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Chapter 1

The Laplacian on a
Riemannian Manifold

In this chapter we will generalize the Laplacian on Euclidean space to an oper-
ator on differential forms on a Riemannian manifold. By a Riemannian manifold,
we roughly mean a manifold equipped with a method for measuring lengths of
tangent vectors, and hence of curves. Throughout this text, we will concentrate
on studying the heat flow associated to these Laplacians. The main result of
this chapter, the Hodge theorem, states that the long time behavior of the heat
flow is controlled by the topology of the manifold.

In §1.1, the basic examples of heat flow on the one dimensional manifolds
S! and R are studied. The heat flow on the circle already contains the basic
features of heat flow on a compact manifold, although the circle is too simple
topologically and geometrically to really reveal the information contained in the
heat flow. In contrast, heat flow on R is more difficult to study, which indicates
why we will restrict attention to compact manifolds. In §1.2, we introduce the
notion of a Riemannian metric on a manifold, define the spaces of L? functions
and forms on a manifold with a Riemannian metric, and introduce the Laplacian
associated to the metric. The Hodge theorem is proved in §1.3 by heat equation
methods. The kernel of the Laplacian on forms is isomorphic to the de Rham
cohomology groups, and hence is a topological invariant. The de Rham coho-
mology groups are discussed in §1.4, and the isomorphism between the kernel
of the Laplacian and de Rham cohomology is shown in §1.5.

Before we start, we note that while the simplest differential operator d/dt
on the real line generalizes to the exterior derivative d on a smooth manifold,
it is not possible to generalize the second derivative to manifolds without the
additional structure of a Riemannian metric. Thus it can be argued that the
Laplacian is the simplest, and hence the most basic, differential operator on
functions on a Riemannian manifold. Just as the study of the exterior derivative
leads to important results, such as de Rham’s theorem, relating the smooth
structure of the manifold to its underlying topological structure, the study of
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2 CHAPTER 1. THE LAPLACIAN ON A RIEMANNIAN MANIFOLD

the Laplacian leads to even deeper results, such as the geometric version of the
Atiyah-Singer index theorem, which relates the topology, the smooth structure,
and the geometry of a Riemannian manifold.

Notation: Given a smooth map f: M — N between manifolds, we will denote
the differential of f by either df or f,.

1.1 Basic Examples

Because the theory of the Laplacian on a Riemannian manifold involves some
technical preliminaries, we begin by examining some simple examples. In fact,
considering the Laplacian and the associated heat flow on just S! and R high-
lights essential differences between the Laplacian on a compact and on a non-
compact manifold.

First, recall that if 7 : V — V is a symmetric, nonnegative linear trans-
formation of a finite dimensional inner product space V, then there exists an
orthonormal basis of eigenvectors of V with eigenvalues 0 < A\; < ... < A,. The
set {\;} is called the spectrum of T, denoted o(T), and is characterized by the
property

A¢o(T) < (T — M) ! exists & Ker(T — A1) = 0.

This eigenvector decomposition of V generalizes to the infinite dimensional case
where V is a Hilbert space and T is a compact operator, i.e. an operator such
that if {v;} is a bounded sequence in V, then {T»;} has a convergent sub-
sequence. (For example, any projection onto a finite dimensional subspace is
compact, and in fact any compact operator is the norm limit of such finite rank
operators.) In this case, the spectral theorem for compact operators says that
V' again has an orthonormal basis of eigenvectors for T, each eigenspace has
only finite multiplicity, and the only (finite or infinite)} accumulation point for
the set of eigenvalues is zero. In particular, since the absolute values of the
eigenvalues are bounded, the operator T is itself bounded. Remember that in
infinite dimensions a linear operator may well be unbounded, or equivalently
discontinuous.

The spectral theorem for compact operators is an easy generalization of the
finite dimensional situation. We want to show that this eigenvector decompo-
sition holds for certain unbounded differential operators on compact manifolds.
The space V will be some Hilbert space of functions or forms on the manifold.
We remark that unbounded operators are only defined on a dense subset of a
Hilbert space, and in general one must be very careful to define the domains
of such operators and their adjoints correctly. The domains of definition of our
unbounded operators are rather easy to construct on compact manifolds, but
noncompact manifolds are more difficult to treat. We will follow the standard
practice of glossing over these problems, but here are some references for the
reader: for unbounded operators in general [70] is quite thorough, while the
domains of various Laplacians are stated carefully in [26].
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1.1. BASIC EXAMPLES 3

1.1.1 The Laplacian on S! and R

The first example to consider is the circle. We set V = L%(S) = L?(S?,C),
the space of complex valued L? functions. (We could just as easily deal with
real valued functions, but the notation is a bit more involved.) The simplest
differential operator on the circle is of course d/df. However, this operator
generalizes on a manifold to the exterior derivative d : A°M — A'M, which
takes one space to a different space and hence does not have a spectrum; only
on one dimensional manifolds can one identify one-forms with functions, e.g.
by identifying f{6)d# with f(8). The next simplest operator is the Laplacian or
second derivative,

dz
T deY
where once and for all we adopt the geometers’ convention of placing a minus
sign in the definition. We will see that this operator does generalize naturally
to an operator on a manifold taking functions again to functions.

A=

Exercise 1: We might try to consider d : A* — A* as an operator taking forms
of mized degree to forms of mired degree, in which case o(d) is well defined.
Show that for any manifold the only eigenvalue is zero, that zero has infinite
multiplicity, and that there is an infinite dimensional space of forms which are
not in the zero eigenspace. Although we have not yet made A* into a Hilbert
space, this shows that a nice spectral decomposition of A* with respect to d does
not exist.

The eigenfunction decomposition of L2(S') is quite well known. An or-
thonormal basis is given by the trigonometric polynomials {e"?}, n € Z,
and Ae'™ = n?e? Thus L?(S') decomposes into eigenspaces with eigenval-
ues {n?:n =0,1,..} and each eigenspace has multiplicity two, except for the
eigenspace of zero, which has multiplicity one. Notice that the eigenfunction
decomposition of f € L? is given by

f — Zaneine — Z(f) ein&)eino’
n n

with
)= 57 [ 1070 @

the usual L? inner product, which is just the Fourier series decomposition of f.
Note also that
lle™® /n|| = 0, but [|A(e?/n)|| = oo
as n — 00, so A is unbounded.
The (formal) theory of Fourier series is quite old, dating from around 1825.
By the end of the 19" century, Sturm-Liouville theory provided a powerful

generalization of Fourier series. This theory typically treats operators of the

form " J
—=p AW 5 + B(),

b= di
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for certain smooth functions 4 and B, acting on L?[~m, 7] with certain bound-
ary conditions. In particular, if periodic boundary conditions are imposed, we
are working on L?(S!). According to this theory, all such operators D give an
eigenfunction decomposition of L?[—m, w]. Moreover, the eigenspaces are finite
dimensional, and the eigenvalues {),} accumulate only at co. However, for
general A and B it will not be possible to determine the corresponding eigen-
functions and eigenvalues. This situation is typical for Laplacian-type operators
on compact manifolds.

We now define and compute the spectrum of A = —d?/dt? on L%(R). (This
discussion is more advanced than the circle case, and can be skipped as it is
not needed later.) For motivation, choose A ¢ (D), where D is an operator of
Sturm-Liouville type. Then not only does (D —AI)~?! exist, it is also a bounded
operator, since

(D =AY = {(x = 27"}

is a bounded set. Moreover, as the reader should check for A, by the eigenfunc-
tion decomposition it can be shown that the range of D— AT is dense in L?{S?}),
and so (D ~ AI)~! extends to a bounded operator on all of L.

This (I hope) justifies the following definition of the spectrum of an un-
bounded operator; a complete justification is given by the spectral theorem for
unbounded operators.

Definition: Let D be a symmetric unbounded operator on a Hilbert space H. The
spectrum of D, (D) C R, is defined by the condition A ¢ o(D) iff (D — M)~}
can be extended to a bounded operator on all of H. Equivalently, A ¢ o(D) iff
(i) Ker(D — M} = 0, (i) the image of D — A is dense, and (iii) on the image,
(D — AI)~1 is bounded.

Now set D = A acting on H = L?(R). We first consider A > 0. If we look
for eigenfunctions, we find that the only solutions to Af = Af are f(z) =
exp(xivAz), for any A € Rt U 0. However, none of these eigenfunctions is in
L2. This does not mean that o{A) = §. Consider a function ¥y (x) on R which
satisfies ¥y > 0 and

[0 ifz€(—o0,—N]JU[N, ),
z“"(”’)“{1 ifee[-N+1,N-1].

For fixed A > 0, there exist constants C, C’ > 0 such that
i\/x:c C, i\/-x.r
(A = AD (N e™ )] < C < Srllene™ . (1.1)

For vn is nonconstant only on [N, ~N + 1JU [N — 1, N], so the function on
the left hand side of (1.1) is zero except on this interval.

Exercise 2: (i) Show that (1.1) implies ||[(A —AI)7!|] = oo.
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(1) Show that A < 0 = A ¢ o(A). Hint: Show that there are no L? eigen-
functions for A. If the image of A — Al is not dense, take a non-zero o € L?(R)
with o L Im(A — AI}. Show that

0= [ ae)d-ADs()

for all compactly supported functions f. Thus « is a distributional or weak
solution to (A—X)a = 0. (That is, if o were in L?(R), then we could integrate
by parts and let f be a bump function to conclude that (A —Al)a = 0.) Classical
elliptic regularity results for the Laplacian then imply that in fact a € L*(R)
(cf. §1.8.4). This is a contradiction. Finally, show that ||(A — A)71|| < AL
For this last step, let ¢ = (A — M)~ f. Show that in the L? norm and inner
product we have

I711” = (Ag, Ag) — 2X\(Ag, 9) + A*(g,9) > N*||g]*.
Here (Ag,g) > 0 by an integration by parts. Thus ||g]|?/|[f]? < (A?)~L.
From this exercise, we see that in fact o(A) = [0, c0).
Since the spectrum does not consist of a discrete set, we cannot have a

Fourier series decomposition as on S!. However, note the analogy between the
Fourier series decomposition on S*,

10 =3 (55 [ s av)e, (1.2

and the Fourier inversion formula on R,

10)= o= [ (5 [ e ay) e ag (1)

While we will prove the existence of a formula corresponding to {1.2) on any
compact manifold, no such formula corresponding to (1.3) is known for general
noncompact manifolds. (In fact, the existence of (1.3) reflects the fact that R
is a semisimple Lie group.)

1.1.2 Heat Flow on S! and R

Given an initial distribution f(#) = f(0,8) of heat on S, considered to be per-
fectly insulated, the distribution f(t,8) of heat at time ¢ is (allegedly) governed
by the heat equation

(0 + A)f(2,8) = 0. (1.4)

This is quite easy to solve explicitly. If f(¢,8) = Zan (t)e'™? is the Fourier

n
decomposition for f(¢,6), with a,(0) = e, the n*® Fourier coefficient for f, then
plugging the Fourler decomposition into (1.4) gives

0= (an(t) +n’an(t))e™’.

n
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It follows that a,(t) = ane™""t, and so

f(t,8) = Z e " ta,e™?

n

Note that as t = oo, f(¢,0) — ag, which is the average value of f. This fits
with our intuition that as ¢ — co the heat should reach a constant equilibrium
state; since the circle is insulated, the equilibrium value should be the average
of the initial heat distribution.

The situation on R is as expected more complicated. Given the initial heat
distribution f(0,z) = f(z) € L?, set

f(t, S £(y) dy. (1.5)

\/Er_

Exercise 3: (i) Verify that for continuous functions f,
(8: + A)f(t,z) =0 and }i_rg?)f(t,m) = f(z).

(i) Fill in the details in the following derivation for f(t,z). We will assume
familiarity with the Fourier transform; see Lemma 1.17. Let f(t &) denote the
Fourier transform of f in the x variable only. Show that (8, + A)f(t,z) = 0
implies A R
Conclude that f(t,{) = f(f)e‘”ﬂz. Thus

f6.6) = Fe)e™ 6 = feyemlev2
A 1 2
el 4ty
flert e 1y ¢)
1 2
=l Aty
(e I (),

where {...} denotes the Fourier transform of the function in the braces, and
the star in the last line denotes convolution. Taking inverse Fourier transform

yields
1 2
flte) = 7= ]R =91 f(y) dy

(111) Similarly show that the integral kernel for the heat equation on R" is

1 JRInT
e(t,z,y) = W@ lo—yl*/4t

Thus (1.5) provides a solution to the heat equation in the form of an integral
kernel

e(t,z,y) = e At (1.6)
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1.1. BASIC EXAMPLES 7

which is a smooth function on (0,00} x R x R. Notice that for all f € L?,
f(t,z) = 0 as t — oo, in accordance with our intuition that the heat should
“dissipate to +00.” While the solution (1.5) looks different from that of S?, note
that on St

f(t,g) — Ze_n2t<f, ein9>ein8

1 —n?t inb_ing
— dy.
= I M (ORT
Thus heat flow on S? is also given by the integral kernel
Z e—nzteinem,

n

which is easily seen to be smooth on (0,00) x S x S1.

Exercise 4: Prove the Weierstrass approzimation theorem: given f € C.(R™)
(where C. denotes compactly supported continuous functions) and € > 0, there
exists a polynomial p(z) such that ||f — pllec < € on the support of f. Hint:
Apply the heat flow to f, which is valid since f € L%. Then apply Taylor’s
theorem to the resulting smooth function.

These two heat kernels are in fact closely related. Flrst we have to readjust
the inner product on L?(S') by setting (f,g) = [, f( ) df. (This is just
the integration theory on S! induced by the local 1sometry R — S! given by
z — z (mod 2r).) This changes the orthonormal basis to {e"*?/v/2r}, but
leaves the rest of the previous discussion unchanged. Let e,,e_, denote the
heat kernels on R, S*, respectively. Set :

Esi(t,0,%) = > en(t,0,9 + 2mn), (1.7)

n€zZ

where on the right side of (1.7) we consider 6,7 to run over any interval of
length 27 in R; this is well defined since e (t z,y) = e (t,z + k,y+ k) for
k € R. Intuitively, we expect that és: = e_,, since heat can “get” from 8 € St
to 9 € S! by flowing around the circle any number of times in either direction,
or equivalently by flowing from # € R to any translate of ¥ in R. This is indeed
the case:

Lemma 1.8 és: =e_,. Thus

e, (t.8,9) = Z en (t,0,% + 27n).

nezZ

Proor. It is immediate that (9; + A)és: = 0, where A acts on . Also,

fim [ 51 (.0,9)70) dv = Jim [ en(0.0,9)1(6) a0,
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8 CHAPTER 1. THE LAPLACIAN ON A RIEMANNIAN MANIFOLD

where we extend f to be periodic on R. It is easy to check that even though
f ¢ L*(R), we do have

lim [ en(0,0,9)7%) % = 1(0).

t—0
The following lemma, whose generalization to manifolds will be used later,
finishes the proof of Lemma 1.8:
Lemma 1.9 Let a(t,8,v),b(t,0,¢) € C®°(RT x S! x S') satisfy (6; + A)a =
(6: + AYb =0, and
trg [ a(t,0,0)10) a6 = Jim [ 0,0.9)710) a0 = 1(0),

for all f € L?(S'). Then a(t,6,v) = b(t,6,v).

Here we make the convention that the Laplacian always acts on the first
space variable of the kernel unless otherwise indicated. When necessary, we use
the notation Ag, Ay, etc. to indicate on which variable the Laplacian acts.

PRroOOF. We first show that a(t, 8, ¥) = a(t, ¢, #); similarly, b(t, 8, ) is symmet-
ric in the space variables. For fixed 6, ¢ two integrations by parts in the variable
o yield

0 = /A‘,a(t',z/),p)-a(t-—t',t?,u)—a(t',z/),u)~Aua(t—t',€,,u)
Sl

/ _3¢'a(tla ¥, ﬂ) ' a(t - t,1 g, ﬂ) - a(tlv ¥, Au) : 6tla(t - t/’ 6, ”)
$1

_6t’/ a(tlywyu) 'a(t_tl)a’/‘)'
St

Thus if we abbreviate limy_,0 [5: a(t,8, ) f(1t) by [g: a(0,8, ) f(), we have

t
0 = dt’ 8, ",p)-a(t =180,
[ [ ot w-at=v.0.
= / a(t,zﬁ,p)-a(O,&,u)—/ a(O,T/’,ﬂ)'a(t,ng)
Sl Sl
= a(t,¢,0)—alt,8,v).

Now consider the integral

¢
/ ds 6,/ a(s, 8, p)b(t — s, pu,¥) dp. (1.10)
0 51

This equals

lim [ [ a(t 1,0, wb(t', u, ) dpt — / a(t',0, w)b(t — ', u, %) dp
51 S1

t’'—0
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which reduces to

a(tv 07 "/)) - b(t7 07 ¢)‘
On the other hand, (1.10) also equals

¢
/ ds[ Osa(s,0,p) - b(t — s, p1,9) du + / a(s,8,p) - 0,b(t — s, u, ) dp]
0 St S1

¢
= / ds[ —Aga(s, 8, p)-b(t—s,p, ) du+/ a(s,0,p) - Aubt—s,p,¢) dy:l .
0 51 51
(1.13)
By the symmetry of a(t,z,y) in z and y, we can replace —Aga(s, 8, p)(s,6,4) in
(1.11) by —A,a(s, 8, pt)|(s,4,6)- Two integrations by parts then replace the first
integrand on the right hand side of (1.11) by

—(1(8, H, O)A[lb(t — S H, 1/)) = _a(s’ 0: u)Aﬂb(t ~ S |, ¢))

which cancels with the second integrand, finishing the proof.

We denote the operator taking the heat distribution f to the time ¢ heat
distribution f(¢,z) by
et L2 5 12,
for heat flow on either S! or R; the notation is suggested by the fact that e
acts by multiplication by e=**" on the n2-eigenspace of A on S!, and is justified
by the spectral theorem for unbounded operators in the case of R (see [70]).
The trace of the heat operator on S! is given by the “trace” of the heat kernel:

Trewt8 = S e = /S e (,0,0) db.

For short time, the trace of the heat kernel on S? looks like the trace of the heat
kernel on R, in the sense that

Ze-n’t = / e, (t,6,0) df = / Zen(t,a,ﬁ—f- 27n) d
n st . b n
n

= / e (t,z,z) dz + Ot™),

-7

—-ta

o

where O{t*) denotes terms dying like e~ +, for some o > 0, as £t — 0. Thus as
t = 0, Tr e=*2 on S! looks more and more like 27/v/4nt. To be precise, we
make the following definition:

Definition: Given functions A(t) and B(t), we write A(t) ~ B(t) if
lim 40 ~ B0 _

t—0 tm ’

forallme R*.

In this notation, we have shown the following result of Jacobi (ca. 1780):
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Theorem 1.12

Ze—"zt ~ ﬁt_%.

neZ

In the course of this argument, we have seen that the short time behavior of
the pointwise trace of the heat kernel eg: (¢, 8, 8) is the same as that of er (¢, 2, z),
up to exponentially small factors. This is more or less plausible, if one argues
that S! and R are locally isometric, and that for ¢ ~ 0, all the information in
the heat flow should be locally computable, as the heat has not “had enough
time” to distribute itself around the manifold.

Moreover, if we take a circle of circumference £, it is easy to check that
Tr e~t2 ~ £/\/4nt, so the short time behavior of the heat operator recaptures
the length, the only intrinsic geometric invariant of a circle {(i.e. any two circles
of the same length are isometric as metric spaces). In contrast, the long time
behavior of the heat flow clearly differs on S and R, at least to the extent of
distinguishing between a compact and a noncompact manifold.

These remarks are the simplest examples of quite general phenomena. We
will see in this chapter that the long time behavior of the heat flow on functions
and forms is determined by the topology of a compact manifold, and in Chapter
3 we will show that the short time behavior is controlled by the local differen-
tial geometry of the manifold. Moreover, comparing the long and short time
behavior of the heat flow will lead in Chapter 4 to a proof of the Atiyah-Singer
index theorem.

Finally, we should point out that it is unclear how closely the heat equation
models actual heat flow. For example, the reader should check that (1.5) shows
that f(¢,z) is a smooth function in z for any ¢ > 0. Is it physically plausible that
a discontinuous initial heat distribution in L%(R.), such as a step function, should
be immediately smoothed under heat flow, or is such an initial distribution
physically implausible? Moreover, from (1.5) we see that for any ¢t > 0, the
heat distribution at z, namely f(t, ), is affected by the initial distribution f(y)
at y, for y arbitrarily far from z. Thus, we say that heat flow has infinite
propagation speed, in contrast to the solution of the wave equation. Is this
physically plausible?

1.2 The Laplacian on a Riemannian Manifold

The goal of this section is to generalize the notion of the Laplacian on L?(S!) to
the Laplacian on L? functions on any manifold. To do this, we need to introduce
a Riemannian metric on the manifold.

1.2.1 Riemannian Metrics

Given a smooth manifold, there is no natural way to define a generalization of
the Laplacian on S* or on R, without as additional data a “geometry” in the
form of a Riemannian metric.
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