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1 Introduction

Consider a domain Ω ⊂ Rn, N 6 n, and a Hörmander (or bracket-generating)
system of smooth vector fields X = {X1, . . . , XN} defined on Ω. We denote
by Xu = (X1u, . . . , XNu) the X-gradient, or horizontal gradient, of a function
u. In this paper, we study second and higher order interior regularity for weak
solutions of the following quasilinear subelliptic equation:

N∑

i=1

X∗
i (ai(x, Xu)) = 0 in Ω , (1.1)

where ai(x, ξ) are differentiable functions on Ω×RN which for some positive
constants c, l and a.e. (x, ξ) ∈ Ω×RN and every η ∈ RN satisfy the following
properties:

l−1|η|2 6
N∑

i,j=1

∂ai

∂ξj
(x, ξ) ηiηj 6 l|η|2 , (1.2)

N∑

i,j=1

∣∣∣∣
∂ai

∂xj
(x, ξ)

∣∣∣∣ 6 c (1 + |ξ|) , (1.3)

N∑

i=1

|ai(x, ξ)| 6 c (1 + |ξ|) . (1.4)

The best known representative of Equation (1.1) is the subelliptic p-
Laplacian equation with

ai(x, ξ) = |ξ|p−2ξi .

The assumptions (1.2)–(1.4) are satisfied if we suppose p > 2 and 0 < M−1 6
|ξ| 6 M which for weak solutions u corresponds to the assumption

0 < M−1 6 |Xu(x)| 6 M a.e. x ∈ Ω . (1.5)

In the forthcoming paper [10], we will study the quasilinear subelliptic regu-
larity problem without assumption (1.5) and for p 6= 2.

As a short overview of previously proved subelliptic interior regularity re-
sults we mention Hörmander’s C∞ regularity result in the ai(x, ξ) = ξi linear
case [11]. The Hölder continuity of weak solutions for quasilinear equations
of the form

N∑

i=1

X∗
i (ai(x, u, Xu)) = 0 in Ω (1.6)

was proved in [4, 12], and higher regularity for
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N∑

i=1

X∗
i (ai(x, u)Xiu)) = 0 in Ω (1.7)

was studied in [21]. These results are valid for any system of Hörmander vector
fields. However, the second order differentiability results from [5, 7, 8, 9, 18]
are valid just in Heisenberg and Carnot groups and the Moser iterations
leading to C1,α regularity developed in [17] just in Heisenberg groups.

In this paper, we introduce the notion of ν-closed systems of Hörmander
vector fields, which allows us to study higher order interior regularity in cer-
tain nonnilpotent structures. More precisely, this new notion includes all the
previously studied nilpotent systems of vector fields including the generators
of the Lie Algebra of Carnot groups, the Grušin vector fields, and extends the
regularity results to the case of nonnilpotent systems of vector fields, as those
generating the Lie Algebra of the rotation group SO (n) or other noncompact
semisimple or solvable Lie groups. As it follows from Definition 1.1, we do
not even suppose X to generate the Lie algebra of a Lie group.

We denote by B the set of all commutators of length up to a fixed ν ∈ N.
Elements of X will be considered as commutators of length 1, so we have
X ⊂ B.
Definition 1.1. We say that X is a ν-closed Hörmander system of vector
fields on Ω if

(1) the set B of commutators of order at most ν spans the tangent space at
every x ∈ Ω,

(2) there exists a T1 ∈ B \ X such that

[T1, Xi] ∈ X ∪ {0} for all 1 6 i 6 N,

(3) if after selecting Tk = {T1, . . . , Tk} we still have B \ {
X ∪ Tk

} 6= ∅, then
there exists Tk+1 ∈ B \ {

X ∪ Tk

}
such that

[Tk+1, Y ] ∈ X ∪ Tk ∪ {0} for all Y ∈ X ∪ Tk,

(4) continuing the process started in (1)-(3), we cover all B \ X.

Our starting point in finding this definition was Taylor’s description [20]
of a subelliptic Laplacian operator in the special unitary group SU (2). For a
detailed description of the following examples we refer to [10]. In R3, we con-
sider linearly independent vector fields X1, X2, T satisfying the commutation
relations

[X1, X2] = T, [X2, T ] = X1, [T,X1] = X2. (1.8)

In this case, the system X = {X1, X2} generates a three dimensional Lie
Algebra which is isomorphic to so(3), the Lie Algebra of SO(3).

This can be immediately generalized to SO(n), which has its Lie alge-
bra so (n) spanned by a basis B = {Xjk, 1 6 j < k 6 n} with nonzero
commutation relations
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[Xmk, Xjk] = Xjm, [Xjk, Xjm] = Xmk, [Xjm, Xmk] = Xjk

for all 1 6 j < m < k 6 n. This allows us to consider X = {Xmn, 1 6 m 6
n−1}. Then any other vector field Xjk, 1 6 j < k 6 n−1, is a commutator of
length two of elements of X and satisfies the following commutation relations:

[Xjm, Xqn] =





0 if j 6= q and q 6= m
−Xmn if q = j
Xmn if q = m



 . (1.9)

Hence we can start the selection process of Definition 1.1 with any vector
field not belonging to X and continue it in an arbitrary order.

As other examples for Definition 1.1 we can mention the 3-dimensional Lie
algebras listed in [19]. Among them we find a nilpotent (the Heisenberg Lie
Algebra), a compact semisimple (so (3)), a noncompact semisimple (sl (2,R))
and a solvable (the Lie algebra of the motion group of the Lorentzian plane).

For k ∈ N we define the following subelliptic Sobolev space:

XW k,2(Ω) =
{

u ∈ Lp(Ω) : Xi1 . . . Xik
u ∈ L2(Ω) for all 1 6 ij 6 N

}
.

Let XW k,2
0 (Ω) be the closure of C∞0 (Ω) in XW k,2(Ω) with respect to its

usual norm.
A function u ∈ XW 1,2

loc (Ω) is a weak solution of Equation (1.1) if

N∑

i=1

∫

Ω

ai(x, Xu(x)) Xiϕ(x)dx = 0 for all ϕ ∈ C∞0 (Ω) . (1.10)

Our main task is to prove the following theorem.

Theorem 1.1. Assume that X is a ν-closed system of Hörmander vector
fields, the functions ai(x, ξ) are C∞ in Ω × Rn, and a weak solution u of
Equation (1.1) satisfies 0 < M−1 6 |Xu| 6 M a.e. in Ω. Then u ∈ C∞(Ω).

By Theorem 1.1, we generalize similar results obtained in Heisenberg and
Carnot groups by Capogna [2, 3] and also show alternate proofs for the second
order differentiability results in Theorems 2.1 and 2.2 below.

2 Second Order Horizontal Differentiability of Weak
Solutions

We denote by etT x the flow associated to a vector field T . We follow now
a point of view that can be derived from the methods presented in [1, 11].
We think about a vector field X as a linear mapping X : C∞0 (Ω) → C∞0 (Ω)
defined by
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Xφ(x) =
d

dt

∣∣∣∣
t=0

φ(etXx) .

For φ ∈ C∞0 (Ω) and t > 0 sufficiently small let us define

etXφ (x) = φ(etXx) .

The Taylor series expansion at t = 0 gives the following formal power series
representation:

etXφ =
∞∑

k=0

tk

k!
Xkφ . (2.1)

If we use the operator adZ (X) = [Z,X], then (2.1) leads to the following
three lemmas. For their proofs we refer to [10].

Lemma 2.1. Consider an arbitrary φ ∈ C∞0 (Ω) and x ∈ Ω. Then for suffi-
ciently small s > 0 we have

X
(
esZφ(x)

)
=

∞∑

k=0

(−1)k sk

k!

(
(adZ)k(X) φ

) (
esZx

)
, (2.2)

X
(
e−sZφ(x)

)
=

∞∑

k=0

sk

k!

(
(adZ)k(X) φ

) (
e−sZx

)
. (2.3)

Lemma 2.2. Consider a ν-closed Hörmander system X of vector fields and
an arbitrary φ ∈ C∞0 (Ω) and x ∈ Ω.

(i) If T ∈ B \ X such that [T, Xi] ⊂ X ∪ {0} for all 1 6 i 6 N , then there
exists Ψi(s) = 〈ψi,1(s), . . . , ψi,N (s)〉, where ψi,k are analytic functions in s,
such that

Xi

(
e±sT φ(x)

)
= Xiφ

(
e±sT x

)± sΨi(±s) · Xφ
(
e±sT x

)
. (2.4)

(ii) Suppose that we already selected a set of vector fields T = {T1, . . . , Tm}
and continue the process by selecting Z ∈ B such that [Z, Y ] ∈ X ∪ T ∪ {0}
for all Y ∈ X ∪ T. Then for every 1 6 i 6 N there exist two vectors Ψi and
Φi of analytic functions in s such that

Xi

(
e±sZφ(x)

)
= Xiφ

(
e±sZx

)±sΨi(±s) ·Xφ
(
e±sZx

)±sΦi(±s) ·Tφ
(
e±sZx

)
.

(2.5)

Example 2.1. If we return to the vector fields X1, X2, T with commuta-
tion relations presented in (1.8), we find that

X1

(
esT φ(x)

)
= X1φ

(
esT x

)

+ s
− sin s

s
X2φ

(
esT x

)
+ s

cos s− 1
s

X1φ
(
esT x

)
. (2.6)
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For s > 0 we define the following difference quotients:

DZ,s,γu(x) =
u(esZx)− u(x)

sγ
,

DZ,−s,γu(x) =
u(x)− u(e−sZx)

sγ
.

Lemma 2.3. (i) Consider the vector field T from (i) of Lemma 2.2. If u ∈
L2(Ω) has compact support and Xiu ∈ L2(Ω) for all 1 6 i 6 N , then we
have the following identity in the weak sense:

Xi

(
DT,±s,γu(x)

)
= DT,±s,γ

(
Xiu(x)

)
± s1−γΨi(±s) · Xu

(
e±sT x

)
. (2.7)

(ii) Consider the vector field Z from (ii) of Lemma 2.2. If, in addition
to (i), we suppose that Tju ∈ L2(Ω) for all 1 6 j 6 m, then we have the
following identity in the weak sense:

Xi

(
DZ,±s,γu(x)

)
= DZ,±s,γ

(
Xiu(x)

)

± s1−γΨi(±s) · Xu
(
e±sT x

)± s1−γΦi(±s) · Tu
(
e±sZx

)
. (2.8)

We are able now to prove our first regularity result.

Theorem 2.1. Consider a weak solution u ∈ XW 1,2
loc (Ω) of (1.1). Let T ∈

B \ X be such that [T,Xi] ⊂ X ∪ {0} for all 1 6 i 6 N . Suppose that T
is a commutator of length m of the horizontal vector fields. If x0 ∈ Ω and
r > 0 are such that B

(
x0, 3r

) ⊂ Ω, then there exist numbers k ∈ N and c > 0
depending only on m and dist (x0, ∂Ω) such that

∫

B
(
x0,r/k

) |Tu(x)|2dx 6 c

∫

B
(
x0,2r

)
(
1 + |Xu(x)|2 + |u(x)|2) dx (2.9)

and
∫

B(x0,r/k)

|TXu(x)|2 dx 6 c

∫

B(x0,2r)

(
1 + |Xu(x)|2 + |u(x)|2) dx , (2.10)

which implies Tu ∈ XW 1,2
loc (Ω)

Proof. Denote γ = 1/m. Let η be a cut-off function between the Carnot–
Carathéodory metric balls B(x0,

r
2 ) and B(x0, r). For the sake of simplicity,

let us just use the notation Br. Consider the test function

ϕ = DT,−s,γ

(
η2DT,s,γu

)

to get
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