Lecture 16

Mathematical Induction

The Mathematical Induction is a very powerful tool for proving infinitely many
propositions by using only a few steps. In particular, it can be used often when the
propositions are involving the nonnegative integer 7.

Theorem 1. (The First Induction) Let { P,}, n > m be a family of infinitely many
propositions (or statements) involving the integer n, where m is a nonnegative
integer. If (i) Py can be proved to be true, and (ii) Py, must be true provided
Py, is true for any k > m, then P, is true for alln > m.

Theorem II. (The Second Induction) Let { P, }, n > m be a family of infinitely
many propositions (or statements) involving the integer n, where m is a nonnega-
tive integer. If (i) Py, can be proved to be true, and (ii) P41 must be true provided
Py, Py, ..., Py are all true for any k > m, then Py, is true for alln > m.

Note that it seems to be more difficult for using the second induction, since
it require more conditions. However it is actually not so. We can use either one
freely if necessary.

Variations of Mathematical Induction

@) For proving each P,, n = 1,2,..., we can prove Py, ,k = 1,2, ... first
by induction, and then prove P, for each n.

(i)  For proving { P,, n € N} by induction, sometimes it is convenient to prove
a stronger proposition P, .

(iii)  For proving { P,,,n > ng} by induction, sometimes it is convenient to prove
P, by induction starting from n = ny > ny.

(iv)  The induction can be conducted backwards: (i) Prove each proposition in
the subsequence {P,, ,k € N} first, and then (ii) prove that Py is true
provided Py is true.
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(v)  Cross-Active (or Spiral) Induction: For proving propositions P,,n =
0,1,2,...and Q,,n = 0,1,2, ..., it suffices to show that (i) Py and Qg
are true; (ii) If Py, Qy are true, then P = Q41 = Pry1 = Pr4a1-

(vi)  Multiple Induction: Let {P, ,,,n,m € N} be a sequence of propositions
with two independent parameters n and m. If (i) Py, is true forallm € N
and P, ; are true forall n € N; (ii) Py+1,m+1 is true provided Py ;41 and
Pyt 1,m are true, then P, ,, is true for any n, m € N.

Examples

2 1 2
Example 1. Prove by induction that 13 423 + ... 4+ 3 = w for each

n € N. Hence prove that 13 4+ 33 + 53 + ... 4+ (2n — 1)3 = n2(2n? — 1) for each
neN.

Solution Let P, be the statement

2 12
13+23+...+n3:$, n=12,....

. 12(1 + 1)? . . .
For n = 1, left hand side = 1 = ————— = right hand side, P; is proven.

4
k2(k + 1)?
Assume that Py is true (k > 1),ie. 13+ 23+ -+ k3 = %

forn =k +1,

P4+22 4+ 4k + 1) =P+ + -+ +*k+1)°
k2 (k4 1)? (k +1)?
N 4 4

Thus, Py, is also true. By induction, P, is true for each n € N.

, then

(k + 1)%(k +2)?

k2 Ak +1)] = 1

+(k+1)° =

Now for any positive integer n,
PB4+33 4+ 4+ 2n=1P2=13+224+-- 4203 -2 +4+---+(2n)?)
[(2n)(2n +1) n?(n + 1)?

2 4
=n2@2n+ 1% =2n%m + 1)?> = n?[2n + 1) = 2(n + 1)?] = n?2n% - 1),

2
} —2313 422+ 0¥ =n2Cn+1)2-38

as desired.

Example 2. (CWMO/2008) {a,} is a sequence of real numbers, satisfying ag #
0,1,a; = l—ag,an+1 = 1—ay(1—ay,) forall n € N. Prove that for any positive
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integer n,

1 1 1
apar---ap| —+—+--+—|) =1L
aop aq an

Solution The given conditionyields 1 —a,+1 = a,(1 —ay),n € Ny, hence
l—anty = anap1(1 —ap1) = - =ap---a1(l —ay) = ap - -ayao,

namely
an+1 =1 —aoay---ay, n=12,....

We now prove the original conclusion by induction.

Forn =1, apa; (— + —) = ag + a1 = 1, the conclusion is proven.
ao ai

Assume that the proposition is true for n = k, then forn = k + 1,

1 1 1
apai Qg | —+—+---+
ao

ai Ak+1
1 1 1
=aoay-ag\ —+ —+--+ — |aky1 +aoar---ag
ao aq aj

= dap+1 +aoay---ar = 1.

Thus, the proposition is true forn = k + 1 also. By induction, the conclusion is
true foralln € N.

Example 3. (IMO/Shortlist/2006) The sequence of real numbers ag, a1, az, .. . is
defined recursively by

an—k
k+1

ap = —1, =0 forn > 1.
k=0

Show that a,, > 0 forn > 1.
Solution The proof goes by induction on n. For n = 1 the formula yields

a; = 1/2. Take n > 1 and assume ay, ..., a, > 0. Write the recurrence formula
for n and n + 1 respectively as

n ar n+1 ar
Z —— =0 and Z — =0.
k=0n—k+l k=0n—k+2
Subtraction yields

n+1

ag - ag
0 (n+2)zn—k+2_(n+l)zn—k+l
k=0 k=0

n
n—+2 n+1
2 - .
(n + )an+1+kz_;(n—k+2 n—k+l)ak
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The coefficient of ag vanishes, so

J n+2 n+1
dp+1 = — n ak

n+2=\n—k+2 n—k+1
1 k
= ay.
n+2k_1 mn—k+1)n—-k+2)
The coefficients of ay, ..., a, are all positive. Therefore, ay,...,a, > 0 implies

an+1 > 0.

Example 4. (CHNMO/2010) (edited) If 0 < x; < x2 < ... < x5,0 < y; <
y2 < ... < ys satisfy the condition that

X{+x5++xi=y1+y,+---+y., forallreN,
prove that x; = y;,i = 1,2,...,s.

Solution We prove by inductionon s. Let Py, s = 1,2, ... be the statement
to be proven.
For s = 1, taking r = 1 yields x; = y;. Assume that P; is true for s = k
(k> 1ie.,
X1 =DJY1,X2 = Y2,..., Xk = k-
then for s = k + 1, if xg4+1 # Yk+1, without loss of generality we assume that
Xk+1 < Yk+1- Then

x r X r r r
( 1)+---+("+1)=(y1)+---+(y")+121.
Vi+1 Vi+1 Vi+1 Vi+1

. Xi . .
But on the other hand, since 0 < L < 1,i =1,2,...,k+1,lettingr - 400
Vi+1
yields O > 1, a contradiction. Hence xx 41 = Y41, then the inductive assumption
implies that x; = y;,i = 1,2,...,k. Thus, Py is also true. By induction, Ps

is true for each s € N.

Example 5. (AM-GM Inequality) For real numbers a;,as,...,a, > 0, prove

that
ar+ax+---+a, > n-Yarar---ay, (%)
and that equality holds if and only ifa; = a, = -+ = a,.

Solution We first prove () for n = 2*,¢ € N by induction on .
Whent = 1, (%) & (/a; — /az)?> > 0, so it’s true.
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Assume that () is true for t = k, then for t = k + 1, by the induction
assumption,

2k+1

E aj
Jj=1

Thus, the proposition is proven for ¢t = k + 1. By induction, (x) is proven for all
n=2t=12,...

Next we prove () for each n € N. For any n € N which is not of the form 2*,
there exist an s € N such that 257! < n < 25 Since

aytaz+--+azs > 2% X/araz - azs, (%)
By letting ap41 = apy2 = -+ = azs = {faraz---a, in (x%), (xx) yields
air+az+---+ap +(2° —n) Yaraz---a,
>2%. 2i,/(alaz'''an)(alaz"'6111)2S”_n =2 Yaraz---ap,

Soartaxt-ctan = n- Yarazan,
hence (x) is proven for general n € N.

Example 6. (CMC/2007) For each positive integer n > 1, prove that

2n - 1 n 1 n n 1 <25
3n+1 n+1 n+2 n+n 36

Solution To prove the left inequality, define

fn) 1 N 1 T 1 2n
n) —m —— _ p— s
n—+1 n+2 n+n 3n+1

Then f(1+ 1) = —— + —— 4 oooqp 20 H2
en Jin Th+2  n+3 m+2 3m+a

1 1 21 2n+2
(2n+1_2n+2)+(3n+1_3n+4)
1 2
Cn+1D)@2n+2) Gn+1)Gn+4)
n(n + 3)

>0,
2n+1D)2n+2)Bn+1)Bn +4)

n € N,

f+1)—=f)
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i.e., f(n) is an increasing function of n. Thus, forn > 2,

11
Sy = f@=3+7-5=5

the left inequality is proven.
Below we prove the right inequality by proving a stronger one by induction.
Let the proposition P,,n > 2 be
1 N 1 T 1 - 25 1
n+1 n+2 n+n 36 4n+1

1 1 7
When n = 2, the left hand side of P, is - + — = —, and the right hand side

3 4 12
25 1 7
is — — — = —, so P, is true. Assume P, is true forn = k (k > 2), i.e.,
36 9 12
1 N 1 - 1 <25 1
k+1 k+2 k+k 36 4k+1°
Then for n = k + 1, the left hand side of Py is
- 1 - 1 1
k+2 2k +2  k+1 2k4+1 2k+2
25 1 1 1
< = _ + -
—36 4k+1 2k+1 2k+2
25 1 N 1 1 N 1 1
36 4k+5 4k+5 4k+1 2k+1 2k42
Since
1 1 1 1 3

Mk 15 dk+1 kTl 2k+2 @k + 1)k +2)@k + D@k +5)
25

0, theref
crerore k

2 T 1253 ks

Thus, Py is true also. The inductive proof is completed.

Example 7. Suppose that ay,as, -+ ,ap, --- are real numbers with0 < a; < 1
fori =1,2,---. Prove that for every n > 2,

n
1
> =< = : ()
l+a; = 1+ Yaraz---ay

i=1
Solution As the first step, we prove the conclusion for all # with the form
2™ by induction on m. For m = 1, the inequality (*) becomes

1 n 1 < 2
l4+a1 14a = 1+ Jaia
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or equivalently:

2(1+a)(1 +a2) = 2+ a1 + az)(araz + 1),
ay +ax +2ayaz > 2+ ay + az)/aras,
(a1 + az)(l — Jaias) —2~/a1a2(1 — Jaiaz) >0,
(Var — Jaz)*(1 — Jaraz) = 0.

Therefore the conclusion is true. Assume that for m = k (k > 1) the conclusion
18 true, i.e.

k

N | 2k

> <o :

= 1+a; 1 4+ 2 /araz - ayx
Then, form =k + 1

2k+l 2k 1 1 2k 1
> - X e E) s
o 1tai S\l tai 1+4a = 1+ Jazi-1az
2k
< 2.
1+ 2]§/«/0102«/a3a4"'Jazk+1_1a2k+1
2k+1

1+ 2 Varas- S lgk+1

Therefore the conclusion is true for alln = 2", m € N.
Next, to show that () is true for all n € N, it suffices to show that (x) is
true forn = k — 1 (k > 2) if (x) is true for n = k. In fact, by letting ax =

k=l/aia, ---ap_y1, we have
= 14+a, 14 *~lYajaz---ax—y
k k
= = ,
L+ Yaray---ar—y - “Yaray-—ary 1+ “Yaazae—y

therefore we have

Loy k—1
> < :
= 14 a; 14+ *~=Vajas--axr—

By backward induction, (*) is true for each n € N.

Example 8. Let {F,,}, n € N be the Fibonacci sequence. Prove that F 1t F? =
Fy,4+1 foreach n € N.
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Solution Let P, . F? n+1 + F = Fut1, Qn 2F, i Fy + F? ntl = = Fontn
forn =1,2,....

When n = 1, then Py, Q; are obvious since F; = Fz =1.

When Py, Qy are true forn = k (k > 1), i.e, k+1 F = 2F5;+1 and

2Fk41 Fy + Fk+1 = F5k 42, then
F2,+F2,, (Fxq1 + Fr)? + F2

= (F2,, +2Fc1F) + (F2+ F2)
= Foqo+ Fopy1 = Fokys = Fogey+1s

i.e., Py is true. Further, Py 41 and Qy are true yields

2Fiq2 Fry1 + F?

fi2 = 2(Fk+1 + Fk)Fk+1 + F2,

= ( k+1 2)+( k+1+2Fk+1Fk)

= Fyys+ sz+2 = Fopya = Fogeyy+2,
namely Q. is true. By the cross-active induction, P,, O, are true for each
n eN.
n+m-—1)!

Example 9. m boxes are arranged in a row. Prove that there are
nl(m —1)!

different ways to put n identical balls into these boxes.

Solution By F(n, m) we denote the number of ways to put # identical balls into
m boxes. The propositions to be proven are

n+m-—1)!
F(n, ="
(. m) nl(m —1)!
forn,m € N.
|
Forn = 1, we have F(1,m) = m = ﬁ hence the conclusion is true
|
forn =1andallm € N. Form = 1 and any n € N, we have F(n,1) =1 = n—;,
n!
therefore the conclusion is true for m(: 1 an)o} alln € N. ( Ny
n-+m n—+m)!
Supposethat Fn+1,m) = ——————and Fn,m+1) = ———
PP ( )= T Dl = D)1 (nom+ ) ==

To evaluate F(n + 1,m + 1), by considering whether the number of balls in the
m + st box is 0 or greater than 0, we have

Fn+1,m+1)
_F(n+1m)+F(nm+1)_(n+1)'(m—1)' nlm!

_Amln a4 ) _ntn+ ) [+ D)+ Gnt )= 1]t
i+ Dm! @+ Dm) (it Dm+ 11D

The inductive proof is completed.
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Testing Questions (A)

(USAMO/2002) Let S be a set with 2002 elements, and let N be an integer
with 0 < N < 22902 Prove that it is possible to color every subset of S
either blue or red so that the following conditions hold:

(a) the union of any two red subsets is red;
(b) the union of any two blue subsets is blue;

(c) there are exactly N red subsets.

(CHNMO/TST/2005) Let k be a positive integer. Prove that it is always pos-

sible to partition the set {0, 1,2,3,..., 2k+1 _ 1} into two disjoint subsets
2k 2k

{X1,x2,...,x5x} and {y1, y2,..., Y&} such that lem = Zylm holds
i=1 i=1

foreachm € {1,2,...,k}.

(CMC/2006)Let f(x) = x2+4a. Define f1(x) = f(x), f™(x) = f(f" 1 (x)),
n=273,...and M = {a e R| | f"(0)] <2 forall n € N}. Prove that

v

(BELARUS/2007) For positive real numbers x1, X2, ..., X;+1, prove that

1 X1 X1X2 X1X2 X
— + — + 4+ ——— >4 —x1X2°* Xp41)-
X1 X2 X3 Xn+1

(CMC/2010) Given the sequence {a,}, a; = 2 and ay4+1 = ai1az---a, + 1
forn =1,2,.... Prove that

(AUSTRIA/2009) Prove that 3 > (n!)* for all positive integers 7.

(CHNMO/TST/2008) Let a and b be positive integers with (a,b) = 1, and
a, b having different parities. Let the set S have the following properties:
(1) a,b e S; (i)Ifx,y,z € S,then x + y + z € S. Prove that all the
integers greater than 2ab are in S.

(USAMO/2007) Let S be a set containing n? + n — 1 elements, for some
positive integer n. Suppose that the n-element subsets of S are partitioned
into two classes. Prove that there are at least n pairwise disjoint sets in the
same class.



10 Lecture 16  Mathematical Induction

Testing Questions (B)

1. (CHNMO/TST/2010)Itis given that the real numbers a;, b; (i = 0,1,...,2n)
satisfy the following three conditions:

@) ai +aj4+1 >0fori =0,1,...,2n—1;

(i) azj+1 <0forj =0,1,...,n—1;

2q
(iii)  For any integers p,q with0 < p < g <n, Z by > 0.
k=2p
2n
Prove that Z(—l)i a;b; > 0, and find the condition under which the equal-
i=0

ity holds.

2. (USAMO/2007) Prove that for every nonnegative integer 1, the number 77" +
1 is the product of at least 2n + 3 (not necessarily distinct) primes.

1
3. (BULGARIA/2007) Let a; > T ant1 =V +2a, +1,n=12,....
Prove that
2
(i) an >n——,neN; (i) The sequence b, = 2" (a_n — 1) ,n €N
n n
is convergent.

4. (USAMO/2010) There are n students standing in a circle, one behind the
other. The students have heights h; < hy < ... < hy. If a student with
height Ay is standing directly behind a student with height &z _, or less, the
two students are permitted to switch places. Prove that it is not possible to
make more than (") such switches before reaching a position in which no

3
further switches are possible.

5. (IMO/2010) In each of six boxes B1, B2, B3, B4, Bs, Bg there is initially one
coin. There are two types of operation allowed:

Type 1 : Choose a nonempty box B; with 1 < j < 5. Remove one coin
from B; and add two coins to B; 1.

Type 2 : Choose a nonempty box B; with 1 < k < 4. Remove one coin
from Bj and exchange the contents of (possibly empty) boxes
Bj+1 and Byyo.

Determine whether there is a finite sequence of such operations that results

in boxes Bi, B, B3, B4, Bs being empty and box Bg containing exactly

20102010*' ¢qins. (Note that a? = a(bc).)





