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Chapter 1

Matrix Calculus

1.1 Definitions and Notation

We assume that the reader is familiar with some basic terms in linear alge-

bra such as vector spaces, linearly dependent vectors, matrix addition and

matrix multiplication (Horn and Johnson [30], Laub [39]).

Throughout we consider matrices over the field of complex numbers C or

real number R. Let z ∈ C with z = x+ iy and x, y ∈ R. Then z̄ = x− iy.

In some cases we restrict the underlying field to the real numbers R. The
matrices are denoted by A, B, C, D, X, Y . The matrix elements (entries)

of the matrix A are denoted by ajk. For the column vectors we write u, v,

w. The zero column vector is denoted by 0. Let A be a matrix. Then AT

denotes the transpose and Ā is the complex conjugate matrix. We call A∗

the adjoint matrix, where A∗ := ĀT . A special role is played by the n× n

matrices, i.e. the square matrices. In this case we also say the matrix is

of order n. In denotes the n× n unit matrix (also called identity matrix).

The zero matrix is denoted by 0.

Let V be a vector space of finite dimension n, over the field R of real num-

bers, or the field C of complex numbers. If there is no need to distinguish

between the two, we speak of the field F of scalars. A basis of V is a set

{ e1, e2, . . . , en } of n linearly independent vectors of V , denoted by (ej)
n
j=1.

Every vector v ∈ V then has the unique representation

v =

n∑
j=1

vjej

the scalars vj , which we will sometimes denote by (v)j , being the compo-

nents of the vector v relative to the basis (e)j . As long as a basis is fixed

1
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2 Matrix Calculus and Kronecker Product

unambiguously, it is thus always possible to identify V with Fn. In matrix

notation, the vector v will always be represented by the column vector

v =


v1
v2
...

vn


while vT and v∗ will denote the following row vectors

vT = (v1, v2, . . . , vn), v∗ = (v̄1, v̄2, . . . , v̄n)

where ᾱ is the complex conjugate of α. The row vector vT is the transpose

of the column vector v, and the row vector v∗ is the conjugate transpose of

the column vector v.

Definition 1.1. Let Cn be the familiar n dimensional vector space. Let

u,v ∈ Cn. Then the scalar (or inner) product is defined as

(u,v) :=

n∑
j=1

ūjvj .

Obviously

(u,v) = (v,u)

and

(u1 + u2,v) = (u1,v) + (u2,v).

Since u and v are considered as column vectors, the scalar product can be

written in matrix notation as

(u,v) ≡ u∗v.

Definition 1.2. Two vectors u,v ∈ Cn are called orthogonal if

(u,v) = 0.

Example 1.1. Let

u =

(
1

1

)
, v =

(
1

−1

)
.

Then (u,v) = 0. ♣
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The scalar product induces a norm of u defined by

∥u∥ :=
√
(u,u).

In section 1.14 a detailed discussion of norms is given.

Definition 1.3. A vector u ∈ Cn is called normalized if (u,u) = 1.

Example 1.2. The vectors

u =
1√
2

(
1

1

)
, v =

1√
2

(
1

−1

)
are normalized and form an orthonormal basis in the vector space R2. ♣

Let V and W be two vector spaces over the same field, equipped with

bases (ej)
n
j=1 and (fi)

m
i=1, respectively. Relative to these bases, a linear

transformation

A : V →W

is represented by the matrix having m rows and n columns

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

am1 am2 · · · amn

 .

The elements aij of the matrix A are defined uniquely by the relations

Aej =
m∑
i=1

aijfi, j = 1, 2, . . . , n.

Equivalently, the jth column vector
a1j
a2j
...

amj


of the matrix A represents the vector Aej relative to the basis (fi)

m
i=1. We

call

(ai1 ai2 . . . ain)

the ith row vector of the matrix A. A matrix with m rows and n columns

is called a matrix of type (m,n), and the vector space over the field F
consisting of matrices of type (m,n) with elements in F is denoted by Am,n.
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4 Matrix Calculus and Kronecker Product

A column vector is then a matrix of type (m, 1) and a row vector a matrix

of type (1, n). A matrix is called real or complex according whether its

elements are in the field R or the field C. A matrix A with elements aij is

written as

A = (aij)

the first index i always designating the row and the second, j, the column.

Definition 1.4. A matrix with all its elements 0 is called the zero matrix

or null matrix.

Definition 1.5. Given a matrix A ∈ Am,n(C), the matrix A∗ ∈ An,m(C)
denotes the adjoint of the matrix A and is defined uniquely by the relations

(Au,v)m = (u, A∗v)n for every u ∈ Cn, v ∈ Cm

which imply that (A∗)ij = āji.

Definition 1.6. Given a matrix A = Am,n(R), the matrix AT ∈ An,m(R)
denotes the transpose of a matrix A and is defined uniquely by the relations

(Au,v)m = (u, ATv)n for every u ∈ Rn, v ∈ Rm

which imply that (AT )ij = aji.

To the composition of linear transformations there corresponds the multi-

plication of matrices.

Definition 1.7. If A = (aij) is a matrix of type (m, l) and B = (bkj) of

type (l, n), their matrix product AB is the matrix of type (m,n) defined by

(AB)ij =

l∑
k=1

aikbkj .

We have

(AB)T = BTAT , (AB)∗ = B∗A∗.

Note that AB ̸= BA, in general, where A and B are n× n matrices.

Definition 1.8. A matrix of type (n, n) is said to be square, or a matrix

of order n if it is desired to make explicit the integer n; it is convenient to

speak of a matrix as rectangular if it is not necessarily square.

Definition 1.9. If A = (aij) is a square matrix, the elements aii are called

diagonal elements, and the elements aij , i ̸= j, are called off-diagonal ele-

ments.
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Definition 1.10. The identity matrix (also called unit matrix) is the

square matrix

I := (δij).

Definition 1.11. A square matrix A is invertible if there exists a matrix

(which is unique, if it does exist), written as A−1 and called the inverse of

the matrix A, which satisfies

AA−1 = A−1A = I.

Otherwise, the matrix is said to be singular.

Recall that if A and B are invertible matrices then

(AB)−1 = B−1A−1, (AT )−1 = (A−1)T , (A∗)−1 = (A−1)∗.

Definition 1.12. A square matrix A is symmetric if A is real and A = AT .

The sum of two symmetric matrices is again a symmetric matrix.

Definition 1.13. A square matrix A is skew-symmetric if A is real and

A = −AT .

Every square matrix A over R can be written as sum of a symmetric matrix

S and a skew-symmetric matrix T , i.e. A = T + S. Thus

S =
1

2
(A+AT ), T =

1

2
(A−AT ) .

Definition 1.14. A square matrix A over C is Hermitian if A = A∗.

The sum of two Hermitian matrices is again a Hermitian matrix.

Definition 1.15. A square matrix A over C is skew-Hermitian if A = −A∗.

The sum of two skew-Hermitian matrices is again a skew-Hermitian matrix.

Definition 1.16. A Hermitian n× n matrix A is positive semidefinite if

u∗Ax ≥ 0

for all nonzero u ∈ Cn.

Example 1.3. The 2× 2 matrix

A =

(
1 1

1 1

)
is positive semidefinite. ♣



MATRIX CALCULUS AND KRONECKER PRODUCT - A Practical Approach to Linear and Multilinear Algebra (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/8030.html

January 20, 2011 14:43 World Scientific Book - 9in x 6in book

6 Matrix Calculus and Kronecker Product

Let B be an arbitrary m× n matrix over C. Then the n× n matrix B∗B

is positive semidefinite.

Definition 1.17. A square matrix A is orthogonal if A is real and

AAT = ATA = I.

Thus for an orthogonal matrix A we have A−1 = AT . The product of

two orthogonal matrices is again an orthogonal matrix. The inverse of an

orthogonal matrix is again an orthogonal matrix. The orthogonal matrices

form a group under matrix multiplication.

Definition 1.18. A square matrix A is unitary if AA∗ = A∗A = I.

The product of two unitary matrices is again a unitary matrix. The inverse

of a unitary matrix is again a unitary matrix. The unitary matrices form

a group under matrix multiplication.

Example 1.4. Consider the 2× 2 matrix

σy =

(
0 −i
i 0

)
.

The matrix σy is Hermitian and unitary. We have σ∗
y = σy and σ∗

y = σ−1
y .

Furthermore σ2
y = I2. The matrix is one of the Pauli spin matrices. ♣

Definition 1.19. A square matrix is normal if AA∗ = A∗A.

Example 1.5. The matrix

A =

(
0 i

−i 0

)
is normal, whereas

B =

(
0 i

0 0

)
is not a normal matrix. Note that B∗B is normal. ♣

Normal matrices include diagonal, real symmetric, real skew-symmetric,

orthogonal, Hermitian, skew-Hermitian, and unitary matrices.

Definition 1.20. A matrix A = (aij) is diagonal if aij = 0 for i ̸= j and

is written as

A = diag(aii) = diag(a11, a22, . . . , ann).
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The matrix product of two n × n diagonal matrices is again a diagonal

matrix.

Definition 1.21. Let A = (aij) be an m × n matrix over a field F. The

columns of A generate a subspace of Fm, whose dimension is called the

column rank of A. The rows generate a subspace of Fn whose dimension

is called the row rank of A. In other words: the column rank of A is the

maximum number of linearly independent columns, and the row rank is

the maximum number of linearly independent rows. The row rank and the

column rank of A are equal to the same number r. Thus r is simply called

the rank of the matrix A.

Example 1.6. The rank of the 2× 3 matrix

A =

(
1 2 3

4 5 6

)
is r(A) = 2. The rank of the matrix product of two matrices cannot exceed

the rank of either factors. ♣

Definition 1.22. The kernel (or null space) of an m × n matrix A is the

subspace of vectors x in Cn for which Ax = 0. The dimension of this

subspace is the nullity of A.

Example 1.7. Consider the matrix

A =

(
1 1

1 1

)
.

Then from the linear equation Ax = 0 we obtain x1 + x2 = 0. The null

space of A is the set of solutions to this equation, i.e. a line through the

origin of R2. The nullity of A is equal to 1. ♣

Definition 1.23. Let A, B be n× n matrices. Then the commutator of A

and B is defined by

[A,B] := AB −BA .

Obviously we have [A,B] = −[B,A] and if C is another n× n matrix

[A,B + C] = [A,B] + [A,C].

Let A, B be n×n matrices. Then the anticommutator of A and B is defined

by

[A,B]+ := AB +BA .
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8 Matrix Calculus and Kronecker Product

Exercises. (1) Let A, B be n × n upper triangular matrices. Can we

conclude that AB = BA?

(2) Let A be an arbitrary n × n matrix. Let B be a diagonal matrix. Is

AB = BA?

(3) Let A be a normal matrix and U be a unitary matrix. Show that U∗AU

is a normal matrix.

(4) Show that the following operations, called elementary transformations,

on a matrix do not change its rank:

(i) The interchange of the i-th and j-th rows.

(ii) The interchange of the i-th and j-th columns.

(5) Let A and B be two square matrices of the same order. Is it possible

to have AB +BA = 0?

(6) Let Ak, 1 ≤ k ≤ m, be matrices of order n satisfying

m∑
k=1

Ak = I.

Show that the following conditions are equivalent

(i) Ak = (Ak)
2, 1 ≤ k ≤ m

(ii) AkAl = 0 for k ̸= l, 1 ≤ k, l ≤ m

(iii)

m∑
k=1

r(Ak) = n

where r(A) denotes the rank of the matrix A.

(7) Prove that if A is of order m× n, B is of order n× p and C is of order

p× q, then

A(BC) = (AB)C.

(8) Let S be an invertible n×n matrix. Let A be an arbitrary n×n matrix

and Ã = SAS−1. Show that Ã2 = SA2S−1.
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1.2 Matrix Operations

Let F be a field, for example the set of real numbers R or the set of complex

numbers C. Let m, n be two integers ≥ 1. An array A of numbers in F
a11 a12 a13 . . . a1n
a21 a22 a23 . . . a2n
...

...
...

. . .
...

am1 am2 am3 . . . amn

 = (aij)

is called an m× n matrix with entry aij in the ith row and jth column. A

row vector is a 1× n matrix. A column vector is an n× 1 matrix. We have

a zero matrix, in which aij = 0 for all i, j.

Let A = (aij) and B = (bij) be two m×n matrices. We define A+B to be

the m× n matrix whose entry in the i-th row and j-th column is aij + bij .

The m× n matrices over a field F form a vector space.

Matrix multiplication is only defined between two matrices if the number of

columns of the first matrix is the same as the number of rows of the second

matrix. If A is an m×n matrix and B is an n× p matrix, then the matrix

product AB is an m× p matrix defined by

(AB)ij =

n∑
r=1

airbrj

for each pair i and j, where (AB)ij denotes the (i, j)th entry in AB.

Let A = (aij) and B = (bij) be two m × n matrices with entries in some

field. Then their Hadamard product is the entry-wise product of A and B,

that is the m× n matrix A •B whose (i, j)th entry is aijbij .

Example 1.8. Let

A =

(
1 i

−1 i

)
, B =

(
2 −1

1 0

)
.

Then

A+B =

(
3 i− 1

0 i

)
A •B =

(
2 −i
−1 0

)
AB =

(
i+ 2 −1

i− 2 1

)
.

♣
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10 Matrix Calculus and Kronecker Product

1.3 Linear Equations

Let A be an m× n matrix over a field F. Let b1, . . . , bm be elements of the

field F. The system of equations

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

...

am1x1 + am2x2 + · · ·+ amnxn = bm

is called a system of linear equations. We also write Ax = b, where x and

b are considered as column vectors. The system is said to be homogeneous

if all the numbers b1, . . . , bm are equal to 0. The number n is called the

number of unknowns, and m is called the number of equations. The system

of homogeneous equations also admits the trivial solution

x1 = x2 = · · · = xn = 0.

A system of homogeneous equations of m linear equations in n unknowns

with n > m admits a nontrivial solution. An under determined linear sys-

tem is either inconsistent or has infinitely many solutions.

An important special case ism = n. Then for the system of linear equations

Ax = b we investigate the cases A−1 exists and A−1 does not exist. If A−1

exists we can write the solution as

x = A−1b.

If m > n, then we have an overdetermined system and it can happen that

no solution exists. One solves these problems in the least-square sense.

Example 1.9. Consider the system of linear equations

3x1 − x2 = −1

x2 − x3 = 0

x1 + x2 + x3 = 1.

These equations have the matrix representation3 −1 0

0 1 −1

1 1 1

x1x2
x3

 =

−1

0

1


with solution x1 = − 1

7 , x2 = 4
7 and x3 = 4

7 . ♣
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1.4 Trace and Determinant

In this section we introduce the trace and determinant of a n × n matrix

and summarize their properties.

Definition 1.24. The trace of a square matrix A = (ajk) of order n is

defined as the sum of its diagonal elements

tr(A) :=
n∑

j=1

ajj .

Example 1.10. Let

A =

(
1 2

0 −1

)
.

Then tr(A) = 0. ♣

The properties of the trace are as follows. Let a, b ∈ C and let A, B and C

be three n× n matrices. Then

tr(aA+ bB) = atr(A) + btr(B)

tr(AT ) = tr(A)

tr(AB) = tr(BA)

tr(A) = tr(S−1AS) S nonsingular n× n matrix

tr(A∗A) = tr(AA∗)

tr(ABC) = tr(CAB) = tr(BCA).

Thus the trace is a linear functional. From the third property we find that

tr([A,B]) = 0

where [ , ] denotes the commutator. The last property is called the cyclic

invariance of the trace. Notice, however, that

tr(ABC) ̸= tr(BAC)

in general. An example is given by the following matrices

A =

(
1 0

0 0

)
, B =

(
0 1

0 0

)
, C =

(
0 0

1 0

)
.

We have tr(ABC) = 1 but tr(BAC) = 0.
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12 Matrix Calculus and Kronecker Product

If λj , j = 1, 2, . . . , n are the eigenvalues of the n× n matrix A (see section

1.5), then

tr(A) =
n∑

j=1

λj , tr(A2) =
n∑

j=1

λ2j .

More generally, if p designates a polynomial of degree r

p(x) =
r∑

j=0

ajx
j

then

tr(p(A)) =
n∑

k=1

p(λk).

Moreover we find

tr(AA∗) = tr(A∗A) =
n∑

j,k=1

|ajk|2 ≥ 0.

Thus
√
tr(AA∗) is a norm of A.

Example 1.11. Let

A =

(
0 −i
i 0

)
.

Then AA∗ = I2, where I2 is the 2× 2 identity matrix. Thus ∥A∥ =
√
2. ♣

Let x, y be column vectors in Rn. Then

xTy = tr(xyT ) = tr(yxT ) .

Let A an n× n matrix over R. Then we have

xTAy = tr(AyxT ) .

Next we introduce the definition of the determinant of an n × n matrix.

Then we give the properties of the determinant.

Definition 1.25. The determinant of an n×n matrix A is a scalar quantity

denoted by det(A) and is given by

det(A) :=
∑

j1,j2,...,jn

p(j1, j2, . . . , jn)a1j1a2j2 . . . anjn

where p(j1, j2, . . . , jn) is a permutation equal to ±1 and the summation

extends over n! permutations j1, j2, . . . , jn of the integers 1, 2, . . . , n. For

an n× n matrix there exist n! permutations. Therefore

p(j1, j2, . . . , jn) = sign
∏

1≤s<r≤n

(jr − js).
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Example 1.12. For a matrix of order (3,3) we find

p(1, 2, 3) = 1, p(1, 3, 2) = −1, p(3, 1, 2) = 1

p(3, 2, 1) = −1, p(2, 3, 1) = 1, p(2, 1, 3) = −1.

Then the determinant for a 3× 3 matrix is given by

det

a11 a12 a13a21 a22 a23
a31 a32 a33

 = a11a22a33 − a11a23a32 + a13a21a32

−a13a22a31 + a12a23a31 − a12a21a33. ♣

Definition 1.26. We call a square matrix A a nonsingular matrix if

det(A) ̸= 0

whereas if det(A) = 0 the matrix A is called a singular matrix.

If det(A) ̸= 0, then A−1 exists. Conversely, if A−1 exists, then det(A) ̸= 0.

Example 1.13. The matrix (
1 1

1 0

)
is nonsingular since its determinant is −1, and the matrix(

0 1

0 0

)
is singular since its determinant is 0. ♣

Next we list some properties of determinants.

1. Let A be an n× n matrix and AT the transpose. Then

det(A) = det(AT ).

Example 1.14.

det

1 0 −1

2 1 0

1 −1 2

 = det

 1 2 1

0 1 −1

−1 0 2

 = 5.

♣
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14 Matrix Calculus and Kronecker Product

Remark. Let

A =

(
0 −i
1 0

)
.

Then

AT =

(
0 1

−i 0

)
, A∗ ≡ ĀT =

(
0 1

i 0

)
.

Obviously

det(A) ̸= det(A∗).

2. Let A be an n× n matrix and α ∈ R. Then

det(αA) = αn det(A).

3. Let A be an n × n matrix. If two adjacent columns are equal, i.e.

Aj = Aj+1 for some j = 1, 2, . . . , n− 1, then det(A) = 0.

4. If any vector in A is a zero vector then det(A) = 0.

5. Let A be an n× n matrix. Let j be some integer, 1 ≤ j < n. If the j-th

and (j + 1)-th columns are interchanged, then the determinant changes by

a sign.

6. Let A1, . . . , An be the column vectors of an n× n matrix A. If they are

linearly dependent, then det(A) = 0.

7. Let A and B be n× n matrices. Then

det(AB) = det(A) det(B).

8. Let A be an n× n diagonal matrix. Then

det(A) = a11a22 · · · ann.

9. (d/dt) det(A(t)) = sum of the determinants where each of them is ob-

tained by differentiating the rows of A with respect to t one at a time, then

taking its determinant.

Proof. Since

det(A(t)) =
∑

j1,...,jn

p(j1, . . . , jn)a1j1(t) · · · anjn(t)

we find
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d

dt
det(A(t)) =

∑
j1,...,jn

p(j1, . . . , jn)
da1j1(t)

dt
a2j2(t) · · · anjn(t) +

+
∑

j1,...,jn

p(j1, . . . , jn)a1j1(t)
da2j2(t)

dt
· · · anjn(t) + · · ·

+
∑

j1,...,jn

p(j1, . . . , jn)a1j1(t) · · · an−1jn−1(t)
danjn(t)

dt
.

�

Example 1.15. We have

d

dt
det

(
et cos t

1 sin t2

)
= det

(
et − sin t

1 sin t2

)
+ det

(
et cos t

0 2t cos t2

)
.

♣

10. Let A be an invertible n× n symmetric matrix over R. Then

vTA−1v =
det(A+ vvT )

det(A)
− 1

for every vector v ∈ Rn.

Example 1.16. Let

A =

(
0 1

1 0

)
, v =

(
1

1

)
.

Then A−1 = A and therefore

vTA−1v = 2.

Since

vvT =

(
1 1

1 1

)
and det(A) = −1 we obtain

det(A+ vvT )

det(A)
− 1 = 2.

♣

11. Let A be an n× n matrix. Then

det(exp(A)) ≡ exp(tr(A)).

12. The determinant of a diagonal matrix or triangular matrix is the prod-

uct of its diagonal elements.
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16 Matrix Calculus and Kronecker Product

13. Let A be an n × n matrix. Let λ1, λ2, . . . , λn be the eigenvalues of A

(see section 1.5). Then

det(A) = λ1λ2 · · ·λn.

14. Let A be a Hermitian matrix. Then det(A) is a real number.

15. Let U be a unitary matrix. Then

det(U) = eiϕ

for some ϕ ∈ R. Thus | det(U)| = 1.

16. Let A, B, C be n×n matrices and let 0 be the n×n zero matrix. Then

det

(
A 0

C B

)
= det(A) det(B).

17. The determinant of the matrix

An :=


b1 a2 0 . . . 0 0

−1 b2 a3 . . . 0 0
...

...
...
. . .

...
...

0 0 0 . . . bn−1 an
0 0 0 . . . −1 bn

 , n = 1, 2, . . .

satisfies the recursion relation

det(An) = bn det(An−1) + an det(An−2), det(A0) = 1, det(A1) = b1

where n = 2, 3, . . . .

18. Let A be a 2× 2 matrix. Then

det(I2 +A) ≡ 1 + tr(A) + det(A).

19. Let A be an invertible n× n matrix, i.e. det(A) ̸= 0. Then the inverse

of A can be calculated as

(A)−1
kj =

∂

∂(A)jk
ln(det(A)).
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Exercises. (1) Let X and Y be n× n matrices over R. Show that

(X,Y ) := tr(XY T )

defines a scalar product, i.e. prove that (X,X) ≥ 0, (X,Y ) = (Y,X),

(cX, Y ) = c(X,Y ) (c ∈ R), (X + Y,Z) = (X,Z) + (Y,Z).

(2) Let A and B be n× n matrices. Show that

tr([A,B]) = 0

where [ , ] denotes the commutator (i.e. [A,B] := AB −BA).

(3) Use (2) to show that the relation

[A,B] = λI, λ ∈ C

for finite dimensional matrices can only be satisfied if λ = 0. For certain

infinite dimensional matrices A and B we can find a nonzero λ.

(4) Let A and B be n×n matrices. Suppose that AB is nonsingular. Show

that A and B are nonsingular matrices.

(5) Let A and B be n × n matrices over R. Assume that A is skew-

symmetric, i.e. AT = −A. Assume that n is odd. Show that det(A) = 0.

(6) Let

A =

(
A11 A12

A21 A22

)
be a square matrix partitioned into blocks. Assuming the submatrix A11

to be invertible, show that

det(A) = det(A11) det(A22 −A21A
−1
11 A12).

(7) A square matrix A for which An = 0, where n is a positive integer, is

called nilpotent. Let A be a nilpotent matrix. Show that det(A) = 0.

(8) Let A be an n × n skew-symmetric matrix over R. Show that if n is

odd then det(A) = 0. Hint. Apply det(A) = (−1)n det(A).

(9) Let A be an n× n matrix with A2 = In. Calculate det(A).
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18 Matrix Calculus and Kronecker Product

1.5 Eigenvalue Problem

The eigenvalue problem plays a central role in theoretical and mathematical

physics (Steeb [60; 61]). We give a short introduction into the eigenvalue

calculation for finite dimensional matrices. In section 2.6 we study the

eigenvalue problem for Kronecker products of matrices.

Definition 1.27. A complex number λ is said to be an eigenvalue (or

characteristic value) of an n× n matrix A, if there is at least one nonzero

vector u ∈ Cn satisfying the eigenvalue equation

Au = λu, u ̸= 0.

Each nonzero vector u ∈ Cn satisfying the eigenvalue equation is called an

eigenvector (or characteristic vector) of A with eigenvalue λ.

The eigenvalue equation can be written as

(A− λI)u = 0

where I is the n× n unit matrix and 0 is the zero vector.

This system of n linear simultaneous equations in u has a nontrivial solution

for the vector u only if the matrix (A− λI) is singular, i.e.

det(A− λI) = 0.

The expansion of the determinant gives a polynomial in λ of degree equal

to n, which is called the characteristic polynomial of the matrix A. The n

roots of the equation det(A − λI) = 0, called the characteristic equation,

are the eigenvalues of A.

Definition 1.28. Let λ be an eigenvalue of an n×n matrix A. The vector

u is a generalized eigenvector of A corresponding to λ if

(A− λI)nu = 0.

The eigenvectors of a matrix are also generalized eigenvectors of the matrix.

Theorem 1.1. Every n× n matrix A has at least one eigenvalue and cor-

responding eigenvector.

Proof. We follow the proof in Axler [2]. Suppose v ∈ Cn \ {0}. Then

{v, Av, . . . , Anv} must be a linearly dependent set of vectors, i.e. there

exist c0, . . . , cn ∈ C such that

c0v + c1Av + · · ·+ cnA
nv = 0.
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Let m ∈ {0, 1, . . . , n} be the largest index satisfying cm ̸= 0. Consider the

following polynomial in x and its factorization over C:

c0 + c1x+ · · ·+ cmx
m = cm(x− x0)(x− x1) · · · (x− xm)

for some x0, . . . , xm ∈ C (i.e. the roots of the polynomial). Then

c0v+ c1Av+ · · ·+ cnA
nv = cm(A− x0In)(A− x1In) · · · (A− xmIn)v = 0.

It follows that there is a largest j ∈ {0, 1, . . . ,m} satisfying

(A− xjIn) [(A− xj+1In) · · · (A− xmIn)v] = 0.

This is a solution to the eigenvalue equation, the eigenvalue is xj and the

corresponding eigenvector is

(A− xj+1In) · · · (A− xmIn)v. �

Definition 1.29. The spectrum of the matrix A is the subset

sp(A) :=
n∪

i=1

{λi(A) }

of the complex plane. The spectral radius of the matrix A is the nonnegative

number defined by

ϱ(A) := max{ |λj(A)| : 1 ≤ j ≤ n }.

If λ ∈ sp(A), the vector subspace

{v ∈ V : Av = λv }

(of dimension at least 1) is called the eigenspace corresponding to the eigen-

value λ.

Example 1.17. Let

A =

(
0 −i
i 0

)
.

Then

det(A− λI2) ≡ λ2 − 1 = 0.

Therefore the eigenvalues are given by λ1 = 1, λ2 = −1. To find the

eigenvector of the eigenvalue λ1 = 1 we have to solve(
0 −i
i 0

)(
u1
u2

)
= 1

(
u1
u2

)
.
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20 Matrix Calculus and Kronecker Product

Therefore u2 = iu1 and the eigenvector of λ1 = 1 is given by

u1 =

(
1

i

)
.

For λ2 = −1 we have (
0 −i
i 0

)(
u1
u2

)
= −1

(
u1
u2

)
and hence

u2 =

(
1

−i

)
.

We see that (u1,u2) ≡ u∗
2u1 = 0. Both eigenvectors are not normalized.♣

A special role in theoretical physics is played by the Hermitian matrices.

In this case we have the following theorem.

Theorem 1.2. Let A be a Hermitian matrix, i.e. A∗ = A, where A∗ ≡ ĀT .

The eigenvalues of A are real, and two eigenvectors corresponding to two

different eigenvalues are mutually orthogonal.

Proof. The eigenvalue equation is Au = λu, where u ̸= 0. Now we have

the identity

(Au)∗u ≡ u∗A∗u ≡ u∗(A∗u) ≡ u∗(Au)

since A is Hermitian, i.e. A = A∗. Inserting the eigenvalue equation into

this equation yields

(λu)∗u = u∗(λu)B or λ̄(u∗u) = λ(u∗u).

Since u∗u ̸= 0, we have λ̄ = λ and therefore λ must be real. Let

Au1 = λ1u1, Au2 = λ2u2.

Now

λ1(u1,u2) = (λ1u1,u2) = (Au1,u2) = (u1, Au2) = (u1, λ2u2) = λ2(u1,u2) .

Since λ1 ̸= λ2, we find that (u1,u2) = 0. �

Theorem 1.3. The eigenvalues λj of a unitary matrix U satisfy |λj | = 1.
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Proof. Since U is a unitary matrix we have U∗ = U−1, where U−1 is the

inverse of U . Let

Uu = λu

be the eigenvalue equation. It follows that

(Uu)∗ = (λu)∗ or u∗U∗ = λ̄u∗ .

Thus we obtain

u∗U∗Uu = λ̄λu∗u .

Owing to U∗U = I we obtain

u∗u = λ̄λu∗u.

Since u∗u ̸= 0 we have λ̄λ = 1. Thus the eigenvalue λ can be written as

λ = exp(iα), α ∈ R .

Thus |λ| = 1. �

Theorem 1.4. If x is an eigenvalue of the n × n normal matrix A cor-

responding to the eigenvalue λ, then x is also an eigenvalue of A∗ corre-

sponding to the eigenvalue λ.

Proof. Since (A− λIn)x = 0 and AA∗ = A∗A we find

((A∗ − λIn)x, (A
∗ − λIn)x) =

[
(A∗ − λIn)x

]∗ [
(A∗ − λIn)x

]
= x∗(A− λIn)(A

∗ − λIn)x

= x∗(A∗ − λIn)(A− λIn)x

= x∗(A∗ − λIn)0 = 0

Consequently (A∗ − λIn)x = 0. �

Theorem 1.5. The eigenvalues of a skew-Hermitian matrix (A∗ = −A)
can only be 0 or (purely) imaginary.

The proof is left as an exercise to the reader.

Example 1.18. The skew-Hermitian matrix

A =

(
0 i

i 0

)
has the eigenvalues ±i. ♣



MATRIX CALCULUS AND KRONECKER PRODUCT - A Practical Approach to Linear and Multilinear Algebra (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/8030.html

January 20, 2011 14:43 World Scientific Book - 9in x 6in book

22 Matrix Calculus and Kronecker Product

Now consider the general case. Let λ be an eigenvalue of A with the cor-

responding eigenvector x, and let µ be an eigenvalue of A∗ with the corre-

sponding eigenvector y. Then

x∗A∗y = (x∗A∗)y = (Ax)∗y = (λx)∗y = λx∗y

and

x∗A∗y = x∗(A∗y) = µx∗y.

It follows that x∗y = 0 or λ = µ.

Example 1.19. Consider

A =

(
0 1

0 0

)
.

Both eigenvalues of A are zero. We have

A∗ =

(
0 0

1 0

)
.

Both eigenvalues of A∗ are also zero. The eigenspaces corresponding to the

eigenvalue 0 of A and A∗ are{(
t

0

)
: t ∈ C, t ̸= 0

}
and {(

0

t

)
: t ∈ C, t ̸= 0

}
respectively. Obviously both conditions above are true. The eigenvalues of

A∗A and AA∗ are given by 0 and 1. ♣
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Exercises. (1) Let A be an n× n matrix over C. Show that the eigenvec-

tors of A corresponding to distinct eigenvalues are linearly independent.

(2) Show that

tr(A) =

n∑
j=1

λj(A), det(A) =

n∏
j=1

λj(A).

(3) Let U be a Hermitian and unitary matrix. What can be said about the

eigenvalues of U?

(4) Let A be an invertible matrix whose elements, as well as those of A−1,

are all nonnegative. Show that there exists a permutation matrix P and a

matrix D = diag (dj), with dj positive, such that A = PD (the converse is

obvious).

(5) Let A and B be two square matrices of the same order. Show that the

matrices AB and BA have the same characteristic polynomial.

(6) Let a, b, c ∈ R. Find the eigenvalues and eigenvectors of the symmetric

4× 4 matrix

A =


a b 0 0

c a b 0

0 c a b

0 0 c a

 .

(7) Let a1, a2, . . . , an ∈ R. Show that the eigenvalues of the matrix

A =



a1 a2 a3 · · · an−1 an
an a1 a2 · · · an−2 an−1

an−1 an a1 · · · an−3 an−2

...
...

...
. . .

...
...

a3 a4 a5 · · · a1 a2
a2 a3 a4 · · · an a1


called a circulant matrix, are of the form

λl+1 = a1 + a2ξl + a3ξ
2
l + · · ·+ anξ

n−1
l , l = 0, 1, . . . , n− 1

where ξl := e2iπl/n.



MATRIX CALCULUS AND KRONECKER PRODUCT - A Practical Approach to Linear and Multilinear Algebra (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/8030.html

January 20, 2011 14:43 World Scientific Book - 9in x 6in book

24 Matrix Calculus and Kronecker Product

1.6 Cayley-Hamilton Theorem

The Cayley-Hamilton theorem states that the matrix A satisfies its own

characteristic equation, i.e.

(A− λ1In) · · · (A− λnIn) = 0n×n

where 0n×n is the n× n zero matrix. Notice that the factors commute.

In this section we follow Axler [2].

Definition 1.30. An n× n matrix A is upper triangular with respect to a

basis {v1, . . . ,vm} ⊂ Cn , where m ≤ n, if

Avj ∈ span{v1, . . . ,vj}, j = 1, . . . ,m.

Theorem 1.6. For every n×n matrix A there exists a basis V for Cn such

that A is upper triangular with respect to V .

Proof. Let v1 be an eigenvector of A. The proof that every matrix A is

upper triangular is by induction. The case n = 1 is obvious. Consider the

subspace

U = {(A− xjIn)x : x ∈ Cn}.

For all u ∈ U

Au = (A− xjIn)u+ xju ∈ U

since (A − xjIn)u ∈ U by definition. Since xj is an eigenvalue of A we

have det(A − xjIn) = 0 so that dim(U) < n. The induction hypothesis

is that any square matrix is upper triangular with respect to a basis for a

(sub)space with dimension less than n. Consequently A has a triangular

representation on U . Let {v1, . . . ,vdimU} be a basis for U and {v1, . . . ,vn}
be a basis for Cn. We have for k ∈ {dimU + 1, . . . , n}

Avk = (A− xjIn)vk + xjvk ∈ span{v1, . . . ,vdimU ,vk}

where

span{v1, . . . ,vdimU ,vk} ⊆ span{v1, . . . ,vk}

and (A − xjIn)vk ∈ U by definition. It follows that A is upper triangular

with respect to

V = {v1, . . . ,vn}. �
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If A has a triangular representation with respect to some basis we can find a

triangular representation with respect to an orthonormal basis by applying

the Gram-Schmidt orthonormalization process (see section 1.17).

Theorem 1.7. Every n×n matrix A satisfies its own characteristic equa-

tion

(A− λ1In) · · · (A− λnIn) = 0n×n

where 0n×n is the n × n zero matrix, and λ1, . . . , λn are the eigenvalues

of A.

Proof. Let A be triangular with respect to the basis {v1, . . . ,vn} ⊂ Cn

for Cn. Thus v1 is an eigenvector of A corresponding to an eigenvalue, say

λj1 . Consequently (A− λj1In)v1 = 0. Now suppose

(A− λj1In)(A− λj2In) · · · (A− λjkIn)vk =

(
k∏

p=1

(A− λjkIn)

)
vk = 0

for k = 1, 2, . . . , r. Now Avr+1 ∈ span{v1,v2, . . . ,vr+1} so that Avr+1 =

u + αvr+1 for some u ∈ span{v1, . . . ,vr}, α ∈ C. The supposition above

(induction hypothesis) implies(
k∏

p=1

(A− λjkIn)

)
u = 0

so that (
k∏

p=1

(A− λjkIn)

)
Avr+1 = α

(
k∏

p=1

(A− λjkIn)

)
vr+1

which simplifies to

(A− αIn)

(
k∏

p=1

(A− λjkIn)

)
vr+1 = 0

since A commutes with (A− cIn) (c ∈ C). Thus either(
k∏

p=1

(A− λjkIn)

)
vr+1 = 0

or α is an eigenvalue, say λjr+1 , of A. If the first case holds a re-ordering

of the basis {v1, . . . ,vn} postpones the arbitrary choice of λjr+1 . In either

case, we have shown by induction that(
n∏

p=1

(A− λpIn)

)
vk = 0, k = 1, 2, . . . , n.

Since {v1, . . . ,vr} is a basis we must have
n∏

p=1

(A− λpIn) = (A− λ1In) · · · (A− λnIn) = 0n×n.
�
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1.7 Projection Matrices

First we introduce the definition of a projection matrix and give some of its

properties. Projection matrices (projection operators) play a central role

in finite group theory in the decomposition of Hilbert spaces into invariant

subspaces (Steeb [60; 61; 57]).

Definition 1.31. An n× n matrix Π is called a projection matrix if

Π = Π∗

and

Π2 = Π.

The element Πu (u ∈ Cn) is called the projection of the element u.

Example 1.20. Let n = 2 and

Π1 =

(
1 0

0 0

)
, Π2 =

(
0 0

0 1

)
.

Then Π∗
1 = Π1, Π

2
1 = Π1, Π

∗
2 = Π2 and Π2

2 = Π2. Furthermore Π1Π2 = 0

and

Π1

(
u1
u2

)
=

(
u1
0

)
, Π2

(
u1
u2

)
=

(
0

u2

)
.

♣

Theorem 1.8. Let Π1 and Π2 be two n × n projection matrices. Assume

that Π1Π2 = 0. Then

(Π1u,Π2u) = 0.

Proof. We find

(Π1u,Π2u) = (Π1u)
∗(Π1u) = (u∗Π∗

1)(Π2u) = u∗(Π1Π2)u = 0. �

Theorem 1.9. Let In be the n×n unit matrix and Π be a projection matrix.

Then In −Π is a projection matrix.

Proof. Since

(In −Π)∗ = I∗n −Π∗ = In −Π

and

(In −Π)2 = (In −Π)(In −Π) = In −Π−Π+Π = In −Π

we find that In −Π is a projection matrix. �
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Theorem 1.10. The eigenvalues λj of a projection matrix Π are given by

λj ∈ { 0, 1 }.

Proof. From the eigenvalue equation Πu = λu we find

Π(Πu) = (ΠΠ)u = λΠu.

Using the fact that Π2 = Π we obtain

Πu = λ2u.

Thus λ = λ2 since u ̸= 0 and hence λ ∈ { 0, 1 }. �

Theorem 1.11. (Projection Theorem.) Let U be a nonempty, convex,

closed subset of the vector space Cn. Given any element w ∈ Cn, there

exists a unique element Πw such that

Πw ∈ U and ∥w −Πw∥ = inf
v∈U

∥w − v∥.

This element Πw ∈ U satisfies

(Πw −w,v −Πw) ≥ 0 for every v ∈ U

and, conversely, if any element u satisfies

u ∈ U and (u,v − u) ≥ 0 for every v ∈ U

then u = Πw . Furthermore

∥Πu−Πv∥ ≤ ∥u− v∥ .

For the proof refer to Ciarlet [13].

Let u be a nonzero normalized column vector. Then uu∗ is a projection

matrix, since (uu∗)∗ = uu∗ and

(uu∗)(uu∗) = u(u∗u)u∗ = uu∗ .

If u is the zero column vector then uu∗ is the square zero matrix which is

also a projection matrix.
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Exercises. (1) Show that the matrices

Π1 =
1

2

(
1 1

1 1

)
, Π2 =

1

2

(
1 −1

−1 1

)
are projection matrices and that Π1Π2 = 0.

(2) Is the sum of two n×n projection matrices an n×n projection matrix?

(3) Let A be an n × n matrix with A2 = A. Show that det(A) is either

equal to zero or equal to 1.

(4) Let

Π =
1

4


1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1


and

u =


1

0

0

0

 , v =


0

0

0

1

 .

Show that

∥Πu−Πv∥ ≤ ∥u− v∥.
(5) Consider the matrices

A =

(
2 1

1 2

)
, I =

(
1 0

0 1

)
, C =

(
0 1

1 0

)
.

Show that [A, I2] = 0 and [A,C] = 0. Show that I2C = C, CI = C, CC =

I. A group theoretical reduction (Steeb [60; 61]) leads to the projection

matrices

Π1 =
1

2

(
1 1

1 1

)
, Π2 =

1

2

(
1 −1

−1 1

)
.

Apply the projection operators to the standard basis to find a new basis.

Show that the matrix A takes the form

Ã =

(
3 0

0 1

)
within the new basis. Notice that the new basis must be normalized before

the matrix Ã can be calculated.
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1.8 Fourier and Hadamard Matrices

Fourier and Hadamard matrices play an important role in spectral analysis

(Davis [15], Elliott and Rao [18], Regalia and Mitra [47]). We give a short

introduction to these types of matrices. In sections 2.8 and 3.16 we discuss

the connection with the Kronecker product.

Let n be a fixed integer ≥ 1. We define

w := exp

(
2πi

n

)
≡ cos

(
2π

n

)
+ i sin

(
2π

n

)
where i =

√
−1. w might be taken as any primitive n-th root of unity. It

can easily be proved that

wn = 1

ww̄ = 1

w̄ = w−1

w̄k = w−k = wn−k

and

1 + w + w2 + · · ·+ wn−1 = 0

where w̄ is the complex conjugate of w.

Definition 1.32. By the Fourier matrix of order n, we mean the matrix

F (= Fn) where

F ∗ :=
1√
n
(w(i−1)(j−1)) ≡ 1√

n


1 1 1 · · · 1

1 w w2 · · · wn−1

1 w2 w4 · · · w2(n−1)

...
...

...
...

1 wn−1 w2(n−1) · · · w(n−1)(n−1)


where F ∗ is the conjugate transpose of F .

The sequence wk, k = 0, 1, 2 . . ., is periodic with period n. Consequently

there are only n distinct elements in F . Therefore F ∗ can be written as

F ∗ =
1√
n


1 1 1 · · · 1

1 w w2 · · · wn−1

1 w2 w4 · · · wn−2

...
...

...
...

1 wn−1 wn−2 · · · w

 .
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The following theorem can easily be proved

Theorem 1.12. F is unitary, i.e.

FF ∗ = F ∗F = In ⇐⇒ F−1 = F ∗ .

Proof. This is a result of the geometric series identity
n−1∑
r=0

wr(j−k) ≡ 1− wn(j−k)

1− wj−k
=

{
n if j = k

0 if j ̸= k
.

�
A second application of the geometrical identity yields

F ∗2 ≡ F ∗F ∗ ≡


1 0 · · · 0

0 0 · · · 1

0 0 · · · 1 0
...
...

...
...

0 1 · · · 0

 = F 2.

This means F ∗2 is an n× n permutation matrix.

Corollary 1.1.

F ∗4 = In, F ∗3 = F ∗4(F ∗)−1 = InF = F.

Corollary 1.2. The eigenvalues of F are ±1, ±i, with appropriate multi-

plicities.

The characteristic polynomials f(λ) of F ∗(= F ∗
n) are as follows

n ≡ 0 modulo 4, f(λ) = (λ− 1)2(λ− i)(λ+ 1)(λ4 − 1)(n/4)−1

n ≡ 1 modulo 4, f(λ) = (λ− 1)(λ4 − 1)(1/4)(n−1)

n ≡ 2 modulo 4, f(λ) = (λ2 − 1)(λ4 − 1)(n/4)(n−2)

n ≡ 3 modulo 4, f(λ) = (λ− i)(λ2 − 1)(λ4 − 1)(1/4)(n−3).

Definition 1.33. Let

Z = (z1, z2, . . . , zn)
T

and

Ẑ = (ẑ1, ẑ2, . . . , ẑn)
T

where zj ∈ C. The linear transformation

Ẑ = FZ

where F is the Fourier matrix is called the discrete Fourier transform.
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Its inverse transformation exists since F−1 exists and is given by

Z = F−1Ẑ ≡ F ∗Ẑ.

Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1

be a polynomial of degree ≤ n− 1. It will be determined uniquely by speci-

fying its values p(zn) at n distinct points zk, k = 1, 2, . . . , n in the complex

plane C. Select these points zk as the n roots of unity 1, w, w2, . . . , wn−1.

Then

√
nF ∗


a0
a1
...

an−1

 =


p(1)

p(w)
...

p(wn−1)


so that 

a0
a1
...

an−1

 =
1√
n
F


p(1)

p(w)
...

p(wn−1)

 .

These formulas for interpolation at the roots of unity can be given another

form.

Definition 1.34. By a Vandermonde matrix V (z0, z1, . . . , zn−1) is meant

a matrix of the form

V (z0, z1, . . . , zn−1) :=


1 1 · · · 1

z0 z1 · · · zn−1

z20 z21 · · · z2n−1
...

...
...

zn−1
0 zn−1

1 · · · zn−1
n−1

 .

It follows that

V (1, w, w2, . . . , wn−1) = n1/2F ∗

V (1, w̄, w̄2, . . . , w̄n−1) = n1/2F̄ ∗ = n1/2F.

Furthermore

p(z) = (1, z, . . . , zn−1)(a0, a1, . . . , an−1)
T

= (1, z, . . . , zn−1)n−1/2F (p(1), p(w), . . . , p(wn−1))T

= n−1/2(1, z, . . . , zn−1)V (1, w̄, . . . , w̄n−1)(p(1), p(w), . . . , p(wn−1))T .
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Let F ′
2n denote the Fourier matrices of order 2n whose rows have been

permuted according to the bit reversing permutation.

Definition 1.35. A sequence in natural order can be arranged in bit-

reversed order as follows: For an integer expressed in binary notation, re-

verse the binary form and transform to decimal notation, which is then

called bit-reversed notation.

Example 1.21. The number 6 can be written as

6 = 1 · 22 + 1 · 21 + 0 · 20.

Therefore in binary 6 → 110. Reversing the binary digits yields 011. Since

3 = 0 · 22 + 1 · 21 + 1 · 20

we have 6 → 3. ♣

Since the sequence 0, 1 is the bit reversed order of 0, 1 and 0, 2, 1, 3 is

the bit reversed order of 0, 1, 2, 3 we find that the matrices F ′
2 and F ′

4 are

given by

F ′
2 =

1√
2

(
1 1

1 −1

)
= F2

F ′
4 =

1√
4


1 1 1 1

1 −1 1 −1

1 i −1 −i
1 −i −1 i

 .

Definition 1.36. By a Hadamard matrix of order n, H (≡ Hn), is meant

a matrix whose elements are either +1 or −1 and for which

HHT = HTH = nIn

where In is the n× n unit matrix. Thus, n−1/2H is an orthogonal matrix.

Example 1.22. The 1× 1, 2× 2 and 4× 4 Hadamard matrices are given

by
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H1 = (1)

H2 =
√
2F2 =

(
1 1

1 −1

)

H4,1 =


1 1 1 1

−1 −1 1 1

−1 1 1 −1

1 −1 1 −1



H4,2 =


1 1 1 −1

1 1 −1 1

1 −1 1 1

−1 1 1 1

 .

♣

Note that the columns (or rows) considered as vectors are orthogonal to each

other. Sometimes the term Hadamard matrix is limited to the matrices of

order 2n. These matrices have the property

H2n = HT
2n

so that

H2
2n = 2nI.

A recursion relation to find H2n using the Kronecker product will be given

in sections 2.8 and 3.16.

Definition 1.37. The Walsh-Hadamard transform is defined as

Ẑ = HZ

where H is an Hadamard matrix, where Z = (z1, z2, . . . , zn)
T . Since H−1

exists we have

Z = H−1Ẑ .

For example the inverse of H2 is given by

H−1
2 =

1

2

(
1 1

1 −1

)
.
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Exercises. (1) Show that

F = FT , F ∗ = (F ∗)T = F̄ , F = F̄ ∗.

This means F and F ∗ are symmetric.

(2) Show that the sequence

0, 8, 4, 12, 2, 10, 6, 14, 1, 9, 5, 13, 3, 11, 7, 15

is the bit reversed order of

0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15.

(3) Find the eigenvalues of

F ∗
4 =

1

2


1 1 1 1

1 ω ω2 ω3

1 ω2 ω ω2

1 ω3 ω2 ω

 .

Derive the eigenvalues of F4.

(4) The discrete Fourier transform in one dimension can also be written as

x̂(k) =
1

N

N−1∑
n=0

x(n) exp(−ik2πn/N)

where N ∈ N and k = 0, 1, 2, . . . , N − 1. Show that

x(n) =

N−1∑
k=0

x̂(k) exp(ik2πn/N).

Let

x(n) = cos(2πn/N)

where N = 8 and n = 0, 1, 2, . . . , N − 1. Find x̂(k).

(5) Find all 8× 8 Hadamard matrices and their eigenvalues.
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1.9 Transformation of Matrices

Let V be a vector space of finite dimension n and let A : V → V be a

linear transformation, represented by a (square) matrix A = (aij) relative

to a basis (ei). Relative to another basis (fi), the same transformation is

represented by the matrix

B = Q−1AQ

where Q is the invertible matrix whose jth column vector consists of the

components of the vector fj in the basis (ei). Since the same linear transfor-

mation A can in this way be represented by different matrices, depending

on the basis that is chosen, the problem arises of finding a basis relative to

which the matrix representing the transformation is as simple as possible.

Equivalently, given a matrix A, that is to say, those which are of the form

Q−1AQ, with Q invertible, those which have a form that is ’as simple as

possible’.

Definition 1.38. If there exists an invertible matrixQ such that the matrix

Q−1AQ is diagonal, then the matrix A is said to be diagonalizable.

In this case, the diagonal elements of the matrix Q−1AQ are the eigenvalues

λ1, λ2, . . . , λn of the matrix A. The jth column vector of the matrix Q

consists of the components (relative to the same basis as that used for the

matrix A) of a normalized eigenvector corresponding to λj . In other words,

a matrix is diagonalizable if and only if there exists a basis of eigenvectors.

Example 1.23. The 2× 2 matrix

A =

(
0 1

1 0

)
is diagonalizable with

Q =
1√
2

(
1 1

1 −1

)
.

We find

Q−1AQ =

(
1 0

0 −1

)
.

The 2× 2 matrix

B =

(
0 1

0 0

)
cannot be diagonalized. ♣
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For nondiagonalizable matrices Jordan’s theorem gives the simplest form

among all similar matrices.

Definition 1.39. A matrix A = (aij) of order n is upper triangular if

aij = 0 for i > j and lower triangular if aij = 0 for i < j. If there is no

need to distinguish between the two, the matrix is simply called triangular.

Theorem 1.13. (1) Given a square matrix A, there exists a unitary matrix

U such that the matrix U−1AU is triangular.

(2) Given a normal matrix A, there exists a unitary matrix U such that the

matrix U−1AU is diagonal.

(3) Given a symmetric matrix A, there exists an orthogonal matrix O such

that the matrix O−1AO is diagonal.

The proof of this theorem follows from the proofs in section 1.11.

The matrices U satisfying the conditions of the statement are not unique

(consider, for example, A = I). The diagonal elements of the triangular

matrix U−1AU of (1), or of the diagonal matrix U−1AU of (2), or of the

diagonal matrix of (3), are the eigenvalues of the matrix A. Consequently,

they are real numbers if the matrix A is Hermitian or symmetric and com-

plex numbers of modulus 1 if the matrix is unitary or orthogonal. It follows

from (2) that every Hermitian or unitary matrix is diagonalizable by a uni-

tary matrix. The preceding argument shows that if, O is an orthogonal

matrix, there exists a unitary matrix U such that D = U∗OU is diagonal

(the diagonal elements of D having modulus equal to 1), but the matrix U

is not, in general, real, that is to say, orthogonal.

Definition 1.40. The singular values of a square matrix A are the positive

square roots of the eigenvalues of the Hermitian matrix A∗A (or ATA, if

the matrix A is real).

Example 1.24. Let

A =

(
2 1 0

0 2 2

)
.

Then

A∗A =

4 2 0

2 5 4

0 4 4

 .

Obviously A∗A is a positive semidefinite matrix. The eigenvalues of A∗A

are 0, 4, 9. Thus the singular values are 0, 2, 3. ♣
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They are always nonnegative, since from the relation A∗Au = λu, u ̸= 0,

it follows that (Au)∗Au = λu∗u.

The singular values are all strictly positive if and only if the matrix A is

invertible. In fact, we have

Au = 0 ⇒ A∗Au = 0 ⇒ u∗A∗Au = (Au)∗Au = 0 ⇒ Au = 0.

Definition 1.41. Two matrices A and B of type (m,n) are said to be

equivalent if there exists an invertible matrix Q of orderm and an invertible

matrix R of order n such that

B = QAR.

This is a more general notion than that of the similarity of matrices. In

fact, it can be shown that every square matrix is equivalent to a diagonal

matrix.

Theorem 1.14. If A is a real, square matrix, there exist two orthogonal

matrices U and V such that

UTAV = diag(µi)

and, if A is a complex, square matrix, there exist two unitary matrices U

and V such that

U∗AV = diag(µi).

In either case, the numbers µi ≥ 0 are the singular values of the matrix A.

The proof of this theorem follows from the proofs in section 1.11.

If A is an n× n matrix and U is an n× n unitary matrix, then (m ∈ N)

UAmU∗ = (UAU∗)m

since UU∗ = In.
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Exercises. (1) Find the eigenvalues and normalized eigenvectors of the

matrix

A =

(
2 1

1 2

)
.

Then use the normalized eigenvectors to construct the matrix Q−1 such

that Q−1AQ is a diagonal matrix.

(2) Consider the skew-symmetric matrix

A =

 0 0 1

0 0 0

−1 0 0

 .

Find the eigenvalues and the corresponding normalized eigenvectors. Can

one find an invertible 3×3 matrix S such that SAS−1 is a diagonal matrix?

(3) Show that the matrix 
0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0


is not diagonalizable.

(4) Let O be an orthogonal matrix. Show that there exists an orthogonal

matrix Q such that Q−1OQ is given by

(1)⊕ · · · ⊕ (1)⊕ (−1)⊕ (−1)⊕
(

cos θ1 sin θ1
− sin θ1 cos θ1

)
⊕ · · · ⊕

(
cos θr sin θr
− sin θr cos θr

)
where ⊕ denotes the direct sum.

(5) Let A be a real matrix of order n. Show that a necessary and sufficient

condition for the existence of a unitary matrix U of the same order and of

a real matrix B (of the same order) such that U = A+ iB (in other word,

such that the matrix A is the ’real part’ of the matrix U) is that all the

singular values of the matrix A should be not greater than 1.
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1.10 Permutation Matrices

In this section we introduce permutation matrices and discuss their prop-

erties. The connection with the Kronecker product is described in section

2.4. By a permutation σ of the set

N := { 1, 2, . . . , n }

is meant a one-to-one mapping of N onto itself. Including the identity

permutation there are n! distinct permutations of N . We indicate a per-

mutation by

σ(1) = i1, σ(2) = i2, . . . , σ(n) = in

which is written as

σ :

(
1 2 · · · n
i1 i2 · · · in

)
.

The inverse permutation is designated by σ−1. Thus

σ−1(ik) = k.

Let eTj,n denote the unit (row) vector of n components which has a 1 in the

j-th position and 0’s elsewhere

eTj,n := (0, . . . , 0, 1, 0, . . . , 0).

Definition 1.42. By a permutation matrix of order n is meant a matrix of

the form

P = Pσ =


eTi1,n
eTi2,n
...

eTin,n

 .

The i-th row of P has a 1 in the σ(i)-th column and 0’s elsewhere. The

j-th column of P has a 1 in the σ−1(j)-th row and 0’s elsewhere. Thus

each row and each column of P has precisely one 1 in it. We have

Pσ


x1
x2
...

xn

 =


xσ(1)
xσ(2)
...

xσ(n)

 .
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Example 1.25. Let

σ :

(
1 2 3 4

4 1 3 2

)
.

Then the permutation matrix is

Pσ =


0 0 0 1

1 0 0 0

0 0 1 0

0 1 0 0

 .

♣

Example 1.26. The set of all 3× 3 permutation matrices are given by the

6 matrices 
1 0 0

0 1 0

0 0 1

 1 0 0

0 0 1

0 1 0

 0 1 0

1 0 0

0 0 1


0 1 0

0 0 1

1 0 0

 0 0 1

1 0 0

0 1 0

 0 0 1

0 1 0

1 0 0

 .

♣

It can easily be proved that

PσPτ = Pστ

where the product of the permutations σ, τ is applied from left to right.

Furthermore,

(Pσ)
∗ = Pσ−1 .

Hence

(Pσ)
∗Pσ = Pσ−1Pσ = PI = In

where In is the n× n unit matrix. It follows that

(Pσ)
∗ = Pσ−1 = (Pσ)

−1.

Consequently, the permutation matrices form a group under matrix mul-

tiplication. We find that the permutation matrices are unitary, forming a

finite subgroup of the unitary group (see section 1.18 for more details on

group theory).

The determinant of a permutation matrix is either +1 or −1. The trace of

an n× n permutation matrix is in the set { 0, 1, . . . , n− 1, n}.



MATRIX CALCULUS AND KRONECKER PRODUCT - A Practical Approach to Linear and Multilinear Algebra (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/8030.html

January 20, 2011 14:43 World Scientific Book - 9in x 6in book

Matrix Calculus 41

Exercises. (1) Show that the number of n × n permutation matrices is

given by n!.

(2) Find all 4× 4 permutation matrices.

(3) Show that the determinant of a permutation matrix is either +1 or −1.

(4) A 3× 3 permutation matrix P has tr(P ) = 1 and det(P ) = −1. What

can be said about the eigenvalues of P?

(5) Show that the eigenvalues λj of a permutation matrix are λj ∈ { 1 , −1 }.

(6) Show that the rank of an n× n permutation matrix is n.

(7) Consider the set of all n × n permutation matrices. How many of the

elements are their own inverses, i.e. P = P−1?

(8) Consider the 4× 4 permutation matrix

P =


0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

 .

Find all the eigenvalues and normalized eigenvectors. From the normalized

eigenvectors construct an invertible matrix Q such that Q−1PQ is a diag-

onal matrix.

(9) Let P1 and P2 be two n×n permutation matrices. Is [P1, P2] = 0, where

[ , ] denotes the commutator. The commutator is defined by [P1, P2] :=

P1P2 − P2P1.

(10) Is it possible to find v ∈ Rn such that vvT is an n × n permutation

matrix?

(11) Let In be the n× n identity matrix and 0n be the n× n zero matrix.

Is the 2n× 2n matrix (
0n In
In 0n

)
a permutation matrix?
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1.11 Matrix Decompositions

Normal matrices have a spectral decomposition. Let A be upper triangular

with respect to an orthonormal basis {v1, . . . ,vn} ⊂ Cn. Then

Avj =

j∑
k=1

aj,kvk

for some a1,1, a2,1, a2,2, . . . , an,n ∈ C. Since {v1, . . . ,vn} is orthonormal we

have aj,k = v∗
kAvj . It follows that

ak,j = v∗
jA

∗vk,

or equivalently

A∗vk =
n∑

j=k

ak,jvj .

We have

(Avj)
∗(Avj) =

j∑
k=1

|aj,k|2

and

(A∗vj)
∗(A∗vj) =

n∑
k=j

|ak,j |2.

However

(A∗v1)
∗(A∗v1) = v1AA

∗v1 = v1A
∗Av1 = (Avj)

∗(Avj)

=

j∑
k=1

|aj,k|2 =

n∑
k=j

|ak,j |2,

i.e.
j−1∑
k=1

|aj,k|2 =
n∑

k=j+1

|ak,j |2.

For j = 1 we find a2,1 = a3,1 = · · · = 0, for j = 2 we find a3,2 = a4,2 = · · · =
0, etc. Thus A is diagonal with respect to {v1, . . . ,vn}. As a consequence

{v1, . . . ,vn} form an orthonormal set of eigenvectors of A (and span Cn).

Thus we can write (spectral theorem)

A =
n∑

j=1

λjvjv
∗
j
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where Avj = λjvj . Since(
n∑

k=1

vke
∗
k,n

)
ej,n = vj

it follows that[(
n∑

k=1

vke
∗
k,n

)
ej,n

]∗
= e∗j,n

(
n∑

k=1

vke
∗
l,n

)∗

= v∗
k

and consequently we write

A =

(
n∑

k=1

vke
∗
k,n

) n∑
j=1

λjej,ne
∗
j,n

( n∑
k=1

vke
∗
k,n

)∗

= V DV ∗

where

V =
n∑

k=1

vke
∗
k,n

is a unitary matrix. The columns are the orthonormal eigenvectors of A

and

D =
n∑

k=1

λkek,ne
∗
k,n

is a diagonal matrix of corresponding eigenvalues, i.e the eigenvalue λk in

the k-th entry on the diagonal of D corresponds the the eigenvector vk

which is the k-th column of V . This decomposition is known as a spectral

decomposition or diagonalization of A.

Example 1.27. Let

A =

(
0 −i
i 0

)
.

The eigenvalues are λ1 = 1, λ2 = −1 with the corresponding normalized

eigenvectors

u1 =
1√
2

(
1

i

)
, u2 =

1√
2

(
1

−i

)
.

Then
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A ≡ λ1u1u
∗
1 + λ2u2u

∗
2

≡ 1

2

(
1

i

)
(1,−i)− 1

2

(
1

−i

)
(1, i)

≡ 1

2

(
1 −i
i 1

)
− 1

2

(
1 i

−i 1

)
≡
(
0 −i
i 0

)
.

♣

Example 1.28. Let

A =

 5 −2 −4

−2 2 2

−4 2 5

 .

Then the eigenvalues are λ1 = 1, λ2 = 1, λ3 = 10. This means the

eigenvalue λ = 1 is twofold. The eigenvectors are

u1 =

−1

−2

0

 , u2 =

−1

0

−1

 , u3 =

 2

−1

−2

 .

We find that

(u1,u3) = 0, (u2,u3) = 0, (u1,u2) = 1.

However, the two vectors u1 and u2 are linearly independent. Now we use

the Gram-Schmidt algorithm to find orthogonal eigenvectors (see section

1.17). We choose

u′
1 = u1, u′

2 = u2 + αu1

such that

α := − (u1,u2)

(u1,u1)
= −1

5
.

Then

u′
2 =

1

5

−4

2

−5

 .

The normalized eigenvectors are

u1 =
1√
5

−1

−2

0

 , u′
2 =

1

3
√
5

−4

2

−5

 , u3 =
1

3

 2

−1

−2

 .
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Consequently

A = λ1u1u
∗
1 + λ2u

′
2u

′∗
2 + λ3u3u

∗
3.

From the normalized eigenvectors we obtain the orthogonal matrix

O =


−1√
5

−4
3
√
5

2
3

−2√
5

2
3
√
5
− 1

3

0 −5
3
√
5
− 2

3

 .

Therefore

OTAO =

1 0 0

0 1 0

0 0 10


where OT = O−1 and the eigenvalues of A are 1, 1 and 10. ♣

If the normal matrix A has multiple eigenvalues with corresponding

nonorthogonal eigenvectors, we proceed as follows. Let λ be an eigen-

value of multiplicity m. Then the eigenvalues with their corresponding

eigenvectors can be ordered as

λ, λ, . . . , λ, λm+1, . . . , λn, u1, u2, . . . ,um, um+1, . . . ,un.

The vectors um+1, . . . ,un are orthogonal to each other and to the rest.

What is left is to find a new set of orthogonal vectors u′
1,u

′
2, . . . ,u

′
m each

being orthogonal to um+1, . . . ,un together with each being an eigenvector

of A. The procedure we use is the Gram-Schmidt in section 1.17.

Let

u′
1 = u1, u′

2 = u2 + αu1 .

Then u′
2 is an eigenvector of A, for it is a combination of eigenvectors corre-

sponding to the same eigenvalue λ. Also u′
2 is orthogonal to um+1, . . . ,un

since the latter are orthogonal to u1 and u2. What remains is to make u′
2

orthogonal to u′
1 i.e. to u1. We obtain

α = − (u1,u2)

(u1,u1)
.

Next we set

u′
3 = u3 + αu1 + βu2
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where α and β have to be determined. Using the same reasoning, we obtain

the linear equation for α and β(
(u1,u1) (u1,u2)

(u2,u1) (u2,u2)

)(
α

β

)
= −

(
(u1,u3)

(u2,u3)

)
.

The approach can be repeated until we obtain u′
m. The Gramian matrix

of the above equations is nonsingular, since the eigenvectors of a Hermitian

matrix are linearly independent.

Next we consider the singular value decomposition (SVD). Let A be m× n

over C. The matrices A∗A and AA∗ are Hermitian and therefore normal.

The nonzero eigenvalues of A∗A and AA∗ are identical, for if

(A∗A)xλ = λxλ, λ ̸= 0, xλ ̸= 0

for some eigenvector xλ, then

A(A∗A)xλ = λAxλ ⇒ (AA∗)(Axλ) = λ(Axλ)

so, since Axλ ̸= 0, λ is an eigenvalue of AA∗. Similarly the nonzero eigen-

values of AA∗ are eigenvalues of A∗A.

Since A∗A is normal the spectral theorem provides

A∗A =

n∑
j=1

λjvjv
∗
j = V DV ∗

where {v1, . . . ,vn} are the orthonormal eigenvectors of A∗A and

λ1 ≥ λ2 ≥ · · · ≥ λn

are the corresponding eigenvalues. Here we choose a convenient ordering of

the eigenvalues.

From

(Avk)
∗(Avk) ≥ 0 ⇒ v∗

k(A
∗A)vk = λkv

∗
kvk = λk ≥ 0

we find that all of the eigenvalues are real and nonnegative. Define the

singular values σ1 ≥ · · · ≥ σr > 0 by

σk :=
√
λk, λk ̸= 0, k = 1, . . . , r.

Now we define the m× n matrix Σ by

(Σ)j,k =

{
σj j = k, j < r

0 otherwise
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so that A∗A = (ΣV ∗)∗(ΣV ). Let U be an arbitrary m×m unitary matrix,

then A∗A = (UΣV ∗)∗(UΣV ).

Let vj be an eigenvector corresponding to the singular value σj (i.e. Avj ̸=
0) and similarly for σk and vk. Then

(Avj)
∗(Avk) = v∗

j (A
∗A)vk = σ2

kv
∗
jvk = σ2

kδj,k.

Thus {Av1, . . . , Avr} are orthogonal. Let {u1, . . . ,um} be an orthonormal

basis in Cm where

uj =
1

σj
Avj , j = 1, . . . , r.

By construction, for j, k = 1, . . . , r

u∗
juk =

1

σjσk
(Avj)

∗(Avk) =
1

σjσk
v∗
j (A

∗A)vk =
σ2
k

σjσk
v∗
jvk

=
σ2
k

σjσk
δj,k =

σ2
j

σjσj
δj,k = δj,k

and for j = 1, . . . , r and k = 1, . . . ,m− r

u∗
r+kuj = 0 =

1

σj
u∗
r+kAvj ⇒ u∗

r+kAvj = 0.

We also have Avr+k = 0. Since {v1, . . . ,vn} is an orthonormal basis we

must have

A∗ur+k =
n∑

j=1

[v∗
k(A

∗ur+k)]vk =
n∑

j=1

[u∗
r+kAvk]

∗vk = 0

so that u∗
r+kA = 0. Choosing

U =
m∑
j=1

uje
∗
j,m
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(as an exercise, verify that U is unitary) we find

U∗A =
r∑

j=1

ej,m
1

σj
v∗
jA

∗A+
m∑

j=r+1

ej,mu∗
jA

=

r∑
j=1

ej,m
1

σj
(A∗Avj)

∗ =

r∑
j=1

ej,mσjv
∗
j

=
r∑

j=1

σjej,me∗j,nej,nv
∗
j

=

 r∑
j=1

σjej,me∗j,n

( n∑
k=1

ek,nv
∗
k

)

=

 r∑
j=1

σjej,me∗j,n

( n∑
k=1

vke
∗
k,n

)∗

= ΣV ∗.

Thus A = UΣV ∗. This is a singular value decomposition.

Next we consider the polar decomposition. Let m = n and

A = UΣV ∗

be a singular value decomposition of A. Here the order of the singular

values in Σ does not matter. Then

H = V ΣV ∗

is Hermitian and

Ũ = UV ∗

is unitary. Consequently

A = (UV ∗)(V ΣV ∗) = ŨH

is a polar decomposition of A (a product of a unitary and a Hermitian

matrix).
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Exercises. (1) Consider the symmetric 4× 4 matrix

A =


1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

 .

Find all eigenvalues and normalized eigenvectors. Reconstruct the matrix

from the eigenvalues and normalized eigenvectors.

(2) Let A be a 4 × 4 symmetric matrix over R with eigenvalues λ1 = 0,

λ2 = 1, λ3 = 2, λ4 = 3 and the corresponding normalized eigenvectors

u1 =
1√
2
(1, 0, 0, 1)T , u2 =

1√
2
(1, 0, 0,−1)T ,

u3 =
1√
2
(0, 1, 1, 0)T , u4 =

1√
2
(0, 1,−1, 0)T .

Find the matrix A.

(3) Let A be the skew-symmetric matrix

A =

(
0 1

−1 0

)
.

Find the eigenvalues λ1 and λ2 of A and the corresponding normalized

eigenvectors u1 and u2. Show that A is given by

A = λ1u1u
∗
1 + λ2u2u

∗
2.

(4) Explain why the matrix

A =

0 1 1

0 0 1

0 0 0


cannot be reconstructed from the eigenvalues and eigenvectors. Can the

matrix

B =

0 1 1

0 0 1

1 0 0


be reconstructed from the eigenvalues and eigenvectors?
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1.12 Pseudo Inverse

A 1-inverse of the m × n matrix A is an n × m matrix A− such that

AA−A = A. If m = n and A−1 exists we find

AA−A = A ⇒ A−1(AA−A)A−1 = A−1AA−1 ⇒ A− = A−1.

Consider

A =

(
1 0

0 0

)
.

Then both A and the 2 × 2 identity matrix I2 are 1-inverses of A. Conse-

quently, the 1-inverse is in general not unique.

The Moore-Penrose pseudo inverse of the m× n matrix A is the 1-inverse

A− of A which additionally satisfies

A−AA− = A− (AA−)∗ = AA− (A−A)∗ = A−A.

With these properties the matrices A−A and AA− are projection matrices.

Let A = UΣV ∗ be a singular value decomposition of A. Then

A− = V Σ−U∗

is a Moore-Penrose pseudo inverse of A, where

(Σ−)jk =

{
1

(Σ)kj
(Σ)kj ̸= 0

0 (Σ)kj = 0
.

We verify this by first calculating (j, k ∈ {1, 2, . . . , n})

(Σ−Σ)jk =

m∑
l=1

(Σ−)jl(Σ)lk =

m∑
l=1

(Σ)lj ̸=0

(Σ)lk
(Σ)lj

.

Since (Σ)lj = 0 when l ̸= j we find

(Σ−Σ)jk =

{
(Σ)jk
(Σ)jj

(Σ)jj ̸= 0

0 (Σ)jj = 0
=

{
δjk (Σ)jj ̸= 0

0 (Σ)jj = 0
.

Similarly (j, k ∈ {1, 2, . . . ,m})

(ΣΣ−)jk =

{
δjk (Σ)jj ̸= 0

0 (Σ)jj = 0
.

The matrix Σ−Σ is a diagonal n×n matrix while ΣΣ− is a diagonal m×m
matrix. All the entries of these matrices are 0 or 1 so that

(ΣΣ−)∗ = ΣΣ−, (Σ−Σ)∗ = Σ−Σ.
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Now

(ΣΣ−Σ)jk =

n∑
l=1

(Σ)jl(Σ
−Σ)lk = (Σ)jj(Σ

−Σ)jk

=

{
δjk(Σ)jj (Σ)jj ̸= 0

0 (Σ)jj = 0
= (Σ)jk

and

(Σ−ΣΣ−)jk =
m∑
l=1

(Σ−)jl(ΣΣ
−)lk = (Σ−)jj(ΣΣ

−)jk

=

{
δjk(Σ

−)jj (Σ)jj ̸= 0

0 (Σ)jj = 0
= (Σ−)jk

i.e.

ΣΣ−Σ = Σ, Σ−ΣΣ− = Σ−

so that Σ− is the Moore-Penrose pseudo inverse of Σ. The remaining prop-

erties are easy to show

AA−A = (UΣV ∗)(V Σ−U∗)(UΣV ∗) = UΣΣ−ΣV ∗ = UΣV ∗ = A,

A−AA− = (V Σ−U∗)(UΣV ∗)(V Σ−U∗) = V Σ−ΣΣ−U∗ = V Σ−U∗ = A−,

(AA−)∗ = (UΣV ∗V Σ−U∗)∗ = I∗m = Im = AA−,

(A−A)∗ = (V Σ−U∗UΣV ∗)∗ = I∗n = In = AA−.

Thus A− = V Σ−U∗ is a Moore-Penrose pseudo inverse of A.

Example 1.29. The matrix (
0 0

1 0

)
has the singular value decomposition(

0 0

1 0

)
=

(
0 1

1 0

)(
1 0

0 0

)(
1 0

0 1

)
so that (

0 0

1 0

)−

=

(
1 0

0 1

)(
1 0

0 0

)(
0 1

1 0

)
=

(
0 1

0 0

)
.

Analogously (
0 1

0 0

)−

=

(
0 0

1 0

)
.

♣
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1.13 Vec Operator

Let A be an m × n matrix. A matrix operation is that of stacking the

columns of a matrix one under the other to form a single column. This

operation is called vec (Neudecker [43], Brewer [12], Graham [23], Searle
[49]). Thus vec(A) is a vector of order m× n.

Example 1.30. Let

A =

(
1 2 3

4 5 6

)
.

Then

vec(A) =



1

4

2

5

3

6


.

♣

Let A, B be m× n matrices. We can prove that

vec(A+B) = vec(A) + vec(B).

It is also easy to see that

vec(αA) = αvec(A), α ∈ C.
This means the vec-operation is linear. An extension of vec(A) is vech(A),

defined in the same way that vec(A) is, except that for each column of

A only that part of it which is on or below the diagonal of A is put into

vech(A) (vector-half of A). In this way, for A symmetric, vech(A) contains

only the distinct elements of A.

Example 1.31. Consider the square matrix

A =

1 7 6

7 3 8

6 8 2

 = AT

Then

vech(A) =



1

7

6

3

8

2


.

♣
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The following theorems give useful properties of the vec operator. Proofs

of the first depend on the elementary vector ej,n, the j-th column of the

n× n unit matrix, i. e.

e1,n =


1

0
...

0

 , e2,n =


0

1
...

0

 , . . . , en,n =


0

0
...

1


and

eT1,n = (1, 0, . . . , 0), eT2,n = (0, 1, . . . , 0), . . . , eTn,n = (0, . . . , 0, 1).

Theorem 1.15. Let A,B be n× n matrices. Then

tr(AB) = (vec(AT ))Tvec(B).

Proof. We have

tr(AB) =
n∑

i=1

eTi,nABei,n = (eT1,nA · · · eTr,nA)


Be1,n
Be2,n

...

Ber,n

 = (vec(AT ))Tvec(B).

�

Theorem 1.16. Let A be an m×m matrix. Then there is a permutation

matrix P such that

vec(A) = Pvec(AT ).

The proof is left to the reader as an exercise.

Example 1.32. Let

A =

(
1 2

3 4

)
, AT =

(
1 3

2 4

)
.

Then vec(A) = Pvec(AT ), where

P =


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

 .

The full power of the vec operator will be seen when we consider the Kro-

necker product and the vec operator (see section 2.12). ♣
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1.14 Vector and Matrix Norms

Definition 1.43. Let V be an n dimensional vector space over the field

F of scalars. A norm on V is a function ∥ · ∥ : V → R which satisfies the

following properties:

∥v∥ = 0 ⇔ v = 0, and ∥v∥ ≥ 0 for every v ∈ V

∥αv∥ = |α|∥v∥ for every α ∈ F and v ∈ V

∥u+ v∥ ≤ ∥u∥+ ∥v∥ for every u,v ∈ V.

The last property is known as the triangle inequality. A norm on V will

also be called a vector norm. We call a vector space which is provided with

a norm a normed vector space.

The norm induces a metric (distance) ∥u−v∥ on the vector space V , where

u,v ∈ V . We have

∥u− v∥ ≥ | ∥u∥ − ∥v∥ | .

Let V be a finite dimensional space. The following three norms are the

ones most commonly used in practice

∥v∥1 :=
n∑

j=1

|vj |

∥v∥2 :=

 n∑
j=1

|vj |2
1/2

= (v,v)1/2

∥v∥∞ := max
1≤j≤n

|vj |.

The norm ∥ · ∥2 is called the Euclidean norm. It is easy to verify directly

that the two functions ∥·∥1 and ∥·∥∞ are indeed norms. As for the function

∥ · ∥2, it is a particular case of the following more general result.

Theorem 1.17. Let V be a finite dimensional vector space and v ∈ V .

For every real number p ≥ 1, the function ∥ · ∥p defined by

∥v∥p :=

 n∑
j=1

|vj |p
1/p

is a norm.
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For the proof refer to Ciarlet [13].

The proof uses the following inequalities: For p > 1 and 1/p+1/q = 1, the

inequality

n∑
i=1

|ujvj | ≤

 n∑
j=1

|uj |p
1/p n∑

j=1

|vi|q
1/q

is called Hölder’s inequality. Hölder’s inequality for p = 2,

n∑
j=1

|ujvj | ≤

 n∑
j=1

|uj |2
1/2 n∑

j=1

|vi|2
1/2

is called the Cauchy-Schwarz inequality. The triangle inequality for the

norm ∥ · ∥p, n∑
j=1

|uj + vj |p
1/p

≤

 n∑
j=1

|uj |p
1/p

+

 n∑
j=1

|vj |p
1/p

is called Minkowski’s inequality.

The norms defined above are equivalent, this property being a particular

case of the equivalence of norms in a finite dimensional space.

Definition 1.44. Two norms ∥ · ∥ and ∥ · ∥′, defined over the same vector

space V , are equivalent if there exist two constants C and C ′ such that

∥v∥′ ≤ C∥v∥ and ∥v∥ ≤ C ′∥v∥′ for every v ∈ V.

Let An be the ring of matrices of order n, with elements in the field F.

Definition 1.45. A matrix norm is a function ∥·∥ : An → R which satisfies

the following properties

∥A∥ = 0 ⇔ A = 0 and ∥A∥ ≥ 0 for every A ∈ An

∥αA∥ = |α|∥A∥ for every α ∈ F, A ∈ An

∥A+B∥ ≤ ∥A∥+ ∥B∥ for every A,B ∈ An

∥AB∥ ≤ ∥A∥∥B| for every A,B ∈ An.

The ring An is itself a vector space of dimension n2. Thus the first three

properties above are nothing other than those of a vector norm, considering

a matrix as a vector with n2 components. The last property is evidently
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special to square matrices.

The result which follows gives a particularly simple means of constructing

matrix norms.

Definition 1.46. Given a vector norm ∥ · ∥ on Cn, the function ∥ · ∥ :

An(C) → R defined by

∥A∥ := sup
v∈Cn

∥v∥=1

∥Av∥

is a matrix norm, called the subordinate matrix norm (subordinate to the

given vector norm). Sometimes it is also called the induced matrix norm.

This is just one particular case of the usual definition of the norm of a linear

transformation.

Example 1.33. Consider the matrix

A =

(
1 1

2 2

)
.

Then we find

∥A∥ = sup
v∈Cn

∥v∥=1

∥Av∥ =
√
10.

This result can be found by using the method of the Lagrange multiplier.

The constraint is ∥v∥ = 1. Furthermore we note that the eigenvalues of the

matrix

ATA =

(
1 2

1 2

)(
1 1

2 2

)
=

(
5 5

5 5

)
are given by λ1 = 10 and λ2 = 0. Thus the norm of A is the square root of

the largest eigenvalue of ATA. ♣

Example 1.34. Let U1 and U2 be unitary n× n matrices with

∥U1 − U2∥ ≤ ϵ.

Let v be a normalized vector in Cn. We have

∥U1v − U2v∥ = ∥(U1 − U1)v∥
≤ max

∥y∥=1
∥(U1 − U2)y∥

= ∥U1 − U2∥
≤ ϵ. ♣
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It follows from the definition of a subordinate norm that

∥Av∥ ≤ ∥A∥∥v∥ for every v ∈ Cn.

A subordinate norm always satisfies ∥In∥ = 1, where In is the n × n unit

matrix. Let us now calculate each of the subordinate norms of the vector

norms ∥ · ∥1, ∥ · ∥2, ∥ · ∥∞.

Theorem 1.18. Let A = (aij) be a square matrix. Then

∥A∥1 := sup
∥v∥=1

∥Av∥1 = max
1≤j≤n

n∑
i=1

|aij |

∥A∥2 := sup
∥v∥=1

∥Av∥2 =
√
ϱ(A∗A) = ∥A∗∥2

∥A∥∞ := sup
∥v∥=1

∥Av∥∞ = max
1≤i≤n

n∑
j=1

|aij |

where ϱ(A∗A) is the spectral radius of A∗A. The norm ∥ · ∥2 is invariant

under unitary transformations

UU∗ = I ⇒ ∥A∥2 = ∥AU∥2 = ∥UA∥2 = ∥U∗AU∥2.

Furthermore, if the matrix A is normal, i.e AA∗ = A∗A

∥A∥2 = ϱ(A).

The invariance of the norm ∥ · ∥2 under unitary transformations is nothing

more than the interpretation of the equalities

ϱ(A∗A) = ϱ(U∗A∗AU) = ϱ(A∗U∗UA) = ϱ(U∗A∗UU∗AU).

If the matrix A is normal, there exists a unitary matrix U such that

U∗AU = diag(λi(A)) := D.

Accordingly,

A∗A = (UDU∗)∗UDU∗ = UD∗DU∗

which proves that

ϱ(A∗A) = ϱ(D∗D) = max
1≤i≤n

|λi(A)|2 = (ϱ(A))2.

The norm ∥A∥2 is nothing other than the largest singular value of the

matrix A. If a matrix A is Hermitian, or symmetric (and hence normal),

we have ∥A∥2 = ϱ(A). If a matrix A is unitary, or orthogonal (and hence

normal), we have

∥A∥2 =
√
ϱ(A∗A) =

√
ϱ(I) = 1.
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There exist matrix norms which are not subordinate to any vector norm.

An example of a matrix norm which is not subordinate is given in the fol-

lowing theorem.

Theorem 1.19. The function ∥ · ∥E : An → R defined by

∥A∥E =

 n∑
i=1

n∑
j=1

|aij |2
1/2

= (tr(A∗A))1/2

for every matrix A = (aij) of order n is a matrix norm which is not sub-

ordinate (for n ≥ 2). Furthermore, the function is invariant under unitary

transformations,

UU∗ = I ⇒ ∥A∥E = ∥AU∥E = ∥UA∥E = ∥U∗AU∥E

and satisfies

∥A∥2 ≤ ∥A∥E ≤
√
n∥A∥2 for every A ∈ An.

Proof. The fact that ∥A∥E is invariant under unitary transformation of

A follows from the cyclic invariance of the trace (see section 1.4). The

eigenvalues of A∗A are real and nonnegative. Let

λn ≥ λn−1 ≥ · · · ≥ λ1 ≥ 0

be the eigenvalues of A∗A. Then ϱ(A∗A) = λn. Since

∥A∥2 =
√
ϱ(A∗A) =

√
λn

and

∥A∥E =
√
λn + λn−1 + · · ·+ λ1 ≥

√
λn

we have ∥A∥2 ≤ ∥A∥E . Also

∥A∥E =
√
λn + λn−1 + · · ·+ λ1 ≤

√
nλn =

√
n
√
ϱ(A∗A)

so that ∥A∥E ≤
√
n∥A∥2. �

Example 1.35. Let I2 be the 2× 2 unit matrix. Then

∥I2∥E =
√
2 =

√
2∥I2∥2 . ♣



MATRIX CALCULUS AND KRONECKER PRODUCT - A Practical Approach to Linear and Multilinear Algebra (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/8030.html

January 20, 2011 14:43 World Scientific Book - 9in x 6in book

Matrix Calculus 59

Exercises. (1) Let A, B be n× n matrices over C. Show that

(A,B) := tr(AB∗)

defines a scalar product. Then

∥A∥ =
√
(A,A)

defines a norm. Find ∥A∥ for

A =

(
0 i

−i 0

)
.

(2) Given a diagonalizable matrix A, does a matrix norm ∥ · ∥ exist for

which ϱ(A) = ∥A∥?

(3) Let v = exp(iα)u, where α ∈ R. Show that ∥u∥ = ∥v∥.

(4) What can be said about the norm of a nilpotent matrix?

(5) What can be said about the norm of an idempotent matrix?

(6) Let A be a Hermitian matrix. Find a necessary and sufficient condition

for the function v → (v∗Av)1/2 to be a norm.

(7) Let ∥ ·∥ be a subordinate matrix norm and A an n×n matrix satisfying

∥A∥ < 1. Show that the matrix In +A is invertible and

∥(In +A)−1∥ ≤ 1

1− ∥A∥
.

(8) Prove that the function

v ∈ Cn → ∥v∥p =

(
n∑

i=1

|vi|p
)1/p

is not a norm when 0 < p < 1 (unless n = 1).

(9) Find the smallest constants C for which

∥v∥ ≤ C∥v∥′ for every v ∈ Fn

when the distinct norms ∥ · ∥ and ∥ · ∥′ are chosen from the set {∥ · ∥1, ∥ ·
∥2, ∥ · ∥∞}.
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1.15 Rank-k Approximations

Let M be an m× n matrix over C. We consider the rank-k approximation

problem, i.e. to find an m×n matrix A with rank(A) = k ≤ rank(M) such

that

∥M −A∥
is a minimum and ∥·∥ denotes some norm. Different norms lead to different

matrices A. For the remainder of this section we consider the Frobenius

norm ∥ · ∥F .

Certain transformations leave the Frobenius norm invariant, for example

unitary transformations. Let Um and Un be m × m and n × n unitary

matrices respectively. Using the property that tr(AB) = tr(BA) we find

∥UmM∥F =
√

tr((UmM)∗(UmM)) =
√
tr(M∗U∗

mUmM)

=
√

tr(M∗M) = ∥M∥F
and

∥MUn∥F =
√
tr((MUn)∗(MUn)) =

√
tr(U∗

nM
∗MUn)

=
√
tr(UnU∗

nM
∗M) =

√
tr(M∗M) = ∥M∥F .

Using the singular value decomposition M = UΣV ∗ of M we obtain

∥M −A∥F = ∥U∗(M −A)V ∥F = ∥Σ−A′∥F
where A′ := U∗AV . Since

∥Σ−A′∥F =

√√√√ m∑
i=1

n∑
j=1

|Σij − (A′)ij |2 =

√√√√ m∑
i=1

n∑
j=1

|δijσi − (A′)ij |2

we find that minimizing ∥M −A∥ implies that A′ must be “diagonal”

∥Σ−A′∥F =

√√√√min{m,n}∑
i=1

|σi − (A′)ii|2.

Since A must have rank k, A′ must have rank k (since unitary operators

are rank preserving). Since A′ is “diagonal” only k entries can be nonzero.

Thus to minimize ∥M −A∥F we set

A′ =
k∑

j=1

σjej,meTj,n

where σ1 ≥ · · · ≥ σk are the k largest singular values of M by convention.

Finally A = UA′V ∗.
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1.16 Sequences of Vectors and Matrices

Definition 1.47. In a vector space V , equipped with a norm ∥ · ∥, a se-

quence (xk) of elements of V is said to converge to an element x ∈ V , which

is the limit of the sequence (xk), if

lim
k→∞

∥xk − x∥ = 0

and one writes

x = lim
k→∞

xk.

If the space is finite dimensional, the equivalence of the norms shows that

the convergence of a sequence is independent of the norm chosen. The

particular choice of the norm ∥·∥∞ shows that the convergence of a sequence

of vectors is equivalent to the convergence of n sequences (n being equal to

the dimension of the space) of scalars consisting of the components of the

vectors.

Example 1.36. Let V = C2 and

uk :=

(
exp(−k)
1/(1 + k)

)
, k = 0, 1, 2, . . . .

Then

u = lim
k→∞

uk =

(
0

0

)
.

♣

By considering the set Am,n(K) of matrices of type (m,n) as a vector

space of dimension mn, one sees in the same way that the convergence of

a sequence of matrices of type (m,n) is independent of the norm chosen,

and that it is equivalent to the convergence of mn sequences of scalars

consisting of the elements of these matrices. The following result gives

necessary and sufficient conditions for the convergence of the particular

sequence consisting of the successive powers of a given (square) matrix to

the null matrix. From these conditions can be derived the fundamental

criterion for the convergence of iterative methods for the solution of linear

systems of equations.

Theorem 1.20. Let B be a square matrix. The following conditions are

equivalent:
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(1) lim
k→∞

Bk = 0

(2) lim
k→∞

Bkv = 0 for every vector v

(3) ϱ(B) < 1

(4) ∥B∥ < 1for at least one subordinate matrix norm ∥ · ∥.

For the proof of the theorem refer to Ciarlet [13].

Example 1.37. Consider the matrix

B =

(
1/4 1/4

1/4 1/4

)
.

Then

lim
k→∞

Bk = 0 .
♣

The following theorem (Ciarlet [13]) is useful for the study of iterative

methods, as regards the rate of convergence.

Theorem 1.21. Let A be a square matrix and let ∥ · ∥ be any subordinate

matrix norm. Then

lim
k→∞

∥Ak∥1/k = ϱ(A).

Example 1.38. Let A = In, where In is the n × n unit matrix. Then

Ikn = In and therefore ||Ikn||1/k = 1. Moreover ϱ(A) = 1. ♣

In theoretical physics and in particular in quantum mechanics a very im-

portant role is played by the exponential function of a square matrix. Let

A be an n× n matrix. We set

Ak := In +
A

1!
+
A2

2!
+ · · ·+ Ak

k!
, k ≥ 1.

The sequence (Ak) converges. Its limit is denoted by exp(A). We have

exp(A) :=
∞∑
k=0

Ak

k!
.



MATRIX CALCULUS AND KRONECKER PRODUCT - A Practical Approach to Linear and Multilinear Algebra (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/8030.html

January 20, 2011 14:43 World Scientific Book - 9in x 6in book

Matrix Calculus 63

Let ϵ be a parameter (ϵ ∈ R). Then we have

exp(ϵA) =
∞∑
k=0

(ϵA)k

k!
.

We can also calculate exp(ϵA) using

exp(ϵA) = lim
n→∞

(
In +

ϵA

n

)n

.

Example 1.39. Let

A =

(
0 1

1 0

)
.

Then

exp(zA) =

(
1 0

0 1

)
cosh(z) +

(
0 1

1 0

)
sinh(z).

♣

Theorem 1.22. Let A be an n× n matrix. Then

det(exp(A)) ≡ exp(tr(A)).

For the proof refer to Steeb [56]. The theorem shows that the matrix exp(A)

is always invertible. If A is the zero matrix, then we have

exp(A) = In

where In is the identity matrix.

We can also define

sin(A) :=
∞∑
k=0

(−1)kA2k+1

(2k + 1)!
, cos(A) :=

∞∑
k=0

(−1)kA2k

(2k)!
.

Example 1.40. Let x, y ∈ R and

A =

(
x y

0 x

)
.

Then we find

sin(A) =

(
sinx y cosx

0 sinx

)
, cos(A) =

(
cosx −y sinx
0 cosx

)
.

♣
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Exercises. (1) Let

A =

(
0 1

1 0

)
.

Calculate exp(ϵA), where ϵ ∈ R.

(2) Let

A =

(
1 1

1 1

)
.

Find cos(A).

(3) Let A be an n×n matrix such that A2 = In, where In is the n×n unit

matrix. Let ϵ ∈ R. Show that

exp(ϵA) = In cosh(ϵ) +A sinh(ϵ).

(4) Let A be a square matrix such that the sequence (Ak)k≥1 converges to

an invertible matrix. Find A.

(5) Let B be a square matrix satisfying ∥B∥ < 1. Prove that the sequence

(Ck)k≥1, where

Ck = I +B +B2 + · · ·+Bk

converges and that

lim
k→∞

Ck = (I −B)−1.

(6) Prove that

AB = BA⇒ exp(A+B) = exp(A) exp(B).

(7) Let (Ak) be a sequence of n × n matrices. Show that the following

conditions are equivalent:

(i) the sequence (Ak) converges;

(ii) for every vector v ∈ Rn, the sequence of vectors (Akv) converges in Rn.

(8) Let A and B be square matrices. Assume that exp(A) exp(B) =

exp(A+B). Show that in general [A,B] ̸= 0.

(9) Extend the Taylor expansion for ln(1 + x)

ln(1 + x) = x− x2

2
+
x3

3
− x4

4
+ · · · − 1 < x ≤ 1

to n× n matrices.
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1.17 Gram-Schmidt Orthonormalization

The Gram-Schmidt algorithm is as follows: Let v1,v2, . . . ,vn be a basis in

Cn. We define

w1 := v1

w2 := v2 −
(w1,v2)

(w1,w1)
w1

w3 := v3 −
(w2,v3)

(w2,w2)
w2 −

(w1,v3)

(w1,w1)
w1

...

wn := vn − (wn−1,vn)

(wn−1,wn−1)
wn−1 − · · · − (w1,vn)

(w1,w1)
w1.

Then the vectors w1,w2, . . . ,wn form an orthogonal basis in Cn. Normal-

izing these vectors yields an orthonormal basis in Cn.

Example 1.41. Let

v1 =


1

0

0

0

 , v2 =


1

1

0

0

 , v3 =


1

1

1

0

 , v4 =


1

1

1

1

 .

We find

w1 =


1

0

0

0

 , w2 =


0

1

0

0

 , w3 =


0

0

1

0

 , w4 =


0

0

0

1

 .

These vectors are already normalized. ♣

Example 1.42. Let

v1 =


1

1

1

1

 , v2 =


1

1

1

0

 , v3 =


1

1

0

0

 , v4 =


1

0

0

0

 .

We find

w1 =


1

1

1

1

 , w2 =
1

4


1

1

1

−3

 , w3 =
1

3


1

1

−2

0

 , w4 =
1

2


1

−1

0

0

 .

which after normalization gives the orthonormal basis{
1

2
(1, 1, 1, 1)T ,

1√
12

(1, 1, 1,−3)T ,
1√
6
(1, 1,−2, 0)T ,

1√
2
(1,−1, 0, 0)T

}
.♣
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1.18 Groups

In the representation of groups as n × n matrices the Kronecker product

plays a central role. We give a short introduction to group theory and then

discuss the connection with the Kronecker product. For further reading in

group theory we refer to the books of Miller [42], Baumslag and Chandler
[6] and Steeb [56]. In sections 2.13 and 2.14 we give a more detailed in-

troduction to representation theory and the connection with the Kronecker

product.

Definition 1.48. A group G is a set of objects {g, h, k, . . .} (not necessar-

ily countable) together with a binary operation which associates with any

ordered pair of elements g, h ∈ G a third element gh ∈ G. The binary oper-

ation (called group multiplication) is subject to the following requirements:

(1) There exists an element e in G called the identity element such that

ge = eg = g for all g ∈ G.

(2) For every g ∈ G there exists in G an inverse element g−1 such that

gg−1 = g−1g = e.

(3) Associative law. The identity (gh)k = g(hk) is satisfied for all

g, h, k ∈ G.

Thus, any set together with a binary operation which satisfies conditions

(1) - (3) is called a group.

If gh = hg we say that the elements g and h commute. If all elements of

G commute then G is a commutative or abelian group. If G has a finite

number of elements it has finite order n(G), where n(G) is the number of

elements. Otherwise, G has infinite order.

A subgroup H of G is a subset which is itself a group under the group

multiplication defined in G. The subgroups G and {e} are called improper

subgroups of G. All other subgroups are proper.

If a group G consists of a finite number of elements, then G is called a finite

group; otherwise, G is called an infinite group.

Example 1.43. The set of integers Z with addition as group composition

is an infinite additive group with e = 0. ♣

Example 1.44. The set { 1,−1 } with multiplication as group composition

is a finite abelian group with e = 1. ♣



MATRIX CALCULUS AND KRONECKER PRODUCT - A Practical Approach to Linear and Multilinear Algebra (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/8030.html

January 20, 2011 14:43 World Scientific Book - 9in x 6in book

Matrix Calculus 67

Definition 1.49. Let G be a finite group. The number of elements of G is

called the dimension or order of G.

Example 1.45. The order of the group of the n×n permutation matrices

under matrix multiplication is n!. ♣

Theorem 1.23. The order of a subgroup of a finite group divides the order

of the group.

This theorem is called Lagrange’s theorem. For the proof we refer to the

literature (Miller [42]).

A way to partition G is by means of conjugacy classes.

Definition 1.50. A group element h is said to be conjugate to the group

element k, h ∼ k, if there exists a g ∈ G such that

k = ghg−1.

It is easy to show that conjugacy is an equivalence relation, i.e., (1) h ∼ h

(reflexive), (2) h ∼ k implies k ∼ h (symmetric), and (3) h ∼ k, k ∼ j

implies h ∼ j (transitive). Thus, the elements of G can be divided into

conjugacy classes of mutually conjugate elements. The class containing e

consists of just one element since

geg−1 = e

for all g ∈ G. Different conjugacy classes do not necessarily contain the

same number of elements.

Let G be an abelian group. Then each conjugacy class consists of one group

element each, since

ghg−1 = h, for all g ∈ G.

Let us now give a number of examples to illustrate the definitions given

above.

Example 1.46. A field F is an (infinite) abelian group with respect to

addition. The set of nonzero elements of a field forms a group with respect

to multiplication, which is called a multiplicative group of the field. ♣

Example 1.47. A linear vector space over a field F (such as the real num-

bers R) is an abelian group with respect to the usual addition of vectors.

The group composition of two elements (vectors) a and b is their vector
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sum a + b. The identity element is the zero vector and the inverse of an

element is its negative. ♣

Example 1.48. Let N be an integer with N ≥ 1. The set

{ e2πin/N : n = 0, 1, . . . , N − 1 }

is an abelian (finite) group under multiplication since

exp(2πin/N) exp(2πim/N) = exp(2πi(n+m)/N)

where n,m = 0, 1, . . . , N − 1. Note that exp(2πin) = 1 for n ∈ N. We

consider some special cases of N : For N = 2 we find the set {1,−1} and

for N = 4 we find {1, i,−1,−i}. These are elements on the unit circle in

the complex plane. For N → ∞ the number of points on the unit circle

increases. As N → ∞ we find the unitary group

U(1) :=
{
eiα : α ∈ R

}
.

♣

Example 1.49. The two matrices{ (
1 0

0 1

)
,

(
0 1

1 0

) }
form a finite abelian group of order two with matrix multiplication as group

composition. The closure can easily be verified(
1 0

0 1

)(
1 0

0 1

)
=

(
1 0

0 1

)
,

(
1 0

0 1

)(
0 1

1 0

)
=

(
0 1

1 0

)
(
0 1

1 0

)(
0 1

1 0

)
=

(
1 0

0 1

)
.

The identity element is the 2× 2 unit matrix. ♣

Example 1.50. Let M = {1, 2, . . . , n}. Let Bi(M,M) be the set of bijec-

tive mappings σ :M →M so that

σ : {1, 2, . . . , n} → {p1, p2, . . . , pn}

forms a group Sn under the composition of functions. Let Sn be the set of

all the permutations

σ =

(
1 2 · · · n

p1 p2 · · · pn

)
.
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We say 1 is mapped into p1, 2 into p2, . . . , n into pn. The numbers

p1, p2, . . . , pn are a reordering of 1, 2, . . . , n and no two of the pj ’s j =

1, 2 . . . , n are the same. The inverse permutation is given by

σ−1 =

(
p1 p2 · · · pn
1 2 · · · n

)
.

The product of two permutations σ and τ , with

τ =

(
q1 q2 · · · qn
1 2 · · · n

)
is given by the permutation

σ ◦ τ =

(
q1 q2 · · · qn
p1 p2 · · · pn

)
.

That is, the integer qi is mapped to i by τ and i is mapped to pi by σ, so

qi is mapped to pi by σ ◦ τ . The identity permutation is

e =

(
1 2 · · · n
1 2 · · · n

)
.

Sn has order n!. The group of all permutations onM is called the symmetric

group on M which is nonabelian, if n > 2. ♣

Example 1.51. Let N be a positive integer. The set of all matrices

Z2πk/N =

(
cos(2kπ/N) − sin(2kπ/N)

sin(2kπ/N) cos(2kπ/N)

)
where k = 0, 1, 2, . . . , N − 1, forms an abelian group under matrix multipli-

cation. The elements of the group can be generated from the transformation

Z2kπ/N =
(
Z2π/N

)k
, k = 0, 1, 2, . . . , N − 1.

For example, if N = 2 the group consists of the elements

{(Zπ)
0, (Zπ)

1} ≡ {−I2,+I2}

where I2 is the 2× 2 unit matrix. This is an example of a cyclic group. ♣

Example 1.52. The set of all invertible n× n matrices form a group with

respect to the usual multiplication of matrices. The group is called the

general linear group over the real numbers GL(n,R), or over the complex

numbers GL(n,C). This group together with its subgroups are the so-called

classical groups which are Lie groups. ♣
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Example 1.53. Let C be the complex plane. Let z ∈ C. The set of Möbius

transformations in C form a group called the Möbius group denoted by M

where m : C → C,

M := { m(a, b, c, d) : a, b, c, d ∈ C, ad− bc ̸= 0 }

and

m : z 7→ z′ =
az + b

cz + d
.

The condition ad−bc ̸= 0 must hold for the transformation to be invertible.

Here, z = x+iy, where x, y ∈ R. This forms a group under the composition

of functions: Let

m(z) =
az + b

cz + d
, m̃(z) =

ez + f

gz + h

where ad−bc ̸= 0 and eh−fg ̸= 0 (e, f, g, h ∈ C). Consider the composition

m (m̃(z)) =
a(ez + f)/(gz + h) + b

c(ez + f)/(gz + h) + d

=
aez + af + bgz + hb

cez + cf + dgz + hd

=
(ae+ bg)z + (af + hb)

(ce+ dg)z + (cf + hd)
.

Thus m(m̃(z)) has the form of a Möbius transformation, since

(ae+ bg)(cf + hd)− (af + hb)(ce+ dg)

= aecf + aehd+ bgcf + bghd− afce− afdg − hbce− hbdg

= ad(eh− fg) + bc(gf − eh)

= (ad− bc)(eh− fg) ̸= 0.

Thus we conclude that m is closed under composition. Associativity holds

since we consider the multiplication of complex numbers. The identity

element is given by

m(1, 0, 0, 1) = z.

To find the inverse of m(z) we assume that

m (m̃(z)) =
(ae+ bg)z + (af + hb)

(ce+ dg)z + (cf + hd)
= z

so that

ae+ bg = 1, af + hb = 0, ce+ dg = 0, cf + hd = 1
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and we find

e =
d

ad− bc
, f = − b

ad− bc
, g = − c

ad− bc
, h =

a

ad− bc
.

The inverse is thus given by

(z′)
−1

=
dz − b

−cz + a
.

♣

Example 1.54. Let Z be the abelian group of integers. Let E be the set

of even integers. Obviously, E is an abelian group under addition and is a

subgroup of Z. Let C2 be the cyclic group of order 2. Then

Z/E ∼= C2 . ♣

We denote the mapping between two groups by ρ and present the following

definitions

Definition 1.51. A mapping of a group G into another group G′ is called a

homomorphism if it preserves all combinatorial operations associated with

the group G so that

ρ(a · b) = ρ(a) ∗ ρ(b)

a, b ∈ G and ρ(a), ρ(b) ∈ G′. Here · and ∗ are the group compositions in

G and G′, respectively.

Example 1.55. There is a homomorphism ρ from GL(2,C) into the

Möbius group M given by

ρ :

(
a b

c d

)
7→ m(z) =

az + b

cz + d
.

We now check that ρ is indeed a homomorphism: Consider the 2×2 matrix

A =

(
a b

c d

)
where a, b, c, d ∈ C and ad − bc ̸= 0. The matrices A form a group with

matrix multiplication as group composition. We find

AB =

(
a b

c d

)(
e f

g h

)
=

(
ae+ bg af + bh

ce+ dg cf + dh

)
where e, f, g, h ∈ C. Thus

ρ(AB) =
(ae+ bg)z + (af + bh)

(ce+ dg)z + (cf + dh)
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and

ρ(A) =
az + b

cz + d
, ρ(B) =

ez + f

gz + h

so that

ρ(A) ∗ ρ(B) =
(ae+ bg)z + (af + bh)

(ce+ dg)z + (cf + dh)
.

We have shown that ρ(A ·B) = ρ(A) ∗ ρ(B) and thus that ρ is a homomor-

phism. ♣

An extension of the Möbius group is as follows. Consider the transformation

v =
Aw +B

Cw +D

where v = (v1, . . . , vn)
T , w = (w1, . . . , wn)

T (T transpose). A is an n× n

matrix, B an n × 1 matrix, C a 1 × n matrix and D a 1 × 1 matrix. The

(n+ 1)× (n+ 1) matrix (
A B

C D

)
is invertible.

Example 1.56. An n×n permutation matrix is a matrix that has in each

row and each column precisely one 1. There are n! permutation matrices.

The n × n permutation matrices form a group under matrix multiplica-

tion. Consider the symmetric group Sn given above. It is easy to see that

the two groups are isomorphic. Cayley’s theorem tells us that every finite

group is isomorphic to a subgroup (or the group itself) of these permutation

matrices. The six 3× 3 permutation matrices are given by

A =

1 0 0

0 1 0

0 0 1

 , B =

1 0 0

0 0 1

0 1 0

 , C =

0 1 0

1 0 0

0 0 1



D =

0 1 0

0 0 1

1 0 0

 , E =

0 0 1

1 0 0

0 1 0

 , F =

0 0 1

0 1 0

1 0 0

 .

We have

AA = A AB = B AC = C AD = D AE = E AF = F

BA = B BB = A BC = D BD = C BE = F BF = E
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CA = C CB = E CC = A CD = F CE = B CF = D

DA = D DB = F DC = B DD = E DE = A DF = C

EA = E EB = C EC = F ED = A EE = D EF = B

FA = F FB = D FC = E FD = B FE = C FF = A .

For the inverse we find

A−1 = A, B−1 = B, C−1 = C, D−1 = E, E−1 = D, F−1 = F.

The order of a finite group is the number of elements of the group. Thus our

group has order 6. Lagrange’s theorem tells us that the order of a subgroup

of a finite group divides the order of the group. Thus the subgroups must

have order 3, 2, 1. From the group table we find the subgroups

{A, D, E}
{A, B}, {A, C}, {A, F}

{A}.
Cayley’s theorem tells us that every finite group is isomorphic to a subgroup

(or the group itself) of these permutation matrices. The order of an element

g ∈ G is the order of the cyclic subgroup generated by {g}, i.e. the smallest

positive integer m such that

gm = e

where e is the identity element of the group. The integer m divides the

order of G. Consider, for example, the element D of our group. Then

D2 = E, D3 = A, A identity element.

Thus m = 3. ♣

Example 1.57. Let c ∈ R and c ̸= 0. The 2× 2 matrices(
c c

c c

)
form a group under matrix multiplication. Multiplication of two such ma-

trices yields (
c1 c1
c1 c1

)(
c2 c2
c2 c2

)
=

(
2c1c2 2c1c2
2c1c2 2c1c2

)
.

The neutral element is the matrix(
1/2 1/2

1/2 1/2

)
and the inverse element is the matrix(

1/(4c) 1/(4c)

1/(4c) 1/(4c)

)
.

♣
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Exercises. (1) Show that all n × n permutation matrices form a group

under matrix multiplication.

(2) Find all subgroups of the group of the 4× 4 permutation matrices. Ap-

ply Lagrange’s theorem.

(3) Consider the matrices

A(α) =

(
cosα sinα

− sinα cosα

)
, α ∈ R.

Show that these matrices form a group under matrix multiplication.

(4) Consider the matrices

B(α) =

(
coshα sinhα

sinhα coshα

)
, α ∈ R.

Show that these matrices form a group under matrix multiplication.

(5) Consider the matrices given in (3). Find

X =
d

dα
A(α)

∣∣∣∣
α=0

.

Show that

exp(αX) = A(α).

(6) Let S be the set of even integers. Show that S is a group under addition

of integers.

(7) Show that all 2× 2 matrices(
1 a

0 1

)
, a ∈ R

form a group under matrix multiplication.

(8) Let S be the set of real numbers of the form a + b
√
2, where a, b ∈ Q

and are not simultaneously zero. Show that S is a group under the usual

multiplication of real numbers.
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1.19 Lie Algebras

Lie algebras (Bäuerle and de Kerf [7], Humphreys [32], Jacobson [33]) play

a central role in theoretical physics. They are also linked to Lie groups and

Lie transformation groups (Steeb [56]). In this section we give the definition

of a Lie algebra and some applications.

Definition 1.52. A vector space L over a field F, with an operation L×L→
L denoted by

(x, y) → [x, y]

and called the commutator of x and y, is called a Lie algebra over F if the

following axioms are satisfied:

(L1) The bracket operation is bilinear.

(L2) [x, x] = 0 for all x ∈ L

(L3) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 (x, y, z ∈ L).

Remark: Axiom (L3) is called the Jacobi identity.

Notice that (L1) and (L2), applied to [x+y, x+y], imply anticommutativity:

(L2’)

[x, y] = −[y, x].

Conversely, if charF ̸= 2 (for R and C we have charF = 0), then (L2’) will

imply (L2).

Definition 1.53. Let X and Y be n × n-matrices. Then the commutator

[X,Y ] of X and Y is defined as

[X,Y ] := XY − Y X.

The n× n matrices over R or C form a Lie algebra under the commutator.

This means we have the following properties (X, Y, V, W n × n matrices

and c ∈ C)

[cX, Y ] = c[X,Y ], [X, cY ] = c[X,Y ]

[X,Y ] = −[Y,X]

[X + Y, V +W ] = [X,V ] + [X,W ] + [Y, V ] + [Y,W ]

and

[X, [Y, V ]] + [V, [X,Y ]] + [Y, [V,X]] = 0.
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The last equation is called the Jacobi identity..

Definition 1.54. Two Lie algebras L, L′ are called isomorphic if there

exists a vector space isomorphism ϕ : L→ L′ satisfying

ϕ([x, y]) = [ϕ(x), ϕ(y)]

for all x, y ∈ L.

The Lie algebra of all n× n matrices over C is also called gl(n,C). A basis

is given by the matrices

(Eij ), i, j = 1, 2, . . . , n

where (Eij) is the matrix having 1 in the (i, j) position and 0 elsewhere.

Since

(Eij)(Ekl) = δjk(Eil)

it follows that the commutator is given by

[(Eij), (Ekl)] = δjk(Eil)− δli(Ekj) .

Thus the coefficients are all ±1 or 0.

The classical Lie algebras are sub-Lie algebras of gl(n,C). For example,

sl(n,R) is the Lie algebra with the condition

tr(X) = 0

for all X ∈ gl(n,R). Furthermore, so(n,R) is the Lie algebra with the

condition that

XT = −X and tr(X) = 0

for all X ∈ so(n,R). For n = 2 a basis element is given by

X =

(
0 1

−1 0

)
.

For n = 3 we have a basis (skew-symmetric matrices)

X1 =

0 0 0

0 0 −1

0 1 0

 , X2 =

 0 0 1

0 0 0

−1 0 0

 , X3 =

0 −1 0

1 0 0

0 0 0

 .
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Exercises. (1) Show that the 2 × 2 matrices with trace zero form a Lie

algebra under the commutator. Show that(
0 1

0 0

)
,

(
0 0

1 0

)
,

(
1 0

0 −1

)
form a basis. Hint: Show that

tr([A,B]) = 0

for any two n× n matrices.

(2) Find all Lie algebras with dimension 2.

(3) Show that the set of all diagonal matrices form a Lie algebra under the

commutator.

(4) Do all Hermitian matrices form a Lie algebra under the commutator?

(5) Do all skew-Hermitian matrices form a Lie algebra under the commu-

tator?

(6) An automorphism of L is an isomorphism of L onto itself. Let L =

sl(n,R). Show that if g ∈ GL(n,R) and if

gLg−1 = L

then the map

x 7→ gxg−1

is an automorphism.

(7) The center of a Lie algebra L is defined as

Z(L) := { z ∈ L : [z, x] = 0 for allx ∈ L } .

Find the center for the Lie algebra sl(2,R).
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1.20 Commutators and Anti-Commutators

Let A and B be n× n matrices. Then we define the commutator of A and

B as

[A,B] := AB −BA .

For all n× n matrices A, B, C we have the Jacobi identity

[A, [B,C]] + [C, [A,B]] + [B, [C,A]] = 0n

where 0n is the n× n zero matrix. Since tr(AB) = tr(BA) we have

tr([A,B]) = 0 .

If

[A,B] = 0n

we say that the matrices A and B commute. For example, if A and B are

diagonal matrices then the commutator is the zero matrix 0n.

Let A and B be n× n matrices. Then we define the anticommutator of A

and B as

[A,B]+ := AB +BA .

We have

tr([A,B]+) = 2tr(AB) .

The anticommutator plays a role for Fermi operators.

Example 1.58. Consider the Pauli spin matrices

σx =

(
0 1

1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0

0 −1

)
.

Then

[σx, σz] =

(
0 −2

2 0

)
= 2iσy

and

[σx, σz]+ =

(
0 0

0 0

)
.

♣
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1.21 Functions of Matrices

Let A be an n × n matrix over C. Let f : R → R be an analytic func-

tion. Then we can consider the matrix valued function f(A). The simplest

example of such a function is a polynomial. Let p be a polynomial

p(x) =
n∑

j=0

cjx
j

then the corresponding matrix function of an n×n matrix A can be defined

by

p(A) =
n∑

j=0

cjA
j

with the convention A0 = In. If a function f of a complex variable z has a

MacLaurin series expansion

f(z) =

∞∑
j=0

cjz
j

which converges for |z| < R (R > 0), then the matrix series

f(A) =
∞∑
j=0

cjA
j

converges, provided A is square and each of its eigenvalues has absolute

value less than R. More generally if a function f of a complex variable z

has a power series expansion

f(z) =

∞∑
j=0

cjz
j

which converges for z ∈ Z ⊆ C, then the matrix series

f(A) =

∞∑
j=0

cjA
j

converges, provided A is square and each of its eigenvalues are in Z.

Example 1.59. The most used matrix function is exp(A) defined by

exp(A) :=
∞∑
j=0

Aj

j!
≡ lim

n→∞

(
In +

A

n

)n

which converges for all square matrices A. ♣
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Example 1.60. The matrix functions sin(A) defined by

sin(A) :=
∞∑
j=0

(−1)j
A2j+1

(2j + 1)!
, cos(A) :=

∞∑
j=0

(−1)j
A2j

(2j)!

converge for all square matrices A. ♣

Example 1.61. The matrix function arctan(A) defined by

arctan(A) :=

∞∑
j=0

(−1)j
A2j+1

2j + 1

converges for square matrices A with eigenvalues λ satisfying |λ| < 1. ♣

Example 1.62. The matrix function ln(A) defined by

ln(A) := −
∞∑
j=1

(In −A)j

j

converges for square matrices A with eigenvalues λ where |λ| ∈ (0, 2). ♣

Example 1.63. We calculate

exp

0 iπ 0

0 0 0

0 −iπ 0


using MacLaurin series expansion to obtain the exponential. Since the

square of the matrix is the 3 × 3 zero matrix we find from the MacLaurin

series expansion

exp

0 iπ 0

0 0 0

0 −iπ 0

 =

1 0 0

0 1 0

0 0 1

+

0 iπ 0

0 0 0

0 −iπ 0

 =

1 iπ 0

0 1 0

0 −iπ 1

 .

♣

We can also use the Cayley-Hamilton theorem (see section 1.6). Since A

satisfies it’s own characteristic equation

An − tr(A)An−1 + · · ·+ (−1)n det(A)A0 = 0n

where 0n is the n × n zero matrix, we find that An can be expressed in

terms of An−1, . . . , A and In

An = tr(A)An−1 − · · · − (−1)n det(A)In.

Then the MacLaurin series contracts to

f(A) =
∞∑
j=0

cjA
j =

n−1∑
j=0

αjA
j .
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The values α0, . . . , αn−1 can be determined from the eigenvalues of A.

Let λ be an eigenvalue of A corresponding to the eigenvector x. Then

f(A)x = f(λ)x and

f(A)x =
∞∑
j=0

cjA
jx =

n−1∑
j=0

αjA
jx =

n−1∑
j=0

αjλ
j
jx.

Since x is nonzero we have the equation

f(λ) =

n−1∑
j=0

αjλ
j
j .

Thus we have a system of linear equations for the αj . If an eigenvalue λ

of A has multiplicity greater than 1, these equations will be insufficient to

determine all of the αj . Since f is analytic the derivative f ′ is also analytic

and

f ′(A) =
∞∑
j=1

jcjA
j−1 =

n−1∑
j=1

jαjA
j−1

which provides the equation

f ′(λ) =

n−1∑
j=1

jαjλ
j
j .

If the multiplicity is of λ is k then we have the equations

f(λ) =
n−1∑
j=0

αjλ
j
j

f ′(λ) =

n−1∑
j=1

jαjλ
j−1
j

...

f (k−1)(λ) =

n−1∑
j=k−1

(
k−1∏
m=0

(j −m)

)
αjλ

j−k−1
j .

Example 1.64. We calculate

exp

0 iπ 0

0 0 0

0 −iπ 0

 .
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using the Cayley-Hamilton theorem. The eigenvalue is 0 with multiplicity

3. Thus we solve the equations

eλ = α0 + α1λ+ α2λ
2

eλ = α1 + 2α2λ

eλ = 2α2

where λ = 0. Thus α2 = 1
2 and α0 = α1 = 1. Consequently

exp

0 iπ 0

0 0 0

0 −iπ 0

 =

1 0 0

0 1 0

0 0 1

+

0 iπ 0

0 0 0

0 −iπ 0

+
1

2

0 iπ 0

0 0 0

0 −iπ 0

2

=

1 iπ 0

0 1 0

0 −iπ 1

 .

♣

Example 1.65. Consider the matrix

A =


π√
2

0 0 π√
2

0 π√
2

π√
2

0

0 π√
2
− π√

2
0

π√
2

0 0 − π√
2


with eigenvalues are π, π, −π and −π. We wish to calculate sec(A) where

sec(z) which is analytic on the intervals (π/2, 3π/2) and (−3π/2,−π/2)
amongst others. The eigenvalues lie within these intervals. However, the

power series for sec(z) on these two intervals are different, the methods

above do not apply directly. We can restrict ourselves to the action on

subspaces. The eigenvalue π corresponds to the eigenspace spanned by{
1√

4− 2
√
2
(1, 0, 0,

√
2− 1)T ,

1√
4− 2

√
2
(0, 1,

√
2− 1, 0)T

}
.

The projection onto this eigenspace is given by

Π1 :=
1

4− 2
√
2


1 0 0

√
2− 1

0 1
√
2− 1 0

0
√
2− 1 3− 2

√
2 0√

2− 1 0 0 3− 2
√
2

 .

On this two dimensional subspace, A has one eigenvalue with multiplic-

ity 2. We solve the equation sec(π) = −1 = α0 + α1π and sec′(π) =

sec(π) tan(π) = 0 = α1. Thus α1 = 0 and α0 = −1. The solution on this

subspace is (α0I4 + α1A)Π1 = −Π1. We perform a similar calculation for

the eigenvalue −π and the projection onto the eigenspace Π2. We solve

the equation sec(−π) = −1 = β0 − β1π and sec′(−π) = sec(−π) tan(−π) =
0 = −β1. Thus β1 = 0 and β0 = −1. The solution on this subspace is

(β0I4 + β1A)Π2 = −Π2. The solution on C4 is given by

sec(A) = (−Π1) + (−Π2) = −I4. ♣




