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Chapter 2
Improbability and Novelty of Descriptions

In this chapter we define the information of an event A € X, or in our terminology
the novelty of a proposition A as —log, p(A). We further define the important
new concept of a description and extend the definition of novelty from events to
descriptions. Finally we introduce the notions of completeness and directedness of
descriptions and thereby the distinction between surprise and information, which
are opposite special cases of novelty. This deviation from classical information
theory is further elaborated in the fourth part of this book. The interested expert
may go directly from Chap. 3 to Part IV.

2.1 Introductory Examples

You meet somebody (Mr. Miller) and ask him about his children. During the
conversation he tells you two facts: “I have two children” and “This is my son”
(pointing to a person next to him). Given these two facts, what is the probability that
he has a daughter?

The task seems to be the evaluation of a conditional probability concerning the
children of Mr. Miller. If we take his two statements at face value, this probability
is p[he has a daughter | he has a son and he has two children|.

However, the situation is not so simple. For example, Mr. Miller’s statement
“I have two children” is also true, if he has three or more children. Now, if he has
two or more children, at least one of them a son, and for each child the probability
of being a daughter is about %, then the probability asked for is certainly at least %,
maybe larger, depending on the number of children he actually has. But there is
another, more plausible way of interpreting the two statements: You consider the
situation of this conversation and what else Mr. Miller could have said. For example,
if you asked him “Do you have two children?” and he simply answered “yes,”
then it may be that he actually has more than two children. However, if he could
equally well answer your question with “I have three children” instead of “I have
two children” you would expect that he chooses the first statement if he actually has
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12 2 Improbability and Novelty of Descriptions

three children, since this describes his situation more accurately. This is what we
normally expect in a conversation.

For example, it may have started by Mr. Miller pointing out “This is my son.”
Then you may have asked “Do you have more children?” and he may have answered
“Yes, I have two.” In this case, one statement would actually mean [he has two
children and no more]. Let us turn to the other statement “this is my son.” We would
assume that Mr. Miller happened to be accompanied by one of his children. Indeed,
if he would be accompanied by two of them, we would expect him to mention
both of them in a usual conversation. So the other statement means [Mr. Miller was
accompanied by one of his two children and this was his son]. Now we can work
out the desired probability if we assume that it is equally probable that Mr. Miller is
accompanied by one or the other of his two children, if he is accompanied by just
one of them (which seems quite reasonable).

Mathematically, the situation can be described by three random variables X and
X, € {m, f} for child one and two, and C € {0, 1, 2} for his companion: C = 0
means he is not accompanied by just one child, C = 1, he is accompanied by child
one, C = 2 for child two. We assume that

pXi=m)y=pX,=f)=pXoa=m)=pXo=f)=13

and p[C = 1] = p[C = 2] = p and work out the answer to the problem.

The face value of the statement that he has a son (assuming he has exactly two
children) is A, = [X1 = mor X, = m]. With Ay = [X; = for X, = f], the
face-value probability that we asked for is

PAs N AR) _
p(An)

p(As|An) = =

2
3

Hlw|ro—

The other interpretation of the same statements is what is described more formally in
this chapter. Mr. Miller describes the situation differently, depending on the values
of X1, X5, and C:

e If X; =mand C =1 he says 4,
e If X, =mand C = 2 he says 4,
e If Xy = fandC = 1hesays A,
* If X, = fandC =2hesays A,
e If C = 0 he says nothing (i.e., £2) about the sex of his children.

Since he has said Amﬂ,vwe have to ask for the set of all conditions under which he
says A,. This is called A4,, in our theory:

~

Am:[Xl:m,CZI]U[Xzzm,sz].
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The desired probability is

_ p(47 N4y
P(An)
_pXi=m X = fC=1+pXi = £ Xo=m C =72]
p[X1=m,C =1]+ p[X, =m,C =2]
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Another example for this distinction between A and A is the famous Monty Hall
problem (Gardner 1959, 1969, see also Selvin 1975; Seymann 1991; Bapeswara-
Rao and Rao 1992; Gillman 1992; Granberg and Brown 1995).

A quizmaster M gives the successful candidate C the opportunity to win a
sportscar S. There are three doors and the sportscar is behind one of them (behind each
of the other two doors is a goat). The candidate points at a door and if the sportscar
is behind it it’s his. Now the quizmaster opens one of the other doors and shows
him a goat behind it (he knows where the sportscar is). Then he asks the candidate
wether he wants to change his previous decision. Should the candidate change?

Again it is a problem of conditional probabilities. It can be described by
three variables S,C, M € {1,2,3}, describing the position of the sportscar, the
initial choice of the candidate and the door opened by the quizmaster. There is
a restriction on M, namely S # M # C. By opening one door (door i), the
quizmaster effectively makes a statement A; = [ the sportscar is not behind door 7]
i=12,3).

Here the face-value probability is p[S = C|A;]. For reasons of symmetry, we
may assume that all these probabilities are the same for i = 1,2, 3. Thus we may
assume C = 1l andi = 2. Then p[S = 1|4,,C = 1] = p[S =1|S = lor
S =3]=1

When, however, we ask for the conditions under which the quizmaster says 4;
(i.e., for A;), the answer is [M = i]. Thus the desired probability is

pl[S=C, M =i]

pIS = CIM =i = ==

Again for reasons of symmetry we may assume C = 1 andi = 2. Thus
plS=1,C =1,M =2]
pIM =2,C =1]
plS=1,C=1,M = 2]
plS=1,C=1,M=2]+p[S=3,C=1,M =2]

pIS=1M=2,C=1]=
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2.2 Definition and Properties

In this chapter we will define the novelty (on this level we might as well call
it information or surprise) of a proposition, which should be a measure of its
“unexpectedness.”

The first idea is that a proposition certainly is the more surprising, the more
improbable, i.e., the less probable it is.

A real function f:R — R is called isotone (or increasing), if x < y implies
f(x) < f(»), and it is called antitone (or decreasing), if x < y implies f(x) >
f).

Given a probability p on 2 and an antitone real function f, the function f o p
(defined by (f o p)(A) = f(p(A)) for A € ¥) may be called an improbability.

Definition 2.1. For a proposition 4 € ¥ we define the novelty N of A as

N(4) := —log, p(4).'

We note that A/ is an improbability, since x + —log, x is antitone. But why
did we choose f = —log,—why the base two? The basic idea is that \'(A) should
measure the number of yes—no questions needed to guess A. This will become much
clearer in Chap. 4; here we just want to give a hint to make this choice of /' = —log,
plausible.

Obviously, with one yes—no question we can decide between two possibilities,
with 2 questions between 4 possibilities, with 3 questions between 8 possibilities,
and so on, since we can use the first question to divide the 8 possibilities into
2 groups of 4 possibilities each, and decide which group it is, and then use the
two remaining questions for the remaining 4 possibilities. In this way, with each
additional question the number of possibilities that we can decide between is
doubled. This means that with n questions we can decide between 2" possibilities.
If we want to find out the number of questions from the number of possibilities, we
have to use the inverse relationship, i.e., for k possibilities we need log, k questions.

The most important property that is gained by the choice of a logarithmic
function is the additivity of novelty: N(A N B) = N'(A) + N(B) for independent
propositions A and B. To explain this, we have to expand a little on the notion of
independence.

Given two propositions A and B, we may try to find a statistical relation between
the two. For example, we might ask whether it has an influence on the probability
of A to occur, when we already know that B is true. The question is, whether the
probability p(A) is the same as the so-called conditional probability of A given B,
which is defined as:

'This definition is the classical basic definition of information or entropy, which goes back to
Boltzmann (1887) (see also Brush 1966).
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p(AN B)
p(B)

If p(A|B) = p(A) then there is no such influence, and we call A and B
independent.

Of course, we could also reverse the roles of A and B, and say that A and B
are independent if p(B|A) = p(B). It turns out that this condition is essentially
equivalent to the other one, because

pe(A) = p(A|B) :=

P(ANB) _ p(ANB) p(B) _
P(A) P(B)  p(A)

if p(4|B) = p(A).

Of course, all of this only makes sense if p(A) and p(B) are not zero.
It is also clear that the two equivalent conditions are essentially the same as
p(AN B) = p(A)- p(B), because p(A|B) = p(A) also implies

p(B)
p(A)

p(BlA) = p(A|B)- equals p(B)

p(A) - p(B) = p(A[B) - p(B) = p(AN B).

These considerations are summarized in the following definition:

Definition 2.2. Two propositions A and B are called independent, if
p(AN B) = p(A)- p(B).

Proposition 2.1. If we define the conditional novelty of A given B as
N(A|B) = —log, p(A|B),

then we have

i) N(AN B)=N(B)+N(A|B)
ii) N(AN B) =N(A) +N(B) if A and B are independent.

Proof. Obvious. O

2.3 Descriptions

Let us come back to an observation already made in Sect. 1.1. In general, the set
Q2 of all possible events may be very large. In a typical physical model the events
o € 2 would be represented as real vectors ® = (wy,...,w,) € R" and thus
would be larger than countable. On the other hand, £ may well be countable, and
so a description of an element @ € 2 by propositions A € ¥ would be essentially
inexact. Moreover, different persons may use different propositions to describe the
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World Language World
description interpretation

Fig. 2.1 Model for descriptions of events

same event w. For example, when we walk on the street, we may see an event w,
let’s say we see a car passing by. But this is not an exact description, and if we say
that we see a blue Mercedes driven by an old man passing by very slowly, this still
is not an exact description and somebody else might rather describe the same event
as “Mr. Miller is driving with his wife’s car into town.”

What goes on here is that

1. Given the event, somebody describes it by a statement in a certain language.

2. Then this statement is interpreted again in our model 2 of the possible events as
a proposition 4, i.e., as the set A of all events y which are also described by the
same statement (Fig.2.1).

The point of view taken by a particular observer in describing the events w € Q2
by propositions A € 3, constitutes a particular description of these events. This
process of description can be defined mathematically as a mapping.

Definition 2.3. Given (2, X, p), amapping d: Q2 — X that assigns to each w € Q
a proposition d(w) = A € ¥ such that w € A, is called a description.
In addition we require? that for every A € R(d)

pld = Al = p(lw € Q:d(0) = A}) # 0.

This means that we don’t want to bother with propositions that may happen
only with probability 0. This additional requirement is quite helpful for technical
reasons, but it is quite restrictive and it rules out some interesting examples (see
Example 2.3). Note that the requirement that w € d(w) means that the description
has to be true. So every event w is described by a true proposition about it.

2This requirement obviously implies that the propositions [d = A] are in X for every A € R(d).
It also implies that R(d) is finite or countable.
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Fig. 2.2 Example of
propositions
about positions on a table

/A

Example 2.1. Consider the throwing of a dice, i.e., the space of possible events
Q ={1,2,3,4,5, 6}. Consider the following descriptions:

1) “Even vs. odd”: For A = {2,4,6} and B = {1,3,5} = A° we define the
descriptione by e:1+— B,2+— A,3— B,4+— A,5— B,6— A.
2) “Small vs. large™:

d:1—{1,2,3,4=A4,2— A, 3 A,
4+ {3,4,5,6}=B,5—~ B, 6—~ B.

3) “Pairs”: c: 1l {1,2},2 {2,3}, 3~ {3,4},

41+ {3,4}, 5 {4,5}, 6 — {5,6}.
|

Example 2.2. Try to define some descriptions that make use of the propositions
indicated in Fig.2.2 about locations on a square table including some logical
operations on them.? O

Example 2.3. Without the requirement added to Definition 2.3 a description d may
have an uncountable range R(d). Here are two examples for this.

Take 2 = R and a (continuous) probability p on (R, B) and § > 0. For w € Q
we define d(w) = (w — 8, w + 8) and c(w) = [w,00) = {x € Rix > w}.

Both ¢ and d are interesting descriptions, but for every A in R(c) or R(d) we
observe p[c = Al =0 and p[d = A] = 0. O

Definition 2.4. A finite or countable collection {A;,...,A,} or {4;:i € N} of
(measurable) subsets of 2 is called a (measurable) partition, if

3For example, one can describe points x € A\C by d(x) = A, points x in ANC by d(x) = ANC,
points x in B \ C by d(x) = B, and points x in BN C by d(x) = C.
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i) UA; =Qand
i
ii) p(4;NA;)=0fori # j.

For a partition we always have }_ p(A;) = 1 and essentially* every w € Q is in
i
exactly one of the sets A;.

Usually part (ii) of the definition says 4; N A; = @ for i # j. Here we
again disregard sets of probability O as “essentially empty.” In the following we
will sometimes identify sets (A and B) that differ only by an essentially empty set,
i.e., we may write A = B (essentially), meaning that

plA # B] = p(A\B) + p(B\4) = 0.

Example 2.4. Given a partition « = {Ay, ..., A,} we may define d,(w) := A; for
o € A;. Obviously, d, is a description. O

2.4 Properties of Descriptions

Definition 2.5. Given a description d: Q2 — X, we consider the novelty mapping
N:T — R defined by N'(4) = —log, p(A) and call

Ni(w) = (N od)(0) = N(d(w))

the novelty provided by w for the description d . Note that N;: Q — R is a random
variable.® We further define the average novelty for the description d as

N(d) := E(Ny).

For this definition it is required that A" o d is measurable. Let us illustrate this
in the case where d has finite range (see Definition 1.2). Let us say d takes the
values Ay, ..., A,, then N o d also has a finite range, and the value of N o d is
—log, p(A;), when the value of d is A;.

This occurs on the set 4; 1= {w € Q:d(w) = A;} = d~'(4;). Now it is clear
that N o d is a step function, namely

n
Nod = Z—logz p(Ai)ly.

i=1

Clearly in this case we have to require that the sets A =d ~1(4;) are in X for
i =1,...,n,and then we can calculate

4From Definition (ii) it is obvious that the probability that w is in two sets, e.g., A; and A4, is 0.
So, disregarding propositions with probability 0, every w € 2 is in exactly one of the sets 4;. We
will usually disregard propositions with probability 0 and this is meant by the word “essentially”.

5Due to the additional requirement in Definition 2.3 the function N, is measurable. However, it
may happen that E (N ) is infinite. For an example see Proposition 2.17.
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NW@)=EWNod)=— Zp /) log, p(A;).

i=l1

But these sets 4; do have still another significance. Let us ask what we can infer
about the event w that has taken place from its description d(w) = A; given by
an observer. The obvious answer is of course that he tells us that w is in A;. But
if we know the attitude of the observer well enough, we can infer even more. If
we know his procedure of description i.e., the mapping d he uses, we can infer
that @ is such that d(w) = 4;, i.e., we caninfer thatw € [d = A;] = {y:d(y) =

Ay =d7(4;) = . 4;,and A is a more exact 1nformation about w than A;, because
A; C A (Indeed every w in A; satisfies d (w) =

Let us give an example of this kind of inference. If an observer says: “the car
went slowly” this may be interpreted literally as “speed of the car below 30 km/h,”
say, but when we know that the observer would say that a car goes “very slowly,”
when its speed is below 10 km/h, we can even infer that the speed of the car was
between 10km/h and 30 km/h. Of course, an accurate observer might have said that
the car goes slowly but not very slowly, but it is quite common experience that this
additional information is neither mentioned nor used (nor of any interest).

If this kind of additional inference is already explicitly contained in a
description d, then we call it complete. Given an arbitrary description d it is quite
easy to construct another description d that gives exactly this additional implicit
information; this description d we call the completion of d.

Definition 2.6. For a description d and for A € R(d) we define
i) Ai=[d = A] = {w € Q:d(0) = A}
ii) The description d by d(w) = {0’ € Q:d(w) = d(@')}.
d is called the completion of d. A description d is called complete if d = d.

Proposition 2.2. The following properties of a description d are equivalent:

i) d is complete,
i) Ifd(w) # d(@') then d(w) Nd(w') = 0,
iii) The range R(d) of d is a partition® of Q.

Proof. This should be obvious from the definitions. If not, the reader should try to

understand the definition of d and why the range of d must be a partition. O

If we ask how surprising the outcome of a fixed description d will be, we again
encounter the sets A;. The idea here is to consider the surprise of one particular
outcome in comparison to all the other (usual) outcomes of the description d.

SStrictly speaking, here a partition should be defined by 4; N A; = @ instead of p(4; N A;) =0
(compare Definition 2.4). If we disregard 0-probability-propositions we should interpret d = d in

Definition 2.6 as p[d = d ] = 1 and we should use the weaker formulation p(d(w) Nd(w’)) =0
in part (ii) of this definition.
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As a first step we can order the sets A; according to their probability such that
p(A)) < p(42) < ... < p(A,). Then we can say that A; is more surprising
than A, and so on. To quantify the amount of surprise we really get from A; we
determine the probability p; that d gives us at least as much surprise as A; does.
Thisis p; = pld(x) = Ay vd(x) = A, V...V d(x) = A;]. Since d can take only
one value for every @ € €2, this is the sum of probabilities

pi=y pld=4;1=7% p(4)).
j=1 J=l1

So for our description d, the surprise of A4; is —log p;, whereas its novelty is
simply —log p(A;), and its information is —log p(A4;). Given a description d we
can construct in the above fashion another description d which gives the surprise
of d.

Definition 2.7. For a description d and for A € R(d), we define

A:=|JiB: B € R(). p(B) = p(4)}
=[pod < p(4)]
= {w € Q: p(d(@)) < p(4)}

and the description d by
d(@) = {0 pd(@) < pd(©))}.

A description d is called directed, if d = d.

Definition 2.8. A description d is called symmetric, if for every x,y € Q, x €
d(y) implies y € d(x).

We can now reintroduce the set-theoretical operations that are defined on
propositions, on the level of descriptions; in particular, we have the natural ordering
and the union and intersection of descriptions:

Definition 2.9. We say that a description c is finer than a description d, or that d is
coarser than ¢ and write ¢ C d, if c(w) € d(w) forevery w € Q.

With this definition we see that the completion d of any description d is always
finer than d. This is because for any € 2, x € d(w) means d(x) = d(w) and this

implies x € d(x) = d(w). Obviously we also have d C d since d(w') = d(w)
implies p(d (') < p(d(®)).
Usually d € d,butd C d is also possible.
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Example 2.5. Let 2 = {1,...,6}.

d(w) := {w}, b(w) ={1,...,w}, and
cy={1,....4, @ ={l,....5,  c(i)=Qfori>2.
Then
d) = Q, b(w) = b(w), and
(1) = {1}, &) = (1,2}, (i) = Q fori > 2.
Thuswehavel?zb,5Cc,andc?Dd. O

Definition 2.10. For any two descriptions ¢ and d we define
i) cNdby(cNd)(w):=clw)Ndw),

ii) cUd by (cUd)(w) := c(w) Ud(w),

iii) d° by d®(w) = (d(w))° U {w} for every w € Q.

Note that the complement or negation has to be slightly adjusted in order to keep
the property that w € d°(w). Still the complement has the nice property that d N d*¢
is the finest possible description, namely d N d“(w) = {w}, and d U d° is the
coarsest possible description, namely d U d€(w) = Q.

The point is that descriptions have to be true, i.e., w € d(w), and therefore the
flat negation of a description cannot be a description. But given d(w) one can try
to describe the same event w in the opposite or most different way, which is d(w).
It is like saying a glass of wine is half-empty instead of half-filled.

Proposition 2.3. ¢ C d implies N' o ¢ > N o d, and this implies N'(¢) > N (d).
Proof. Obvious. O

This property of the novelty is called monotonicity. It is one of the essential
properties that are needed for developing information theory.

Proposition 2.4. Let ¢ and d be two descriptions. Then ¢ N dc cnd.

Proof. Let ' € ¢(w) N d(w). Then ¢(0’) = ¢(w) and d(’) = d(w). Therefore
cNd(@) =cnNd(w),ie., o €cnNd(w). O

Unfortunately ¢ N d #* ¢Ndin general, as the following example shows.

Example 2.6. Let Q = {l1,...,6} and define

e(l) = c(2) = {1,2}, c(3) = c(4) = ¢(5) = c(6) = {3,4,5,6}
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and
d(1) ={1,2,3,4,5}, d(3) ={2.3,4,5,6},
d(2) = {1,2,3,4}, d(4) ={1,3,4,5,6},
d(5) =d(6) =

We observe thatd C ¢ = ¢ C d. Hrec?(w)—{w}forw: 1,2,3,4 and
d(5) =d(6) ={5,6}. Thusc Nd =d a ndcﬂd—c1mply1ngcﬂd—c—c
O

Also ¢ C d does not imply ¢ C d,in general. The above is even an example
where ¢ C d and ¢ D d. These problems can be circumvented, if we consider
so-called consequential or tight descriptions. The reason for the second name will
become clear in Chap. 9.3.

Definition 2.11. A description d is called consequential or tight, if for every
X,y €Q
x € d(y) implies d(x) € d(y).

Proposition 2.5. Let ¢, d be descriptions.
i) d is tight and d is tight.
ii) Ifc and d are tight, then ¢ N d is tight.
Proof. (i) Letx € c?(y) Then d(x) = d(y) and therefore d (x) = c?(y).
Letx € d L(y). Then p(d(x)) < p(d(y)).
Letw € d (x). Then p(d()) < p(d(x)) < p(d(y)).ie.o € d(y).
Thus d(x) C d(y)
(i) Let x € ¢ Nd(y). Then c(x) € ¢(y) and d(x) € d(y) since ¢ and d are tight.
Thusc Nd(x) =c(x)Nd(x) Cc(y) Nd(y) =cNd(y). O
Proposition 2.6. If ¢ and d are tight descriptions, then

) cco d zmplzesc cd,

i) ¢N ‘Nd=¢nd.

Proof. (i) We show that ¢ € d which implies N (¢) > N (d). Take any x € Q.
For y € ¢(x) we have to show y € d(x). Let y € ¢(x), i.e., c(y) = c(x). This
implies

d(y) 2c(x)>x and d(x)2c(y)>y.
By tightness of d we get d(x) € d(y) and d(y) C d(x), i.e., d(x) = d(y).
This means y € d(x)

(i) From (i) we get ¢ N Nd C ¢andcn Nd C d, thus cd C ¢ N d. The reverse
inclusion is Proposition 2.4. O

Proposition 2.7. For a tight description d the following are equivalent:

i) d is symmetric
ii) d is complete.
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Proof. (ii) = (i): d is symmetric by definition.
(i) = (ii): If x € d(y), then also y € d(x) and tightness implies d(x) = d(y),
ie,x € d(y). Thusd(y) = d(»). O
Proposition 2.8. For a tight description d the following are equivalent:

1) d is directed.
ii) d(w) = {0 d(©) C d)} = {0 pd(©") < p(d®))} = d(o) for v

iii) d(w) Cd(@) ord(@) C d(w) forany w,w’ € Q.
Proof. Let d be tight.
(i) = (ii): o € d(w) implies d(w’') € d(w) which in turn implies
p(d(@)) = p(d(®)). Therefore d(w) S{w": d(0) Sd(w)} S
{w": p(d(®)) < p(dw))} = d(w) By (i) all these sets are
equal.
(ii) = (iii) : Assume p(d(w)) > p(d(®")). Then d(w) 2 d(w'), or vice
versa.
(iii) = (i): p(d(w")) < p(d(w)) implies d (w’) € d(w) by (iii) and therefore
' € d(w). Thus d(w) C d(w). Conversely o’ € d(w) implies
d(w") C d(w) which in turn implies p(d(0’) < p(d(w)) O
Definition 2.12. For a description d we define the description d” by

d"(@) == {4 € R(d):» € A}.

d" is called the tightening of d.

Proposition 2.9. For any description d the following holds:

i) d" < d and therefore N(d") > N(d),
i) d" istight
iii) d™ =d, ifand only if d is tight
Proof. (i) Is obvious
(i) !
(iii) d" is tight: ' € d"(w) implies that d"(w’) = ({4 € R(d):0' € A} C
d"(w) If d is tight and w € A € R(d), then d(w) € A. Thus d(w) € d"(w).
Together with (i) we obtain d = d" O

The interpretation of d” becomes obvious, when we consider R(d) as the set
of propositions that a person (or machine) is willing (or able) to make about an
“event” w. If w happens, we may collect all he, she or it can say (correctly) about w.
This is d " (w).

In Example 2.6 the description ¢ is complete and therefore tight, while d is
not tight. In Proposition 2.5 we have seen that also directed descriptions are tlght
However, there are many tight descriptions d which are different both from dandd.
The following is an example for this (cf. Exercise 1)).
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Example 2.7. Let Q = {1,2,...,6} and define

d(1) = d(2) = {1,2,3,4},
d(3) =d(4) = (3,4}  and
d(5) = d(6) = {3,4,5,6).

2.5 Information and Surprise of Descriptions

The information of a description is defined as the average novelty provided by its
completion.

Definition 2.13. Let d be a description on (2, X, p). We denote by Z(d) the
number NV (d) = E(N o d) and call it the information provided by d. For w € Q
we also define the random variable

L4(©) = N(d ().
If d is complete, Z(d) coincides with the usual concept of Shannon information

on (€2, X, p) provided by d. (see Shannon and Weaver 1949 and Proposition 2.14).
It is now easy to prove

Proposition 2.10. For any description d we have

0<N; =<1y

and

0<N(d) <I(d)=N(d) = E(ly).

Proof. see Exercise 4) on page 33.
We first show that d < d. This implies N'(d) > N'(d) by Proposition 2.3.

The first elementary observation on Z(d) is that it is always positive, since it is
the sum of positive terms —p(A4) log p(A).” Figure 2.3 shows a plot of the function

h(p) = —plog, p for p € [0, 1].
Definition 2.14. Let d be a description.

i) We define the surprise (of an outcome ) of d by

Si(@) := ~log, p(d (@) = N(d ().
ii) We define the surprise of a description d by

S(d) == E(Sy).

If p(?f) = 0 for some A4 in the range of d, we set p(?f) log p(?f) = 0 since 1im+ xlogx =0.
x—>0
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Fig. 2.3 Plot of function h(p)
h(p)
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Proposition 2.11. For every description d we have

0<8(d) < ﬁ and S(d) < I(d).

Proof. The second inequality follows from dc d.

For the first it is sufficient® to consider descriptions d with finite R(d). We may
further assume that d is directed, i.e., that R(d) = {A1,..., A, } with A} C A, C
... © Ay Then S(d) = — ) p(A; \ Ai—1)log p(4;) (Ao = @) Let p; := p(4;),

i=1

then

i=1 i=1

n n DPi
Sd) ==Y = pr-ntogpi = Y~ [ togs(v)d
Pi—1

1

1
< —/logz(x) dx = m O
0

Unfortunately, both, information and surprise, do not have the property of
monotonicity in general. However, information is monotonic on tight descriptions.

8Here we rely on the approximation argument as in Sect. 1.3 for the calculation of an expectation
value. If all the finite sum approximations satisfy the same inequality (< ﬁ), then this inequality
is also satisfied by the limit.
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Proposition 2.12. [fc and d are tight descriptions then ¢ C d implies Z(c) > Z(d).
Proof. Follows from Proposition 2.6 1). O

From Proposition 2.5 it is obvious that both complete and directed descriptions
are tight. So we have monotonicity of information also on complete and on directed
descriptions.

Novelty and surprise are both smaller than information, but how do they
relate to each other? Usually novelty will be much larger than surprise. For
example, a complete description d with p(d(w)) = % for every w € 2 has
N(d) = Z(d) = log, n, but S(d) = 0. The following example shows, however,
that N < S is also possible.

Example 2.8. Let (2, %, p) = Ejs and’

d:1—={1,...,11} 6— Q 14— {7,...,16}
2—{1,...,12} 7—>Q 15— {8,...,16}
: : 16 - {9,...,16}
5> {1,...,15} 13 - Q

Ordering d(w) by the increasing values of p(d(w)) for @ € €, we obtain
d(16),d(15),d(14),d(1),d(2),...,d(5),d(6),...,d(13), where from d(6) on,
we have p(d(i)) = 1. Thus

d:16 — {16} 1 — {1,14,15,16} 6—Q
15 — {15,16} 2> {1,2,14,15,16} 7-5Q
14 — {14,15,16} :

5—1{1,2,3,4,5,14,15, 16} 13> Q

Thus, Ny(w) < S;(w) for o ¢ {6,...,13} and Ny(w) = Sz(w) = 0 for

w €{6,...,13}. Thus N'(d) < S(d) in this example. |

It is also quite easy to characterize the extreme cases where two of the three
quantities N, Z, and S coincide. This is done in the next proposition.

Proposition 2.13. Let d be a description, then

i) N(d) =Z(d) implies d = d essentially
i) S(d) = Z(d) implies d = Q2 essentially
iii) Ifd is tight then N'(d) = S(d) implies d = d essentially
Proof. (i) We have N'(d) = E(Ny),Z(d) = E(N;), and Ny < Nj;. If for some
w € Q, Ny(w) < Nj(w), the same is true for all " € d(w), and therefore

9See Definition 1.3.
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N(d) < I(d). Thus Ny(w) = Nj(w) and therefore p(d(w)) = p(c?(a)))
for every w € Q. Since d(w) C d(w), this implies that d (w) and d(w) are
essentially equal.

(ii) Since S(d) = E(N3), I(d) = E(Ny), and d C d we can again infer that
]_Yg = Nj; and tliat c?(a)) = J(a)) for every @ € Q. For some w we have
d(w) =2, thusd(w) = Q,ie.,d = Q.

(iii) o' € d(w) = d(@") C d(w) = Nyj(@") = Ny (w) = o' € d(w) ]

For further reference we provide a simple comparison of the three basic formulae
to calculate N, Z, and S.

Proposition 2.14. For any description d we have

) Nd)=~- Y p(A)logp(A),

A€RWd) _

ii) Z(d) = — ). p(A)log p(A),
A€R(d)

iii) S(d)=— Y p(A)logp(A).
A€R(d)

Proof. Here we definitely need the additional requirement of Definition 2.3. Then
we just have to compute the expectation of a step function with at most countably
many values. Let us show (iii) for example:

Sd)=EGS)= Y. plSa=xlx=- Y pld = A]logp(A). o
XER(Sq) A€R(d)

Example 2.9. Let

Aforw € Aand p = p(A),

d(w) =
Q otherwise.
Then
Z(d) = —plog, p — (1 — p)log,(1 — p) =: I(p).
This function is plotted in Fig. 2.4. O

In everyday life the common use of the word information is closely related
with the common use of the word uncertainty. In fact, we expect the information
provided by the description of a phenomenon to be equivalent to the amount of
uncertainty the description eliminates. The concept of uncertainty has been treated
in the contexts of thermodynamics and statistical physics (Brush 1966) and has been
expressed in terms of entropy (a term introduced by Clausius (1865) and defined by
a formula similar to Proposition 2.14.(ii) by Boltzmann 1887). It is one of our aims
to elucidate the relation between entropy and information in depth (see Chap. 14).
For the moment we limit ourselves to observing that the information of a partition
is also called its entropy by many authors.
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Fig. 2.4 Plot of function Z(p)
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In a nutshell, the words information, novelty, and surprise introduced here can be
distinguished or characterized as follows:

* Information you get whether you can use it or not, whether it is interesting or not,

* Novelty measures how much of this is new and interesting for you,

* Surprise is provided by an event that is comparatively improbable; if everything
is equally improbable, nothing is surprising.

The following proposition characterizes descriptions that provide “no informa-
tion.”

Proposition 2.15. The information of a description d is zero if and only if all sets
in the range of its completion d have probability zero except for one set A with
p(;f) = 1. In accordance with our additional requirement in Definition 2.3, this is
equivalentto d = Q.

Proof. Clearly the condition is sufficient: if p(A) 1 for one set in the range of
d and p(B) = 0 for the rest then Z(d) = 0. Now, if Z(d) = 0 we
must have p(A) log p(A) =0forall 4 € d(S2). Therefore p(A) is 0 or 1. Since
ZAed(Q) p(A) = 1, exactly one of the sets Ae d (2) must satisfy p(A) =10

This proposition corresponds to the natural expectation that a description
provides no “new” information if we are certain about the outcome of the situation.

The other extreme case that provides maximal information and corresponds to
maximal uncertainty is attained by descriptions on which the probability measure is
uniformly distributed, as stated by the following proposition.
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Proposition 2.16. For a fixed n consider all descriptions whose range has n
elements, that is all d on (2, X, p) with d(2) = {Ai,..., A,}. I(d) attains a
maximum of log, n for d = d and p(A;) = %for eachi (= 1,...,n). The same is

true for N'(d).
Proof. see Exercise 8) on page 33. O
Proposition 2.17. A description with infinite range can have infinite novelty.

Proof. We give an example for such a description. Let @ = R, p(x) = (x +-e)~!
(In(x + e))~2, where

(o]

o _ ) .
Ofp(x)dXZZX l(ln)c) 2dx = I:_m]e =1

Leta = {[i —1,i) = A;:i € N}andd(x) = A; forx € A; € . Then Z(d) =
o0
— > p(A;)log p(A;) where p(A;) = p(x;) for some x; € 4;, so

i=1

pA)<pli—1D=(@G—-14+e)'(Ini —14e)%< éfori eN

and
p(A) > p(i) = (i + ¢)"'(In(i + €)™
Thus
—p(4i)log, p(4i) > —p(i)log, p(i)
> (i +e) '(In(i + €))% log,(i + e)
=G +e)'(Ini +¢) '(n2)7!
it+e+1
_1 1
> (In2) dx.
xInx
i+e
Therefore
Z(d) > (In2)™" /(x Inx)™" dx = (In2)"[Inlnx]}5 = oc. O
1+e

Finally we consider two potential properties of information, novelty and surprise
that are essential for the further development of a useful information theory.
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The first property, already shown in Proposition 2.3 to hold for novelty, is
monotonicity, i.e., the requirement that finer descriptions should have larger novelty,
information, and surprise. Unfortunately, it holds nelther for information nor for
surprise, because ¢ C d does not imply ¢ € d,noré C d. From Example 2.6 we
can easily create an example where ¢ C d and N'(¢) > N(d), but Z(c) < Z(d).
However, we get monotonicity of Z for tight descriptions because of Proposition 2.6.

Counterexamples against monotonicity of surprise are easy to find. For example,
for an equally distributed discrete random variable X, clearly X C X Z, but
S(X) =0, whereas S(X=) > 0.

The other important property of classical information is its subadditivity:
Z(cNd) <Z(c) + Z(d). This will be shown in the next chapter (Proposition 3.5).
It is quite easy to see that the novelty A as defined here does not have this property,
i.e., in general, N'(c Nd) £ N(c) + N(d). An example for this can be obtained
by considering a description d and its complement d¢. (See also Exercise 7).) Also
surprise does not have this property (see Exercise 16)). We will see in the next
section that information has this property.

In order to obtain both properties, monotonicity and subadditivity, for both,
information and novelty, the definitions given on the level of descriptions in this
chapter are not sufficient. We have to elevate these definitions to a higher level,
which is done in Part III of the book.

The other possibility is to consider only descriptions with particular properties,
for example, tight or complete descriptions. For complete descriptions, information
and novelty coincide and clearly have both properties. This is the framework of
classical information theory.

2.6 Information and Surprise of a Random Variable

For a measurable mapping X:Q — M with values in some finite or countable set
M, we may consider the corresponding description X, which is only concerned with
the values of X on 2 and defined by

X (@) := {0 € Q:X() = X(w)}.

We see that the description X is always complete and that our above definition of
d for a description d is just a special case of the definition of X. With the aid of
the complete description X, we can define the information contained in a random
variable X as Z(X) := N(X). For later reference we restate this definition.

Definition 2.15. For a discrete random variable X we define its (average)
information content as

Z(X) := N(X).
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Remark: Usually information is defined for partitions or for discrete random
variables (Shannon and Weaver 1949; Ash 1965; Gallager 1968; Billingsley 1978).
Since partitions correspond to complete descriptions in our terminology and since
for any random variable X its description X is complete, this definition coincides
with the usual one.

Given an arbitrary random variable X: € — R it may happen that p[X = x] =0
for any x € R. In such a case N(X) would be infinite and we would need a
different workable definition (see Chap. 11.4). Therefore it is sometimes useful to
consider other descriptions concerning X, different from X . For example, one may
be interested in the largeness or the smallness of the values of X. This leads to the
definitions of the descriptions X= and X=. Or one may be interested in the values
of X only up to a certain limited accuracy. This leads to the definition of X €.

Definition 2.16. For a random variable X: 2 — R we define the descriptions

XZ(w) = {0 € Q: X(0') > X(w)} and

X3 (w) ={ow € Q: X(@) < X(w)} and

X¢(w) = {0 € Q:|X () — X(w)| < €} forany € > 0and w € Q.
Proposition 2.18. For a random variable X we have N (XZ) = S(XZ) and
N(XS) = S(XS) = N(—X2).

Definition 2.17. For a random variable X we define the surprise of X as
S(X) := N(X7>).

This definition provides a simple relation between the surprise of a description d
and the surprise of its novelty Ny (see Definition 2.5).

Proposition 2.19. For any description d we have

Si(w) = N([Ny > Ny(w)]) and therefore S(d) = ./\/(Ndz) = S(Ny).

2.7 Technical Comments

Here we introduce information, novelty, and surprise as expectation values of
appropriate random variables. For Shannon information this idea was occasionally
used (e.g., Khinchin 1957), but it was always restricted to partitions, i.e., to complete
descriptions in our terminology. The more general idea of an arbitrary description,
although quite natural and simple, has never appeared in the literature.

In this exposition I have adopted the strategy to disregard propositions of zero
probability, because this provides an unrestricted application domain for the ideas
introduced. As mentioned in Chap. 1, this more general approach entails some
technical difficulties involved in some of our definitions and propositions, mostly
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concerning measurability and nonempty sets of probability 0. These difficulties are
dealt with in some of the footnotes. Another possibility would have been to develop
everything for discrete probability spaces first, assuming p(w) # 0 for every
o € €2, and extend it to continuous spaces later. This is often done in elementary
treatments of information theory.

The new concept of surprise will provide a bridge from information theory to
statistical significance. In earlier papers (Palm 1981), I have called it normalized
surprise.

The concept of novelty was first introduced in Palm (1981) by the name of
“evidence.” The problem here, is to find yet another word, which has not too
many different connotations. Today I believe that “novelty” is the more appropriate
word, for such reasons. Proposition 2.14 gives the classical definition of information
(Shannon and Weaver 1949).

The concept of a consequential description (Def. 2.11) and the following
propositions 2.5 to 2.9 are perhaps a bit technical. These ideas are taken up again in
Part IV.

2.8 Exercises

1) For the descriptions given in Examples 2.1, 2.5-2.7 determine their completion,
their tightening,their novelty, their information, and their surprise.

2) Let @ = {0,...,999} and consider the following random variables describing
these numbers:

X(w) := first digit of w,
Y(w) := last digit of w,

Z(w) := number of digits of w, forevery w € Q.

What are the corresponding descriptions, what is the information content of X,
Y, and Z, and what is the corresponding surprise (assuming equal probabilities
for all thousand numbers)?

3) Measuring the height of a table by means of an instrument with an inaccuracy of
about 1 mm can be described by two different descriptions on 2 = [500, 1500]
(these are the possible table heights in mm):

di(w) =2 N[w—0.5w+ 0.5] and
dr(w) = [i,i + 1] forw € [i,i + 1) fori = 500,501,...,1499.

What is the completion in these two cases and what is the average novelty,
information, and surprise (assuming a uniform distribution of table heights
on 2)?
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4)
5)
6)

7

8)

9)

10)

11)
12)
13)

Exercises 33

Prove Proposition 2.10 on page 24.
Is it true that Z(X) = Z(X?) for any random variable X ?
Give an example for a pair (X, Y') of two random variables where

XY)=XnY=x-v.

Let 2 = {1,...,n} and}/( = id: Q2 — R. For equal probabilities on €2, what
is N(X=), N(X=), N(X)? What is the limit for n — oo in each of the three
cases? Observe that X = X= N XZ. For which values of n is N (X=N XZ) >
N(X=)+N(X=)?
Prove Proposition 2.16 on page 29.
n —_ ~

Hint: Remove the constraint Y . p(A;) = 1 by expressing p(A,) as a function of

i=1
p(A1), ..., p(A,—1). Then compute a local extremum by setting the derivatives
of Z(d) to 0.
Given a probability space (€2, X, p) and the events A, B € X. We say

* A supports B, if p(B|A) > p(B)
* A weakens B, if p(B|A) < p(B)

If A supports B, which of the relations “supports” and “weakens” hold for the
following expressions?

a) Aand B¢
b) Band A

c) A€ and B¢
d) B¢and A

Let ¢, d be descriptions. We say

» csupportsd, if p(cNd) > p(c)- p(d)
* ¢ weakens d, if p(c Nd) < p(c) - p(d)
e cisindependentofd,if p(c Nd) = p(c) - p(d)

Let Q = {1,..., 6}. Give examples for ¢ and d such that they

a) Weaken each other
b) Support each other and
c) Are independent of each other

Determine the tightening of the descriptions in Example 2.1 and 2.6.

Is it possible that N'(d™) > N (d)? If yes, give an example; if no, give a proof.
Given a description d on (2, X, p). The function P:Q — [0, 1] defined
by P(w) = p(d(w)) is a random variable. Can you give an example for a
description d for which

a) p[P <x]=ux,
b) p[P <x] =x?%,
©) p[P <x]=1+3%

for every x € [0, 1]?
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14) Determine all complete, all directed, and all tight descriptions on = {1, 2, 3}.

15) Let 2 = {1,...,8}. Letc(i) = {1,2,3,4} fori = 1,2,3,4,and c(i) = Q for
i =5,6728andd(i)=1{2,...,6}fori =2,...,6,d(i)=Qfori =1,7,8.
Calculate N/, S, and Z forc, d,and c N d.

16) Let @ = {1,...,6},c(1) = c(2) = {1,2},c(i) = Q fori = 3,...,6, and
d(1) =d6)=Q,d(i)=1{2,...,5) fori =2,...,5. Calculate N/, S, and
forc,d,andc Nd.
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