type which contains two elements. Unit
the types together which have the common elements, and then we get the types
corresponding to the selected A. Update the values of A before all the alternatives are
clustered into one type.

The principal to choose A: Based on the idea of constructing the similarity
degree matrix, we balance the similarity degree of two alternatives mainly through
the membership degree of the corresponding IFV. We choose the confidence level A
from the biggest one to the smallest one. When we encounter that two membership
degrees are equal, we firstly choose the one with the smaller non-membership degree.
If both of them are equal, they are clustered into the same type. After that, in terms of
the chosen A, we construct the corresponding A-cutting matrix. With this principle,
the clustering results will be more detailed.

2.8.3 Illustrative Examples

Example 2.12 (Wang et al. 2011) An auto market wants to classify five different
cars y; (i = 1,2,3,4,5) into several kinds (Liang and Shi 2003). Each car has six
evaluation factors: (1) Gp: Oil consumption; (2) G»: Coefficient of friction; (3) G3:
Price; (4) G4: Comfortable degree; (5) Gs: Design; (6) Gg: Safety coefficient. The
evaluation results of each car with respect to the factors G; (j = 1,2,...,6) are
represented by the IFSs, shown as in Table2.16 (Wang et al. 2011).

In the following, we utilize the intuitionistic fuzzy netting method to classify the
five cars, which involves the following steps (Wang et al. 2011):

Step 1 By Eq. (2.192), we calculate

6

6
. 1 1
fri2=1- EJZ; [vij — vail — EJZ; |71 — 79
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1
=1- 8(0.2—}—0.1 +0.240.040.040.1)

1
— 201 4+00+0.0+0.1+02+02)
-038

1
P12 = £(02+0.14+02+00+0.0+0.1) =0.1

and then calculate the others in a similar way. Consequently, we get the intuitionistic
fuzzy similarity matrix:

(1,00  (0.8,0.1) (0.72,0.12) (0.75,0.13) (0.65,0.22)

0.8,0.1) (1,00  (0.82,0.08) (0.72,0.1) (0.68,0.18)

z=1 (0.72,0.12) (0.82,0.08) (1,00  (0.7,0.05) (0.63,0.23)

(0.75,0.13) (0.72,0.1) (0.7,0.05)  (1,0)  (0.63,0.25)
(0.65,0.22) (0.68,0.18) (0.63,0.23) (0.63,0.25)  (1,0)

Step 2 Delete all the elements above the diagonal and replace the elements on the
diagonal in Z with the symbol of the alternatives y; (i = 1, 2, 3,4, 5):

yi
(0.8,0.1) v

7' =1 (0.72,0.12) (0.82,0.08) 3
(0.75,0.13) (0.72,0.1) (0.7,0.05) V4
(0.65,0.22) (0.68,0.18) (0.63,0.23) (0.63,0.25) ys

Step 3 Choose the confidence level A properly, and get the corresponding clus-
tering results with intuitionistic fuzzy netting method:

(1) When 0.82 < A < 1.0, we have

Y5

and then each car is clustered into a type: {y1}, {y2}, {y3}, {v4}, {5}
(2) When 0.8 < A < 0.82, we have
Y1
Yo
7" = JQ_)’%
Va4

Vs
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and then the cars y; (i = 1,2, 3,4,5) are clustered into following four types:

{1} {2, y31s {yals {ysh
(3) When 0.75 < A < 0.8, we have

Vi

Ya
Vs

and then the cars y; (i = 1,2, 3,4,5) are clustered into three types: {y1, y2, y3},

{va}, {ys}-
(4) When 0.72 < A < 0.75, we have

Y1

e

7" = yL

Y3

Yy
Vs

then the cars y; (i = 1, 2, 3,4, 5) are clustered into two types: {y1, y2, ¥3, Y4}, {y5}.
(5) When 0.68 < A < 0.72, we have the following two cases:

(a)
Y1
T
Z// — y3
’Ly“
Vs

In this case, the cars y; (i = 1,2, 3,4,5) are clustered into two types: {yi, y2,

v3, yah {ys}:
(b)

Z//= y3

Yy




254 2 Intuitionistic Fuzzy Clustering Algorithms

Table 2.17 Comparisons of the derived results

Types The result derived by intuitionistic The result developed by Zhang
fuzzy netting method et al.’s method (2007)

5 ik {2} (vshs {va), {ys} (i} {2} {yshs {va), {ys}

4 (i} {y2, y3}, {val, {ys}

3 (v, y2, 3} {4}, {ys} {v1,y2, y3}, {4}, {ys}

2 {1, y2,v3, ya}, {ys}

1 {yi, y2. y3, ¥4, ys5} {y1,y2, y3, y4, 5}

In this case, the cars y; (i = 1, 2, 3, 4, 5) are also clustered into two types: {y1, y2,

¥3, v4}, {ys}.
(6) When 0.65 < A < 0.68, we have
Y1

Yo
Z//: y3

Vs

Vs

andthenthecarsy; (i = 1, 2, 3, 4, 5) are clustered into one type: {y1, y2, ¥3, Y4, ¥5}.

In the following, let’s make simple comparisons between the intuitionistic fuzzy
netting method and Zhang et al.’s method (2007) in Table2.17 (Wang et al. 2011).

Through Table2.17, we know that the intuitionistic fuzzy netting method has
some desirable advantages over Zhang et al.’s method (2007): (1) It does not need to
calculate the equivalent matrix, and thus requires much less computational efforts;
(2) It can derive more detailed clustering results. Therefore, Compared to Zhang
et al. (2007)’s method, the intuitionistic fuzzy netting method has more prospects for
practical applications.

Why the intuitionistic fuzzy netting method has these characteristics? For one
thing, the proposed netting method can rely on similarity relation instead of equivalent
relation as in fuzzy environment. For another, whether in Zhang et al. (2007) method
or in Wang et al. (2011)’s work, the type stander are all based on A-cutting matrix,
S0 A is an important parameter to decide the type scalar. Before getting the A-cutting
matrix, Zhang et al. (2007) first transformed the intuitionistic fuzzy matrix into an
intuitionistic fuzzy similarity matrix, and then calculated its equivalent matrix which
needs lots of computational efforts. Wang et al. (2011) not only got the A-cutting
matrix directly from the intuitionistic fuzzy similarity matrix, but also improved the
principle of choosing A. Since Zhang et al. (2007)’s work needs to transform the
intuitionistic fuzzy similarity matrix into an intuitionistic fuzzy equivalent matrix,
and some information may be missing during this process. Namely, the intuitionistic
fuzzy equivalent matrix cannot reflect all the information that the intuitionistic fuzzy
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Table 2.18 The characteristics of the cars

G G, Gs Gy Gs Gs

i (0.8,0.1) (0.4,0.1) (0.6,0.1) 0.7,0.3) (0.6,0.2) (0.5,0.0)
v (0.0,0.3) (0.1,0.3) (0.0,0.6) (0.0,0.5) (0.5,0.3) (0.4,0.2)
3 (0.2,0.0) (0.9,0.1) (0.0,0.7) 0.0,0.1) (0.3,0.2) (0.8,0.2)
V4 (0.0,0.5) (0.3,0.0) (0.7,0.1) 0.6,0.1) (0.0.0.7) (0.7,0.2)
Vs (0.4,0.6) (0.2,0.4) 0.9.0.1) 0.6,0.1) (0.7,0.2) (0.7,0.3)
6 (0.0,0.2) (0.0,0.0) (0.5.0.4) (0.5,0.4) (0.3,0.6) (0.0,0.0)
V7 (0.8,0.1) (0.2,0.1) (0.1.0.0) (0.7,0.0) (0.6,0.4) (0.0,0.6)
s (0.1,0.7) (0.0,0.5) (0.8.0.1) 0.7,0.1) (0.7,0.1) (0.0,0.0)
o (0.0,0.1) (0.5,0.1) 0.3.0.1) 0.7,0.3) (0.1,0.3) (0.7,0.2)
Y10 (0.3,0.2) (0.7,0.1) 0.2.0.2) (0.2,0.0) (0.1,0.9) (0.9,0.1)

similarity matrix contains. Considering the stated reasons above, it is not hard for
us to comprehend why the intuitionistic fuzzy netting method can get more detailed
types than Zhang et al. (2007).

Here we only make a comparison with that of Zhang et al. (2007), because that the
method in Zhang et al. (2007) is a representation of solving this class of problems,
some closely-related results can be found in Xu et al. (2008) and Cai et al. (2009).

In order to demonstrate the effectiveness of the proposed clustering algorithm, we
further conduct experiments with the simulated data through comparing these two
methods:

Example 2.13 (Wang et al. 2011) As we have explained above, the computational
complexity is mainly related with the computations of intuitionistic fuzzy similarity
matrix and intuitionistic fuzzy equivalent matrix. Next, we shall illustrate this with
simulated experiments. Below we first introduce the experimental tool, the exper-
imental data sets, and then make a comparison with other method (Zhang et al.
2007):

(1) Experimental tool. In the experiments, we use the netting algorithm imple-
mented by MATLAB. Note that if we let w(x) = O for any x € X, then the netting
algorithm reduces to the traditional fuzzy netting algorithm. Therefore, we can use
this process to compare the performances of both the netting algorithm under intu-
itionistic fuzzy environment and the netting algorithm under fuzzy environment.

(2) Experimental data sets. The car data set contains the information of ten new
cars to be classified in an auto market. Let y; (i = 1, 2, ..., 10) be the cars, each of
which is described by six attributes: (1) Gy: Oil consumption; (2) G»: Coefficient
of friction; (3) G3: Price; (4) G4: Comfortable degree; (5) Gs: Design; and (6) Gg:
Safety coefficient, as in Example 2.12 (For convenience, here we do not consider
the weights of these attributes). The characteristics of the ten new cars under the six
attributes, generated at random by MATLAB, are represented by the IFSs, as shown
in Table2.18 (Wang et al. 2011).

In order to express the validity of the netting method, we shall make a comparison
with Zhang et al. (2007)’s method:
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With the netting method, we have the following clustering results (Wang et al.
2011):

Using Zhang et al. (2007)’s method, we first construct the intuitionistic fuzzy
similarity matrix based on the data in Table 2.18.

(1,0)  (0.41,0.08) (0.33,0.24) (0.43,0.08) (0.63,0.08)
(0.41,0.08)  (1,0)  (0.41,0.08) (0.49,0.16) (0.36,0.14)
(0.33,0.24) (0.41,0.08)  (1,0)  (0.46,0.08) (0.35,0.08)
(0.43,0.08) (0.49,0.16) (0.46,0.08)  (1,0)  (0.49,0.00)
(0.63,0.08) (0.36,0.14) (0.35,0.08) (0.49,0.00)  (1,0)

(0.38,0.14) (0.57,0.08) (0.22,0.16) (0.33,0.22) (0.27,0.22)
(0.55,0.0) (0.41,0.14) (0.43,0.36) (0.43,0.08) (0.30,0.08)
(0.46,0.08) (0.43,0.14) (0.25,0.29) (0.33,0.08) (0.27,0.08)
(0.35,0.0) (0.49,0.16) (0.33,0.08) (0.67,0.00) (0.36,0.08)
(0.43,0.24) (0.57,0.22) (0.49,0.08) (0.63,0.14) (0.46,0.16)

(0.38,0.14) (0.55,0.00) (0.46,0.08) (0.35,0.00) (0.43,0.24)
(0.57,0.08) (0.41,0.14) (0.43,0.14) (0.49,0.16) (0.57,0.22)
(0.22,0.16) (0.43,0.36) (0.25,0.29) (0.33,0.08) (0.49,0.08)
(0.33,0.22) (0.43,0.08) (0.33,0.08) (0.67,0.00) (0.63,0.14)
(0.27,0.22) (0.30,0.08) (0.27,0.08) (0.36,0.08) (0.46,0.16)
(1,0)  (0.38,0.22) (0.55,0.00) (0.33,0.08) (0.22,0.22)
(0.38,0.22) (1,00  (0.38,0.08) (0.34,0.21) (0.36,0.22)
(0.55,0.00) (0.38,0.08)  (1,0)  (0.33,0.16) (0.22,0.36)
(0.33,0.08) (0.35,0.22) (0.33,0.16)  (1,0)  (0.43,0.08)
(0.22,0.22) (0.36,0.22) (0.22,0.36) (0.43,0.08)  (1,0)

In order to get the clustering result with Zhang et al. (2007)’s method, we should
get the equivalent matrix. By the composition operations of similarity matrices, we
have

(1,00 (0.43,0.08) (0.43,0.08) (0.49,0.00) (0.63,0.08)
(0.43,0.08)  (1,0)  (0.49,0.08) (0.57,0.08) (0.49,0.08)
(0.43,0.08) (0.49,0.08) (1,00  (0.49,0.08) (0.46,0.08)
(0.49,0.00) (0.57,0.08) (0.49,0.08)  (1,0)  (0.49,0.00)
(0.63,0.08) (0.49,0.08) (0.46,0.08) (0.49,0.00)  (1,0)
(0.46,0.08) (0.57,0.08) (0.41,0.08) (0.49,0.08) (0.38,0.08)
(0.55,0.0) (0.43,0.08) (0.43,0.08) (0.43,0.08) (0.55,0.08)
(0.46,0.08) (0.55,0.08) (0.41,0.08) (0.43,0.08) (0.46,0.08)
(0.43,0.0) (0.49,0.08) (0.46,0.08) (0.67,0.00) (0.49,0.00)
(0.46,0.08) (0.57,0.08) (0.49,0.08) (0.63,0.08) (0.49,0.08)

72 =707 =
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74 =7%07% =

(0.46,0.08) (0.55,0.00) (0.46,0.08) (0.43,0.00) (0.46,0.08)
(0.57,0.08) (0.43,0.08) (0.55,0.08) (0.49,0.08) (0.57,0.08)
(0.41,0.08) (0.43,0.08) (0.41,0.08) (0.46,0.08) (0.49,0.08)
(0.49,0.08) (0.43,0.08) (0.43,0.08) (0.67,0.00) (0.63,0.08)
(0.38,0.08) (0.55,0.08) (0.46,0.08) (0.49,0.00) (0.49,0.08)
(1,0)  (0.41,0.08) (0.55,0.00) (0.49,0.08) (0.57,0.08)
(0.41,0.08)  (1,0)  (0.46,0.08) (0.43,0.00) (0.43,0.14)
(0.55,0.00) (0.46,0.08)  (1,0)  (0.43,0.08) (0.43,0.14)
(0.49,0.08) (0.43,0.00) (0.43,0.08)  (1,0)  (0.63,0.08)
(0.57,0.08) (0.43,0.14) (0.43,0.14) (0.63,0.08)  (1,0)

(1,0)  (0.49,0.08) (0.49,0.08) (0.49,0.00) (0.63,0.00)
(0.49,0.08)  (1,0)  (0.49,0.08) (0.57,0.08) (0.49,0.08)
(0.49,0.08) (0.49,0.08)  (1,0)  (0.49,0.08) (0.49,0.08)
(0.49,0.00) (0.57,0.08) (0.49,0.08)  (1,0)  (0.49,0.00)
(0.63,0.00) (0.49,0.08) (0.49,0.08) (0.49,0.00)  (1,0)
(0.49,0.08) (0.57,0.08) (0.49,0.08) (0.57,0.08) (0.49,0.08)
(0.55,0.00) (0.49,0.08) (0.46,0.08) (0.49,0.00) (0.55,0.00)
(0.46,0.08) (0.55,0.08) (0.49,0.08) (0.55,0.08) (0.49,0.08)
(0.49,0.0) (0.57,0.08) (0.49,0.08) (0.67,0.00) (0.49,0.00)
(0.49,0.08) (0.57,0.08) (0.49,0.08) (0.63,0.08) (0.49,0.08)

(0.49,0.08) (0.55,0.00) (0.46,0.08) (0.49,0.00) (0.49,0.08)
(0.57,0.08) (0.49,0.08) (0.55,0.08) (0.57,0.08) (0.57,0.08)
(0.49,0.08) (0.46,0.08) (0.49,0.08) (0.49,0.08) (0.49,0.08)
(0.57,0.08) (0.49,0.00) (0.55,0.08) (0.67,0.00) (0.63,0.08)
(0.49,0.08) (0.55,0.00) (0.49,0.08) (0.49,0.00) (0.49,0.08)

(1,0)  (0.46,0.08) (0.55,0.00) (0.57,0.08) (0.57,0.08)
(0.46,0.08) (1,00  (0.46,0.08) (0.49,0.00) (0.49,0.08)
(0.55,0.00) (0.46,0.08)  (1,0)  (0.49,0.08) (0.55,0.08)
(0.57,0.08) (0.49,0.00) (0.49,0.08)  (1,0)
(0.57,0.08) (0.49,0.08) (0.55,0.08) (0.63,0.08)
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After computation, we have Z® = Z* thus we can make cluster analysis with
Zhang et al. (2007)’s method. The clustering results are shown in Table 2.20 (Wang

etal. 2011).

We can see from Tables2.19 and 2.20 that the netting method can make more

detailed clustering results than Zhang et al. (2007)’s method.

In order to illustrate the computation complexity, we generate an amount of IFVs
at random by MATLAB. Then we measure the computation time before we get the
corresponding matrix that can make cluster analysis for the two methods respectively.

The results are shown in Table2.21 (Wang et al. 2011).
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Table 2.19 The clustering results with the netting method

Alevel Clustering results

067 <xr<1 {ids 2, {vsds {vad {vsh {veds {v7), {vsh, {ve}, {yi0}
0.63 < 1 <0.67 {va, o}, (ih {2} {ysh {vsh {ve}, {v7}, {vs}, {vio}
(0.63,0.14) < A < (0.63,0.08) 1, ys} {va, yo}, {v2)s {3} {veds {v7)s {ys)s {vio}
0.57 < A <0.63 1 ys)s (4. yo. yio)s {2}, {y3)s (e, {y7)s (s}
(0.57,0.22) < A < (0.57,0.08) {1, ys}, {4, yo, yio}s {v2, e, {v3}, {7}, {ys}

0.55 <A <0.57 {1, ys} {v2, y4. y6, y9, y10}, {y3}, {7}, {ys}

0.49 < A <0.55 {1, y5. ¥735 { 2, Y4, Y6, ¥8, ¥9. Y10}, {y3}

(0.49,0.16) < A < (0.49,0.08) {1, ¥s5, y7}, {2, ¥3, ¥4, Y6, ¥85 ¥9, y10}

0<A=<049 {y1, ¥2, ¥3 ¥4, ¥5, Y6, Y7, ¥85 ¥9, Y10}

Table 2.20 The clustering results with Zhang et al. (2007)’s method

Mevel Clustering results

067 <r=<1 {rid 2}, {vsd, {vads {ysh {veds {v7)s (s {yo)s {10}
0.63 < 1 <0.67 {vayo b, (i}, {2 }h {vsh {ysh (el {v7} {ysh {vio}
0.57 <1 <0.63 {v1.ys}, {ya, yo.yio}s {323, {y3}, {vels {y7}s {8}

0.55 <1 <0.57 {y1, ys} {v2, y4. y6, y9, y10}, {y3}, {v7}, {ys}

0.49 <1 <0.55 {1, ¥s5, y7}, {2, ¥3, ¥4, Y6, ¥85 Y9, y1o}

0<A=<049 { y1, ¥2, ¥3, Y4, ¥5, Y6, Y7, ¥85 ¥9, Y10}

Table 2.21 Elapsed time for each method

Alternatives 10 50 100 500 1000 2000
Time(Seconds)

Methods

Netting method ~ 0.000174  0.004637  0.013933  1.585204 11.721117  102.472592
Zhang et al. 0.002361 0.035407 0.167295 10.636214  78.620455 691.554396

(2007)’s method

Let n and m represent the amount of alternatives and attributes, respectively. Then
the computational complexities of our method and Zhang et al. (2007)’s method are
O(mn + 12n%) and O(mn + 12n* + kn?) respectively, where k(k > 2) represents
the transfer times until we get the equivalent matrix. The elapsed time may become
closed as n increases. Considering the practical application, we think the netting
method can save much more time and computational efforts.
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2.9 Direct Cluster Analysis Based on Intuitionistic
Fuzzy Implication

2.9.1 The Intuitionistic Fuzzy Implication Operator
and Intuitionistic Fuzzy Products

Definition 2.35 (Kohout and Bandler 1980, 1984) Let U;(i = 1, 2) be two ordinary
subsets, and L C Uj x U, an ordinary relation. Then for any a, b € U, Lb = {a|aLb}
and aL = {b|aLb} are respectively called a former set and a latter set.

Definition 2.36 (Kohout and Bandler 1980, 1984) Let U;(i = 1, 2, 3) be ordinary
subsets, L1 C Uy x Uz and Ly C U, x Uz, then atriangle product L1 < Ly C Uy x U3
of L; and L, can be defined as:

aLi <Lyc < aly C Lyce, for any (a,c) € Uy x Us (2.196)
Similarly, a square product L; [J L, is defined as:
aLi O Lyc < aly = Lyc, forany (a,c) e U x W (2.197)

where al.; = Lyc if and only if al; C Loc and alL; D Lac.
Wang and Liu (1999) introduced a fuzzy implication operator as follows:

Definition 2.37 (Wang and Liu 1999) Let I; be a binary operation on [0, 1], if
(0,00 =1,0,1)=0;(1,1) =1land I(1,0) =0 (2.198)

then [; is called a fuzzy implication operator.

For any a, b € [0, 1], I1(a, b) is a fuzzy implication operator, which can also be
denoted as a — b. Especially, the well-known Lukasiewicz implication operator is
given as ¢(a, b) = min(1 — a + b, 1), which means that the result of “a imply b” is
min(1 —a+ b, 1).

Motivated by the idea of Definition 2.37, Wang et al. (2012) defined the concept
of intuitionistic fuzzy implication operator:

Definition 2.38 (Wang et al. 2012) Let /; be a binary operation on the set of all
IFVs, V., if

11((0, 1), (0, 1)) =11((0, 1), (1,0)) =11 ((L, 0), (1,0))
=(1,0), 1((1,0),(0,1)=(0,1)

then /; is called an intuitionistic fuzzy implication operator.
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Now we extend Lukasiewicz implication operator to intuitionistic fuzzy environ-
ment. For any two IFVs a = (uq,vy) and B = (g, vg), if we only consider the
membership degrees ity and ug of o and B, then min{1 — uq + g, 1} cannot reflect
the superiority of IFVs, so we should consider the non-memberships v, and vg as
well. Then based on the components of IFVs and the form of Lukasiewicz implica-
tion operator, Wang et al. (2012) defined an intuitionistic fuzzy Lukasiewicz impli-
cation operator ¢ («, 8), whose membership degree and non-membership degree are
expressed as:

min{l, min{l — pq + pug, 1 —vg +ve}} =min{l, 1 — pug + g, 1 —vg + vy}
and
max {0, min{1—(1—pug+png), 1 —(1—vg+vy)}} = max{0, min{uq —ug, vg —va}}
respectively, i.e.,
@(a, B) = (min{l, I — 1o + up, 1 — vg + vo}, max{0, min{ue — pg, vg — val})
(2.199)
Clearly, we need to prove that the value of ¢ («, 8) should satisfy all the conditions
of an IFV. In fact, from Eq.(2.199), we have
min{l, 1 —pe+ug, 1=vg+ve} > 0, max{0, min{uy —ug, vg—ve}} > 0 (2.200)
and since
max {0, min{ug — mg, vg — vo}} = 1 — min{l, max{l — py + pug, I —vg +vy}}
(2.201)
min{l, max{1—pue+pug, 1 =vg+ve}} = min{l, 1 —pg+ug, 1—vg+vy} (2.202)
then

1 —min{l, max{l — e +pug, 1 =vg+ve}}+min{l, 1 — g +ug, 1 —vg+ve} < 1

which indicates that the value of ¢ («, 8) derived by Eq.(2.201) is an IFV.

Example 2.14 (Wangetal.2012)Leta = (0, 1) and 8 = (1, 0), thenby Eq. (2.198),
we have

o, @) = (min{l,1 —=0+0,1 —1+4 1}, max{0, min{O — 0, 1 — 1}}) = (1, 0)
¢(B,8) = (min{l,1 — 1+ 1,1 -0+ 0}, max{0, min{l — 1,0 — 0}}) = (1,0)

¢(a, ) = min{l,1 =0+ 1,1 — 0+ 1}, max{0, min{O — 1,0 — 1}}) = (1, 0)
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¢(B,a) = (min{l,1 —1+0,1 — 14 0}, max{0, min{l — 0, 1 —0}}) = (0, 1)

With the intuitionistic fuzzy Lukasiewicz implication, the traditional triangle
product and the square product (Kohout and Bandler 1980), below we further intro-
duce an intuitionistic fuzzy triangle product and an intuitionistic fuzzy square product
respectively:

Definition 2.39 (Wangetal. 2012) Leto = {ory, @2, ..., 1}, ¥ = {¥1, V2, - - - s Vin}
and B8 = {B1, B2, ..., Bn} bethreesetsof IFVs, Z; € F(axy)andZ; € F(y x ) two
intuitionistic fuzzy relations, then an intuitionistic fuzzy triangle product Z; < Z; €
F(a x B) of Z and Z; can be defined as:

1 < 1 <
(Z1 < 22) (i, By) = (E z MZy (i yi)—>2Z2 (i B) » m Z vz, (Dti,yk)ﬁzz(yk,ﬂj))v

k=1 k=1
forany (a;, B)) € (@, B),i=1,2,....,1; j=1,2,...,n
(2.203)

where “—” represents the intuitionistic fuzzy Lukasiewicz implication.

Similarly, Wang et al. (2012) defined an intuitionistic fuzzy square product
Z1 027, € F(a x B) of Z; and Z; as:

(21 O 22) (oo B) = min (pemin(Z1 (01,7022 0 ), 22 0, )= 21 @172

Vmin(Zy (@i, yk)—Za (k- )22 (v B)) = 21 (Oti,Vk)))

forany (a4, Bj) € (, B),i=1,2,....L;j=1,2,...,n
(2.204)

For convenience, we denote z;; as Z(«;, yx) for short, and the same with others.
As a result, Egs. (2.203) and (2.204) can be respectively simplified as:

] m 1 m
(Z1222) @ B) = | — D Beymzge — D Vaozy (2.205)
j=1 j=1

(21 O 2) (a;, B) = lg}(igm (Mmin(l,‘k*)Zk_/,ij‘)Z,'k)7 Vmin(z,»k%zk,-,zkjﬁzt'k)) (2.206)

Indeed, the intuitionistic fuzzy triangle product and the intuitionistic fuzzy square
product are very closely-related with each other. That is, the former is the basis of
the latter, due to that (Z; O Z)(«;, ;) is directly derived from (Z; <Z3)(«;, B;) and
(Z2 <« Zy)(a;, B)).
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2.9.2 The Applications of Two Intuitionistic Fuzzy Products

In this subsection, we shall apply the intuitionistic fuzzy triangle product to com-
pare any two alternatives in multi-attribute decision making with intuitionistic fuzzy
information, and then use the intuitionistic fuzzy square product to construct an intu-
itionistic fuzzy similarity matrix which is used as a basis for further investigating
intuitionistic fuzzy clustering technique.

Consider a multi-attribute decision making problem, let ¥ and G be as defined
previously. The characteristic (or called attribute value) of each alternative y; under
all the attributes G;(j = 1,2, ..., m) is represented as an IFS:

vi = {(Gj, 11y, (G, vy (GG € GYi= 1,2, ...,m; j=1,2,...,m  (2.207)

where (ty,(Gj) denotes the membership degree of y; to G; and vy,(G;) denotes
the non-membership degree of y; to Gj. Obviously, 7y, (G;)) = 1 — uy,(Gj) —
vy, (Gj) is the uncertainty (or hesitation) degree of y; to G;. If we let z; =
(ij, vij) = (iy;(Gj), vy;(Gj)), which is an IFV, then based on these IFVs z;; (i =
1,2,....n;j=1,2,..., m), we can construct an n X m intuitionistic fuzzy decision
matrix Z = (Zjj)nxm-

2.9.3 The Application of the Intuitionistic Fuzzy Triangle Product

For the above problem, the characteristic vectors of any two alternatives y; and y; are
expressed as Z; = (zi1, 22, - - -» Zim) and Z; = (31, Zj2, - - - » Zjm) respectively. The
implication degree of the alternatives y; and y; can be calculated with the following
intuitionistic fuzzy triangle product:

_ 1 — 1 —
(Zi<z Yy = (; PR vzm,.k) (2.208)
k=1 k=1

which shows the degree that how much the alternative y; is preferred to the alternative

vi, where Z/_l denotes the inverse of Z;, which is defined as (Z; l)kj = ) =

Zjks Mzg—z; and vy, -z, are respectively as shown in Eq. (2.199) for any k.
Similarly, we can calculate

3 1 m 1 m
(Zj <7 i = (E P IyTE—— — > vzjk_)zik) (2.209)
k=1 k=1

which shows the degree that how much the alternative y; is preferred to the alterna-
tive y;.
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From Egs. (2.208), (2.209) and Xu and Yager (2006)’s ranking method, we can
get an ordering of the alternatives y; and y;. Concretely speaking, (1) if (Z; <1Zj_1 )ij >

(Zi<Z; ! )ji» then the alternative y; is preferred to the alternative y;; (2) if (Z; <1Zj_1 )ij =
(Zj <« Zi_l) ji» then there is no difference between the alternatives y; and y;; and (3) if
Zi < Zj_l) i< (Z<Z D) ji» then the alternative y; is preferred to the alternative y;.

Example 2.15 (Wang et al. 2012) We express the evaluation results of the cars
yi (i = 1,2,3,4,5) in Table2.16 as the vectors Z; = (zi1,2i2,...,2i6) (I =
1,2,3,4,5), respectively, where z;; = (u;,vij)) (. = 1,2,3,4,5; j =1,2,3,
4,5,6):

Zi = ((0.3,0.5),(0.6,0.1), (0.4,0.3),(0.8,0.1),(0.1,0.6),(0.5,0.4))
7> = ((0.5,0.3),(0.5,0.2), (0.6,0.1),(0.7,0.1),(0.3,0.6),(0.4,0.3))
Z3 = ((0.4,0.4),(0.8,0.1), (0.5,0.1),(0.6,0.2),(0.4,0.5),(0.3,0.2))
Zs = ((0.2,0.4),(0.4,0.1), (0.9,0.0),(0.8,0.1),(0.2,0.5),(0.7,0.1))
Zs = ((0.5,0.2),(0.3,0.6), (0.6.0.3),(0.7,0.1),(0.6,0.2),(0.5,0.3))

Then we utilize the intuitionistic fuzzy triangle products Egs. (2.208) and (2.209)

to calculate the implication degrees (Z; < ijl)l-j and (Z; < Zfl)ji (i=1,2,3,4,5;
j=1,2,...,6)respectively:

6
Z Vaik—z20)
k=1

AN =

6
B 1
(Z1<Z, D = (8 D ez
k=1

6
1 )
:(6 E min{l, I — g + pok, 1 — vor +vig},
k=1

6
1 .
6 E max{0, min{/1x — (ok, vax — Vlk}})
k=1

=(0.9500, 0.0167)

N =

6
B 1
(Z<Z; Do = (8 D ay—ai
k=1

6
Z Vak—=z1x)
k=1

6
1 )
= (3 E min{l, I — uox + pix, 1 — vig +vai},
k=1

6
1 .
6 E max{0, min{uor — ik, Vixk — Vzk}})
k=1

=(0.8833, 0.0667)
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Similarly, we have

(Z1 «Z5 13 = (0.9333,0.0167), (Z3 < Z; )31 = (0.8333,0.0500)
(Z1 «Z; )14 = (0.9500, 0.000), (Zs <« Z; )41 = (0.8333, 0.1000)

(Z1 <Z5 15 = (0.9000, 0.0500), (Zs < Z; )51 = (0.8167,0.1000)
(Zr <25 M3 = (0.9333,0.0333), (Z3 < Z5 )3 = (0.9167, 0.0333)
(Za <Z; " )oa = (0.9167,0.0167), (Zs <« Z; ' )an = (0.8833, 0.0500)
(Zr <Z5 )25 = (0.9000, 0.0333), (Zs < Z5 )52 = (0.9000, 0.0500)
(Z3 < Z; )34 = (0.8667,0.0000), (Zs < Z3 ")az = (0.8333, 0.0500)
(Z3 <Z5 )35 = (0.8667,0.0833), (Zs <Z5 )53 = (0.8500, 0.0667)
(Zs < Z5 " )45 = (0.8167,0.1000), (Zs < Z; )54 = (0.8833, 0.0833)

According to Xu and Yager (2006)’s ranking method, we know that

(Z <1Zz_1)12 > (L <1Zl_1)21, (Z <1Z3_1)13 > (43 <1Zl_1)31
(Z1<Z e > (Za<Z Dar, 2 <25 s > (Zs <27 s
(Z2<Z5 )3 > (Z3 <2y Vs, (<2 V24 > (Za <2y ao
(22 <1ZS_1)25 > (Zs <1Zg_1)52, (73 <1Z4_1)34 > (Z4 <1Z3_1)43
(Z3 <1Z5_1)35 > (Zs <1Z3_1)53, (Zy <125_1)45 < (Zs<Z;Ysa

from which we get y4 > ys5 > y3 > y2 > y1.

From the above process, we can see that the intuitionistic fuzzy triangle product
can be used to compare the alternatives in multi-attribute decision making with
intuitionistic fuzzy information, but the computational complexity increases rapidly
as the numbers of the alternatives and attributes increase.

2.9.4 The Application of the Intuitionistic Fuzzy Square Product

From Eq.(2.204), we know that the intuitionistic fuzzy square product (Z; [J Z3);;
can be interpreted as: it measures the similarity degree of the ith row of an intu-
itionistic fuzzy matrix Z; and the jth row of an intuitionistic fuzzy matrix R, mathe-
matically. Therefore, considering the problem stated at the beginning of Sect.2.9.2,
(z; Zj_1 )ij reflects the similarity of the alternatives y; and y;. We can use the follow-
ing formula to construct an intuitionistic fuzzy similarity matrix for the alternatives
yvii=1,2,...,n):
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sim(y;, yj) = (Z; U Zjil)ij = lrgnkirgln (Mmin(ZikQij,ij*Zik)’ Vmin(Zik—>Z_/k,ij—>Zik))
(2.210)
Equation (2.210) has the following desirable properties (Wang et al. 2012):
(1) sim(y;,y;)is an IFV.
(2) sim(yi,yi) =(1,0) (1 =1,2,...,n).
(3) sim(yi, yj) = sim(y;, yi) (i,j = 1,2,...,n).
Proof (1) Let’s prove that sim(y;, y;) is an IFV:
Since the results of zjx — zjx and zjx — z;x are all IFVs as proven previously,
then (Mmiﬂ(zz‘k%z/‘k»zj‘k%z,'k)’ Vmi“(zik"ij»ij"Zik)) is an IFV, for any k.

(2) Since

. 1 .
sim(y;, yi) = (Z; U Z,' )i = lglklg (Mmin(zikezik’zikezik)s Vmin(zikezikszikez,-k))
<k<n

and with Definition 2.4, we can easily know that sim(y;, y;) = (1, 0).
(3) Since

. | .
sim(y;, Yj) =(Z 0 Z] )z] = 1r<nk12 (Mmin(zikezjk,szezik)v Vmin(z,-k—>z,~k,zjk—>zik))
=K=n X :

= 1r<nk11<1 (V“min(Z/k—ﬂik,Zik—ﬂjk)’ vmin(zik—’zikvzik—)ij))
Sk<n . . .

(Z; Oz = sim(yy. i)

then sim(y;, y;) = sim(y;, yi) (i,j = 1,2,...,n).

From the analysis above, we can know that Eq.(2.210) satisfies the conditions
of intuitionistic fuzzy similarity relation, and thus, we can use it to construct an
intuitionistic fuzzy similarity matrix.

2.9.5 A Direct Intuitionistic Fuzzy Cluster Analysis Method

After we have gotten an intuitionistic fuzzy similarity matrix R, with this method,
there is no need to seek for its equivalent matrix before doing cluster analysis. Starting
with an intuitionistic fuzzy similarity matrix, we may get the wanted cluster analysis
results as with an intuitionistic fuzzy equivalent matrix, which has been proven
strictly (Luo 1989). Luo (1989) introduced a direct method for clustering fuzzy sets
which can only consider the membership degrees of fuzzy sets. In this section, we
shall introduce a direct intuitionistic fuzzy cluster analysis method, which can take
into account both the membership degrees and the non-membership degrees of IFVs
under intuitionistic fuzzy environments. The method involves the following steps
(Wang et al. 2012):
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Step 1 Let Z = (z;j),xn be an intuitionistic fuzzy similarity matrix, where z;; =
(mij, vij) (A,j = 1,2,...,n) are IFVs, then we select one of the elements of Z to
determine the confidence level A1, which obeys the following principles:

(1) Rank the membership degrees of r;; (i,j = 1,2, ..., n) in descending order,
and then take A1 = (uy,, vi,) = (Wiyj;» Viyjy)» Where w;j, = rr}f}x{ulj}.

(2) If there exist two IFV's (i, , viyj; ) and (g, , Viyj,) in (1), such thatv; j, # vij,
(without loss of generality, let v;,;; < V;,;,), then we choose the first one as Ap, i.e.,
)‘-1 = (Mi1j| s Vi1j|)'

Then, for each alternative y;, we let
AD g —
ilz" = {yjlzij = A1} (2.211)

In this case, y; and all of the alternatives in [yi](zl) are clustered into one type, and
each of the other alternatives is clustered into one type.
Step 2 Choose the confidence level A2 such that Ay = (iy,, Vi,) = (Kigjps Vinja)s

with @, = ‘ _)r;lé?x ' ){Mij} (in particular, if there exist two or more IFVs whose
L) 71,1
membership degrees have the same value (;,,, then we can follow the policy in (2)

of Step 1. Then, we let [y,](zz) = {yjlzij = A2}, in this case, y; and all of alternatives in

[y,-](Zz) are clustered into one type, and each of the other alternatives is clustered into

one type. Merging [y,-](zl) and [yi](Zz), we get [yi](zl’z) = {yjlzij € {*1, A2}}, and thus,

y; and all of the alternatives in [y,-](zl’z) are clustered into one type, and the types of
the other alternatives keep unchanged.

Step 3 Take the other confidence levels and do cluster analysis following the
procedure of Step 2 until all the alternatives are clustered into one type.

From the above processes, we can see that the direct method can realize the cluster
analysis just based on the subscripts of alternatives, and there is even no need to get
the A-cutting matrix, which is a notable advantage of the direct method. In practical
applications, after choosing some proper confidence levels, we just need to confirm
their locations in the intuitionistic fuzzy similarity matrix, and then we can get the
types of the considered objects on the basis of their location subscripts.

Example 2.16 (Wang et al. 2012) We use the same example as Example 2.15, and
utilize the direct method developed above to classify the five cars, which involves
the following steps:

Step 1 By Eq. (2.208), we calculate
. —1 .
sim(yr, y2) = (Z1 0 Z, )12 = 1211326 (Mmin(11k—>12k»22k—>11k)’ vmin(zlk_)ZstZZk_’Zlk))

and get sim(y1, y2) = (0.7,0.2).

Then we calculate the others in a similar way. Consequently, we get the intuition-
istic fuzzy similarity matrix:
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(1,0)  (0.7,0.2) (0.7,0.1) (0.5,0.3) (0.5,0.4)
(0.7,0.2) (1,00 (0.7,0.1) (0.6,0.1) (0.6,0.3)
Zz=1(0.7,0.1) 0.7,0.1) (1,0) (0.6,0.1) (0.5,0.5)
(0.5,0.3) (0.6,0.1) (0.6,0.1) (1,0) (0.6,0.3)
(0.5,0.4) (0.6,0.3) (0.5,0.5) (0.6,0.3) (1,0)

Step 2 Choose the confidence levels properly, and get the corresponding clustering
results with the direct method:

(1) When 0.7 < u;, < 1.0, by Eq.(2.210), we know that there is no value z;;

in R such that z;; = Ay, i.e., [yi](Zl) = ¢. Thus, each car is clustered into one type:

{1}, (2}, {3}, {va} and {ys}.
(2) When 0.6 < u;, < 0.7, we have the following two cases:

(1) z13 = z23 = (0.7,0.1): In this case, by Eq.(2.209), we know that y1, y» and
y3 can be clustered into one type: {y1, y2, y3}. Then, by Step 2 of the clustering
method, we get that the cars y; i = 1,2,3,4,5) are clustered into three types:
V1, y2, y3}, {y4} and {ys}.

(1) z12 = (0.7,0.2): In this case, y; and y; can be clustered into one type. Thus,
by Step 2 of the clustering method, we know that the cars y; (i = 1, 2, 3,4, 5) are
also clustered into three types: {y1, y2, y3}, {va} and {ys}.

(3) When 0.5 < py; < 0.6, we have the following two cases:

(1) z24 = z34 = (0.6,0.1): In this case, y», y3 and y4 can be clustered into one
type. Then, merging the clustering results of (1) and (2), we can see that the cars
yi(i =1,2,3,4,5) are clustered into two types: {y1, y2, ¥3, y4} and {ys}.

(i) z25 = (0.6,0.3): In this case, yp and y5 can be clustered into one type.
Then, merging the clustering results above, it can be obtained that the cars y; (i =
1,2,3,4,5) are clustered into one type: {y1, y2, ¥3, Y4, ¥5}.

Compared with Zhang et al. (2007)’s method, we can know that the direct method
with less calculation amount can have better clustering results.
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