Chapter 1

Matrix Calculus

1.1 Definitions and Notation

We assume that the reader is familiar with some basic terms in linear alge-
bra such as vector spaces, linearly dependent vectors, matrix addition and
matrix multiplication (Horn and Johnson [30], Laub [39]).

Throughout we consider matrices over the field of complex numbers C or
real number R. Let z € C with z =z + iy and =,y € R. Then z = =z — iy.
In some cases we restrict the underlying field to the real numbers R. The
matrices are denoted by A, B, C, D, X, Y. The matrix elements (entries)
of the matrix A are denoted by a;;. For the column vectors we write u, v,
w. The zero column vector is denoted by 0. Let A be a matrix. Then AT
denotes the transpose and A is the complex conjugate matrix. We call A*
the adjoint matrix, where A* := AT. A special role is played by the n x n
matrices, i.e. the square matrices. In this case we also say the matrix is
of order n. I,, denotes the n x n unit matrix (also called identity matrix).
The zero matrix is denoted by 0.

Let V be a vector space of finite dimension n, over the field R of real num-
bers, or the field C of complex numbers. If there is no need to distinguish
between the two, we speak of the field F of scalars. A basis of V is a set
{e1,eq,...,e, } of nlinearly independent vectors of V, denoted by (ej);-‘:l.
Every vector v € V' then has the unique representation

n
VvV = E vjej
j=1

the scalars v;, which we will sometimes denote by (v);, being the compo-
nents of the vector v relative to the basis (e);. As long as a basis is fixed
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2 Matriz Calculus and Kronecker Product

unambiguously, it is thus always possible to identify V' with F". In matrix
notation, the vector v will always be represented by the column vector

Un,
while vT' and v* will denote the following row wectors

VT:(’Ul,UQ,...,Un), v* = (01,02,...,0n)

where & is the complex conjugate of . The row vector v7 is the transpose
of the column vector v, and the row vector v* is the conjugate transpose of
the column vector v.

Definition 1.1. Let C™ be the familiar n dimensional vector space. Let
u,v € C". Then the scalar (or inner) product is defined as

(u,v) := Zﬂjvj.
j=1
Obviously
(u,v) = (v,u)
and
(u; + uy,v) = (ug, v) + (uz,v).

Since u and v are considered as column vectors, the scalar product can be
written in matrix notation as

(u,v) =u*v.

Definition 1.2. Two vectors u,v € C" are called orthogonal if

(u,v) =0.
Example 1.1. Let
-0) ()
) YT
Then (u,v) =0. &
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Matriz Calculus 3

The scalar product induces a norm of u defined by

[ull := v/ (u, w).

In section 1.14 a detailed discussion of norms is given.
Definition 1.3. A vector u € C” is called normalized if (u,u) = 1.

Example 1.2. The vectors

=50) 5wl

are normalized and form an orthonormal basis in the vector space R%2. &

Let V and W be two vector spaces over the same field, equipped with
bases (e;)j_; and (f;);”;, respectively. Relative to these bases, a linear
transformation

AV =W

is represented by the matrix having m rows and n columns

air G2 - Qin
21 Q22 **+ A2n
Am1 Am2 *°* Qmn

The elements a;; of the matrix A are defined uniquely by the relations
m
.Aej:Zaijfi, j:1,2,...,n.
i=1

Equivalently, the jth column vector

a1j
a2j

am]'

of the matrix A represents the vector Ae; relative to the basis (£;)72,. We
call

(CL“ ;o ... am)

the ith row vector of the matrix A. A matrix with m rows and n columns
is called a matrix of type (m,n), and the vector space over the field F
consisting of matrices of type (m,n) with elements in F is denoted by A, .
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4 Matriz Calculus and Kronecker Product

A column vector is then a matrix of type (m, 1) and a row vector a matrix
of type (1,n). A matrix is called real or complex according whether its
elements are in the field R or the field C. A matrix A with elements a;; is
written as

A = (aij)
the first index ¢ always designating the row and the second, j, the column.

Definition 1.4. A matrix with all its elements 0 is called the zero matriz
or null matrix.

Definition 1.5. Given a matrix A € A, ,,(C), the matrix A* € A,, ,,(C)
denotes the adjoint of the matrix A and is defined uniquely by the relations
(Au,v),, = (u,A*v), foreveryueC", veC™

which imply that (A*);; = a;;.

Definition 1.6. Given a matrix A = A,, ,(R), the matrix AT € A,, ,,(R)
denotes the transpose of a matrix A and is defined uniquely by the relations
(Aw, V), = (u, ATv), for every u € R", v € R™

which imply that (AT);; = aj;.
To the composition of linear transformations there corresponds the multi-

plication of matrices.

Definition 1.7. If A = (a;;) is a matrix of type (m,l) and B = (by;) of
type (I, n), their matriz product AB is the matrix of type (m,n) defined by

1
(AB)ZJ = Zaikbkj.
k=1
We have
(AB)T = BT AT, (AB)* = B*A*.
Note that AB # BA, in general, where A and B are n X n matrices.

Definition 1.8. A matrix of type (n,n) is said to be square, or a matrix
of order m if it is desired to make explicit the integer n; it is convenient to
speak of a matrix as rectangular if it is not necessarily square.

Definition 1.9. If A = (a;;) is a square matrix, the elements a,; are called
diagonal elements, and the elements a;;,7 # j, are called off-diagonal ele-
ments.
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Matriz Calculus 5

Definition 1.10. The identity matriz (also called unit matriz) is the
square matrix

IR ((S”)

Definition 1.11. A square matrix A is invertible if there exists a matrix
(which is unique, if it does exist), written as A~! and called the inverse of
the matrix A, which satisfies

AAT P =A"tA=1T.
Otherwise, the matrix is said to be singular.
Recall that if A and B are invertible matrices then
(AB)™' = B~'A~, (AT)=1 = (A~ 1T | (A*)~1 = (A~ Yy,
Definition 1.12. A square matrix A is symmetric if A is real and A = AT,
The sum of two symmetric matrices is again a symmetric matrix.

Definition 1.13. A square matrix A is skew-symmetric if A is real and
A=—-AT,

Every square matrix A over R can be written as sum of a symmetric matrix
S and a skew-symmetric matrix 7', i.e. A =T +S. Thus

1 1
S=_(A+AT), T=_(A-A"T).
2 2
Definition 1.14. A square matrix A over C is Hermitian if A = A*.
The sum of two Hermitian matrices is again a Hermitian matrix.
Definition 1.15. A square matrix A over C is skew-Hermitian if A = —A*.
The sum of two skew-Hermitian matrices is again a skew-Hermitian matrix.

Definition 1.16. A Hermitian n X n matrix A is positive semidefinite if
u'Ax >0

for all nonzero u € C".

Example 1.3. The 2 x 2 matrix
A 11
11
is positive semidefinite. &
MATRIX CALCULUS AND KRONECKER PRODUCT - A Practical Approach to Linear and Multilinear Algebra (Second Edition)

© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/8030.html



6 Matriz Calculus and Kronecker Product

Let B be an arbitrary m x n matrix over C. Then the n x n matrix B*B
is positive semidefinite.

Definition 1.17. A square matrix A is orthogonal if A is real and
AAT = ATA=1T.

Thus for an orthogonal matrix A we have A=' = AT. The product of
two orthogonal matrices is again an orthogonal matrix. The inverse of an
orthogonal matrix is again an orthogonal matrix. The orthogonal matrices
form a group under matrix multiplication.

Definition 1.18. A square matrix A is unitary if AA* = A*A=1.

The product of two unitary matrices is again a unitary matrix. The inverse
of a unitary matrix is again a unitary matrix. The unitary matrices form
a group under matrix multiplication.

Example 1.4. Consider the 2 x 2 matrix

0 —i
o=\, 0

The matrix o, is Hermitian and unitary. We have o = 0, and o, =0, L

Furthermore 05 = I5. The matrix is one of the Pauli spin matrices. &

Definition 1.19. A square matrix is normal if AA* = A*A.
0 i
A =
(%)
01
B =
(60)

is not a normal matrix. Note that B* B is normal. &

Example 1.5. The matrix

is normal, whereas

Normal matrices include diagonal, real symmetric, real skew-symmetric,
orthogonal, Hermitian, skew-Hermitian, and unitary matrices.

Definition 1.20. A matrix A = (a;;) is diagonal if a;; = 0 for ¢ # j and
is written as

A = diag(a;;) = diag(ai1, azz2, .-, Qnn)-
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Matriz Calculus 7

The matrix product of two n x n diagonal matrices is again a diagonal
matrix.

Definition 1.21. Let A = (a;;) be an m x n matrix over a field F. The
columns of A generate a subspace of F™, whose dimension is called the
column rank of A. The rows generate a subspace of F” whose dimension
is called the row rank of A. In other words: the column rank of A is the
maximum number of linearly independent columns, and the row rank is
the maximum number of linearly independent rows. The row rank and the
column rank of A are equal to the same number r. Thus r is simply called
the rank of the matrix A.

Example 1.6. The rank of the 2 x 3 matrix

123
A =
(4 5 6)
is 7(A) = 2. The rank of the matrix product of two matrices cannot exceed

the rank of either factors. &

Definition 1.22. The kernel (or null space) of an m x n matrix A is the
subspace of vectors x in C" for which Ax = 0. The dimension of this
subspace is the nullity of A.

Example 1.7. Consider the matrix

11
A= .
Then from the linear equation Ax = 0 we obtain z1; + zo = 0. The null

space of A is the set of solutions to this equation, i.e. a line through the
origin of R2. The nullity of A is equal to 1. &

Definition 1.23. Let A, B be n x n matrices. Then the commutator of A
and B is defined by

[A,B]:= AB — BA.
Obviously we have [A, B] = —[B, A] and if C is another n x n matrix
[A,B+C|=1[A,B]+[4,C].

Let A, B be nxn matrices. Then the anticommutator of A and B is defined
by

[A,B], == AB + BA.
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8 Matriz Calculus and Kronecker Product

Exercises. (1) Let A, B be n X n upper triangular matrices. Can we
conclude that AB = BA?

(2) Let A be an arbitrary n X n matrix. Let B be a diagonal matrix. Is
AB = BA?

(3) Let A be a normal matrix and U be a unitary matrix. Show that U* AU
is a normal matrix.

(4) Show that the following operations, called elementary transformations,
on a matrix do not change its rank:

(i) The interchange of the i-th and j-th rows.

(ii) The interchange of the i-th and j-th columns.

(5) Let A and B be two square matrices of the same order. Is it possible
to have AB 4+ BA =07

(6) Let Ag, 1 <k < m, be matrices of order n satisfying

Z A = 1.
k=1
Show that the following conditions are equivalent
(1) Ak = (Ak)2, 1 < k <m
(ii) AgAj=0fork#1, 1<kl<m
(iii) r(Ar) =n
k=1

where r7(A) denotes the rank of the matrix A.

(7) Prove that if A is of order m x n, B is of order n x p and C' is of order
p X q, then

A(BC) = (AB)C.

(8) Let S be an invertible n x n matrix. Let A be an arbitrary n x n matrix
and A = SAS™!. Show that A2 = SA%2S~1.
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Matriz Calculus 9

1.2 Matrix Operations

Let F be a field, for example the set of real numbers R or the set of complex
numbers C. Let m, n be two integers > 1. An array A of numbers in F

a1 aiz2 ai3 ... Qin
a21 Aa22 Aa23 ... 42n

= (as;)
Am1 Gm2 Am3 -+« Amn

is called an m x n matriz with entry a;; in the ith row and jth column. A
row vector is a 1 X n matrix. A column vector is an n x 1 matrix. We have
a zero matriz, in which a;; = 0 for all 7, j.

Let A = (a;;) and B = (b;;) be two m x n matrices. We define A+ B to be
the m x n matrix whose entry in the i-th row and j-th column is a;; + b;;.
The m x n matrices over a field F form a vector space.

Matrix multiplication is only defined between two matrices if the number of
columns of the first matrix is the same as the number of rows of the second
matrix. If A is an m X n matrix and B is an n X p matrix, then the matrix
product AB is an m X p matrix defined by

n

(AB)lj = Z airbrj
r=1
for each pair ¢ and j, where (AB);; denotes the (i, j)th entry in AB.
Let A = (a;;) and B = (b;;) be two m x n matrices with entries in some

field. Then their Hadamard product is the entry-wise product of A and B,
that is the m x n matrix A e B whose (7, j)th entry is a;;b;;.

() o)

Example 1.8. Let

Then
3i—1
A+B=
0 =2
2 —
Ae B =
-10
1+2 —1
AB = | . .
1—2 1 &
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10 Matrixz Calculus and Kronecker Product

1.3 Linear Equations

Let A be an m x n matrix over a field F. Let b, ..., b,, be elements of the
field F. The system of equations

a1171 + @122 + - -+ @1pTy = by

a2121 + a22%2 + -+ + A2 Ty, = by

11 + AmaTa + -+ + A Tn = by
is called a system of linear equations. We also write Ax = b, where x and
b are considered as column vectors. The system is said to be homogeneous
if all the numbers by, ..., b, are equal to 0. The number n is called the
number of unknowns, and m is called the number of equations. The system
of homogeneous equations also admits the trivial solution

Ty =x0=---=x, =0.

A system of homogeneous equations of m linear equations in n unknowns
with n > m admits a nontrivial solution. An under determined linear sys-
tem is either inconsistent or has infinitely many solutions.

An important special case is m = n. Then for the system of linear equations
Ax = b we investigate the cases A" exists and A~! does not exist. If A~!
exists we can write the solution as

x = A"'b.
If m > n, then we have an overdetermined system and it can happen that
no solution exists. One solves these problems in the least-square sense.
Example 1.9. Consider the system of linear equations
3ry —x9 = —1
To—x3 =0
T, + o + 23 = 1.

These equations have the matrix representation

3-10 1 -1

01 -1 o = 0

11 1 T3 1
with solution z; = f%, To = % and x3 = %. &
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Matriz Calculus 11

1.4 Trace and Determinant

In this section we introduce the trace and determinant of a n x n matrix
and summarize their properties.

Definition 1.24. The trace of a square matrix A = (a;j) of order n is
defined as the sum of its diagonal elements

tr(A) = Z aj]-.
j=1

Example 1.10. Let

Then tr(A) = 0. )

The properties of the trace are as follows. Let a,b € C and let A, B and C
be three n x n matrices. Then

tr(aA + bB) = atr(A) + btr(B)
tr(AT) = tr(A)
tr(AB) = tr(BA)
tr(A) = tr(STLAS) S nonsingular n X n matrix
tr(A*A) = tr(AA")
tr(ABC) = tr(CAB) = tr(BCA).

Thus the trace is a linear functional. From the third property we find that
tr([4,B]) =0

where [, ] denotes the commutator. The last property is called the cyclic
invariance of the trace. Notice, however, that

tr(ABC) # tr(BAC)
in general. An example is given by the following matrices
10 01 00
=(oo) 2= (o) e=(5)

We have tr(ABC) = 1 but tr(BAC) = 0.
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12 Matrixz Calculus and Kronecker Product

If A;, j=1,2,...,n are the eigenvalues of the n X n matrix A (see section
1.5), then

tr(A) => "%, (A% => A2
j=1 j=1

More generally, if p designates a polynomial of degree r

pla) = aa’
j=0

then .
tr(p(A) =Y p(Ax).
Moreover we find =
tr(AA*) =tr(A*A) = z": la;r? > 0.
jyk=1

Thus /tr(AA*) is a norm of A.

A:(?Bi).

Then AA* = I, where I5 is the 2 x 2 identity matrix. Thus ||4| = V2. &

Example 1.11. Let

Let x, y be column vectors in R”. Then
xTy = tr(xy”) = tr(yxT).
Let A an n x n matrix over R. Then we have
xT Ay = tr(AyxT).

Next we introduce the definition of the determinant of an n x n matrix.
Then we give the properties of the determinant.

Definition 1.25. The determinant of an n xn matrix A is a scalar quantity
denoted by det(A) and is given by

det(A) = Z p(jl,jg,...,jn)a1j1a2j2 ...anjn
J1,J25-5dn
where p(j1,72,---,Jn) i a permutation equal to +1 and the summation
extends over n! permutations ji, jo, ..., j, of the integers 1,2,... n. For

an n X n matrix there exist n! permutations. Therefore

p(j17j27' .. 7.711) = Sign H (.77‘ _JS)
1<s<r<n
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Matriz Calculus 13

Example 1.12. For a matrix of order (3,3) we find
p(1,2,3)=1, p(1,3,2)=-1,p(3,1,2) =1
p(3,2,1) = —1,p(2,3,1) =1, p(2,1,3) = —1.
Then the determinant for a 3 x 3 matrix is given by

a1 ai2 ai3
det | a21 a2z as3 | = ai1a22a33 — a11a23a32 + a13G21a32
a31 a3z ass
—a13022031 + A12023031 — A12021033.
Definition 1.26. We call a square matrix A a nonsingular matrix if
det(A) £ 0

whereas if det(A) = 0 the matrix A is called a singular matrix.

If det(A) # 0, then A~1 exists. Conversely, if A~! exists, then det(A) # 0.

(i)

is nonsingular since its determinant is —1, and the matrix

(00)

is singular since its determinant is 0. &

Example 1.13. The matrix

Next we list some properties of determinants.

1. Let A be an n x n matrix and A" the transpose. Then
det(A) = det(AT).

Example 1.14.

10 ~-1 121
det {21 0 ) =det{ 0 1-1] =5.
1-12 -10 2
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14 Matrixz Calculus and Kronecker Product

Remark. Let
0—1
A= ( 0 ) |
Then
01 - 01
AT = A*= AT = :
(%) (o)

Obviously

det(A) # det(A*).
2. Let A be an n x n matrix and o € R. Then
det(aA) = o™ det(A).
3. Let A be an n x n matrix. If two adjacent columns are equal, i.e.
Aj = Ajiq for some j =1,2,...,n — 1, then det(A) = 0.

4. If any vector in A is a zero vector then det(A) = 0.

5. Let A be an n X n matrix. Let j be some integer, 1 < j < n. If the j-th
and (j + 1)-th columns are interchanged, then the determinant changes by
a sign.

6. Let Ay, ..., A, be the column vectors of an n x n matrix A. If they are
linearly dependent, then det(A) = 0.

7. Let A and B be n x n matrices. Then
det(AB) = det(A) det(B).
8. Let A be an n x n diagonal matrix. Then

det(A) = 11022 App-

9. (d/dt)det(A(t)) = sum of the determinants where each of them is ob-
tained by differentiating the rows of A with respect to ¢ one at a time, then
taking its determinant.

Proof. Since
det(A(t)) = > pj1,-- - dn)ars, () - anj, (t)
jla“-:jn

we find
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Matriz Calculus 15

d ) da
L act(am) = Y plre- i) Wy, 1)y, 1)+
j17"'7j7l
) . dag;, (t)
+_Z P(Jl,---yjn)aljl(f)ﬁ"'anjn(t)Jr"'
NMERTERD JIn
dan;, (t
+ Z .717“'7.771 aljl(t)"'anfljn,l(t)#()'
J1seesdn D

Example 1.15. We have
d et cost et —sint et cost
— det = det det .
dt ¢ (1 Sint2> ¢ (1 sint2)+ ¢ (0 2tcost2>

10. Let A be an invertible n x n symmetric matrix over R. Then

det(A +vvT)

TA—l —
vay det(A)

-1

for every vector v € R™.

01 1
-0 ()
Then A—! = A and therefore

vIiA=lv = 2.

11
T _
W= (] 1)
and det(A) = —1 we obtain

det(A +vvT)
det(A)

Example 1.16. Let

Since

—1=2.

11. Let A be an n x n matrix. Then
det(exp(A)) = exp(tr(A)).

12. The determinant of a diagonal matrix or triangular matrix is the prod-
uct of its diagonal elements.
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16 Matrixz Calculus and Kronecker Product

13. Let A be an n X n matrix. Let A1, Ag,..., A\, be the eigenvalues of A
(see section 1.5). Then

det(A) = )\1)\2 s )\n

14. Let A be a Hermitian matrix. Then det(A) is a real number.

15. Let U be a unitary matrix. Then
det(U) = €'
for some ¢ € R. Thus |det(U)| = 1.

16. Let A, B, C be n x n matrices and let 0 be the n x n zero matrix. Then

det (g g) — det(A) det(B).

17. The determinant of the matrix

blag()... 0 0
711)2(13... 0 0
A, = T n=12,...
0 00 ...bp—10n
0 00... =11b,

satisfies the recursion relation
det(A,,) = by det(Ap_1) + ap det(A,—2), det(Ag) =1, det(4;) =10,

where n =2,3,....

18. Let A be a 2 x 2 matrix. Then

det(lo + A) =1+ tr(A) + det(A).
19. Let A be an invertible n x n matrix, i.e. det(A) # 0. Then the inverse
of A can be calculated as

(A)) = a(j)jk In(det(A)).
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Matriz Calculus 17

Exercises. (1) Let X and Y be n x n matrices over R. Show that
(X,Y) :=tr(XYT)
defines a scalar product, i.e. prove that (X,X) > 0, (X,Y) = (Y, X),
(cX,)Y)=¢c(X,Y) (ceR), X +Y,2)=(X,2)+ (Y, Z).
(2) Let A and B be n x n matrices. Show that
tr([4,B]) =0
where [, | denotes the commutator (i.e. [A, B] := AB — BA).

(3) Use (2) to show that the relation
[A, B] = A, recC
for finite dimensional matrices can only be satisfied if A = 0. For certain

infinite dimensional matrices A and B we can find a nonzero .

(4) Let A and B be n x n matrices. Suppose that AB is nonsingular. Show
that A and B are nonsingular matrices.

(5) Let A and B be n x n matrices over R. Assume that A is skew-
symmetric, i.e. AT = —A. Assume that n is odd. Show that det(A4) = 0.

(6) Let

Aqy A12)
A =
<A21 Ago
be a square matrix partitioned into blocks. Assuming the submatrix Ay
to be invertible, show that
det(A) = det(All) det(AQQ - A21A1_11A12).

(7) A square matrix A for which A™ = 0, where n is a positive integer, is
called nilpotent. Let A be a nilpotent matrix. Show that det(A) = 0.

(8) Let A be an n x n skew-symmetric matrix over R. Show that if n is
odd then det(A) = 0. Hint. Apply det(A) = (—1)™ det(A).

(9) Let A be an n x n matrix with A% = I,,. Calculate det(A).
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18 Matrixz Calculus and Kronecker Product

1.5 Eigenvalue Problem

The eigenvalue problem plays a central role in theoretical and mathematical
physics (Steeb [60; 61]). We give a short introduction into the eigenvalue
calculation for finite dimensional matrices. In section 2.6 we study the
eigenvalue problem for Kronecker products of matrices.

Definition 1.27. A complex number A is said to be an eigenvalue (or
characteristic value) of an n x n matrix A, if there is at least one nonzero
vector u € C” satisfying the eigenvalue equation

Au = Au, u # 0.
Each nonzero vector u € C” satisfying the eigenvalue equation is called an
eigenvector (or characteristic vector) of A with eigenvalue .
The eigenvalue equation can be written as
(A=X)u=0

where I is the n X n unit matrix and 0 is the zero vector.

This system of n linear simultaneous equations in u has a nontrivial solution
for the vector u only if the matrix (A — AI) is singular, i.e.
det(A — M) =0.

The expansion of the determinant gives a polynomial in A of degree equal
to m, which is called the characteristic polynomial of the matrix A. The n
roots of the equation det(A — AI) = 0, called the characteristic equation,
are the eigenvalues of A.

Definition 1.28. Let A be an eigenvalue of an n x n matrix A. The vector
u is a generalized eigenvector of A corresponding to A if

(A= A)"u=0.
The eigenvectors of a matrix are also generalized eigenvectors of the matrix.

Theorem 1.1. Fvery n X n matrix A has at least one eigenvalue and cor-
responding eigenvector.

Proof. We follow the proof in Axler [2]. Suppose v € C"\ {0}. Then
{v,Av,...,A"v} must be a linearly dependent set of vectors, i.e. there
exist cg,...,c, € C such that

cov+cAv+ -+, Av =0.
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Matriz Calculus 19

Let m € {0,1,...,n} be the largest index satistying ¢,, # 0. Consider the
following polynomial in x and its factorization over C:

cotar+ - e =cpm(z—xo)(x—21) (T — 24)
for some zg, ..., 2, € C (i.e. the roots of the polynomial). Then
coV+ 1 Av+ -+ AV = e (A — xo L) (A — a1 1y,) - - - (A — 2z, I,)v = 0.
It follows that there is a largest j € {0,1,...,m} satisfying
(A= 2,1) [(A— 2y L) - (A — 2 L,)v] = 0.

This is a solution to the eigenvalue equation, the eigenvalue is ; and the
corresponding eigenvector is

(A—zjpiln) - (A—anl,)v.
Definition 1.29. The spectrum of the matrix A is the subset
sp(4) = [J{Ni(4)}
i=1

of the complex plane. The spectral radius of the matrix A is the nonnegative
number defined by
o(A) := max{ [\;(4)] : 1<j<n}.
If \ € sp(A), the vector subspace
{veV:Av=2J\v}

(of dimension at least 1) is called the eigenspace corresponding to the eigen-
value A.

Example 1.17. Let
0—i
A= .
()

det(A— M) =X\ —1=0.

Then

Therefore the eigenvalues are given by A\; = 1, \a = —1. To find the
eigenvector of the eigenvalue A\; = 1 we have to solve

()G =)
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20 Matrixz Calculus and Kronecker Product

Therefore uo = 7u; and the eigenvector of \; =1 is given by

- ()

For Ao = —1 we have

and hence

we (1)

We see that (ug,u2) = uju; = 0. Both eigenvectors are not normalized. &

A special role in theoretical physics is played by the Hermitian matrices.
In this case we have the following theorem.

Theorem 1.2. Let A be a Hermitian matriz, i.e. A* = A, where A* = AT.
The eigenvalues of A are real, and two eigenvectors corresponding to two
different eigenvalues are mutually orthogonal.

Proof. The eigenvalue equation is Au = \u, where u # 0. Now we have
the identity

(Au)'u=u*A"u=u"(4"u) = u*(Au)

since A is Hermitian, i.e. A = A*. Inserting the eigenvalue equation into
this equation yields

(Au)*u = u*(Au)B or A(u*u) = A(u*u).

Since u*u # 0, we have A = X and therefore A must be real. Let
Au1 = /\11117 AUQ = /\2112.

Now
)\1(111,112) = ()\111171,12) = (Aul,llz) = (ul,AUQ) = (ul,)\gug) = )\2(111,112) .
Since A1 # Ag, we find that (uy,uz) =0. O
Theorem 1.3. The eigenvalues A; of a unitary matriz U satisfy |A;| = 1.
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Matriz Calculus

Proof. Since U is a unitary matrix we have U* = U~!, where U !

inverse of U. Let
Uu = Au
be the eigenvalue equation. It follows that
(Uu)* = (Au)* or u*U* = \u*.
Thus we obtain
w*U*Uu = AMu*u.
Owing to U*U = I we obtain

u*u = AMutu.

21

is the

Since u*u # 0 we have A\ = 1. Thus the eigenvalue A can be written as

A = explia), acR.
Thus || = 1.

O

Theorem 1.4. If x is an eigenvalue of the n X n normal matriz A cor-
responding to the eigenvalue X\, then x is also an eigenvalue of A* corre-

sponding to the eigenvalue \.
Proof. Since (A— A,,)x =0 and AA* = A*A we find
((A* = NL)x, (A* — an)x) = [(A* = IL,)x]" [(A* — x|

x(A= AL, >< L)x
(A~ L) (A~ M)
= x*(A* — I,)0 =

Consequently (A* — \I,,)x =

Theorem 1.5. The eigenvalues of a skew-Hermitian matriz (A*
can only be 0 or (purely) imaginary.

The proof is left as an exercise to the reader.
Example 1.18. The skew-Hermitian matrix

4= (00)

has the eigenvalues +i.
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22 Matrixz Calculus and Kronecker Product

Now consider the general case. Let A be an eigenvalue of A with the cor-
responding eigenvector x, and let o be an eigenvalue of A* with the corre-
sponding eigenvector y. Then

x*A'y = (x* Ay = (Ax)*y = (\x)*y = \x*y
and
x*A'y =x*(Ay) = px7y.
It follows that x*y =0 or A = p.

01
A= .
(o)
Both eigenvalues of A are zero. We have
«_ (00
o).

Both eigenvalues of A* are also zero. The eigenspaces corresponding to the
eigenvalue 0 of A and A* are

() <001
() <00

respectively. Obviously both conditions above are true. The eigenvalues of
A*A and AA* are given by 0 and 1. &

Example 1.19. Consider

and
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Matriz Calculus 23

Exercises. (1) Let A be an n x n matrix over C. Show that the eigenvec-
tors of A corresponding to distinct eigenvalues are linearly independent.

(2) Show that
tr(A) =D N(4),  det(4) = H A (A).

(3) Let U be a Hermitian and unitary matrix. What can be said about the
eigenvalues of U?

(4) Let A be an invertible matrix whose elements, as well as those of A™1,
are all nonnegative. Show that there exists a permutation matrix P and a
matrix D = diag (d;), with d; positive, such that A = PD (the converse is
obvious).

(5) Let A and B be two square matrices of the same order. Show that the
matrices AB and BA have the same characteristic polynomial.

(6) Let a,b,c € R. Find the eigenvalues and eigenvectors of the symmetric
4 x 4 matrix

ab00
cab0
Ocabd
0O0ca

(7) Let a1, ag,...,a, € R. Show that the eigenvalues of the matrix

ayp a2 ag--- Ap-1 0an
Gp Q1 G2 * -+ Gp—2 Ap—1
Qp—1 Ap A1 *** Ap-3 Gp—2
A=
as a4 05 -+ a1 Qa2
a2 A3 Q4 -+ Qp a1

called a circulant matriz, are of the form
g1 = a1 + a2&y + azéf + -+ an &, [=0,1,...,n—1

where & = e2iml/n,
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24 Matrixz Calculus and Kronecker Product

1.6 Cayley-Hamilton Theorem
The Cayley-Hamilton theorem states that the matrix A satisfies its own
characteristic equation, i.e.

(A—=MI,) - (A= XM1n) = Opxn

where 0,,y,, is the n x n zero matrix. Notice that the factors commute.

In this section we follow Axler [2].

Definition 1.30. An n X n matrix A is upper triangular with respect to a
basis {v1,...,vp} C C" , where m < n, if
Av; € span{vy,...,v;}, i=1,...,m.

Theorem 1.6. For every n xXn matriz A there exists a basis V' for C™ such
that A is upper triangular with respect to V.

Proof. Let v be an eigenvector of A. The proof that every matrix A is
upper triangular is by induction. The case n = 1 is obvious. Consider the
subspace

U={(A—z;I,)x : xeC"}.
ForallueU
Au= (A—-z;l,)u+zjueclU

since (A — 2;I,)u € U by definition. Since z; is an eigenvalue of A we
have det(A — z;I,,) = 0 so that dim(U) < n. The induction hypothesis
is that any square matrix is upper triangular with respect to a basis for a
(sub)space with dimension less than n. Consequently A has a triangular
representation on U. Let {v1,...,vaimp } be a basis for U and {vy,...,v,}
be a basis for C". We have for k € {dimU +1,...,n}

Avy = (A —x;1,)Vi + xjvi € span{Vy,..., VdimU, Vi }
where
span{vy,...,Vaimu, Vi } C span{vy,..., vy}

and (A — z;I,)vi € U by definition. It follows that A is upper triangular
with respect to

V:{vl,...,vn}.
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Matriz Calculus 25

If A has a triangular representation with respect to some basis we can find a
triangular representation with respect to an orthonormal basis by applying
the Gram-Schmidt orthonormalization process (see section 1.17).

Theorem 1.7. FEvery n x n matriz A satisfies its own characteristic equa-
tion

(A - A1In) T (A - A’rLIn) = Onxn
where O xn, @S the n X n zero matriz, and A1, ..., A\, are the eigenvalues

of A.

Proof. Let A be triangular with respect to the basis {vy,...,v,} C C"
for C". Thus vy is an eigenvector of A corresponding to an eigenvalue, say
Aj,. Consequently (A — \j, I,,)vi = 0. Now suppose

k
(A= ML) (A= Ny L) - (A= A L) vie = (H(A - AjJn)) vy =0
p=1
for k =1,2,...,r. Now Av, 1 € span{vy,va,...,V,41} so that Av,; =
u + av,41 for some u € span{vy,...,v,.},a € C. The supposition above
(induction hypothesis) implies

k
(H(A - )\jkIn)> u=0

p=1
so that

k k
(H(A - /\jkjn)> AV =« (H(A - )‘jkln)> Vil
p=1

p=1
which simplifies to

k
(A—al,) <HA NjiIn) >vr+1=0
p=1

since A commutes with (A4 — cI,,) (c € C). Thus either

k
(H(A — )\jk‘[n)> Vyy1l = 0

p=1
or o is an eigenvalue, say A; ., of A. If the first case holds a re-ordering
of the basis {v1,...,v,} postpones the arbitrary choice of A; ,,. In either
case, we have shown by induction that
n
[[A-XL) |vi=0,  k=12..n
p=1
Since {vy,...,v,} is a basis we must have
n
JTA=Xl) = (A= \I) - (A= M) = Opcn.
p=1 (Il
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26 Matrixz Calculus and Kronecker Product

1.7 Projection Matrices

First we introduce the definition of a projection matrix and give some of its
properties. Projection matrices (projection operators) play a central role
in finite group theory in the decomposition of Hilbert spaces into invariant
subspaces (Steeb [60; 61; 57]).

Definition 1.31. An n x n matrix II is called a projection matriz if
II=11"

and
II? =1L

The element ITu (u € C") is called the projection of the element u.

Example 1.20. Let n =2 and

10 00
m=(oo) = (01)

Then I} = II;, 113 = II;, 115 = II, and 113 = II,. Furthermore II;II; = 0

and
m()=(5) m=()-()
2 2 2 &
Theorem 1.8. Let I1; and Iy be two n X n projection matrices. Assume
that 111115 = 0. Then
(Hlu, ng) =0.
Proof. We find

(IT1u, IIou) = (II;u)*(IIu) = (u*I})(Ilou) = u*(II;IIz)u = 0. 0

Theorem 1.9. Let I,, be the nxn unit matriz and I1 be a projection matriz.
Then I,, — 11 is a projection matriz.

Proof. Since

(I, —T)* = —1I* =1, - II

and

(I, -1)?*= (I, -I)(I, -1) =1, - -+l =1, —1I
we find that I, — I is a projection matrix. (|
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Matriz Calculus 27

Theorem 1.10. The eigenvalues \; of a projection matriz I are given by
Aj € {0,1}.

Proof. From the eigenvalue equation ITu = Au we find
II(TTu) = (IIII)u = Au.
Using the fact that I1? = II we obtain
ITu = \u.
Thus A = A? since u # 0 and hence A € {0, 1}. O

Theorem 1.11. (Projection Theorem.) Let U be a nonempty, convez,
closed subset of the vector space C™. Given any element w € C"™, there
exists a unique element Ilw such that

IIweU and |w-—Iw| = ‘}IelfU [|lw —v].
This element lIw € U satisfies
(MIw —w,v—TIw) >0 for everyv eU
and, conversely, if any element u satisfies
uelU and (u,v—u)>0 foreveryvelU
then u = llw . Furthermore
[Tha — Tv || < flu—v]|.
For the proof refer to Ciarlet [13].
Let u be a nonzero normalized column vector. Then uu* is a projection
matrix, since (uu*)* = uu* and
(uu*)(uu*) = u(u*u)u* = uu”.

If u is the zero column vector then uu* is the square zero matrix which is
also a projection matrix.
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28 Matrixz Calculus and Kronecker Product

Exercises. (1) Show that the matrices
1/11 171 -1
I, == I, = =
! 2(11)’ ? 2(1 1)
are projection matrices and that 1I;1Is = 0.

(2) Is the sum of two n X n projection matrices an n X n projection matrix?

(3) Let A be an n x n matrix with 42 = A. Show that det(A) is either
equal to zero or equal to 1.

(4) Let
1111
111111
B=7111111
1111
and
1 0
u= 0 v = 0
o’ 1o
0 1
Show that

[Thu — T[] < [ju—v].

(5) Consider the matrices

()6 e

Show that [4, Io] = 0 and [A, C] = 0. Show that I,C = C, CI = C, CC —
I. A group theoretical reduction (Steeb [60; 61]) leads to the projection

matrices
1/11 1/1 -1
H1_2<11>’ H2_2<—1 1)'

Apply the projection operators to the standard basis to find a new basis.
Show that the matrix A takes the form

()

within the new basis. Notice that the new basis must be normalized before
the matrix A can be calculated.

MATRIX CALCULUS AND KRONECKER PRODUCT - A Practical Approach to Linear and Multilinear Algebra (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/8030.html



Matriz Calculus 29

1.8 Fourier and Hadamard Matrices

Fourier and Hadamard matrices play an important role in spectral analysis
(Davis [15], Elliott and Rao [18], Regalia and Mitra [47]). We give a short
introduction to these types of matrices. In sections 2.8 and 3.16 we discuss
the connection with the Kronecker product.

Let n be a fixed integer > 1. We define

<2m'> <27T> . <27r>
w:=exp|— | =cos| — ) +ism|—
n n n

where ¢ = /—1. w might be taken as any primitive n-th root of unity. It
can easily be proved that

w" =1

ww = 1

w=w""!

W = w k=

and
l4wHw?+-+w"'=0

where w is the complex conjugate of w.

Definition 1.32. By the Fourier matriz of order n, we mean the matrix
F(= F,) where

1 1 1 . 1
1 ; , 1 ! w2 wj uz)(z_—ll)
F* .= ﬁ(w(l_lm_l)) = NG 1w w ew
1L w1 2=1) ... g(n—D)(n—1)
where F'* is the conjugate transpose of F'.
The sequence w*, k = 0,1,2..., is periodic with period n. Consequently

there are only n distinct elements in F'. Therefore F™* can be written as

1 1 1 -1
1w w? o
1 —
F* — 1 ’LU2 w4 oo 2
vn .
1wt wn2 w
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30 Matrixz Calculus and Kronecker Product

The following theorem can easily be proved
Theorem 1.12. F is unitary, i.e.
FF*=F*F =1, — F ! =F*.

Proof. This is a result of the geometric series identity

= 1—wj—k oAk

A second application of the geometrical identity yields

F2=pF*=|00---10]| = g2
01--- 0
This means F*? is an n x n permutation matrix.
Corollary 1.1.
F**=1,, F3 =F4YF)'=1,F=F.

Corollary 1.2. The eigenvalues of F' are +1, +i, with appropriate multi-
plicities.

The characteristic polynomials f(\) of F*(= F¥) are as follows

n=0 modulo 4, f(A)=\—-12AN—i)A+1)\—1)/D-1
n=1 modulo 4, f(\)=(\—1)(\* 1)(1/4) n—1)

n=2 modulo 4, f(\) =\ —1)(\— )(”/4)(n 2)

n=3 modulo 4, f(A\)=\—-9)A =1\ —1)1/Dn=3)

Definition 1.33. Let

Z = (z1,20,...,20)7
and
Z = (%1,%,...,50)7

where z; € C. The linear transformation
Z=FZ

where F' is the Fourier matrix is called the discrete Fourier transform.
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Matriz Calculus 31

Its inverse transformation exists since F~! exists and is given by
Z=F12=F"2Z.
Let
p(z) =ag+arz+ -+ a, 12"
be a polynomial of degree < n — 1. It will be determined uniquely by speci-

fying its values p(z,) at n distinct points 2z, k = 1,2,...,n in the complex
plane C. Select these points z; as the n roots of unity 1,w,w?,...,w" "
Then
ao p(1)
ai p(w)
vnE* | =
A1 (wnfl)
so that
Qg p(1)
O D I )
] Vn :
Cn1 (wn—l)

These formulas for interpolation at the roots of unity can be given another
form.

Definition 1.34. By a Vandermonde matriz V (2o, 21, - .., 2n—1) 1S meant
a matrix of the form
1 1 ... 1
20 A1 " Zn-—1
V(zo, 21,y 2n—1) = 2 2
AT
It follows that
V(l,w,w?, ..., w" ) = n'/2F*
VA, w,w?,. .., 0" =l 2F = pl/?F

Furthermore

p(z)=(1,z,..., z"_l)(ao,al, R an,l)T

= (L2, 2" T 2E(p(1), p(w), .. p(w" )T
= 71_1/2(17 2y, z"_l)V(l, w,..., w"_l)(p(l),p(w), . ,p(w"_l))T )
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32 Matrixz Calculus and Kronecker Product

Let F}. denote the Fourier matrices of order 2" whose rows have been
permuted according to the bit reversing permutation.

Definition 1.35. A sequence in natural order can be arranged in bit-
reversed order as follows: For an integer expressed in binary notation, re-
verse the binary form and transform to decimal notation, which is then
called bit-reversed notation.

Example 1.21. The number 6 can be written as
6=1-2>+1-2"+0-2°

Therefore in binary 6 — 110. Reversing the binary digits yields 011. Since
3=0-22+1-2"+1-2°

we have 6 — 3. &

Since the sequence 0, 1 is the bit reversed order of 0, 1 and 0, 2, 1, 3 is

the bit reversed order of 0, 1, 2, 3 we find that the matrices Fj and F are
given by

1 /11
/ = F
12\@<1_1> 2

11 1 1
1 {1-11 -1

Vill i —1—i
1—i—1

Definition 1.36. By a Hadamard matriz of order n, H (= H,,), is meant
a matrix whose elements are either +1 or —1 and for which

HHY = HYH =nI,
where I, is the n x n unit matrix. Thus, n~'/2H is an orthogonal matrix.

Example 1.22. The 1 x 1, 2 x 2 and 4 x 4 Hadamard matrices are given
by
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Matriz Calculus 33

Hy = (1)
11
Hy = V2F, =
, = V3F, (1 _1)
1 111
“1-11 1
Hir=| 1114
1 —11-1
11 1 -1
1 1 -11
Hiz=1 1 11 1
11 1 1

&

Note that the columns (or rows) considered as vectors are orthogonal to each
other. Sometimes the term Hadamard matrix is limited to the matrices of
order 2. These matrices have the property

H2n = sz;
so that
HI, =2"I.

A recursion relation to find Ha» using the Kronecker product will be given
in sections 2.8 and 3.16.

Definition 1.37. The Walsh-Hadamard transform is defined as

Z=HZ
where H is an Hadamard matrix, where Z = (z1, 29, ...,2,)". Since H™!
exists we have
Z=H'Z.

For example the inverse of Hy is given by

1/11
Hy'== :
2 2(11)

MATRIX CALCULUS AND KRONECKER PRODUCT - A Practical Approach to Linear and Multilinear Algebra (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/8030.html



34 Matrixz Calculus and Kronecker Product

Exercises. (1) Show that
F=FT, F*=FHT=F, F=F"

This means F' and F'* are symmetric.

(2) Show that the sequence
0,8,4,12,2,10,6,14,1,9,5,13,3,11,7,15

is the bit reversed order of
0,1,2,3,4,5,6,7,8,9,10,11,12, 13, 14, 15.

(3) Find the eigenvalues of

1111
F*il 1w w?wd
179 11w? w w?

1wl w? w

Derive the eigenvalues of Fj.

(4) The discrete Fourier transform in one dimension can also be written as

1 N-1
i(k) = > a(n) exp(—ik2mwn/N)

n=0
where N e Nand £k =0,1,2,..., N — 1. Show that
N—1
x(n) = Z(k) exp(ik2mn/N).
k=0
Let

z(n) = cos(2mn/N)
where N =8 and n=0,1,2,...,N — 1. Find Z(k).

(5) Find all 8 x 8 Hadamard matrices and their eigenvalues.
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1.9 Transformation of Matrices

Let V be a vector space of finite dimension n and let A : V — V be a
linear transformation, represented by a (square) matrix A = (a,;) relative
to a basis (e;). Relative to another basis (f;), the same transformation is
represented by the matrix

B=Q 'AQ

where @ is the invertible matrix whose jth column vector consists of the
components of the vector f; in the basis (e;). Since the same linear transfor-
mation A can in this way be represented by different matrices, depending
on the basis that is chosen, the problem arises of finding a basis relative to
which the matrix representing the transformation is as simple as possible.
Equivalently, given a matrix A, that is to say, those which are of the form
Q~1AQ, with Q invertible, those which have a form that is ’as simple as
possible’.

Definition 1.38. If there exists an invertible matrix @ such that the matrix
Q'AQ is diagonal, then the matrix A is said to be diagonalizable.

In this case, the diagonal elements of the matrix Q' AQ are the eigenvalues
A1, Ag,..., A, of the matrix A. The jth column vector of the matrix @
consists of the components (relative to the same basis as that used for the
matrix A) of a normalized eigenvector corresponding to A;. In other words,
a matrix is diagonalizable if and only if there exists a basis of eigenvectors.

Example 1.23. The 2 x 2 matrix
01
A =
(1)

=504

is diagonalizable with

We find
Qtag= ("

(0 ~1

The 2 x 2 matrix
B 01

00
cannot be diagonalized. &
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36 Matrixz Calculus and Kronecker Product

For nondiagonalizable matrices Jordan’s theorem gives the simplest form
among all similar matrices.

Definition 1.39. A matrix A = (a;;) of order n is upper triangular if
a;; = 0 for ¢ > j and lower triangular if a;; = 0 for ¢ < j. If there is no
need to distinguish between the two, the matrix is simply called triangular.

Theorem 1.13. (1) Given a square matriz A, there exists a unitary matric
U such that the matriz U~YAU is triangular.

(2) Given a normal matriz A, there exists a unitary matriz U such that the
matriz U~ AU is diagonal.

(3) Given a symmetric matriz A, there exists an orthogonal matriz O such
that the matriz O~'AO is diagonal.

The proof of this theorem follows from the proofs in section 1.11.

The matrices U satisfying the conditions of the statement are not unique
(consider, for example, A = I). The diagonal elements of the triangular
matrix U~ AU of (1), or of the diagonal matrix U~ AU of (2), or of the
diagonal matrix of (3), are the eigenvalues of the matrix A. Consequently,
they are real numbers if the matrix A is Hermitian or symmetric and com-
plex numbers of modulus 1 if the matrix is unitary or orthogonal. It follows
from (2) that every Hermitian or unitary matrix is diagonalizable by a uni-
tary matrix. The preceding argument shows that if, O is an orthogonal
matrix, there exists a unitary matrix U such that D = U*OU is diagonal
(the diagonal elements of D having modulus equal to 1), but the matrix U
is not, in general, real, that is to say, orthogonal.

Definition 1.40. The singular values of a square matrix A are the positive
square roots of the eigenvalues of the Hermitian matrix A*A (or AT A, if

the matrix A is real).
210
A= (0 2 2) '

420

A*A= (254

044
Obviously A*A is a positive semidefinite matrix. The eigenvalues of A*A
are 0, 4, 9. Thus the singular values are 0, 2, 3. &

Example 1.24. Let

Then
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Matriz Calculus 37

They are always nonnegative, since from the relation A* Au = Au, u # 0,
it follows that (Au)* Au = Au*u.

The singular values are all strictly positive if and only if the matrix A is
invertible. In fact, we have
Au=0= A"Au=0=u"A"Au= (Au)*"Au=0= Au=0.

Definition 1.41. Two matrices A and B of type (m,n) are said to be
equivalent if there exists an invertible matrix @ of order m and an invertible
matrix R of order n such that

B = QAR.

This is a more general notion than that of the similarity of matrices. In
fact, it can be shown that every square matrix is equivalent to a diagonal
matrix.

Theorem 1.14. If A is a real, square matriz, there exist two orthogonal
matrices U and V' such that

UT AV = diag(u;)

and, if A is a complez, square matriz, there exist two unitary matrices U
and V' such that

U*AV = diag(p;).
In either case, the numbers p; > 0 are the singular values of the matriz A.

The proof of this theorem follows from the proofs in section 1.11.

If Ais an n x n matrix and U is an n X n unitary matrix, then (m € N)
UA™U* = (UAU*)™

since UU* = I,,.
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38 Matrixz Calculus and Kronecker Product

Exercises. (1) Find the eigenvalues and normalized eigenvectors of the

matrix
21
A= .

Then use the normalized eigenvectors to construct the matrix @' such
that Q1 AQ is a diagonal matrix.

(2) Consider the skew-symmetric matrix

001
A= 000
-100

Find the eigenvalues and the corresponding normalized eigenvectors. Can
one find an invertible 3 x 3 matrix S such that SAS~! is a diagonal matrix?

(3) Show that the matrix

0100
0010
0001
0000

is not diagonalizable.

(4) Let O be an orthogonal matrix. Show that there exists an orthogonal
matrix Q such that Q~10OQ is given by

Wo-o0)e(-1)e(-1)ao ( cos 0y sin91> P ( cos B, sin@r>

—sin @ cos 6 —sin 6, cos?,

where @ denotes the direct sum.

(5) Let A be a real matrix of order n. Show that a necessary and sufficient
condition for the existence of a unitary matrix U of the same order and of
a real matrix B (of the same order) such that U = A 4 iB (in other word,
such that the matrix A is the ’real part’ of the matrix U) is that all the
singular values of the matrix A should be not greater than 1.
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1.10 Permutation Matrices

In this section we introduce permutation matrices and discuss their prop-
erties. The connection with the Kronecker product is described in section
2.4. By a permutation o of the set

N:={1,2, ..., n}

is meant a one-to-one mapping of N onto itself. Including the identity
permutation there are n! distinct permutations of N. We indicate a per-
mutation by

o(l)=141, o(2)=4 ..., o(n) =iy

<1 2 ... n>
o .o . .
lez...zn

The inverse permutation is designated by o~!. Thus

which is written as

U_l(ik) = k.

Let efn denote the unit (row) vector of n components which has a 1 in the
j-th position and 0’s elsewhere

e, :=(0,...,0,1,0,...,0).
Definition 1.42. By a permutation matriz of order n is meant a matrix of
the form

T
ei],n

P—P, — 12,M
e
The i-th row of P has a 1 in the o(i)-th column and 0’s elsewhere. The
j-th column of P has a 1 in the o~1(j)-th row and 0’s elsewhere. Thus
each row and each column of P has precisely one 1 in it. We have

x1 To(1)
T2 Ts(2)
P, . =
Tn Lo(n)
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40 Matrixz Calculus and Kronecker Product

o (1234
\4132)°

Then the permutation matrix is

Example 1.25. Let

0001
1000
0010
0100

P, =

&

Example 1.26. The set of all 3 x 3 permutation matrices are given by the
6 matrices

100 100 010
010 001 100
001 010 001
010 001 001
001 100 010
100 010 100

It can easily be proved that
PO'PT = PO'T

where the product of the permutations o, T is applied from left to right.
Furthermore,

(Py)" = P,-1.
Hence
(P,)*P,=P,1P, =P =1,
where I, is the n X n unit matrix. It follows that
(Po)* = Py-1 = (Po)7 "
Consequently, the permutation matrices form a group under matrix mul-
tiplication. We find that the permutation matrices are unitary, forming a

finite subgroup of the unitary group (see section 1.18 for more details on
group theory).

The determinant of a permutation matrix is either +1 or —1. The trace of
an n X n permutation matrix is in the set {0,1,...,n — 1,n}.
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Exercises. (1) Show that the number of n x n permutation matrices is
given by n!.

(2) Find all 4 x 4 permutation matrices.
(3) Show that the determinant of a permutation matrix is either +1 or —1.

(4) A 3 x 3 permutation matrix P has tr(P) = 1 and det(P) = —1. What
can be said about the eigenvalues of P?

(5) Show that the eigenvalues \; of a permutation matrix are \; € {1, —1}.
(6) Show that the rank of an n x n permutation matrix is n.

(7) Consider the set of all n x n permutation matrices. How many of the
elements are their own inverses, i.e. P = P~1?

(8) Consider the 4 x 4 permutation matrix

0001
0010
0100
1000

Find all the eigenvalues and normalized eigenvectors. From the normalized
eigenvectors construct an invertible matrix Q such that Q' PQ is a diag-
onal matrix.

P =

(9) Let P; and P be two n x n permutation matrices. Is [Py, Py] = 0, where
[, ] denotes the commutator. The commutator is defined by [Py, P3| :=
PPy — PP

(10) Is it possible to find v € R™ such that vv’ is an n x n permutation
matrix?

(11) Let I,, be the n x n identity matrix and 0,, be the n X n zero matrix.

Is the 2n x 2n matrix
0, I,
I, 0p

a permutation matrix?
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42 Matrixz Calculus and Kronecker Product

1.11 Matrix Decompositions

Normal matrices have a spectral decomposition. Let A be upper triangular

with respect to an orthonormal basis {v1,...,v,} C C". Then
J
Av; = Z a; ik Vi
k=1
for some a1 1,021,022, .,0n, € C. Since {v1,...,v,} is orthonormal we

have a; = viAv;. It follows that
ap,j = V;A*Vk,

or equivalently

n
Afvy = E Qf V-
Jj=k

We have

J

(Av))*(Avy) = > laj il

k=1

and
(A*v)*(A"v)) = lak ;.

k=j

However

(A*v1)"(A"vy) = viAA™ vV, = viA"Av; = (Av;)"(Av))

J n
= aikl =D la,l%,
k=1 k=j

i.e.

j—1 n

D laskl? = > laxsl*.

k=1 k=j+1
FOI'j: lweﬁndag,l =as1 = - :0,forj:2weﬁnda3,2 =Q42 =" "=
0, etc. Thus A is diagonal with respect to {vi,...,v,}. As a consequence
{v1,..., vy} form an orthonormal set of eigenvectors of A (and span C™).

Thus we can write (spectral theorem)

n
— . . *
A= E AjVjv;
=1
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where Av; = A;v;. Since

n
E Vk?ekn €jn =Vj

k=

—_

it follows that

* n *

n

* * * *
E Vkek,n €jn = ej,n E :Vkel,n = Vg
k=1 k=1

and consequently we write

n n n

* * *
E Vier E Aj€jne;j , E vie,, | =VDV
k=1 k=1

Jj=1

where

n
V= E Vi€
k=1

is a unitary matrix. The columns are the orthonormal eigenvectors of A
and

n
D = E )\kekyne};,n
k=1

is a diagonal matrix of corresponding eigenvalues, i.e the eigenvalue Ay in
the k-th entry on the diagonal of D corresponds the the eigenvector vy
which is the k-th column of V. This decomposition is known as a spectral
decomposition or diagonalization of A.

Example 1.27. Let

A:(?_Oi).

The eigenvalues are Ay = 1, Ay = —1 with the corresponding normalized

eigenvectors
1 /1 1 1
u; = ] Uy = ——= ]
\/i ? \/§ -t
Then
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44 Matrixz Calculus and Kronecker Product

A = Aujui + Aeuguj

Il Il
N N~
. O

7N\
o | S, =

~. N——
N— —

. =

|
~.
SN—
|
N =
7N
—_
~
~_
—~
=
~
N—
Jo

Example 1.28. Let

5 —2 -4
A=1-2 2 2
-4 2 5

Then the eigenvalues are Ay = 1, Aa = 1, A3 = 10. This means the
eigenvalue A =1 is twofold. The eigenvectors are

-1 -1 2

We find that
(u17u3) = 07 (u27u3) = 07 (u17u2) = 1

However, the two vectors u; and uy are linearly independent. Now we use
the Gram-Schmidt algorithm to find orthogonal eigenvectors (see section
1.17). We choose

u) = uy, uj = uy + aug
such that
1
g (wou) 1
(ul,ul) 5
Then
u, = 1 _24
L=<
5 -5

—1 —4 2
1 .1 1
u1:ﬁ —2 N u2:ﬁ 2 5 us = — -1
0 5 9
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Consequently
A = Muuj + Auhul’ + Azguzul.

From the normalized eigenvectors we obtain the orthogonal matrix

=1 =4 2
V5 3y5 3
o— =22 _1
V5 3v5 3
0 =5 _2
3v65 3
Therefore
100
ofAo=(010
0010
where OT = O~1 and the eigenvalues of A are 1, 1 and 10. &

If the normal matrix A has multiple eigenvalues with corresponding
nonorthogonal eigenvectors, we proceed as follows. Let A be an eigen-
value of multiplicity m. Then the eigenvalues with their corresponding
eigenvectors can be ordered as

)‘7 Aa"'7>‘7 A1’77/-‘1-17"'7A1'L7 up, U2,...;Um, Wntl,---; Up.

The vectors u,41,...,u, are orthogonal to each other and to the rest.
What is left is to find a new set of orthogonal vectors uj, ub,...,u}, each
being orthogonal to u,,+1,...,u, together with each being an eigenvector

of A. The procedure we use is the Gram-Schmidt in section 1.17.

Let
! !
u; = uy, u, = up + aug .

Then uj, is an eigenvector of A, for it is a combination of eigenvectors corre-
sponding to the same eigenvalue . Also u), is orthogonal to w41, ...,u,
since the latter are orthogonal to u; and us. What remains is to make uj
orthogonal to uj i.e. to u;. We obtain

(a1, u2)

o= — .
(111,111)

Next we set
/!
u; = us + aug + fug
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46 Matrixz Calculus and Kronecker Product

where o and 3 have to be determined. Using the same reasoning, we obtain
the linear equation for v and 3

(ot ) (5) == (o)

The approach can be repeated until we obtain u/,. The Gramian matrix
of the above equations is nonsingular, since the eigenvectors of a Hermitian
matrix are linearly independent.

Next we consider the singular value decomposition (SVD). Let A be m xn
over C. The matrices A*A and AA* are Hermitian and therefore normal.
The nonzero eigenvalues of A*A and AA* are identical, for if

(A*A)XA = )\X)\, )\7&07 X\ 750
for some eigenvector x), then
A(A*A)XA = )\AX)\ = (AA*)(AX)\) = )\(AX)\)

S0, since Ax) # 0, A is an eigenvalue of AA*. Similarly the nonzero eigen-
values of AA* are eigenvalues of A*A.

Since A*A is normal the spectral theorem provides
A*A =" Njvv; =VDV*
j=1

where {vy,...,v,} are the orthonormal eigenvectors of A*A and
A=A > 2 A,

are the corresponding eigenvalues. Here we choose a convenient ordering of
the eigenvalues.

From
(Avk)*(Avk) >0 = VZ(A*A)Vk = /\kv}';vk =X >0

we find that all of the eigenvalues are real and nonnegative. Define the
singular values oy > --- > o, > 0 by

o=V, AF0, k=1,...r
Now we define the m x n matrix ¥ by

- _Joii=kg<r
(2)jk = { 0 otherwise
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Matriz Calculus 47

so that A*A = (XV*)*(XV). Let U be an arbitrary m x m unitary matrix,
then A*A = (UZV*)*(UXV).

Let v; be an eigenvector corresponding to the singular value o; (i.e. Av; #
0) and similarly for o and vi. Then

(Av;)*(Avy) = vi (A" A)vy = o,zv;ka =030, k-

Thus {Avy,..., Av,} are orthogonal. Let {uy,...,u,,} be an orthonormal
basis in C™ where

1 .
u =—Av;, j=1,...,r
0j
By construction, for j,k=1,...,r
* 1 * * * 0]2€ *
ujuy = (Av;)"(Avy) = Vi(A*A)vy = ViVi
00k 00k 00k
2 2
_ O R J 5
— 5,k — 5,k — Jk
00k 005
and for j=1,...;rand k=1,..., m—r
C = 0= —ut A, = utAv; =0
ur+ku] - - O__ur+k Vj ur+k: v; =U.
J
We also have Av,;, = 0. Since {vy,...,v,} is an orthonormal basis we
must have
n
* — j—
A Uyyk = E [Vk(A ur+k E r+kAVk Vi = 0
Jj=1 J=1
N . .
so that uy,; A = 0. Choosing
m
_ Ak
U= Z U;€5m
j=1
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48 Matrixz Calculus and Kronecker Product

(as an exercise, verify that U is unitary) we find

U A = Zem VIATA+ Z e mujA

j_r+1

= ZeJ m— A*Av] Zej mO;V

T

= E 0j€5,m€; n€jnV;
Jj=1

I n
. . * *
0;€5,m€; n €knVi
j=1 k=1

T n
Z 0j€j,me; Z viep, | =XV
j=1 k=1
Thus A = UXV*. This is a singular value decomposition.

Next we consider the polar decomposition. Let m = n and
A=UXV*

be a singular value decomposition of A. Here the order of the singular
values in ¥ does not matter. Then

H=V3Vv*
is Hermitian and
U=Uv*
is unitary. Consequently
A= (UVVEV*)=UH

is a polar decomposition of A (a product of a unitary and a Hermitian
matrix).
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Exercises. (1) Consider the symmetric 4 x 4 matrix

1111
1111
1111
1111

A =
Find all eigenvalues and normalized eigenvectors. Reconstruct the matrix
from the eigenvalues and normalized eigenvectors.

(2) Let A be a 4 x 4 symmetric matrix over R with eigenvalues A\ = 0,
Ao =1, A3 =2, Ay = 3 and the corresponding normalized eigenvectors

1 1
u; = —(1,0,0,1)7, u, = —(1,0,0,-1)%,
1 \/5( ) 2 \/5( )
1(0110)T 1(01 1,0)"
us = ——=(U, 1,1, ) uy = —=\U, 1, -1, .

Find the matrix A.

(3) Let A be the skew-symmetric matrix

(00

Find the eigenvalues A; and Ay of A and the corresponding normalized
eigenvectors u; and ug. Show that A is given by

A= )\111111T + )\211211;.
(4) Explain why the matrix
011
A=1001
000
cannot be reconstructed from the eigenvalues and eigenvectors. Can the
matrix

011
B=(001
100

be reconstructed from the eigenvalues and eigenvectors?
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50 Matrixz Calculus and Kronecker Product

1.12 Pseudo Inverse

A I-inverse of the m x n matrix A is an n X m matrix A~ such that
AA=A=A. If m =n and A~! exists we find

AATA=A = A1 (A4 A =A71A47 = A- =471

Consider
10
A= < ! 0) |

Then both A and the 2 x 2 identity matrix I, are 1-inverses of A. Conse-
quently, the 1-inverse is in general not unique.

The Moore-Penrose pseudo inverse of the m x n matrix A is the 1-inverse
A~ of A which additionally satisfies

ATAAT = A" (AA7)* = AA™ (ATA)* = A7 A
With these properties the matrices A~ A and AA™ are projection matrices.
Let A =UXV™* be a singular value decomposition of A. Then
AT =VESTU"

is a Moore-Penrose pseudo inverse of A, where

(E_)jk = {(El)kj (E)kj #0

0 (D) =0
We verify this by first calculating (j,k € {1,2,...,n})
_ oy o O
E =Y C)aEur= >, -
=1 =1 (E)l]
(2)1;#0

Since (X);; = 0 when [ # j we find
b jk
(5 = L 50 B #0 _ {% (2)5 #0
0 (£);;=0 =
Similarly (5, k € {1,2,...,m})
—y. = Ok (B)j; #0
(57w = { 0 (%) =0

The matrix X ~X is a diagonal n x n matrix while XX~ is a diagonal m xm
matrix. All the entries of these matrices are 0 or 1 so that

(T =387, (IR =%
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Now
(EZD)jk = > (DS D) = (2);(57%)
=1
_ o)y (2); #0 _
; { k 0 (¥);=0" (Bt
and
(E )N )Jk - Z(E )Jl(EZ ik = (Z_)JJ(ZZ_)Jk
=1
OiR(E7)55 (B)j5 #0 _ o
{ k 0 (%);=0 =

YTY =3 XTYYT =37
so that ¥~ is the Moore-Penrose pseudo inverse of 3. The remaining prop-
erties are easy to show
AATA = (USV)(VETUUSVH) =UEE" SV =USV* = A,
ATAAT = (VETUN)(UZVH(VE U =VE ES U =VE U =47,
(AATY = (UXVVE U =1, =1, = AA™,
(ATA) = (VX U Uusv ) =I1"=1,=AA".

Thus A~ = VX~ U* is a Moore-Penrose pseudo inverse of A.

(10)

has the singular value decomposition

Example 1.29. The matrix

(10)= (o) o) 6Y)
so that
(00)‘ _ (1 0) (1 0) (0 1) B (0 1)
10 01/\oo0)\10 00/
Analogously
(0 1) o <o 0>
00 10 3
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52 Matrixz Calculus and Kronecker Product

1.13 Vec Operator

Let A be an m x n matrix. A matrix operation is that of stacking the
columns of a matrix one under the other to form a single column. This
operation is called vec (Neudecker [43], Brewer [12], Graham [23], Searle
[49]). Thus vec(A) is a vector of order m x n.

123
A‘Q50'

Example 1.30. Let

Then

vec(A) =

S W U N

Let A, B be m x n matrices. We can prove that

vec(A + B) = vec(A) + vec(B).
It is also easy to see that

vec(aA) = avec(A), aeC.
This means the vec-operation is linear. An extension of vec(A) is vech(A),
defined in the same way that vec(A) is, except that for each column of
A only that part of it which is on or below the diagonal of A is put into

vech(A) (vector-half of A). In this way, for A symmetric, vech(A4) contains
only the distinct elements of A.

Example 1.31. Consider the square matrix

176
A= (738 =47
682
Then
1
7
vech(A) = 0
3
8
2 L)
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The following theorems give useful properties of the vec operator. Proofs
of the first depend on the elementary vector e;,, the j-th column of the
n X n unit matrix, i. e.

1 0 0
0 1 0
€1n = aE €2 n = B EERR) €nn =
0 0 1
and
ef,=(10,...,0), e},=(0,1,...,0), el ,=(0,...,0,1).
Theorem 1.15. Let A, B be n x n matrices. Then
tr(AB) = (vec(AT)) vec(B).
Proof. We have
Bel,n
n Beg,n
tr(AB) = ZeZnABeim = (e{nA- . ernA) ) = (vec(AT))Tvec(B).
i=1 :
Be,«,n 0

Theorem 1.16. Let A be an m X m matrixz. Then there is a permutation
matriz P such that

vec(A) = Pvec(AT).

The proof is left to the reader as an exercise.

(12 r (13
=) G

Then vec(A) = Pvec(AT), where

Example 1.32. Let

1000
0010
0100
0001

The full power of the vec operator will be seen when we consider the Kro-
necker product and the vec operator (see section 2.12). )
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54 Matrixz Calculus and Kronecker Product

1.14 Vector and Matrix Norms

Definition 1.43. Let V be an n dimensional vector space over the field
F of scalars. A norm on V is a function || - || : V' — R which satisfies the
following properties:

v[=0«< v =0, and ||v|| > 0 for every v e V
y
lav]| = |af||v|| for every o € F and v eV

[lu+v| < |lul| + ||v] for every u,v € V.

The last property is known as the triangle inequality. A norm on V will
also be called a vector norm. We call a vector space which is provided with
a norm a normed vector space.

The norm induces a metric (distance) |[ju—v|| on the vector space V', where
u,v € V. We have

la = v =[]l =[]

Let V be a finite dimensional space. The following three norms are the
ones most commonly used in practice

n
IVl := "l
j=1
1/2
n
IVliz:={ Dol | =(vv)?
j=1
IVlloo = max [v;].
The norm || - ||2 is called the Euclidean norm. It is easy to verify directly

that the two functions ||-||; and |- || are indeed norms. As for the function
I - ]2, it is a particular case of the following more general result.

Theorem 1.17. Let V' be a finite dimensional vector space and v € V.
For every real number p > 1, the function || - ||, defined by

1/p
n
— |P
Ivllp == E |vj]
j=1
18 a morm.
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For the proof refer to Ciarlet [13].

The proof uses the following inequalities: For p > 1 and 1/p+1/q = 1, the
inequality

1/p 1/q
n n n
D lwgosl < { D Jugl? > foil?
i=1 j=1 j=1

is called Holder’s inequality. Holder’s inequality for p = 2,
1/2 1/2

n n n
> lugul < D sl > luil
j=1 j=1 j=1

is called the Cauchy-Schwarz inequality. The triangle inequality for the
norm || - ||,

1/p 1/p 1/p
n n n
Sl ) < (DDl DDl
j=1 j=1 j=1
is called Minkowski’s inequality.

The norms defined above are equivalent, this property being a particular
case of the equivalence of norms in a finite dimensional space.

Definition 1.44. Two norms || - || and || - ||, defined over the same vector
space V', are equivalent if there exist two constants C' and C’ such that

vl < Clv|| and |v]] < C||v|" for every veV.
Let A, be the ring of matrices of order n, with elements in the field F.

Definition 1.45. A matriz norm is a function ||-|| : A, — R which satisfies
the following properties
|A]| =0« A =0 and ||A]| > 0 for every A € A,
laA| = |a|||A|| for every a € F, A€ A,
|A+ B|| < ||A]| + || B]| for every A, B € A,
|AB|| < ||A]|||B| for every A, B € A,.

The ring A,, is itself a vector space of dimension n?. Thus the first three
properties above are nothing other than those of a vector norm, considering
a matrix as a vector with n? components. The last property is evidently
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56 Matrixz Calculus and Kronecker Product

special to square matrices.

The result which follows gives a particularly simple means of constructing
matrix norms.

Definition 1.46. Given a vector norm || - || on C”, the function || - || :
A, (C) = R defined by
[A[l ;= sup [|Av]|
veC™
lIvii=1
is a matrix norm, called the subordinate matriz norm (subordinate to the

given vector norm). Sometimes it is also called the induced matriz norm.

This is just one particular case of the usual definition of the norm of a linear
transformation.

Example 1.33. Consider the matrix
11
A= .

4l = sup [lAv] = Vi
veC™

llvil=1

Then we find

This result can be found by using the method of the Lagrange multiplier.
The constraint is ||v|| = 1. Furthermore we note that the eigenvalues of the

12 11 55
T4 _ —
ATA= (12) (22) B (55)
are given by A\; = 10 and A2 = 0. Thus the norm of A is the square root of
the largest eigenvalue of AT A. &

matrix

Example 1.34. Let U; and U, be unitary n x n matrices with
U1 = Usf <e.
Let v be a normalized vector in C". We have
[Urv = Upv|| = [[(Uy = Up)v]|

< max |[(Ur = o)y
lyll=1

= [|UL = U]
<e. &
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It follows from the definition of a subordinate norm that
|Av] < ||Al|||v]| for every v € C™.

A subordinate norm always satisfies ||I,,|| = 1, where I,, is the n X n unit
matrix. Let us now calculate each of the subordinate norms of the vector
norms || - [[1, || - [l2, [ * [loo-

Theorem 1.18. Let A = (a;;) be a square matriz. Then

4= sup [l 4v = me s

Vo(ArA) = [[A"[ls

[All2 :== sup [|Avll

lIvil=1
[A]loo := i [AV]joc = max Zlaml
vll=

where o(A*A) is the spectral radius of A*A. The norm || - |2 is invariant
under unitary transformations

UU" = 1= |Alz2 =AUz = |[UA[l2 = [U"AU 2.
Furthermore, if the matriz A is normal, i.e AA* = A*A
[All2 = o(A).
The invariance of the norm || - || under unitary transformations is nothing
more than the interpretation of the equalities
0(A*A) = p(U*A*AU) = p(A*U*UA) = o(U*A*UU* AU).
If the matrix A is normal, there exists a unitary matrix U such that
U*AU = diag(\;(A)) := D.
Accordingly,
A*A = (UDU**UDU* =UD*DU*
which proves that
o(A*A4) = o(D*D) = max [M(A)[2 = (o(4))%

1<i<n

The norm ||A||2 is nothing other than the largest singular value of the
matrix A. If a matrix A is Hermitian, or symmetric (and hence normal),
we have [|A]l2 = 0(A4). If a matrix A is unitary, or orthogonal (and hence
normal), we have

|A]l2 = V/o(A*A) = \/o(I) =
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58 Matrixz Calculus and Kronecker Product

There exist matrix norms which are not subordinate to any vector norm.
An example of a matrix norm which is not subordinate is given in the fol-
lowing theorem.

Theorem 1.19. The function || - || g : An — R defined by

1/2

1Al = ZZI%F = (tr(A"A))"/?

=1 j=1

for every matriz A = (a;;) of order n is a matriz norm which is not sub-
ordinate (for n > 2). Furthermore, the function is invariant under unitary
transformations,

UU" =1=|Ale =AUl = [UA|e = [U"AU| 5
and satisfies

IAll2 < [[Alle < VnllAllz for every A € A,

Proof. The fact that ||A| g is invariant under unitary transformation of
A follows from the cyclic invariance of the trace (see section 1.4). The
eigenvalues of A*A are real and nonnegative. Let

Ap 2 A1 22 A 20
be the eigenvalues of A*A. Then p(A*A) = A,. Since
[All2 = Ve(A*4) = VA

and

||A||E = \/)\n + >‘n71 +F )\1 > V )\n
we have | A||2 < ||Al|g. Also

IAlE = VAn + Xac1 + -+ A< V/nd, = Vin/o(A*A)

so that ||Allg < v/nl|4l2- O

Example 1.35. Let I be the 2 X 2 unit matrix. Then

12]le = V2 = V2||L].
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Exercises. (1) Let A, B be n x n matrices over C. Show that
(A, B) :=tr(AB™)
defines a scalar product. Then
[A]l = V/(4, A4)
defines a norm. Find || 4| for
A= (_OZ é) .

(2) Given a diagonalizable matrix A, does a matrix norm || - || exist for
which o(A4) = ||A]|?

(3) Let v = exp(ia)u, where a € R. Show that ||u|| = ||v].
(4) What can be said about the norm of a nilpotent matrix?
(5) What can be said about the norm of an idempotent matrix?

(6) Let A be a Hermitian matrix. Find a necessary and sufficient condition
for the function v — (v*Av)/2 to be a norm.

(7) Let || || be a subordinate matrix norm and A an n X n matrix satisfying
[lA]] < 1. Show that the matrix I,, + A is invertible and
1
(I +A) 7 < 57
L[l 4]

(8) Prove that the function

n 1/p
veC" = |vl,= (Z vil”)

1=

1
is not a norm when 0 < p < 1 (unless n = 1).

(9) Find the smallest constants C' for which

vl < Cllv| for every v € F"

when the distinct norms || - || and || - ||’ are chosen from the set {|| - ||1,|| -
ll2 11 - floo }-
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60 Matrixz Calculus and Kronecker Product

1.15 Rank-k Approximations

Let M be an m x n matrix over C. We consider the rank-k approzimation
problem, i.e. to find an m x n matrix A with rank(A) = k < rank(M) such
that

[M — A
is a minimum and || - || denotes some norm. Different norms lead to different

matrices A. For the remainder of this section we consider the Frobenius
norm | - || 7.

Certain transformations leave the Frobenius norm invariant, for example
unitary transformations. Let U,, and U, be m X m and n X n unitary
matrices respectively. Using the property that tr(AB) = tr(BA) we find
UM = /5 (U M) (U D1)) = \/5x (005, Uy M)
tr(M*M) = || M|

and

MU, [|p = v/tr(MU,)*(MU,)) = v/tx(Uz M*MU,)
= Vtr(U, U M*M) = \/tr(M*M) = | M| .
Using the singular value decomposition M = UXV™* of M we obtain
IM — Allp = UM - A)V|lr =2 - Ar
where A’ := U*AV. Since

5= Al = | S35 — (A2 = | 30 i — (4

=1 j=1 =1 j=1

we find that minimizing |M — A|| implies that A’ must be “diagonal”

min{m,n}
12— A'lp = o o= (ANl
i=1
Since A must have rank k, A’ must have rank k (since unitary operators
are rank preserving). Since A’ is “diagonal” only k entries can be nonzero.
Thus to minimize ||M — A||r we set

k
_ . T
= § :UJeJ,mej,n
j=1

where o1 > .-+ > o are the k largest singular values of M by convention.
Finally A =UA'V*.
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1.16 Sequences of Vectors and Matrices

Definition 1.47. In a vector space V, equipped with a norm || - ||, a se-
quence (zy) of elements of V is said to converge to an element 2 € V', which
is the limit of the sequence (xy), if

lim ||z —z|| =0
k— o0
and one writes

r = lim x.
k—o0

If the space is finite dimensional, the equivalence of the norms shows that
the convergence of a sequence is independent of the norm chosen. The
particular choice of the norm ||- || shows that the convergence of a sequence
of vectors is equivalent to the convergence of n sequences (n being equal to
the dimension of the space) of scalars consisting of the components of the
vectors.

Example 1.36. Let VV = C? and

= <167(11(;]2)> . k=0,1,2....

u= lim u; = 0
_k—>oo k= 0 ’ *

By considering the set A,, ,(K) of matrices of type (m,n) as a vector
space of dimension mn, one sees in the same way that the convergence of
a sequence of matrices of type (m,n) is independent of the norm chosen,
and that it is equivalent to the convergence of mn sequences of scalars
consisting of the elements of these matrices. The following result gives
necessary and sufficient conditions for the convergence of the particular
sequence consisting of the successive powers of a given (square) matrix to
the null matrix. From these conditions can be derived the fundamental
criterion for the convergence of iterative methods for the solution of linear
systems of equations.

Then

Theorem 1.20. Let B be a square matriz. The following conditions are
equivalent:
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62 Matrixz Calculus and Kronecker Product

(1) lim B* =0
k—o0
(2) lim B*v = 0 for every vector v
k—o0
(3) o(B) <1
(4) |B]| < 1for at least one subordinate matriz norm || - ||.

For the proof of the theorem refer to Ciarlet [13].

Example 1.37. Consider the matrix
1/41/4
B = .
(1111
Then

klim B =0.
—00 *

The following theorem (Ciarlet [13]) is useful for the study of iterative
methods, as regards the rate of convergence.

Theorem 1.21. Let A be a square matriz and let || - || be any subordinate
matriz norm. Then

lim [ A*['/* = o(A).
k—o0

Example 1.38. Let A = I,, where I,, is the n x n unit matrix. Then
I¥ = I,, and therefore ||T¥||*/* = 1. Moreover g(A) = 1. )

In theoretical physics and in particular in quantum mechanics a very im-
portant role is played by the exponential function of a square matrix. Let
A be an n x n matrix. We set

A? AF

A
Api=Iot 5+ +om k=1L

The sequence (Ay) converges. Its limit is denoted by exp(A). We have

eXp(A) = ﬁ
k=0
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Let € be a parameter (¢ € R). Then we have

exp(ed) = Z (c4) .

k!
k=0

We can also calculate exp(eA) using

n—oo

-

exp(zA) = (3 ?) cosh(z) + ((1) é) sinh(2).

Theorem 1.22. Let A be an n X n matriz. Then

det(exp(A)) = exp(tr(A)).

exp(ed) = lim (I —|—€A>

Example 1.39. Let

Then

For the proof refer to Steeb [56]. The theorem shows that the matrix exp(A)
is always invertible. If A is the zero matrix, then we have

exp(A) = In

where I, is the identity matrix.

We can also define

e k:A2k‘+1 e (71)]@142]6
A=A
sin(4 kzzo ey oA kz:% 25!

Example 1.40. Let z,y € R and

Then we find

in(A) <sn(;3: ycos 1:) 7 cos(A) (coga: -y Slnx) '

s x CosT
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4= (1)

Calculate exp(eA), where € € R.

()

(3) Let A be an n x n matrix such that A% = I,,, where I,, is the n x n unit
matrix. Let e € R. Show that

exp(eA) = I, cosh(e) + Asinh(e).

Exercises. (1) Let

(2) Let

Find cos(A).

(4) Let A be a square matrix such that the sequence (A*);>1 converges to
an invertible matrix. Find A.

(5) Let B be a square matrix satisfying || B|| < 1. Prove that the sequence
(Ck)k>1, where

Cp=I+B+B>+ ..+ B*
converges and that

lim Cy = (I — B)™".

k—o0

(6) Prove that
AB = BA = exp(A + B) = exp(A) exp(B).

(7) Let (Ag) be a sequence of n x n matrices. Show that the following
conditions are equivalent:

(i) the sequence (Ay) converges;

(ii) for every vector v € R™, the sequence of vectors (Axv) converges in R™.

(8) Let A and B be square matrices. Assume that exp(A)exp(B) =
exp(A 4+ B). Show that in general [4, B] # 0.

(9) Extend the Taylor expansion for In(1 + z)

.’Ez CU3 CC4
n(l+z)=2——+ 5 ——+--- —-l<z<1
2 3 4
to n X n matrices.
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1.17 Gram-Schmidt Orthonormalization

The Gram-Schmidt algorithm is as follows: Let vy, va,..., v, be a basis in
C™. We define
Wi (= V1
(W17V2)
W9 (= Vg — 1
(w1, w1)
Wo,V Wi,V
i wave) v
(w2, wa) (w1, wp)
e (Wn—hvn) (Wlavn)
Wp =V — 77— Wp-1— """ — 7 Wi.
(anlawnfl) (W1,W1)

Then the vectors wi,wo, ..., w, form an orthogonal basis in C"™. Normal-
izing these vectors yields an orthonormal basis in C™.

Example 1.41. Let

1 1 1 1
0 1 1 1
ViT ol 2T o] BT ] T
0 0 0 1
We find
1 0 0 0
W1 = 0 Wo = L W3 = 0 Wy = 0
0]’ 0]’ 1]’ 0
0 0 0 1
These vectors are already normalized. &
Example 1.42. Let
1 1 1 1
1 1 1 0
IE e 2] BT o] T o
1 0 0 0
We find
1 1 1 1
1 111 111 1] -1
WIS Tl ] M T2 YT a0
1 -3 0 0
which after normalization gives the orthonormal basis

1 1 1 1
1JJJT,LLL3iLLzoﬁLLQ0T}
{ B0 LT 11197 L2007, S5, -1,00)7 |
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1.18 Groups

In the representation of groups as n x n matrices the Kronecker product
plays a central role. We give a short introduction to group theory and then
discuss the connection with the Kronecker product. For further reading in
group theory we refer to the books of Miller [42], Baumslag and Chandler
[6] and Steeb [56]. In sections 2.13 and 2.14 we give a more detailed in-
troduction to representation theory and the connection with the Kronecker
product.

Definition 1.48. A group G is a set of objects {g, h, k, ...} (not necessar-
ily countable) together with a binary operation which associates with any
ordered pair of elements g, h € G a third element gh € G. The binary oper-
ation (called group multiplication) is subject to the following requirements:
(1) There exists an element e in G called the identity element such that
ge=eg =g for all g € G.

(2) For every g € G there exists in G an inverse element g~! such that
g9 ' =g lg=e

(3) Associative law. The identity (gh)k = g(hk) is satisfied for all
g,h, k€q@q.

Thus, any set together with a binary operation which satisfies conditions
(1) - (3) is called a group.

If gh = hg we say that the elements g and h commute. If all elements of
G commute then G is a commutative or abelian group. If G has a finite
number of elements it has finite order n(G), where n(G) is the number of
elements. Otherwise, G has infinite order.

A subgroup H of G is a subset which is itself a group under the group
multiplication defined in G. The subgroups G and {e} are called improper
subgroups of G. All other subgroups are proper.

If a group G consists of a finite number of elements, then G is called a finite
group; otherwise, G is called an infinite group.

Example 1.43. The set of integers Z with addition as group composition

is an infinite additive group with e = 0. )
Example 1.44. The set {1, —1 } with multiplication as group composition
is a finite abelian group with e = 1. &
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Definition 1.49. Let G be a finite group. The number of elements of G is
called the dimension or order of G.

Example 1.45. The order of the group of the n X n permutation matrices
under matrix multiplication is n!. &

Theorem 1.23. The order of a subgroup of a finite group divides the order
of the group.

This theorem is called Lagrange’s theorem. For the proof we refer to the
literature (Miller [42]).

A way to partition G is by means of conjugacy classes.

Definition 1.50. A group element A is said to be conjugate to the group
element k, h ~ k, if there exists a g € G such that

k= ghg™'.

It is easy to show that conjugacy is an equivalence relation, i.e., (1) h ~ h
(reflexive), (2) h ~ k implies k ~ h (symmetric), and (3) h ~ k. k ~ j
implies h ~ j (transitive). Thus, the elements of G can be divided into
conjugacy classes of mutually conjugate elements. The class containing e
consists of just one element since

for all ¢ € G. Different conjugacy classes do not necessarily contain the
same number of elements.

Let G be an abelian group. Then each conjugacy class consists of one group
element each, since

ghg™t =h, foral g¢eG.

Let us now give a number of examples to illustrate the definitions given
above.

Example 1.46. A field F is an (infinite) abelian group with respect to
addition. The set of nonzero elements of a field forms a group with respect
to multiplication, which is called a multiplicative group of the field. &

Example 1.47. A linear vector space over a field F (such as the real num-
bers R) is an abelian group with respect to the usual addition of vectors.
The group composition of two elements (vectors) a and b is their vector
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sum a + b. The identity element is the zero vector and the inverse of an
element is its negative. &

Example 1.48. Let N be an integer with N > 1. The set
{e2™m/N . p=0,1,...,N -1}
is an abelian (finite) group under multiplication since
exp(2min/N) exp(2wim/N) = exp(2wi(n + m)/N)

where n,m = 0,1,..., N — 1. Note that exp(2win) = 1 for n € N. We
consider some special cases of N: For N = 2 we find the set {1, -1} and
for N = 4 we find {1,4,—1,—i}. These are elements on the unit circle in
the complex plane. For N — oo the number of points on the unit circle
increases. As N — oo we find the unitary group

Ul):={e*:a€cR}.

Example 1.49. The two matrices

{6) (o))

form a finite abelian group of order two with matrix multiplication as group
composition. The closure can easily be verified

(1) (0= 1) (1) ()= Go)
(o) (o) = (o)

The identity element is the 2 x 2 unit matrix. &

Example 1.50. Let M = {1,2,...,n}. Let Bi(M, M) be the set of bijec-
tive mappings o : M — M so that

o:{1,2,....,n} = {p1,p2,-.-,Pn}

forms a group .S, under the composition of functions. Let S,, be the set of

all the permutations
(1 2 ... n)
o= .
P1p2 - Pn
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We say 1 is mapped into p;, 2 into pe, ..., m into p,. The numbers
D1,D2,---,Pn are a reordering of 1,2,...,n and no two of the p;’s j =
1,2...,n are the same. The inverse permutation is given by

ol — P1P2 - Pn
12 ... n /"

The product of two permutations o and 7, with

- q1 92 - 4n
12.--n

is given by the permutation

coT — (fh q - qn>_
P1p2- Pn
That is, the integer ¢; is mapped to ¢ by 7 and ¢ is mapped to p; by o, so
q; is mapped to p; by o o 7. The identity permutation is

. 12.--n
“\12...n/)"
Sy, has order n!. The group of all permutations on M is called the symmetric

group on M which is nonabelian, if n > 2. &

Example 1.51. Let N be a positive integer. The set of all matrices
7 _ (cos(2kn/N) —sin(2kw/N)
2mk/N =\ sin(2kw /N)  cos(2km/N)

where k =0,1,2,..., N — 1, forms an abelian group under matrix multipli-
cation. The elements of the group can be generated from the transformation

k
Zokn/N = (Zzw/zv) ) k=0,1,2,...,N — 1.
For example, if N = 2 the group consists of the elements

{(Zﬂ')oa (Z‘n')l} = {*I27 +12}

where I5 is the 2 x 2 unit matrix. This is an example of a cyclic group. &

Example 1.52. The set of all invertible n x n matrices form a group with
respect to the usual multiplication of matrices. The group is called the
general linear group over the real numbers GL(n,R), or over the complex
numbers GL(n, C). This group together with its subgroups are the so-called
classical groups which are Lie groups. &
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Example 1.53. Let C be the complex plane. Let z € C. The set of Mobius
transformations in C form a group called the Mobius group denoted by M
where m : C — C,

M :={m(a,b,e,d) : a,b,c,d€C, ad—bc#0}
and
az+b
cz+d
The condition ad —bc # 0 must hold for the transformation to be invertible.

Here, z = x+1iy, where x,y € R. This forms a group under the composition
of functions: Let

m:zw 2 =

()_az—i—b N()_ez—&—f

mz_cz+d’ mz_ngrh
where ad—bc # 0 and eh— fg # 0 (e, f, g, h € C). Consider the composition

o alez+ Doz h)+D

) = e g )+ d

aez +af +bgz + hb

~ cez+cf +dgz+ hd

_ (ae+bg)z+ (af + hb)
(ce +dg)z+ (cf + hd)’
Thus m(m(z)) has the form of a Mobius transformation, since
(ae + bg)(cf + hd) — (af + hb)(ce + dg)
= aecf + aehd + bgcf + bghd — afce — afdg — hbce — hbdg
= ad(eh — fg) + bc(gf — eh)
= (ad — bc)(eh — fg) # 0.
Thus we conclude that m is closed under composition. Associativity holds

since we consider the multiplication of complex numbers. The identity
element is given by

m(1,0,0,1) = z.
To find the inverse of m(z) we assume that
(ae + bg)z + (af + hb)

m (m(z)) = (ce+dg)z + (cf + hd) =

so that
ae+bg=1, af +hb=0, ce +dg =0, cf+hd=1
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and we find

d b c a
T ad—be’ f:_ad—bc7 9= Tad—be’ ~ ad — be
The inverse is thus given by
(ZI)_l _ dz—b ]
—cz+a &

Example 1.54. Let Z be the abelian group of integers. Let E be the set
of even integers. Obviously, E is an abelian group under addition and is a
subgroup of Z. Let C5 be the cyclic group of order 2. Then

ZJE=C,. *

We denote the mapping between two groups by p and present the following
definitions

Definition 1.51. A mapping of a group G into another group G’ is called a
homomorphism if it preserves all combinatorial operations associated with
the group G so that

pla-b) = p(a)  p(b)
a,b € G and p(a), p(b) € G'. Here - and x are the group compositions in
G and G’, respectively.

Example 1.55. There is a homomorphism p from GL(2,C) into the
Mobius group M given by

ab s m(2) az +b
: m(z) = .
P \cd cz+d
We now check that p is indeed a homomorphism: Consider the 2 x 2 matrix
ab
4= (2)

where a,b,c,d € C and ad — bc # 0. The matrices A form a group with
matrix multiplication as group composition. We find

AB — ab\ (e f\ (ae+bgaf-+bh
“\ed) \gh) \ce+dgcf+dh

where e, f,g,h € C. Thus

(ae + bg)z + (af + bh)

PAB) = o dg)s T (of + dh)
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and
_az+b ezt f
MA%—&:E7 MB)—gz+h

so that
ae +bg)z + (af + bh
p(A) = p(B) = (W b0)E AT )

(ce+dg)z+ (cf +dh)’
We have shown that p(A- B) = p(A) * p(B) and thus that p is a homomor-

phism. &
An extension of the Mobius group is as follows. Consider the transformation
Aw + B
vV=-——————
Cw+D
where v = (vq,...,v,)T, w = (w1, ...,w,)T (T transpose). Aisann xn

matrix, B an n X 1 matrix, C' a 1 X n matrix and D a 1 x 1 matrix. The

(n+1) x (n+ 1) matrix
(&7)

Example 1.56. An n x n permutation matrix is a matrix that has in each

is invertible.

row and each column precisely one 1. There are n! permutation matrices.
The n x n permutation matrices form a group under matrix multiplica-
tion. Consider the symmetric group S, given above. It is easy to see that
the two groups are isomorphic. Cayley’s theorem tells us that every finite
group is isomorphic to a subgroup (or the group itself) of these permutation
matrices. The six 3 X 3 permutation matrices are given by

100 100 010
A=|o10|, B=[001), cCc=1{100
001 010 001
010 001 001
pD=1o01|, E=[100], F=1{010
100 010 100

AA=A AB=B AC=C AD=D AE=F AF=F

BA=B BB=A BC=D BD=C BE=F BF=FE
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CA=C CB=F CC=A CD=F CE=B CF=D

DA=D DB=F DC=B DD=FE DE=A DF=C

FA=F EB=C EC=F ED=A EE=D FF=B

FA=F FB=D FC=FE FD=B FE=C FF=A.
For the inverse we find

A=A B'=B, ¢c'=C, D'=E, E'=D, F!=F
The order of a finite group is the number of elements of the group. Thus our
group has order 6. Lagrange’s theorem tells us that the order of a subgroup
of a finite group divides the order of the group. Thus the subgroups must
have order 3, 2, 1. From the group table we find the subgroups
{A, D, E}
{A’ B}7 {A’ 0}7 {A’ F}
{A}.

Cayley’s theorem tells us that every finite group is isomorphic to a subgroup
(or the group itself) of these permutation matrices. The order of an element

g € G is the order of the cyclic subgroup generated by {g}, i.e. the smallest
positive integer m such that

m

gt =e
where e is the identity element of the group. The integer m divides the
order of G. Consider, for example, the element D of our group. Then
D? =E, D3 = A, A identity element.
Thus m = 3. &

Example 1.57. Let ¢ € R and ¢ # 0. The 2 x 2 matrices

(-2

form a group under matrix multiplication. Multiplication of two such ma-

trices yields
c1 C1 c2c2\ _ [(2cic2 2c100
<01 cl> (62 C2> o (2c102 2C1C2> '
The neutral element is the matrix
1/21/2
(1/2172)
and the inverse element is the matrix

(1/(40) 1/(40))
1/(4e) 1/(4c)) "
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Exercises. (1) Show that all n x n permutation matrices form a group
under matrix multiplication.

(2) Find all subgroups of the group of the 4 x 4 permutation matrices. Ap-
ply Lagrange’s theorem.

(3) Consider the matrices

A(a):(cosa sma)’ aeR

—sin o cos «

Show that these matrices form a group under matrix multiplication.

(4) Consider the matrices

cosh « sinh o
Bla) = <sinha cosh a) ' o e R.

Show that these matrices form a group under matrix multiplication.
(5) Consider the matrices given in (3). Find

d

a=0

Show that
exp(aX) = A(a).
(6) Let S be the set of even integers. Show that S is a group under addition

of integers.

(7) Show that all 2 x 2 matrices

la
<01>7 a€R

form a group under matrix multiplication.

(8) Let S be the set of real numbers of the form a + b\/2, where a,b € Q
and are not simultaneously zero. Show that S is a group under the usual
multiplication of real numbers.
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1.19 Lie Algebras

Lie algebras (Biuerle and de Kerf [7], Humphreys [32], Jacobson [33]) play
a central role in theoretical physics. They are also linked to Lie groups and
Lie transformation groups (Steeb [56]). In this section we give the definition
of a Lie algebra and some applications.

Definition 1.52. A vector space L over a field F, with an operation Lx L —
L denoted by

(z,y) = [2,9]
and called the commutator of x and y, is called a Lie algebra over F if the
following axioms are satisfied:

(L1) The bracket operation is bilinear.
(L2) [z,2] =0 forall zelL
(L3) [, [y, 2] + [y, [z, 2]] + [z, [z, 9]] =0 (2,y,2 € L).

Remark: Axiom (L3) is called the Jacobi identity.

Notice that (L1) and (L.2), applied to [x+y, z+y], imply anticommutativity:
(L27)
[z,y] = =y, z].

Conversely, if charF # 2 (for R and C we have charF = 0), then (L2’) will
imply (L2).
Definition 1.53. Let X and Y be n x n-matrices. Then the commutator
[X,Y] of X and Y is defined as

[X,Y]:=XY -YX.
The n x n matrices over R or C form a Lie algebra under the commutator.

This means we have the following properties (X, Y, V, W n x n matrices
and ¢ € C)

[cX,Y] = c[X,Y], [X, Y] = c[X,Y]
[(X,Y] = —[Y, X]
X+Y,V4+W]=[X,V]+ [X, W]+ [Y,V]+[Y,W]

and

(X, Y V] + [V X Y]+ [V [V, X = 0.
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The last equation is called the Jacobi identity..

Definition 1.54. Two Lie algebras L, L’ are called isomorphic if there
exists a vector space isomorphism ¢ : L — L' satisfying

o(lz, y]) = [9(x), ¢(y)]
for all z,y € L.

The Lie algebra of all n x n matrices over C is also called gl(n,C). A basis
is given by the matrices

(Eij)a i,j:1,2,...,n

where (E;;) is the matrix having 1 in the (4, j) position and 0 elsewhere.
Since

(Eij)(Ert) = 61 (Ea)
it follows that the commutator is given by
[(Eij), (Exi)] = 65k (Eir) — 01i(Ekj) -
Thus the coefficients are all +1 or 0.
The classical Lie algebras are sub-Lie algebras of gl(n,C). For example,
sl(n,R) is the Lie algebra with the condition
tr(X) =0

for all X € gl(n,R). Furthermore, so(n,R) is the Lie algebra with the
condition that

XT=-X and tr(X)=0
for all X € so(n,R). For n = 2 a basis element is given by
01
X = .
(410)

For n = 3 we have a basis (skew-symmetric matrices)

000 001 0-10
Xi=(00-1]1, Xo=(000], Xz=(100
010 -100 000
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Exercises. (1) Show that the 2 x 2 matrices with trace zero form a Lie
algebra under the commutator. Show that

10

0-1

01 00
00/’ 10)°
form a basis. Hint: Show that

tr([4, B]) = 0

for any two n X n matrices.
(2) Find all Lie algebras with dimension 2.

(3) Show that the set of all diagonal matrices form a Lie algebra under the
commutator.

(4) Do all Hermitian matrices form a Lie algebra under the commutator?

(5) Do all skew-Hermitian matrices form a Lie algebra under the commu-
tator?

(6) An automorphism of L is an isomorphism of L onto itself. Let L =
sl(n,R). Show that if g € GL(n,R) and if
gLg~' =L
then the map
T g:cgfl

is an automorphism.

(7) The center of a Lie algebra L is defined as
Z(L):={z€L:|[z,2]=0 forallzeL}.
Find the center for the Lie algebra si(2,R).
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1.20 Commutators and Anti-Commutators

Let A and B be n x n matrices. Then we define the commutator of A and
B as

[A,B]:= AB— BA.
For all n x n matrices A, B, C we have the Jacobi identity
[4,[B,Cll + [C,[A, B]] + [B, [C, Al] = 0,
where 0,, is the n X n zero matrix. Since tr(AB) = tr(BA) we have
tr([A,B]) =0.
If
[A, B] = 0

we say that the matrices A and B commute. For example, if A and B are
diagonal matrices then the commutator is the zero matrix 0,,.
Let A and B be n x n matrices. Then we define the anticommutator of A
and B as

[A, B]+ := AB + BA.
We have

tr([4, B];+) = 2tr(AB).
The anticommutator plays a role for Fermi operators.

Example 1.58. Consider the Pauli spin matrices

0_01 0_0—2' 0_10
r7—\10)’ v \io0) = \0-1/"

Then
0-2 ;
[02,0.] = 50 )= 2io,

and

[ ] 00

Og, 0|+ = .

00 &
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1.21 Functions of Matrices

Let A be an n x n matrix over C. Let f : R — R be an analytic func-
tion. Then we can consider the matrix valued function f(A). The simplest
example of such a function is a polynomial. Let p be a polynomial

n
plx) =) ca?
=0

then the corresponding matrix function of an n x n matrix A can be defined
by

p(A) =) ;A
§=0

with the convention A° = I,,. If a function f of a complex variable z has a
MacLaurin series expansion

fz) =) ¢;#
7=0

which converges for |z] < R (R > 0), then the matrix series
f(A) = ;A
=0

converges, provided A is square and each of its eigenvalues has absolute
value less than R. More generally if a function f of a complex variable z
has a power series expansion

fz)=> ¢;7
7=0

which converges for z € Z C C, then the matrix series

oo

fA) = ;A

J=0

converges, provided A is square and each of its eigenvalues are in Z.

Example 1.59. The most used matrix function is exp(A) defined by
A) = — =1 I, + —
exp(A) E g im ( + n)

which converges for all square matrices A. &
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Example 1.60. The matrix functions sin(A4) defined by

[e’e] . A2j+1 [e’e} ] A2J
1 = E [ [ = E 1) —
converge for all square matrices A. &

Example 1.61. The matrix function arctan(A) defined by

0 p2it1
arctan(A) := Z(—I)J 51
i=0 J

converges for square matrices A with eigenvalues A satisfying |A\| < 1. &

Example 1.62. The matrix function In(A) defined by

In(4) =~ )" (n ; A

converges for square matrices A with eigenvalues A where [A| € (0,2). &

Example 1.63. We calculate

0w O
exp|0 0 O
0—ir 0

using MacLaurin series expansion to obtain the exponential. Since the
square of the matrix is the 3 x 3 zero matrix we find from the MacLaurin
series expansion

0w O 100 0w O 1 i O
exp|0 0 O)J=(010|+(0 O O)=10 1 0].
00— 0 001 00—t 0 00—l Y

We can also use the Cayley-Hamilton theorem (see section 1.6). Since A
satisfies it’s own characteristic equation

A" —tr(A)A™ " 4 (= 1) det(A)A° = 0,,

where 0, is the n X n zero matrix, we find that A™ can be expressed in
terms of At ..., Aand I,

A" = tr(A)A™ — o~ (—1)" det(A)],.

Then the MacLaurin series contracts to

e’} n—1
FA) =D AT =" a;A.
j=0 j=0
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The values «q, ..., a,_1 can be determined from the eigenvalues of A.
Let A be an eigenvalue of A corresponding to the eigenvector x. Then

f(A)x = f(MN)x and

[es) n—1 n—1
F()x =" c;Ax =3 ;A= a;Xx.
j=0 j=0 j=0
Since x is nonzero we have the equation
n—1
_ J
FO) =" a;N.
§=0
Thus we have a system of linear equations for the «;. If an eigenvalue A
of A has multiplicity greater than 1, these equations will be insufficient to

determine all of the a;. Since f is analytic the derivative f’ is also analytic
and

(o) n—1
FA)=> e A= ja; A
j=1 j=1

which provides the equation

n—1
FO) =" jaX.
j=1
If the multiplicity is of A is k then we have the equations

n—1
FO) ="\,
j=0

n—1
FO) =Y jaa™!
j=1

: n—1 k—1
f(kfl)()\) — Z <H (G — m)> aj)\;;kﬂ.

j=k—1 \m=0

Example 1.64. We calculate

0 O
exp{O0O 0 O
0—ir 0
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using the Cayley-Hamilton theorem. The eigenvalue is 0 with multiplicity
3. Thus we solve the equations

e = ap + a1\ + as\?

et = a1 + 200

er = 209
where A\ = 0. Thus as = % and ap = a3 = 1. Consequently

0 ir O 100 0 ir O 1Oz'7r0 1 im0
exp0002010+000+§0002010.
0—im0 001 0—im0 0—im0 0—iml/%
Example 1.65. Consider the matrix

500 5

a2

Oﬁ_ﬁ 0

vz 00 =

with eigenvalues are m, m, —m and —n. We wish to calculate sec(A) where
sec(z) which is analytic on the intervals (7/2,37/2) and (—37/2,—m/2)
amongst others. The eigenvalues lie within these intervals. However, the
power series for sec(z) on these two intervals are different, the methods
above do not apply directly. We can restrict ourselves to the action on
subspaces. The eigenvalue 7 corresponds to the eigenspace spanned by

1 T 1 T
{ \/m(l,o,o,\/ﬁ 7T, \/m(o,l,\/i 1,0) }
The projection onto this eigenspace is given by
1 0 0 V2-1
1 0 1 V2-1 0
T 422 0 V2-13-2v2 0
VvV2—-1 0 0 3-2V2
On this two dimensional subspace, A has one eigenvalue with multiplic-
ity 2. We solve the equation sec(m) = —1 = ap + aym and sec'(7w) =
sec(m)tan(m) = 0 = ;. Thus oy = 0 and ap = —1. The solution on this
subspace is (agly + a1 A)II; = —II;. We perform a similar calculation for
the eigenvalue —m and the projection onto the eigenspace II;. We solve
the equation sec(—m) = —1 = By — f17 and sec’(—7) = sec(—m) tan(—7) =
0 = —fB1. Thus f; = 0 and By = —1. The solution on this subspace is
(Bols + B1A)ly = —II5. The solution on C* is given by
sec(A) = (71_[1) + (71_[2) = 7[4. *

H12
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