2
Solutions of Problems 001-500

In this chapter we present solutions of problems 001-500 of the main text. We will
need to refer both to the main text problems and to their solutions; to distinguish a
problem from its solution, we use the prefix “S.” to the number of the solved
problem. For example, the solution of Problem 349 is numbered as S.349. We tried
to uniformize and clarify all possible references by formulating useful statements as
independent facts. We have always avoided statements like “it is clear that the proof
of Fact 3 of S.351 gives a stronger property”. If such a property was needed after the
Fact was proved, we preferred to return to that Fact, reformulate it and redo its proof
if necessary.

In quite a few cases the author had a strong temptation to refer to future results to
make a solution short and elegant. He managed to resist it so that this is never done
in this book; we only refer to previous problems and solutions. The short and
elegant proofs are given after the respective methods are introduced and studied
systematically. This sounds like a merit but has its price: sticking to this principle
implied that sometimes a solution occupies ten or more pages because the author
had to develop the basics of a theory in the same solution. The author fully under-
stands that it is ridiculous to expect that someone develops a theory to solve an
exercise; however, the merit seems to make up for this drawback. Besides, I don’t
think this is going to bother a specialist; a beginner student could be annoyed of
course, but my experience shows that a beginner gets much more annoyed by a
reference to nowhere, like, for example, the phrase “Gul’ko proved that this space
can be condensed into a 2,-product of real lines”. Another justification is that, in the
author’s biased opinion, there will be no more than 1% of the readers who will
really try to solve the problems without opening the solutions. The rest of the
people will use this composition as a reference book or as a textbook so, if a result is
needed, one needs the basics of the relevant theory anyway.

Another principle the author tried to implement was to get the solutions to be as
independent as reasonably possible. This will be of help for specialists wishing to
look up the solution of any problem without browsing through the previous ones.
There are references, of course, but only to the results and never to definitions or
constructions. We also use some minimal number of concepts and notation without
explanations but they are always standard and can be found in introductory parts or
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52 2 Solutions of Problems 001-500

in the index. In most cases even the fundamental concepts are introduced again in
the respective solution to make it as self-contained as possible.

The last thing to keep in mind is that any solution is a continuation of the
respective problem. Thus, if the problem says: “Let X be a metrizable compact
space. Prove that X . ..”, we do not repeat this assumption about X considering that
it was already made in the formulation of the problem. Thus our solution could start
with the phrase: “Since X is metrizable and compact...”.

The material of this volume is an introductory one. An evident consequence is an
abundance of simple facts proved in great detail. This could be a nuisance for a
specialist but of help for the beginner. Five hundred solutions are presented here;
some of them are quite difficult to understand and much more difficult to figure out
on one’s own without consulting this chapter.

The base of the theory presented in this chapter is given by the problems of the
main text. However, there are quite a few (more than 200) auxiliary statements;
they are presented as facts or observations inside solutions. Some of them are well-
known theorems, other are just simple lemmas formulated to avoid repetitions of
the same proof.

The reader will notice that we expect him/her to have a higher level of under-
standing as the theory builds up. Eventually, there are more phrases like “it is easy
to see” or “it is an easy exercise”’; the reader should trust the author’s word and
experience that the statements like that are really easy to prove as soon as one has
the necessary background. The author is convinced that if a student attacks a
problem after understanding the solutions of all previous ones, his/her preparation
is more than sufficient for being able to grasp the current solution.

In fact, much less is necessary than all previous problems. The main text is really
a bulk of many topics which are developed independently or with little dependency.
I am afraid, a beginner will not be able to trace the minimal set of topics to master,
needed for understanding current solution. However this can be easily done by a
specialist so consult one if you want to minimize your efforts.

A beginner should also remember that we use without explanations the most well-
known properties of the real numbers and some simple facts of the set theory. A one-
year calculus course is more than sufficient to cover all formal prerequisites. The
informal prerequisite is to be able to understand logical implications and to be
persistent enough not to give up even if the solution is not understood after ten
readings. In the worst case, try to prove that the problem or the solution is false. It
normally shouldn’t be, but no big work is free of errors (and believe me this is a huge
one!) so try to find them and communicate them to me to correct the respective parts.
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S.001. Let X be a topological space. Given an arbitrary set A C X, prove that x € A
if and only if U N A # () for any U € 7(X) such that x € U.

Solution. Suppose that x € A and x € U € 7(X). f UNA = () then A C F = X\U
and the set X\ U is closed in X. Since the closure of A is the intersection of all closed
sets which contain A, we have A C F. Thus x €¢ A C Fand x € U = X\F, a
contradiction.

Assume that U N A # () for all open U > x. If x ¢ A then the set V = X\A is open
and x € V. However, V N A = (), a contradiction.

S.002. Given a topological space X and a family B C 7(X), prove that B is a base of
X if and only if for any U € 7(X) and x € U there exists V € B such thatx € V C U.

Solution. Suppose that B C 7(X) is a base. If x € U € 7(X) then there is B’ C B such
that U = |JB'. Therefore, there is V € B withx € V. C |JB = U. Then V € B and
xeVcCu.

Now, suppose that B C 7(X) and, for any x € U € 7(X), there exists V € B such
thatx € V. C U. If U = () then, letting B' = (), we have B C Band U =JB'. If U €
7(X) is non-empty find for each x € U aset V, € Bsuch that x € V. C U and consider
the family B’ = {V, : x € U}. It is immediate that B’ C B and | JB' = U which proves
that 3 is a base of the topology 7(X).

S.003. Let X be a topological space. Prove that the family F of all closed subsets of
X has the following properties:

(FI)X € Fand () € F.
(F2)IfA,B € F thenAUB € F.
(F3)Ify C F then )y € F.

Now suppose that X is a set and F C exp(X) has the properties (F1)-(F3). Prove
that there exists a unique topology T on X such that F is the family of closed subsets

of X, 7).

Solution. Clearly, F € F iff X\F € 7(X). Thus ) = X\X € F and X = X\() € F (we
applied (TS1) twice). Therefore (F1) holds for F. To check (F2), note thatif A, B €
F then X\A € 7(X) and X\B € 7(X) and applying (TS2) we obtain (X\A) N (X\B) =
X\(A UB) € 7(X), whence A U B € F. Finally, to see that (F3) holds, let u = {X\F :
F € y}. Then p C 7(X) and hence |J p € 7(X) by (TS3). Since X\(Jy = U p, the
property (F3) is also proved.

Now, suppose that F is a family of subsets of X with properties (F1)—(F3).
Let 7 = {X\F : F € F}. The laws of De Morgan together with (F1)—-(F3) imply
that the axioms (TS1)—(TS3) hold for 7. The definition of 7 shows that F is
precisely the family of all closed sets for 7. Now, if 7’ is another topology for
which F consists of closed sets for 7/, then 7" = {X\F : F € F} = 7 and this proves
the uniqueness.

S.004. Let X be a topological space. Show that the operator of the closure has the
following properties:
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(1) =0.
(C2)AUB =AUB forany A, B C X.
(C3)A C A forany A C X.

(C4) A = A for any A C X.

Now, suppose that X is a set and [-] is an operator on exp(X) with (C1)—(C4) (i.e.,
[0M1=0,[AUB]l=[A]U[B],A C [A] and [[A]] = [A]l for all A, B C X). Prove that
there exists a unique topology T on X such that [A] = cl(A) for any A C X. We will
say that T is generated by the closure operator [-].

Solution. Since () is a closed set and ) C (), we have ) C 0, so (C1) holds. The set
F=AUBisclosedand A CA C FaswellasB C B C F whence A UB C F. Since
the closure is the intersection of all closed supersets, we have A UB C F. Now, A C
AUB C AUB and the set G = A U B is closed. Since the closure is the intersection
of all closed supersets, we have A C G. Reasoning in the same way we obtain B C G
and hence F = A U B C G. This shows that F = G so (C2) is settled. The property
(C3) is immediate from the definition of the closure. Since A is closed and A C A,
we have A C A. The reverse inclusion is a consequence of (C3) and therefore we
proved (C4).

Now, let X be an arbitrary set without topology. Assume that [-] is an operator on
exp(X) with the properties (C1)-(C4) i.e., [0] =0, [A UB] = [A] U [B],A C [A] and
[[A]] = [A] forall A, B C X. Observe first that the condition A C B implies [B =A U
(B\A)] =[A]U [B\A] D [A] and hence [A] C [B]. Now, let F = {A C X : [A] =A}.
We are going to check that F satisfies (F1)—(F3) from 003.

The property (C1) shows that ) € F and (C3) implies X C X whence X = X and
X € F which settles (F1). If A, B € F then A = [A] and B = [B]. Applying (C2) we
conclude that [A U B] = [A] U[B] = A U B and hence A U B € F. This proves (F2).
Now, take any y C F and denote by G the set ()y. For any A € y, we have G C A and
therefore [G] C [A] = A. Thus [G] C[\{A:A €y} =y = G. By property (C3) we
have [G] = G and hence (F3) is checked. Note that we did not use (C4) yet.

By Problem 003 there exists a unique topology 7 for which F consists of closed
sets for 7 and hence 7 = {X\A : A € F}. Let us prove that A = [A] for any A C X.
Since A is closed, we have [A] = A and hence [A] C [A] = A. The set [A] D A is
closed by (C4) and hence A C [A] which proves the promised equality.

Suppose finally that 7’ is a topology such that [A] = cl- (A) for any A C X. Thus
F is closed in 7 if and only if F = F = [F] = cl,-(F) which happens iff F is closed in
7. This shows that F is precisely the family of all closed subsets of 7’ so by the
uniqueness part of Problem 003, we have 7 = 7.

S.005. Let X be a topological space. Show that the operator of the interior has the
following properties:

(11) Int(X) = X.

(I12) Int(A N B) = Int(A) N Int(B) for any A, B C X.
(13) Int(A) C A for any A C X.

(14) Int(Int(A)) = Int(A) for any A C X.
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Now, suppose that X is a set and (-) is an operator on on exp(X) with (11)—(14)
(ie., (0) =0,(A N B) = (A) N (B), (A) C A and ((A)) = (A) for all A, B C X).
Prove that there exists a unique topology T on X such that (A) = Int(A) for any
A C X. We will say that 7 is generated by the interior operator (-).

Solution. To see that (I1) holds, observe that there is nothing contained in an empty
set so Int(f)) = (0. Since Int(A N B) is an open set contained in A N B, it is contained
in A. The set Int(A) is the union of all open sets contained in A, so Int(A N B) C Int
(A). The same reasoning shows that Int(A N B) C Int(B) and therefore Int(A N B) C
Int(A) N Int(B). On the other hand, Int(A) N Int(B) C AN B is an open set, SO we can
again use the fact that Int(A NB) is the union of all open sets contained in AN B
and hence Int(A) NInt(B) C Int(A N B). This settles (I12). The property (I3) is an
immediate consequence of the definition of the interior. To check (I4), observe that
Int(A) C Int(A) is an open set and hence Int(A) C Int(Int(A)). Since the reverse
inclusion is stated in (I3), we have proved (I4).

Now, let X be an arbitrary set without topology. Suppose that (-) is an operator
on exp(X) with the properties (I1)-(14), i.e., (}) = 0, (ANB) = (A)N(B), (A) C A
and ((A)) = (A) for all A, B C X). Observe first that, if A C B then (I2) implies (A) =
(AN By={A) N (B) C (B).Now,letT ={A C X: (A) = A} and check that 7 is
a topology on X. The property (I1) implies X € 7 and () € 7 by (I3). If U, V € 7 then
U= (U) and V = (V) and therefore U N V = (U) N (V) = (U N V) which shows
that U N V € 1. Now, take any y C 7 and denote by W the set | Jy. For any U € y, we
have U C W and therefore U = (U) C (W). This shows that W = |y C (W). Since the
reverse inclusion is a consequence of (I3), we have (W) = W and (TS3) is proved
together with the fact that 7 is a topology. Note that we did not need the property
(I4) yet.

Let us show that (A) = Int(A) for any A C X. Since Int(A) is an open set, we have
(Int(A)) = Int(A) which shows that Int(A) = (Int(A)) C (A). The property (I4)
shows that (A) is an open set and hence (A) C Int(A) which proves that (A) =
Int(A). Finally, let 7’ be a topology on X such that (A) = Int,» (A) for any A C X.
Then U belongs to 7 if and only if U = Int(U) = (U) = Int,» (U) and this happens iff
U € 7. Hence 7 = 7 and the uniqueness is also proved.

S.006. Suppose that X is a topological space and B is a base of X. Prove that B has
the following properties:

(BI)\JB = X.
(B2)If U,V € Bandx € U N V then there is W € B such that x e W C U N V.

Now, let X be a set without topology. Prove that, for any family B C exp(X) with
the properties (Bl) and (B2), there exists a unique topology T on the set X such that
B is a base for (X, ). We will call T the topology generated by B as a base.

Solution. The property (B1) holds because X is an open subset of X. Suppose that
U,VeBandxe U N V.Since the set U N V is open, there exists B’ C B such that
U N V =UB'. This means that there is W € B’ with x € W. It is clear that W € B and
x € W C U N Vso that (B2) is also fulfilled.
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Now, suppose that X is an arbitrary set without topology in which we have a
family B C exp(X) with the properties (B1) and (B2). Let us prove that the family
7={y:y C B} isatopology on X. If y = () then y C B and | Jy = () which shows
that () € 7. The property (B1) implies X € 7 (just take y = BB) so the axiom (TS1) is
checked. If U, V € 7 then there are y, u C B such that U = | Jy and V = | Ju. For an
arbitrary x € U N V there is U, € y and V, € p such that x € U, N V, and it is
immediate from the definition of y and u that U, C U and V, C V. The property (B2)
guarantees the existence of W, € Bsuchthatx e W, C U, NV, CU N V. Itis
evident that, for the family B' = {W,:xe U N V},wehave B C BandUB' =U NV
which proves that U N V € 7 settling (TS2). Given a family y C 7, for any U € 7y, fix
a family yy C B such that | Jyy = U. Then B' = | J{yy: U €y} C Band UB' =y
which proves that | Jy € 7 and hence (TS3) holds as well.

By the definition of 7, the unions of all subfamilies of B represent all elements of
7 which shows that B is a base for 7. Finally, if 7 is another topology on X for which
B is a base then B C 7" and 7 C 7’ because any union of elements of 7’ has to belong
to 7’. On the other hand, any element of the topology 7’ is a union of some subfamily
of BB and hence belongs to 7 by the definition of 7. This proves 7 = 7 and the
uniqueness is also established.

S.007. Suppose that X is a topological space and, for each x € X we have a fixed
local base B, at the point x. Show that the family {B, : x € X} has the following
properties:

(LBI) B, # 0 and (B, 2 x for every x € X.
(LB2) If x e X and U,V € B, then there is W € B, such that W C U N V.
(LB3) If x € U € By then there is V € By such that V. C U.

Now, suppose that X is an arbitrary set without topology and B, is a family of
subsets of X for any x € X such that the collection {B, : x € X} has the properties
(LB1)—(LB3). Show that there exists a unique topology 7 on the set X such that B, is
alocal base of (X, ) at x for any x € X. We will call T the topology generated by the
families {B, : x € X} as local bases.

Solution. The second part of (LB1) is a part of the definition of a local base. Since
x € X e 7(X), there is U € B, with x € U C X and hence B # () so that (LB1) is true.
The properties (LB2) and (LB3) follow immediately from the fact that Uand U N V
are both open sets.

Now, let X be an arbitrary set without topology. Suppose that B, C exp(X)
for any x € X and the family {5, : x € X} has the properties (LB1)—(LB3). Consider
the family B = | J{ B, : x € X}. Since x € [JB, C |B for each x € X, we have | JB =
X so the axiom (B1) holds for B. Assume that U, V € Band x € U N V. There are
v,z € X with U € By and V € B.. Applying (LB3) we obtain U’, V' € B, such that
U C Uand V' C V. The property (LB2) shows that there exists a set W € B, for
whichx e WC U’ NV CU N V. As a consequence the family B satisfies (B2).

By Problem 006 there is a unique topology 7 on X such that 5 is a base for 7. In
particular, B, C 7 forall x € X. If x € U € T then there is V € Bsuch thatx € V C U.
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By the definition of B we have V € B, for some y € X. Applying (LB3) we can
obtain W € B, such that x € W C V C U. This proves that B, is a local base for 7 at x
for each x € X.

Suppose finally, that 7’ is a topology on X such that B3, is a local base for 7’ at x for
every x € X. It is immediate from the definition of a local base that B = J{ B, : x € X}
is a base for 7. By the uniqueness part of Problem 006, we have 7" = 7 and our proof
is complete.

S.008. Prove that | S = X for any subbase S of a topological space X. Now, let X be
an arbitrary set without topology. Prove that, for any family S C exp(X) with|J S =
X, there exists a unique topology T on X such that S is a subbase for (X, 7). We will
call T the topology generated by S as a subbase.

Solution. Since the finite intersections of the elements of S form a base of X,
the set X is a union of those finite intersections. As a consequence, for any x € X,
there are Uy, ..., U, € S for whichx € U; N --- NU,, C |J S. This proves that
Us=x.

Now, let X be an arbitrary set without topology for which we have a family S C
exp(X) with [J S = X. Denote by B the family of all finite intersections of the
elements of S. The property (B1) holds for B because S € B. It is immediate that,
for any U, V € B, we have U N V € B. Therefore, taking W = U N V in the
hypothesis of (B2) shows that (B2) holds for B as well.

Take the unique topology 7 on X for which B is a base (see Problem 006). Since 5
coincides with all finite intersections of the elements of S, the family S is a subbase
for 7. Finally, if 7 is another topology with S a subbase of 7’ then B is a base for 7’ by
the definition of subbase. Hence 7' = 7 by the uniqueness part of Problem 006.

S.009. Suppose that X and Y are topological spaces and f: X — Y. Prove that the
following conditions are equivalent:

(i)  fis a continuous map.

(it) There is a base B in Y such that f~'(U) is open in X for every U € B.

(iti) There is a subbase S in Y such that f'(U) is open in X for every U € S.
(iv) fis continuous at every point x € X.

) fl(F) is closed in X whenever F is closed in'Y.

i)  flclx(A)) C cly(f(A)) for any A C X.

ii) cly(f'(B)) C f (cly(B)) for any B C Y.

viit) £ '(Inty(B)) C Intx(f '(B)) for any B C Y.

Solution. To see that (i)=>(ii) let B = 7(Y). The implication (ii)==>(iii) is obtained
looking at the subbase S = B.

To establish the implication (iii)==-(iv) assume that f(x) € U € 7(Y). There exist
sets Uy,..., U, € Ssuchthat fix) € Uy N --- N U, C U. Now observe that the set
V=F'U)n---nfU, is open in X, contains x and V) C U which proves
continuity of f at the point x.

To show that (iv)=-(v), take any closed F C Y. Given x € X\f~'(F), we have
fix) € U =Y\F € 7(Y). By continuity of the function f at the point x, there is a set
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V, € 7(X) such that {V,) C U and, as a consequence, V, C X\f ~(F). Therefore
X\f'F) = U{V,:xe X\f'(F)} is an open set and hence £~ '(F) is closed.

Let us prove the implication (v)=—>(vi). Take any A C X and any pointy € F =
cly (f (A)). The set G :fgl(F) is closed in X and contains the set fﬁl(f (A)) D A.
Therefore clxy(A) C G and hence f(clx(A)) C F = cly(f(A)).

To show that (vi)==-(vii) take an arbitrary set B C Y and observe that
f cly (f'(B) C cy(Af '(B)) C cly(B) and, as a consequence, we have
clx(f~'B) C ' (cly(®B)).

To prove the implication (vii)=>(viii) take any B C Y and note that the set F =
Y\Inty(B) is closed in Y. Thus Clx(ffl(F)) Cffl(cly(F)) :fl(F), which shows
that f ' (F) is closed in X. Hence the set f~'(Inty(B)) = X\f~'(F) is open in X and
f'(Inty(B)) C f~'(B). Since the interior of f~'(B) is the union of all open sets
contained in f_l(B), we have f_l(Inty(B)) C Intx(f_l(B)).

To establish the implication (viii)=>(i) take any open U C Y and observe that
Inty(f~"(U)) D f~'(Inty(U)) = f~'(U) which shows that f~'(U) is open in X.

S.010. Show that any Ty-space is a Ty-space. Give an example of a T-space which
is not a Ty-space.

Solution. Suppose that X is a T -space. Given distinct points x, y € X, the set U =
X\{x}isopenand U N {x,y} = {y} which shows that X is a T-space. To see that
the classes Ty and T, do not coincide, please, check that the space X = {0, 1} with
7(X) = {0, X, {0}} is a Ty-space which is not a T}-space.

S.011. Show that any T»-space is a Ti-space. Give an example of a Ty-space which
is not a Tr-space.

Solution. Suppose that X is a Hausdorff space and x € X. For any y € X\{x} fix open
disjoint sets Uy, and V), such that x € U, and y € V,. We have y € V,, C X\ {x} and
therefore X\ {x} = U{V,, : y € X\{x}} is an open set. Hence {x} is closed.

Now, let X =R and 7(X) = {0} U {R\A : A is a finite subset of R}. Since R\ {x}
€ 7(X) for any x € X, the space X is a Tj-space. However, there are no disjoint open
sets U and V such that 0 € U and 1 € V and therefore X is not a Hausdorff space.

S.012. Show that any Tsz-space is a Tr-space. Give an example of a T-space which
is not a Tz-space.

Solution. Let X be a Ts-space. Given distinct x, y € X, the set F' = {y} is closed and
does not contain x. Therefore there are open U, V C X such that x € U, {y} C V and
U N V =0.Itis clear that the sets U and V separate the points x and y.

To get an example of a Hausdorff non-regular space, denote the set {% :n € N}
by Sand lettd = Ng U{R\ S}. Since YU D |J N =R, the family U/ generates a
topology 7 on R as a subbase (Problem 008). Denote the space (R, 7) by X. Given
distinct p, ¢ € X, let r = |p — ¢| (remember that p and ¢ are real numbers!) and
consider the intervals U = (x —5,x 4+ %) and V = (y — 4,y + %) which are open and
disjoint.
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Observe that any open interval (a, b) C R is open in the natural topology Nz
on R because, if x € (a, b) then, for ¢ = min{x — a, b — x}, we have (x — &, x + &)
C(a,b).SincepeU,geV,U,VeNrCtandU N V=0, we proved that X is
Hausdorff.

To see that X is not regular, let x = 0 and F = S. It is clear that F is a closed subset
of X which does not contain x. Suppose that U, Ve r,x e U,F CVand U N V= ().
As the family U/ is a subbase for 7, there are Uy, ..., U, e U withxe W=U; N --- N
U,C U.Then W =W N (R\S) € 7 and if we take the intersection G of all U,’s
which belong to N then W = G N (R\S). Since G € N, there is & > 0 such that
(—¢, &) C G. It s clear that the set W = (—&¢, €)\S belongs to 7 and W’ N V = ().
The sequence {%} converges to zero and hence ﬁ<e for some m € N. Since # €
V € 1, there are Vy,..., V; € U such that % eVin -~ N V,CYV. Observe
that V; # (R\S) for all i because # ¢ (R\S). Thus, there exists 6 > 0 such that

5<min{#—l i—L} and H= (1 — 6,14 6) C V;forall i < k. Now, the point

m—1 m'm m+l

z=2142%belongsto H N (—¢, &) N (R\S) C U N V = which is a contradiction.
S.013. Show that any Tychonoff space is a Tz-space.

Solution. Any Tychonoff space is T by definition. Suppose that X is Tychonoff,
x € X and F is a closed subset of X with x ¢ F. There exists a continuous function
f:X — R with f(x) = 1 and f(y) = O for all y € F. In the previous problem,
we proved that any interval (a, b)) C R is open in R. By continuity of f the
sets U :f’l((%,%)) and V :f’l((—%,%)) areopenin X and U NV = (. It is
immediate that x € U and F C V so X is regular.

S.014. Let Y = {(x, y) € R?: y = 0}. Denote by L the set {(x,y) € Y:y=0}. For
eachz=x,0)€LletN,={(x,):0<t<2}U{(t+x,0:0<t<2}.Ifz€Y\Lwe
put B, = {{z}}. Given z € L, let B, = {{z} U (N\A) : A is a finite subset of N,}.
Let p = (0, —=1) and X = Y U {p}. Denote by B, the family {{p} U O, : n € o},
where O, = {z = (x,y) €Y :x > n} for any n € .

(i)  Show that the families {B, : z € X} satisfy the conditions (LB1)—(LB3) of the
Problem 007 and hence they generate a topology T on X as local bases.
Denote by iy the topology of subspace of X on'Y.

(if) Prove that any U € B, is closed in X for any z € Y. Deduce from this fact that
the space (Y, uy) is a Tychonoff one.

(iii) Let f:Y — R be a continuous function. Assume that f(z) = 0 for some z € L.
Prove that there exists a countable set N(f, z) C N, such that f (u) = 0 for any
u € NA\N(S, 2).

(iv) Suppose that f : Y — R is a continuous function such that f|A = 0 for an
infinite A C N, for some z € L. Prove that f(z) = 0.

(v) Givenr € R, assume that f: Y — R is a continuous function such that f|B =0
for an infinite set B C [r, r + 1] x {0} C L. Show that there is an infinite set
B' C [r+1,r+ 2] x {0} for which f|B" = 0.

(vi) Denote by W, the set {p} U O,,. Prove that W,.» C W,, for any n € w (the
closure is taken in X). Deduce from this fact that X is a Ts-space.
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ii) Let F = {(t,0) : t € (—o0, 0]}. Prove that F is closed in X and f(p) = 0 for
any function f € C(X) such that f(x) = 0 for all x € F. Conclude that X is an
example of a Tz-space which is not completely regular.

Solution. (i) The property (LB1) is clear. It is also immediate that U, V € B,
implies U N V € B, for all z € X. Thus (LB2) also holds. The property (LB3) is
evident for any z € Y\L because 5, = {{z}} and z € U € B, implies {z} C U. Now, if
z€Landz € U € B, for some y # z then y = p and U = O,, for some n € w.
Therefore M, = {z} UN, C O, = U and (LB3) is checked for z. Now, if z = p then
z € U € B, is possible only if y = p so this case is trivial.

(ii) If z € Y\L then U = {z} and, for any y € Y\ {z}, the set V\{z} is open for every
V € B,. Indeed, if y € Y\L then V = {y} and V\{z} = {y}\{z} = V. If y € L then
V = M,\A for some finite A C Ny and V\{z} = M,\(A U {z}) € B,. This shows that,
for every point y € Y\{z}, there is an open set W, such thaty € W, C Y\{z}. Thus Y
\{z} = U{Wy :y € Y\{z}} is an open set and hence U = {z} is closed. In particular,
{z} is closed for any z € Y\L. If z € L then the set Y\{z} = [ J{N,: t € L\{z}} U
(U{{z} : z€ Y\L}) is open and hence {z} is also closed in Y. Thus, Y is a T;-space.

Suppose now that U € B, for some point z € L. Then U = M_,\A for some finite
A CN.. If y € \L)\U then we let W, = {y} € B,. Itis clear that y € W, C Y\U.
Now, if y € L\{z} then the sets N, and N; can have at most two points (say a, b) in
their intersection. If we let W, = M,\{a, b} then again W, € B, and W, C Y\U.
Therefore Y\U = (J{W, : y € Y\U} is an open set and hence U is closed.

Let us prove that (Y, uy) is completely regular (and hence Tychonoff) space.
Given a point y € Y and a closed set F C Y such that y ¢ F, there is U € B, such that
U N F = () because Y\F is an open neighbourhood of y and B, is a local base of ¥
aty.Now, letf(x) =1 ifx € Uand f(x) = 0 if x € Y\U. For the functionf: Y — [0, 1]
we have f(y) = 1 and f(x) = O for any x € F so we only must prove that f is
continuous. We will use the condition 009(vi) which is equivalent to continuity of
f- For any A C Y the set f(A) consists of one or two points of [0, 1] so f(4) = flA)
(the bar denotes the closure in [0, 1]). If f{A) = {0, 1} then ficly(A)) CAY) = {0, 1} =
flA) = f(A). If f{A) is a one-point set, say f{lA) = {1} then A C U and, the set U
being closed, we have cly(A) C U whence f(cly(A)) C fU) = {1} =f(A). If f(A) =
{0} then A C Y\U and cly(A) C Y\U because Y\U is also closed. Thus f(cly(A)) C
fONU) = {0} = f(A).

(iii)) We use the condition 009(iv) which is equivalent to continuity of f. Recall

that M, = N. U {z} for any z € L. For any n € N, the interval (—1,1) is an open set

which contains 0 and therefore there is an open U > z for whicril flU) c (—%, %)
Since B, is a local base at z, there is a finite A,, C N, such that M_\A,, C U and hence
fMN\A,) C f(U) C (—%, %) We claim that the countable set N(f, z) = (J{A, : n € N}
is as promised. Indeed, if u € N\N(f, z) then u € ({N\A,, : n € N} and hence
| flw)] < L for all n € N. Therefore f(u) = 0.

(iv) Note that z € cly(A) so we can apply the condition 009(vi) to conclude that
f(z) € f(A) = {0} = {0} (the closure is taken in R) and hence f(z) = 0.

(v) Given an arbitrary point z = (x, 0) € L, let N? ={(x,0:0<t<2}and N1 =
{(t+x,1): 0 <t <2}. We can assume that B is countable because every infinite set
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contains an infinite countable subset. Let Ny = [ J{N(f, z) : z € B}. Denote by pr the
projection of the set Y onto L, i.e., pr((x, y)) = (x, 0) for any (x, y) € Y. Note that, for
any z € B, we have pr(N!) D [r + 1, 7 + 2] x {0} and hence N! ﬂNS = () for any
y € [r+ 1,r+ 2]. The set P = pr(Np) is countable and therefore there is an infinite
set B C ([r + 1, + 2] x {O})\P. Let us prove that B’ is as promised. If z € B and
y € B, denote by t, the unique intersection point of the sets N? and Nyl. Since
N? NN =, we have 1, ¢ N(f, y) (see (iii)) and hence f(r,) = 0. It is evident that
y # y' implies #, # 1, and therefore {¢, : y € B} is an infinite subset of N, on which
the function f'is equal to zero. Now the statement (iv) shows that f(z) = 0.

(vi) Since W,,,» C W,, we only have to prove that W, ,\W, 1> C W,. All points
of W,,+2\W,,+2 belong to L so let z = (x, 0) € L. If x < nthen N.NW,,.» = () and
hence x ¢ W, 5. Thus W, C W,,.

To prove that X is a T5-space, note that we proved that all points of Y are closed in Y.
Observe that, for any z € Y, there is n € N such that z ¢ W,,. This shows that p cannot be
in the closure of {z} and hence {z} is also closed in X. It is immediate that Y is open in
X and therefore {p} is closed. This proves that X is a Tj-space so we only need to
establish regularity of X. Observe first that, for any z € Y, the point p is not in the
closure of any U € B, and hence U is also closed and open in X. If z € Y and F is a
closed subset of X with z ¢ F then there is U € B, with U N F = {). Then for the open
setsUand V=X\U,wehave F CV,x€ Uand U N V = (). Finally, suppose that F is a
closed subset of X with p ¢ F. Since the family {W,,: n € N} is alocal base at p, there is
n € Nsuchthat W, N F=0.NowletU =W,_,and V=X\W,_,.Itiseasy to see that
U and V are open sets such thatp e U, F C Vand U N V = .

(vii) The set F must be closed in the space X because its complement X\F =
Ul{z} :z€ Y\LY U {W,: z € L\F} U W, is open being a union of open sets. Now
suppose that f: X — R is a continuous function with f|F = 0. Apply (v) for r = —1.
The function f'has infinitely many zeros on [—1, 0] x {0} and hence it has infinitely
many zeros on [0, 1] x {0} and the same on [1, 2] x {0}, on [2, 3] x {0}, etc. Asa
consequence, for any n € N, there is x > n such that f(z) = 0 for z = (x, 0). This
implies p € A where A = f~'(0). Since {0} is closed in R, the set A is closed in X and
hence p € A. This proves that f(p) = 0, so the space X cannot be completely regular.

S.015. (Urysohn’s lemma). Let X be a normal space. Suppose that F and G are
non-empty closed subsets of X with F N G = (). Prove that for any rational number
q € [0, 1] one can choose an open set U, in such a way that the following properties
will hold:

@) U, C U, ifr <s.
Show that the function f: X — R defined by the formula
inf{r:xe U}, if xeX\G;
f) = )
1, ifxeG

is continuous and f(F) C {0}, (G) C {1}. Deduce from this fact that any T4-space
is a Tychonoff space.
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Solution. Apply normality of the space X to find open sets Uy and W such that F C
Uy, G C Wand Uy N W = (). The set X\W is closed and Uy, C X\W which implies
Uy C X\W C U,. Take any faithful enumeration {g,, : n € w} of the set Q N [0, 1]
such that go = 0 and g; = 1. We already have open sets U, and U, such that
Uy C U,. Suppose that k > 1 and, for any n < k, we have an open set U,, such that
Gn < g implies U,, C Uy, forall m, n < k. Consider the numbers r = max{g; : i < k
and ¢; < g1} and s = min{g,; : i < kand g, < ¢;}. Itis clear that r < g1 <
s and U, C U, by the inductive hypothesis. By normality of X there exist open
sets Uy,,, and W such that U, C U,,,,, X\U, C Wand U,,,, N W = (). Since the set
X\Wis closed and U,,,, C X\W, we have U,,,, C X\W C U,. We claim that the sets
{U,, : n < k + 1} satisfy the inductive hypothesis U,, C U, forall m,n < k + 1
such that ¢,, < ¢,,.

Indeed, if both numbers ¢,, and ¢,, are distinct from ¢,,, ; then the inclusion takes
place by the inductive hypothesis. If m = k + 1 then U,, C U, C U,,,, by our
construction and the inductive hypothesis. If n = k + 1 then U,,,, C U; C U,, by
our construction and the inductive hypothesis. Thus, our inductive construction can
be fulfilled for all » € w and hence we will have open sets {U, : ¢ € Q N [0, 1]}
with the properties (i) and (ii).

Note that x € Uy for any x € F and hence f(x) = 0. By the definition of f
we have f(x) = 1 for all x € G. Let us prove that f is continuous. Since the family
S={(r,400):reR} U {(—o00,r):r € R} isasubbase of R, it is sufficient to prove
that £ '(U) is open in X for any U € S (009(iii)).

Now, if 7 < 0 then f~'((—o0, 1)) = D and f'((—o0, ) =X if r> 1.If0 < r < 1
then the setfl((—oo, ) =U{Us:s€QNIO0, 1]and s < r} is also open as a union
of open sets. If » < 0 then f ' ((r, +00)) = X and f ~'((r, +00)) = 0 if » > 1. Finally,
if 0 < r < 1 we have f~'((r, +00)) = UIX\U,;:s € Q N [0, 1] and s > r} which
proves that f~ Y(r, +00)) is an open set.

Suppose finally that X is a T4-space. Given x € X and a closed set F C X
with x ¢ F, the sets {x} and F are closed and disjoint so by the Urysohn’s
lemma there is a continuous function f : X — [0, 1] such that f({x}) = {1} and
f(y) =0 for all y € F. Therefore f(x) = 1, f(F) C {0} and this proves that X is a
Tychonoff space.

S.016. Prove that the space (Y, uy), constructed in Problem 014 is Tychonoff
but not normal.

Solution. It was proved in 014 that (Y, uy) is a Tychonoff space. To see that it
is not normal, consider the disjoint closed sets F' = {(#,0) : € (—o0, 0]} and G =
{(#,0) : t € (0, +00)} of the space Y. Suppose that Y is normal. By Problem 015
there is a continuous function f: ¥ — R such that f(F) = {0} and iG) = {1}. Now
apply 014(v) for r = —1 to conclude that there are infinitely many points in
[0, 1] x {0} C G in which f is equal to zero. However, this is a contradiction
because f(x) = 1 for every x € G.

S.017. Let X be a T;-space for i< 3%. Prove that any subspace of X is a
T;-space.
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Solution. Let X be a Ty-space. If Y C X and x, y are distinct points of Y then there is
U € 7(X) such that U N {x, y} consists of exactly one point. Then ' =U N Y €
7(Y) and the set U' N {x, y} = U N {x, y} also consists of exactly one point.

Now, if X is a Ty-space and ¥ C X then, for any y € Y, the set {y} is closed in X.
Therefore X\ {y} € 7(X) and Y\{y} = (X\{y}) N Yisopenin Y. As a consequence,
{y} is closed in Y.

Assume that X is a Hausdorff space and Y C X. If x and y are distinct points of Y,
then there are U,V € 7(X) suchthatxe U,ye Vand U N V=0.Now,ifU'=UNY
andV =V NYthenU,V €r(Y),xcU,yeV and U N V' =, which proves
that Y is Hausdorff.

If X is a T5-space and Y C X, then we already established that ¥ must be a
T,-space so we must only check that Y is regular. Take a pointy € Y and a set F ¢ y
which is closed in Y. The set Y\F is open in Y so there is U € 7(X) with U N Y =
Y\F. The set P = X\U is closed and y ¢ P. By regularity of X there are V, W € 7(X)
suchthaty e V,PCWandV N W=0.IfV =V N Yand W =W N Y then V', W
er¥),yeV,FCWandV N W = 0.

Suppose finally that X is Tychonoff and ¥ C X. We already established that
Y must be a Ty-space so we must only check that Y is completely regular. Take a
point y € Y and a set F ¢ y which is closed in Y. The set Y\F is open in Y so there is
U e 7(X) with U N Y = Y\F. The set P = X\U is closed and y ¢ P. By complete
regularity of X there exists a continuous f: X — [0, 1] such that f(y) = 1 and f(x) =0
forall x € P. Let g(x) =fix) forallx € Y. Theng: Y — [0, 1], g(y) = 1, g(F) C {0}
so the only thing left is to prove that g is continuous. But this follows immediately
from the equality gil(U) :fl(U) N Y for any U € 7([0, 1]).

S.018. Show that a closed subspace of a T4-space is a Ty-space. Give an example of
a Ty-space X such that some Y C X is not normal.

Solution. Suppose that Z is a normal T,-space and P is a closed subspace of Z. By
017, the space P is T, so it is sufficient to prove that P is normal. If F and G are
closed disjoint subsets of P then F and G are closed in Z (it is an easy exercise) so
there are U,V € 7(Z) suchthat F CU,GCVand U N V=0.LetU =U N P
and V' =V N P. For the sets U’ and V' we have U, V' € 7(P), F C U’',G C V' and
U N V' = (. Hence the space P is normal.

To construct the promised space X, we must develop some technique for proving
normality of spaces. Given a space Z, say that U C Zis clopen if U € 7(Z) and U is
closed in Z.

Claim 1. Suppose that a space Z is a finite union of its clopen normal subspaces.
Then Z is normal.

Proof of the claim. Suppose that Z = C; U --- C,, where C; is a clopen normal
subspace of Z for all i < n. We can assume that the sets C; are disjoint, because if
not, then we can consider the sets C} = C; and C} = C;\(C; U - -- U C;_1) for all
i€ {2,...,n}. Every subspace CQ is closed in C; and hence normal. Besides, each Cf
isclopenin Zand Z = C| U --- U (. So, from now on we assume that the sets C;
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are disjoint. Suppose that F and G are closed disjoint subspaces of Z. Then F; = F
N C;and G; = G N C; are closed disjoint subsets of C; for each i < n. By normality
of C,, there are U;, V; € 7(C;) such that F; C U;, G; C V;and U; N V; = (). For the sets
U=U,U---UU,andV=V,U---UV,,wehave U,V € 7(X),F C U,G C Vand
U N V = (. Therefore Z is normal.

Claim 2. Let Z be any space with a unique non-isolated point zy. Then Z is normal.

Proof of the claim. Suppose that F and G are closed disjoint subspaces of Z. The
point zg cannot belong to both of them; suppose, for example, that zq ¢ F. Then F
consists of isolated points of Z and hence F is openin Z. Let U = F and V = Z\F.
Then U,V € 7(Z), F CU,G C Vand U N V = () so the space Z is normal.

For each n € N, let P, = [0, 1] x {{} ¢ R*and P, = [0, 1] x {0} C R®. Our
space X will be the set P = | J{P, : n € w} with some topology we are going to
describe. Let p = (0,0), D = {(x,y) € P:x>0andy >0} and Q = {(0,%) :n €N},
If z € D then let B, = {{z}}. For any z = (x, 0) € Po\{p}, we let B, = {O(x, k) :
k € N} where O(x, k) = {(x,0)} U {(x,%) :n € Nandn = k} for each k € N. Now, if
z=1(0, %) € Q then B, = {V(A, n) : A is a finite subset of [0, 1]}, where V(A, n) = {z}
U (([0, 11\A) x 1). Denote by Ny the set {0} U {1 : n > k} for each k € N and let
B, ={W(A, k) = ([0, 1]\A) x Ni:Ais afinite subset of (0, 1] and k € N}. We leave
to the reader the evident verification of the properties (LB1)—(LB3) (Problem 007)
for the families {B, : z € P}. Let X = (P, 7), where 7 is the topology generated by
the families { B, : z € P} as local bases. Observe also that every V € B3, is clopen for
any z € P.

The space X is normal. Indeed, suppose that F and G are closed disjoint
subspaces of X. The point p cannot belong to both of them; assume, for example,
that p ¢ F. The set X\F is an open neighbourhood of p and therefore there is a finite
A C (0, 1] and k € N such that W(A, k) N F = (). Note that X\W(A, k) =P, U---U
Pr_1U(Uf{a} x Ny :a € A}). Each P; is clopen in X as well as {a} x N, for each
a € A. The subspaces P; and {a} x N, are normal (Claim 2) foralli € Nanda € A
being spaces with a unique non-isolated point. They are also clopen subspaces of
X so Claim 1 is applicable to conclude that X\W(A, k) is a normal space.

The sets F and G’ = G N (X\W(A, k)) are closed and disjoint in X\W(A, k) so it is
possible to choose U, V' € 7(X\W(A, k)) with F C U, G’ C V' and U N V' = (). Now,
ifV=V UWA,kythenU,VerX),FCU,GCVand U N V = () whence the
space X is normal.

The last thing we have to prove is to find a non-normal subspace of X. Let Y =
X\{p}. To see that Y is not normal, consider the sets F = ({0} x N)\{p} and G =
Po\{p}. It is easy to verify that F and G are closed subspaces of Y and F N G = {).
Suppose that U, V € 7(Y) are disjoint and F C U, G C V. Then U and V are also open
in X and hence, for each z; = (0, %) € F there exists a finite set A, C [0, 1] such that
V(Ai, k) C U. The set A = |J{A : k € N} is countable and hence there is
x € (0, 1]1\A. We have (x, %) € U for any n € N and therefore O(x, n) N U # ()
for all n € N. However, {O(x, n) : n € N} is a local base at (x, 0) which implies
O(x, n) C V for some n € N. As a consequence, U N VD U N O(x, n) # () which is
a contradiction. Thus Y cannot be normal.
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S.019. Prove that R is a T4-space.

Solution. Observe that any open interval (a, b) C R is open in the natural topology
Nk on R because, if x € (a, b) then, for the number ¢ = min{x — a, b — x}, we have
(x — & x4+ ¢) C (a, b). For any x € R, the set R\{x} is open because it is easy to
represent it as a union of open intervals. Hence {x} is closed and R is a T-space. To
prove the normality of R, we will need the following auxiliary function. Given
A CR,letdy(x) =inf{|x —y| : y € A}.

Claim. The function d, is continuous for any A C R.

Proof of the claim. We use the condition 009(iv) which is equivalent to continuity.
Take any xy € R and suppose that ro = d(xg) € U € Ng. There is ¢ > 0 such that
(ro — &, 19+ €) C U. The proof of the claim will be finished if we show that d,(V) C
(ro — & 1o+ ¢ C U, where V = (xo —£,X0 —|—’§) Pick any x € V. The infimum
condition in the definition of d, implies the existence of y € A such that
|Xo—y|<da(xo) + 5. Then |x —y| < |x —xo| + |xo — y|<§ +da(x0) +5 = da(x0) +e.
Therefore da(x) < |x — y| < ro + & To prove that d4(x) > ro — & suppose not.
Then ds(x) < ro — 5 and hence we can find z € A such that |x — z| < ry — 4
Now, [xg —z| < |xo — x| 4 |x — z[<+ 70 —§ =19 and, as a consequence, da(xo) <
|x — z| < ro which is a contradiction. Thus d4(x) € (ro — &, ro + ¢) and our claim is
proved.

To prove that R is normal, take disjoint closed sets F, G C R. The function ¢ :
R — R defined by p(x) = dr(x) — dg(x) (see the claim) is continuous (it is a good
exercise that the difference of two continuous functions is a continuous function;
we leave its easy proof to the reader because a more general statement will be
established in subsequent material). Observe that the sets U = (pfl((foo, 0)) and
V = ¢ '((0, +00)) are open in R and disjoint being inverse images of disjoint open
sets under the continuous function . If x € F then dp(x) = 0 and dg(x) > 0 and
hence ¢(x) < 0 which implies x € U. This shows that ' C U. Analogously, if x € G
then dg(x) = 0 and dr(x) > 0. Therefore, p(x) > 0 and x € V. Thus G C V and we
proved the normality of R.

S.020. Let U be a subspace of R. Given a function f : U — R, prove that f
is continuous in the sense of Calculus (that is, for any x € U and ¢ > 0 there is
0 > 0 such that'y € U and |y — x| < 6 implies [{(y) — f(x)| < &) if and only if it is
continuous as a map between the spaces U and R.

Solution. Suppose that f is continuous in the sense of calculus and fix x € U.
If W > f(x) is an open set then there is ¢ > 0 such that (f(x) — ¢, fix) + &) C W.
By the calculus definition of continuity at the point x, there is 6 > 0 such that
|y — x| < 0, y € U implies | (y) — fix)| < &. But what the last statement says is that
V) C (fix) — &, fix) + &) C W for the open set V = (x — J,x + 6) N U > x. This
shows that f is continuous in the topological sense.

Now, suppose that f: U — R is continuous and fix x € U and ¢ > 0. The set
W = (f(x) — &, f(x) + ¢) is open in R and contains the point f(x). By 009(iv)
there is V € 7(U) with x € V such that f(V) C W. The set V is also open in R and
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therefore there is a > 0 such that (x — 6, x + ) C V. Now we have f{(x — 9,
X+ 9)) C (fx) — & fix) + ¢) and this means precisely that [y — x| < ¢ implies
Ify) — fl)] < e.

S.021. Let X, Y and Z be topological spaces. Suppose that f € C(X, Y) and g €
C(Y, Z). Prove that h = g o f € C(X, Z). In other words, the composition of
continuous maps is a COntinuous map.

Solution. Let U be an open subset of Z. Then g~ '(U) is open in ¥ by continuity of g.
The set W = f~'(¢"'(U)) is open in X by continuity of f. Now observe that
hfl(U) = W is also open in X and hence 4 is continuous.

S.022. Suppose that X and Z are topological spaces and f: X — Z. Given a subspace
Y C X, let (f|Y)(x) = fix) for any point x € Y, this defines a map f|Y : Y — Z. Prove
that, if f is a continuous map, then f|Y is also continuous. In other words, the
restriction of a continuous map to a subspace is a continuous map.

Solution. To prove continuity of the function g = f|y observe that we have
¢ 'U) =f"'U) N Y for any U C Z. As a consequence, the set g '(U) is open
in Y if U is open in Z.

S.023. Let X and Z be topological spaces. Suppose that, for a map f : X — Z, we
have f(X) C T C Z. Prove that f is a continuous map if and only if f is continuous
considered as a mapping of X to T.

Solution. Denote by f; the function f considered to map X to 7. Suppose that f is
continuous. If U € 7(T) then there is V € 7(X) such that V N T = U. Now, fo‘l )=
f 71(U) € 7(X) and hence f is continuous.

On the other hand, if the map fy is continuous and U € 7(Z) then we have
(%)) =fy"1 (U N T) € 7(X) and hence f is continuous.

S.024. Prove that a composition of homeomorphisms is a homeomorphism.

Solution. Suppose that f: X — Y and g : ¥ — Z are homeomorphisms. The map
h = g o fis clearly a bijection which is continuous by Problem 021. Now the map
h~ ' =f"' o g~ 'is also continuous by Problem 021 applied to the continuous maps

fland g7
S.025. Prove that, for any a, b € R with a < b, the interval (a, b) is homeomorphic
to R.

Solution. Define a functionf: (a, b) — (—1, 1) by f(t) = b% (t—a)— 1foranyt €

a

(a, b). Then fis a homeomorphism as well as the map g : (—1, 1) — (—%, %) defined
by g() = % 1. Finally, the map / : (=%,2) — R for which h(r) = arctan(t) is also a

homeomorphism and therefore, 4 o g o fis a homeomorphism between (a, b) and R
by Problem 024.

S.026. Prove that R is not homeomorphic to 1.

Solution. If f : R — T is a homeomorphism then ¢ = f ' : [-1,1] —» Ris a
continuous surjective function which is also continuous in the sense of calculus by
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Problem 020. However, a standard theorem of any basic course of calculus says that
every continuous real-valued function on I is bounded and hence g cannot be
surjective, a contradiction.

S.027. Let X be a topological space. Given two mappings f, g : X — Rand 1 € R,
show that

@) Iff,geCX)thenf+geCX)andf- geC(X)
(i) Iff, g € C(X) and g(x) # 0 for any x € X then - € CX).
@) If f € C(X) then Af € C(X) for any A € R.

Solution. To prove (i), fix a point xo € X and ¢ > 0. By continuity of f, there
is U € 7(X) such that xo € U and f(U) C (f(xo) — £,f(x0) +%). Since g is
also continuous, there is V € 7(X) such that xo, € V and g(V) C (g(x0)—
£,8(x0) +%). Now, if x € W = UNV then |[(f+g)(x) — (f+&)xo)| = [flx)+g(x)—
fro)—g(ro)| < ) — fixo)] + [g(x) — g(xo)| < &+ % = & which shows that (f + ¢)
W) C ((f+ 9)(x0) — &, (f + g)(xp) + &) and hence the function f + g is continuous.

To prove continuity of f - g at the point xq, fix U, V € 7(X) such that xy €
U N Vand [f(x) — fixg)| < 1 forany x € U as well as |g(x) — g(xo)| < 1 for any
x € V. For the number K = [f(xo)| + |g(xo)| + 1, find W, W' € 7(X) for which x €
W N W, [flx) — fix))| < 5% if x € W and |g(x) — g(xo)| < 5% for all x € W'
Observe that if x € U N V then [f(x)| < [f(xo)|+1 < K and |g(x)| < |g(xo)| +
1 <K.Theset O =U NV N W N W isopen in X and contains the point x.
Given x € O, we have

(f - 8)(x) = (f - §)(x0)| = |f (x)g(x) —f(x0)8(x0)]|
= |/ (0)(8(x) = g(x0)) + g(x0) (f(x) — f(x0))|
<[f)llg(x) — glxo)| + lg(xo)1f (x) — £ (xo0)]
K-3%+K-5%=¢.

Therefore (f- g)(O) C ((f- g)(xo) — &, ((f- g)(xp) + ¢) and continuity of f- g at the
point xg is proved.

(i1) Let us prove first that l is continuous at the point xo. By continuity of g, there
is an open set U 3> xgy such that | g(x) g(xp) < lsb)] V” Uforallx € U. Asa consequence,
lgo)| > ‘g )l and hence —1- el g(x)l < TGl g( ol forall x € U There is an open V 3 x, such that

lg(x) — g(x0)| < (2)) for all x € V. The set W = U N V is open in X and

contains xo. If x € W then |(g)( X)— (;)(x0)| m lg(x) —g(x0)|< m

2
lg(x) — g(xo)|<e- @ G (3))2 =¢. This shows that the function % is continuous at
X0 &

the point x and hence the function L= f -Lis also continuous by (i).

(iii) To prove continuity of Af at the point xy, suppose first that A = 0. Then
the function Af is equal to zero at all points and its continuity is evident. If 4 # 0 let
U > x( be an open set with |f(x) — flxg)| < M for any x € U. Then, for any x € U, we
have |M(x) — AMfixo)| = |A] - [f(x) — fixo)| < |4] = which proves continuity of Af
at the point xo,.
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S.028. Let X be a topological space. Given two mappings f, g : X — R, show that, if
f, g € C(X), then max(f, g) € C(X) and min(f, g) € C(X).

Solution. Observe that we have max(f, g)(x) = % (fx) + g) + [f(v) + g(x)]) and
min(f, g)(x) = % (f(x) + g(x) — |fix) — g(x)|) for any x € X. The functions f + g and
f — g are continuous by Problem 027. The function |[f — g| is also continuous being
a composition of () = |¢f| with the continuous function f — g (Problem 021).
Applying problem 027 once more, we can conclude that max(f, g) and min(f, g) are
continuous.

S.029. Suppose that X is a topological space and f, : X — R for all n € w.
Prove that, if {f, : n € w} C C(X) and f,, = f, then f € C(X). In other words, the
limit of a uniformly convergent sequence of continuous functions is a continuous
function.

Solution. Fix xo € X and ¢ > 0. There exists m € w such that | f,(x) — fix)| < § for
all n = m and x € X. The function f;, is continuous at the point x, so there is an
open U 3> xg such that | f,,(x) — f,.(xo)| < § for all x € U. If x € U then [f(x) —
f(X0)| = |f(x) _fm(x) +fm(x) _fm(xo) +fm(x0) —f(X0)| < lf(X) _fm(x)| + lfm(x) -
fnxo)| + [ fxo) — fixo)| < §+45%+% = ¢, which proves continuity of f at the
point x,.

S.030. Suppose that X is a set and we are given a functionf, : X — R for each n € .
Let g, =fo+ -+ f,and assume that |f,(x)| < c, for every x € X and n € w. Assume
additionally that the series Z;io c, converges, i.e., there is ¢ € R such that for
every ¢ > 0 we can find a number m € o such that | Y~ _, cx — c|<efor all n = m.
Prove that the sequence {g, : n € w} converges uniformly on X, i.e., g, =3 g for
some g : X — R.

Solution. It is clear that ¢, = 0 for all » € w. Fix x € X and consider the numeric
sequence {g,(x)}. Given ¢ > 0 there exists m € w such that | Y ;_ ¢, — ¢| < % forall
n = m. As a consequence, for any natural p, ¢ = m with p < g, we have

180(6) — 8o ()| = [for1 (1) + -+~ +£,(0)| S cpir + -+ + ¢,
e e
N (ZLI < _C) N (Zle Ci _C><§+§<s7

which proves that {g,(x)} is a Cauchy sequence. Denote its limit by g(x). Since g(x)
exists for every x € X, we obtain a function g : X — R. To see that g, = g, let ¢ > 0.
There exists a natural s such that, for all n > s we have | Y ;_ ¢, — c|<4 Now,
if p, ¢ = s then

lgp(¥) — g4 ()| = a1 (x) + -+ ()] < cprt + -+ ¢4
=(Tha=o) - (Tha-d<si=3

for all x € X.
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If ¢ — oo in the inequality |g,(x) — g,(x)| < %, we obtain |g,(x)—g(x)| < £ < ¢
for all x € X and p > s and this proves that g, = g

S.031. (The Tietze-Urysohn theorem) Let X be a normal space. Suppose that A is a
closed subspace of X and f: A — [a, b] C R is a continuous function. Prove that
there exists a continuous function F : X — [a, b] such that F|A =f, i.e., F(x) = f(x)
for all x € A.

Solution. Observe that, if @ = b, our statement is trivially true, so from now on we
assume that a < b. Suppose first that a = —1 and b = 1. We will need the following
lemma.

Lemma.Let h : A — R be a continuous function with |k(x)| < ¢ for all x € A. Then
there is a continuous function g : X — R such that |g(x)| < £ for all x € X and [g(x) —
h(x)| < % for all x € A.

Proof of the Lemma. The disjoint sets P = h’l([—c, —%]) and Q =h" ([3, ])
are closed in A and hence in X. Apply the Urysohn’s lemma (015) to find a
continuous function £ : X — [0, 1] such that k(P) C {0} and k(Q) C {1}.
The function g(x) = 2c(k(x) — 1) is as promised. Observe first that g is continuous
being obtained by arithmetical operations from the function £ (Problem 027).
Now, k(x) € [0, 1] implies k(x )—5 S [—5,%] for all x € X. Thus
glx) € [f%'c%,%c%] = [fg,g] for all x € X. To finish the proof of the
lemma, we must show that |g(x) — h(x)| < %‘ for all x € A. If x € P then
h(x) € [—c,—§] and g(x) = =5 As a consequence, h(x) — g(x) € [~3¢,0] and
|h(x) — g(x)| <3c. If x € Q then we must have h(x) € [$,¢]| and g(x) =% Thus
h(x) — g(x) € [0,%c] and |h(x) — g(x)| <3c. Now, if x € A\(P U Q) then |h(x)| <5
It follows from the inequality |g(x)| < £ that |h(x) — g(x)| < |h(x) + gx)| <§+§=

%c and our lemma is proved.

Remembering that |f{x)| < 1 for all x € A, we can apply the lemma for ¢ = 1 and
h = f. This gives us a continuous function g; : X — R such that |g;(x)| < % for all
x € X and |f(x) — g1(x)| < % for all x € A. Proceeding by induction, suppose that we
have continuous functions gy, . . . g, on the space X such that, for all i < n, we have

() gi(x)] < %(%)Fl for all x € X and

(o) [ f) — (€10) + -+ + g))| < (3 ) for any x € A.

Apply the lemma to the function A(x) = (fix) — (g1(x) + -+ + gix)))|4 and
¢ = ()" obtaining thus a continuous g X — R such that |g(x)| <1(2)" for each
x € X and |h(x) — g(x)| <2(3)"= (z)H for any x € A. It is clear that the function
gni1 = g satisfies (x) and (xx) for all i < n + 1 which means that our construction
is fulfilled for each n € N. Since the series Y .-, 1(3 )1_1 is convergent, the
property () implies that the series Y.~ g;(x) converges uniformly to a function
F (030). The function F is continuous by Problem 029 so it suffices to show that
F :X — T and F(x) = fix) for all x € A. Given x € X, apply (*) to see that

IF(x)] < 32, 43)" =1 and hence F(x) € [—1, 1] for all x € X. Taking any
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x € A and considering the sum G, (x) = >}, gi(x), we obtain from (xx) that |f{x) —
G,(x)| < (2)" for each n € N. Now, if n — oo, we obtain |f(x) — F(x)| = 0 because
G,(x) — F(x) when n — oo. Hence f(x) = F(x) for all x € A and our statement is
proved fora = —1 and b = 1.

Let us prove it for an arbitrary closed interval [a, b] C R with a < b. Observe that
the function () = ;2-(r — a) — 1 is a homeomorphism between [a, b] and [—1, 1]
with the inverse function s(r) =((b —a)t+a+b). Let h = r o f. Then h is a
continuous function on A and 4 : A — I. Since we proved that for such functions the
relevant extension exists, we can take a continuous H : X — [—1, 1] such that H|, = h.
The function F' = s o H is as promised because it is continuous, maps X into [a, b]
and F(x) = s(H(x)) = s(h(x)) = s(r(f(x))) = fix) for all x € A.

S.032. Let X be a normal space. Suppose that A is a closed subspace of X and
f: A — R is a continuous function. Prove that there exists a continuous function
F:X — R such that F|A = f, i.e., F(x) = f(x) for all x € A.

Solution. Let /i(x) = % arctan( f(x)) for any x € A. Then & : A — R is a continuous
function and h(A) C (—1, 1) C L. Thus we can apply Problem 031 to conclude that
there exists a continuous function H : X — T such that H|, = h. The set B =
H™'(—=1) UH (1) is closed and disjoint from A because |H(x)| = |h(x)| < 1 for all
x € A. The space X is normal so we can apply the Urysohn’s lemma (Problem 015)
to find a continuous function k : X — [0, 1] such that k(x) = 1 for all x € A and
k(y) = 0 for any y € B. The function H; = k - H is continuous by Problem 027(i)
and, for all x € A, we have H(x) = k(x) - Hx) = H(x) - 1 = h(x). Now, if x € B
then H,(x) = H(x) - k(x) = 0 because k(x) = 0 for any x € B. If x¢ B then |H,(x)| =
|[Hx)| - |k(x)| < 1 because |k(x)| < 1 and |H(x)| < 1.1t turns out that H;(x) C (—1, 1)
for all x € X and the function F(x) = tan(%- H,(x)) is well defined and con-
tinuous on X. If x € A then F(x)=tan(%-H(x)) =tan(%-H(x) - k(x)) =
tan(Z- H(x) - 1) = tan(% - 2 - arctan(f(x))) = tan(arctan(f(x))) = f(x) and there-
fore F(x) = f(x) for all x € A.

S.033. Prove that X is a normal space if and only if for any closed F, G C X with
F N G = ) there exists a continuous function f : X — R such that f{F) C {0} and
AG) C {1}.

Solution. Necessity is precisely the Urysohn’s lemma proved in Problem 015. To
establish sufficiency, suppose that F and G are disjoint closed subsets of X. Take a
continuous function f : X — R with f(F) C {0} and AG) C {1}. The sets
U=f! ((—%7 %)) and V =f""! ((%, %)) are open, disjoint and F C U, G C V
which proves the normality of X.

S.034. Prove that, for any Tychonoff space X, if we are given distinct points xy, . . .,
X, € X and (not necessarily distinct) ry, . .., 1, € R, then there exists a functionf € C
(X) such that f(x;,) =r;foralli=1,...,n.

Solution. There is nothing to prove if n = 1, so suppose that n € N and n > 2. If
Y= {xi,...,x,} then, for every i < n, the set F; = Y\ {x;} is closed in X and does not
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contain x;. The Tychonoff property of X guarantees the existence of a continuous
function f; : X — R such that fi(x;) = 1 and f;(F;) C {0}. It is easy to check that the
function f=r; - fi + --- + r, - f, is as promised.

S.035. Let X be an arbitrary set. Suppose that f,, g, : X — R for each n € w. Prove
that, if f, = fand g, = g, thenf, + g, = f+ g.

Solution. Let ¢ > 0. As f, = f, there is m € N such that |f,(x) — fix)| < £ for all
n > mand x € X. Since g, = g, there is k € N such that |g,(x) — g(x)| <5 forall n >
k and x € X. Now, if [ = k 4 m then, for any n > [ and any x € X, we have |f,(x) +
gn(X) — fx) — g()| < |f(x) — flx)| + gu(x) — g(¥)| < 5+ 5 = & which shows that
htea=3f+g

S.036. Let f,, g, € C(X) for some topological space X. Assume that f, 3 f and
g, =2 g. Is it always true that

(&) max(fy, g») = max(f, g)?
(D) fn-8n=2f- 87

Solution. (i) This is true. To prove it, we will need the (easy to prove) inequality
[la| = |b|| < |a — b| for any a, b € R. Observe first that if f, = f then |f,| = | f]-
Indeed, let ¢ > 0. Find m € N such that |f,,(x) — fix)| < ¢ for all n > m and x € X.
Then || f,,(x)| — [f)|] < |fulx) — f(x)] < ¢ for all n = m and x € X. As a con-
sequence, |f,| = |f]. Another easy observation is that (—f,) = (—f). Applying
Problem 035 we can conclude that max(f,,g,) = %(f,7 +ontfn—gnl)=
Wf+g+1f —gl) = max(f, g).

(i1) This is not necessarily true. Let f,, = x + % € C(R). It is trivial that f,, = f,
where f(x) = x for all x € R. However, it is not true that /> = f2. To see this, let
n € N. Then f2(x) —f(x) = (er%)zfxz =2x-14 1 Therefore |f2(n) —f(n)| =
2+ ni, > 2 which shows that the condition of the uniform convergence is not fulfilled
for ¢ = 2.

S.037. Call a function f: R — R increasing (decreasing) if x <y implies f(x) < f(y)
(fix) = f(y) respectively), for all x, y € R. Prove that the set of all increasing
functions as well as the set of all decreasing functions is closed in C,(R).

Solution. Let / C C,(R) be the set of all increasing functions. If ¢ I then there are
x, y € R such that x < y and fix) > f(y). If r = fix) — f(y) then the set
W= [x,y; (f(x) = 5.5 (x) +5), (f() = 5.f(y) +5)] is open in C,(X) and contains
the function f. If g € W then g(y)<f(y) + % <f(x) — 5 < g(x) and hence g(x) > g(y)
whence g is not increasing. This shows that W N I = (). Since each f € C,,(X)\I has a
neighbourhood contained in C,(X)\I, the set C,(X)\I is open.

Denote by D C C,(R) be the set of all decreasing functions. If f ¢ I then there
are x, y € R such that x < y and fix) < f(y). If r = f(y) — f(x) then the set
W= [y (F) = 5£(0) +5), (f) = 5.£() +5)] is open in C,(X) and con-
tains the function f. If g € W then g(x) <f(x) +5<f(y) —5<g(y) and hence g
(x) < g(y) whence g is not decreasing. This shows that W N I = {). Since each



72 2 Solutions of Problems 001-500

f € C,(X)O\D has a neighbourhood contained in C,(X)\D, the set C,(X)\D is
also open.

S.038. Prove that there is a subspace of C,(R) which is homeomorphic to C,(I).

Solution. Define a function ¢ : R — I as follows: ¢(x) = x if [x| < 1; if x > 1 then
@(x) =1 and p(x) = —1 for all x < —1. For any f € C,,(I), let ¢*(f) = f o . Thus we
have a map ¢" : C,(I) — C,(R). It is sufficient to prove that ¢" is an embedding.
Observe first that ¢ is an injection. Indeed, if f # g then f{x) # g(x) for some x € I
Then ©*(f)(x) = fix) # g(x) = ©"(g)(x) and therefore ©*(f) # ©*(g). To see that ¢ is
continuous, take any fo € C,(I) and any U > ¢"(fp) with U € 7(C,(R)). There are
Xiy.., X, €ERand Oy,. .., 0, € 7(R) such that ©*(fo) € O C U, where O = [x,. ..,
X5 Oy, .., O,] (the standard open set is taken in C,(R)). If we let 0’ = [¢(xy), .. .,
©(x,); Oy,..., O,] (the standard open set is taken in Cp(I)) then f; € O’ and
©*(0") C O which proves continuity of ¢ at the point f,. To see that (")~ ' is
also continuous, consider the map 7 : C,(R) — C,(I) defined by n(f) = fi. It is
immediate that 7 restricted to ¢*(C,(I)) is the inverse map for ¢ so it is sufficient to
prove that 7 is continuous.

Fix any f, € C,(R) and let gy = n(fy). If go € U € 7(C,,(I)) then there is a standard
openset O = [xy,...,%,; Oy,...,0,] suchthatf€ O C U.Now,if O' = {f € C,(R):
flx;) € O; forall i < n} then O’ is a standard open set in C,,(R) and f; € n(0') C O
C U which proves continuity of 7 at the point fo.

S.039. Prove that C*(R) = C,(R) and Int(C*(R)) = 0.

Solution. Given a topological space Z, it is an easy exercise to prove that A = Z
for some A C Z if and only if there is a base B of Z such that A N U # () for all
U € B. Therefore to prove that C*(R) = C,(R), it suffices to show that C*(R) N
O # () for any standard open O C C,(R). Let O = [xy,...,x,; Oy,..., O,]. Since R
is a Tychonoff space (Problem 019), there exists a function f € C,(R) such that
fx)=r;€0;foralli <n.Letr=|x;| + -+ |x,| + 1. Define a function g € C(R)
in the following way: g(x) = flx) if |x| < r; if x > r then g(x) = f(r) and g(x) = f(—r)
for all x < —r. The easy verification of the fact that g € C*(R) N O, is left to the
reader.

S.040. Given n € w, denote by P, C C,(R) the set of all polynomials of degree < n.
Prove that P, is a closed subset of C,(R).

Solution. We will use the following well-known properties of polynomials (the
proofs can be found in any textbook of algebra):

(x) If xq, ..., x, are distinct points of R and ry,..., r, € R then there exists a
polynomial p of degree < n such that p(x;) = r; for all i < n.
(xx) If xo,...,x, are distinct points of R and p is a polynomial with p(x;) = 0 for all

i < n, then p(x) =0 for all x € R.

Claim. Suppose that f € P,\P,. Thenf + p € P,\P, for any p € P,, and Af € P,\ P,
for all L € R\{0}.
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Proof of the claim. If f+ p = q € P, then f = q — p € P, which is a contradiction.
Thus f + p ¢ P,.. Suppose that f + p ¢ P,. Then there is a standard open set W =
[x1,..., x5 Oy,..., 0] suchthat f+ p € W C C,(R)\P,.. Making the sets O; smaller
if necessary, we can consider that O; = (a;, b;) for all i < k. Let O} = (a; — p(x;), b; —
p(x;) for all i < k. The standard set W' = [xl, . ,xk;O’],...,OZ] contains the
function f because f(x,)+p(x;) € (a;, by) implies flx;) € (a; — p(x,), b; — p(x,)) = O
forall i < k. Since f € P,, there is g € P, with ¢ € W'. Therefore a; — p(x;) < g(x;) <
b; — p(x;) and hence a; < p(x;) + q(x;) < b; for all i < k which impliesr =p + g €
W N P,, a contradiction showing that f + p € P,\P,.

The proof of Af € P, \P, is much the same. If Af = g € P, then f =1 ¢ € P, which
is false. Hence Af ¢ P,,. Suppose that Af ¢ P,. Then there is a standard open set W =
[x1,..., X Oy,..., Ol such that Af € W C C,, (R)\P,,. Making the sets O; smaller
if necessary, we can consider that O; = (a;, b;) foralli < k. Let O} = (%a,—7 %b,-) for all
i < kif A >0and O] = (4b;,1a;) forall i < kif L < 0.

The standard set W' = [xl, X O ,02] contains the function f because
M(x;) € O, implies f(x;) € O for all i < k. Since f € P,, there is ¢ € P, withq € W'.
It is easy to see that » = Ag € W N P, which is a contradiction.

Suppose that P, is not closed and hence there exists f € 1_’,,\P,1. Let x; = i for
i=0,...,n Apply (%) to find p € P, such that p(x;) = f(x;) for all i < n. The claim
says that g = f — p € P,\P,. The function g is not identically zero because g ¢ P,,.
Hence there is y € R\ {xy,. .., x,} such that g(y) # 0. The point y is not necessarily
smaller than all x;’s but we can assume this performing the following trick. Take y, =
min{y, Xg, ..., X,}. If y = y, then there is nothing to do. If not, then there is r € P,
such that g(x) = r(x) forallx € K = {y, xo, ..., X, } \{yo}. Again we have h=g — r €
P, \P, and h(x) = O for all x € K. Note that it is impossible that /(y,) = 0 because then
r(x) = 0 for all x from the set (KU{yo})\{y} which has n 4 1 elements. The property
(%) implies that r = 0 which contradicts r(y) = g(y) # 0. As a consequence, i(yo) #
0 and /(K) C {0}. Multiplying the function 4 by an appropriate number and applying
the claim once more, we can assume that /(y) = 1.

Enumerate K as y; < --- < y,,1 and use (x) once more to find s € P,, such that
s(y)) = (—1) for all i = 1,..., n + 1. The function s is continuous and hence
bounded on the closed interval [y, y,.1] (we are applying here the relevant well-
known theorem of Calculus: any continuous s : [a, b] — R is bounded; continuity of
any polynomial is an easy exercise). Take any M € R such that |s(x)| < M for any
X € [Y0, Yur1] Then t = ﬁs is also a polynomial from P, for which [t(0)| < % for all
X € [yo, Ynr1] and 1(y;) = w; = (—1) 5; foralli=1,...,n+ 1. Finally, letu = h — 1.
Still u € P,\P, and the number u; = u(y;) is positive if i is even and negative

otherwise. Consider the open sets O; = (%,2) if i is even and O; = (%,%)
otherwise. The standard open set O = [yg,..., Yui1; Og,-.., O, 1] contains u

and does not intersect P,, because any w € P,, N O must have at least n 4 1 sign
changes on [yg, y,+1] and hence at least n 4+ 1 roots which implies w = 0, a
contradiction which shows that u ¢ P, and this last contradiction finishes our
proof. Note that we used another well-known theorem of Calculus which says
that, if w : [a, ] — R is a continuous function such that w(a) - w(b) < O then
w(x) = 0 for some x € (a, b).



74 2 Solutions of Problems 001-500

S.041. Denote by P C C,(R) the set of all polynomials. Prove that P = C,(R) and
Int(P) = 0.

Solution. Let O = [xy,..., x,; O1,..., O,] be a standard non-empty open set.
Choose r; € O; for all i < n and find a polynomial p such that p(x;) = r; (see the
solution of Problem 040). It is clear that p € O N P and therefore P = C H(R).
Now, if Int(P) # @ then O = [x,..., x,; Oy,..., 0,] C P for some standard
non-empty open O C C,(R). Take any interval [a, b] D {xy,...x,} and choose r; €
O\{0} for all i < n.Itis easy to construct a function ' € C,(R) such that fx;) = r;
for all i < n and f(x) = O for any x € R\[a, b]. It is clear that f € O and f is not
identically zero having infinitely many zeros in R. Thus f cannot be a polynomial
which is a contradiction with the fact that O C P.

S.042. Let HR) C C,(R) be the set of all homeomorphisms of R onto R. Is it true
that HR) = C,(R)?

Solution. No, this is not true. Let O =[1, 2, 3; (-2, —1), (1, 2), (=2, —1)]. Then O
is a non-empty open subset of C,,(R). If f € O then f'has two sign changes and hence
it has at least two zeros: one on (1, 2) and another on (2, 3). As a consequence, the
function f cannot be injective. This proves that H(R) N O = (.

S.043. Let U be the set of all uniformly continuous functions from C(R) (that is, f €
U if and only if for any ¢ > 0 there exists § > 0 such that |f(x) — f(y)| < ¢ whenever
|x — y| < 0). Is it true that U = C,(R)?

Solution. We will prove that this is true. Let O = [xy,. .., x; Oy, . .., O] be any non-
empty standard open set. Choose a, b € R insuch a way thata < b and {xy,...,x;} C
[a, b]. Let p(x) be a polynomial such that p(x;) € O; for each i < k. The polynomial
p is not necessarily uniformly continuous. To correct it, define a function f as follows:
fix) = p(x) for all x € [a, b], fix) = p(b) for all x > b and f(x) = p(a) for all x < a. It is
easy to see that f is continuous. It is a well-known fact of Calculus that f has to be
uniformly continuous on [q, b], i.e., for any ¢ > 0 there is 6 > 0 such that, for any x, y
€ [a, b] we have |f(x) — f(y)| < ¢ whenever |x — y| < 0. It turns out that the same 0
proves the uniform continuity of f on the whole R. Indeed, if [x — y| < d and x, y €
[a, b] then |f(x) — f(y)| < & because fis uniformly continuous on [a, b]. If x < a then
la — y| < 0 and therefore |f(x) — f)| = |fia) — fy)] < &. Analogously, if x > b
then |» — y| < d and hence |f(x) — Ay)| = |Ab) — fy)| < &. The cases when y < a or
y > b are considered identically. Thus fis a uniformly continuous function and f € O.
This proves that U = C,(R).

S.044. Prove that, for every f € C,(R), there exist open sets {U, : n € w} such that
{f} = N{U, :n € w}.

Solution. Let Q = {g; : i € w} be some enumeration of the rationals. For each
number n € w, consider the standard open set U, = [ro, I 05, 02] , where
ri=flg) and O = (r; =1 r; + 1) forall i € w. It is clear that f € U, for all n € w.
To prove that {f} = N{U, :n € w}, suppose that g € N{U,: n € w}. Then g(q;,) =
flg,) for all i € w. The function 7 = g — fis continuous and 4(g) = 0 for all ¢ € Q.
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Since Q = R, for any x € R, we have i(x) € 1(Q) = {0} = {0} (Problem 009(vi)).
Thus h(x) =0 forallx € Rand f= g.

S.045. Prove that each of the spaces C,(Q) and C,(N) has a countable base.

Solution. Let U be the family of all open intervals in R with rational endpoints.
The family 5 of all sets [xy,...,x,; Oy,...,0,] where n € N, x; € Q (or x € N) and
O, € U for all i < n, is a countable base in C,(Q) (or C,(N), respectively).

S.046. Is there a countable local base at some f € C,(R)?

Solution. We will prove that there is no countable local base at any f € C,(R).
Suppose that {U,, : n € w} is such a base at f. For each n € o fix a standard open set
W,, such that f € W,, C U,. It is evident that B = {W, : n € w} is also a local
countable base at f. Let W, = [x{,...,x} ;0},...,0¢ | for all n € w. The set
P = {xj’- ti € w,je{l,...k}} is countable and hence there exists x € R\P. The
set W = [x, (fix) — 1, fix)+1)] is open in C,(R) and f € W. Since B is a local base
at f, there is n € w such that W,, C W. Apply Problem 034 to find a function g €
C,(R) such that g(x) = fx) + 2 and g(x}) = f(x}) for all i < k,,. It is immediate that
g € W,A\W which is a contradiction.

S.047. Prove that there is a countable set A C C,(R) such that A=C »(R).

Solution. Let B = {{04,...,0,} : n € N, O; = (a;, b;) is a rational open interval
foralli < nand [a;, b] N [a;, bl =0 if i #j}. Given O = {O,,..., 0,} € B, let
m(0) =n.If g=(q, ..., g,) is an n-tuple of rational numbers, fix o, € C,(R) such
that fo, ,(0;) = {q;} for all i < n (the existence of such a function is an easy
exercise). The set A = {fp , : O € B and q is an m(O)-tuple of rationals} is
countable. Let us prove that we have A = C,(R). Given a standard open set W =
[x1,..., x5 Uy,..., U,], choose ¢q; € U; N Q for all i < n and let ¢ = (qy,. - - q,)-
There exists O = {Oy,..., 0,} € B such that x; € O; for all i < n (note that we are
not losing generality assuming that {x,,..., x,} are distinct points of R). Then f, ,
€ W N A and hence A = C(R).

S.048. Let h,, : R — R be a homeomorphism for every n € w and suppose that
h, = h. Is it always true that h is a homeomorphism?

Solution. No, it is not always true. To see this, let us define a homeomorphism 4, :
R — R as follows: h,(x) = x if x ¢ [0, 1]; if x € [0,4] then /,(x) = 25 and
(@) = 2(1 = 77) (x = 1) + 5k forx € [5,1]. Now, let h(x) = xforall x ¢ [0, 11,
h(x) =0 for x € [O,%] and A(x) =2x — 1 ifx € [%, 1]. We leave to the reader the
routine verification of the fact that 4, is a homeomorphism for each 7. It is also easy

to see that /1, = h and / is not an injective map.

S.049. Let u,, : R — R be a uniformly continuous function for all n € w and suppose
that u, = u. Is it always true that u is a uniformly continuous function?

Solution. Yes, it is always true. Given ¢ > 0, there is a number n € N such that
|un(x) — u(x)| < 4 for all x € R. Since the function ,, is uniformly continuous, there
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exists 6 > 0 such that |u,(x) — u,(y)| < 5 whenever |x — y| < J. For such x and y,
we have |u(x) — u(y)| < [u(x) — u, (0] + |u,(x) — w, (M| + [u(y) — u(y)| <
£+ £+ % = ¢ and hence u is uniformly continuous.

S.050. Let {f,,:n€ w} CA C C,(R). Sﬁppose that f, = f. Prove that f € A. Is it true
that, if A C C,(R), f € C,(R) and f € A, then f, = f for some {f,, : n € w} C A?

Solution. Suppose that W = [xy, ..., x,; O4,..., O,] is a standard open set with f €
W. We have f(x;) € O, for all i < n and hence there exists ¢ > 0 such that (f(x;) — ¢,
fx))+e) C O; for all i < n. There is n € N such that |f,(x) — fix)| < eforall x € R. It
is immediate that f, € W and hence f € {f, : n € w} C A.

The second statement is not true. Define f,, € C,(R) as follows: f,,(x) = 0 if x ¢
[0,%]; ifx € [ ] then f,,(x) = nx and f,,(x) = n(l — x) + 1 whenever x € [n, n] If
A = {f,:n € N} then f € A if f(x) = 0 for all x € R. However, no sequence of
elements of A can converge uniformly to f = 0 because every g € A is equal to 1 at
some point, namely, if ¢ = f, then g(}) = 1.

S.051. Denote by D the set of all continuously differentiable functions f € C,(R)
(that is, D consists of the functions f : R — R such that the derivative f' of
f exists and is continuous). Give D the topology inherited from C,(R) and
consider the map d : D — C,(R) defined by the formula d(f) = f'. Is the map
d continuous?

Solution. The map d is discontinuous. To see this, let f, = 5”‘% for each n € N and
x € R. Itis clear that A = {f,, : n € N} is contained in D. It is easy to prove that the
function fy = 0 is in the closure of A. Observe that d(A) = {cos nx : n € N} and
f(0) = 1 for any f € d(A). Thus fo € W = [0; (—1,1)] while W N d(A) = 0 and
therefore d(fy) =fo ¢ d(A). Now apply Problem 009(vi) to see that d is not
continuous.

S.052. Let P be the set of all polynomials in C,(R). Give P the topology inherited
from C,(R) and consider the map d : P — P defined by the formula d(p) = p' (i.e.,
a polynomial is mapped to its derivative). Is the map d : P — P continuous?

Solution. No, the map d : P — P is not continuous. To establish this, we will need
the theorem of Stone—Weierstrass proved in Calculus: suppose that [a, b] C R and
f: [a, b] — R is a continuous function. Then, for any ¢ > 0, there is a polynomial
p such that |p(x) — f(x)| < & for all x € [a, b]. Anyway, we will prove this theorem
later (see Problem 193) as a consequence of a general topological result (191).

For each n € N, define a function ¢, : [—n.n] — R as follows: ¢,(f) = + if
te[-n, = U[Ln] and ¢,(n) = n’tif t € [—L4]. Since ¢, is contmuous
the Stone—Weierstrass theorem is applicable and we can find a polynom1al p,,
such that |p,(t) — ()| < 1 for all t+ € [—n.n]. In particular, ’<
for all t € [—n, —ﬂ U [— ] Let g,(t)y =1t — tpn(t) for all n € N and t 6 R. Then
A=1{q,:n €N} CPandfy €A, where fy = 0. To see this, take any ¢ > 0

and xq,..., xx € R. There exists a number n € N such that %<8 and
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{x2,...,x\{0} C [—n, =1 U L, n]. We will check that |g,(x;)| < & for all i < k

and therefore Gn € X155 X5 (—¢, 8),..., (—& €)]. Since ¢,(0) = 0, it suffices to
prove that |g,(x;,)| < ¢ for all x; # 0. All such x;’s belong to [—n, —1] U [, n] so it is

sufficient to show that |g,(n| < & for all r€ [—n,— U [ n]. We have

|pa(t) =1 <L and hence |g,(t)| =7 |pu(1) = | <n? - Lk<l<e As a conse-
quence, f, € A. However, fy = d(fy) & d(A) because f(0) = 1 for all f € d(A) and
hence W = [0, (—%, %)] is a neighbourhood of f; such that W N d(A) = 0. Now
apply Problem 009(vi) to see that d is not continuous.

S.053. Assume that a,b € R and a < b; give the set [a, b] C R the topology inherited
ﬁom the space R and define the map int : C,([a, b]) — R by the formula

int(f f f(t)dt for each f € C([a, b). Is the map int continuous?

Solution. The map int : C,,([0, 3]) — R is not continuous. Given n € N, let f,,(t) = 0
forallt € [2,3].1ft € [0,1] weletf, () = n’tand f,(t) = —n’(t — ) forall t € [L,2].
Then A = {f,, : n € N} C C,([0, 3]) and 2 = 0 belongs to the closure of A. However,
int(f,) = fo fa(®)dr =1 for all n € N and hence 0 = int(h) ¢ int(A) = {1} = {1}.
Now apply Problem 009(vi) to see that int is not continuous.

S.054. Assume that a,b € R and a < b; give the set [a, b] C R the topology inherited
fromR. Let P C C\([a, b]) be the set ofall polynomials on [a, b]. Define the map int:
P — R by the formula int(p j p(1)dt for every polinomial p € P. Is the map int
continuous?

Solution. We will show that, for ¢ = 0 and b = 3 the map int : P — R is not
continuous. To establish this, we will need the theorem of Stone—Weierstrass
proved in Calculus: suppose that [a, b] C R and f: [a, b] — R is a continuous
function. Then, for any ¢ > 0, there is a polynomial p such that |p(x) — fix)| < ¢
for all x € [a, b]. Anyway, we will prove this theorem later (see Problem 193) as
a consequence of a general topological result (Problem 191). Given n €N, let
) =0forallz € [2,3].1f € [0,1] we let £,(t) = n’t and f,,(t) = —n’(t — 2) for all
te [n, n} Apply the theorem of Stone—Weierstrass to obtain a polynomial p,,(f) such
that [p,(t) — f,(0)| < g, L for all n € N and ¢ € [0, 3]. Then

3
int(pn):/o pa(t)dt

3 3 3
= - > Lt =1-4L > L
= /0 Ja(t)dt + /0 (Pa(r) = fu(r))dt > 1 /0 addr=1-4>1

If fy = O then f, € A for a = {p, : n € N}. To see this, let xy, ..., x; € [0, 3] and
& > 0. There exists n € N such that f,,(x;) = 0 for all i < k and é < &. Then |p,(x))| =
[P — (x| < 6—1,1 <& Hencep, € [xy,...,x; O, ..., 0], where O; = (—¢, ¢) for
all i < k. This proves that f, € A. However, int(fy) = 0 ¢ int(A) C [1, +00]. Now
apply Problem 009(vi) to see that int is not continuous.
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S.055. Assume that a,b € R and a < b; give the set [a, b] C R the topology inherited
from R. Deﬁne the map prm : C,(la, b]) — Cy(a, b]) by the formula
prm(f)(x f f(t)dt for every f € Cy(la, b]). Is the map prm continuous?

Solution. Let us prove that the function prm is not continuous for @ = 0 and b = 3.
Givenn € N, letf,() = 0forall € [2,3].If t € [0,1] we letf,(r) = n’t and f, () =
—n*(t — 2) for all 1 € [mn] Then A = {f, : n € N} C C,([0, 3]) and 2 = 0 is in

the closure of A. Since fo Jfu(£)dt = 1 for all n € N, we have prm(f,,)(3) = 1 for all

n € N. Hence = prm(h) ¢ prm(A) because the standard open set W = [3; (—1,1)]
contains 4 and W N prm(A) = (. Now apply Problem 009(vi) to see that prm is

not continuous.

S.056. Given a space X, show that the family {[xy,..., x,; O1,..., 0,] : n € N,
X1,...,X%, € Xand O;is a rational open interval for any i < n} is a base of the space
Cp(X).

Solution. Suppose that f € U € 7(C,(X)). Then there exists a standard open set
V=I[x1,...,x; Vq,..., VI such that f € V C U. Since every set V; is open in R and
f(x;) € V;, there is ¢; > 0 such that (f(x;) — ¢;, f(x;) + &) C V;foreach i < n. Since any
non-empty interval must contain a rational number, we can choose a point p; € Q N
(ftx) — &, fixp)) and g¢; € Q N (fxy), f(x) + &) for all i < n. As a consequence,
we have f(x;) € (p;, g)) =W, C V,for all i < n. It is immediate that we have fe W =
[x1,. s X Wy,..., W,] CV C U. Now apply Problem 002 to finish the proof.

S.057. Prove that, for any space X, the family {[x; O] : x € X and O is a rational
open interval} is a subbase of the space C,(X).

Solution. Just note that N {[x; V] : i < n} = [xq,..., x,; V1,..., V,] and apply
Problem 056.

S.058. Let X be a topological space. Given f € C,(X), points xi,..., x, € X and
e>0,let O(f, x1,..., Xy 8) = {g € Cp(X) 1 |g(x)) — fixy)| < & forall i < n}.Prove
that the family {O(f, x1,..., X, &) :n € N, x,...,x, € X, ¢ > 0} is a local base of
Cp(X) at f.

Solution. Suppose that f € U € 7(C,(X)). Then there exists a standard open set

=[x1,..., %3 Vi,...,V,]such that f€ V C U. Since each V; is open in R and f(x;)
€V, there is ¢; > 0 such that (f(x;) — ¢;, fix;) + ¢;) C V; foreachi < n. Now, if ¢ =
min{g; : i < n}thenfe O(f, xy,..., X, &) CV CU. The last thing to observe is that
O(f, x1,..., X,, €) is an open set in C,(X) because O(f, x1, ..., Xy, &) = [x1,..., Xy
O4,...,0,], where O; = (f(x;,) — &, fix;)) +¢) foralli < n

S.059. For any sets A, B C C(X),letA+B={a+b:acAandb € B}. Prove that,
if A is an open set and B is an arbitrary subset of C,(X), then A + B is an open set.

Solution. We will first establish that A + b = {a + b : a € A} has to be an open set
for any b € B. Say that an open set W is standard of second type it W = O(f, x, . . .,
Xy, ¢) for some function f € C,(X), points xy,. .., x, € X and ¢ > 0. Observe that we
have O(f, x1,..., Xp, &) + € = O(f + g, X1,..., X, &) forall n € N, f, g € C,(X),
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X1..., X, € X and ¢ > 0. An immediate consequence is that W + g is open for any
open W which is standard of second type. It was proved in Problem 058 that the
standard open sets of second type form a local base at every element of C,,(X). Thus,
for any a € A there is W, such that W/, is standard open of second type and a € W, C
A. Therefore A= J{W,:a € A}. ThenA +b=J{W,+b:ac A} foreachb € B
and hence A + b is open. Note, finally, that A + B = J{A + b : b € B} is open being a
union of open sets.

S.060. For any A, B C C,(X), prove that A+ B C A+ B.

Solution. Observe first that, for any n € N, xq,..., x, € X and ¢ > 0 we have
O(f, X1,y Xpy &) + O(g, X1, .., X, &) C O(f + g, X1,..., X, 2¢) for arbitrary
functions f, g € C,(X). Here, as before, O(f, x1,...,x,, &) = {g € C,(X) : lg(x) —
F(x)| < e forall i < n}. It was proved in Problem 058 that, for any f € C »(X), the
sets O(f, X1, . . ., X, €) form a local base at f. Suppose that f € A + B and fbelongs to
aset U € 7(C,(X)). Then O(f, x, ..., x,, &) C U forsome n € Nand xy,...,x, € X.
Now, f=a + bforsomea € Aand b €B. Take d' € O(a, x1,...,X,,5) N Aand b’ €
O(b,xy,...,X,5) N B.Thenwehaved + b € (A+B) N O(f,xy,...,X,,8) CUN
(A + B). It turned out that, for an arbitrary open U > f, we have U N (A + B) #.
Now apply Problem 001 to conclude that f € A + B.

S.061. Let U be a non-empty open subset of C,(X). Prove that there exists a
countable A C C,(X) such that A + U = C,(X).

Solution. Let fy(x) = O for all x € X. It is easy to see that we have the equality
O(f, X1, - ., Xy, €) = O(f0, X1, - . ., Xy, &) + fHor any f € C,,(X). Here O(f, x1, .. ., X, &)
={g € C)(X) : |gx) — flxy)| < eforalli < n}.It was proved in Problem 058 that,
for any f'€ C,(X), the sets O(f, xi, . . ., x,, &) form a local base at f. Thus, givenf e U,
there exist n € N, x1,...,x, € X and ¢ > 0 such that O(f, xy, . . ., x,,, &) C U. For any
q=1(q1,--.,9,) € Q" fix afunction f, € C,,(X) such that f,(x;) = ¢g; for all i < n (see
Problem 034). The set A = { f,, — f: ¢ € Q"} is countable. Let us prove that A + U =
Cp(X). Take an arbitrary g € C,(X) and let r; = g(x;) for all i < n. There exists g =
(q15---»qn) € Q" such that |g; — r;| < eforall i < n.Then g —f, € O(fo, X1, .., Xp,
¢)and hence g — f, +f€ O(f, X1, ..., X, 6) CU. Therefore gc U + (f, — ) CU +
A and our proof is complete.

S.062. Let fy € C,(X) be equal to zero at all points of X. Suppose that B is a local
base at fy. Prove that, for any f € C,(X), the family B +f={U+f:U € B}isa
local base at f. Here U +~ f={u+f:u € U}.

Solution. All elements of the family B + f are open by Problem 059. Suppose that
feverC,X)). Theset V— f={g — f: g €V} is open (Problem 059) and
contains fy. Thus, there is U € B such that U C V — f. It is immediate that U + f C V
and U + f € B + f whence B + fis a local base at f.

S.063. Let fo € Cp(X) be equal to zero at all points of X. Suppose that U is an open
set of C,(X) which contains fo. Prove that there exists an open set V of C,(X) such
thatfo € VandV +V C U.
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Solution. The sets O(fy, X1, ..., X,, €) constitute a local base at f; (Problem 058).
As a consequence, we can find a number n € N, points x, . .., x, € X and ¢ > 0 such
that O(fo, X1, - - ., Xz, &) C U. Now, let V = O(fy, X1, - . . , Xp, 5). It is straightforward
that V +V C O(fo, x1,. .., X,, &) C U.

S.064. Define f, € C,(X) to be equal to zero at all points of X. Let U be an open set of
Cp(X) which contains fy. Suppose that V is an open set of C,(X) such that f, € V and
V4V CU. Prove that V C U.

Solution. The sets O(fy, x1, - - -, X,,, €) constitute a local base at f; (Problem 058). As
a consequence, it is possible to find n € N, xy, ..., x, € X and ¢ > 0 such that W = O
(fo» X15.+., Xp, &) C V. For any f €V, the set W + f is open (Problem 059) and
contains f. Therefore there is g € (W 4 f) N V. This implies that g € Vand g =f +
w for some w € W. Note that (—w) € Wand hence f=g—weV4+WCV+VCU.
The function f € V being arbitrary, we proved that V C U.

S.065. Let fo € Cy(X) be equal to zero at all points of X. Take any local base B
of C,(X) at the point fy. Prove that, for any set A C C(X), we have A= N{A+ U :
U € B}.

Solution. Take any f € A and U € B. It is possible to find n € N, xy,..., x, € X
and ¢ > 0 such that O(fo, x1,. .., x,, &) C U. For the set V = O(fo, x1, - - ., X,,,5) we
have V + V C O(fy, x1,..., X, €) C U. Since V + f is open (Problem 059) and
contains f, we have (V + f) N A #0. Take any g € (V + f) N A and observe that
there is v € V such that g = v + f. Since (—v)e V,wehavef=g—ve g+ VCA+
V C A + U. The function f € A and U € B being arbitrary, we proved that A C
N{A+U:UeB}.

Now take any f¢ A. By Problem 062 there existn € N, x1,...,x, € Xande >0
such that U + f C C,,(X)\Z where U = O(fy, X1, . . . , X, €). To finish the proof, it is
sufficient to establish that f¢ A 4+ U. Suppose not. Then f = a + u for some a € A
and u € U. As a consequence, we have (—u) + f=ac€Aand —u+fc U+ fC
C,(X)\ A which is a contradiction.

S.066. Given a set A C Cp)(X), let A" ={fi+---+f,:ficAi=1,...,n} forany
n € N. Denote by f, the function which is equal to zero at all points of X. Prove that,
for any open set U > fy, we have U{U" : n € N} = C,(X).

Solution. Take any f € C,(X). There exist kK € N, x,..., xx € X and ¢ > 0 such
that V = O(fo, x1,.. ., X, €) C U. Take n € Nsuch that ! [f(x,)] < ¢ foralli < k. Now, if
fi :#ffor alli < n,thenf=f; +---+f,andf; € V.C U forany i < n. Thus f € U".

S.067. Let X be a topological space. For an arbitrary x € X, define the function e :
Cp(X) — R as follows: e (f) = fix) for any f € C(X). Show that the map e, is
continuous for any x € X.

Solution. Letf € C,(X) and e > 0. Then U = O(f, x,8) = {g € C,(X) : [g(x) — flx)| <&}
is an open set such that f € U and e,(U) C (e.(f) — ¢, e,(f) + ¢) which proves that e,
is continuous at f.
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S.068. Prove that C,(X) is a Tychonoff space for any topological space X.

Solution. If f, ¢ € C,(X) and f # g then there is x € X such that f(x) # g(x). For
&= %|f(x) — g(x)| we have O(fx,e) N O(g.x,e) = (O which proves that C,(X) is
Hausdorff and hence T}.

To prove that C,,(X) is completely regular, take any f € C,(X) and any closed F' C
C,(X) with f ¢ F. Given r € R and ¢ > 0, consider the function ¢, , defined as
follows: ¢, (1) = 0if t & [r — &, r +¢l;if 1 € [r — &, r] then ¢, (1) = 1t — r + ¢) and
¢, .(1) ==Yt —r—e¢)forall t € [r, r + ¢]. There are n € N, xy,..., x, € X and
&> 0such that O(f, xy, . . ., x,, &) C C,(X)\F. Letting r; = f(x;) for all i < n, consider
the function ¢ = (p,, . 0 e€y,). .. .. (0, . © €x,). It is straightforward that p(f) = 1.
If g € Fthen g ¢ O(f, xy,. . ., X, ¢) and hence g(x;) € (r; — &, r; + ¢) for some i < n.
Thus ¢, .(g(xi)) = ¢,, .(ex(g)) = 0. As a consequence, ©(g) = 0 and the function
¢ witnesses the fact that C »(X) is completely regular.

S.069. Call a subset C C C,(X) convex if, for any f, g € C and t € [0, 1], we have
tf + (1 — ng € C. Prove that, for an arbitrary X, the space C,(X) has a base
consisting of convex sets.

Solution. Recall that we have established in Problem 056 that the family B =
{[x1,-. -, x5 0p,...,0,]:neN,xq,...,x, € Xand O; is a rational open interval for
any i < n} forms a base of the space C,(X). Let us show thatevery U = [x1, ..., X;;
O4,...,0,] € Bis convex. Suppose thatf, g € U, t € [0, 1] and h = tf + (1 — f)g.
Write O; as (a;, b;) where a;, b; € Q for all i < n. We have r;, =f(x;) € (a;, b;) and s; =
g(x;) € (a;, b)) forall i < n. Now, h(x;) =tr; + (1 — t)s; € (ta; + (1 — Ha;, th; + (1 —
1b;) = (a;, b;) for all i < n. Thus h € U and hence U is convex.

S.070. Prove that the intersection of any family of convex subsets of C,(X) is a
convex set. Show that the union of two convex sets is not necessarily a convex set.

Solution. If U, is convex for each o € A then, forany f, g € U= ({U,: 2 € A} and
t € [0, 1] we have f, g € U, for each o and hence tf + (1 — f)g € U,,. Therefore, #f +
(1 — #)g € U and U is convex.

Given x € X, the standard open sets U = [x; (—1, 1)] and V = [x; (2, 4)] are
convex (see the solution of Problem 069 for the proof). However, U U V is not
convex because f=0 € U, f=3 € V while %f +% g= % ¢UuUV.

S.071. Prove that, if A, B C C(X) are convex subsets of C,(X) then the set A + B =
{a+b:aecAandb € B} is convex.

Solution. Suppose thatf, g € A + B and ¢ € [0, 1]. There exista,a’ € Aand b, b’ € B
suchthatf=a + band g =d + V. Lettinga” =ta+ (1 — t)a’ € Aand " = tb +
(1—0b €B,wehavetf + (1 —tg=tla+b) + (1-0)(d+b)=d"+b" €A+B
and hence A + B is convex.

S.072. Given a space X and a set A C C,(X), let conv(A) = {t, fi + -+ t,fu:n€
N,fi€eA t;€[0, 1] foralli < nand Y.} ,t; = 1}. The set conv(A) is called the
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convex hull of A. Prove that the convex hull of A is a convex set and coincides with
the intersection of all convex subsets of C,(X) which contain A.

Solution. Let f, g € conv(A). Then there are t1,. .., t,, s1,-. ., [ € [0, 1] such that

er":l ti = Zf:l si=1 andf: tlfl +-- [nfmg =581+ SkgkaI‘ Somefls s ’fns
Sheeer 8 € A Then of +(1—0g=S" ttifi+ 35, (1 —1)s;gi, where
S it 4+ 3% (1 —1)si=1-1+ (1 —1)-1 =1 which shows that 1f + (1—f)g €
conv(A) and hence conv(A) is convex.

Now, let y be the family of all convex subsets of C,(X) which contain A. Since
A C conv(A) and conv(A) is convex, we have conv(A) € y and () y C conv(A). To
prove that (] 7 = conv(A) we must take an arbitrary convex U D A and prove that
conv(A) C U. We will prove by induction on »n the following statement I(n): if
fis-oos fn € U then t1f1 + --- + t,f, € U whenever tq,..., t, € [0, 1] and
Z,’;l t; = 1. Since I(1) is evident and I(2) is true because U is convex, let us fix
n = 3 such that /(k) holds for all k < n. Foreachi € {2,...,n},lets; = ter[—lth Then
s; € [0, 1] for all i and Z?:z = 1. Since I (n — 1) holds, we have g, = s,/> + - - - +
Safn € U.Itis easy to check that ¢, f1 + - -- + t,.f, =t1 /1 + (1 — t1)g; € U because U
is convex and I(n) is proved.

S.073. Show that, for any open U C C,(X), its convex hull conv(U) is also an
open set.

Solution. It follows from Problem 059 that, for any sets Uy, ..., U, € 7(C,(X)), the
setUy + -+ U,=1{fi +--- +f,:fi € Ui forall i < n} is open in C,(X). Let us
prove first that tU = {1f: f € U} is an open set for any  # 0 and U € 7(C,(X)). If U is
empty, everything is clear so assume that U # (. Given f € tU, there is g € U such
that f = tg. There are n € N, x4, ..., x, € X and ¢ > 0 such that O(g, x1,..., x,, &)
C U.Then O(f, x1, .. ., Xy, |t| &) C tU. Indeed, suppose that |A(x;) — fix;)| < |¢| ¢ for all
i < n.Then [} h(x;) — g(x;)| < & foralli < n and therefore 1 h € O(g, x4, ..., x,,8) CU
which implies / € tU. This proves that tU is also open.

Finally, if f=1t,f; + - - - t,.f, € conv(U) then the set Uy = t;U + - - - 4+ t,U is open
by the previous remarks and f € Uy C conv(U). As an immediate consequence, conv
(U) = UJ{Uy: f € conv(U)} is an open set.

S.074. Call a function : C,(X) — R a linear functional, if we have the equality
olof + Bg) = ap(f) + Pp(g) for any f, ¢ € C,(X) and o, f € R. Prove that a
linear functional ¢ : C,(X) — R is continuous if and only if <p71 (0) is closed
in Cy(X).

Solution. Since {0} is closed in R, the set ¢ '(0) is closed in Cy(X) if ¢ is
continuous (Problem 009(v)). Now, suppose that <p71(0) is closed. If <p71(0) =
C,(X) then ¢ = 0 is continuous. If not, fix f € CI,(X)\go*l(O). If f, = 0 then
f # fy because ¢(fp) = 0. Letting r = o(f) # 0, observe that ¢~ '(r) = ¢ '(0) + f.
Indeed, if g € ¢~ '(r) then (g — ) = p(g) — ¢(f) =r —r =0 and hence h = g —
f € ¢ '(0) whence g = f + h € ¢ '(0) + f. This proves the inclusion ¢ '(r) C
0 1(0) 4 f. Now, if g € ¢ '(0) + fthen g = h + f for some h € ¢~ '(0) and hence
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(@) = eh) + ¢(f) = 0 + r = r. Another important observation is that
C,0N\e ') = C,0O\(¢ (0) + f) = (C,(X)\¢ '(0)) + fis an open set by
Problem 059. Thus <p_1(r) is closed and f; ¢ ga_l(r). There exist n € N, xq,..., x,
€ X and ¢ > 0 such that U = O(fp, X1,. .., X, &) C C,,(X)\(pfl(r). If there is some
function g € U with s = ¢(g) > r then h =% ¢ € U and (/) = r, a contradiction. This
proves that p(U) C (—r,r). Now, given g € C,(X) and 6 > 0, the set W = % U+ gis
an open neighbourhood of g (see Problem 059 and the solution of Problem 073). It
is easy to check that (W) C (o(g) — 8, ©(g) + 0) and hence ¢ is continuous at g.

S.075. Let ¢ : C,(X) — R be a discontinuous linear functional. Prove that ¢=1(0)
— C,(X).
P

Solution. Assume the contrary and fix an open non-empty U C C ,,(X)\(p_l(O). Itis
possible to find f € U, n € N, ¢ > 0 and points xy, . . ., x, € X such that O(f, x,. ..,
Xp, &) CU. I fy=0and r = () then W N o '(r) = O where W = O(fy, x4, . . .,
X, €). Indeed, if o(h) = r and |h(x;)| < eforalli < nthenf—he U N @71(0) which
is a contradiction. Now, if there is some g € W with s = ¢(g) > rthenh=tge W
and @(h) = r, a contradiction. This proves that (W) C (—r, r). Now, given a
function g € C,(X) and 6 > 0, the set V = IQ - W + g is an open neighbourhood of g
(see Problem 059) It is easy to check that (V) C (p(g) — J, ¢(g) + J) and hence ¢
is continuous at g. The point g being arbitrary, we proved continuity of ¢ which is
again a contradiction.

S.076. Let X be an arbitrary space. Suppose that ¢ : C(X) — R is a continuous
linear functional such that p(f) # 0 for some f € C,(X). Prove that o(U) is open in
R for any U € 7(C,(X)).

Solution. If the set U is empty there is nothing to prove. If not, take any number
r € flU) and any g € U with ¢(g) = r. The set U + (—g) is open (see Problem
059 and the solution of Problem 073) and contains the function fy = 0. Therefore
there existn € N, xy,...,x, € Xand e > Osuchthatfo € V=0 (fo, x1,..., %, &) C
U + (—g). For each h € C,(X)\V and M), = max{|h(x,)| : i < n} # 0, note that
"= M’—h -h € V. As a consequence, we have p(h) = A% (h") which shows that o = 0 if
(V) = {0}. Since ¢ is not identically zero, there is f’ € V such that § = |o(f")| > 0.
Observe thatt-V = {tv:v eV} C Vforanyt € [—1, 1]. Thus, for any u € (-9, J),
we have ¢’ = &' € V and ¢(g’) = p. This proves that (V) D (=, ). For the set
W=V + gwehave W C U and p(U) D (W) D (r — 4, r + ) whence p(U) is an
open set in R.

S.077. Let X be an arbitrary space. Suppose that f, g € C,(X) and f # g. Prove that
there exists a continuous linear functional ¢ : C(X) — R such that o(f) # ©(g).

Solution. Since f and g are distinct, there is x € X with f(x) # g(x). The map e, :
Cp(X) — R, defined by e,(h) = h(x) for all 1 € C,(X), is continuous (Problem 067)
and it is easy to verify that e, is linear. Hence the linear functional ¢ = e, is what we
are looking for, because p(f) = f(x) # g(x) = p(g).
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S.078. Let X be an arbitrary space. Denote by L,(X) the set of continuous linear
Sfunctionals on C,(X). Prove that Ly(X) is closed in Cp(Cp(X)).

Solution. Take any function ¢ € L,(X) and any f, g € C,(X), o, f € R. For the
numbers A = p(of + fg), B = ap(f) and C = fp(g), we must prove that A =B + C.
Fix an arbitrary ¢ > 0. For ¢ =777 there exists ¢’ € L,(X) such that |p(f) — ¢
(N <€, e — ¢ ()] <& and |p(of + fg) — ¢ (of + Pfg)| < ¢'. Observe that, if
A =¢ (af+ ), B =ay (f)andC' = f’' (g)thenA' =B’ + C'and |A — B — C| <
[A—A'l+|B—=B|+|C—-C|+|A =B —C'| <é¢ +a¢ + pe¢ = e¢. This proves
that, for any ¢ > 0, we have |JA — B — C| < ¢and hence A — B — C = 0.

S.079. For a topological space X and a function f € C,(X), consider the map Ty :
Cp(X) — C,(X) defined by the formula TAg) = f + g for every g € C,(X). Prove that
Ty is a homeomorphism for any f € C,(X).

Solution. It is evident that T_; is the inverse map for Ty and hence Ty is a
bijection. If we prove that, for any f € C,(X), the map Ty is continuous then, in
particular, the map T_; is continuous and hence T, is a homeomorphism. Now,
if U € 7(Cy,(X)) then Tj?1 (U) = U + (—f) is an open set by Problem 059 and
hence T is continuous.

S.080. For a topological space X and a function f € Cy(X), consider the map
Mp: Cp(X) — Cn(X) defined by the formula MAg) = f - g for every g € C,(X). Prove
that My is a continuous map for any f € C,(X).

Solution. Let us fix g € C,(X) and an open U > M{g) = g - f. There exist
neN, x,...,x, € Xand ¢ > 0 such that O(f - g, xy,..., X,, &) C U. Take any
0 > 0 such that | f{x;)| < ¢ for all i < n. Is suffices to prove that, for the set V =
O0(g, X1, ..., X, 0), we have M(V) C U. For any h € V and any i < n, we have |[M(h)
() — MAg)(x)| = |fx)l|lglx) — h(x)| < J|fx;)| < & which shows that Myh) €
O(f- g X1y-+-rXp, &) C U.

S.081. Let X be a topological space. For an arbitrary f € C,(X), consider the
map My : C(X) — C,(X) defined by the formula MAg) = f - g. Prove that the map
Mp: Cy(X) — Cp(X) is a homeomorphism if f(x) # 0 for all x € X.

Solution. For g :j%, apply Problem 080 to see that M;and M, are continuous. Is it
immediate that the maps are mutually inverse and hence Myis a homeomorphism.

S.082. Given a topological space X and a function f € Cy(X), consider the
maps Uy, Dy : Cp(X) — C,(X) defined by U{g) = max(f,g) and D¢(g) = min(f.g)
for any g € C,(X). Prove that the maps U and Dy are continuous for any f €
Cp(X).

Solution. Let us prove that the map Uy is continuous at any point g € C,(X).
Given any set U € 7(C,(X)) with U{g) € U, wecan find n € N, xy,..., x, € X
and ¢ > 0 such that V = O(UAg), xi,..., x,, &) C U. We are going to prove that
UfW) C U where W = O(g, x1,. .., X,, &). Indeed, take an arbitrary 2 € W. Then
|h(x;) — g(x;)| < e foreach i < n. Let us see the possibilities for the value of each one
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of the numbers U/(h)(x;) and UAg)(x). If f(x,) < g(x;) and f(x;) < h(x;) then |Ufh)
() — ULQ)(xp)| = [h(x;) — g(xp)]. If g(x;) < fixi) < h(x;) then [Ufh)(x;) — Ufg)(x)| =
|h(x;) — fx)| < |h(x) — g(x)].

Analogously, if we have A(x;) < fix;) < g(x;) then |Ugh)(x;) — UA)(x)| = | flx) —
g(x)| < |h(x;) — g(x)|. Finally, if f(x;)) > g(x;) and f(x;) > h(x;) then [Ufh)(x;) —
UAg)(xp)| = | fix)) — fix)] = 0 < |g(x;) — h(x;)|. This proves that, for any h € W, we
have |Uh)(x;) — ULg)(x)| < |h(x;) — g(xp)| < & Thus U(W) C V C U and Uy is
continuous at g. The proof of continuity of Dy is identical.

S.083. Given a topological space X, let CI(X) = {f € C(X) : fix) # 0 for
any x € X}. Considering that the set CI(X) carries the topology inherited
from C,(X), define the map i : CI(X) — CI(X) by the formula i(f) = } Is the
map i continuous?

Solution. Let us prove that i is continuous at any f € CI(X). Given an arbitrary open
setUBfthereareneN X1,...,X, € Xand ¢ > 0 such that V = 0( XiyennsXpy &) N
CI (X) C U. Making ¢ smaller if necessary, we can assume that | f(x,)| > 2¢ for any

< n. Take any 8 > 0 such that § < ¢ and § < 2¢°. It suffices to prove that i(W) C
Ufor W o(f, xl,. o vy Xy 0) N CI(X). Take any h € W. Then |i(h)(x;) — i(H(x;)| =
|f I | = |h(x o | | f(x;) — h(x;)|. Since | f(x,)] > ZP and |h(“f) —flx)| <0 <e,
we have |h(x )| > ¢ and hence |i(h)(x;) — i(f)(x)| <1 50 <2 55 = ¢ which shows
that i(h) e V.C U.

2?

S.084. For an arbitrary space X and any A C C(X) denote by A" the set {f €
C(X) : there exists a sequence {f, : n € w} C A such that f, = f}. Prove that
the operator A — A" has the properties (C1)—(C4) listed in Problem 004. There-
fore there exists a topology T, called the uniform convergence topology on C(X) such
that A" = cl,, (A) for every A C C(X). The space (C(X), 7,) will be denoted C,(X).

Solution. The property (C1) is evident. Given f € C,(X) we have f,, =% fif f,, = ffor
all n. This shows that (C3) also holds. Another evident observation is that f,, = f
implies g, =f,,, = ffor any subsequence {f,, } C {f,}. Iff€ AU B" then f, = ffor
some sequence {f,,} C A U B. Clearly, there is a subsequence {f,,} C {f,,} which is
contained in one of the sets A, B. Since f,, = f, we have f€ A" U B" which proves
the inclusion AUB" C A“ U B". The reverse inclusion is obvious because any
sequence in A or in B is also a sequence in A U B.

Finally, to see that (C4) is also true, take any f € A and fix a sequence {f,} C A"
with f,, = f. Foreach n € w, there is a sequence {f,;} C A such thatf,; = f,,. Thus, for
each n € w, there is k,, € w such that |f, (x) — f,(x)] < nil for all x € X. We have
{g.} CA, where g, = f,,k” for all n € w. Let us prove that g, = f. Given ¢ > 0, there
exists m € w such that + <Sand |£,(0) — )| < %for all x € X and n = m. Then

|gn(x) — fOO| < [ fuk, (X) — fn(X)I + i) —f0)] <Az +5<e
for all x € X and hence f € A",

S.085. Prove that, for any space X, the space C,(X) has a countable local base at
any point.
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Solution. Fix any function f € C,(X) and define, for every number n € N, the
set U, = {g € Cu(X) : |g(x) — flx)| < L for all x € X}. Observe that f ¢ F, where
F, = C,(X)\U,. Indeed, if not, then there is a sequence {f;} C F, such that f; = f.
As a consequence, there is k € w such that | f(x) — fi(x)| < % for all x € X. Then f}, €
U, = C,(X)\F, which is a contradiction. This shows that W, = Int(U,,) is an open
set which contains f. To see that B= {W,, : n € N} is a local base at f, take any open
UcCC,X)withfe U. If W\U # () for all n € N, pick f,, € W,\U for each n € N.
Since |f,(x) — flv)| < % for all » € N and x € X, it is evident that f, = f. Thus,
e C,(X)\U = CX\U which is a contradiction. Therefore, W,, C U for some
n and B is a countable local base at f.

S.086. Define the identity map id : C(X) — C(X) by id(f) =ffor all f € C(X). Prove
that id : C,(X) — C,(X) is continuous for any space X.

Solution. Since idfl(U) = U for any U C C,(X), it is sufficient to prove that there
is a subbase S of C,,(X) such that every U € § is open in C,(X) (Problem 009(iii)).
By Problem 057 it suffices to prove that the set W = [x, O] is open in C,(X) for any
X € X and any rational interval O C R. Assume that O = (a, b) and take any f € W.
Take = min{f(x) — a, b — f{x)} > 0 and consider the set Us = {g € C,(X) : |g(y) —
f)| < oforanyy € X}. Itis clear thatf€ Us C W.If f € CM(X)\U5M then there is a
sequence {f,,:n € o} C C,(X)\U; with f, = f. This means that, for some k € » we
have | f; () — f(y)| < d for all y € X and hence f; € Us which is a contradiction. As a
consequence, there is V, € 7, such that f € V,C Us C W. Therefore W = U{V,: f €
W1 is open in C(X) and our proof is complete.

S.087. For any X € T3 prove that the identity map id : C,(X) — Cy(X) is a
homeomorphism if and only if the space X is finite.

Solution. Take any finite space X = {x;,..., x}. By Problem 086 the map
id is continuous, so it suffices to show that i = id~! is also continuous. Since
i"Y(F) = F for any FF C C,(X), it suffices to establish that F is closed in C,(X) for
every closed F C C,(X) (Problem 009)(v)). Suppose that F is closed in C,(X) and
non-closed in Cp,(X). Take any f € F\F (the bar will denote the closure in C »(X)).
Then, for every n € N there exists f, € FF N W, where W, = [x1, ... x,; O1,...,0,]
with O, = (f(xm) — L. (xm) 4+ 1) for each m < k. It is immediate that f, = f and
hence f € F" = F, a contradiction. This shows that id is a homeomorphism if X is
finite. Note that we did not use the Tychonoff property of X.

Assume now that X is an infinite Tychonoff space and id is a homeomorphism.
Take fo = 0 and consider the set W = {f € C,(X) : |f(x)] < 1 for all x € X}. In
S.085, we proved that f, belongs to the set U = Int(W) (the interior is taken
in C,(X)). Since U is open in C,(X) and (id"H "1 U) = U, the set U must be open
in C,(X). Therefore, there exist n € N, xy,...,x, € X and ¢ > 0 such that V = O
(fo, X1, - - - Xn, €) C U (058). Since the space X is Tychonoff and the set F = {x,.. .,
X,} is closed and finite, we can take x € X\F and h € C,(X) such that 4| = 0 and
h(x) = 1.Itis evident that # € VAW which contradicts the fact that V C U C W. Thus
X has to be finite.
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S.088. Prove that the space C,(N) does not have countable base.

Solution. We proved in S.085 that, for any space X and any f € C,(X), the sets
{W,(f):n e N} form alocal base of C,(X) at f. Here W ,(f) is the interior of the set
{g € C,X) : for any x € X, we have |g(x) — fv)| < %} for each n € N. As a
consequence, the family {W,(f) : f € C(X), n € N} is a base in C,(X).

Claim. Let Z be a space which has a countable base B. If C is any other base of Z
then there is a countable C' C C such that C' is a base in Z. In other words, if there is
a countable base in a space then any base of this space contains a countable base.

Proof of the claim. Let B = {U, : n € w}. Call a pair u = (m, n) of elements of w
admissible, if there is C € C such that U,, C C C U,. If a pair u = (m, n) is
admissible then fix some C = C(u)€ C such that U,, C C C U,. The family C' =
{C(u) : pis an admissible pair} C C is countable. Let us prove that C' is a base in Z.
Indeed, if x € U € 7(Z) then there is m € w such that x € U,, C U because B is a base
in Z (Problem 002). By the same reason, there is C' € C withx € C' C U,,. Applying
Problem 002 once more, we can find U,, € B such that x € U,,, C C'. Since U,, C C’
C U, the pair u = (m, n) is admissible and therefore C = C(u)€ C'andx € C C U,
C U. Applying Problem 002 once again, we see that C’ is a base in Z and our claim
is proved.

Applying our claim we can observe that, if there is a countable base in the space
C,(N) then there exists a countable set A = {f;,: n € N} C C,, (X) such that the family
B={W,(f):f€ A, neN}isabase in C,(N). To bring this to a contradiction, let g(n)
=f,(n) + 2 for each n € N. Since B is a base, we have g € W(f,,) for some k, n € N.
As a consequence, |f,,(x) — g(v)| < % < 1 for any x € N. However, |f,,(n) — g(n)| =2
which is a contradiction. Hence the space C,(N) cannot have a countable base.

S.089. Let X and Y be topological spaces. Given Z C Y, each f € C(X, Z) can also be
considered a function from X to Y. Thus, C(X,Z) C C(X,Y). Prove that the topology
of Cy(X, Z) coincides with the topology on C(X, Z) induced from C,(X, Y) and hence
Cp(X, 2) C Cp(X,Y).

Solution. For an arbitrary standard open set
H=[x1,...,x;501,...,0,] = {f€ C,(X, Y) : flx;) € O; for all i < n} in the space
Cp(X, Y), it is immediate that

HNCyX,2)={feC,(X,2):fx) € 0; N Zforalli < n} is astandard open set
in C,(X, Z). Now, if a set U is open in the space C,(X,Y) then U = (Jy where all
elements of the family y are standard open sets. Since U N Cy(X, Z) = U{H N
Cp(X,Z) : H € v} is a union of standard open sets of C,,(X, Z), itis open in C (X, Z).
This shows that the subspace topology of C,(X, Z) is contained in 7(C,(X, Z)).

Now let

W=1[x,... x5 Up,....U,]l = {f€eC, X,2) : f(x;)) € Uy for all i < n} be a
standard open set in the space C,,(X, Z). For each i < n, take a set O; € 7(Y) such that
Ui=0; N Z. Then W =W N C,(X, Z) where

W=1Ix,.... %3 01,....0,] ={f€ C, X, Y): f(x;) € O; forall i < n}isa
standard open set in the space C,,(X, Y). Finally, if U € 7(C,(X, Z)) then U = Uy
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where y consists of standard open sets in C,,(X, Z). We proved that each W € y is the
intersection of a standard open set in C,,(X, ¥) with C,,(X, Z) and hence every W € 7y
belongs to the subspace topology on C,(X, Z). As a consequence, U = [Jy also
belongs to the subspace topology on C,(X, Z). This proves that the subspace
topology of C,(X, Z) coincides with 7(C,(X, Z)).

S.090. Let X and Y be topological spaces. Given a closed Z C Y, prove that C(X, Z)
is a closed subspace of C,(X, Y).

Solution. If f € H = C,(X, Y)\C,(X, Z) then there is a point x € X such that fx) €
O =Y\Z. Hence Us= {g € C,(X, Y) : fix) € O} is an open set in C,,(X, ) such that
f€ Uy C H. Therefore H = | J{Uy: f € H} is an open set.

S.091. Let X and Y be topological spaces. If w: Y — Z is a continuous map, define a
map h,, : C,(X,Y) — C,(X, Z) in the following way: for any f € C,(X, Y) let h,(f) =
w o f. Show that the map h,, is continuous.

Solution. Take any function f € C,(X, Y) and any set U € 7(C,(X, Z)) such that g =
hy(f) € U. There is a standard open set V = [xy, ..., x,; Oy, ...,0,] in C,(X, Z) such
thatg € VC U. Then W = {h € C,(X,Y) : h(x;) € w1(0,) for all i < n} is a standard
open set in C,(X, Y) such that f € W and h,,(W) C V C U. Therefore, the map 4,, is
continuous at f.

S.092. Show that, for an arbitrary space X, there exists a continuous mapping
p: Cy(X) — C(X, 1) such that p(f) = f whenever f € C,(X, D).

Solution. Define a function w : R — I as follows: w(f) = —1 forallr < —1;ifr €1
then w(f) = t and if ¢+ > 1 then w(f) = 1. It is clear that w is continuous and
hence p = h,, : C,(X) — C,(X.I) defined by p(f) = w o f, is a continuous map
(Problem 091). It is also immediate that p(f) = ffor any f € C,(X, I) so our proof is
complete.

S.093. Let ¢ : Cp)(X) — C,(Y) be an isomorphism. Prove that

(i) Iff, g € C)(X) and fix) < g(x) for any x € X then o(f)(y) < p(g)(y) for
anyy €Y.

(i) Iff, g € Cp(X) then p(max(f, g)) = max(¢(f), p(g)).

(iii) If f, g € C,(X) then p(min(f, g)) = min(x(f), ©(g)).

Solution. (i) Suppose that 2 € C,(X) and h(x) = 0 for all x € X. Then, we have p(h)(y)
> Oforall y € Y. Indeed, the function 4; = /A for which & (x) = /h(x) forall x € X,
is well defined and continuous and therefore ¢(h) = p(h}) = ©(hy))* and hence
@(h)(y) = 0forall y € Y. Now, if f(x) < g(x) for all x € X then h(x) = O for all x,
where i = g — f. As a consequence, p(h)(y) = (g — f)(¥) = p(&)(y) — ¢(f)(y) = 0 for
allyeY.

(ii) Given any h € C,(X), define |h|(x) = |A(x)| for all x € X. We have (gp(|h|))2 =
o(|h]?) = @(h*) = (p(h))* and hence @(|h|) = |p(h)| for any function i € C,(X).
Observing that max(f, g) = % (f+ g+ |f — g|), we conclude that p(max(f,g)) =
3 (N + (@) + |p(H — ©(@)]) = max(e(f), ©(g)).
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(iii) Observing that min(f, g) = % (f+ g — |f — g|), we conclude that we have the
equalities p(min(£,g)) = 1 (o(f) + ©(g) — |p(f) — ¢(@)]) = min(e(f), ¥ (g)).

S.094. Prove that, if ¢ : Cp)(X) — C,(Y) is an isomorphism, then we have the
equality o(C*(X)) = C*(Y).

Solution. Given r € R, let p,(x) = r for all x € X. Now, p; = p? and hence
p(py) = (<p(p1))2 whence ¢(p;)(y) can only be equal to O or 1. Therefore, for any
n € N, we have p(p,) = np(p;) so p, can only take values 0 or n. If f € C*(X) then
|f] < p, for some n € N which implies |[o(f)| = ¢(|f]) < ¢(p,) (see Problem 093
and it solution). Since |¢(p,)(y)| < n for any y € Y, the function o(f) is bounded.
This proves that o(C*(X)) C C*(Y). The same proof gives ¢~ (C*(Y)) C C* (X) and
hence o(C*(X)) = C*(Y).

S.095. Let o : Cp(X) — C,(Y) be an isomorphism. Suppose that ¢ € R and f (x) = ¢
for every x € X. Prove that p(f)(y) = c foranyy €Y.

Solution. Given r € R, let p(x) = r for all x € X and g (y) =r forally € Y. We
must prove that ¢(p.) = ¢, for all ¢ € R. Note first that p(py) + (o) = ©(Po + po) =
(po) and hence p(pg) = qo. Since ¢ is an isomorphism, there is some function f
with p(f) = q1. Then p(p1) = p(p1) - () = pP1 - [) = ¢(f) = q1. Since g, = q1 +
- -+ 4 g (the sum is of n» summands), we obtain the equality ©(p,) = @(p; + --- +
pP1)=q1 + -+ q1 = q, (all sums have n summands) for each n € N. Now, o(—f)
+ ©(fH) = ©(po) = go which implies ©(—f) = —p(f) for any f € C(X). Therefore
©(p,) = q,, for any integer n. If r is a rational number then r = § for some integers a
and b. Therefore, bo(p,) = (bp,) = ¢(pa) = q, and we have ©(p;) = 194 = qn-

Finally, take any ¢ € R and any ¢ > 0. Pick any rational numbers r and s with

re(c—%c)ands € (c,c +£). Then [p(p) — qc] < lo(p) — (P = las — ] <&
(see Problem 093(i)). Since ¢ > 0 was taken arbitrarily, we proved that ¢(p.) = ¢..

S.096. Prove that there is no isomorphism between C,(R) and C,(I).

Solution. All continuous functions on I are bounded so if ¢ : C(I) — C(R) is an
isomorphism then C*(R) = (C*(I)) = ¢(C(I)) = C(R) by Problem 094, which is
a contradiction because the identity function is not bounded on R.

S.097. Suppose that X is a set and (Y, 7) is a topological space. Given a map
f:X — Y, denote the family {f "(U) : U € 7} by f~ (7). Prove that

(i) w=f "(7)is a topology on X such that f is continuous considered as a map
from (X, p) to (Y, 1);

(ii) If v is any topology on X, such that the map f : (X, v) — (¥, 7) is continuous,
then u C v.

Solution. (i) Since () = £~ '(#) and X = f~'(Y), the axiom (TS1) holds for the family
pwIfU, VeuthenU=f"(U)andV=f (V') forsome U,V € 7. ThenU N V =
F YU N V') e uso(TS2) also holds. Finally, if y C u then, forany U € y fix U’ € 7
with U = '(U"). Then Jy =f "(J{U' : U € y}) € wand (TS3) is also proved. The
map f: (X, ) — (¥, 7) is continuous becausefl(U) € uforeach U € 7.
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(ii) Let v be a topology on X such that f: (X, v) — (¥, 7) is continuous. For any U
€ uwe have U =f'(U') € v for some U’ € 7. The map fis continuous and therefore
U=f"'(U) € vwhence u C v.

S.098. Let X be a set and let f : X — R be a map. Prove that the space (X, "(N'g))
is completely regular.

Solution. Denote the topology f'(Nz) by 7 and take any x € X. If F is 7-closed and
x ¢ F then X\F = £~ 1(U) for some open U C R. Since y = flx) € U and R is
completely regular, there is a continuous function % : R — [0, 1] such that A(y) = 1
and h|(R\U) = 0. The function g = h o f: X — [0, 1] is continuous and f(x) = 1,
SIF) C {0} so X is completely regular.

S.099. Let T be a non-empty family of topologies on a set X. Show that the family
(U7 satisfies the condition of Problem 008 for generating a topology as a subbase.
The topology thus generated is called the supremum or the least upper bound of the
family of topologies from T . Prove that the least upper bound of T-topologies is
always a Ti-topology for i < 3%.

Solution. Fix any topology vo € 7 and note that J(U7) D Uvo = X so UT
generates a topology 7 as a subbase. Suppose that any v € 7 is T and take any
distinct x, y € X. There exists U € vy such that U N {x, y} has exactly one element.
Since U € 7, this proves that 7 is T. Suppose that any v € 7 is T and take any point
x € X. Since {x} is closed in (X, vg), we have X \{x} € vy C 7. Thus, X \{x} is open
in (X, 7) and hence {x} is closed in (X, 7).

If all elements of 7 are Hausdorff then, for any distinct x, y € X, there exist sets
U,V evysuchthatx € U,y € Vand U N V = (). Since U, V € 7, we proved that the
space (X, 7) is also Hausdorff. Assume that all elements of 7 are T3. Then 7is T so
we only have to show that 7 is regular. Given a 7-closed F C X and x € X \ F, the set
V=X\Fis t-open and x € V. Since 7 is a subbase of 7, there are v,...,v, €T
suchthat xe U=U, N --- N U, CVforsome U, €v,..., U, €v,. Asv;is
regular, there are disjoint W;, H; € v; such thatx € W;and X\ U; C H; for all i < n.

Thesets W=W; N --- N W,and H=H, U --- U H, are T-open, disjoint and
x € W, F C H which proves that X is regular. Suppose, finally, that each v € 7
is Tychonoff. Then (X, 7) is T; so we must only prove complete regularity of
X, 7).

Given a 7-closed set F C X and a point x € X \ F, observe thatthe set V =X\ F is
7-open and x € V. Since 7 is a subbase of 7, there exist sets vy, ..., v, € 7 such that
xeU=U; nNn---nNnU,CVforsome U, €vy,...,U, €v, Asv;is completely
regular, there are v;-continuous functions f; : X — [0, 1] such that fi(x) = 1 and
£X\U;) C {0} for all i < n. Each f; is also 7-continuous because f, "' (H) € v; C 7
for each open H C [0, 1]. Therefore f=f; - - - f, is T-continuous, f: X — [0, 1] and f
(x) =1, fiF) C {0} whence (X, 7) is a Tychonoff space.

S.100. (Tychonoff spaces capture all of C,-theory). Let X be a topological space.
Given x,y € X, define x =y to mean that f(x) = f(y) for every f € C(X). Observe that
this is an equivalence relation. Let X be the set of all equivalence classes. For each
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€ CX), let us define @p: X. — Rin the following way: ¢ (y) = fix), where x is an
arbitrary point of y (remember that y C X is an equivalence class). Given x € X, let
n(x) =y where y is the equivalence class containing x.

(i) Observe that the map oy is well defined for each f € C(X).

(if) Denote by tythe topology ¢; Y(NR). Prove that the least upper bound T of the
topologies {7;: f € C(X)} is a Tychonoff topology on X..

(iit) Show that the mapping © : X — Y = (X, 7) is continuous.

(iv) Prove that the spaces C,(X) and C,(Y) are topologically isomorphic.

Solution. Clearly, x = x and x = y impliesy = xforallx,ye X. If x=yandy =z
then, for any f € C(X), we have f(x) = f(y) and (y) = f(z) whence f(x) = f(z). Thus, =
is an equivalence relation. Now, X. = {[x] : x € X}, where [x] = {y € X : y = x} for
all x € X. Thus n(x) = [x] for any x € X.

(1) The map ¢ris well defined if the value of ¢ (y) is well defined for every y € X...
This happens if and only if f{(z) = f(x) for any x, z € y. But x, z € y implies x = z
and hence f(x) = f(z) so the value of ¢/ (y) is well defined.

(ii) The topology 7 is completely regular for each f € C(X) (Problem 098) and
hence 7 is completely regular by Problem 099. Observe also that ¢y is
7-continuous on X, for each f € C(X) (Problem 097). Now take any y € X..
Then y = [x] for any x € y so fix such x. If y/ € X \{y} then y’ = [x] for some
X' € X such that X’ 0 x. This implies that there is f € C(X) such that f{x) # f(x').
As a consequence, ¢y (y) # ¢r (). Take any open U, U’ C R such that
fx) e U, fix'y € U and U N U = ) (they exist because R is Hausdorff
(Problem 019)). Then y € ¢ '(U), y' € ¢; ' (U'), the sets o7 ' (U), ¢; ' (U')
are open in (X, 7) and disjoint. This shows that (X, 7) is Hausdorff and hence
Tychonoff.

(iii) Let us prove continuity of 7 at an arbitrary point x € X. Suppose that y = [x] =
n(x) € U € 7. Since U{Tf:fe C(X)} is a subbase of 7, there are fi,..., f,
€ CX) and Oy,..., O, € Ng such that y € V C U where V =

N7 '(0:) - i < n}. It suffices to prove that x € W and (W) C U for the
open set W = ({f'(0;) : i <n}. Note first that f;(x) = ¢ (y) € O; for all
i < nand hence x € W. Now, if ¥’ € Wand y’ = n(x') then ¢, (y') = fi(x') € O;.
As a consequence y € cpfjl(O,') for each i < nand hence (') =y e V.C U.

(iv) Given f € Cy(X), let o(f) = ¢r € Cp(X). It suffices to show that ¢ is a
topological isomorphism. If f # g then take any x € X with f(x) # g(x). Then
or ([x]) = fix) # g(x) = p,([x]) and hence ¢(f) # ¢(g). Therefore, ¢ is an
injection. Given any ¢ € C(X,), letf= & o . Then f € C(X) and p(f) = Eso pis
a bijection. Assume that f, g € C,(X) and & = f + g. Then @(h)([x]) = h(x) =

Jx) + g(x) = o(HUxD) + @()([x]) for all x € X which proves that o(f + g) =
() + ¢(g). The proof of the equality w(f- g) = w(f) - ¢(g) is identical. Let us
finally prove that ¢ is a homeomorphism. The family 5 = {[y, O] : y € X, and
O is a rational open interval} is a subbase in C,(X.) (Problem 057) so,
to prove continuity of ¢, it suffices to establish that <p71(U) is open in Cp(X)
for any U = [y, O] € B (Problem 009(iii)). Pick any x € y and note that
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gofl(U) =V={fe CyX): flx) € O}.Indeed, f € Uiff ¢, (y) = f(x) € O which
happens if and only if f € V. Thus ¢ is continuous. The family C = {[x, O] : x €
X and O is a rational open interval} is a subbase in C,(X) (057) so, to prove
continuity of @71, it is sufficient to show that (<p*1)7l (U) = ¢(U) is open in
Cy(X,) for any U = [x, O] € C. This will follow from the fact that p(U) =V =
{& e CpX,) : &([x]) € O} because V is a standard open subset of C,(X,.). Now,
& = p(f) € Viff &([x]) = fix) € O which happens iff f € U and our proof is
complete.

S.101. Suppose that X, is a space for each index t € T. Prove that the family
B={[lierU:: U, € 7(X,) for all t, and the set {t € T : U, # X,} is finite} is a base for
the space X = [[;er X;- It is called the canonical (or standard) base of the product
HYGTXT'

Solution. Let 7, = p; ! (7(X;)) for each ¢ € T. Since v = U{, : € T} generates the
topology of X as a subbase, the family B'={U; N --- N U,:n €N, U; € v for all
i<n}isabase of X.IfU=U; N --- N U, € B then U; € 7, for each i < n.
Choose some faithful (= without repetitions) enumeration {sy, ..., s;} of the set
A={n,...,t,} and, for each i < k, denote by {#{,...,7, } the set of all € A such
thatt =5, If V; = U,2 n---NU; foralli<kthenV; € 7,and U=V, N --- NV,
where s; # s;if i # j. This shows that we may assume without loss of generality that
B={Uin---nU,:neN, U e, foralli <nandt #tif i # j}. In what
follows, this is assumed for all elements of B’.

For any U = U; N --- N U, € B pick V; € 7(X,,) such that p, ' (V;)v; and
observe that U = [[,er U; where U, =X, if t ¢ {t,...,t,} and U, = V;if t = 1;. As
a consequence, every element of B belongs to B. Given a set U = [[,er U, € B, let
supp(U) = {t € T : U, # X,}. The set supp(U) can be empty; in this case U = X and
the set U is trivially open. If {z,,..., t,} is a faithful enumeration of supp (U) # 0
thenU =U, N --- N U, where U; :p;l(U,l) for all i < n. Therefore, U € B’ and
hence B = B’ is a base of X.

S.102. Suppose X, is a space for any t € T and we are given a space Y together with
amap f:Y — [[er X;- Prove that f is continuous if and only if p, o f is continuous
foranyteT.

Solution. If the map f is continuous then so is p; o f for each ¢ € T because p, is
continuous. Now suppose that p, o f is continuous for all € T. To show that f is
continuous, it suffices to find a subbase S in X such that f~'(U) € 7(Y) for any set
U € S. By definition of the product topology, the family S = U{p, ' (7(X,)) : t € T}
is a subbase of X. If U € S then U = p, ! (V) for some ¢ € T and V € 7(X,). Thus
FHO) =@, oH (V) is open in Y because p, o f is continuous.

S.103. Let {X; : t € T} be a family of topological spaces and suppose that T =
U{Ty: s €S}, where Ty # () for all s € S, and T, N Ty = 0 if s # 5. Prove that
the spaces [ier X, and [[ g (I,cr, Xi) are homeomorphic, i.e., the topological
product is associative.
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Solution. Let X = [[;c7 X; and Y = [[ ;s (], X)- Given x € X, define (x)(s) =
ys(x) = x|T, for each s € S. It is immediate that y,(x) € [[,; X, for every s € S
and therefore (p(x) € Y. Let us prove that the map ¢ : X — Y is a homeomorphism. If
x # X' then there is ¢ € T such that x(r) # X'(f). Now, there exists s € S with ¢ € T
because T = | J{T; : s € S}.

As a consequence, p(x)(s) = ys(x) # ys(x') = p(x)(s) and p(x) # ©(x') whence ¢
is an injection. Given y € Y, define x € X as follows: if t € T, find the unique s € S
with ¢ € T (such s is unique because the sets T are disjoint) and let x(#) = y(s)(¢). It
is immediate that ¢(x) = y and hence ¢ is a bijection. The last thing we must prove
is continuity of  and ¢~ '. Let p, : X — X, be the natural projection. Denote by g,
the natural projection of Y onto Y = HreT‘_ X, foreachs € Sandletry: Y, — X, also
be the natural projection for all s € S and r € T.

The map ¢ is continuous if and only if the composition g; 0 ¢ : X — Y is
continuous for all s € S (Problem 102). Since Y is also a product, the map ¢, o ¢ is
continuous if and only if ry o g, o  is continuous for each ¢ € T;. Note that ry o g, o
©(x) = ro(x|Ty) = (x|To)() = x(7) for any x € X and hence the map ry o g5 0 @ is
continuous because it coincides with the continuous map p,. As a consequence, the
map ¢ is continuous. Given ¢ € T, there is a unique s € S such that r € T,. It is
immediate that p, o gfl : Y — X, coincides with the continuous map r,, o g, and
hence ¢! is also continuous.

S.104. Let {X, : t € T} be a family of spaces. Suppose that ¢ : T — T is a bijection.
Prove that the spaces | [,er X, and | ier X 5y are homeomorphic, i.e., the topologi-
cal product is commutative.

Solution. Let Y, = X, for each ¢ € T. Our aim is to prove that the spaces X = [[,er
X, and Y = [],er Y, are homeomorphic. Denote by p, : X — X;and ¢, : ¥ — ¥,
the respective natural projections. Given x € X, for the function d(x) = x o ¢ we
have o(x)(t) = x((t)) € Y, for each ¢ € T and therefore d(x) € ¥, i.e.,0: X — Y.
Given any y € Y, for the function u(y) = y o ¢ ' we have u(y)(r) =
y(¢ (1)) € Y15 = X,. This shows that y : ¥ — X and it is clear that u is the
inverse function for ¢ and vice versa. To see that ¢ is continuous, note that g, o J is
continuous for each 7 € T because ¢, 0 § = p(,). Analogously, u = o~ is continuous
because p; o i = g1, is a continuous map for each 7 € T. Therefore 6 : X — Yis a
homeomorphism.

S.105. Show that, for everyi € {0, 1,2, 3, 3%}, the Tychonoff product of any family
of T-spaces is a Ti-space.

Solution. Let X = [[;cr X,- (i) Suppose that X, is a Ty-space for each ¢t € T. Given
distinct x, y € X, fix any t € T with x(¢) # y(¢). There exists U € 7(X,) such that U N
{(x(?), y(¢)} consists of exactly one point. Then V = p,‘l (U) isopenin X and V N
{x, y} consists of exactly one point. Therefore X is a Ty-space.

(i1) Assume that X is a T-space for all ¢ € T. Take any point x € X. For any point
y € X \{x} find t € T with x(r) # y(¢). Since the space X, is Ty, the set U = X,\ {x(¢)}
is open and y(r) € U. Therefore V, = p; ' (U) is an open set in X and y € V,cX
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\{x}. Thus X \{x} = U{V, : y € X\{x}} is an open set. As a consequence, {x} is
closed in X.

(iii) If all X,’s are Hausdorff, take distinct x, y € X. Pick any ¢ € T with x(¢) # y(¢).
There are U’, V' € 7(X,) such that x(f) € U, y(t) € V' and U’ N V' = (. If
U=p ' (U)andV =p ' (V) thenU,VerX),xeU,yeVandU N V=0
This means X is a Hausdorff space.

(iv) Let X, be a Ts-space for each ¢t € T. By (ii), the space X is T| so we only
must prove regularity of X. Take any x € X and any closed F C X such that x ¢ F.
There exist t,..., t, € T and O; € 7(X,,) such that x € U C X\F where
U={p;'(0;) :i<n}. Let x; = p;(x) for each i < n. Then x; € O; and by
regularity of X,, there are V;, W; € 7(X,,) such that x; € V;, X,\O; C W; and V; N
W; =0 foralli < n. Thesets G = ({p; (Vi) : i<n}and H = U{p, ' (W;) : i < n}
are open in X and G N H =(). Since x; € V;foralli < n, wehavex € G.If y € F
then y ¢ U and therefore y ¢ p, ' for some i < n. This implies p,, (y) € W; and hence
y € H. This proves that F C H and X is regular.

(v) Let us tackle the case when X, is a Tychonoff space for each ¢ € T. By (ii) the
space X is T; so we must only prove complete regularity of X. Take any x € X and
any closed F' C X such that x ¢ F. There exist 71,. .., , € Tand O; € 7(X;,) such that
x € UCX\Fwhere U = N{p; ' (0;) : i <n}.Letx; = p;,(x) for each i < n. Then x;
€ 0, and by complete regularity of X,, there are continuous functions f; : X,, — [0, 1]
such thatfi(x;) = 1 and f;(X,,\O;) C {0} foralli < n.Now, let g; = f; o p,, foralli < n.
Then g; : X — [0, 1] is a continuous function and g;(x) = 1 for each i < n. As
a consequence, f = g; . .... g, : X — [0, 1] is a continuous function on X and
fix) =1.1f y € F then y ¢ U which implies p,,(y) € X;,\O; for some i < n. By the
choice of f;, we have g;(y) = fi(p,;(y)) = 0 and therefore f(y) = 0. This proves that
JUF) C {0} and hence the space X is Tychonoff.

S.106. Show that, for any non-empty topological product X = [[,er X, and any
s € T, the space X has a closed subspace homeomorphic to X.

Solution. Pick a point a, € X, for any ¢t € T. Given x € X, let p(x)(t) = a,if t # s
and p(x)(s) = x. It is clear that ¢ : X; — X. Denote the set (o(X;) by Y. Let us prove
that the map ¢ : X; — Y is a homeomorphism. If x # y then p(x)(s) = x #y =
©(y)(s) which shows that ¢ : X, — Y is a bijection. If ¢ # s then p, o ©(x) = a, for
each x € X;. As a consequence p, o ¢ is continuous. Now p, o ¢ is also continuous
because p; o p(x) = x for any x € X,. This shows that ¢ is continuous (Problem 102).
It is easy to see that ¢ ' is also continuous because it coincides with the function
ps|Y. This proves that ¢ is a homeomorphism. To prove that Y is closed in X, take
any f € X\Y. If () # a, for some ¢ € T\{s} then Ur = p, ' (X;\{a,}) is an open
setin X with f'€ U C X\Y.If f(t) = a, for all t € T\{s} then f(s) = x € X, and hence
f=p(x) €Y, a contradiction. Thus, for every f € X \ Y, there is an open Ursuch that
f€ Up C X\Y. Therefore X\Y = U{U;: f € X\ Y} is an open subset of X.

S.107. Given a topological product X = [[{X,: t € T} and S C T, define the S-face
of X to be the product Xs = [[{X,: t € S}. Let ps : X — X be defined by the formula
ps(x) = x|S for every x € X. The map ps is called a natural projection of X onto its
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ace Xs. Prove that the natural projection onto any face is a continuous open map. In
proj y D D
particular, the projections to the factors of any product are continuous open maps.

Solution. We will use the following easy observation. If f: T — Z is a continuous
onto map then fis open if and only if T has a base 7 such that f{U) is open for each
U € 7.1t was proved in Problem 101 that the family B = {[[,er U, : U; € 7(X,) for
all 7, and the set {t € T : U, # X,} is finite} is a base for the space X so it suffices to
show that ps(U) is open in X for any U € B. Given U = [ [,er U; € B, let supp(U) =
{reT:U,+#X,}. Observe that pg(U) = [],es U; where U, € 7(X,) for all ¢ € S and
U, # X, only for ¢ € supp(U) N S which is a finite set. Therefore pg(U) is open in X
(101) and we established that the map pg is open.

Let g, : Xs — X, be the natural projection for any # € S. The map p, : X — X, is the
respective natural projection in X. To see that pg is continuous observe that g, o pg =
p, is a continuous map for every ¢ € S and hence py is continuous (Problem 102).
It is evident that pg is onto so our solution is complete.

S.108. (The Hewitt—Marczewski—Pondiczery theorem) Given an infinite cardinal
K, suppose that |T| < 2" and X, is a space such that d(X,) < k for allt € T. Prove that
d( Tier X) < k. In particular, the product of at most 2”-many separable spaces is
separable.

Solution. Observe that if Y is a continuous image of X then d(¥) < d(X). If Zis a
dense subspace of X then d(X) < d(Z); this follows from the fact that any dense
subspace of Z is also dense in X. Fix a set A, C X, = A, with |A,| < k foreacht € T.
Take a surjection f; : D(x) — A, for each ¢ € T. Since any map defined on a discrete
space is continuous, f; is continuous for all # € T. Given x € D(K)T, let p(x)(¢) =
flx(®) for all t € T. Then ¢ : D(ic)" — X = [[rer X

We leave to the reader the boring verification of the fact that ¢ is a continuous
map and go(D(;c)T) = A = [[;er A It is another easy exercise for the reader to check
that A is dense in X and therefore d(X) < d(A) < d(D(x)"). As a consequence, it
suffices to prove that D(x)” has density < k. The space D = D(2) is Tychonoff and
hence D" is also Tychonoff by Problem 105. The family B = {[[;e. U, : U; € (D)
for all 7, and the set {t € T: U, # D} is finite} is a base for the space D*. Since there
are only k-many finite subsets of x and 7(D) is finite, we have |B| = x and hence
w(D") < k. Itis trivial that w(Y) < w(D") for any ¥ C D". Now, |D"| = 2" and hence
there exists an injection i : T — D",

We have a topology u = i~ '(7(D")) on the set T which is Tychonoff and has
weight < x (see Problem 097). Fix any base C of (T, u) of cardinality < x. Consider
the set B = {x € D(x)" : there exists a finite disjoint family y C C such that x(U) has
at most one element for all U € y and the same is true for x(T\Jy)}. In other words,
B consists of functions on T which are constant on the elements of some disjoint
finite y C C as well as on the set T\ | Jy. It takes some routine cardinal arithmetic to
prove that |B| < «. Let us show that B is dense in D(x)".

Take any non-empty basic open set U = [[,er U; where supp(U) = {r € T: U, #
D(x)} is a finite set. If supp(U) = () then, evidently, U N B # (), so suppose that
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supp(U) = {ty,...,t,}. Foreachi < n, choose u; € U,, and fix some a € D(x). Since
(T, w) is a Tychonoff space, there is a disjoint y = {Cy,...,C,} C Csuch thatz; € C;
foreachi < n. Givent € T, let x(t) = u; if t € C; for some i < n and x(¢) = a for all
indices t € D(i) \ Uy. It is clear that x € B N U and hence U N B # () for every
basic open set U. Therefore, B is dense in D(x)" and hence d(D(x)") < IB| < k.

S.109. Prove that any product of separable spaces has the Souslin property. In
particular, the space R* has the Souslin property for any set A.

Solution. Let X; be a separable space for each t € T. Assume that the space
X = [ser X; does not have the Souslin property and fix a family {U, : o < ®}
of non-empty disjoint open subsets of X. We may assume (taking smaller sets if
necessary) that every U, is an element of the standard open base of X, namely
U, = [[{U? : t € T} where supp(U,) = {r € T : U* # X,} is finite for all o < .
The set S = |J{supp(U,) : & < w;} has cardinality < w; < 2“. The set V,, = ps(U,)
is non-empty and open in Xg = [[{X, : ¢+ € S} (Problem 107) and the family
{Vy:a < w;} is disjoint.

Indeed, if o # f and x € V, N Vj then take any x, € X, for all € T\ S and
consider a function y € X defined by y(f) = x(¢) if t € S and y(f) = x, forall r € T\ §.
Note that supp(U,) U supp(Ug) C S and we have y(r) =x(¢) € U} and

y(1) = x() € U? for all ¢ € S. But we also have y() € U? and y(t) € U? for all
t € T\ Sbecause U* = U’ = X, for all r € T\S. This shows that y € U, N Uy which
is a contradiction.

Now apply Problem 108 to see that the space X is separable. If A is a countable
dense subset of X then, for each o < w;, choose a, € V, N A. If o # fthen 'V, N Vs
= () which implies a, # ag. Thus {a, : « < w;} is an uncountable subset of a
countable set A which is a contradiction. Finally, to see that R* has the Souslin
property, note that R is separable because the countable set Q is dense in R.

S.110. Suppose that X is a space and Y is a dense subspace X. Prove that
c(X) = c(Y).

Solution. Suppose that y is a disjoint family of non-empty open subsets of X. Then
w={U N Y:U ey} is also a disjoint family of non-empty open subsets of ¥ with
|| = |y|- Thus ¢(X) < ¢(Y). On the other hand, if p a disjoint family of non-empty
open subsets of Y then, for each U € p, take W(U) € 7(X) with W(U) N Y = U.
Observe that any non-empty open set of X has to meet Y because Y is dense in X.
Now, if W(U) N W(U") # ) then the non-empty open set W(U) N W(U’) has to
intersect Y and therefore ) £ W(U) N W(U') N Y = U N U’ which is a contradic-
tion which proves that the family y = {W(U) : U € u} is disjoint. Since |u| = |y|, this
shows that c(Y) < c(X).

S.111. Given spaces X and Y, note that C(X, Y) C Y*. Prove that the topology of
Cp(X, Y) coincides with the topology induced in C(X, Y) from the Tychonoff
product Y. In particular, C,(X) is a subspace of RX. Prove that C »(X) dense in
R*. Hence, for any space X, the space C »(X) has the Souslin property.
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Solution. By the definition of the product, the set Y* consists of all mappings
from X to Y. Thus C(X, Y) C Y*. To see that the topology induced on C(X, Y) from
YX is precisely the topology of Cp(X, Y), we will use the following evident fact.
Suppose that Z is a space and T C Z has a topology 7. Then 7 is the subspace
topology on T if and only if there exists a base C of Z such that the family C|T =
{U N T:UeC} is abase for (T, 7). We leave to the reader the simple proof of
this fact. Now if we take an element U = [[,ex U, of the standard base B in ¥
(Problem 101) then U N C(X, Y) = [x1,..., X,,; Uy,..., U,] where {xq,..., x,} is
some enumeration of the finite set {x € X : U, # Y} and U; = U,, for alli < n. If we
denote by B’ the standard base of C,(X, Y) then B|C(X, Y) C B'. On the other hand,
ifV=1[xy,....,x50....,0,0€B thenU =[[,exUr € Band U N C(X,Y) =V if
we take U,, = O; for all i < n and U, =Y otherwise. Therefore B|C(X, Y) = B’ and
we proved that the topology of C,(X, Y) is the topology of subspace of Y* and, in
particular, C,,(X) is a subspace of RX.

To prove that C,(X) is dense in R*, take any non-empty standard open subset
U = []cex U, of the space RX. The set A = {x € X : U, # R} is finite and it is
possible to choose r, € U, for each x € A. Apply Problem 034 to find a function
f € Cy(X) such that f{x) = r, for any x € A. Then f € U N C,(X) and therefore
C,(X) N U # 0 for any standard open U C R* which shows that Cp(X) is dense
in R¥. The last part of the assertion of this problem follows from Problems 109
and 110.

S.112. Let Y, be a space for every t € T. Show that, for any space X, the space
Co(X, [lier Y)) is homeomorphic to [[{C,(X, Y, : t € T}.

Solution. Let us establish first the following general fact (). Given spaces Z and W,
take any z € Z and define 7, : W# — W to be the natural projection, i.e., ,(f) = f(z) for
all f € W%, Since C,(Z, W) C W# (Problem 111), the map 7.|C,(Z, W) is continuous.
For the spaces Y = [[,er Y, and C = [[{C,(X,Y) : 1 € T}, letp,: Y — Y,and ¢,: C —
Cp(X, Y,) be the respective natural projections. Given x € X, we will also need the
natural projection r, : ¥ — Y defined by r(f) = f(x) for all f € Y*.

For any f € C (X, Y), define ©(f) € C letting p(f)(t) = p, o fforeachr € T. We are
going to prove that the map ¢ : C,(X, Y) — C is a homeomorphism. Fix any t € T
and let (p,) . (f) = p; o f. The mapping (p,).. : C,,(X, Y) — C,(X, Y,) is continuous by
Problem 091. Since ¢, o ¢ = (p,). for each ¢, the mapping ¢ is also continuous (see
Problem 102). If f, g € C,,(X, Y) and f # g then f(x) # g(x) for some point x € X.
Furthermore, there is an index ¢ € T such that f{x)(f) # g(x)(?). Therefore, (f)(#)(x) =
pLflx)) = f)(0) # g(®) = p(g(x)) = p(g)((x) and hence p, o f # p, o g which

implies p(f) # (g)-

To see that ¢ is surjective, take any g € C. Then g(¢) € C\,(X, Y,) for each t so we can
let fix)() = g(H)(x) for each x € X. We have f € C,,(X, Y) by Problem 102 and o(f)
= g whence ¢ is a continuous bijection. To establish that o' is continuous, observe
that ¢~ is also a map from C in Y* (Problem 111) so it suffices to prove that ' : C
— Y*is continuous (Problem 023). Continuity of ¢~ is equivalent to continuity of
all compositions r, o ¢! for x € X (Problem 102). Observe that r, o (p_l :C—=Y
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and Y is also a product so continuity of . o ¢~ ' is equivalent to continuity of p, o r, o
4,071 foreacht € T. For any f € C, we have p, o r o 0 '(f) =f(H)(x) and therefore the
map p,; o r, o <p_1 coincides with m, o g, : C — Y, where m,(h) = h(x) for any 1 € C,(X,
Y,). The map g, is continuous and so is 7, by (*) which proves continuity of ¢~ .

S.113. Suppose that X, is a space for each t € T and let X = | J{X, x {t} : 1t €T}. For
everyt € T, define the map q,: X, x {t} — X, by the formula q, (x, t) = x for each x €
X IfUCX, letUeTifq(U N (X, x {t})) isopeninX,forallt € T. Prove that 7 is
a topology on X. The space (X, 7) is denoted by @ {X, : t € T} and is called the
discrete (or free) union of the spaces X,. Show that

@) IfX, x {t} is given the topology of subspace of @{X,: t € T} then the map q, is
a homeomorphism for each t. Thus X, X {t} is a copy of X,.

(ii) Each X, x {t} is a clopen (= closed-and-open) subset of (X, :t € T}.

(iii) If a space X can be represented as a union of a family {X, : t € T} of pairwise
disjoint open subsets of X, then X is homeomorphic to (X, :t € T}.

Solution. If U = @) then ¢ (U N (X, x {t})) = 0 € 7(X,) for each ¢ € T and hence
0 er. IfU=Xthenq, (U N (X, x {t})) =X, € 7(X,) for each t € T which shows that
X € 7. Given U, V € 7, we have

(U NV N X xA{t})=qU N X x{r})) N gV N X x{1})) € 7(X)
because each one of the sets of the intersection belongs to 7(X,). As a consequence,
U N V € 7. Finally, if y C 7 then

%((UV) N X, x {t}) = U{Qt(U N & x{th)):UeylerX)

for each r € T because every element of the union belongs to 7. Therefore Uy € 7
and we proved that 7 is a topology on X. Denote by Y, the set X; x {¢} foreacht € T.

(i) It is clear that g, is a bijection. If U € 7(X,) then W = qt’1 (U)U (X\Y)isan
open set in X with W N Y, = ¢! (U). Therefore ¢, ! (U) € 7(Y,) and ¢, is
continuous. If U is open in Y, then there is W € 7 such that W N Y, = U. By
definition of 7, we have (q,’l)_l(U) = g/{U) = q(W N Y,) is an open set in X,
and hence ¢, is a homeomorphism.

(i) Each U =Y, is open because, for any s # f, we have ¢J(U N Y,) = 0 € 7(X,)
and q(U N Y,) = qg(Y,) = X, € 7(X,). The set U is also closed being a
complement of an open set X\ U = [J{Y,:s € T\ {t}}.

(iii) Defineamapq:Y={X,:t €T} — X by the equality ¢(x) = g(x)ifx € Y, =
X, x {t}. It is evident that g is a well-defined bijection. If U is open in ¥ then
qU)=U{q(U NY,):teT}. Theset q(U N Y,) is open in X, and hence in X
whence ¢(U) is open in X and therefore ¢~ is continuous. Finally, if V is open
in X then q,(q_l(V) N Y,) =V N X,is open in X, for each ¢ € T and hence the
set ¢~ (V) is open in Y. This proves that ¢ is also continuous.

S.114. Suppose that X = @{X; : t € T}. Prove that, for any space Y, the space
C,(X,Y) is homeomorphic to the space [ [{C,(X,,Y) : t € T}.

Solution. Let us consider the restriction map 7, : C,(X, ¥) — C,(X,, Y) defined
by n{f) = f|X,;forallt € Tand f € Cp(X, Y). Given an element U = [xy,. .., X,;
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O1,..., O,] of the standard base of the space C,(X,, ¥), it is easy to convince
ourselves that n,“ ) =1{feC)X,Y): ftx) € O, forall i < n} € 7(Cp(X, Y)) and
hence 7, is continuous. For any f' € C,(X, Y), define p(f) € C = H{CP(X,, Y):teT}
by the equality o(/)(#) = n(f) =f1X. Ifq,: C — C »(X,, Y) is the respective natural
projection then ¢, o ¢ = 7, is a continuous map for any ¢ € T and therefore the map
¢ 1 Cy(X,Y) — Cis continuous. If f, g € C,(X, Y), f# g then pick any point.x € X
with £ (x) # g(x) and ¢ € T such that x € X,. Thenf|X, # g|X,, i.e., n(f) # n,(g) which
implies (f) # (g) and hence ¢ is an injection. Given any g € C define a function
fe Cy(X,Y) as follows: for any x € X find the unique # € T with x € X, and let f{x) =
g(®)(x). We omit the simple verification of the fact that fis continuous and ¢(f) = g
which shows that ¢ is a bijection. To prove that ¢ is a homeomorphism, we must
show that o~ is continuous. Let us consider ' as a map from C to Y* (Problem
111). By Problem 102, continuity of ' is equivalent to continuity of the map r, o
<p71 for all x € X where r(h) = h(x) for all i € YX. So take any x € Xand tr € T with x
€ X,. Thenr, o gfl(j) = fDx) = g H(x) = s, 0 q(f) where s, : C,(X,, ¥) — Yis
defined by s,(h) = h(x) for all 1 € C,(X,, Y). The map s, is continuous being the
restriction of the respective natural projection of Y*' to C,(X,, Y). Therefore r, o !

= 5, 0 ¢, is also continuous which proves continuity of ¢ .

S.115. Given a space X, define the map sm : C,(X) X C,(X) — C,(X) by the equality
sm(f, g) =f + g for any f, g € C,(X). Prove that the map sm is continuous.

Solution. Take any functions fy, go € C,(X). If hy = fo + go € U € 1(C,(X))
then there exist xy, ..., x, € X and ¢ > 0 such that O(hg, x4, . . ., x,,, &) C U. The sets
V= 0(fo, x1,---» Xy, 5) and W = O(go, X1, - - -, X, 5) are open in C,,(X) and therefore
(fo, o) € V x W € 1(C(X) x Cy(X)). Given f € V and g € W, we have |f(x,) +
g0) — hoto)| < [fx) — folo)| + [g0a) — goba)| < & + & = ¢ forall i < n.
As a consequence, f + g € O(hg, X1, . . ., X,,, €) and we established that sm(V x W) =
V 4+ W C O(hg, x1,..., X, €) C U and hence the map sm is continuous at the

point (fo, go)-

S.116. Given a space X, define the map pr : C\,(X) x Cp(X) — Cn(X) by the equality
pr(f, ) =f- g foranyf, g € C)(X). Prove that the map pr is continuous.

Solution. Take any functions f, g9 € C,(X). If ho =fy - g0 € U € 7(C (X)) then there
exist xy,..., x, € X and &¢ > 0 such that O(hy, x1,..., Xx,, €) C U. Let
M =377 fo(xi) [+ D00 180(xi)|+2 and 6 = min{5;, 1}. Observe that the sets
V=0(fo, x1,...,%,,0) and W = O(go, X1, . . . , X, 0) are open in C,,(X) and therefore
(fo, 80) € V x W € 7(C,(X) x Cyp(X)). If we are given f € V and g € W, we have
lg(x)| < 1+ |go(x;)| < M foreach i = 1,..., n and hence |f(x;) - g(x;) — ho(x;)| =
lg(x;) -+ (fx;) — fox) + fox) - (g(x) — go(x))| < |gCep)|[fx;) — foCxd)| + [folx)||g(x)
— )| <M-6+M-6<5+45=cforalli < n. Asa consequence, f- g € O(ho,
X1, - .. Xp, €) and we established that pr(V x W) =V - W C O(hg, x1,...,Xx,, &) CU
and hence the map pr is continuous at the point (fy, go)-
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S.117. Let X be an arbitrary set. Given a family F C exp(X) with a property P, we
say that F is a maximal family with the property P, if F has P and for any y C exp
(X) with the property P, we have y = F whenever F C y. Prove that

(i)  Any filter is a filter base and any filter base is a centered family.

(if)y For any centered family C on X, there is a filter F on X such that C C F.

(iii) If F is a filter on X then there is a maximal filter U on X such that F C U.
A maximal filter is called ultrafilter, so applying (ii), this statement could
be formulated as follows: every centered family on X is contained in an
ultrafilter on X.

(iv) A family U C exp(X) is an ultrafilter if and only if it is a maximal centered
family. As a consequence, any centered family on X is contained in a maximal
centered family on X.

) A family U C exp(X) is an ultrafilter if and only if it is a centered family and,
forany A C X, we have A € U or X\A € U.

(i) If X is a topological space and y C 7" (X) is disjoint then there is a maximal
disjoint u C 7™(X) such that y C p.

(vii) There are no maximal point-finite families of non-empty open subsets of R.

Solution. (i) To see that any filter F is a filter base observe that, for any sets
A,Be F,theset C=A N BCA N Bbelongs to F. Now, if 5 is a filter base and
By,...,B, € Bthenitis easy to prove by induction on 7 that there is C € B such that
C CB; N --- N B,. Since C # (), this proves that B is centered.

(ii) Consider the family F = {F C X : there exist n € Nand Cy,..., C, € C with
C, N---NC,CF}. Itis immediate that C C F and F is a filter.

(iii) We will apply the Zorn’s Lemma which says that any partially ordered set in
which every chain has an upper bound, has a maximal element. Consider the family
U= {y Cexp(X) : yisafilterand F C y}. The partial order on U is the inclusion. If
U € U is a maximal element, then F C U and U is an ultrafilter, so by Zormn’s Lemma,
it suffices to prove that every chain in U has an upper bound. Take an arbitrary non-
empty chain C C U. Then pt = |J C C exp(X) and y C p for any y € C. This shows
that u is an upper bound for C so the last thing we must prove is that 1 € U, i.e., that u
is afilter. Since C # (), we have u # (). Given A, B € p, there are y;, 7, € C such that A
€ y; and B € y,. The family C being a chain, we have y; C 7, or y, C 7;. In both
cases, A, B € y; for some i € {1, 2} and hence A N B € ), because 7; is a filter.
Therefore A N B € u. Now, if A € pand A C B then there is y € C such that A € ).
Since y is a filter, we have B € y and hence B € u. Therefore y is a filter. To finish the
proof observe that any centered family is contained in a filter by (ii) and any filter is
contained in an ultrafilter. Therefore any centered family is contained in an ultrafilter.

(iv) Suppose that ¢/ is an ultrafilter on X. Then I/ is a centered family by (i). To
see that I/ is maximal centered observe that if &/ C U’ and U’ is centered then, by
(ii), there is a filter F D U’ D U. By the maximality of I/ as a filter, we have F =U
and hence U/ = U’ which shows that I/ is a maximal centered family. Now, if I/ is
maximal centered then apply (iii) to find an ultrafilter ¢ D U. Since ¢ is also
centered, by the maximality of I/ as a centered family, we have & = ¢ and hence
U is an ultrafilter.
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(v) Suppose first that ¢/ is an ultrafilter. Then it is maximal centered and, given
any A C X with A ¢ U, the family / U {A} is not centered by maximality of I/ as a
centered family. Therefore there are Uy,..., U, €U withU; N --- NU, N A =0.
ThenU=U, N ---NU,eUand U C X\ A. Now it is easy to see that Y’ =U U
{X \ A} is centered and hence U/’ = U by the maximality of I/ as a centered family.
As a consequence, X\A € U. Assume finally that ¢/ is a centered family such that
AclUorX\AelUforany A C X. By (iv), it is sufficient to show that I/ is maximal
centered. So take any A ¢ U. We have B=X\A € U, so forl/’ =U U {A} we have
A,Be U and A N B = () and therefore I/’ is not centered. This proves that U is
maximal centered and hence an ultrafilter.

(vi) LetUd = {0 C 7*(X) : J is disjoint and y C J}. The partial order on U is the
inclusion. If u € U is a maximal element, then y C u and u is a maximal disjoint
family, so by Zorn’s Lemma, it suffices to prove that every chain in I/ has an upper
bound. Take an arbitrary non-empty chain C C Y. Thenv=|JC C 7*(X)and d C v
for any 6 € C. This shows that v is an upper bound for C so the last thing we must
prove is that v € U, i.e., that v is a disjoint family. Given A, B € v, there are 0, 0, € C
such that A € §; and B € §,. The family C being a chain, we have §; C , or , C J;.
In both cases, A, B € J; for some i € {1, 2} and hence A N B = () because J; is a
disjoint family. Therefore v is a disjoint family.

(vii) Suppose that y C 7"(R) is a point-finite family. Observe that 7*(R) is not
point-finite so there is U € 7*(R)\ y. It is clear that y U { U} is point-finite and hence
y is not maximal.

S.118. Prove that the following properties are equivalent for any (not necessarily
Tychonoff) space X:

() X is compact.

(ii)y  There is a base B in X such that every cover of X with the elements of B has a
finite subcover.

(iii) There is a subbase S in X such that every cover of X with the elements of S
has a finite subcover.

(iv) If P is a filter base in X then {P : P € P} # (.

) If Fis afilter on X then (\{F : F € F} # 0.

(vi)  Given an ultrafilter U on the set X we have (WU : U € U} # .

vii) If C is a centered family of subsets of X then (\{C : C € C} # 0.

(viii) If D is a centered family of closed subsets of X then (\{D : D € D} # .

(ix) If G is a filter base of closed subsets of X then (\{G : G € G} # 0.

(x)  Forany infinite A C X there is a point x € X such that |U N A| = |A| for any
neighbourhood U of the point x (such a point x is called a complete
accumulation point of A). Thus, this criterion could be formulated as
follows: a space X is compact iff any infinite subset of X has a complete
accumulation point.

Solution. (i) = (ii) because B = 7(X) is a base of X. Since every base of X is a
subbase of X, taking S = I3, we obtain (ii) = (iii). Since any filter is a filterbase and
any ultrafilter is a filter, we have (iv) = (v) = (vi). Suppose that (vi) is fulfilled and
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take any centered family C of subsets of X. By Problem 117(iii) there exists an
ultrafilter &/ O C. Then (J{C : C € C} D N{C : C € U} # () by (vi) and this proves
that (vi) = (vii). If (vii) holds and C is a centered family of closed subsets of X then
by (vii) we have ({F : F € C} = ({F : F € B} # () which proves (vii) = (viii).
Since any filter base is centered, we have (viii) = (ix). Now, suppose that (ix) holds
and P is a filter base on X. It is easily checked that G = {P : P € P} is also a filter
base, so by (ix), we have (){P : P € P} = G # () which proves that (ix) = (iv) and
hence the conditions (iv)—(ix) are equivalent.

If the space X is compact and A C X is an infinite set suppose that, for every point
x € X, there is U, € 7(x, X) such that [U, N A| < |A|. There are xi,. .., x, € X such
that X = U{U,,: i < n}. Therefore A=U{A N U,:i<n}and |[A|=Z{|A N U,]|:
i < n} < |A| because every summand has cardinality less than |A|. The obtained
contradiction shows that (i) = (X).

Assume that (x) holds for the space X. If X is not compact choose a family y =
{U,: o <k} C 7(X) of minimal cardinality x such that Uy = X and 7 has no finite
subcover. Foreach o < i, let V, = [J{Up: p < a}. Note first that V,, # X for any o < x
for otherwise the family y, = {Up : B < o} is an open cover of X of cardinality < k
which has, by the choice of x, a finite subcover, a contradiction. The second
observation is that k = |y| is a regular cardinal, i.e., ¥ has no cofinal subset of
cardinality less than k. To prove it, assume the contrary and take a cofinal B C x with
|B| < k. By cofinality of B the family u = {V,,: o € B} is an open cover of X. Since ||
<, thereare oy, ..., o, € Bsuchthat U{V,:i < n} = X.If o;is the biggest one from
the ordinals {oy,..., o,} we have X =V, which is a contradiction with the first
observation. The third observation is that the cardinality of P, = X \ V, cannot be
less than k. Indeed, if |P,| < x for some o < k then for each x € P,, fix a, < Kk such
that x € U, C V,,. The set {o, : x € P,} cannot be cofinal in x by the second
observation so there is § < x such that § > o and o, < ff for all x € P,. It is easy to see
that this implies X = Vg which is a contradiction with the first observation.

By the first observation, we can choose a point xo € X\V,,. Suppose that we have
chosen x,, € X\ 'V, for each o < f8. The set X \ V;; has cardinality at least x by the
third observation so there exists xg € (X\Vp)\{x, : o < B} which shows that we can
construct the set A = {x, : & < k} C X. Clearly, x, # x if o # f and hence |A| = k.
Now, for any x € X there is o < k withx € U, C V,. Since xz ¢ V, for each § > a, we
have |[A N U,| < k and therefore A has no complete accumulation point in X, a
contradiction. This establishes that (i) < (x).

Now, suppose that X is compact and D is a centered family of closed subsets of X
such that (| D =0. The family y = {X\ C : C € C} is an open cover of X and, by
compactness of X, there are Cy,...,C, € Csuchthat X\C) U ---UX\C,) =X
whence C; N --- N C, = () which is a contradiction with the fact that C is centered.
This proves (i) = (viii). Now, if (viii) holds, take any open cover 7 of the space X. If y
has no finite subcover then the family G = {X\ U : U € y} is centered and consists
of closed subsets of X. By (viii) we have (| G # () and, as an immediate consequence,
\J 7 # X which is a contradiction which proves the implication (viii) = (i).
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The last implication left is (iii) = (i). The following technical definition will be
useful in this proof: an open cover of X will be called marked if it has no finite
subcover. It is clear that any subcover of a marked cover is also marked.

Fix a subbase S like in (iii) and assume that there exists an open cover y of X
which does not have a finite subcover, i.e., y is marked. A routine application of
Zorn’s Lemma shows that there exists a family y C 7(X) such that y C gand puisa
maximal marked cover of X. If v=p N Sis a cover of X then it is marked which is a
contradiction with the choice of S. Therefore there is x € X \ (| v). Since y is a cover
of X, there exists U € y with x € U. The family S being a subbase, there are Uy, . . .,
U,€ Ssuchthatxe Uy N --- N U, CU.Now, U;¢ pforeach i < nfor otherwise U;
€ 1N S=vandx € |Jv which is a contradiction. Since u is maximal marked, the
family u U {U;} is not marked, i.e., there is a finite y; C u such that (J ) UU; =X
for each i < n. Observe that 6 = pu; U --- U u, U {U} is a finite subfamily of u.
Giveny € X,if y € (i<, U;theny € U C |J 9. If y ¢ (i<, U; then y ¢ U; for some
i < nand therefore y € U ; C | J 0. Thus y € | J 6 and | Jé = X which is contradiction
with the fact that y has no finite subcover. Hence X is compact and our proof is
complete.

S.119. Prove that a continuous image of a compact space is a compact space.

Solution. Assume that X is a compact space and f: X — Y is a continuous onto map.
If y is an open cover of Y then u = {f' (U) : U € y} is an open cover of X. By
compactness of X there are Uy, ..., U, € y with X = WUpu--- Ufl U,).Asa
consequence, ¥ = fiX) =f(f ' (U)U--- UA(f ' (Uy))=U; U---UU,and hence
Y is compact.

S.120. Prove that a closed subspace of a compact space is a compact space.

Solution. If X is compact and Y is a closed subspace of X take any centered family D
of closed subsets of Y. Then the elements of D are also closed in X and hence (| D
# (. Apply Problem 118(viii) to conclude that Y is compact.

S.121. Prove that, if X is a Hausdorff space and Y is a compact subspace of X, then
Y is closed in X. Show that this is not true if X is not Hausdorff.

Solution. Take any x € X\Y. For any y € Y fix open sets U,, V, such that x € U,,
y € Vyand U, NV, = (. The family {U, N Y : y € Y} is an open cover of the
compact space Y. Thus there are y,,...,y, €Y withY C U,; U - -- UU,,. The set W, =
Vi1 N -+ NV, is openin X and contains x. Now, if z € Y then z € Uy, forsome i < n
and hence z ¢ V,, D W,. This shows that W, N ¥ = () and hence X \ Y = [ J{W, : x €
X\Y} is an open set.

To show that our statement may be false when X is not Hausdorff, define a
topology v on R as follows: a set A C R belongs to v if A = () or R\ A is finite. We
leave to the reader the simple verification that X = (R, v) is compact as well as any
Y C X. Thus the set Y = [0, 1] is compact but not closed in X because any x € R\ [0, 1]
belongs to the closure of Y.
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S.122. Let X be a compact space. Show that, for any Hausdorff space Y, any
continuous surjective mapping f : X — Y is closed.

Solution. Let F be a closed subset of X. The subspace F is compact by Problem 120
and hence f(F) is a compact subset of Y by 119. Now apply Problem 121 to conclude
that f(F) is closed in Y.

S.123. Show that, if X is a compact space and f: X — Y is a condensation then fis a
homeomorphism.

Solution. We must only prove that ' is continuous. Given a closed F C X, the set
(fFH"NF) = f(F) is closed in Y by Problem 122 and hence f~ ! is continuous by
009(v).

S.124. Show that any Lindelof Tz-space is normal as well as any Hausdorff compact
space.

Solution. For possible future references we will prove a little more, namely, that

(i) Any Lindelof T3-space is normal and hence Tychonoff.
(i) Any Hausdorff compact space is normal and hence Tychonoff.

Let X be a Lindelof T3-space. The first observation is that, for any closed F C X
and any y C 7(X) with F C | J v, there is a countable y’ C y with F' C | Jy’. Indeed, the
family I' = y U {X\F} is an open cover of the space X and therefore there is a
countable y C y such that X = (X\F) U (y"). It is immediate that F C | J y". The
second observation is that, given a closed F C X and x € X\F, there is U € 7(x, X)
such that U N F = (). This is true because, by regularity of X, there are U, V € 7(X)
suchthatx € U, F C Vand U N V =0. It is clear that U N F = (). Now, take any
disjoint closed non-empty sets /', G C X. For any x € F, apply the second
observation to find an open set U, with x € U, and U, N G = (). Analogously,
for any y € G there is V, € 7(y, X) such thatVy NF=0.Now, F={U,:x€F}is
an open cover of the closed set F so by the first observation, we can find a family
{Uiricw} CFwithF CU{U;:i€ w}.Since G={V, :y € G} is an open cover of
the closed set G, by the first observation, there is a family {V;:i € w} C G such that
GCcUlVi:iew}. Notethat U; N G=0andV; N F = () for any i € . Consider
the sets U} = U;\(VoU---UV;) and V! = V,\(UpU--- U U;) for all i € » and let
U = Uicw Ul and V = Ui, V]. It is evident that U and V are open sets. We claim
that FC U,GCVand U NV =(.Forany x € F and i € w such that x € U; we have
x € Ul because Vo U -+ U V; does not meet F. Therefore F C U. Analogously, if
y€Gandy € V;theny € V! and hence G C V. To see that U and V are disjoint, take
any x € U N V. Then x € U; N V] for some i, j € . If i <j then x € V; implies
x ¢ Uy for any k < j and, in particular, x ¢ U; D U}, a contradiction. The case j < i
gives us a contradiction in the same way and hence U N V = (). The proof of the
normality of any Lindelof T5-space is complete.

Now, assume that X is compact Hausdorff space. Since any compact space is
Lindelof, by the previous statement it is sufficient to establish regularity of the space
X. Take any closed F C X and any x € X \ F. For any y € F there are U,, V, € 7(X)
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such that x € Uy, y € V, and U, N V, =(). The space F is compact, so the
cover {U, N F :y € F} has a finite subcover. Choose yi, ..., y, € F such that
F CVy, U---UYV,,. Consider the sets U = (i<, Uy, and V = (J;<,, Vy,. It is clear
that U € 7(x, X) and V € 7(F, X) so it is sufficient to show that U N V ={. Indeed,
ifz€ U N Vithenz € U, foralli < nandz €V, for some number j < n. This
impliesz € Uy, NV, = () which is a contradiction. We proved (i) and (ii) so our
solution is complete.

S.125. (The Tychonoff theorem) Show that any product of compact spaces is a
compact space.

Solution. Suppose that the space X, is compact for any r € T. We will prove that
X = [[{X; : t € T} is compact using the criterion given in Problem 118(iii).
Consider the family S = (J,cr S, where S, = {p,‘l (U) : U € 7(X,)} for each
index r € T. It is easy to see that the family of all finite intersections of the elements
of S is precisely the standard base (see Problem 101) of the product [[{X,: ¢ € T}
which shows that S is a subbase of X. Let us prove that y C S and | y = X implies
that 7 has a finite subcover. Note that y = | J{y,: € T} where 7, =7 N &, for each
t € T. Fix a family u, C 7(X,) such that y, = {p[‘1 ) : U € ,}. We claim that there
is 1o € T such that Uyto = X. Indeed, if this were not the case, then, for each r € T,
there is y, € X\(Uy,). Now let y(#) = y,(¢) foreacht € T. Itis evident that y € X. If r €
T then y(t) = y(t) ¢ Uu, for otherwise y, € p;' (U) € v, for some U € yu, which
contradicts the fact that y, € X\(|J y,). As a consequence, y ¢ | J y, for each t € T and
therefore y ¢ | Jy, a contradiction. So we can fix #, € T with X = J y,, and hence
X:, = U n,,- Remembering that X;, is compact, we can choose a finite v C g, such
that X,, = | Jv and hence X = U{p;1 (U) : U € v} which shows that {p,;1 U):Uev}
is a finite subcover of y and the compactness of X is proved.

S.126. Prove that a space X is compact if and only if X is homeomorphic to a closed
subspace of T* for some A with |A| < w(X).

Solution. Let us prove first that the space I is compact. Consider the families S =
{[-1l,a):0<a<1}and S ={(b, 1]: —1 < b < 1}. Itis easy to see that S = S
|J S is a subbase of I. By Problem 118(iii) it suffices to prove that every cover of T
with the elements of S has a finite subcover. So assume that y C Sand |Jy =L
Lety;, =7y NS;,i=1,2. We will need the numbers p = sup{a : [—1,a) € y;} and ¢
=inf{b: (b, 1] € y,}. It is easy to see that [0, p) = | Jy; and (g, 1] = [Jy, and hence
p > q for otherwise r = p%q_f \Jy- Since g < r < p, there are [—1, @) € y; and (b, 1]
€ 7, such that b < r < a. As a consequence, I = [—1, a) U (b, 1] and therefore
{[—1, a), (b, 1]} is a finite subcover of ). Since I is compact, the space I is also
compact for any A by Problem 125. Any closed subspace of I* is also compact by
Problem 120 so, if X is homeomorphic to a closed subspace of some I then X is
compact.

Now suppose that X is compact and k = w(X). If k is finite then X is also finite, so
any subspace of I with « points is closed in openl and homeomorphic to X. In this case
" is homeomorphic to T for A = {0} so |A| = 1 < k. If  is infinite fix a base B in X of
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cardinality . Call a pair (U, V) € B x Bspecial if U C V. Denote by A the set of all
special pairs. Then |A| < |B x B| = k. The space X is normal by Problem 124, so
given a special pair p = (U, V), we can choose a continuous function £, : X — I
such that h,(U) = {0} and h,(X\V) = {1}. For an arbitrary x € X, let p(x)(p) =
hy(x) for any p € A. Then o(x) € I*. We will provethat o : X — Y = p(X) C Misa
homeomorphism. For any p € A, denote by 7, the pth projection of I* onto .
Recall that 7,(f) = f(p) for any f € I*. Note that ¢ is continuous because, for any
p €A, wehave m,, o ¢ = h, and the map 4, is continuous (see Problem 102). If x # y
then take any V € B such that x € V C X\ {y}. By regularity of X there is U’ € 7(X)
such that x € U’ C U’ C V. Take any set U € B such that x € U C U'. Then the pair
p = (U, V)isspecial and h,(x) =0, h,(y) = 1. As a consequence, (x)(p) = h,(x) #
hy(y) = ¢(y)(p) which proves that ¢(x) # ¢(y) and hence ¢ is a condensation.
Apply Problem 123 to conclude that ¢ is a homeomorphism. By Problem 121 the
subspace Y is closed in I,

S.127. Prove that the following properties are equivalent for any (not necessarily
Tychonoff) space:

(i) X is homeomorphic to a subspace of a compact Tychonoff space.
(ii) X is homeomorphic to a subspace of a compact Hausdorff space.
(iti) X is homeomorphic to a subspace of I* for some A.

(iv) X is homeomorphic to a subspace of a T4-space.

) X is a Tychonoff space.

Solution. It is evident that (i) = (ii). Applying Problem 126 we can see that if X
embeds in a compact space then it embeds in I* for some A so (ii) = (iii). The space
I* is compact Hausdorff and hence normal by Problem 124. This shows that (iii) =
(iv). Now, every T4-space is Tychonoff and every subspace of a Tychonoff space is
a Tychonoff space by Problem 017. This proves (iv) = (v).

To establish that (v) = (i) take any Tychonoff space X and let A = C(X, D).
For an arbitrary x € X, let p(x)(f) = f(x) for each f € A. Then ¢(x) € . We will
prove that ¢ : X — ¥ = ¢(X) C I* is a homeomorphism. For any & € A, denote
by 7, the hth projection of I* onto I. Recall that 7,(y) = y(h) for any y € I*. Note
that ¢ is continuous because, for any & € A, we have n, o ¢ = h and the map
h is continuous (see Problem 102). If x ## y then by complete regularity of X there
is a continuous function % : X — I such that A(x) = 1 and h(y) = 0. We have
p@)(h) = h(x) = 1 # 0 = h(y) = p(y)(h) which shows that ¢(x) # (y) and hence ¢
is a condensation. To finish the proof it suffices to establish that o' : ¥ — X is
continuous.

Take any y € Y and any U € 7(x, X) where x = ¢~ '(y). By complete regularity of
X there is a continuous function 4 : X — T such that #(x) = 1 and A|(X\U) = 0. The
setW=1{z¢e ™: z(h) € (0, 1]} is open in ™" and y € W because y(h) = h(x) = 1. Now
take any z € W. If X' = ¢~ '(2) then p(x') = z and @(xX')(h) = h(x') > 0 which shows
that x’ ¢ X\U and therefore x’ € U. We proved that ¢ (W) C U and hence ¢~ is
continuous at the point y. Thus X is homeomorphic to the subspace Y of the compact
space I* and the implication (v) = (i) is proved.
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S.128. Denote by A the set of numeric sequences o. = {o; : i € N} such that o; =0 or

a;=2foralli.Giveno = {o;:i € N} € A, let x(or) = > 37 - ot The set K = {x(a) :
i=1

o € A} is called the Cantor perfect set. Prove that

(i) the set K is a compact subset of the segment I = [0, 1].

(ii) K is uncountable and the interior of K is empty.

(iii) K is homeomorphic to {0, 1}V,

(iv) IfF is a non-empty closed subspace of K then there exists a continuous map r :
K — F such that r(x) = x for all x € F.

v) K maps continuously onto any second countable compact space.

Solution. Note first that, for any o € A, we have 0 < x(x) < »_.°,2- 37'=1and

hence K C [0, 1]. To finish the proof of (i) we must establish that K is compact

which is an easy consequence of (iii). So let us prove that K is homeomorphic to
= {0, 1}N. Note that K is compact by Problem 125.

Givenfe K, leto(f) = > ;2,2 fi) - 37 Ttis clear that o(K) = K. If f, g € K and
f#gletn=min{i € N: f()) # ¢(i)}. Then [p(f) — ()| = [2-37" + 2,2
() — g@) 37 2237 = 5, 1243 = 3775 0 and hence 9 7 $(6)
which proves that ¢ is a bijection. To see that ( is a continuous map, take any f, € K
and ¢ > 0. There exists n € N such that 37" < &. The set U = {f € K : f(i) = fo(i)
for all i < n} is open in K and fy € U. For any f € U, we have |o(f) — o(fo)| <
o1 2 37 =3"" < ¢ and hence ¢ is continuous at the point fy. Apply Problem
123 to conclude that ¢ is a homeomorphism and the properties (iii) and (i) hold.
Since K is homeomorphic to K, it is uncountable so to settle (ii) we must only prove
that K has empty interior. Given distinct f, ¢ € K, let n = min{i : f(i) # g(i)}.
Without loss of generality suppose that f(n) =0 and g(n) = 1. The sets P = {h €K :
h(n) =0} and Q = {h € K : h(n) = 1} are clopen in K and disjoint. Note also that
PUQ=KandfeP,gec Q. Being closed in the compact space K the sets P and Q
are compact.

Now assume that 0 < @ < b < 1 and [a, b] C K. There are f, g € K with p(f) =a
and o(g) = b. Apply the preceding observation to find disjoint compact sets P and Q
suchthatfe P, g€ Q and PUQ =K. The sets P’ = p(P) N [a, b] and Q' = p(Q) N
[a, b] are compact, disjoint, their union is [a, bl and a € P', b € Q'. Let ¢ = inf Q.
The set Q' C [a, b] is bounded and non-empty so ¢ € [a, b]. The point & has to
belong to P’ or to Q'. Observe that P’ and Q' are complementary closed sets in [a, b]
and hence they are both open in [a, b]. Now, if ¢ € P’ then, by openness of P, there
is € > 0 such that [&, £ + &) C P’ and hence there are no points of Q' in [&, & + &)
which shows that inf Q' = & + ¢, a contradiction. If ¢ € Q' then, by openness of O,
we have (& — ¢, £] € Q' for some ¢ > 0. Therefore all points of (¢ — ¢, £] belong to
Q' and hence inf Q' < ¢ — ¢ and we again obtained a contradiction which proves
that no non-trivial interval can be contained in K. Hence K has empty interior and
we established (ii).

Observe that the family {{f € K : f(i) =j} : i € N, j € {0, 1}} is a countable
subbase of K and consists of clopen subsets of K. Since any finite intersection of
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clopen sets is a clopen set, the space K (and hence K) has a countable base 5
consisting of clopen sets. Given x € K, let d(x) = inf{ |x — y| : y € F'}. The function d :
K — R is continuous (see the claim of S.019). For any x € K\F, we have d(x) > 0

so there exists U, € B such that x € U, C (x — @, X+ @) Note that U, C K\F

for each x € K\F and hence K\F = | J{U, : x € K\F}. Since B is countable, there
are only countably many distinct U,’s so we can choose a set {x, : n € N} C K\F
such that K\F = (J{U,, :n € N}. LetW,, = U,, \ Ul'-';ll U,,. Itis clear that {W,} isa
disjoint family of clopen sets and K\F = | J,en W,,.

Choosing an appropriate subfamily and enumeration, we can assume, without loss
of generality, that W,, # () for all n € N. Given n € N, choose y,, € F for which |x,, — y,|
< 45‘1 d(x,). Define the map r : K — F as follows: r(x) = x for all x € F and if x € K\F
choose the unique n € N such that x € W,, and let r(x) = y,,. The map r is continuous at
all points of K\F because, for any x € W,,, we have r(W,)) = {y,,} C (v, — &, y, + ¢) for
any ¢ > 0. If x € F and ¢ > 0, consider the open set V = (x — %, X+ g) N K. It suffices
to show that +(V) C (x — ¢, x + &) sopickany y € V. If y € F then r(y) = y C (x —%,
x+5) C(x — & x+e¢). Nowtakeanyy € V N (K\F)and n € Nwithy € W,.

Observe first that |x — x,| < [x — y[ + |y —x,| <5+ @ due to the fact that W,, C
U, C (x, — d(j”), Xp —1—@). Therefore d(x,) < |x — x,| < £+ @ which implies
d(x,) < g eand [x — x,| <5+ @ <5{+5= g ¢. By the choice of y, we have |x, —
yal < 3d(x,) <3¢ and therefore |x — y,| < [x — x,| 4+ |x, — y,| <§e+3Je=¢eand
this proves that |r(x) — r(y)| = |x — y,| < ¢ for any y € V so the map r is continuous
at the point x and we settled (iv).

To prove (v), note first that the map ¥ : K — [0, 1] defined by the formula y(f) =
S F @) 27", is continuous (the proof is identical to the proof of continuity for ().
Let us show that y/(K) = [0, 1]. Take an arbitrary point ¢ € [0, 1] and let i; = max{i
€ {0, 1} % < t}. Suppose that we have iy, ..., i, € {0, 1} such that, for each k < n
we have i, = max{i € {0, 1} : S50 4, - 27" +i-27% < r}. Leti,,, = max{i €
(0,1} >0 i 27"+ 27""1 < 1}. Tt is clear that we obtain a sequence {i,, :
m € N} suchthat | > | i,-2 " —t| <2 "foreachn € Nandhencet= > | iy,
27", For the function f € K defined by f(m) = i,,, we have y(f) = ¢ finishing the proof
that 1 is an onto map.

Letm,: [0, 1]1° — [0, 1] and p, : K“ — K be the relevant nth projections. Given f
€ K?, let e(f)(n) = Y(f(n)) for every n € w. Then e(f) € [0, 1]° and the map ¢ : K*
— [0, 1]1“ is continuous. To see this, it is sufficient to show that 7,, 0 ¢ : K — [0, 1]
is continuous for each n € N. But it is immediate that 7,, o ¢ = { o p, and the last
map is continuous. Next we show that e is surjective. Indeed, if f € [0, 1]” then
choose any g,, € K such that y(g,) = f(n) for eachn € w. If g(n) = g, foralln € w
then g € K“ and e(g) = f.

Let us observe now that there is a homeomorphism /4 : K — K”. Indeed, K” =
({0, 1}H? is homeomorphic to {0, 1}N*“ by Problem 103. Since there exists
a bijection between N and N X @, we can apply Problem 104 to conclude that
{0, 1}N*” is homeomorphic to {0, 1}* = K. As a consequence, the map w = ¢ o
h is a continuous surjection of K onto [0, 1] which in turn is homeomorphic to 1%
because [0, 1] is homeomorphic to I. Thus there exists a continuous onto map
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u : K — I”. Now take any second countable compact space X. By Problem 126
there exists ¥ C I and a homeomorphism v : ¥ — X. The set F = u™ '(Y) is closed in
K because Y is compact. Apply (iv) to find a continuous onto map r : K — F. Then
v o u o r maps K continuously onto X and the proof of (v) is over.

S.129. Prove that, for any cardinal x, the space A(k) is a compact Frechet—
Urysohn space of uncountable weight if k > w.

Solution. Take any B C A(x) and x € B. If x is an isolated point then x € B and
letting x,, = x for all n we get a sequence {x,} C B which converges to x. Now if x =
a and x € B we get the respective convergent sequence in the same way. Now, ifa €
B\ B then B cannot be finite and hence we can find an infinite C = {x,,: n € @} C B.
The sequence {x,} converges to a because, for any U € 7(a, A(k)), the set A(x)\U is
finite and hence there exists m € N such that all x,, € U for all n = m. This proves
that A(x) is a Fréchet—Urysohn space for each k. Suppose that k > w. If B is a
countable base of A(k) then B’ = {U € B:a € U} is alocal base at a. Since A(k)\U
is finite for all U € BB, the set [ J{A(k)\U : U € B'} cannot cover k. Hence there is
x € K such that U > x for all U € B. However, W = A(x)\{x} is an open set which
contains a and hence U C W for some U € B’ which gives a contradiction with the
fact that x € U. Thus, weight of A(x) is uncountable. To see that A(x) is compact,
take any open cover ) of the space A(x). There is Uy € y with a € U,. Since A(x)\U
is finite, there are Uy,..., U, € y with A(x)\U C U, U --- U U,. Therefore the
family {Uy,..., U,} is a finite subcover of y and A(x) is compact.

S.130. Given a point x = (x;,..., x,) € R" and a real number r > 0, define

B,(x, 1) ={y = Qpeesyn) €R" 1 /300 (3 —yi)2 < r}. The set B,(x, r) will

be called the n-dimensional open ball of radius r centered at x. Prove that

(i) The family B of all open balls in R" satisfies the conditions (BI) and (B2) of
Problem 006 and hence it can be considered a base for some topology Ny
which is called the natural (or usual) topology on R";

(ii) The space (R", N%) is homeomorphic to the topological product of n copies of
(R’ NR)

Solution. (i) Since x € B,(x, 1) for any x € R", we have B = R", i.e., the property
(B1) holds for B. Given x, y € R", x = (x1,..., %), Yy = (J1,. .., yp) let d(x, y) =

/2oy (i — y,-)z. Then d,(x, y) = 0 and d,(x, y) = 0 if and only if x = y. The first

part of this statement is evident and it is it clear that d,,(x, x) = 0. Now if d,(x, y) =
Othen > 7 | (x; — y,-)2 = 0 and hence x; — y; = 0 for all i < n. Therefore x; =y, for
all i < nand x = y. It is immediate that d,(x, y) = d,(y, x) for any x, y € R".

It is easy to check that

2
(Z aibi> = <Z a?) . <Z b?) — % . Z Z (aib; — ajbi)2

i=1 j=1



110 2 Solutions of Problems 001-500

for any a;, b; € IR, i < n. An immediate consequence is the famous inequality of
Cauchy—Buniakovsky:

(o) «(3) (£9)

We claim that d,(x, y) + d,(y, z) > d,(x, z) for any points x, y, z € R". This
inequality is called the triangle inequality. Given any x, y, z € IR" with x = (xy, .. .,
X2, Y = OV1s--+» Yu), 2 = (21, .., z,) the triangle inequality for x, y y z has the
following form:

(s4) \/Z (i - < \/Z (5 —x) + \/Z )
i=1 i=1 =1

Ify, — x;, = a;, z; — y; = b;, we obtain z; — x; = a; + b;, and (**) can be written as

(3 %) \/Z (a; + b;)? \/Za +\/Zb2

Applying (x), we can see that

n
RUETIE SUES SLEED 0
=1

2
S I3 TER) S o <\/§;ag +\/§;bg> |
i=1 i=1 i=1 i=1 i=1 i=1

S0 (x*x) is proved together with (x:x).

Now we can show that (B2) is also fulfilled, take any point x € R” and assume
that x € B,,(y, r) N B,(z, s). If t = min{r — d,(x, y), s — d,(x, z)} then B,(x, t) € B
and x € B,(x, ) C B,(y, r) N B,(z, s). Indeed, if X' € B,(x, 1) is an arbitrary point
then d,(x', x) <t < r — d,(x, y) and hence d,(x, y) < d, (X, x) + d,(x, y) < r, which
implies X' € B,(y, r), i.e., B,(x, t) C B,(y, r). The proof of the inclusion B,(x, t) C
B, (z, s) is analogous.

(ii) Denote by v the topology on R” which is the topology of the product of n
copies of the space (R, Ng). It suffices to show that v = N'%. Take any U € v. Given
any x = (x,...,x,) € U, there are U; € Ng,i < nsuchthatxe U; x --- x U, C U.
Thus, x; € U; for each i and hence there is ¢ > 0 for which (x; — ¢, x; + ¢) C U, for
all i < n. We claim that W, = B,,(x, &) C U. Indeed, if y = (y{,..., y,) € W, then
[vi — xi| < d,(x,y) < ¢foreach i < n and therefore y; € (x; — &, x; + &) C U;. Thus, y
€U, x -+ x U, C U and we proved that W, C U. Since W, € N for each x € U,
we have U = |J{W, : x € U} € N which proves that v C N%.
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Now take any U € N and any x = (xy,. . .,x,) € U. Since the open balls form a
base of A, there is y € U such that x € B,(y, r) C U for some r > 0. If s = r —
d,(x,y) then B, (x, s) C B,(y,r) CU.Foro = \/Lﬁ considertheset V., =U; x --- x U,
where U; = (x; — 0, x; + 0) for all i < n. Since U; € N'g, we have V. € v. Now, if z =
(215 .., 2,) € Vi then z; € (x; — 9, x; + J) and therefore |x; — z;| < J for each i < n.

As a consequence, d,(x, z) < Vn - 6> = s which shows that V. C B,(x, s) C U for
each x € U. Therefore, U = | J{V, : x € U} € v and hence Nz C v. This proves that
v = N and we are done.

S.131. Given a subset A of the space R", we say that A is bounded if there is x € R"
and r > 0 such that A C B,(x, r). Prove that a subspace K of the space R" is compact
if and only if K is a closed and bounded subset of R".

Solution. Suppose that K C R" is compact. The space R” is Hausdorff by
Problems 019 and 105 so K is closed in R” by Problem 121. Now, let x be the
point of R” with all its coordinates equal to zero. It is clear that R" = [ J{B,(x, r) :
r> 0} and hence K = | J{B,(x,r) N K:r>0}. Theset U, = B,(x,r) N K is open in
K so the open cover y = {U, : r > 0} has a finite subcover {U,, : i € {1,..., m}}.
Now, it is evident that K C B,,(x, r) where r = r; + - - - 4 r,, SO necessity is proved.

Now suppose that K is a closed subspace of R” and K C B,(y, s) for some y =
01y ER"and s > 0.If 2 = (zy,..., z,) € Kthenz € B,(y, s) and |z; — y;| <
d,(z,y) < sfor eachi < n. Thus z; € [a;, b;] where a; = y; — s and b; = y; + s for
all i < n. We proved in Problem 126 that I is compact and hence so is [a;, b;]
being homeomorphic to I. Therefore J = [a;, b;] X --- X [a,, b,] is a compact set
and K C J. Now, K is closed in R” D J and hence K is closed in J which implies that
K is compact by Problem 120.

S.132. Prove that the following conditions are equivalent for any space X:

(i) X is countably compact.

(if) Any closed discrete subspace of X is finite.

(iii) Any infinite subset of X has an accumulation point.

(iv) If{F,:n€ w}isasequence of closed non-empty subsets of X such that F,, 1 C
F, for everyn € o, then (\{F,:n € o} # .

(v) Ifyisanopen cover of the space X then there exists a finite set A C X such that
UlUey:UnNA#D}=X.

Solution. (i) = (ii). Suppose that D is an infinite closed discrete subspace of X. We
can assume without loss of generality that D = {d,, : n € w}, where d; # d;if i # j.
Theset U, =X \{d;:k = n}isopeninX foreachnand | J{U,:n€w}=X,ie.,y=
{U, : n € w} is a countable open cover of X. If u = {U,,,...,Uy} is a finite
subfamily of y then d,, ¢ | Ju for any m > ny + - - - + n;. Therefore y has no finite
subcover which is a contradiction.

(ii) = (iii). Take any infinite A C X. If A is not closed then any x € A\A is an
accumulation point for A. If A is closed then it cannot be discrete and hence {x} is
not open in A for some x € A. Thus, for any U € 7(x, X), we have U N A # {x} and
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therefore U N (A\{x}) # (). As a consequence, x € A\{x} and x is an accumulation
point of A.

>iii)) = (iv). Let {F,, : n € w} be a sequence of closed non-empty subsets of
X such that F,, . C F, for every n € w. Assume that (\{F, : n € o} = (} and
choose a point x,, € F,, for each n € . The set A = {x,, : n € ®} cannot be finite
because, for each n € w, the point x,, can belong only to finitely many sets Fy
and hence can coincide with at most finitely many points x;. However, no x € X
can be an accumulation point for A. Indeed, there is k € ® such that x ¢ F; and
hence U N A C {xy,...,x;_1} where U = X\F; € 7(x, X). Since X is a T -space,
the set W = X\({xy,....xx_1}\{x})isopen and W N U is an open neighbourhood
of x which does not meet A\{x}. Hence x ¢ A\{x}, i.e., x is not an accumulation
point of A.

@iv) = (i). Let y = {U, : n € w} be an open cover of X. Consider the set
F,=X\(U,U---UU),)foralln € w.Itisclear that F,  , C F,forallnand ({F,:n
€ w} = 0. Since all F,;’s are closed, one of them, say F,,, has to be empty by (iv). But
this implies U; U --- U U, = X and hence {Uy,..., U,} is a finite subcover of y
which proves that X is countably compact.

(1) = (v). Let X be countably compact. If y is an arbitrary open cover of X, denote
by 7, the family {U € y: x € U} for every x € X. Let us call a set A C X marked if
J{U€y:U N A+#(} =X. We must prove that there is a marked finite set for y.
Suppose not and take any x, € X. If we have chosen xj, ... ,.x; € X then A = {x,. ..,
X} is not marked and hence there exists x; 1 € X\(J{U € y: U N A # 0}. This
shows that we can construct by induction the set D = {x;:i € w} C X so that x;,
¢ U{Upy,, i < k}. In particular, x; # x; if i # j and hence the set D is infinite. We
claim that D has no accumulation points in X. Indeed, take any x € X and U € y with
xcU.Ifi<jandx; € Uthen U € 7, and hence x; ¢ U by the construction of D. This
shows that every point x € X has a neighbourhood which intersects at most one
element of D. Therefore x cannot be an accumulation point of D which is a
contradiction with (iii).

(v) = (i). Suppose that D = {d, : n € w} is a closed discrete subset of X
such that d,, # d,, if n # m. Since X is Tychonoff, there exists a disjoint family
{U,:n € w} C7(X)such that d,, € U, for each n € w. The family y = {X\ D} U
{U,:n € w} is an open cover of X. If A C X is finite then A intersects only finitely
many U,’s. Therefore, there is m € w such that A N U,, = () and hence x,, ¢ J{U €y
:U N A # ()} which is a contradiction with the property (v) for X. Thus X is
countably compact by (ii).

S.133. Prove that a continuous image of a countably compact space is a countably
compact space.

Solution. Let f : X — Y be surjective continuous map. Suppose that X is
countably compact. Given a countable open cover y of the space Y, the family
= {f '(U): U € v} is a countable open cover of X. Since X is countably compact,
there are U, ..., U, € ysuch that X = '(U;) U--- Uf '(U,) and hence Y = fiX) =
u,uy---uu,ie., {U,...,U,} is a finite subcover of y. Therefore Y is also
countably compact.
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S.134. Prove that a closed subspace of a countably compact space is a countably
compact space.

Solution. Given a countably compact space X and a closed F C X, if D is an infinite
closed discrete subspace of F then D is an infinite closed discrete subspace of X
which is a contradiction. Hence F is countably compact by Problem 132(ii).

S.135. For an uncountable cardinal i, define & = {x € 1" : the set xil(H \{0}) is
countable}. Prove that

(i) The set X is dense in 1".

(i) IfA C X is countable, then A is compact (the closure is taken in ).
(iiiy X Is a Fréchet-Urysohn space.

(iv) The space X is countably compact and non-compact.

Solution. (i). Fix any f € I“ and U € 7(f, I"). There exist &, ..., o, € k and Oy, . . .,
0, 1(l)suchthatfe W= {gel":g(a) € O, foralli < n} C U. Define a function
h .k — I as follows: h(x;) = f(o;) for all i < n and A(x) = 0 for all o« € k\{ay,...,
o,}. Itis clear that # € X. Observe that 1 € W because h(o;) =fla;) € O; forall i < n.
Consequently, U () £ D W () 2 > & and therefore U (| X # () which implies f € X.
The point f € T being arbitrary we can conclude that T = I*.

(ii). For each f € A, let supp(f) = {a < « : f(a) # 0}. Since supp(f) is countable
for any f € X, the set S = | J{supp(f) : f € A} is countable. Let Xy = [[{P,, : & < K},
where P, =l fora € Sand P, = {0} if « € x\S. Itis clear that £ C ¥ and A C Xg.
Besides, X is a compact subspace of X being a product of compact spaces (Problem
125). Therefore Zg is closed in ~ (Problem 121) and the set A C X is compact
being closed in Xg.

(iii). Observation one. Every first countable (and hence every second countable)
space is Fréchet—Urysohn. Indeed, suppose that x € A and {W,, : n € w} is a local
base atx. If U, = N{W,:i < n} for each n € w then the family {U,:n € w}isalsoa
local base at x. Choosing x,, € U,, N A for each n € w we obtain the sequence {x,} C A
which converges to x.

Observation two. If a space X has a countable base then any ¥ C X also has a
countable base. To see this, take any base {U,, : n € w} in the space X and note that
{U, NY:n€w}isabaseinY.

Observation three. The space R is second countable and hence so is I
by observation two. To see that observation three holds, observe that the family
{(a, b) : a, b € Q} is a countable base in R.

Observation four. If X is second countable and S is countable then X° is also
second countable. Indeed, if BB is a countable base in X the family C = {[],es Us :
there is a finite set A C S for which U; € Bforall s € A and U; = X for all s € S\A}
is a countable base for X°. We will only show that C is base for X°. All elements of C
are standard open sets of the product so C C T(XS). IffeUce T(XS) then there is a
finite A C S and Wy € 7(X) for each s € A such thatf € W C U where W = {g exs:
g(s) € W foreach s € A}. Since B is a base in X, there are U € B such that g(s) € U,
C W, forall s € A. Letting U, = X for s € S\A we obtain the set C = [ [,es U, which
belongs to C. Since f € C C W C U, this proves that C is a base in the space X°.
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Observation five. Given a countable S C r, the space Xg is homeomorphic to I°.
Here, asin (i), Zg = [[{P,: « <k} C X, where P, =Ifora € Sand P, = {0} if o €
k\S. To prove this, consider the restriction 75 : © — I° given by the formula 7g(f) =
f1S. The map 7y is continuous being a restriction of a continuous map to X (Problem
107). It is evident that o5 = 7g|Zs : g — I® is a continuous bijection defined on the
compact space Xg. Thus g is a homeomorphism by Problem 123.

Observation six. If x € T and x € A for some A C X then there is a countable B C
A such that x € B. Let Sy = supp(x) U w (we add  for the case when the support of x
(see (ii)) is empty). Then 75, (x) € I% and I* is second countable by Observations
three and four. The map 7, is continuous so 7, (x) € s, (A). By Observation one,
there is a countable By C A such that 7g, (x) € mg, (Bo). If we have countable sets Sy
C---CS,CkandByC---CB,CA,letS, ., =S5,U(U{supp(y):y € B,}). The
map 7, , is continuous and hence 7, (x) € ms,, (A). By Observation one, there
is a countable B), | C A such that 7rg,  (x) € 7, (B,11). Letting B,.; = B, UB,

= Soun P2
n+1

we finish the inductive construction. The set B = U,,c,, B,, C A is countable so it
suffices to establish that x € B. Take any U € 7(x, X). There exist oy, . .., &, € x and
O4,...,0, € 7(I) such that x € W C U for the open set W = {y € Z : y(«;) € O; for
all i < n}. Since S;, D S, for all i € w, for the set S = |J{S,: i € w} we can find
a natural m such that S N {oy,..., a,} = S, N {ay,..., a,}. Recall that
7, (x) € 7, (By) which implies that there is z € B,, such that z(x;) € O; for any
o, € P=S, N {ay,..., o,}. Now, if o; € {a,..., o,}\P then o; ¢ S and hence
z(o;) = 0 because supp(z) C S. Note also that supp(x) C § and therefore x(o;) =
0 for all o; € {oy,..., a,}\P. This shows that z(¢;) = 0 = x(e;) € O; for all o;
€ {ag,...,0,)\Pand z € W C U. We proved that U N B # () for any U € 7(x, X)
and hence x € B.

Now it is easy to finish the proof of (iii). Note that B U {x} C Xg and hence
the space B U {x} C X is second countable by Observations four and five. By
Observation one there is a sequence {x, : n € ®} C B C A which converges to x.

@iv). To see that X is countably compact, take any countably infinite closed
discrete D C X. By (i) the set D = D is compact which is a contradiction (Problem
132(ii)). Hence all closed discrete subsets of X are finite and hence X is countably
compact by Problem 132(ii). The space X is not compact for otherwise it would be
closed in the Tychonoff space I". This, together with (i) would imply £ = TI*.
However, x ¢ X if x(ar) = 1 for all « € x. The obtained contradiction proves that  is
a countably compact non-compact space.

S.136. Prove that the following conditions are equivalent for any space X:

(i) X is pseudocompact.

(ii) Any locally finite family of non-empty open subsets of X is finite.

(iii) Any discrete family of non-empty open subsets of X is finite.

(iv) For every decreasing sequence Uy D U D - - - of non-empty open subsets of X,
the intersection N{U, : n € w} is non-empty.

(v) For every countable centered family {U, : n € w} of open subsets of X, the

intersection N{U, : n € w} is non-empty.
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Solution. (i) = (ii). Suppose that X is pseudocompact and {U,, : n € N} C 7°(X) is
locally finite. Take x,, € U, for all n € N. Since X is a Tychonoff space, there exists a
continuous function f,, : X — [0, 1] such that f,(x,) = 1 and f,|(X\U,) = 0.
The function f = Z{n - f,, : n € N} : X — R is continuous. Indeed, if x € X and ¢
> 0 then there exists U € 7(x, X) such that U intersects only finitely many sets U,,
say, Ug,...,U;,. Since fi(x) = 0 for all x € X\U; we have
f(x) =k fiy,+ -+ ky - fr, and hence f|U is continuous being a finite sum of
continuous functions (Problem 027(i)). Therefore, there is V € 7(x, U) such that
fV) C (fix) — &, fix) + ¢). Observing that V is also open in X we conclude that f'is
continuous at x. Thus f is continuous on X and unbounded which contradicts
pseudocompactness of X.

(i) = (iii). This is true because every discrete family is locally finite.

(iii) = (iv). Suppose that (\{U, : n € w} =0. Take a point x € Uy. There exists
m = m(0) € w such that x ¢ U,,.. By regularity of X there exists an open set V, such
that x € Vo C Vo C Uy N (X\U,,). Suppose that we have constructed sets V...,
V,, € 7(X) with the following properties:

(1) V,Cc U;foralli < n.
(2) For eachi < n, we have V; N U,, = () for some m = m(i) € w.
G VinNnV,=0ifi#j.

Let k =m(0) + - - - + m(n) + n. Itis clear that V; N U; = for any i < n and any
J = k. Take a point x € U and choose m = m(n + 1) such that x ¢ U,,. Choose any
Vi1 € 7(X) such that x € V,,,y C V, .1 C UA\U,,. It is evident that for the family
{Vo, ..., Vu, V1) the properties (1)—(3) hold. To get a contradiction we will prove
that the family y = {V;:i € w} C 7°(X) is discrete. So, let x € X. There exists m € w
such that x ¢ U,,. The property (1) shows that V = X\U,, is neighbourhood of x
which can (possibly) intersect only elements of the family u = {Vy,..., V,,_1}.
Since the family {V,,..., V,,_,} is disjoint, there is W € 7(x, X) such that W meets
at most one element of u. Then V N W € 7(x, X) intersects at most one element of
the family y which shows that y is discrete, a contradiction.

(iv) = (v). Let V,, = ({U; : i < n} for all n € w. The fact that {U,, : n € w} is
centered implies that the decreasing family {V,,: n € w} consists of non-empty open
sets. Applying (iv) we obtain (WU, :n € o} D N{V, :n € o} #0.

(v) = (i). If X is not pseudocompact then fix an unbounded continuous function f
on X. Then f? is also unbounded so we can consider that f(x) > 0 for all x € X. The
set U, =f '((n, +00)) is open and non-empty for each n € w. Since the family {U,, :
n € w} is decreasing, it is centered. Observe also that U, Cfl([n + 1, +00)) C
f'((n, +00)) = U, and hence (WU, : n € w} = N{U, : n € o} = { which
contradicts (V).

S.137. Prove that any countably compact space is pseudocompact. Show that a
pseudocompact normal space is countably compact.

Solution. If X is countably compact and {U,,: n € w} C 7°(X) is a decreasing family

then u = {U, : n € w} is also a decreasing family of non-empty closed sets of X.
Apply Problem 132(iv) to conclude that (u # 0 and hence X is pseudocompact.
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Now, suppose that X is a normal pseudocompact space which is not countably
compact. By Problem 132(ii) there exists a closed discrete set D = {x, : n € ®}
C X such that x; # x; if i # j. The function f : D — R defined by f(x,) = n is
continuous on D and hence, by normality of X, there is a continuous F : X — R such
that F|D = f (see Problem 032). Since F is not bounded, the space X is not
pseudocompact, a contradiction.

S.138. Prove that any pseudocompact Lindelof space is compact.

Solution. Any Lindelof space is normal (Problem 124) and hence any Lindelof
pseudocompact space is countably compact (Problem 137). Now, if y is any open
cover of X, then there is a countable " C 7 such that X = | Jy’ because X is Lindelof.
Applying countable compactness of X we can conclude that the countable open cover
7" of X has a finite subcover . Of course, u is also a finite subcover of y so X is compact.

S.139. Prove that a continuous image of a pseudocompact space is a pseudocom-
pact space.

Solution. Let ¢ : X — Y be a surjective continuous map. If X is pseudocompact and
f:Y — R is a continuous function then f o ¢ is also a continuous real-valued
function on X. Therefore f o ¢ is bounded and hence so is f. This proves that Y is
pseudocompact.

S.140. Prove that any condensation of a pseudocompact space onto a second
countable space is a homeomorphism.

Solution. Observation one. Any second countable space Y is Lindelof. To prove it,
take a countable base 5 of the space Y. If 7 is an open cover of Y, call U € B marked
if there is some V € y such that U C V. Let 13’ be the family of all marked elements
of B. We assert that | JB' =Y. Indeed, if y € Y there is V € y such that y € V. Since B
is a base, there is U € B such that x € U C V. Thus U is marked and y € U. For each
U € B take O(U) € y with U C O(U). The family {O(U) : U € B'} is a countable
subcover of 7.

Observation two. If Y is pseudocompact then F = U is pseudocompact for any
U € 7(Y). To prove this, take any decreasing family {U, : n € o} C 7°(F). The
family {U,, N U : n € w} is also decreasing and consists of non-empty open subsets
of Y. Apply pseudocompactness of ¥ to conclude that (\{clp(U,) : n € w} D
N{cly(U, N U) : n € w} # 0 and hence U is pseudocompact.

Observation three. Any pseudocompact second countable space is compact.
Indeed, it is Lindelof by Observation one and hence compact by Problem 138.

Let f: X — M be a condensation of a pseudocompact space X onto a second
countable space M. To show that fis a homeomorphism it suffices to prove that f{F) is
closed in M for any closed F' C X. It is an easy consequence of regularity of X that F =
ﬂ{U :Uer(F,X)}. Since fis a bijection, we have f{F) = ﬂ{f(U) :Uer(F,X)}. But
each set U is pseudocompact by Observation two. Therefore f{U) is compact by
Problems 138, 139 and Observation three. Any compact subspace of M is closed in M
(Problem 121) and hence f(F) is closed being intersection of closed sets.
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S.141. Call a family C C exp(w) almost disjoint, if every C € C is infinite and C N D
is finite if C and D are distinct elements of C. A family C C w is maximal almost
disjoint if it is almost disjoint and, for any almost disjoint D O C, we have D = C.
Prove that

(i)  Every almost disjoint C C exp(w) is contained in a maximal almost disjoint
family D C exp(w).

(ii) Every maximal almost disjoint infinite family on w is uncountable.

(iii) There exists a maximal almost disjoint family C C exp(w) with | C | = ¢.

Solution. (i) Let P = {£ : C C £ and £ is almost disjoint}. The partial order on P
is the inclusion. It is clear that any maximal element of P will be a maximal
almost disjoint family so it suffices to prove that every chain in P has an upper
bound in P. So take any chain C in P. Let U/ = [JC. It is clear that { is an upper
bound for C and hence it is sufficient to prove that I/ belongs to P, i.e., that
U is almost disjoint. To see this, take distinct A, B € U. There exist £, £, € C
such that A € £, and B € &,. Since C is a chain, one of the families £, £, contains
the other and hence A, B € &, for some i € {1, 2}. Since &; is almost disjoint, the
set A N B is finite which proves that { is almost disjoint. Applying the Zorn
Lemma we conclude that there exists a maximal almost disjoint family D which
contains C.

(ii) Suppose that an infinite almost disjoint family D is countable. We will show
that D is not maximal, i.e., there is a set A C w such that A ¢D and D U {A} is
almost disjoint. Take some enumeration {D,, : n € w} of the set D such that D, # D,,
if n % m. Observe that, for any n € w, the set o\(Dy U --- U D,) is infinite
for otherwise an infinite subset of the set D,,; would be covered by the sets
Dy, ..., D, and hence D; N D, is infinite for some number i < n which is a
contradiction. This makes it possible to choose by induction points {x; : i € w} in such
away thatx; ¢ (DoU---UD) U {xo,...,x;_;} foreachi € w. ThesetA = {x;:i € w}
does not belongto D andA N D,, C {xg,...,x,_1} for each n € w which shows that
D U {A} is almost disjoint, a contradiction.

(iii) Since every almost disjoint family is contained in a maximal almost disjoint
family, it suffices to prove that there is an almost disjoint family on w of cardinality
¢. The sets w and Q having the same cardinality it is sufficient to construct such a
family on Q. For every irrational r € R, take a sequence A, C QQ which converges to
r. It is clear that the family {A, : r € R\ Q} is almost disjoint, has cardinality ¢ and
consists of subsets of Q.

S.142. Let M be an infinite (and hence uncountable) maximal almost disjoint
Sfamily in  and M = o U M. If x € w, let B, = {x}. Given x € M, define B, =
{{x} U (\A) : A is a finite subset of x} (remember that for x € M, we can consider x
to be a point of M or a subset of w). Prove that

(i) The families {B, : x € M} generate a topology Ty on M as local bases (see
Problem 007).

(ii) The space (M, 7y (called Mrowka space) is a Frechet~Urysohn separable
space; we will further denote it by M.
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(iit) The space M is locally compact (i.e., each point of M has a compact neigh-
bourhood) and pseudocompact.

(iv) The subspace M is closed and discrete in M and therefore the space M is not
countably compact. This also shows that a closed subspace of a pseudocom-
pact space is not necessarily pseudocompact.

Solution. (i) The properties 007(i)—(iii) are evidently fulfilled if x € w. If x € M
then x cannot belong to | J B, for any y # x. This proves that (iii) holds for any point
x € M. The property (i) is an evident consequence of the definition of 5, and
(ii) holds because the intersection of any finite number of the elements of B,
belongs to B, for any x € M.

(ii) Tt is clear that, for any x € M and any U € By, we have U N o # ) so the
countable set w is dense in (M, 7). To prove that M is Fréchet—Urysohn, take any
X € M such that x € A for some A C M. If x € w then x € A and hence there is a trivial
sequence in A which converges to x. If x ¢ A then x € M and hence A N x is infinite.
Let {a, : n € w} be some enumeration of the set A N x. If U € 7(x, M) then there is
V € B, with V C U and hence there is a finite B C w for which V. =x\ B C U. Since
x\U is finite, there is m € w such thata,, € xX\ B C U for all n > m, i.e., the sequence
{a,} C A converges to x.

(iii) If x € w then {x} is a compact neighbourhood of the point x. If x € M
then {x} U x is a neighbourhood of x which is a convergent sequence and hence
compact by Problem 129. This proves that M is locally compact. To see that it is
pseudocompact, suppose not and take any infinite discrete family {U, : n € w}
of open subsets of M. Since w is dense in M, we can choose x,, € w N U, for
each n € w. It is clear that the family {{x,} : n € w} is also an infinite discrete
family of open sets of M. Since M is a maximal almost disjoint family, it is
impossible that A = {x, : n € o} intersect each x € M in a finite set for
otherwise we would be able to add A to M obtaining a strictly larger almost
disjoint family. So fix x € M with x N A infinite. The definition of the local
base at x implies that every neighbourhood of x contains infinitely many points
x, and hence it intersects infinitely many open sets of the family {{x,} : n € w}
which is a contradiction with the fact that {{x,} : n € w} is discrete. Hence M is
pseudocompact.

(iv) If x € M\ M then x € w and {x} is a neighbourhood of x which does not meet
M. This proves that M is closed in M. Since V, = {x}Ux is a neighbourhood of x
and V, N M = {x} for each x € M, the subspace M is discrete. Since a discrete
space is pseudocompact iff it is finite, M is a closed subspace of M which is not
pseudocompact.

S.143. Show that a sequence {f, : n € w} C Cn(X) converges to a function f :
X — R if and only if the numeric sequence {f,(x) : n € w} converges to f (x) for
every x € X.

Solution. Suppose that f,, — f. Given ¢ > 0, the set O(f, x, ¢) is open and contains
f which implies that there is m € w such that f,, € O(f, x, ¢) for all n = m. Thus,
| fu(x) — f (x) | < eforall n > m and hence {f,(x)} converges to f (x).
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Now, assume that {f,(x)} converges to f (x) for each x € X. For an arbitrary set
U € 7(f, C,(X)) there are x4, ..., x, € X and & > 0 with O(f, x1, . . ., x4, &) C U. Since
{f.(x;)} converges to f (x;) for each i < k, there exists m € w such that | f,,(x;) — f (x;) |
<egforalln =2 mandi € {0,...,k}. This means that we have f,, € O(f, x1, ..., X, &)
C U for all n = m and hence the sequence {f,} converges to f.

S.144. Suppose that X is an arbitrary set. Given a family vy of subsets of X, let
limy={xeX:|{Uey:x¢ U} | <w}. Wecall y an w-cover of X, if for any finite
A C X, there is U € y such that A C U. Prove that the following conditions are
equivalent:

(@) C,(X) is a Frechet-Urysohn space.

(ify For any open w-cover y of the space X, there is a countable & C vy such that
lim ¢ = X.

(iii) For any sequence {},},c., of open w-covers of X, one can choose U, € v, for
each n, in such a way that lim{U,,: n € o} = X.

Solution. (i) = (ii). If X € y then ¢ = {X} does the work. If not, consider the set
P = {f € C,(X) : supp(f) C U for some U € y}. Here, of course, supp(f) =
£ YR\ {0}). We claim that u € P\ P, where u(x) = 1 for all x € X. Indeed, u ¢ P
because supp(u) = X ¢ y. Now, if x1,..., x, € X and ¢ > 0 there is U € y with
{x1, ..., x,} C U. It is an easy consequence of the Tychonoff property of X that
there is f € C,(X) such that f (X\U) = {0} and f (x;) = 1 for all i < n. Thus, we have
f€ 0, xi,...,x, ¢) and hence u €P. By the Fréchet-Urysohn property of C »(X)
there is a sequence {f,, : n € w} C P with f,, — u. By the choice of f,, there is U,, € y
such that supp(f,,) C U,, for each n € w. We are going to prove that ¢ = {U,,: n € o}
— X. Indeed, if x € X then W = O(u, x, %) is a neighbourhood of 1 and hence there is
m € o such that f,, € W for all n > m. This implies, in particular, that f,,(x) # 0 and
hence x € supp(f,) C U, for all n = m. This proves that &£ — X.

(i1) = (iii). Call a sequence {u, : n € w} of open w-covers of X, special if we can
choose V,, € u, for each n € @ in such a way that {V,,: n € o} — X. We must prove
that any sequence of open w-covers is special if (ii) holds. Given families U, U’ C
exp(X), say that U < U' if, for any U € U, there is U’ € U’ such that U C U'. If we
have families Uy, ..., U, € expX),letU | A --- AU, ={U, N ---NU,:U;, eU;
foralli < n}.Itisclear thatU; A --- AU, < U, for every i < n. Call a sequence of
open covers {u, : n € w} decreasing if u, | < p, foreach n € w.

Observation one. The family Y =U{ A --- AU, is an w-cover of X if so is U; for
every i < n. The proof is straightforward.

Observation two. If a sequence {, : n € w} is special and u/, < p, foreachn €
then the sequence {u, : n € w} is also special. This follows from the evident
fact that, if {V),:n € o} — X and V|, C V, for each n € ® then we have {V, :
newl —X.

Observation three. We can reduce our considerations to the decreasing
sequences of open m-covers. More exactly, if every decreasing sequence of open
w-covers is special then every sequence of open w-covers is special. Indeed, if {u,, :
n € } is a sequence of open w-covers then the sequence {1, : n € w} is decreasing
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if @, = uy A - -+ A\, forall n € w. The sequence {4, : n € w} is special and u, < p,
for each n so applying Observation two we conclude that the sequence {u, : n € w}
is also special.

Observation four: A decreasing sequence {u, : n € w} of open w-covers of the
space X is special if it has a special subsequence, i.e., if there is an increasing sequence
{kn : n € w} of natural numbers such that we can choose Uy, € y,, forevery i € @ so
that {Uy, : i € o} — X. To see this, note that, for each i € w there are sets U; € p; for
eachje {k;+1,..., ki1 — 1} forwhichU; D Uy foreachje {k;+1,...,kip — 1}
These sets U; can be constructed “backwards” using the fact that our sequence is
decreasing and starting from Uy, _, . The first step is to observe that w; < . ,_; and
hence there is Uy, -1 € i,y With Uy, C Uy, 1. Analogously, there is Uy,,, -2 €
M., —> such that Uy, 2 D Uy, -1 and so on. Now it is immediate that, after we
construct U; € p; forall j € w\{k;: i € w} we will have the sequence {U;:i € w} — X
with U; € y; for all i € w which proves that the sequence {u, : n € w} is special.

Now, take a decreasing sequence {7y, : n € w} of open w-covers of X. If X
is finite then X € 7y, for each n € w so letting U, = X for all n we obtain the
desired sequence {U;:i € w} — X. If X is infinite we can choose a set {x,:n € w}
C X such that x; # x; for i # j. Let ,, = {U \{x,} : U € y,} foreach n € . It is easy
to see that u = [ J{u, : n € o} is an w-cover of X. Use (ii) to choose a sequence {U,, :
n € o} C psuch that {U; : i € o} — X. We have U; € y_ for each i € . The
sequence {k; : i € w} cannot be bounded by a number m for otherwise {xy, ..., X, }
is not covered by any U; which is a contradiction. This shows that the sequence { y,, :
n € w} has a special subsequence. Therefore {y, : n € w} also has a special
subsequence because i, < 7, for each n € w. Apply Observation four to conclude
that {y, : n € w} is special.

(iii) = (i). Let u € C,,(X) be the function equal to zero at all points of X. Take any
A C CyX)and f € A. Then u € A + (—f) by Problem 079. If we find a sequence
S C A + (—f) convergent to u then the sequence S + f is contained in A and
converges to f by Problem 079. This shows that, without loss of generality, we can
assume that f = u.

For each n € N, let y, = {g"'((—1,1)) : g € A}. It is straightforward that y, is
an w-cover of X for all n € N. Take U,, € y, with {U, : n € N} — X. There is
fn € A with U, :fn’l((f%, %)) for each n € N. To show that f,, — u it suffices, by
Problem 143, to show that f,,(x) — u(x) = 0 for every x € X. So take any x € X and
& > 0. There is m € N such that# <e¢andx € U, for all n = m. But x € U, implies
| £, | <i<l<gforalln > m. Therefore f,(x) — 0 = u(x) for any x € X and hence

| — u.

S.145. Prove that, if C,(X) is a Frechet-Urysohn space, then (C,(X))” is also a
Fréchet-Urysohn space.

Solution. Let X,, = X for all n € w and denote the space P, X, by Y. Then
(C,X)N)” =THC,X,) :n € o} = Cp(Prew Xn) = Cp(Y) by Problem 114 (here we
use equalities to denote that the respective spaces are homeomorphic). Call a
function f € C,(Y) a Fréchet-Urysohn point if, for any A C C,(Y) with f € A,
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there is a sequence {f,,} C A such that f, — f. It is clear that we must prove that all
points of C,(Y) are Fréchet-Urysohn points. However, we may restrict ourselves
to proving that only one point of C,(¥) is Fréchet-Urysohn. Indeed, if a point
¢ € Cy(Y) is Fréchet-Urysohn and f € A then g€ A+ (¢ —f) by Problem
079 and hence there is a sequence {g,} C A + (g — f) such that {g,} — g. Then
fi=8.+f—gecAforalln € wand {f,} — fagain by Problem 079.

Therefore, we can take any point of the space (C,(X))” and establish that
(& p(X))“’ is Fréchet—Urysohn at this point. To do so, observe that (Cp(X))“’ is
homeomorphic to C,(X, R”) (Problem 112) and consider a point u, € R”
defined by up(n) = 0 for all n € w. The function f € C,(X, R”) for which we
will prove the Fréchet—Urysohn property, will be defined by f (x) = uq for all
x € X. So take any A C C,(X, R®) with f € A. The space R” is second countable
(see Observations three and four of S.135), so it is possible to fix a countable
local base {O,,: n € w} of R at the point ug such that 0, ; C O, for each n € w.
Lety, = {gil(O,,) :g €A} for all n € w. It easily follows from f € A that Y, 1s an
w-cover of X for all n € w. Apply Problem 144(iii) to conclude that we can
pick U, €y, foralln € wsothat {U,: n € o} — X. For each n € w take a function
fu € Asuch that £, 1(0,) = U,.

We claim that f, — f. Given arbitrary points x,...,x, € X, consider the set
W(xy,....x,) = {g € C,(X,R”) : g(x;) € O, for all i < n}. Note first that the family
B={W(,...x,):neN,x,...x,€X}isalocal base of C,(X, R”) at fsoif fe U
€ 7(C,(X, R™)) then there are k € o and points xy, . .. x; € X such that W(x,. .., x)
C U. Since U, — X, there exists a number m € ® such that {xj,...,x}
C U, =f,1(0,) for every n = m. This implies that f, € W(x,..., x;) C U for all
n > m and therefore f,, — f showing that C,,(X, R”) is a Fréchet—Urysohn space.

S.146. Prove that C,(A(x)) is a Fréchet=Urysohn space for any cardinal k.

Solution. Let y be an w-cover of the space A(x). Take any Uy € y with a € U,,.
Remember that A(x) = x U {a} where a is the unique non-isolated point of A(x).
The set Fo = A(x)\Uy is finite and hence there exists U; € y such that {a}UF, C
U,.If we have Uy,..., U, € 7(a, A(x)) then the set F,, = A(x)\(Up N --- N U,) is
finite and hence we can find U,., € y for which {a} U F, C U, ;. Thus, the
sequence {U, : n € w} can be constructed by induction. We claim that U,, — X.
Indeed, take any x € A(x). If x € N{U, : n € w} then there is nothing to prove.
If x ¢ U, for some m € w then, by construction, x € U, for any n > m. This
proves that U, — X. Now apply Problem 144(ii) to conclude that C,(A(x)) is
Fréchet—Urysohn.

S.147. Prove that C,(I) is not a Frechet-Urysohn space.
Solution. If / = (a, b) C R, let m(I) = b — a. We will need the following statement.

Fact. Suppose that [, is an open interval for eachn € Nand I C U{/,,: n € N}. Then
>0, m(1,)>2, where this inequality is considered true if the sum of this series is
infinite.



122 2 Solutions of Problems 001-500

This fact is well known from measure theory or can be deduced easily from the
Lebesgue’s theorem on bounded convergence. We will give an elementary proof
anyway. Since I is compact, we can choose a finite subfamily y of the family {7, :
n € o} which still covers I.

Observation. If I is an open interval, J; U - - - U J; C I, where the open intervals
J1,. .. Jy are disjoint, then m(J,) + - - - + m(Jy) < m(I).

We may assume that the right endpoint of J; is less than or equal to the left
endpoint of J;, | for all i < (k — 1). Thus, J; = (a;, b;) and for alli = 1,..., k, we
havea<a  <bh<ay<hy<a3< - <ap1<bp_1 <ap < by <bh.

As a consequence,

S mu) =Y (i) <ar—a+ (b —ar) + (@~ by)
+(bry—a)+--+ (b —a) + (b—bi) =b—a=m().

which finishes the proof of our observation.

Returning to our Fact, suppose that the points xyg = —1 < x; < -+ < x,, = 1
contain all endpoints of all intervals of y which (the endpoints!) are inside I. If A; =
(x;—1,x;) then Y7, m (A;) = 2. Note also that each A; is contained in some U; € y.
Lety ={U€v:U=U,forsomei < m}.Foreach U €y, let uy = Z{m(A)) : U =
U;}. Then by Observation, m(U) = py for each U € y’. As a consequence,
SoAm(U):Uey}zd> {mU):Uecy'}=> {uy:Uey'}=>" ,m(A;) =2, and our
fact is proved.

Now, it is very easy to show that the space C,(I) is not Fréchet—Urysohn.
Foreachn € Nylety, ={U:U=1,U---UI for some k € N, where [,..., I}
are disjoint open intervals such that Zle m (I;)<27"}. It is easy to see that each
u, = (W n1IT:Wevyp,} isan w-cover of I for each n € N. If C,(I) is
Fréchet—Urysohn, then we can choose U, € v, such that U, N I — I and, in
particular, I C | J{U, : n € N}. Now our fact says that X{U, : n € N} > 2 while
S {U,:neN} < Y 27 =1 which is a contradiction.

S.148. Prove that the following properties are equivalent for any space X and any
infinite cardinal x:

(i) For every open w-cover 7y of the space X, there exists an w-cover u C 7y of the
space X such that | u | < k. In other words, every open w-cover of X has an
w-subcover of cardinality < k.

(i) IX™) < xforalln e N.

Solution. (i) = (ii). Take any n € N and fix an open cover 7 of the space X". Call a
family ¢ C 7(X) y-small if, for any U,,...,U, € p (which are not necessarily
different), we have U; X --- x U, C G for some G € ). Consider the family 6 =
{UJp : uis a finite y-small family}. If A C X is a finite set then, for any x1, . .., x, € A,
there exist U; € 7(x;, X) such that U; x --- x U, C G for some G € 7. This shows
that every x € A has an open neighbourhood U, such that y = {U,: x € A} is a
y-small family. Since | u D A, we can conclude that d is an w-cover of X. By (i) we
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can find an w-cover &' C 6 with | ¢’ | < k. For any U € ¢’ there exists a y-small finite
family p such that U = | Juy. There also exists a finite family 7, C 7 such that, for
any Wy,...,.W, € uy, wehave W x --- x W,, C G for some G € 7. The family y' =
U{yy: U €9’} isasubfamily of y and |y | < k, so we only have to prove that | Jy’ =
X" Ifx=(xy,...,x,) € X" then there exists U € ¢ such that {x,,...x,} C U. Thus
there are Uy, ..., U, € uy such that x; € U; for all i < n. By definition of ) there
exists G € yysuchthat Uy x - -+ x U, C G. Thereforexe Uy X --- x U, C G so?y’
is a subcover of y of cardinality < «.

(ii) = (i). Take any w-cover y of the space X. For any n € N, the family {U" :
n € w} is a cover of the space X". Since /(X") < «, there exists ), C y with |},| <k
and (J{U": U € v),} = X". The family y’ = [J{y), : n € w} has cardinality < x so it
suffices to prove that it is an w-cover of X. Take any finite A = {xy,... x,} C X.
Then x = (xy,...,x,) € X" and hence there is U € y/, with x € U". As a consequence
x; € U for each i < n and therefore A C U which proves that ' is an w-cover of X.

S.149. Prove that t(C,(X)) = sup{I/(X") : n € N}. In particular, tightness of C,(X)
is countable if and only if X" is a Lindelof space for any n € N.

Solution. Let us prove first that #(C,(X)) < x = sup{/(X") : n € N}. Denote by u the
function for which u(x) = 0 for each x € X. It suffices to show that, for any A C
C,(X) with u € A there is a set B C A such that u € B and | B | < k. For eachn € N,
the family 7, = {f~'((—1,1)) : f € A} is an w-cover of X. It follows from Problem
148 that there is an w-cover p C y, with | it | < . Therefore there exists B, C A such
that | B, | < « and the family {f~'((—1,1)) : f € B,} is an w-cover of X. Let B =
(J{B, : n € N}.Itis clear that | B | < k, so we only have to prove that u €B. Given
Xip..., Xz € X and & > 0, take any n € N such that % < ¢. Since
{f"((-51):feB,} is an w-cover of X, there exists f € B, such that
{xi,....x} Cf1((—1,1)). This means that | f(x;) | <1 < ¢foralli < k. Therefore
feV=0(uyx,...x¢)and hence V N B # () for an arbitrary basic neighbourhood

V of the point «. Thus u €B.

Now let A = #(C,(X)). We must prove that /(X") < 4 for all n € N. By Problem
148 this is equivalent to proving that any w-cover of X has an w-subcover of
cardinality < A. So let y be an w-cover of X and A = {f € C,(X) S FIRN{0}) C
U for some U € y}. It is easy to see that w € A where w(x) = 1 for all x € X. Since
#(Cy(X)) < A, we can find B C A withw € Band | B | < 1. Foreachf € B, take Us€ y
with f'(R\{0}) C Ur. Then = {U;: f€ B} C yand | u | < A. Our proof will be
over if we establish that p is an w-cover of X. Take any finite F C X. Since w €B,
there is f € B such that f (x) > 0 for all x € F. This implies F cf{R\{0}) C Urand
hence p is an w-cover of X.

S.150. Prove that {(C,(X)) = t((Cp(X))‘”) for any space X.

Solution. Let X; be a copy of the space X for each i € w. Then (C,(X))” is
homeomorphic to C,(P;c,, X;) by Problem 114. Now, if #C,(X)) = x then
I(X") < K for each n € N by Problem 149. If Y = P, X; then Y" is a countable
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union of its subspaces homeomorphic to X”. Therefore /(Y") < k. Apply Problem
149 once more to conclude that #((C,(X))”) = t(C,(Y)) < k = #(C,(X)). Since the
inverse equality is evident, we proved that #(C,(X)) = t((CI,(X))‘”).

S.151. Show that there exist spaces X and Y such that (C,X)) = w and
HCH(Y)) = o while (C,(X) x Cx(Y)) > .

Solution. We will first prove some facts about the Cantor set K.

Fact 1. For every second countable uncountable space P there exists an uncountable
P’ C P such that the subspace P’ has no isolated points.

Proof. Let y = {U C 7(P) : U is countable}. It is easy to see that every subspace of a
second countable space is second countable so U = | Jy is second countable. Every
second countable space is Lindelof (Observation one of S.140) so there are U; € 7,
i € o such that U = (J{U; : i € w}. The set U is countable being a union of
countably many countable sets. Therefore P’ = P\U is an uncountable subset of P.
For any p € P’ and any W € 7(p, P’) there exists V € 7(P) with V N P’ = W. The set
V has to be uncountable (for all countable open sets are inside U) and hence W =
VAU is also uncountable. This shows that W # {p} i.e., the point p is not isolated in
P’ and Fact 1 is proved.

Fact 2. The cardinality of the family of all closed subsets of K is exactly c.

Proof. Note that the points of K give ¢ distinct closed sets and therefore the number
of closed sets of K is greater than or equal to ¢. The number of open set is equal to the
number of closed sets so it suffices to prove that | 7(K) | < ¢. Fix any countable base
B in K and note that any open set is a union of some subfamily of B. Since there are ¢
subfamilies of B, we can conclude that | 7(K) | < ¢ and Fact 2 is proved.

Forany n € N, let p? : K" — K be the natural projection of K" onto the ith factor.
Givenaset A C K", let | A |, =sup{| B |: B C A and p} | B is an injection for any
i < n}. The cardinal | A |, will be called n-cardinality of A. If x = (xy,. .. x,) € K",
let b(x) = {xq,....x,} CK.

Fact 3. Given A C K", suppose that n-cardinality of A is infinite. Then we have
() ]A|,=min{|Y|:YCcKandA c J{(p!)"" (¥):i < n}} and
(2)| A |, =sup{|B|:B C Aand b(x) N b(y) = 0 for any distinct x, y € B}.

Proof. Denote the n-cardinality of A by k and let x; be the cardinal defined in the
condition (i) for i = 1, 2. It is clear that if b(x) N b(y) = () for distinct x, y € B then
pr | B is an injection for each i < n. This shows that 1, < k. Now, fix aset Y C K of
cardinality x; with A C U{(pf)_1 (Y):i<n}.If B CAissuchthat p! | B is an
injection for all i < n then, for each x € B, there is i(x) < n with g(x) = p;?(x> x)ey.
It is easy to see that g : B — Yand | ¢ ' (y) | < nfor any y € ¥ and therefore | B | <
|Y |. As a consequence, Kk < K.

To finish the proof it suffices to show that x; < x,. To do this, take any ¥ C K
with | Y| =k;and A C U{(p,’-’)_l (Y) : i < n}. Choose a point zy € A arbitrarily.
Suppose that « < x; and we have chosen points {zz : f < a} C A so that
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bzp)Nb(zp) = 0 if p # ﬁ’ The set Y’ U{b(zp) : p < o} has cardmahty < K
which implies A ¢ J{(p")”" (Y") : i < n}. Take any z,, € A\J{(p})"" (Y’)' | < n}
and observe that b(z,) N Y =0 and hence the family {b(zp) : f < o} is d1s101nt.
Thus, we can construct a set {z, : o < 1y} C A such that {b(zp) : f < K} is a disjoint
family. This shows that x; < k, and Fact 3 is proved.

Fact4.Fix m € N and take an arbitrary closed F C K". If | F |,, > wthen | F |,,=¢

Proof. Take any continuous surjective map ¢ : K — F which exists by Problem
128(v). By condition (2) of Fact 3 there exists an uncountable A C F such that
{b(x) : x € A} is a disjoint family. For each x € A, take z, € ngl(x). Observe that the
open intervals with rational endpoints form a countable base in R and therefore
K C R s also second countable. Apply Fact 1 to find an uncountable Z C {z,: x € A}
with no isolated points.

Let S, = {f: fis a function from {1,..., n} to {0, 1}} for each n € N. For
eachfe€ S =J{S,: n € N} we will construct a point #, € Z and Oy € 7(t;, K) in such
a way that

(i) If fand g are distinct elements of S, then there exists disjoint H, G € 7(K) such
that ¢(Or) C H" and ¢(0,) C G™. -
(i) IffeS,, ge€S,n<kandg|{l,...,n} =fthen Oy C O,.

Clearly, S; = {u, w} where u (1) =0 and w (1) = 1. Choose arbitrarily distinct ,,
t, € Z and find disjoint sets G € 7(b(p(t,)), K), H € 7(b(p(t,)), K). The map ¢
being continuous, we can find 0, € 7(t,, K), O,, € 7(t,,, K) such that ©(0,) C G"
and ©(0,,) C H".

The sets O, O,, and the points ¢,, t,, satisfy the condition (i) (and (ii) vacuously).
Proceeding by induction suppose that we have a set Oyand a point ¢, € Z for each f €
(J{S; : i < n} with the properties (i)—(ii). Take an arbitrary 1 € S,,_; and observe that
there are exactly two functions, say hg, i; € S, such that h = ho | {1,...,n — 1} =
hy|{1,...,n— 1}. Without loss of generality, we may assume that iy(n) = 0 and A,
(n) = 1. The set O, N Z > t;, is non-empty and cannot consist of only one point ¢,
because this point would be isolated in Z. Therefore it is possible to take distinct
thes thy € O N Z. We have b(p(ty,)) N b(w(ty,)) = ) and therefore there exist disjoint
sets Gy € T(b(¢(ty,)), K) and H; € 7(b(y(ty,)), K). The mapping ¢ being continu-
ous, we can find sets Oy, € 7(ty,,K), 0, € 7(ty,,KK) such that Oy, U0y, C Oy,
©(Oy,) C G and ¢(Oy,) C H?". Since S, = { ho, hl h €S,_1}, we have constructed
points ¢rand sets Oy € 7(1y, K) for any f € (J{Sk: n} and it is immediate that the
properties (i)—(ii) are fulfilled.

To prove that | F | ,,, = ¢ it suffices to construct an injection K : {0, 1 W — F such
that b(R(x)) N b(R(y)) = 0 for any distinct x, y € {0, 1}, So, if x € {0, 1}V let x,, = x
| {1,...,n}and U, =O0,,. It an immediate consequence of (ii) that U; D U, DUy D
Us D -+ and therefore H, = {U,:n € N} ={U,:n € N}isa non—empty set
because K is compact. Now, if we take any point u, € H, then the map r : {O 1N
F defined by r(x) = ©(u,) has the required property. Indeed, if x, y € {0, 1}" and x 7é y
then x(n) # y(n) for some n whence x, # y, and hence there exist disjoint open
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subsets G, H C K such that ¢(0,,) C H™ and @(5y”) C G™. Therefore b(r(x)) C H
and b(r(y)) C G and consequently b(r(x)) N b(r(y)) C H N G = () so Fact 4 is proved.

Fact 5. There exist disjoint sets A, B C K such that, for any n € N and for any closed
n-uncountable F C K", we have A" N F # () and B" N F #£0.

Proof. Since K" is homeomorphic to K for each natural n, apply Fact 2 to observe
that there are at most ¢ closed sets which lie in some K". Let {F, : o < ¢} be an
enumeration of all closed n-uncountable subsets of K" for all n € N. For each o < ¢,
there is n = n(x) such that F,, C K". Apply Fact 4 to conclude that each F,, has n-
cardinality continuum for n = n(x). By Fact 3, we can fix aset H, C F, with | H,, | =
¢ and b(a) N b(a') = ( for any distinct a, @’ € H,. Take distinct x, y € H, and let
Ao = b(x), By = b(y). Suppose that o < ¢ and we have constructed sets {Az: f < o}
and {By : f < «} with the following properties:

(iii) The family u, = {Ag: f < o} U {Bg: f < a} is disjoint.
(iv) Ag = b(p), Bg = b(q) for some distinct p, g € Hp.

The set P = | Ju, has cardinality strictly less than ¢ while {b(z) : z € H,} is a
disjoint family of cardinality ¢. Therefore we can choose distinct r, ¥’ € H, such
that b(r) U b(r’) is disjoint from P. Letting A, = b(r) and B, = b(r’), we obtain
families {Ag: f < o} and {By : f < a} for which the conditions (iii)—(iv) hold so
the inductive construction can go on. After we have the families {Az : f < ¢} and
{Bg : B < c} observe that the sets A = U{Ag: f < ¢} and B = {Bg : f < ¢} are
disjoint by (iii). Note that, for any x € K", we have x € (b(x))". Now take any
n-uncountable F' C K". Since we enumerated all such sets, ' = F,, for some o < ¢.
Therefore A" N F DAL N F,#(0andB" N F D B” N F,# (0 by (iv) which finishes
the proof of Fact 5.

Fact 6. Take a set A C K with the properties described in Fact 5. Let p be the
topology on K generated by the family B = 7(K) U {{x} : x € A}. It is easy to see
that B is a base for u. Denote by X the space (K, ). Then X is a Tychonoff space
with X" Lindeldf for all n € N.

Proof. We leave to the reader the trivial exercise that any topology, which contains a
Hausdorff one, is Hausdorff. Since u O 7(K), the space X is Hausdorff. To establish
complete regularity of X, take any x € X and any closed F C X withx¢ F.If x € A then
x is isolated in X and the function f: X — [0, 1] defined by f (x) = 1 and F(X\{x}) =
{0}, is continuous and equals zero on F. If x € X\A then 7(x, K) is a local base at x
and therefore x € U C X\F for some U € 7(x, K). Since K is a Tychonoff space, there
exists a continuous map f: K — [0, 1] with fix) = 1 and f (X \ U) C {0}. Since F C
X\U, we have f (F) C {0} and it is immediate that f is continuous considered as a
function from X to [0, 1]. This proves that X is Tychonoff.

We will prove that X" is Lindel6f by induction on . To do this for n = 1 take any
open cover y of the space X. It is easy to see that without loss of generality, we may
assume that y C B. The subspace X\A is homeomorphic to K\A because the
topology of K\A has not been changed. Thus X\A is second countable and hence
Lindel6f (Observation one of S.140). Take any countable ' C y with X\A C |J 7.
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Since no element of B\7(K) meets X\A, we may assume that 7’ C 7(K). But then
Uy’ is open in K and hence F = K\(| Jy") C A is closed in K and disjoint from the set
B from Fact 5. Since B = B' intersects all uncountable subsets of K = K' by Fact 3,
the set F has to be countable. Thus there is a countable " C y with F C | Jy”. As a
consequence, the family y' U 7" is a countable subcover of y which proves that X
is Lindelof.

Suppose that we proved that X" is Lindelof for some n > 1 and take any open
cover pof X" Let B ={U, X --- x Upy : U; € Bi=1,...,(n+ D}. It is
again an easy exercise that B""! is a base of X"™' and hence we do not lose
generality assuming that y C B""'. The subspace (X\A)"*' is second countable
because so is X\A (Observation four of S.135) and hence there is a countable y’ C
y with (X\A)"*' c |Jy'. Observe that if x € (X\AY""' N (U x --- x U,;;) and U;
X+ X Upyy € B then U, € 7(K) for each i and hence we may assume that  C
7(K)". Therefore F = K""'\(|Jy) is closed in K"*' and disjoint from B"*' C
X \A)”“. Apply Fact 5 to conclude that F is (n + 1)-countable and therefore there
exists a countable Z C K such that T = U{(p;““)*] (Z2):i < n+ 1} covers F. Note
that (p;H'l)*l (z) is homeomorphic to X" for each z € Z and i < n + 1. By the
inductive hypothesis 7 is a countable union of Lindeldf subspaces of X" and
hence it is Lindel6f. Thus, there is a countable y” C y with F C |J y”. As a
consequence, the family ' U 7" is a countable subcover of y which proves that
X" ™ is Lindeldf and Fact 6 is proved.

Fact 7. Denote by Y the subspace A of the space K, constructed in Fact 5. The space
Y is second countable and hence Y” is Lindelof for each n € N. However, X x Y is
not Lindelof.

Proof. Observation four of S.135 shows that ¥" is second countable for any n € N.
Applying Observation one of S.140, we can conclude that Y” is Lindelof for each
n € N. To prove that X x Y is not Lindelof it suffices to find an uncountable closed
discrete subspace of X X Y. Letp: X XY — Xand g : X x Y — Y be the respective
natural projections. Note that, as a set, Y is a subset of X and hence we can consider
thesetD = {(y,y) :y € Y} C X x Y.Itis easy to see from the method of construction
of A that it is uncountable and hence sois D. If d = (y, y) € D then p(d) =y € Ais an
isolated point in X and hence U = p~'(y) is an open set in the space X x Y such that
U N D = {d} which shows that D is discrete. To see that the set D is closed take any
point z = (x, y) € (X x Y)\D. Then x # y and we can choose disjoint open subsets of
K such that x € U and y € V. Observe that U € 7(X) and V/ =V N A is an open
subset of Y. Theset W=U x V'isopeninX x Yandz e W.Ifd= (@, ) e W N D
thent € U N V', a contradiction with U N V' =0. Therefore W N D = () and this
proves that D is closed in X x Y finishing the proof of Fact 7.

To finish the solution of our problem, we will show that the spaces X and Y are as
promised. Indeed, since X" and Y are Lindelof for all n € N, we have #(C,(X)) =
H(C,(Y)) = w by Problem 149.If Z = X @@ Y then C,(X) x C,(Y) is homeomorphic to
C,(Z) by Problem 114 so it suffices to prove that #(C,,(Z)) > w. Observe that X x Yis
a closed subspace of Z* and hence Z” is not Lindelof. Applying Problem 149 once
more we conclude that #(C,(Z)) > w and our solution is, at last, complete.
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S.152. Let Y be a subspace of a space X. Denote by ny : Cp)(X) — C,(Y) the
restriction map, i.e., my(f) = f| Y. Prove that

(i) The map my is continuous and ny(C,(X)) = C,(Y).

(ii) The map my is an injection if and only if Y is dense in X;

(iii) The map my is a homeomorphism if and only if Y = X.

(iv) The subspace Y is closed in X if and only if the map ny : C\,(X) — 1y (C(X)) is
open.

(v) If X is normal and Y is closed in X then my (C,,(X)) = C,(Y).

Solution. (i) Observe first that y (C,(X)) C C,(Y) by Problem 022. The map ny is
continuous because it coincides with the natural projection py : R¥ — R restricted
to Cp(X) (see Problems 111 and 107). The set C,,(X) is dense in RX (Problem 111)

50, by continuity of py we have RY = py(R¥) = py (C,, (X)) C pr(Cp(X)) (the first

bar denotes the closure in R¥ and the second one in ]RY). Thus the set y (C(X)) =
py(Cy(X)) is dense in RY and hence in a smaller space Cy(Y).

(ii) Suppose that Y is not dense in X and denote by u the function identically
equal to zero on X. Take any x € X\Y. By the Tychonoff property of X there exists
a continuous f: X — R such that fix) = 1 and f \7 = 0. Thus ny(f) = my(u) while
u # f. This shows that ¥ must be dense in X if 7y is an injection. Now if Y is dense in
Xandf, g € C,(X), f# g, then h = f — g is a continuous function and the open set
U=h"(R\{0})is non-empty. Since Y is dense in X, we can pick y € Y N U. Then
f(y) # g(y) which implies ny(f) = f| Y # g | Y = ny(g) and hence 7y is an injection.

(iii) If my is a homeomorphism then it is an injection so Y is dense in X by (ii). If
Y # X, take any x € X\Y. The set F = {f € C,(X) : flx) = 1} is not dense in C,(X)
because it does not intersect the open non-empty set U = {f € C,(X) : fix) € (2, 3)}.
However ny(F) is dense in C,,(Y). Indeed, take any g € C,(Y), y1,...,y, € Yand e > 0.
There exists f € C,(X) such that fix) = 1 and f(y;) = g(y;) for all i < n (Problem 034).
Thus ny(f) € O(g, y1, - - - » Y, €) N Ty(F) which proves that my(F) is dense in C,,(Y). As
a consequence, the map 7, ! is not continuous because the image of a dense set 7y(F)
under 7y, ! would be a dense set. But this image is F which is not dense in CpyX), a
contradiction. We proved that if 7y is a homeomorphism then ¥ = X. Finally, observe
that if X = Y then my is the identity map and hence homeomorphism.

(iv) Suppose that Y is closed and denote the set y(C,(X)) by C,(Y | X).

Fact 1. Suppose that yi,..., y, € X\Y, r,..., r, € Rand f € C,(X). Then there
exists g € C,,(X) such that g | Y =fand g(x;) = r; for all i < m.

Proof. For each i < m, use the Tychonoff property of X to find g; € C(X, [0, 1]) with
gl FUUyt. syt \Myi)) = 0and g,(y;) = 1. It is easy to see that the function

g=f+>0", (ri—f(y:)) - g is as promised.

Take any open W C C,,(X). Since the standard open sets form a base in C,(X), we
have W = |J{U, : o« € A} where each U, is a standard open set. Then 7y (W) =
U{np(U,) : o € A} and therefore it suffices to show that the image of any standard
set under 7y is open. Take any x1, ..., x, € X and Oy, ..., O, € 7(R). We will
prove that the set wy(U) is open where U = [xq, ..., x,; Oy, ..., O,]x (the index
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says that the standard open set is taken in C,(X)). Without loss of generality, we

may assume that x1, ..., x;_; € Yand xz, ..., x, ¢ Y for some k 1. It suffices to
show that T (U) =W =[xy, ... ,x_1; 01, ..., Oy ={f€ C,(Y | X) : flx,) € O, for
all i < k — 1}.Itis evident that my(U) C W. Now if f € Wthentake any ry, ... ,1, €

R withr; € O;foralli =k, ..., n. Apply Fact 1 to find g € C,,(X) for which g|Y = f
and g(x;) =r;foralli =k, ..., n. Then ny(g) = fand g € U which implies W =
ny(U). This shows that 1ty : C,,(X) — C,(Y|X) is an open map.

Now suppose that 7y is an open map and x € ¥ \ Y. We will use the following
evident observation: in any space Z, if G and H are dense open subsets of Z then
G N H#(.Let U= [x; (0,2)]xand V = [x; (3, 5)]x. To get a contradiction we will
prove that the sets G = my(U) and H = my(V) are dense and disjoint in C,(Y | X).
Therefore it is impossible that they both be open which is a contradiction with the
openness of the map my. Suppose that, f € G N H. Thenthereisge Uandh eV
with y(g) = my(h) = f. The function w = g — h is continuous on X and w(x) # 0.
The set A = wil(]R \ {0}) is open and contains x. Since x € Y, thereisy € Y N A. As
a consequence w(y) # 0, i.e., h(y) # g(y) which contradicts the fact that g|Y = h|Y.
This proves that the sets G and H are disjoint. Let us prove, for example, that G
is dense in Cp(Y | X); the proof for H is analogous. Given yi, ..., y, € Y and
Oy, ..., 0, € T (R), choose r; € O; for each i < n and observe that there exists
function f € C,(X) such that f{x) = 1 and f(y;) = r; for all i < n by Problem 034. It
is clear that y(f) € [y1, ..., ys; O1, ..., O,]ly N G whence G is dense in C,,(Y|X).

(v) By normality of X, for every f € C,(Y) there is g € C,(X) such that ny(g) =
g|Y = f (see Problem 032). Therefore my(C,(X)) = C,(Y).

S.153. Prove that closed maps as well as open ones are quotient. Give an example

(i) Of a quotient map which is neither closed nor open
(ii) Of a closed map which is not open
(iii) Of an open map which is not closed

Solution. Let f: X — Y be a closed map. If U C Y and f~'(U) is open then consider
theset F =Y\ U. Sincefl(F) =X \fl(U), the setfl(F) is closed in X. The map f
being closed, the set F = f(f '(F)) is closed in Y and hence U = Y \ F is open. This
proves that fis quotient. Now, if fis open and ' (U) is open then U = f(f'(V)) is
open an hence f is also quotient.

ODLetX={(t,D:te[0,2)}U{,2):te[1,2]} C R2. The topology of X is
induced from R For Y = [0,2] defineamapf: X — Ybyfix) =tifx=(t,i),i =
1, 2. Let us prove that f is a quotient map which is neither open nor closed.

Let 7 : R — R be the natural projection onto the first factor. It is clear that f =
7|X and hence fis a continuous. Let P = {(#, 1) : t € [0,2)} and Q = {(#,2) : r € [1, 2]}.
Suppose that A C [0, 2] and B :fl(A) isopeninX. ThenB N P € 7(P)and B N Q
€ 1(Q).If2¢ A then A = fiB N P). The map f|P is a homeomorphism of P onto
[0, 2) which is open in [0, 2]. As a consequence A is open in [0, 2) and hence in
[0, 2]. Now, if 2 € A then (2,2) € B N Q. Since B N Q is open in Q, there is
¢ € (0,3) such that {(#,2) : 1 € (2 —¢,2]} C B N Q. This implies 2 —¢,2] CA e,
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2 is in the interior of A. But A = f(iB N P) U {2} and we saw already that (B N P)is
open in [0, 2]. Thus A is a union of two open sets: f{iB N P) and the interior of A.
Consequently, A is open and we proved that f is quotient.

It is immediate that both P and Q are clopen(= closed-and-open) subsets of X.
However, f(P) = [0, 2) is not closed and f(Q) = [1, 2] is not open which proves that
£ is neither closed nor open.

(i) LetX =[0,2] CRand Y =[0, 1] C R. Given ¢t € X, let f(t) = min{z, 1}. Itis
immediate that f: X — Y is a continuous map. It is also closed because X is compact
(see Problem 122). However, f is not open because U = (1, 2) is an open subset of
X while f{U) = {1} is not open in Y.

(iii) Let X = R? and let 7 : X — R be the natural projection onto the first factor.
The map 7 is open by Problem 107. Let F = {(},n) : n € N} C X. The set F is
closed in X. Indeed, if z = (x, y) € X \ F take any m € N with m > y and note that
U= {(a,b) € X:b < m}isan open set such that z € U and U N F is finite. Thus
U\F is an open neighbourhood of z which does not intersect F. However,
n(F) = {1:n € N} is not closed in R and hence 7 is an open map which is not
closed.

S.154. Prove that every quotient map is R-quotient. Give an example of an
R-quotient non-quotient map.

Solution. Let f: X — Y be a quotient map. Suppose that g : ¥ — R is a map such that
g o fis continuous. Given an open U C R the set V = (g o f)~'(U) is open in X.
However, V :f'(gil(U)) and hence the inverse image of the set gil(U) is open in
X. The map f being quotient, the set ¢~ '(U) has to be open in Y and hence g is
continuous. This proves that f is R-quotient.

To construct the promised example, we will need several auxiliary facts.

Fact 1. Let Q = QNI There exists an almost disjoint family M on Q such that
every ¢ € M is a convergent sequence.

Proof. Let {N,, : « < ¢} be some enumeration of all infinite subsets of Q. Since Ny is
a bounded infinite set, there is an infinite M C N, such that M|, is a sequence which
converges to some fy € I. Suppose that « < ¢ and we have infinite sequences {Mp :
p < o} with their respective limits {#; : f < a} chosen in such a way that the
following conditions are satisfied:

(1) The family {Mp : f < o} is almost disjoint
(2) For every B < o there is 6 < o such that the set Ng N M is infinite

If, for each 1 < ¢, there is § < o such that the set N, N M s infinite, the inductive
construction stops. If not, let § = min{/ < ¢ : N; N Mpis finite for all § < a}. Then
0 = o and the bounded sequence N; has an infinite subsequence M, which converges
to a point #, € I It is clear that the properties (1)—(2) hold the family {Mg: f < «} and
hence the inductive construction can go on. If it stops at some « < ¢ then, for every 4
< ¢ there is some f§ < « such that the set N, N My is infinite. This means that the
family u = {Mp : p < o} is maximal almost disjoint. Indeed, if some infinite set
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N C Q has finite intersections with all elements of u then N = N, for some A < ¢ and
hence there is § < a with N, N Mg =N N Mg infinite which is a contradiction.

Now if the inductive process did not stop until ¢ then we have the family yu =
{Mg : p < ¢} which is also almost disjoint. Indeed, if some infinite set N C Q has
finite intersections with all elements of uthen N = N, for some A < ¢. Ifa =71+ 1
then by (2) there is f < a with N; N My =N N M infinite, a contradiction which
concludes the proof of Fact 1.

Fact 2. There is a maximal almost disjoint family M on w such that the respective
Mrowka space M (see Problem 142) can be mapped continuously onto I.

Proof. Take any bijection o : 0 — Q =Q N Tandlet M = { '(&): & € N'} where
N is the maximal almost disjoint family constructed in Fact 1. For each N € N
denote by /y the limit of the convergent sequence N. Given any 6 € M, let f(J) =
I,y and let f{(n) = (n) for each n € w. We will prove that the map f: M — I is
continuous and surjective. Since every point of w is isolated, we must only prove
continuity at any 6 € M. If ¢ > 0 then there is a finite A C () such that ©(5) \A C
(f(x) — &, fix) + &) because the sequence ¢(J) converges to /) = fix). The set B =
© '(A) is finite and hence U = § \ B is an open neighbourhood of the point & for
which f(U) C (f(x) — ¢, fix) + ¢). Thus f is continuous at . Observe that fiM) is a
pseudocompact second countable space by Problem 139 and hence f(M) is compact.
By Problem 121 the set fiM) is closed in I. Since Q C F(M), we have I = Q C fiM)
and Fact 2 is proved.

Fact 3. If X is a pseudocompact space and Y is a second countable space then every
continuous surjective map f: X — Y is R-quotient.

Proof. Take any function g : Y — R such that g o fis continuous. Fix any closed set
F C R. We are going to prove that G = g~ '(F) is closed in Y. For any x € R,
let dp(x) = inf{|x — y| : y € F}. The function dr : R — [0, +00) is continuous
(see Claim of S.019) and hence the set U, = d;'([0,1)) is open in X and contains
F. Besides, U1 C dy'([0,515]) € dz'([0,1)) = U, for each n € N. Conse-
quently, F = ({U,:n € N} = ({U,:n € N}. The set H = (g of)’l(F) is closed
inXand H=\{V,:n N} =NV, :n €N}, where V,, = (g o H'(U,) for all

numbers n € N. Therefore G = {f(U,) : n € N}.

Note that every U, is pseudocompact. Indeed, if y is a locally finite family of
non-empty open sets of U, then y/ = {U N U, : U € v} is a locally finite family of
non-empty open subsets of X. Since X is pseudocompact, the family y’ is finite and
hence so is 7. Now Problem 136(ii) implies that U,, is pseudocompact. Every f(U,)
is compact being Lindeldf and pseudocompact (see Problem 138) and hence f(U,,)
is closed in Y for each n. Finally, G is closed being the intersection of closed sets.
This proves that g is continuous and Fact 3 is proved.

Now let f: M — 1 be a continuous surjective map of the Mrowka space
constructed in Fact 2. The set w is dense in M and hence C = f(w) is a countable
dense subset of I. The set C cannot be open because every open subset of I contains
a non-empty interval which is uncountable. Observe that f~'(C) contains ® and
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hence M\ f'(C) is contained in M which is closed and discrete. Since every
subset of a closed discrete set is closed, the set f~ 1(C) is open. Thus the set C
witnesses the fact that f is not a quotient map. By Fact 3 and Problem 142(iii) the
map fis R-quotient and our solution is complete.

S.155. Prove that any R-quotient condensation is a homeomorphism.

Solution. Suppose that f : X — Y is an R-quotient condensation. By Problem 127
we may consider that X is a subspace of I for some A. Let p,, : I — I be the natural
projection onto the ath factor. The mapf~' : ¥ — X can be considered as a map from
Y to I and it suffices to prove that f ' : ¥ — I* is continuous. By Problem 102 it is
sufficient to show that g, = p, o ' is continuous for each a € A. Observe that g, o f
=p.of 'of=p,isa continuous map. Applying the fact that f is R-quotient, we
conclude that g, is continuous for each @ and hence f' is a continuous map, i.e.,
fis a homeomorphism.

S.156. For any space X prove that

(i) ¢X) < dX) < nwX) < wX).

(ii) ¢(X) < s(X) and ext(X) < I(X) < nw(X).
(i) y(X) < y(X) and y(X) < iw(X) < nwX).
(iv) (X)) < yX) < wX) and (X)) < nw(X).

Solution. (i) Any base is also a network so nw(X) < w(X). If /' C exp(X) \ {0} is a
network of X, then pick a point x(P) € P for any P € N. It is immediate that {x(P) :
P € N} is dense in X whence d(X) < nw(X). Now if D C X is a dense set, then
for any disjoint family y C 7°(X) we can choose y(U) € U for any U € 7. The map
U — y(U) is clearly an injection of y to D which proves that c¢(X) < d(X).

(ii) If y € 7(X) is a disjoint family, choose y(U) € U for each U € y. The
subspace D = {y(U) : U € 7} is discrete and | D | = | y |. Consequently, c¢(X) < s(X).
Assume that /(X) < x and take any closed discrete D C X. For each d € D choose
User(d, X)withU,; N D = {d}. The family u={U,;:d€ D} U {X \ D} is an open
cover of X. It is easy to see that every subcover u’ of the cover u has to contain the
family {U,:d € D} and hence | ¢’ | = | i |. This shows that D = | u | < k whence
ext(X) < I(X). Suppose finally that A is a network of X, || = k and y C 7(X) is an
open cover of X. Let N/ = {P € N : there is U(P) € y with P C U(P)}. The family
v = {U(P) : P € N} is a subcover of y of cardinality < x. Indeed, we only have to
prove that y’ is a cover. For any x € X, there is U € y with x € U. The family N being
a network, there is P € N with x € P C U. This shows that P € A and hence x € P
C U(P). Thus y’ is a cover of X and we proved that /[(X) < nw(X).

(iii) If B is a local base at a point x € X then, for any y # x, the set X \ {y} is an open
neighbourhood of X (don’t forget that all spaces are Tychonoff and hence T;). Thus,
there exists U € B such that x € U C X\{y}. As a consequence, (| B = {x} and
therefore (X) < y(X). Letf: X — Y be a condensation such that w(Y) < k. Then y/(Y)
< 1Y) < w(¥) < k. Now, if x € X, let y = f(x) and fix a family B C 7(Y) such that (| B
= {y}.Then B' = {f '(U): U € B} C 7(X) and (| B’ = {x} which proves that s(X) <
k. Thus, we established the inequality /(X) < iw(X). To show that iw(X) < nw(X) take
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any network N of the space X with |JNV| = nw(X) = k. It is an easy consequence of
regularity of X that if we take the closures of the elements of A/, we will still have a
network in X. Therefore, we can assume that all elements of " are closed.

Fact 1.1f a space M is second countable and A is an infinite set then, for any ¥ ¢ M*,
we have w(Y) < | A |.

Proof. Fix a countable base B in M. Given ay, ... ,a, € Aand Oy, ..., O, € B,
let [ay, ..., @y Oy, ...,0, = {x €M :x(a) € O;forall i < n}. The family C =
{lag, ... ,a,; 01, ...,0,]:n€N,a;€Aand O, € Bforall i < n} is abase in M*

and |C| < |A|sow(M*) < |A| Itisevidentthat C' = {U N Y: U € C} is a base in
Yand |C' | <|C| < |A]|soPFactl is proved.

Fact 2. There exists a set A C C(X, [0, 1]) with | A | < « such that, for any distinct
X,y € X, there is f € A for which f(x) # f(y).

Proof. Let us call a pair p = (M, N) € N' x N marked if there exist a function f=f,,
€ C(X, [0, 1]) such that fiM) C [0, %] and f(N) C [%, 1]. Let A = {f,, : p is a marked
pair}. It is clear that |A|<|N x N <k. Given distinct x, y € X, by the Tychonoff
property of X, there is g € C(X, [0, 1]) such that g(x) = 1 and g(y) = 0. If U =
g_l([O, %)) and V = g_l((%, 1]) then U € 7(x, X) and V € 7(y, X). As a consequence
there are M, N € N suchthat x e M C Uandy € N C V. Since g(M) C [0, %] and
g(N) C [, 1], the pair p = (M, N) is marked and hence f = f,, € A so flx) < % and
fiy) = % which implies f{x) # f(y) so Fact 2 is proved.

To finish the proof of the inequality iw(X) < nw(X), take the set A given by Fact 2
and consider the map ¢ : X — [0, 1]* defined by ¢(x)(f) = f(x) for all x € X and
feA Iffe Aand ns: [0, I]A — [0, 1] is the respective natural projection then the
composition 1, o ¢ = fis a continuous function on X which proves that ¢ is a
continuous map by Problem 102. If Y = ¢(X) then w(Y) < | A | < k by Fact 1.
Thus, we only have to prove that ¢ is an injection. To see this take distinct x, y € X.
By Fact 2 there is f € A with f{ix) # f(y). Then p(x)(f) = fix) # fy) = ©(¥)(f) and
therefore (x) # ¢(y) and the proof of (iii) is complete.

(iv) If B is a base of the space X then, for any x € X, the family B, ={U € B:
x €U} isalocal base at x and | B, | < | B | which proves the inequality y(X) < w
(X). Now suppose that y(X) < k and take any A C X with x € A. Fix a local base
B at the point x such that | B | < x. For any U € B, pick any pointxy € U N A and
let B={xy:U € B}.Itisclearthat B € A and | B | < . To see that x € B, take any
W € 7(x, X). Since B is alocal base at x, there is U € B with U C W. Therefore x;; €
W N A and hence W N A # ) for any open W 3 x. Thus x € B and we proved that
1(X) < y(X). Now suppose that nw(X) < k and take any A C X with some x € A.Let
N’'={NcN :NnNA+#Q}and choose a pointay € N N A foreach N € N Itis
clear that B={ay:N€ N’} CAand | B | < | N | < k. We claim that x € B. For if
not, take any U € 7(x, X) with U N B = () and note that B N A # () because x € A.
Pickanyae€ A N Uand N € N such thata € N C U. It is clear that N € N and
hence ay € U N B which is a contradiction. Therefore x € B and we proved that
tX) < nwX).
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S.157. Prove that, for any space X, if Y is a continuous image of X, then

(i) c¥) < cX).
(ii) d¥) < dX).
(iii) nw(Y) < nw(X).
(iv) s(Y) < s(X).

(v) ext(Y) < ext(X).
vi) 1Y) < I(X).

Solution. Let f: X — Y be a continuous onto map.

(i) If 7 is a disjoint family of non-empty open subsets of Y then the family y' =
if '(U): U €y} C ™ (X)is also disjoint and |y | = | y |. This shows that c(Y) < c(X).

(ii) If A is a dense subset of X, then f(A) is dense in Y, | f{A) | < | A | and hence
dY) < dX).

(iii) If A/ is a network in X, then M = {f(P) : P € N/ } is a network in Y, which
together with | M| < [N implies nw(Y) < nw(X).

@iv)—-(v) If D is a (closed) discrete subspace of the space Y, then we can choose
x(d) ef_l(d) for each d € D. It is immediate that the set E = {x(d) : d € D} is
(closed) discrete and | E | = | D |. This shows that s(¥) < s(X) and ext(Y) < ext(X).

(vi) If y C 7(Y) is a cover of ¥, then the family u = {f~'(U) : U € y} is an open
cover of X. Take any ' C p such that | Ji' = X and | ¢’ | < « = I(X). Then {f(U) :
U € 1/} is a subcover of y of cardinality < k. Therefore I(Y) < I(X).

S.158. Show that, for any @ € {weight, character, pseudocharacter, i-weight,
tightness} there exist spaces X and Y such that Y is a continuous image of X and

e¥) > pX).

Solution. We will need the following statement.
Fact 1. Let T be a dense subset of a space Z. Then, for each t € T, we have y(t,T) =

1, 2).

Proof. If Bis alocal base at t in Zthen {U N T : U € B} is a local base at ¢ in T and
therefore y(t, T) < y(t, Z). Now take a local base C of t in T. For each U € C choose
O(U) € 7(Z) such that O(U) N T = U. We claim that the family B= {O(U) : U € C}
is a local base at ¢ in Z. Indeed, assume that t € W € 7(Z). By regularity of Z there is
V € 7(t, Z) such that V. C W (the bar will denote the closure in Z). Take U € C with U
CV N T. ThenO(U)=U CV C W and hence O(U) C W which proves that B is a
local base at #in Z. Since | B | < | C |, we have y(t, Z) < (¢, T) concluding the proof
of Fact 1.

Since d(R) < w(R) = w by Problem 156(i), we have d(R*) < w by Problem 108.
Take any dense countable subspace ¥ C R®. Then y(y, ¥) > w for every y € Y.
Indeed, if y(y, ¥) = w for some y € Y then y(y, R®) = w by Fact 1. It is evident
that R® is homeomorphic to C,(D(¢)) and hence, for any f, g € R there is a
homeomorphism ¢ : R® — R® with ¢(f) = g (see Problem 079). As a consequence
1(R%) = w. Observe that |R| = ¢ and hence C,(R) is homeomorphic to a subspace
of R so x(C,(R)) =  which is a contradiction with S.046. Thus we have x(y, Y) > @
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for any y € Y and, in particular, w(¥) > w. Now if X is a discrete countably
infinite space then Y is a continuous image of X (any surjection of X onto Y will
do) while w(X) = y(X) = o.

To see that tightness is not preserved by continuous images observe that the
space Y = C,(D(w,)) has uncountable tightness because D(w,) is not Lindelof (see
Problem 149). If X is the set C,,(D(w;)) with the discrete topology then #(X) = w and
Y is a continuous image of X while #(Y) > w.

Now if Y = A(w,) then y(Y) > w. Indeed, take any countable y C 7(a, A(w,)).
Then w;\ U is finite for each U € y and hence M = |J{A(w)\U : U € p} is
countable. Since any o« € w;\ M belongs to (] 7, we have (| y # {a} and hence
Y (a, A(w)) > o. Note that also iw(A(w1)) = Y (A(w;)) > o (see Problem 156(iii)).
The space X = D(w;) has the same cardinality as Y and hence Y is a continuous
image of X. However, /(X) = w and iw(X) = w. The first equality is evident so let
us show that X can be condensed onto a second countable space. Since | X | < |R |,
there is an bijection ¢ : X — Z C R. Since every map of a discrete space is
continuous, ¢ is a condensation onto a second countable space Z. Thus iw(X) <
o and our solution is complete.

S.159. Suppose that X is a space and Y C X. Prove that

(i) w@) < wX).
(ii) nw(¥) < nwX).
(iti) Yy(¥) < Y(X).
(iv) s(Y) < s(X).
v) w@) < iwX).
(vi) 1Y) < 1(X).
(vii) y(Y) < 5(X).

Solution. If B is a base (network) in X then B/ = {U N Y : U € B} is a base
(network) in Y and | B’ | < | B | so (i) and (ii) are proved. If y € ¥, P C 7(X) and
AP={x}thenP ={UNY:U€P}C7X¥) and (| P = {x} so (iii) is
established. Any discrete subspace of Y is also a discrete subspace of X so (iv)
holds. Assume that iw(X) = x and take any condensation f : X — Z for which
w(Z) < k. Then f | Y : Y — f(Y) is a condensation and w(f(Y)) < w(Y¥) < k.
Therefore iw(Y) < k and (v) is proved. Suppose that #(X) < k and take any A C
Y such that y € cly (A). Then y € cly (A) and hence we can find B C A with | B |
< k and y € cly (B). It is immediate that y € cly (B) and (vi) is settled. If y € ¥
and C is a local base at y in X then C' = {U N Y : U € C} is a local base at y in
Y and | C' | < | C | which settles (vii).

<
<

S.160. Let © € {Souslin number, density, extent, Lindelof number}. Show that there
exist spaces X and Y such that Y C X and o(Y) > p(X).

Solution. The space I* has the Souslin property for any A by Problem 109.
The space Y = D(w,;) is Tychonoff and hence it is homeomorphic to a subspace
of X = I for some A by Problem 127. Thus we have c¢(X) = o while c(Y) =
w1 > c(X).
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The space Y = A(w,) is compact and w(Y) = d(Y) = w;. By Problem 126 the
space Y is homeomorphic to a subspace of X = I”'. The space X is separable by
Problem 108 and hence d(Y) = w; > d(X) = w.

Now if X = A(w) then ext(X) = /(X) = w because X is compact. The subspace
Y = w; C X is discrete and /(Y) = ext(Y) = w; > [(X) = ext(X).

S.161. Suppose that f: X — Y be an open map. Prove that w(Y) < w(X) and y(Y) <
21(X).

Solution. If B is a base of X (alocal base at a point x € X) then the family B’ = {f{U) :
U € B} is a base in Y (a local base at the point f{x) in Y, respectively) and |B'| < |B]
which proves that w(¥) < w(X) and y(¥) < 7(X).

S.162. Let f: X — Y be a quotient map. Prove that t(Y) < t(X).
Solution. We will first prove the following lemma for further references.

Lemma. Given an infinite cardinal x and a space Z, we have #(Z) <K if and only if,
for any non-closed A C Z, there is B C A such that [B| < k and B\ A # {).

Proof. If {Z) < i then, for any z € A \ A we have B C A with |B| < i such that z € B.
Thus B\ A > z and necessity is proved. To establish sufficiency, take any A C Z
and let [A],, = J{B : B C A and |B| < k}. We must prove that [A],, = A. If it is
not so, then [A],, is not closed and hence we have C C [A],, such that |C] < k and
C\ A],, # (). For each ¢ € C fix a set B. C A with |B.| < x and ¢ € B,.. The set B =
(U{B. : ¢ € C} has cardinality < x and ¢ € B for every ¢ € C. Therefore CCcBcC
[A],,, this contradiction finishes the proof of our lemma.

Suppose that #(X) = x and take any non-closed A C Y. Since the map fis quotient,
the set A’ = '(A) is non-closed in X and hence there is B’ C A’ such that | B’ | < «
and B'\A’" # (). If B = f(B’) then B C A, |B| < x and B\ A # (). Applying our
lemma, we can conclude that #(Y) < k = #(X).

S.163. Let X and Y be topological spaces. Given a continuous map r : X — Y, define
the dual map r* : C(Y) — C,(X) by r(f) = f o r for any f € C,(Y). Prove that

(i) The map r* is continuous.

(ii) If r(X) =Y, then r* is a homeomorphism of Cp(Y) onto r*(C,,(Y)).

(iii) If r(X) =Y, then the set r*(C,(Y)) is closed in C,(X) if and only if r is an
R-quotient map.

(iv) If r(X) =Y, then the set r*(Cp(Y)) is dense in C,(X) if and only if r is a
condensation.

(v) Ifr(X) =Y, then the set r*(Cp(Y)) coincides with Ci(X) if and only if r is a
homeomorphism.

i) If rX) =Y and s : X — Z is a continuous onto map, then there exists a
continuous map t : Z — Y with t o s = r if and only if r*(C,(Y)) C s"(C,(2)).

Solution. (i) Fix an arbitrary function hy € C,(Y) and a basic neighbourhood
U = Ox(go, X1, --- , X, &) of the function gy = r*(hgy) (the index X shows that
the basic neighbourhood is taken in C,(X)). Here xy, ..., x, € X and ¢ > 0.
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Then W = Oy (ho, r(xy), ..., r(x,), €) € 7(ho, C,(Y)) and r*(W) C U. Indeed, h € W
implies |A(r(x;)) — ho(r(x,))| = |[F"(W)(x;) — go(x))| < ¢ for all i < n and therefore
r*(h) € U. This proves that r* is continuous at an arbitrary point hy € C »(Y) so (i) is
proved.

(i) To see that 7 is an injection take distinct f, g € C,(Y). Then f(y) # g(y) for
some y € Y. If x € r~'(y) then r*(H(x) = Ay) # g(y) = r*(g)(x) and hence r*(f) #
r*(g). Let us show that (*)"" is continuous. Take any f € C,(Y) and any basic
neighbourhood U = Oy (f, y1, ... , Yu, &) of the function f. Choose x; € r_l(yf) for
alli < nandletV =0x(g, X1, ..., %X, &) N r'(CyY)), where g = r*(f). The set V is
an open neighbourhood of g in the space r*(C,(Y)). If h € V then h = r(h)
for some 7' € C,(Y) and h(x;) = r*(W')(x;) = I (r(x;)) = K'(y,) for all i < n. Thus,
W = ()" (h) € U for any h € V and hence (+*)"'(V) C U which proves continuity
of (¥*)"" at an arbitrary point f. Hence the mapping r* : C,(Y) — r'(Cy(Y)) is a
homeomorphism.

(i) Suppose that r is R-quotient. Given any f € r*(C,(Y)), observe that
f](ril(y)) is a constant function for any y € Y. Indeed, if x, x, € (r*)fl(y) and
f(x1) # f(x,) then for e = % [fxy) — flry)| > 0O, take an arbitrary function g € Ox(f, x1,
X2, 8) N r (Cy(Y)). Since g € Ox(f, x1, X, €), we have g(x;) # g(x») while g = r"(g")
for some g’ € C,,(Y) and hence g(x;) = ¢'(r(xy)) = &'(y) = &'(r(x2)) = g(x,) which is
a contradiction. As a consequence, there exists a function f' : ¥ — R such that f = f”
o r. Since r is R-quotient and f is continuous, the map f’ has to be continuous, i.e.,
f=r(f") € r*(C,(Y)) which proves that r*(C,,(Y)) is closed in C,(X).

Now assume that 7*(C,,(Y)) is closed in C,(X). To show that r is R-quotient, take
any f: Y — R such that g = fo r € C,,(X). We claim that g € 7*(C,(Y)). Indeed, if
X1, ..., X, € X and ¢ > 0 there exists & € C,(Y) such that h(r(x;)) = g(x;) = fir(xy)
for each i < n (note that here we used the fact that g = f o r and hence g is constant
on the fibres of r). Then r*(h) € Ox(xy, ..., x5, &) N r*(C,(Y)) and therefore g €
r*(Cp(Y)) = r*(C,(Y)). This means that g = r*(¢g") = r*(f) for some g’ € C,(Y). The
map 7 : RY — R being an injection we can conclude that f = ¢/, i.e., the map f is
continuous which proves that r is R-quotient.

(iv) Suppose that r is a condensation. Given f € C,(X), xy, ... , X, € X and ¢ > 0,
there exists g € C,(Y) such that g(r(x;)) = f{x;) for all i < n. It is clear that r"(g) €
Ox (f, X1, ... , Xy, €) and hence f € 7*(C,,(Y)) for each f € C,(X) whence r*(C,(Y)) =
Cp(X). Now if 7 is not injective then take distinct xy, x, € X for which r(x;) = r(x,).
Observe that U = [xi, xp; (0, 1), (2, 3)]x is a non-empty open set in Cp,(X) with
U N r"(Cy(Y)) = 0 and hence r(C,(Y)) is not dense in C,(X).

(v) If 7 is a homeomorphism then, for any f € C,(X), the function g = fo r~
belongs to C,,(Y) and r*(g) = f which proves that 7*(C,(Y)) = C,(X). Now suppose
that r*(C,,(Y)) = C,(X). Then the map r is a condensation by (iv) and R-quotient by
(iii). Thus r is a homeomorphism by Problem 155.

(vi) Assume first that there exists a continuous map ¢ : Z — Y withf o s = 1.
Then, for any f € C,(Y) we have *(f) € C,(Z) and s*(¢"(f)) = (fo ) os =fo (tos) =
for=r*(f). This proves that r*(C,(Y)) C s"(C,(Z)). Now assume that r*(C,(Y)) C
5°(CH(2)). Observe first that r is constant on s (z) for any z € Z. Indeed, so is s*(f)

1
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for any f € C,(Z) and hence r*(g) must be constant on s '(z) foreach g € C »(Y) and
z € Z. Now, if x, y € s '(z) and r(x) # r(y) then there is g € Cp(Y) with g(r(x)) = 1
and g(r(y)) = 0 which implies that /*(g) is not constant on s~ '(z), a contradiction.
We proved that r is constant on the fibres of s and hence there existsamap¢:Z — Y
with t o s = r so we only have to show that ¢ is continuous.

Take any B C Z and any z € B. It suffices to show that #(z) € m If this is
not true then there is f € C,(Y) with f{#(z)) = 1 and f(#(B)) C {0}. Pick any point
X € s_l(z) and observe that r(x) = #(z) which implies r*(f)(x) = 1. There exists

€ C,(Z) such that s*(g) = r"(f). We have 1 = r"(H(x) = s"(g)(x) = g(s(x)) = g(2).
Now if b € B, take any a € s~ () and note that r(a) = 1(s(a)) = 1(b) € t(B) and
therefore r*(f)(a) = f(#(b)) = 0. Thus 0 = r*(H)(a) = s*(g)(a) = g(s(a)) = g(b) for
each b € B and therefore g(B) C {0}. We have z € B, g(z) = 1 and g(B) C {0} which
contradicts continuity of g. The obtained contradiction shows that the function ¢ is
continuous and we are done.

S.164. Let X be a separable space with ext(X) = ¢. Prove that X cannot be normal.

Solution. Fix a closed discrete D C X of cardinality ¢ and a countable dense S C X.
If X is normal then R” = C,(D) is a continuous image of C,(X) by Problem 152(v)
and therefore |C,(X)|>|R”| = 2¢ > ¢. Now the map w5 : C,(X) — C,(S) is an
injection by Problem 152(ii) and hence |C,(X)|<|C,(S)|<|R%| < ¢© = ¢ which is
a contradiction.

S.165. Consider the family B = {[a, b) : a, b € R, a < b}. Check that B has the
properties (Bl) and (B2) formulated in Problem 006 and hence can be considered
a base for a unique topology 7, on the set R. The space S = (R, 7,) is called the
Sorgenfrey line. Prove that

(i) Any subspace of S is Lindelof.

(ii) Any subspace of the space S is separable.

(iii) No uncountable subspace of S has a countable network.

(iv) The space S x S is not normal and has a closed discrete subspace of power c.

(v) Prove that the space C,(S) has a closed discrete subspace of cardinality ¢
Deduce from this fact that C,(S) is not normal.

Solution. It is clear that | JB=Rand U N V € Bfor any U, V € B. Therefore the
properties (B1) and (B2) hold for B.

(i) Let X be any subspace of S. We leave it to the reader to verify that X is
Lindelof if and only if, for any y C B such that | Jy D X, there is a countable u C y
with Ju D X. So take any y C Bwith X C | Jy. Given U = [a, b) €y, let U' = (a, b).
We claim that the set X’ = (J{U' : U € y} covers almost all points of X, i.e.,
Y = X \ X’ is at most countable. Indeed, if x € Y then there exists 7(x) > x such that
[x,7(x)) € y. Note that, for distinct x,y € Y, we have [x, 7(x)) N [y, 7(y)) = 0 for
otherwise x € (y, r(y)) C X' ory € (x, r(x)) C X'. Since weight of R is countable, its
Souslin number is also countable by Problem 156(i) and therefore R has no
uncountable disjoint family of open intervals. Since the family {(x, r(x)) : x € Y}
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is disjoint, the set Y has to be countable. As a consequence, there is a countable
W Cysuchthat Y C (Ju'. Evidently, the family p U ¢/ is a countable subfamily of
which covers X. This proves that X is Lindelof.

(i1) Take any X C S and denote by Y the set X with the topology induced from R.
Then d(Y) < w(Y) = o by Problem 156(i) and hence there is a countable subset
A C X which is dense in Y. Denote by B the closure of the set A in X. We claim that
the set C = X\ B is countable. Indeed, if x € C then there is r(x) > x such that
[x, 7(x)) N A=0.Now,if V = (x, 7(x)) N X # () then V is an open non-empty subset
of Y. Since A is dense in Y, we have V N A # (), a contradiction which shows that
[x, r(x)) N X = {x}. Therefore [x,7(x)) N [y, r(y)) = () for distinct x, y € C for
otherwise x € (y, r(y)) or y € (x, r(x)). Any disjoint collection of non-empty open
intervals of R is countable (see (i)). Since the family {(x, 7(x)) : x € C} is disjoint,
the set C has to be countable. It is clear that C U A is a countable dense subset of X
and we proved that X is separable.

(iii) Let X be an uncountable subspace of S. Assume that ' = {P,:n € w}isa
countable network in X. For each n € w, let ¢,, = inf P, if the inf P,, > —o0. Since X
is uncountable, we can choose x € X such that x # ¢, for any n € w. Since A is a
network of X, there exists n € w such that x € P,, C [x, x + 1). But this implies that
¢, = x which is a contradiction.

(iv) Letus show that D = {(¢, —f) : t € R} is a closed discrete subspace of § x S.
Foranyd=(t, -t) € Dtheset U =[t,t+ 1) X [—t, —t + 1) isopenin S x § and
U N D = {d} which proves that D is discrete. Now, if z = (v, y) ¢ D then ¢ =
|x 4 y| > 0 and therefore W = [x, x 4-5) x [y, y 4 %) is an open neighbourhood of z in
Sx SwithW N D ={. Thus Disclosedin S x S whence ext(S x S) = ¢. Since S x
S is separable (this is an easy exercise for the reader), we can apply Problem 164
to conclude that § x § is not normal.

(v) Let r : R — R be the identity map, i.e., r(t) = t for all + € R. It is clear
that 7 : § — R is a condensation and hence r*(C,(R)) is a dense subspace of C,(S)
homeomorphic to C,(R) (see Problem 163(iv)). If A is a countable dense subspace
of C,(R) (which exists by Problem 047) then r*(A) is a countable dense subspace
of C,(S) i.e., C,(S) is separable.

Given an “arrow” [a, b) C S, observe that it is a clopen subset of S. Let f(t) =t — a
and g(r) = ﬁ t for all + € R. It is immediate that h = go f: § — Sis a
homeomorphism and #([a, b)) = [0, 1). This shows that every two arrows in
S are homeomorphic subspaces of S. Note also that § = | J{A; : k € w} where
Ayi=[—i—1,—i)and Ap;y; = [i, i + 1) for all i € w. Applying Problem 113(iii),
we can see that S = P{A;: k € w}. Now, [0, 1) = J{[pi»¢) : i € 0} where p;, = i+i1
and g; = ji—; for each i € w. Applying Problem 113(iii) again, we verify that
[0, 1) = @{Bi : k € w} where each B, is an arrow. As a consequence S is
homeomorphic to any of its arrows so we will consider the space S’ = [0, 1) from
now on. Foreach ¢ € (0, 1] letf,(x) =1if0 < x < tandf(x) =0forallx € [, 1). Itis

immediate that f; € C,(S") for all t € (0, 11].
Fact 1. The set F = {f,; : t € (0, 11} is closed in C,(S").
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Proof. Given f'¢ F suppose first that f(x) ¢ {0, 1} for some x € §'. Then, for ¢ = min
{If@)], [fix) — 1]} the set [x; (fx) — &, fix) + &)] is an open neighbourhood of f
which does not meet the set F. Now, if A(S’) C {0, 1} and f € F then f(x) = 1 implies
f(y) = 1forany y < x. Indeed, if f{y) = 0 for some y < x then [y, x; (—1/2, 1/2), (1/2,
3/2)] is an open neighbourhood of f which does not meet F because all functions from F
are non-increasing. Analogously, f{x) = 0 implies f{y) = O for any y > x. Thus, there is
t € 8’ such that fix) = 1 for all x < ¢ and f(x) = O for all x > ¢. If f{r) = 1 then
fdiscontinuous so f(r) = 0 and hence f = f; € F. This shows that F is closed in C,(S").

Fact 2. The map ¢ : S’ — F defined by (s) = f1_, is a homeomorphism.

Proof. 1t is clear that ¢ is a bijection. Since C,,(S") is a subspace of the product space
RY, to prove continuity of ¢, it suffices to show that 4, = p, o ¢ is continuous for
each p, defined by p,(f) = f(¢) for all f € C,,(S’ )Yand ¢t € [0, 1) (see Problem 102).
Since A,(s) = f;_(f) = 1 for s < 1 — tand h,(s) = 0 for s = 1 — ¢, the function #, is
continuous for all t € §’. To finish the proof it suffices to show that the mapping ¢ is
open. Since the arrows form a base in §', it is sufficient to establish that o (U) is open
inF forany U = [a, b) C §'. To see this, observe that o(U) = {f;: 1 —b<i<1—a} =
[1—=b,1—a;(1/2,3/2),(—1/2,1/2)] N F and we are done.

Fact 3. The spaces C,(S") and C,(S") x C,(S") are homeomorphic.

Proof. Since ' = [0, 1/2) U [1/2, 1) and S’ is homeomorphic to every arrow, the
space S’ is homeomorphic to S’ @ S’. Thus C,(S') is homeomorphic to C,(S" & S’)
which in turn is homeomorphic to C,(S') X C,(S') by Problem 114.

It follows from Facts 1 and 2 that F is a closed subspace of C,,(S’) homeomorphic
to §'. Therefore C,(S) has a closed subspace T which is homeomorphic to S. The
space T x T is a closed subspace of C,,(S) x C,(S). By (iv), there is a closed discrete
D C T x T with |D| = ¢. It is clear that D is also a closed discrete subspace of
Cp(S) x C\(S). Apply Fact 3 to conclude that C,,(S) is homeomorphic to C,,(S) X
Cp(S) and hence it also has a closed discrete subspace of cardinality continuum.
Apply Problem 164 to see that C,,(S) is not normal.

S.166. Suppose that X is an arbitrary space and F C C(X). For any x € X, define
the function ef : F — R by the formula ef (H) = fx) for any f € F, observe that ef
belongs to C,(F). Let Ef(x) = ef for any x € X; then E¥ : X — Cy(F) is called the
evaluation map. Prove that

(i) E'is continuous for any F C Cp(X).

(ii) EF is injective if and only if F separates the points of X, i.e., for any distinct x, y
€ X there is f € F with f(x) # f(y).

(iii) EY is an embedding if and only if F generates the topology of X, i.e., the family
Ur={f'(U):feF,Ue 7(R)} is a subbase of X.

(iv) E is an embedding if F separates the points and the closed subsets of X, i.e.,
for any x € X and any closed G C X such that x ¢ G, we have f(x) & f(G) for
some f€F.

(v) The set X' = E*(X) C C »(F) generates the topology of F and hence F embeds in
C,(X".
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Solution. Given x € X, the natural projection p, : R¥ — R to the factor indexed by x,
is defined by p(f) = f(x) for all f € R¥. Therefore ¢/ = D«|F is a continuous

X

mapping, i.e., we proved that ¢/ € Cp(F) for every x € X.

To see that (i) holds let us show that E” is continuous at any x € X. Take any
basic neighbourhood U = O(ef ,f1s - - [, €) of the function ef in C,(F). The set
V= fi’1 ((fi(x) — &, fi(x) + ¢€)) : i < n} is an open neighbourhood of the point x
and it is immediate that E”(V) C U. This shows that E” is a continuous map and
hence (i) is proved.

If F separates the points of X then, for any distinct x, y € X there is f € F such that
et (f) = flx) # f(y) = e (f) which shows that the maps e} and ¢/ do not coincide, i.e.,
EF (x) # EF (). Thus E' is an injection. This settles necessity in (ii). Now, if the
mapping E is injective then, for any distinct x, y € X we have el = Ef(0)#Ef(y) = ef,
and hence there is f € F for which fix) = e} () # e} () = f(), i.e., F separates the
points of X and hence (ii) is proved.

To tackle with (iii) assume that E” is an embedding and hence we can consider
that the map Efisa homeomorphism between X and X' = EF (X). Thus {(EF )71(8) :
B € B} is a subbase in X whenever B is a subbase in X’. For any f € F and U € 7(R)
the set [f, Ul = {¢ € C,(F) : ¢(f) € U} is open in C,(F) and the family B ={[f,U]:
feF,Ue7(R)}isasubbase in C,(F). As a consequence B= {W N X" : W e B'} is
a subbase in X’ so the family S = {(E") "'([f, U] N X): f€ F, U € 7(R)} is a
subbase in X. Next observe that ef € [f, U] if and only if x € f~ '(U) which shows
that (E")"'([f, UINX") = f'(U) so the family {f '(U) : U € 1(R), f € F} is a
subbase in X because it coincides with S. Thus, F' generates the topology of X and
we proved necessity in (iii).

Now, assume that F' generates the topology of X. Given distinct x, y € X there are
fir o s fpand Uy, ..., U, € TR) such thatx e W = ﬂ{f}‘l (Up:i<n}andy¢W.
As a consequence, fi(x) # fi{y) for some i < n which proves that F separates the
points of X so EX is injective by (ii) and hence we can consider E” to be a bijection
between X and X’ = E'(X). Let us prove that the map g = (EF y~! is continuous at
every y € X'. Let x = h(y) and take any W € 7(x, X). Since the family U/ is a subbase
inX, therearefi, ... ,f, € Fand Uy, ... ,U, € T(R) suchthatx € G = ﬂ{ff1 ) :
i<n}CW.

The set H={[f;, U;] N X' :i < n}isopeninX andy € H. It is straightforward
that g(H) = G C W and hence H witnesses continuity of ¢ = (E*) "' at the point y.
Applying (i) we conclude that EX : X — X’ is a homeomorphism so (iii) is proved.

Now suppose that F separates the points and closed subsets of X. Given x € X
and W € 7(x, X) let G = X \ W; there is f € F such that f(x) ¢ f(G) so U = R\ f(G) €
7(f(x), R) and hence x € f~'(U) C W. This proves that U is a base in X so Eisan
embedding by (iii) and hence we settled (iv).

Finally, let G(x, U) = {f € C,(X) : fix) € U} for any x € X and U € 7(R); then
the family {G(x, U) N F:x € X, U € 7(R)} is a subbase in F. Observe that G(x, U)
NnF= (ef)fl(U) for any x € X and U € 7(R) which shows that £ = {(ef)fl(U) X E
X,U € 7(R)} is a subbase in F; it is obvious that we have the equality £ = {9071(U) :
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p € X', U € 7(R)} so the set X', indeed, generates the topology of F. This finishes
the proof of (v) and completes our solution.

S.167. Let X be an arbitrary space. For each point x € X, define the function e, :
Cp(X) — R by the formula e (f) = f(x) for all f € C(X). For any x € X, let E(x) = e,.

(i) Show that the map E : X — C,(C,(X)) is an embedding.
(ii) Prove that E(X) is closed in Cp,(Cp(X)).

As a consequence, any space X can be canonically identified with the closed
subspace E(X) of the space C,(C(X)).

Solution. (i) Taking F = C,(X) in Problem 166, we can see that £ = EF is
a continuous map. By the Tychonoff property of X, for any x € X and any
closed G C X there is f € C,(X) such that fiX) = 1 and f(G) C {0} and
hence fix) ¢ f(G). Applying Problem 166 again we can conclude that E is a
homeomorphism.

(i) Denote by f; the function equal to zero at all points of X and take any
continuous function ¢ : C,(X) — R with ¢ € E(X) \ E(X). It is straightforward that
any e, € E(X) is a linear functional. The set of linear functionals is closed in
C,(C,(X)) by Problem 078 which implies that ¢ is linear and hence ¢(fy) = 0.
By continuity of ¢ there exists a basic neighbourhood W = O(fy, x, . .. x,,, €) such
that (W) C (— %, %). The space C,,(C,(X)) is Tychonoff and hence there are disjoint
open sets U; € 7(x;, X), i < n such that o ¢ J{E(U;) : i<n}. For each i < n fix a
continuous function f; : X — [0, 1] with fix;) = 1 and fJ((X\U;) = 0. Then the
functionf=1— (f; + - - - +f,,) is continuous, f{x;) = 0 forall i < nand fJX\U) = 1
for U = J; < » U:. Since f € W, we have ¢(f) € (—3,3). On the other hand e,(f) =
f(x) = 1 for any x € X \ U which shows that the set V = {{ € C,(C,(X)) : Y(f) €
(f%, %)}E 7(p, Cp(Cp(X))) does not intersect the set E(X \ U). As a consequence,
» ¢ E(X\U) and therefore ¢ does not belong to the closure of the set E(X \ U)
UUI{EU;) : i < n} = E(X) which is a contradiction. This proves that E(X) is closed
in C,(C,(X)).

S.168. Prove that, for any continuous function f : E(X) — R, there exists a
continuous function F : RX) — R such that F\EX) = f. ldentifying X and
E(X), it is possible to say that each continuous real-valued function on X extends
continuously to RSX) and hence to C H(Cp(X)).

Solution. The function f" = f o E belongs to C,,(X). For each ¢ € REX) Jet F (p) =
©(f"). The function F : R&™) — R is continuous being the natural projection of

RSX) onto the factor indexed by f'. Given e, € E(X), we have F(e,) = e (f") =
f'(x) = fle,) and hence F|gx, = f as promised.

S.169. Prove that we have |X| = y(C,(X)) = w(C,(X)) for any infinite space X. In
particular, weight of C,(X) is countable if and only if X is countable.

Solution. The family B = {[xy, ..., x,; Oy, ..., 0,] :n € N, x; € X and O, is a
rational interval for all i < n} is a base of C,(X) by Problem 056 and |B|< [X|.
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Therefore w(C,(X)) < |X|. Denote by u the function equal to zero at all points of X
and take any local base C at the point u in the space C,(X). For any U € C, we can
choose a standard open set O(U) such that u € O(U) C U. It is clear that the family
{O(U) : U € C} is also a local base at u and therefore we can assume without loss of

generality that all elements of C are standard. Given an arbitrary U = [xq, ... , Xx,;
Oy, ...,0,] €C, let supp(U) = {xy, ..., x,}. Consider the set ¥ = | J{supp(U) :
UeCl.IfxeX\YthenthereisU =[xy, ... ,x,; 01, ...,0,]€CwithUCW=
[x; (—1, 1)]. However, supp(U) = {xy, ..., x,} CY C X\ {x} and therefore there

exists a function f € C,(X) such that f(x;) € O; and f(x) = 1 by Problem 034. It is
clear that f € U\ W which is a contradiction.

As a consequence, we must have ¥ = X and hence |X| = |Y| < [3(C,(X))|. Now,
the inequalities w(C,(X)) < [X| < 2(C,(X)) < w(C,(X)) (see Problem 156(iv))
show that [X| = w(C,(X)) = 7(C,(X)).

S.170. Let X be an arbitrary space. Suppose that there exists a compact subspace K
of Cp(X) such that y(K, C,(X)) < w. Prove that X is countable.

Solution. Given a standard set U = [xy, ..., X,; Oy, ..., 0,] € 7(Cx(X)), let supp
(U) = {xy, ..., x,}. Let {0, : n € w} be a base of neighbourhoods of K in C,(X).
Fix n € w. For every f € K pick a standard Uy such that f € Ur C O,. Taking any
finite subcover {Uy,, ..., Uy, } of the open cover {Uy: f € K} of the compact set K
we obtainaset W, = Uy, U --- U Uy, withK C W,, C O, and the set A,, = supp(Uy,)
U -+ U supp(Uy,). It is evident that the set A = | J{A, : n € w} is countable so it
suffices to prove that A = X.

Suppose that x € X\ A. The map e, : C,(X) — R defined by e,(f) = fix) is
continuous and therefore the set e (K) is bounded in R. Choose any r > 0 such that
[f()| < rfor all f € K and observe that W = [x; (—r, r)] is an open neighbourhood of
K. There exists n € w such that K C O, C Wand hence W, = Uy U ---UU; CW.
This implies Uy, = [xy, ..., x5 Oy, ..., 0,] C Wwhile x ¢ {x|, ..., x,}. Apply
Problem 034 to find g € C,(X) such that g(x;) € O; for all i < n and g(x) = r. It is
immediate that g € W,, \ W which is a contradiction. Thus A = X and hence X is
countable.

S.171. Given a space X and x € X, call a family B C 7°(X) a n-base of X at x if for
any U € 7(x, X) there is V € B such that V C U. Note that the elements of a n-base at
X need not contain the point x. Suppose that C,(X) has a countable n-base at some of
its points. Prove that X is countable.

Solution. Given a standard set U = [xy, ... , x,; Oy, ..., O,] € 7(C,(X)), let supp
(U) = {x1, ..., x,,}. By homogeneity of C,(X) (see Problem 079), if C,(X) has a
countable m-base at some point then it has a countable n-base {U,, : n € w} at the
point u# = 0. For each n € w choose a non-empty standard open set V,, C U,, and let
A = Ufsupp(V,) : n € w}. If x € X\A then W = [x; (=1, 1)] is an open
neighbourhood of u and there exists n € w such that V,, C U, C W. Observe that
ifV,=0 - s Ym Oty ..., Oyl then x € {y1, ..., y,} and hence there exists
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f € Cy(X) such that f(y;) € O; for each i < n and f(x) = 1 (Problem 034). It is
evident that f € V,, \ W which is a contradiction. Thus X = A is countable.

S.172. Prove that, for any space X, we have nw(X) = nw(C,(X)). In particular, the
space Cn(X) has a countable network if and only if X has one.

Solution. Let N be a network in the space X with |[N'| = k = nw(X). For any
collection Ny, ..., Ny € N and any open intervals [y, ..., I; with rational end-
points, let M(Ny, ... , N Iy, ..., ) = {f € C,(X) : fiN)) C I; for all j < k}. It is
evident that the family M = {M(N,, ... ,Ng I\, ..., Ip) :k€N,N,, ... ,N. €N
and /; is a rational interval for all j < k} has cardinality < x. To prove that M is a
network in C,(X), take any f € C,(X) and any U € 7(f, C,(X)). There is a canonical
opensetV =[xy, ...,x; Oy, ..., 0] with f € V C U. Without loss of generality
we can consider the points xy, ..., x; to be distinct. Continuity of the function f
makes it possible to choose disjoint open sets Uy, ..., U, withx; € U; foreachi < k
and rational intervals /I, ... , I} such that f(U;) C I; C O; for all j < k. There exist
Ny, ..., Ny € N such that x; € N; C U, for every j < k. It is easy to see that f € M
Ny, ... NIy ..., 1) CV C U which proves that M is a network in C,(X). Since
M| < x = nw(X), we have nw(C,(X)) < nw(X) for all spaces X. Thus nw
(Co(Cr(X))) < mw(Cp(X)) < nw(X) for any space X. However, X embeds in
Cp(Cp(X)) (see Problem 167) which implies nw(X) < nw(C,(Cp(X))). The obtained
inequalities show that nw(X) = nw(C,(X)).

S.173. Prove that d(X) = Yy(C,(X)) = A(C,(X)) = iw(C,(X)) for any space X. In
particular, C,(X) condenses onto a second countable space if and only if X is
separable.

Solution. Suppose that we are given a space Y and a family y C 7(Y x Y) such that
Ay =[)y.Fix y € Y and, for any U € y choose Oy € 7(y, Y) such that Oy x Oy C U.
Then ({Oy : U € y} = {y} which proves that Y(¥) < A®Y).

Now suppose thatf: Z — Y is a condensation and 5 is a base of Y with |B| =k =
iw(X). Then I((Y x Y)\Ay) < w((Y x Y)\Ay) < k. Foreachz € (Y x Y)\ Ay
choose U, € 7(z, Y x Y) such that U, N Ay =(). The open cover {U,: z € (Y x
Y) \ Ay} of the space (Y x Y)\ Ay has a subcover u with |u| < k. Therefore, (¥ x
Y)\Ay=J{U : U € pu} is a union of < k closed sets and hence }(Ay, ¥ x ¥) < k.
Since fis a condensation, we have (A, Z x Z) < k and hence A(Z) < iw(2).

Given a standard set V =[xy, ..., x,; Oy, ..., O] € 7(C,(X)), let supp(V) =
{x1, ..., x,}. Take any y C 7(C,(X)) such that {u} =y, where u = 0 and |y| = «.
For each U € y take a standard set Oy = [xq, ... ,X,; O1, ... ,0,] suchthatu € Oy

C U. It is easy to see that the set Y = | J{supp(Oyp) : U € y} has cardinality < k. If X
#Y, pick any x € X \Y and find a function f € C »(X) such that f(x) = 1 and f{Y) C
{0}. It is straightforward that f € N y which is a contradiction with f # u and
()7 = {u}. Hence Y is dense in X and therefore d(X) < |Y| < k. This proves that
d(X) < y(C,(X)) and applying the inequalities we proved above, we have d(X) <
Y(CpyX)) < AC,X)) < iw(Cp(X)). To finish the proof let us show that
w(Cp(X)) < d(X). Fix a set Y C X such that Y| = d(X) and X =Y. The map
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ny : Cp(X) — Z = ny(Cy(X)) C C,(Y) is a condensation by Problem 152(ii) and
w(Z) < w(Cy(Y)) = |Y| = d(X). This shows that iw(C,(X)) < d(X) and our proof is
complete.

S.174. Prove that, for any space X, we have iw(X) = d(C,(X)). In particular, the
space C(X) is separable if and only if X condenses onto a second countable space.

Solution. Observe that iw(X) < iw(C,(C,(X))) < d(Cn(X)). The first inequality
holds because X embeds in C,(C,(X)) (Problem 167) so Problem 159(v) is
applicable. The second inequality follows from Problem 173.

On the other hand, if iw(X) < k, take a condensation f: X — Y such that w(Y) < x.
Then f* embeds C,(Y) into C,(X) as a dense subspace (Problem 163(iv)). Let
Z=f"(C,(Y)). Then d(Z) < nw(Z) = nw(C,(Y)) = nw(¥) < w(¥) < k and therefore
d(C,(X)) < d(Z) < x which establishes that d(C,,(X)) < iw(X) and we are done.

S.175. Suppose that Y(K, C,(X)) < w for some compact subspace K of the space
Cy(X). Prove that X is separable.

Solution. Since C,(X) is homogeneous (i.e., for any f, ¢ € C,(X) there is a
homeomorphism ¢ : C,(X) — C,(X) such that o(f) = g (see Problem 079)), we
can assume that u € K where u = 0. Given a standard set U =[xy, ... , X, Oq, ...,
0,] € 7(C,(X)), let supp(U) = {xy, ..., x,}. Lety = {0, : n € w} be a family of
neighbourhoods of K such that (Jy = K. Fix n € w. For every f € K pick a standard
open set Ugsuch that f € Uy C O,. Taking any finite subcover (U, ..., Uy, } of the
open cover {Uy: f € K} of the compact set K, we obtain a set W,, = Uy, U --- U Uy,
with K C W, C O,, and the set A,, = supp(Uy,) U - - - U supp(Uy, ). It is evident that
the set A = (J{A, : n € w} is countable so it suffices to prove that A = X.

Suppose that x € X\ A. The map e, : C,(X) — R defined by e.(f) = flx) is
continuous and therefore the set ¢,(K) is bounded in R. Choose any r > 0 such that
[ftx)| < rforall f € K and find some g € C,(X) such that g(x) = r and g(A) C {0}. It
follows from g(x) = r that ¢ ¢ K. However, g|A = u|A implies g € () y which
contradicts the fact that (] y = K.

S.176. Prove that s(X) < s(C,(X)) for any space X. Give an example of a space X
with s(X) < s(C,(X)).

Solution. Let D be a discrete subspace of X. Fix a family {U, : d € D} C 7(X)
such that U; N D = {d} for each d € D. There is f; € C,(X) with f(d) = 1 and
f.X\U, C {0}. We claim that the set E = {f;;: d € D} is discrete. Indeed, the set
Va=1d,(0,2)]is openin C,(X) and V, N E = {f,} which proves the discreteness of
E and the inequality s(X) < s(C,(X)).

Now if X is the Sorgenfrey line (see Problem 165) then s(X) = w because every
subspace of X is Lindelof (Problem 165(i)) and a Lindelof discrete space is
countable. However, s(C,(X)) = ext(C,(X)) = ¢ by Problem 165(v) whence

s(X) < s(Cp(X)).
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S.177. Suppose that X is homeomorphic to Y x R for some space Y. Prove that
C,(X) is linearly homeomorphic to (C,(X))”, i.e., there exists a homeomorphism
& CpX) — (Cp(X)” such that E(f + g) = E(f) + &(g) and E(Af) = AE(f) for all
f. 8 € Cp)(X) and 2 € R.

Solution. We will need the discreate subspace = {0, +1, &2, ...} of the space R
and the space Xg =Y x C X. Given r € R, the maximal integer which does not
exceed r is denoted by [r]and (r) =r — [r]. If x = (y, ) € X then x™ = (y, [r]) € Xo
and x™ = (y, [r] + 1) € X,. We are going to construct a continuous linear mapping

Cp(Xp) — Cp(X) which extends the functions from Cj,(Xy), i.e., w(H)|Xo =fforall
fe CyXp). Todo so, forany x = (y, r) € X and f € C,(Xo), let o(H(y, 1) = o(H)(x) =
(r) - fa) + (= () - fah.

Now, if x = (y, r) € Xo then r € and (r) = 0 which implies x~ = x and p(H(x) =
f(x), i.e., the function o(f) extends f for any f € C,(X,). Let us prove that o(f) is
continuous for every f € C,(Xo). First, fix n € and take any x = (y,r) €Y x (n,n + 1)
and ¢ > 0. Let fi(z) = f(z, k) for any k € and z € Y. It is evident that f; € C(Y) for
each k € . There exists U € 7(y, Y) and M > 1 such that |f,(z)| + |f,,..1(2)] < M and
(@) = fu)] + [fus1(2) — fur1()] < 3 for all z € U. Now, let W = (U x (r —35
r+ ) N Y x (n,n+ 1)). We claim that o(f)(W) C (o(H)(x) — &, p()(x) + &).
Indeed, take any x; = (y1, 1) € W. Then y; € U and

o)) =) ) = [rfar 50) + (L= r)fa 01) = (P (0) = (1= (r))fa )]
< ) = faca I = a0 = (U= (r))fa ()]

Now observe that | (r1)f1(01) = ("fur1 O] < [F)] - e 1O = fura O + 1) —
) UreaO < 1+ g - M < §+5= 5

Analogously, (1 = (n)fu) — (1 = (MAEO] < [T = ()] - [fuon) — 0] +
[(r1) = ()| - [fuO)| < 135 + 357 - M <%+ § =4 which shows that, for any x; € W, we
have |p(f)(x1) — @()(¥)| <5 + 5 = ¢ and continuity of o (f) at the point x is proved.

Now take an arbitrary pointx = (y, n) € Y x {n} and ¢ > 0. There exists U € 7(y,
Y)and M € R, M > 1 such that |f,_(2)| + |[/u(2)| + |fns1(2)| < M and |f,,(2) — f,,(»)]
<ggforallz € U.Now,letW=U X (n —¢g7, n +g7). Take any x; = (y;, r) € W. If
r < n, we have

o)1) = (@] = [Wa1) + (1= P)far (1) =)

<MWay) =fO+ (1 =) o 0] + 1))
L+ (M + M) <t+i=%

Analogously, if r > n then

lp(F)(x1) = o)D) = [{r)fasr (1) + (1 = {r)
() (o o) + lfn(y)l)
M AM)+1-& <t

W (yl) (y)l

and we finished the proof of continuity of ¢(f).
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It is evident that ¢ is a linear map, so let us check that ¢ is continuous. Let
U = Ox(¢(f), x1, ... , X,, £) be an arbitrary basic neighbourhood of ¢(f) in C,,(X),
where x; = (y;, r;) for each i < n. Then the set V = Ox, (f,x7,x],...,x,,x,¢)
is an open neighbourhood of f in C,(Xo) and (V) C U. Indeed, if we
have |g(x) —f(x7)|<e and |g(x7) —f(x;)|<e for each i < n then
lg(e) — FC)l = 1) (8lch) — F(50) + (1 — () (gx) — £ )] <o ({r)+

1 — (r;)) = ¢ for each i < n and we are done.

Fact 1. The space C,(X) is linearly homeomorphic to the space C,(Xo) X L where
L={geCX):gXo) = {0}}.

Proof. Given an arbitrary (f, g) € C,(Xo) x L, let Y(f, g) = @(f) + g. It is clear that
Y 1 Cp(Xo) X L — Cy(X) is a continuous linear map. It is easy to check that i is a
bijection. Now, given & € C,(X) the formula y (h) = (h|Xo, h — ¢(h|X,)) defines a
continuous map from C,(X) to C,(Xo) x L and its is easy to see that y = ¢71 whence
V) is a linear homeomorphism and Fact 1 is proved.

Since X is a discrete union of o copies of the space Y (see Problem 113), we can
apply Problem 114 to conclude that C,,(X) is homeomorphic to (CI,(Y))“). In fact
these spaces are even linearly homeomorphic (check that the proof of Problem 114
for the case Y = R gives a linear homeomorphism). For any n € , let L, = {g €
C,¥ x [n,n+11): g(¥ x {n})=g(¥ x {n+1}) = {0} }. Let n,,(f) = f|L,, for each f
€ Land n € . We leave to the reader an easy verification that the map z : L — [[{L,
: n € } defined by n(f)(n) = m,(f), is a linear homeomorphism. So, if we denote by ~
the relationship of being linearly homeomorphic, then C,(X,) ~ (Cp(Y))“’ and L ~
(Lo)? because Ly =~ L, for all n € . Finally,

Cp(X) m Cp(Xo) X L= (Cy(Y))” x (Lo)” = (Cp(Y) X Lo))” = ((Cp(Y) x Lo))*)”
~ ((Cp(Y))” % (Lo)”)" ~ (Cp(Xo) X L) & (Cp(X))”.

Note that we used here Problems 103 and 104 in their linear forms for which the
same proofs will do if the factors are linear spaces.

S.178. Let a(X) = sup{| Y | : Y C X and Y is homeomorphic to the Alexandroff
one-point compactification of an infinite discrete space}. Prove that we have the
equality p(X) = a(C,(X)) for any infinite space X.

Solution. Suppose that y C 7°(X) is an infinite point-finite family. For each U € y fix
apoint x;; € U and f; € Cp,(X) such that fi;(xy) = 1 and f,(U) C {0}. Denote by u the
function equal to zero at all points of X. Since the family y is point-finite, the set
{V ey:filxy) =1} is finite for any U € y. Therefore, the set {V € y : fiy = fy} is also
finite for any U € ). As a consequence the set A = {fy, : U € 7} has the same
cardinality as the family 7.

Given any W € 7(u, C\,(X)), there are xy, ... ,x, € Xand ¢ > O such that G = O
(U, X1, oo, Xy, 8) C W. The family uy = {U € y : x; € U for some i < n} is finite and
hence fy(x;) =0 foralli < nif U € y\pu. Thus fy € G C W for all but finitely
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many U. This proves that the space {#} U A is homeomorphic to A(x) where k = | 7 |.
Therefore p(X) < a(C,(X)).

Now assume that £ = p(X) < a(C,(X)) and fix an Alexandroff one-point
compactification of a discrete space P C C,(X) with |P| = k. Without loss of
generality, we may assume that P = A U {u} and u is the unique non-isolated point
of P. Let O, =R\ [-1 1] for each n € N. Since W, = [x;(—1,1)] is an open
neighbourhood of u for any x € X, the set P\ W, is finite and hence the family
7. = {f 1(0,) : f € A} is point-finite for any n € N. For any f € A there is n = nreN
such that f~'(0,,) # 0 and therefore there is m € N for which there are k" non-empty
elements of 7,,. Some of them can coincide, but, given U = f'(0,,) € 7,,,, the family
{g €A: g '(0,) = U} is finite because },, is point-finite. Thus |y,,| = k™ > p(X)
which is a contradiction showing that a(C,(X)) < p(X).

S.179. Prove that, for an arbitrary space X, we have c(X) < p(X) < d(X) and p(X) <
s(X). Give an example of a space Y such that c¢(Y) < p(Y). Is it possible for such a
space Y to be a space Cp(X) for some X?

Solution. Any disjoint family is point-finite and hence ¢(X) < p(X). Now if D C X
is a dense subspace with |D| = d(X) take any point-finite family y C 77(X).
For each U € y pick xp; € U N D and observe that, for each d € D, there are only
finitely many U € 7 for which d = dy,. Therefore | y | < | D | = d(X) which implies
pX) < dX).

Suppose that s(X) = k < p(X) and choose a point-finite y C 7°(X) with | y | = k™.
For any U € y pick xy € U and consider the subspace Y = {xy: U € y}. Givenn € N
say that ord(U) = n if the point x;; belongs to exactly n elements of y. Then ¥ =
U{Y,:ne N} where Y, = {xy: ord(U) = n} foreachn e N.Ifx € Y, thenx € V =
Vin ... N V,for some distinct Vy, ... ,V, €y. The set V N Y, is finite because
xy € Vimplies U € {Vy, ..., V,}. This proves that each Y, is discrete (or empty).
We have | Y, | =| Y| =« for some n € N which is a contradiction with s(X) < x.
This proves that p(X) < s(X).

Finally, let ¥ = C,(A(w})). Then A(w,) embeds in C,(Y) = C,(Cy(A(w1)))
by Problem 167 so we can conclude that p(Y) = a(C,(Y)) > w;. To finish the
proof, apply Problem 111 to see that c(Y) = ¢(C,(A(w1))) = w < p(Y) and we
are done.

S.180. Prove that, for an arbitrary space X, any locally finite family of non-empty
open subsets of the space C,(X) is countable. Is it possible to say the same about
point-finite families of non-empty open subsets of C,(X)?

Solution. In the solution of Problem 179, we gave an example of a space C,(X) for
which p(C,(X)) > w and hence C,(X) has a point-finite uncountable family of non-
empty open sets. Now assume that y C 7°(C,(X)) is a locally finite family. Let z be a
maximal disjoint family of non-empty open sets each one of which meets at most
finitely many elements of y. It follows from local finiteness of y that | Ju is dense in
Cp(X). Since ¢(C,(X)) = w (Problem 111), the family p is countable. Each U € y has
to intersect some V € p because | Ju is dense in X. If y were uncountable some U €
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would have to intersect uncountably many elements of x4 which is a contradiction.
Hence | y | < .

S.181. Prove that, if a space X is pseudocompact, then c(X) = a(C,(X)), where a
(Cp(X)) = sup{k : A(k) embeds in C,(X)}.

Solution. It follows from Problem 178 that it suffices to prove that c¢(X) = p(X). If
this is not true then there exists a point-finite family 7 C 7°(X) such that | y | = k™
where k = c(X). Let X,, = {x € X : x belongs to at most n elements of y}. If y €
X\ X,, then there are distinct Uy, ... ,U,,; €ysuchthatyc U=U; N --- N U,;,
and hence x € U C X \ X,,. This shows that X, is a closed set for each n € w. Since 7y
is point-finite, we have X = (J{X,,: n € w}.

Fact 1. The set O = |J{Int(X,)) : n € w} is dense in X.

Proof. Suppose not. Then there is an open non-empty U C X such that U N O =0.
Since X, can cover no open non-empty subset of U, there is Uy € 7°(X) such that
Uy C Uand Uy N X, = (). Suppose that we have Uy, ..., U, such that U, ; C U;
and U; N X; = forall i < n — 1. Since X,,; can cover no non-empty open subset
of U,, there is U, € 7°(X) such that U, ; C U, and U, ., N X, = (. Since X is
pseudocompact, we have P = (U, : n € o} = {U, : n € o} # () by Problem
136(iv). However, P N X,, = () for all n € w which contradicts X = | J{X,, : n € w}.
Hence O is dense in X and Fact 1 is proved.

Since U N O # (D forall U € y by Fact 1, there is m € o such that the cardinality of
the family {U €y : U N Int(X,,) # 0} isequal to k™. Let u = {U N Int(X,,): U €y
and U N Int(X,,) # 0}. Then u C 7°(X), |u|= x* and Ju C Int(X,,). Let v be the
maximal family of non-empty open subsets of O,, = Int(X,,) each one of which
meets at most finitely many elements of 1. We claim that | Jv is dense in O,,,. Indeed,
if W = 0,, \ v # 0 then there is x € W which belongs to a maximal number j < m
of the elements of . If Uy, ... , U;are distinct elements of u withx e V=U; N --- N
U; then the set V can only intersect elements from {Uy, ... , U;} (for otherwise the
relevant intersection would have a point which belongs to > j elements,
a contradiction). Therefore {V} Uv is still a disjoint family each element of which
intersects at most finitely many elements of p which is a contradiction with the
maximality of v. This proves that | Jv is dense in O,,,.. As a consequence each element
of u intersects some element of v. Since each W € v meets but finitely many elements
of i, we have |v| = ¢ = k™ which is a contradiction with ¢(X) < k because v C 7(X)
is a disjoint family. This contradiction shows that p(X) < ¢(X) and we are done.

S.182. Let X be a space. Given x € X, let C, = {f € C,(X) : fix) = 0}. Prove that
Cp(X) is homeomorphic to C, x R.

Solution. Define amap ¢ : C, X R — C,(X) by ¢(z) = f + ¢ for any element z = (f, 1)
€ C, x R. Given any g € C,(X), let y(g) = (g — g(x), g(x)) € C, x R. This defines
amap y : Cp)(X) — C, x R. It is evident that the maps ¢ and i are continuous
and it is easy to check that they are bijections and y = ¢ '. Therefore ¢ is a
homeomorphism.
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S.183. Prove that compact spaces X and Y are homeomorphic if and only if C(X)
and C(Y) are isomorphic (the isomorphism between C(X) and C(Y) need not be
topological). Show that there exists a compact space X and a non-compact space
Y such that C(X) is isomorphic to C(Y).

Solution. Let X be homeomorphic to Y. Fix some homeomorphism ¢ : X — Y and
let p*(f) = f o ¢ for any function f € C(Y). It follows from Problem 163(v) that the
mapping ¢* : C(Y) — C(X) is a bijection. To prove that the map ¢ is an isomor-
phism, take any f, g € C(Y) and x € X. Then ¢"(f + g)(x) = (f + 8)(p(x)) = flp(x)) +
gp) = ¢ (H(x) + ©"(g)(x) which shows that ©*(f + g) = ¢"(H + ¥ (2.
Analogously, ¢"(f - () = (f - () = flp() - glp() = PN - (W)
and therefore ©*(f - g) = ¢*(f) - ©"(g) whence " is an isomorphism.

Given a space Z call a set I C C(Z) an ideal if I has at least two distinct elements,
I # C(Z) and, forany f, g € [ and h € C(Z), we have f+ g € [ and f- h € I. Call an
ideal I C C(Z) a maximal ideal if, for any ideal J C C(Z), we have J = [ whenever
1CJ.

Fact 1. Given a compact space Z, for any z € Z, the set [, = IZ ={feC@) :f(z)=0}
is an ideal in C(Z) and, for any ideal J C C(Z), there exists z € Z such that J C I..

Proof. It is straightforward that the set /. is an ideal in C(Z). Given f € J, let Z; =
£710). We claim that the family y = {Z;: f € J} is centered. Indeed, if not, we can
findfy, ... ,f, €Jsuchthat({Z; :i < n} = (. Since J is an ideal, we have f? € J for
each i < n and hence f =" | f? € J. It is clear that f{z) > 0 for any z € Z.
It follows from f € Jthat h = f - l} € J. Now, since h(z) = 1 for each z € Z, we have
g =g heJforeach g € C(Z). It turns out that / = C(Z) which is a contradiction.
The family y being centered we have (1) y # () (Problem 118(viii)). It is clear that,
for each z € [y, we have J C I, and Fact 1 is proved.

Fact 2. Given a compact space Z, the ideal I, = IZZ is maximal for any z € Z. Besides,
the correspondence z — I, is a bijection between Z and the family M of all maximal
ideals in C(2).

Proof. Suppose that J C C(Z) is an ideal with I, C J. By Fact 1 there is y € Z such
that J C I,. If y # z then there exists f € C(2) such that f{(z) = 0 and f(y) = 1. This
implies f € I, \ I, which is a contradiction. Hence y =z and I. C J C I, whence J =
I,. Therefore I is a maximal ideal. As a consequence, the map ¢(z) = I sends Z into
M. If y # z then, for any f € C(Z) with f(z) = 0 and f(y) = 1 we have f € I. \ I, which
implies 1. # I, so ¢ is an injection. Now, if / C M then J C I, for some z € Z by
Fact 1. Since J is maximal, we have J = I, = ¢(z) and Fact 2 is proved.

Fact 3. Let Z be a (not necessarily compact) space. For any A C Z and z € Z, we
have z € A if and only if I, D {1, : y € A}.

Proof.-Ifz€ Aandf€ ({l,:y €A} thenf(y) = 0 for all y € A. Since the function fis
continuous, we have f(z) = 0, i.e., f € I.. This proves necessity. Now suppose that
{1, :y € A} C L. 1f z ¢ A then there exists f € C(Z) such that f{z) = 1 and f(A) =
{0}. Thus f € ﬂ{ly 1y € A} \ I, which is a contradiction. Fact 3 is proved.
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Returning to the proof of sufficiency, assume that ¢ : C(X) — C(Y) is an
isomorphism. Observe that the notion of a maximal ideal is defined in algebraic
terms and hence (/) is a maximal ideal in C(Y) for any maximal ideal / C C(X). For
any x € X, the set If is a maximal ideal of C(X) by Fact 2; hence ¢(/,) is a maximal
ideal of C(Y). Applying Fact 2 again, we conclude that there is y € Y such that
) = 1;’ . Letting y = f(x) we obtain a function f : X — Y. Since ¢ is an
isomorphism, the map I, — ¢(I,) is a bijection between the families of maximal
ideals in C(X) and C(Y). Applying Fact 2 we see that f is a bijection. Finally, let
A C X. Given x € A, we have I¥ D (N{I¥ : z € A} by Fact 3. Since ¢ is a bijection,

we have I}'(X) D ({1' :z € f(A)} and hence f(x) € f(A) by Fact 3. This proves that

f(A) C f(A) and hence fis continuous. Since fis a bijection, we can apply Problem
123 to see that f is a homeomorphism.

S.184. Suppose that we are given a function f,, € C,(X) for all n € w. Prove that, if f:
X — Randf, = f, thenf, — f. Give an example of a sequence {f, :n € w} C C,(I)
such that f,, — f for some f € C,(I) and {f,,} does not converge uniformly to f.

Solution. If f, = f, take any U € 7(f, C),(X)). There are x, ..., x, € X and ¢ >
0 such that O(f, xy, ..., x,, &) C U. By uniform convergence of f, to f, there exists
m € o such that | f,(y) — f(y) | < e forall n = m and y € X. In particular, | f,(x;) —
fx) | <eforall n = mand i < n. As a consequence, f,, € O(f, X1, ..., X, &)
C U for all n = m and hence f,, — f.

To give the required example, for an arbitrary n € w, let f,(tf) = 0 for all

t € [—1,725]. Now, f,(t) = (n 4 1)(n + 2)(r — ;25) for all ¢ € [;24,%£]] and f,(r) =

n+2)1 —-pifte [%, 1]. It is easy to see that {f, : n € w} C C,(I). Observe that,
forany ¢4, ... , t; € [ there exists m € o such that f,,(t;) =0 foralln = mand i < k.

This shows that f,, € O(f, t1, ... ,t, &) forany e > 0and n = mif (f) =0 forallt € I
Therefore f,, — f. However, the sequence {f,,} does not converge uniformly to f,
because f,(%)) =1 for each n € ® and hence the definition of the uniform
convergence is not satisfied for ¢ = 1.

S.185. (The Dini theorem). Let X be a pseudocompact space. Suppose that f, €
Cp(X), fur1(x) 2 fo(x) for all x € X and n € w. Prove that if there exists f € C,(X)
such that f,, — f then the sequence {f,,} converges uniformly to the function f.

Solution. Take an arbitrary number ¢ > 0. For any n € N, consider the open set
U,={xeX:|fu,(x) = fix)| >4}. Observe that, for any point x € X we have | f,,(x) —
) | = fix) — fu(x) = fix) — f41(x) due to the inequalities f,(x) < f,41(x) < f(x).
This implies U,.; C U, for all n € N. If U, # ( for all n € N then, by
pseudocompactness of X, we have ({U, : n € N} # ) (Problem 136(iv)). Pick
any x € (\{U,:n € N}.If g, = f — f, for every n, then g,(x) € g,U,) C g,(U,) C
(5, + 00) = [§,+00). Thus g,(x) > § for each n € N which is a contradiction
because g,(x) — 0 due to the fact that f,(x) — f(x).

Therefore, U, = ) for some m € N which implies U, = () for every n = m and
hence | f,(x) — f(x) | < 4 < & for each n > m and x € X. This shows that f,, = f.
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S.186. Prove that the following are equivalent for any non-empty space X:

(i) C,(X) is o-compact.

(ii) C,(X) is o-countably compact.

(iii) C(X) is locally compact, i.e., every f € C,(X) has a compact neighbourhood.

(iv) Cp)(X) is locally countably compact, i.e., every f € C,(X) has a countably
compact neighbourhood.

(v) Cn(X) is locally pseudocompact, i.e., every f € C,(X) has a pseudocompact
neighbourhood.

(vi) The space X is finite.

Solution. For any A C X let 4 : C,,(X) — C,(A) be the restriction map. If X is finite
then C,(X) is homeomorphic to R", where n = | X |. Take any x € R", » > 0 and
y € B,(x,r). For any ¢ > 0 there exist a point z € B,(y, ¢) N B,(x, r) and hence
d,(y,x) < d,(y, z) + d,(z, x) (see S.130(i) for the definition of d,, and the proof of the
last inequality) which implies that d,(y, x) < r + &. This proves that B,(x,r) C
B,(x, r + ¢) and therefore the set B,(x,r) is compact by Problem 131. As a
consequence the space R" is locally compact. This proves (vi) = (iii). It is evident
that we also have (i) = (ii) and (iii) = (iv) = (v). Note also that R" = | J{B,(x, k) :
k € N} for any x € R” and therefore R” is g-compact. This proves (vi) = (i).

Now suppose that C,(X) is locally pseudocompact and fix a pseudocompact
neighbourhood U of the function # = 0. There exist xy, ... , x, € X and ¢ > 0 such
that O(h, xq, ..., x,, &) C U.If X is infinite then there isy € X \ {xy, ..., x,}. The
map e, : C,(X) — R, defined by e, (f) = f(y) for all f € C,,(X), is continuous (Problem
166). For any r € R there is f € C,(X) such that f(y) = r and f(x;) = O for all i < n
(Problem 034). Since f € O(h, xy, ... , X,, &) C U and e,(f) = r, the function e, is not
bounded on U which contradicts the pseudocompactness of U. Hence X has to be
finite and (v) = (vi).

To finish the proof, it suffices to show that (ii) = (vi).

Fact 1.1f X is not pseudocompact then C,(X) maps continuously onto R”.

Proof. If X is not pseudocompact then, by Problem 136, there exists a discrete
family Y = {U, : n € o} C 7°(X). Take a point x,, € U, for each n € w and fix a
function f,, € C(X, [0, 1]) such that f,(x,) = 1 and f,(X \ U,) = {0}. It is clear that
D = {x, : n € w} is a discrete and closed subspace of X. If f: D — R then the
function g = X, f,, - f(x,) is continuous on X. Indeed, if y € X then there is U €
7(y, X) which meets at most one element of U, say, U;. Then g|U = f; - fixp)|U is a
continuous function. This implies continuity of g at the point y and hence g is a
continuous. Since g|D = f, the restriction map np : C,(X) — C,(D) = R” is onto.
Since R? is homeomorphic to R®, Fact 1 is proved.

Fact 2. The space R” is not g-pseudocompact and hence it is neither o-countably
compact nor ¢-compact.

Proof. Let m,, : R” — R be the natural projection onto the nth factor. Assume that
R®” = |J{F, : n € o} where each F; is pseudocompact. Since R” is second
countable, so is F, for each n and hence each F, is compact by Problem 138.
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The set 7,(F,) is bounded in R by Problem 131, so there is x, € R\ 7, (F,). Now it
is immediate that the point x € R” defined by x(n) = x,, does belong to | J{F,,: n € w}
which is a contradiction. Fact 2 is proved.

Fact 3. 1f C,(X) is o-countably compact then X is pseudocompact.

Proof. If not then C,(X) maps continuously onto R by Fact 1. It is easy to see
that any continuous image of a o-countably compact space is a o-countably
compact space so R” is o-countably compact which contradicts Fact 2 and Fact
3 is proved.

Any countable intersection of open sets of a space X is called a Gs-subset of X.
Call a space X a P-space if any Gs-subset of X is open.

Fact 4. For any space X if A C X and the set C4 = 74(C,(X)) is -countably compact
then A is a P-space. In particular, if C,(X) is o-countably compact then X is a
P-space.

Proof. Assume that C, is o-countably compact. If A is not a P-space then there
exists x € A and a family {F, : n € w} of closed subsets of A such that x ¢ F, and
F,CF,  foreachn € o whilex € clu((J{F,:n € w}). LetF = J{F;: i € w};itis
clear that x € F.

The set I, = {f € C4 : fix) = 0} is closed in C4 and hence it is o-countably
compact; therefore I, = | J{K,, : n € w} where each K,, is countably compact. We
claim that, for each n € w and ¢ > 0, there is k,, € w such that for every f € K,, there
is z € Fy, with f(z) < e. If it were not true then, for each i € w, there is f; € K, such
that f;(y) = ¢ for every y € F;. Since K,, is countably compact, the set {f;: i € w} has
an accumulation point f € K. If y € F = | J{F;:i € } theny € F,, for some m € w
and hence fy) = ¢ for all i = m. It is immediate that this implies f{(y) > ¢. Thus we
have f(y) = ¢ for all y € F while f{(x) = 0 which contradicts continuity of fon A and
the fact that x € cl(F).

Therefore, we can fix a sequence {k,: n € o} C w with the following properties:

(1) ki1 > k, foreach n € w;

(2) For every f € K, there is y € Fy, such that f(y) < %

The set F,, being closed in A it follows from x € A that x ¢ F,, for every n € w.
Thus, we can apply the Tychonoff property of X to choose a continuous function g, :
X — [0, 2%] such that g,(x) = 0 and g,(F,) = {zl} for each n € w. The function
g = Z,cw & 1s a uniform limit of the sequence {go + - -+ + g,},ce and hence g €
C,(X). It is evident that g(x) =0so # = g | A € I. However, we have h(y) = g(y) =
g.(y) = 21—,, for each y € Fy, whence & ¢ K, for all n € w. Therefore h € I, \ ({K, :
n € w}); this contradiction shows that Fact 4 is proved.

To finish the proof of (ii) = (vi) it suffices to establish that each pseudocompact
P-space X is finite (see Facts 3 and 4). Suppose that X is infinite. Take any distinct
X,y € X and disjoint U € 7(x, X), V € 7(y, X). Since X = (X \ U) U (X \ V), one of the
sets X \ U, X \ 'V has to be infinite. If, for example, | X\ U | = w then we can apply
regularity of X and find W € 7(x, X) with W C U. Itis clear that X \ W is infinite. Thus
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we have proved, that in any infinite space X there is W € 7°(X) such that X \ W is
infinite.

Call such W a small subset of X. So, choose a small Uy C X and if we have
Ug, -+, U, € 78X) with X,, = X\ (U, U --- U U,) infinite, let U, be a small
subset of X,,. By induction, we can construct a sequence {U, : n € w} of disjoint
non-empty open subsets of X. Pick x, € U, for all n and use regularity of X to
construct open sets {U' :i € w} so that U = U, and Uyt C U, for each i € w.
Since X is a P-space, the set V, = ({U! ;i€ o} = ({U' :i € w} is clopen in X
and V,, C U, for each n € w. Using once more the P- property of X we can conclude
that the set V=X \ ((J{V,,: n € w}) is also open in X and therefore the family {V/, :
n € w} is discrete which contradicts pseudocompactness of X. Hence X is finite and
our proof is complete.

S.187. Prove that C,(X) is locally Lindelof (= each f € C,(X) has a Lindelof
neighbourhood) if and only if C(X) is Lindelof.

Solution. If C,(X) is Lindelof then it is a Lindelof neighbourhood of any of its
points. To prove sufficiency, assume that C,(X) is locally Lindelof and fix a
Lindelof neighbourhood U of the function 42 = 0. There exist xy, ..., x, € X and
¢ > 0suchthat V. C U where V=0, xq, ..., x, ¢). Itis an easy exercise that a
closed subspace of a Lindelof space is Lindelof so V is also Lindelof. It is an
easy consequence of Problem 116 that the map ¢y : C,,(X) — C,(X) defined by ¢(f)
= k - f, is continuous. We can apply Problem 157(vi) to conclude that (V) is
Lindelof for any k € N. Now, if f € C,,(X) then there is k € N such that k - ¢ > f(x,) for
all i < n. As a consequence f € (V). The function f being arbitrary, we proved that
A 0V):keN} = C,(X). Another easy exercise is to prove that a countable union
of Lindelof spaces is also a Lindelof space. Thus, C,(X) is Lindelof and we are
done.

S.188. Assume that C,(X) is Lindelof. Prove that any discrete family y C 7°(X) is
countable.

Solution. Any subfamily of a discrete family is discrete so if there is some
uncountable discrete family of non-empty open subsets of X, then we can find a
discrete family y = {U,, : o < @} C 7°(X). Pick x,, € U, for each o < w; and let
D = {x, : & < w}. Fix a function f, € C,(X, [0, 1]) such that f,(x,) = 1 and
[AX\U,)={0}.Givenanyf:D —R,letg = _, f,-f(«).Itisclear that g|D =f.
Besides, the function g is continuous because for any x € X there is W € 7(x, X) such
that W intersects at most one element of y, say Up. Then g|W = f; - flxp)|W is a
continuous function and hence g is continuous at x. The point x being arbitrary, the
function g is continuous. Hence the restriction map 7, : C,(X) — C,(D) is continu-
ous and onto (see Problem 152). Hence the space C,(D) is Lindelof by Problem 156
(vi). The space D is clearly discrete so C,,(D) is homeomorphic to R”!. To obtain the
desired contradiction, it suffices to prove that R*' is not Lindelof.

Assume that the space R is Lindelof. The space (R“')" is homeomorphic
to R”" by Problem 103 and hence #(C,(R”')) = by Problem 149. Let
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©, : R”" — R be the natural projection onto the «th factor for each o < ;. Denote
by h the function on R®! which is identically zero. We claim that / belongs to the
closure of the set A = {¢, — pp:a < B < w,}. It suffices to prove that for arbitrary
Xl, ..., X, € R and ¢ > 0, we have O(h, x1, ..., X,, &) N A # .

Define amap 0 : w; — R” by the formula 0(t) = (x1(2), ... , x,(2)) € R" for each
o < . If 0(ar) = O(f) for some o0 < f then ¢, (x;) — wpx) = x(c) — x(f) =0 < ¢
for each i < n and therefore ¢, — ¢p € O(h, Xy, ..., Xy, &) N A. Now, if 0 is an
injection then the set 0(w;) C R” is uncountable and we can apply Fact 1 of S.151
to conclude that there is P C w; such that O(P) has no isolated points. Pick any o € P.
Since 0(a) is not isolated, there is f§ € P\ {a} such that 0(f) € B,(0(x), €)
(see Problem 130). There will be no loss of generality to assume that o < f. It is
easy to see that 0(f5) € B,(0(x), &) implies | x (o) — x;(§) | < & for any i < n and hence
0y — pp € O(h, xy, ..., Xp, &) N A. This shows that & € A.

Since we have the equality #(C,(R”')) = w, there is a countable set B C A such
that 4 € B. Take a countably infinite set C C w; such that B C {¢, — pg:a, f€C
and o < f}. Choose any enumeration {J; : i € N} of the set C and define x € R*" as
follows: x(d;) = i for all i € w and x(y) = 0 for all y € w;\C. We claim that V N
B = () where V = O(h, x, 1). Indeed, if y € B then = ¢; — s, for some i, j € N,
i # j. Therefore | Y(x) | = | x(5;) | —x(6;) | =|i —j| = 1 and hence y ¢ V which is a
contradiction with the fact that 2 € B. This contradiction shows that #(C,(R“")) > o
and hence R is not Lindel6f so our proof is over.

S.189. (Asanov’s theorem) Prove that t(X") < I(C (X)) for any space X and n € N.
In particular, if C,(X) is a Lindeldf space, then t(X") < w for all n € N.

Solution. Let /(C,,(X)) < . Fix any n € N to prove that #X") < k. Take any
x=(xg,...,x,) € X"and any A C X" with x € A. Choose O; € 7(x;, X) in such a way
that O; N O; =0 ifx; # x;and O; = O;if x; = x;. The set O = 0y X --- X0, is a
neighbourhood of x and x € A N O which makes it possible to assume that A C O.
The set ® = {f € C,(X) : fix)) = 1 for all i < n} is closed in C\,(X) and hence
(®)< k. Giveny = (y, ...,y €A, let U, = {g € C,(X) : g(y;)) > Oforalli < n}.
Now, if f € © then U; :fl((O, +00)) € 7(x;, X) for all i < n. Since x € A, there is
y=01---,Y) €A N (U X --- x U,). Thus f(y;) > 0 for each i < n and hence f €
U,. This proves that ® C (J{U, : y € A}. Since /(®)< «, there exists B C A such that
|B| < xand ® C [J{U, :y € B}. We claim that x €B. If not, then V N B = () for
some V=V, x--- x V,wherex; €V, € 7(0;) foreachi < nand V;, = V;if x; = x;.

It is easy to see that there exists a function g € ® such that g(z) = 0 for any z €
X\ (UtV::i < n}). We have g € U, for some y = (y1, ..., y,) € B.Nowy € A
implies y; € U, for all i < n. Recall that g(y;) > 0 and therefore y; € V; for otherwise
g(y)) = 0. As a consequence y € (V| x --- x V) N B which is a contradiction.

S.190. For a space X, let A C C*(X) be an algebra which is closed with respect to
uniform convergence. Prove that f, g € A implies max(f, g) € A and min(f, g) € A.

Solution. Denote by I the closed interval [0, 1] C R. Let s(t) = /t for any ¢ € I.

Fact 1. There exists a sequence {p;};c., of polynomials on / such that p, = s.
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Proof. Let po(t) = 0 for all ¢ € I. If we have the polynomial p; for some i > 0, let
pit1(t) = pi(t) + 3(t — p} (1)) for every ¢ € I.

Let us show by induction that pi(f) < v/t for all t € I and i € w. Evidently, this
inequality holds for i = 0, so suppose that p;(f) <+/t. Since

Vi = pia(t) = Vi = pi(t) =3t = p7 (1)) = (VI = pi(0)) (1 = 3(V + pi(1)),

the inductive hypothesis and the inequality ¢ < 1 imply
Vi pin()>(Vi- pi)(1 =12 V1) >0,

which completes the proof of the fact that p; < s for all i € w. For any ¢ € I the
sequence {p;(t)} is bounded by /¢ and p;,(f) = p;(?) for all i € w. Therefore p(?)
converges to some p(t) € I. Therefore it is possible to pass to the limit in the equality
pi+1(t) = pi(t) + 3(t — p(1)), when i — oc. This gives us p(r) = p(t) — 3(r — p*(t))
and hence p(t) =v/t. We are now in condition to apply the Dini theorem (Problem
185) to conclude that p; = /7 = s so Fact 1 is proved.

Returning to the main proof observe that min(f, g) = % (f+ g —|f— g|) and max
(.9 :%(erng |f— g|). Since A is an algebra, we have f+ g € Aand f — g € A so
it suffices to prove that | f + g| € A and |f — g| € A. In other words, it suffices to
show that i € A implies | /2 | € A. Let h(x) = p(h(x))*) for all x € X and i € . Here
p;is the respective polynomial from Fact 1. Since A is an algebra, we have h; € A for
alli € w. By Fact 1 the sequence {4;} converges uniformly to V2 = |]. Since A is
closed with respect to uniform convergence, we have | A | € A and our proof
is complete.

S.191. (The Stone—Weierstrass theorem). Let X be a compact space. Suppose that
Ais an algebra in C(X) which separates the points of X and is closed with respect to
uniform convergence. Prove that A = C(X). Deduce from this fact that if A is an
algebra in C(X) which separates the points of X then, for any f € C(X), there is a
sequence {f,} ce, C A such that f,, = f.

Solution. Let max(fy, ... , f,)(x) = max{fo(x), ..., f,(x)} for any point x € X and
functions fy, ..., f, € C(X). This defines the function max(fy, ..., f,) € CX).
Analogously, letting min(fy, ... , f,)(x) = min{fy(x), ..., f,(x)} for any x € X, we
define the function min(fy, ... , f,) € C(X).

Fact 1. For any f € C(X) and ¢ > 0, there exists a function f, € A such that | f,(x) —
fx)| < & for any x € X.

Proof. For every pair of distinct points a, b € X we can find a function & € A such
that i(a) # h(b). Since A is an algebra, the function g defined by the formula g(x) =
(h(x) — h(a))(h(b) — h(a))~" for every x € X, belongs to A. It is immediate that
g(a) = 0 and g(b) = 1. Now let £, ,(x) = (f(b) — fla))g(x) + f(a) for each x € X.
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Of course, f,, € A and f, ;(a) = f(a) and f, ,(b) = f(b). The sets U,,, = {x € X :
JanX) < flo)+e} and V,;, = {x € X : f, 5(x) > f(x)—e} are open neighbourhoods of
the points a and b, respectively. Fix any b € X and extract a finite subcover {U,, :
i €10, ..., n}} of the open cover {U,,, : a € X} of the compact space X. Apply
Problem 190 to conclude that the function f, = min(f, »,...,fs,, ») belongs to A.
It is easy to see that f,(x) < fix)+¢ for all x € X and f,(x) > fix)—e forany x € V;, =
(MVa4p @ i < n}. Since X is compact, we can choose a finite subcover
{Vh, : 0 < i <k} of the open cover {V}, : b € X} of the space X. Apply Problem 190
once more to observe that the function f, = max(fy,, . ..,f ) belongs to A and we
have | f,(x) — fix) | < ¢ for all x € X so Fact 1 is proved.

To finish our proof take an arbitrary f € C(X) and find a function f,, € A such that
| f,(x) — flo)] < %for all x € X. The existence of such f,, is guaranteed by Fact 1. It is
obvious that f,, = fand therefore f € A because A is closed with respect to uniform
convergence. Being f € C(X) an arbitrary function, we proved that A = C(X).

Suppose finally that A is an algebra which separates the points of X.

Fact2. The set B = {f € C(X) : f, = f for some sequence {f,},c,, C A} is also an
algebra.

Proof. If f, g € B, fix sequences {f,}, {g,} C Asuchthatf, = fand g, = g. Then
{f» + g.} C A because A is algebra and f,, + g, == f + g by Problem 035. This
shows that f 4+ g € B. The sequence {f; - g,} also lies in A because A is an algebra.
We will prove thatf,, - g, = f- g.

Let us prove first that there exists K € R such that | A{x) | < K, | f,(x) | < K and
| g.(x) | < K for all n € w and x € X. Since f is continuous and X is compact, the
functions f and g are bounded on X, i.e., there exists M € R such that | f{x) | < M and
| g(x) | < M for all x € X. Applying the relevant uniform convergences we can find
m € o such that | f,(x) — fix) | < 1and | g,(x) — g(x) | < 1 forall n = mand x € X.
The functions fi, ... ,f,and gy, ..., g, are bounded on X which implies that there
is N € R such that | fi(x) | + | gi(x) | < N forall i < mand x € X. It is easy to verify
that the number K = M + N + 1 is as promised.

Given an arbitrary ¢ > 0, we can find / € w such that | f,(x) — f(x) | < 5% and
| gn(x) — g(x) | < 5% forall n > [ and x € X. Then

[ (¥)gn () =f (X)g ()| = 18 () (Fu (x) —F (%)) +£ () (g (x) — 8 (x))]
<[gn () Ilfa () =f ([ +F ()80 (x) =8 (W) [ <K -5+ K -5 =2

for all n = [ and x € X which proves thatf, - g, = f- g and hence f- g € B. Since B
contains A and A contains all constant functions, the set B also contains all constant
functions and hence B is an algebra.

Note that B is the closure of A in the space C,(X) (see Problem 084) and hence it
is closed in C,(X), i.e., B is an algebra closed with respect to uniform convergence.
We have proved already that B has to be equal to C(X) and this implies precisely
that any f € C(X) is a uniform limit of a sequence from A.
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S.192. Let X be an arbitrary space. Prove that, if A C Cp(X) is an algebra which
separates the points of X, then A is dense in Cp(X).

Solution. Take any finite P C X. Observe that 71,(C,(X)) = C,(P) = R by Problem
034. Here mp : C,(X) — C,(P) is the restriction map. It is immediate that B = mp(A)
is an algebra in C,(P) which contains all constant functions and separates the points
of P. The space P being compact, we can apply Problem 191 to conclude that the set
B is uniformly dense in R” i.e., for any f € R” and any & > 0, there is g € B such that
| f(x) — g(x) | < e forall x € P.

To prove that A is dense in C,(X) fix f € C,(X), x1, ..., x, € X and ¢ > 0.
Applying the observation of the first paragraph to the set P = {xy, ..., x,} we can
find g € A such that | np(g)(x;) — Tp(H(x;) | < & for all i < n. Therefore | g(x;) —
fix) | <eforall i < nandhence g € O, xy, ..., X, &) N A which proves that

f € A. The function f being taken arbitrarily, we have A = C,(X) i.e., A is dense
in C,(X).

S.193. Prove that, for any f € C(la, b]), there exists a sequence of polynomials
{p,:n € w} such that p, = fon la, b].

Solution. The space [a, b] is compact (Problem 131) and the set P of all poly-
nomials on [a, b] is, evidently, an algebra in C([a, b]). Observe that P separates
the points of [a, b] because even the polynomial p(x) = x separates them.
Therefore Problem 191 is applicable to conclude that P is uniformly dense in
C([a, b).

S.194. Prove that, for any f € C,(R), there exists a sequence of polynomials {p, :
n € w} such that p,, — f.

Solution. Apply Problem 193 to find a polynomial p,, such that | p,(x) — f(x) | < %
forall x € [—n, n]. Givenx € R and ¢ > 0 there is m € w such that | x | < m and% <e.
Then x € [—n, n] for each n > m and therefore | p,(x) — f(x) | <1 <L < ¢ which
shows that the numeric sequence {p,(x)} converges to f(x). The point x being taken
arbitrarily, we can apply Problem 143 to conclude that p,, — f.

S.195. Is it true that, for any f € C,(R), there exists a sequence of polynomials {p,, :
n € w} such thatp, = f?

Solution. No, this is not true. To see this, let f{t) = 0 forallt € R\L. If t € [—1, 0]
then f{t) =t + 1 and f(t) = 1 — tfor all z € [0, 1]. Itis clear that f € C,(R). It turns out
that f cannot be a uniform limit of polynomials. To prove this, we will use the
following fact well known in algebra (we will prove it anyway).

Fact 1. For any ¢ > 0, if a polynomial is bounded on R \ (—¢, &) then it is a constant
function.

Proof. Suppose not and let n > 1 be the minimal possible degree of a polynomial
p which is bounded on R\ (—¢, ¢). If n = 1 then the function p(x) = ax + b, a # 0
cannot be bounded on R\ (—¢, &) son = 2. Let p(x) = ag + a1x + - - - + a,x". Since
p(x) is bounded on R \ (—¢, ¢), the function p(x) — ag = x(a; + - - - + a,,x"_l) is also
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bounded on the same set. The function g(x) = % being bounded on R\ (—¢, &) as
well, the polynomial g(x) = g(x) - (p(x) — ap) is also bounded on R \ (—¢, ¢) and deg
(9) < n — 1 which is a contradiction with n being the minimal degree of a bounded
polynomial on R\ (—¢, ¢). Fact 1 is proved.

To finish our proof, suppose that p,, = ffor some sequence {p,} of polynomials.
There is m € N such that | p,(x) — f(x) | < 1 for all x € R and n > m. Therefore
| po¥) | < |fix) | + 1 < 2 forall x € R and n = m. Thus the polynomials p,
are bounded for all n > m and hence they are all constant by Fact 1. Let ¢, be the
constant value of the polynomial p,. Since p,(x) — fix) = 0 for any x > 2
(see Problems 184 and 143), we have ¢, — 0. However, p,(0) — f{i0) = 1 and
hence ¢,, — 1 which is a contradiction.

S.196. Let us call a function ¢ : C,(X) — R a linear functional if we have
plaf + Bg) = ap(f) + Be(g) for any f, g € Cp)(X) and a, B € R. The functional
@ is called trivial if o(f) = 0 for any f € C,(X). Prove that, for any xy, ... ,x, € X
and Ly, ..., A, € R, the function Jye,, + - -+ Apey, is a linear continuous func-
tional on Cy(X). Recall that e, : C,(X) — R is defined by e (f) = fix) for all f €
Cp(X).

Solution. Note first that, for any point x € X, we have the equalities e, (af + fg) =
of + B9 = (P)(x) + (B)(x) = of(x) + f)(x) = ze, () + fe.(g) and therefore e,
is a linear functional for any x € X. Continuity of e, was proved in Problem 166.
To finish the proof observe that any finite sum of continuous linear functionals is a
continuous linear functional and A¢ is a continuous linear functional whenever ¢ is
a continuous linear functional with /4 € R.

S.197. Prove that, for any continuous linear functional ¢ : C,(X) — R, there exist

Xty ooy Xp €Xand Ay, ..., Ay € Rsuch that ¢ = Jaey, + -+ + Aney,.
Solution. Since ¢ is continuous, there exist distinct xy, ... , x,, € X and ¢ > 0 such
that @(O(h, x1, ... , X,, €)) C (=1, 1). Here h = 0 and hence p(h) = 0 € (—1, 1).

Observe that (f) = 0 for any f € C,(X) with f{(x;) = 0 for all i < n. Indeed, for each
k€N, wehavek-f€ O(h,xi, ...,x, ¢ and hence | (kf) | < 1 whence | o(f) | < 1.
Since this is true for any k € N, we have ¢(f) = 0. An evident consequence of
this fact and the linearity of ¢ is the equality ¢(f) = ¢(g) for any f, g € C,(X) with
fix)) = g(x)) for all i < n.

Choose disjoint open sets Uy, ... , U, such that x; € U, for all i < n. There exist
functions f; € C(X, [0, 1]) such that fi(x;) = 1 and f(X \ U;) = {0} for all i < n. Let
A = @(f;) for all i < n. We will prove that ¢ = Ayey, + -+ - + Asey,. Take any
f€ Cy(X) and note that, for any i < n, we have g(x;) = f(x;) where g = > ", f(x;) - fi.
Therefore  o(f) =p(g)=>"1_ 1 f(xi)(fi) =321 Af (xi) = (aex, + -+ + Zney, ) ()

and hence ¢ = Ayey, + -+ + Ayey,.

S.198. Give an example of a (discontinuous) linear functional ¢ : C,(R)—R
which cannot be represented as Jyey, + - - - + Ayey, for any points xy, ..., x, €X
and Ay, ..., 4, € R.
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Solution. No discontinuous linear functional ¢ : C,(R) — R can be represented
as Aiey, + -+ Aey, by Problem 196 so it suffices to glve an example of a
discontinuous linear functional ¢ : C,(R) — R. Let o(f) = fo f(H)dt for any f €
C,(R). The linearity of ¢ is evident.

Given n € N, letfn(t)fOforallle [2 +oo)U( o0, 0). If t € [0, 1] we let
) = n’tand f,(t) = —n*(¢ _g) forallz e [ ] This givesus aset A = {f,,: n € N}
C C,(R) and 1 = 0 belongs to the closure of A However o) = fo fu(H)dt =1 for
all n € N and hence 0 = @(h) ¢ p(A) = {1} = {1}. Now apply Problem 009(vi) to
see that ¢ is not continuous.

S.199. A map & : C(X) — Ris called a linear multiplicative functional if £(f + g) =
EH + () and E(f - g) = &) - E(g) for all f, g € Cy(X). Prove that, for any
continuous non-trivial linear multiplicative functional £ : C\,(X) — R, there exists a
point x € X such that £ = e,.

Solution. Since ¢ is a continuous linear functional on C,(X), there exist distinct
Xty ..., X, €Xand Ay, ..., A, € Rsuchthat & = Aje,, + - - - + Aye,, (see Problem
197). If 4; # 0 # J; for some distinct #, j < n then take functions f, g € C,(X) such
that f(x;) = 1, fixy) = O for all k # i and g(x;) = 1, g(x;) = O for all k # j. Then (f- g)
(xp) = O for all k£ < n and it is easy to see that {(f) = 4;, E(g) = 4; while E(f- g) =0 #
E(P) - &(g) = 4:4; 50 £ is not multiplicative, a contradiction. Thus £ = Ze, for some
x € X and A € R. Since ¢ is non-trivial, we have 4 # 0. Let A(x) = 1 for all x € X.
Then 4 - h = h and therefore E(h - h) = E(h)E(R) = /% = E(h) = J. This shows that
A =1 and hence & = e,.

S.200. (Theorem of J. Nagata). Prove that spaces X and Y are homeomorphic if and
only if the algebras C,(X) and C,(Y) are topologically isomorphic.

Solution. Suppose that X is homeomorphic to Y and fix some homeomorphism ¢ :
X — Y; let *(f) = f o ¢ for any f € C,(Y). It follows from Problem 163(v) that
the mapping ¢ : C,(Y) — C,(X) is a homeomorphism. To prove that the map
( is also an isomorphism, take any functions f, g € C,,(Y) and x € X. Then ¢"(f + g)
() = (f + @p) = flp() + gp) = ¢ (H(X) + ¢"(g)(x) which shows that
O (F+ &) = " (H + ©"(g). Analogously, we have the equalities " (f- g)(x) = (f- )
() = flp()) - g(p(x)) = " (N(x) - ¥"(g)(x) and therefore L™ (f &) = ©"(f) - ¢*(8)
whence ™ is a topological isomorphism.

Now suppose that i : C,,(X) — C,(Y) is a topological isomorphism. The map i* :
Cp(Cp(Y)) — C,(C(X)) defined by i"(¢) = ¢ o i, is a homeomorphism by Problem
163 so it suffices to show that i*(E(Y)) = E(X) (see Problem 167), because E(X) is
homeomorphic to X and E(Y) is homeomorphic to Y by Problem 167. Note that any
& € E(Y) is a continuous multiplicative linear functional on C,(Y). Since i is a
topological isomorphism, the map i*(¢) = £ o i is also a linear continuous multi-
plicative functional on C,(X) and hence i"(¢) € E(X) by Problem 199. This proves
that i*(E(Y)) C E(X). Now if ¥ € E(X) then y o i~' is a linear continuous
multiplicative functional on C,(Y) and therefore ¢ = y o i~' € E(Y) whence
Y = i*(p). Thus i*(E(Y)) = E(X) and our proof is complete.
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S.201. Let (X, d) be a metric space. Show that

(i) The open balls form a base of (X, 7(d)).
(ii) (X, 7(d)) is Hausdorff and hence T.

As a consequence, every metrizable space is Hausdorff and hence T,.

Solution. (i) By the definition of 7(d), if x € U € 7(d) then B(x, r) C U for some
r > 0 so we only have to prove that every ball B(x, r) is open in (X, 7(d)). Take
any y € B(x, r) and let s = r — d(x, y) > 0. It suffices to show that B(y, s) C B(x, r).
Given z € B(y, s), we have d(z, x) < d(z, y) + d(y, x) <r —d(x,y) +dx,y) =r
and therefore z € B(x, r) which proves that B(y, s) C B(x, r) and hence B(x, r) € 7(d).

@) If x, y GXandx;«éythenr:@ >0.Ifz€ B(x,r) N B(y, r)thend(x,y) <d
(x,2) + d(z,y) <r+r=2r=d(x,y) which is a contradiction. Therefore B(x, r) N
B(y, r) = 0 so for the open sets U = B(x, r), V = B(y, ), we have x € U,y € V and
Unv=yJ.

S.202. Let (X, d) be a metric space. Considering that X has the topology 1(d), prove
that the metric is a continuous function on X x X. Deduce from this fact that any
metrizable space is Tychonoff.

Solution. We will denote by X both spaces (X, d) and (X, 7(d)). Take an arbitrary
point zy = (xo, yo) € X x X and ¢ > 0. The set U = B(xq, ) X B(yo, ) is an open
neighbourhood of the point zy. To prove continuity of the metric d at the point z it
suffices to establish that d(U) C (d(xg, yo) — &, d(xo, yo) + €). So, take any z = (x, y)
€ U. Then d(x, xo) < £ and d(y, yo) < § and therefore

d(x7y) < d(X,XO) + d(X07YO) + d()’o;)’)<d(x07}’0) + i +§
= d(xo,y0) + 5 <d(x0,y0) + &

Analogously,

d(x()ay()) < d(X(),X) + d(.X,y) + d()’v)’O) <d(x7y) + :T +:T
=d(x,y) +5<d(x,y) +¢,

and therefore d(x, y) > d(xo, yo) — ¢. Thus d(z) € (d(xo, Yo) — €, d(xo, Yo) + €) and
hence d(U) C (d(xo, yo) — &, d(xo, Yo) + €).

An easy consequence of continuity of d is continuity of the functiond, : X — R
defined by d,(x) = d(y, x) for all x € X. To show that X is Tychonoff we must only
prove complete regularity of X (Problem 201). Take any x € X and any closed F C X
with x ¢ F. There is 7 > 0 such that B(x, r) N F = (). The function g =1 - d, is
continuous on X and g(x) = 0. It is easy to see that g(y) = 1 for all y € F. Denote by
g1 the function which is identically 1 on X and let # = min(g, g;). The function
h: X — [0, 1] is continuous on X by Problem 028. Evidently, we have h(x) = 0 and
h(F) C {1}. Finally, for the function f: X — [0, 1] defined by f(x) = 1 — A(x) for all
x € X, we have f(x) = 1 and f(F) C {0} which proves that X is Tychonoff.
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S.203. Let (X, d) be a metric space. Given a subspace Y C X, prove that the function
dy =d |(Y x Y) is a metric on Y which generates on Y the topology of the subspace
of the space (X, 7(d)).

Solution. It is immediate that the axioms (MS1)-(MS3) hold for dy so it is a
metric on Y. Let us prove that the topology 7(dy) coincides with the topology u
induced on Y by 7(d). Take any U € 7(dy). For any y € U fix r, > 0 such that
Ba,(y,1y) C U. We proved in Problem 201 that all balls are open in metric
spaces. Therefore the set V = (J{B.(y, r,) : y € U} is open in X being a union
of balls. If z € V N U thenz € Y and z € By(y, r,) for some y € U. This implies
dy(y, z) = d(y, z) < ry and therefore z € By, (y, r,) C U. This shows that V N Y C
U. Since it is evident that U C V, we have V N Y = U and hence U € u so
7(dy) C u.

To see that 4 C 7(dy), take any U € u. Then U =V N Y for some V € 7(d). As a
consequence, for any y € U we have y € V and therefore there exists 7 > 0 such
that B,(y,r) CV.Now ifz € By, (y,r) thend(z,y) = dy(z,y) <rand hencez € V N
Y = U. Thus By, (y, r) C U which proves that U € 7(dy) and u = 7(dy).

S.204. Let X be a discrete space. Prove that the function defined by the formula d(x,

_J0, ifx=y . . . § .
y) = { I ifxty is a complete metric on X which generates the topology of X.

Hence every discrete space is completely metrizable.

Solution. The axioms (MS1) and (MS2), clearly, hold for the function d. Given
points x, y, z € X, if d(x, z) = 0 then d(x, z) < d(x,y) + d(y, z). If d(x, z) = 1 then x
and z are distinct and hence it is impossible that y = x and y = z. As a consequence,
d(x,y) + d(y, z) = 1 = d(x, z) so the triangle inequality also holds for d. Since B
(x, 1) = {x} for any x € X, all points of X are open and hence (X, 7(d)) is discrete,
i.e., the metric d generates the topology of X.

The last thing we have to prove is that d is a complete metric on X. Given a
Cauchy sequence s = {x, : n € w} C X, there exists m € w such that d(x;, x;) < 1 for
all i, j = m. This means x; = x,, for all i > m and hence the sequence s converges
to the point x,,,.

S.205. For any points x = (x, ..., x,) and y = (y1, ... , yn) of the space R" let

P, ¥) =0/ >0 (ki — y,-)z. Prove that p, is a complete metric on R" which

generates the natural topology on R". Hence R" is completely metrizable.

Solution. We proved in S.130 that p, is a metric on R" such that the open balls
generate the natural topology u, on R”. Thus every U € u, is a union of balls and
hence U € 7(p,,). On the other hand, any U € 7(p,,) is a union of some family of balls
which belong to y,,. Therefore U € u,, and we proved that 7(p,) = w,.

To show that p, is a complete metric on R” let us prove first that R is com-
plete with the metric p(x, y) = | x — y |. Assume that s = {x,} is a fundamental
sequence in R. There exists a number m € o such that | x,, — x; | < 1 forall n, k = m.
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IfK=1+ ", |xfthen|x;| <K foranyi < m.If i > mthen | x; — x,,| < 1 and
therefore | x; | < | x,, | + 1 < K. This proves that the sequence s is bounded.

The set A = {t € R: (—o0, t] N sis finite} is non-empty and has an upper bound
K which implies that there exists x = sup A. Given ¢ > 0 there are only finitely many
elements of s in (—oo, x — ¢]. Thus there exists m; € N such that x,, > x — ¢ for all
n = my. Take any m, € N with | x,, — x; | <5 for all n, k > m,. The set (—o0, x +£]
N s is infinite and hence there is k > m, for which x; < x +§. Therefore, for any
nz mywehavex, <x;+5<x+3+5=x+¢ Now,if n = m=m + m, then
| x, — x | < & which proves that x,, — x and hence R is complete.

Now fix n € N to prove that R” is complete. Let s = {x;} be a fundamental
sequence in R". Fix i < n and consider the sequence {x;(i)} of ith coordinates of the
elements of the sequence s. Given ¢ > 0, there exists m € N for which d,(x;, x;) < ¢
forall k, [ = m. Then | x;(i) — x/(i) | < d(x, x;) < ¢ for all k, I > m and therefore the
sequence {x.(i/)} C R is fundamental. The completeness of R being proved, the
sequence {x;(i)} converges to some x; € R. Let us show that x; — x = (xq, ... x,,).
Given ¢ > 0 there exists m € N such that |x (i) — x;| < ﬁ for all k = m. As a

consequence d,(xg,x) = \/ZLI (i) —x)* < \/n . % = ¢, and hence x; — x.

S.206. Let (X, d) be a metric space. Given x, y € X consider the function

ey — 4 Ay) i d(x,y)<l,
d*(x,y) = { 1, if d(x, y)>1. Prove that

(i) d*is a metric on X which generates the same topology on X; hence the metrics d
and d* are equivalent.
(ii) If d is a complete metric then d” is also complete.

As a consequence, every (complete) metric space has an equivalent (complete)
metric which is bounded by 1.

Solution. (i) The axioms (MS1) and (MS2), evidently, hold for the function d*.
Take any points x, y, z € X. If d(x, y) < 1 and d(y, z) < 1 then it follows grom d"(x, z) <
d(x,z) < d(x,y) + d(y, z) = d*(x,y) + d*(y, z) that the triangle inequality holds for
this case. Now, if d(x, y) = 1 or d(y, z) = 1 then d*(x, y) = 1 or d*(y, z) = 1 and
therefore d*(x, z) < 1 < d"(x,y) + d*(y, z) and hence d" is a metric. To see that d* is
equivalent to d, observe that, for any r € (0, 1) the balls By(x, r) and By (x,r)
coincide for each x € X. Another observation is that any U € 7(d) is a union
of d-balls of radius <1 and hence each one of these balls belongs to 7(d") whence
U € 7(d"). Analogously, any U € 7(d") is a union of d*-balls of radius <1 and hence
each one of these balls belongs to 7(d) whence U € 7(d). This shows that 7(d) =
7(d"), i.e., the metrics d and d"* are equivalent.

(ii) Suppose that d is a complete metric and take an arbitrary d*-Cauchy
sequence {x,} C X. Given ¢ > 0, take any é > 0 with 6 < min{¢, 1}. There exists
a number m € N such that d*(x,, x;) < ¢ for all n, k = m. Since 6 < 1, we have
d(x,, x3) = d"(x,, x;) < 0 < ¢ which shows that the sequence {x,} is also Cauchy
with respect to the metric d. The metric d being complete, the sequence {x,}
converges to some point x. But we proved in (i) that 7(d) = 7(d") and the
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convergence is a topological notion so the convergence of {x,,} proves that d* is also
complete.

S.207. Let (X,,, d,) be a (complete) metric space such that d,(x,y) < 1 foralln € N
and x, y € X,,. For arbitrary points x,y € X = [[{X,, : n € N}, consider the function
d(x,y) = Y02, 27" - d,(x(n), y(n)). Prove that d is a (complete) metric on X which

generates the product topology on X.

Solution. Since 0 < d,(x(n), y(n)) < 1 for all n € N, the series in the definition of
d(x, y) converges being bounded by the convergent series » ., 27/, This shows
that the function d is well defined. To check that d is a metric, note that d(x, y) = 0
because all terms of the respective series are non-negative. If d(x, y) = O then
d,(x(n), y(n)) = 0 and hence x(n) = y(n) for each n € N. This means, of course, that
x =y so (MS1) holds. It is evident that the axiom of symmetry also holds for d.
Now, if x, y, z € X then 27" d,,(x(n), z(n)) < 27" d,(x(n), y(n)) + 27" d,(y(n), z(n)) by
the triangle inequality for each d,. Summing the respective series we obtain the
triangle inequality for d so d is a metric.

Denote by 7 the product topology on X. Take any U € 7. Let us prove that
U € 7(d), i.e., for any x € U there is r > 0 with B,(x, r) C U. There exist m € N and
UierX)),i <nsuchthatx e W=U; x --- x U, X [[{X,,: n > m} C U. Since
7(X;) = 7(d;) for all i < n, there is s > 0 such that By, (x(i), s) C U; for every i < n.
Let r = s - 27" and take any y € By(x, r). For any i < n we have d;(x(i), y(i)) < 2'd
(x,y) <2"d(x,y) <2"-r=s. As aconsequence y(i) € By, (x(i),s) C U;foralli < n.
Thusy € Uy X -+ X Uy, X [[{X,, : n > m} = W and therefore B,(x, ) C W C U so
U € 7(d) and we proved that 7 C 7(d).

Suppose now that x € U € 7(d). Fix r > 0 such that B(x, r) C U and choose k € N
with 27% < £ The set V; = B,,(x(i),5) is open in X; for each i < k and therefore
Vi=Vix - xVex [[{X;:i >k} € 7. Given y € V., we have d(x(i), y(i)) < 5 for
all i < k. As a consequence,

dle,y) =30 27 d(x(i), v () + > 27 (x(), ()

r ko 4 00 —i _r —k “k
<§(Zf:12 )+Zi:k+12 =5(1=27)+27<5+5=r,

which proves that y € B,(x, r) C U. It turns out that, for any x € U thereis V, € 7
such that x € V. C U. Therefore U = | J{V, : x € U} belongs to 7 being a union of
7-open sets. This shows that 7 = 7(d), i.e., the metric d generates the topology of the
product on X.

Suppose finally that each metric d,, is complete and take a Cauchy sequence {x,,}
C X. Given k € N and ¢ > 0 there exists m € N such that d(x;, x;) < g forall i,/ = m.
Therefore di(x;(k), xi(k)) < 2k . d(x;, xj) < & which shows that the sequence
{x;(k)};en is fundamental for every k € N. The space (X;, d;) being complete for
each k, we can find w; € X, such that x;(k) — w; when i — oco. Letting x(k) = wy for
all k € N we obtain a point x € X. To prove that x,, — x take any U € 7(x, X). There is
& > 0 such that B,(x, ¢) C U. Fix k € N with 27k < £. Since x,(i) — x(i) for each
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i < k, there is m € N such that d(x,(i), x(i)) < 5 whenevern > mand i < k. As a
consequence,

d(xy) =30 27 (i) x(D) + S 2 (), x(0)

i=

P ko i 00 —i _ ¢ —k k_e & _
(3 2+ 2 = — 2 2t g =,

which proves that x,, € B,(x, ¢) C U for all n = m and therefore x,, — x.

S.208. Show that any countable or finite product of (completely) metrizable spaces
is a (completely) metrizable space.

Solution. Let (X,, p,) be a metric space for all » € N. If d, = p; then the
topology generated by d,, coincides with 7(p,) (Problem 206) and d,(x, y) < 1
for all x, y € X,,. If p,, is a complete metric then d,, is complete too: this was also
proved in Problem 206. It follows from Problem 207 that the topology of X =
[1{X, : n € N} is generated by the metric d introduced in Problem 207 which is
complete if all d,’s are complete. Thus X is metrizable (by a complete metric if
all metrics p,’s are complete). To see that the same is true for finite products,
observe that any finite product X; x --- x X,, is homeomorphic to the countable
product [[{X; : i € N} where X; is a one-point space for all i > n. Since any
one-point space is metrizable by a complete metric (Problem 204), the product X,
x --- x X, is metrizable (by a complete metric if all metrics dy, ..., d, are
complete).

S.209. Prove that the following conditions are equivalent for any infinite space
X and an infinite cardinal x:

(i) wX) < K.
(ii) X embeds in I".
(iii) X embeds in R".

Deduce from these equivalencies that any second countable space is metrizable.

Solution. It is clear that R is homeomorphic to C,(D(x)). Apply Problem 169 to
conclude that w(R") = | D(x) | = k. Now apply Problem 159(i) to see that any
subspace of R* has weight < k. This proves (iii) = (i). Since I C R, the space I*
embeds in R". This settles (ii) = (iii).

To prove that (i) = (ii) fix a base B in X of cardinality < . Call a pairp = (U, V)
€ B x B special if there exists h, € C(X, [0, 1]) such that 4,(U) C {0} and 2,(X \ V)
C {1}. Denote by A the set of all special pairs. Then | A | < | B x B| < k. For an
arbitrary x € X, let po(x)(p) = hy,(x) for any p € A. Then p(x) € I*. We will prove that
©:X — Y= X)) CI"is a homeomorphism. For any p € A, denote by 7, the
pth projection of I* onto I. Recall that n,(f) = f(p) for any f € I*. Note that ¢ is
continuous because, for any p € A, we have m, o ¢ = h, and the map £, is
continuous (see Problem 102).
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If x # y then take any set V € B such that x € V. C X \ {y}. There exists a function
fe CX, [0, 1]) such that f{x) = 0 and AX \ V) = {1}. Choose any U € B such that
xelU Cfl ([0, %)). Letr(r) =01ifr € [0, %] and r(t) = 2t — 1 for t € (%, 1]. Then
r:[0, 1] — [0, 1] is a continuous function and hence g = r o fis also continuous. It is
straightforward that g(U) C {0} and g(X \ V) = {1} so the pair p = (U, V) is special.
Therefore p(x)(p) = h,(x) = 0 and @(y)(p) = h,(y) = 1 which proves that
p(x) # p(y) and ¢ is a bijection.

To show that ¢~ ' is continuous, take any point y € Y and let x = ¢~ '(y). Given a
set W € 7(x, X) there exists V € B such that x € V C W. There exists a function
fe CX, [0, 1]) such that fix) = 0 and AX \ V) = {1}. Choose any U € B such that
xeUC fl([O, %)). The function ¢ = r o f: X — [0, 1] is continuous (see the
previous paragraph) and it is straightforward that g(U) C {0} and g(X \V) = {1} so
the pair p = (U, V) is special. The set O = n;‘ ([0,1)) N YisopeninYand y € O
because 7,(y) = h,(x) =0.1f z € @71(0) then (z) € O which implies /,(z) < 1 and
therefore z € V C W. The point z was chosen arbitrarily, so ¢~ '(0) C W and hence
¢! is continuous at the point y.

To finish our solution, observe that R” is metrizable by Problems 205 and 208.
If X has countable weight then it is metrizable because it embeds into the metrizable
space R®.

S.210. Prove that any metrizable space is first countable. As a consequence, Cn(X)
is metrizable if and only if X is countable.

Solution. Let (X, d) be a metric space. Given any x € X it suffices to prove that the
family B, = {B(x, %) : n € N} is a local base at the point x. Indeed, if x € U € 7(X)
then there is ¢ > 0 such that B(x, &) C U. For any n € N with 1 < & we have B(x, 1)
C B(x, &) C U and therefore B, is a local base at x. If C,,(X) is metrizable
then %(C,(X)) = @ so we can apply Problem 169 to conclude that X has to be
countable.

S.211. Given an arbitrary space X and functions f, g € C,(X), let d(f, g) = 1 if | f(x)
— g(x) | = 1 for some x € X. If | fix) — g(x) | < 1 for all x € X then let d(f, g) = sup
{I[f(x) — g(x) | : x € X}. Prove that d is a metric on C,(X) which generates the
topology of C,(X). In particular, the space C,(X) is metrizable for any space X.

Solution. It is clear that d(f, g) = 0 for all f, ¢ € C,(X). If d(f, g) = O then | fix) —
g(x) | = 0 for all x € X and hence f = g so the first axiom of metric is fulfilled. It
is clear from the definition that always d(f, g) = d(g, f) so we only have to check
the triangle inequality. Take any f, g, h € C,(X). Observe first that d(f, 1) < 1 so
d(f, h) < d(f, g) + d(g, h) it d(f, g) = 1 or d(g, h) = 1. Now if d(f, g) < 1 and
d(g, h) < 1 then, for any x € X, we have

If (x) = h(x)| < If (x) = g()| + |g(x) — h(x)[ < d(f, g) +d(g, D).

Thus d(f, h) < sup{ | fix) — h(x) | : x € X} < d(f, g) + d(g, h) (the second
inequality is true because | f(x) — h(x) | < d(f, g) + d(g, h) for all x € X). This proves
that d is a metric on C,(X).
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Given U € 7, to prove that U € 7(d) we must show that for any f € U there exists
r > 0 such that B(f, r) C U. Suppose not. Then, for any n € N, we can find a function
fr € Bafi Hy N (C,X)\U). We have | f,(x) — fix) | < d(f, f,) <1 foreachx € X
and hence f, = fwhich implies f € C,(X)/U" which is a contradiction. Therefore
7, C 7(d).

Assume now that U € 7(d). To prove that U € 7,, it suffices to show that the
set C,(X)\U is 7,-closed. Striving for contradiction suppose that it is not closed.
Then there is a sequence {f,: n € N} C C,(X) \ U such that f, = ffor some f € U.
Since U is 7(d)-open, we can find r € (0, 1) such that B,(f, r) C U. Choose any m €
N with | £,,,(x) — f(x) | <5 for all x € X. It is evident that d(f,,,, /) < § < r and hence f,,
€ Byf, r» N (C,X)\U), a contradiction. This proves that 7, = 7(d) and our
solution is complete.

S.212. Show that, for any metrizable space X, the following are equivalent:

(i) X is compact.

(ii) X is countably compact.

(iii) X is pseudocompact.

(iv) There exists a complete and totally bounded metric d on X with 7(d) = 7(X).
(v) X embeds as a closed subset into 1.

Solution. It is clear that (i) =(ii) = (iii).

Fact 1. Take any metric d on X with 7(d) = 7(X). Given any set A C X, let d,(x) =
inf{d(x, @) : a € A}. Then the map d, : X — R is continuous.

Proof. For any xy € X and ¢ > 0, let U = B(xo, %). It is sufficient to show that d4(U)
C (ro — &, 19 + &) where ro = ds(xp). To do so, take any x € U. The infimum
condition in the definition of d, implies the existence of a point y € A such that
d(.X(), y) < dA()C()) + % Then

d(x,y) < d(x,x0) +d(xo,y) <5+ da(xo) +5 = da(xo) +e.

Therefore ds(x) < d(x, y) < ro + €. To prove that d,(x) > ry — ¢ suppose not.
Then d4(x) < ro — 5 and hence we can find z € A such that d(x, z) < ry —5. Now,
d(xo, z) < d(xo, X) + d(x, z) <5+ ro — 5 = ro and, as a consequence, d(xg) <
d(x, z) < ro which is a contradiction. Thus d4(x) € (rp — ¢, 1o + €) and Fact 1 is
proved.

Fact 2. Every metrizable space is normal.

Proof. Take any closed disjoint non-empty F, G C X. Fact 1 implies that the
function ¢ = dr — dg : X — R is continuous. Letting U = ga*l((—oo, 0)) and
V= @_1((0, +00)), we obtain open disjoint sets U, V such that F C U and G C V.

Returning to our solution, note that (iii) =(ii) because X is normal (Fact 2) and
every normal pseudocompact space is countably compact (Problem 137).

Next we will prove that (ii) = (iv). Suppose that X is countably compact and
take any metric d on X which generates the topology of X. If d is not totally bounded
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then there is ¢ > 0 such that | J{B(x, ¢) : x € A} # X for any finite A C X. This makes
it possible to construct by induction the set S = {x, : n € w} C X such that x,,, | ¢
U{B(x;, &) : i < n} for each n € w. As a consequence, d(x;, X;) = ¢ whenever i # j.
For any x € X the set B(x, §) can contain at most one point of the set S. Indeed, if x;,
X; € B(x,%) then d(x;, x;) < d(x;, x) + d(x, x;) <5 + 5 = ¢ which is a contradiction
when i # j. This implies that S is closed in X. Since {x;} = B(x;, &) N S, the set S is
also discrete which is a contradiction with countable compactness of X (Problem
132(ii)). This contradiction proves that the metric d is totally bounded.

To see that d is complete, take any fundamental sequence {x, : n € w} C X. The
sets F, = {x; : i=n} are closed, non-empty and F,,, C F, for any n € w. By
countable compactness of X, there is x € (|{F, : n € o} (Problem 132(iv)).
Fix r > 0 and choose m € w such that d(x;, x;) < 5 for all i, j = m. Since x € F,,
we have B(x,5) N {x;:i > m} (). Pick any k > m with x; € B(x, 5.1t n = kthend
(xn, xz) < 5 and therefore d(x, x,,) < d(x, x) + d(xi, x,) <5+ 5 = r which shows that
X, € B(x, r) for all n = k. Thus x,, — x and the proof of the implication (ii) = (iv) is
complete.

Now we take to the proof of (iv) = (i).

Fact 3. Any totally bounded metric space Z is second countable.

Proof. Fix a totally bounded metric p on Z with 7(p) = 7(Z). For each n € N we can
find a finite set A,, C Z such that | J{ B(a, %) ta€A,) =Z ThesetA = J{A,:n €N}
is countable and dense in Z. Indeed, if z € Z and ¢ > 0 then take any n > % anda €A,
with z € B(a,}). Then d(z, a) <1 < ¢ and hence B(z, &) N A # (). As a consequence,
U N A#(forany U € 7(z, Z) and therefore z € A. The point z € Z was taken
arbitrarily so A = Z.

We claim that the family B = {B(a,r):a € A,r € Q N (0, +00)} is a base of Z.
To see this, take any z € Z and U € 7(z, Z). There is ¢ > 0 with B(z, ¢) C U and a
point a € B(z, g) N A. Take any rational r € (d(a, z), g) and observe thatz € V=8B
(a,r) € B.If w € Vthen d(w, z) < d(w, a) + d(a, z) <5 + 5 = ¢ and therefore w € B
(z, &) which implies V C B(z, ¢) C U. This proves that 5 is a base of Z. Since B is
countable, Fact 3 is proved.

Returning to the proof of (iv) = (i), observe that X is second countable by Fact 3
and hence Lindelof by Observation one of S.140. By Problem 138 it suffices to
show that X is countably compact.

Assume that X is not countably compact and fix an infinite closed discrete D C X.

Fact 4. The set D can contain no non-trivial convergent sequence.

Proof If S = {x,,} C D and x,, — xthen T = § \ {x} is a non-closed (in X) subset of D.
But D is closed and discrete which implies that T is closed in D and hence in X,
a contradiction.

Fact 5. For every infinite F' C D and any ¢ > 0 there exists an infinite G C F such
that diam(G) < e.
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Proof. By total boundedness of the space X, there exists a finite set A C X such
that X = (J{B(a, %) : a € A}. Since F C |J{B(a, %) : a € A}, there is a € A such that
G = B(a,%) N F is infinite. Given any points x, y € B(a, §) we have the inequalities
dix,y) <dx,a) +da,y <5+5= %‘ which imply that diam(G) < diam(B(a, )
< % < & so Fact 4 is proved.

Using Fact 5 it is easy to construct by induction a sequence {D; : i € w} of
infinite sets suchthat D =Dy D> D; D --- DD, D ..., and diam(D,) < % for each
n € N. Pick an arbitrary d, € D,. If we have distinct points d; € D; for all i < n,
choose any d,,,1 € D, {dy, ..., d,}. This choice is possible because D, is
infinite. The sequence S = {d;} is non-trivial and contained in D. Given ¢ > 0, there
exists m € N such that% < & If n, k = m then x,,, x; € D,, and therefore d(x,, x) <
diam(D,,) < % < e. As a consequence, the sequence S is fundamental and hence
convergent because the metric d is complete. The contradiction with Fact 4 finishes
the proof of (iv) = (i).

Now that we proved that all properties (i)—(iv) are equivalent, let us show that
(iv) = (v). Assume that (iv) holds for X. By Fact 3 X is second countable and
compact by (iv) = (i). Now apply Problem 126 to conclude that X is homeomorphic
to a closed subspace of I* for some countable A. Of course, I is homeomorphic to
I and therefore (iv) = (v) is established. Finally, observe that any closed subspace
of I is compact by Problems 131, 125 and 120. Thus (v) = (i) and our solution is
complete.

S.213. Let X be a compact space. Prove that X is metrizable if and only if C,(X) is
separable.

Solution. If X is metrizable then it is second countable by Problem 212. Applying
Problem 174, we can see that d(C,(X)) = iw(X) < w(x) = w and hence the space
Cp(X) is separable. Now if C,(X) is separable then iw(X) = d(C,(X)) < w by
Problem 174. Thus there is a condensation f : X — Y onto a second countable
space Y. Apply Problem 123 to conclude that f is a homeomorphism and hence
w(X) < w. Now Problem 209 implies that X is metrizable.

S.214. Prove that ext(X) = s(X) = ¢(X) = dX) = nw(X) = wX) = I(X) for any
metrizable space X. Hence, for a metrizable space X being Lindelof or separable or
having the Souslin property, is equivalent to X being second countable.

Solution. Fix a metric d on X with 7(d) = 7(X). Suppose that ext(X) < k. Given
adiscrete D C X, let F = D\ D. It is an easy exercise that F is closed in X. For any
x € X let dp(x) = inf{d(x, y) : y € F}. The function dr : X — R is continuous
(see Fact 1 of S.212) and x € F if and only if dr(x) = 0. As a consequence,
D = (D, : n € N} where D, = {d € D : dp(d) = %}. Since the set
D\D, = d;'((—1,1)) N D is open in D, the set D,, is closed in D and hence in X.
Being the set D, closed and discrete, we have | D,, | < k for each n € N and therefore
| D | < o -k = . This proves that

(1) s(X) < ext(X).
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Suppose that ¢(X) < k. For each n € N, let B,, = {B(x, %) : x € X} and choose a
maximal disjoint subfamily y,, of the family B,. Given U = B(x,%) €Yy leta(U) =x
and A, = {a(U) : U € y,,}. We claim that the set A = | J{A, : n € w} is dense in X.
Indeed, if z € W € 7(z, X) take r > 0 with B(z, r) C U and n € N such that % <3
Since B(z, %) € B, there is V € y, with V N B(z, %) # () because y,, is a maximal
disjoint subfamily of B,. Now V = B(y, %) and there is w € B(y, %) N B(z, %).
Consequently, d(z, y) < d(z,w) +dw,y) <t +1=2 <, Thusy=a(V)€ANU
which proves that z € A. Since the point z € X was chosen arbitrarily, we have A =
X. Observe that the map U — a(U) is a surjection of 7, onto A,,. Since 7y, is disjoint,
we have |A,| <|7,]| <k for each n € N. Therefore |A| < @ - k = k which shows that
d(X) < k and hence we have

2) dX) < c(X).

Now assume that d(X) < k. Fix adense A C X with | A | < k and let B= {B(x,r) : x
€A, reQ N (0, +00)}. It is immediate that | B | < k. Let us prove that the family
B is a base in the space X. To see this, take any x € X and U € 7(x, X). There is ¢ > 0
with B(x, &) C U and a point a € B(x, §) N A. Take any rational r € (d(a, x), §) and
observe thatx € V= B(a,r) € B.If w € Vthend(w, x) < dw,a) + d(a,x) <5+ 5=¢
and therefore w € B(x, ¢) which implies V C B(x, ¢) C U. This proves that B is a base
of Z and we have

3) w(X) < d(X).

Recall that we have the inequalities ext(X) < I(X) < nw(X) < w(X) and ¢(X) < s(X)
for any space X (see Problem 156). Applying the properties (1)—(3) we convince
ourselves that w(X) < d(X) < ¢(X) < s(X) < ext(X) < w(X) which shows that ext(X) =
I(X) = nw(X) = w(X) = d(X) = ¢(X) = s(X) and this is what we had to prove.

S.215. Let X be a metrizable space. Prove that the following properties are
equivalent:

(i) C,(X) is Lindelof.

(ii) Cp(X) is normal.

(iii) The extent of C,(X) is countable.

(iv) All compact subspaces of C,(X) are metrizable.
(v) X is second countable.

Solution. Suppose that the space X is second countable. By Problem 172 we have
mw(Cp(X)) = nw(X) < w(X) = w. Apply Problem 156(ii) to verify that C,(X) is
Lindelof and hence ext(C,(X)) = w. By Problem 124 the space C,(X) is normal.
If K is a compact subset of C,(X) then iw(K) < nw(K) < nw(C,(X)) = w and hence
K condenses onto a second countable space. But every condensation of K is a
homeomorphism (Problem 123) so X has countable weight. Applying Problem 209
we conclude that K is metrizable. This shows that (v) = (i) = (ii), (v) = (iii) and
(v) = (iv). Fix a metric d on X with 7(d) = 7(X).

Fact 1. Let (X, d) be a metric space. If ext(X) > w then R** embeds in C,(X) as a
closed subspace.
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Proof. Take a closed discrete A C X with |A| = w;. For any a € A there is r = r(a) > 0
such that B(a,r) N A= {a}. ThenA = |J{A,:n € N} where A, = {a € A: r(a) > 1}.
As a consequence, |A,| = w; for some n € N. It is clear that d(x, y) > % for distinct x,
y€A,. Givena €A,, letU, = B(a, in). We claim that the family y = {U,:a € A, } is
discrete. Indeed, if x € X then U, = B(x, in) cannot intersect more than one element
of the family y. To see this, take any points a, b € A,,, a # b and suppose y € U, N
Uy z € Uy N Uy Then d(a, b) < d(a, y) + d(y, x) + d(x,z) + d(z, b) < 5- <1 a
contradiction which shows that y is discrete.

For any a € D = A,, fix a continuous function f, : X — [0, 1] such that f,(a) = 1
and f/,(X\U,) C {0}. Given an arbitrary function f € R” and x € X, let pHx) =
S {fa) - f(x) : a € D}. Let us check that ¢(f) is a continuous function for each f
€ R”. Given x € X, the open set U, contains x and intersects at most one element of
y, say U,. Then o()|U, = (fla) - f,) | U, is a continuous function on U, and this
easily implies continuity of ¢(f) at the point x. We claim that ¢ : R” — C »(X)is a
continuous map. Since C,(X) C R¥, it suffices to show that e, o  is continuous for
any x € X. Here e,(f) = f(x) for any f € C,,(X), i.e., e, is the projection onto the factor
determined by x. We saw already that there is at most one a € D with x € U, and
hence p(H(x) = fla) - f.(x). If p, : R? — R is the projection onto the factor
determined by a then e, op = f,(x) - p, is continuous being a product of the
continuous map p, and a constant f,(x). This proves that ¢ is a continuous map.
It is immediate that 7,((f)) = f for any f € R, where 7, : C,(X) — C,(D) = R” is
the restriction map. Therefore ¢ is an embedding.

Let us prove that £ = @(RD) is closed in C,(X). Take any f € C,(X)\E.
Then ¢ = p(np(f)) € E and there are open disjoint sets U, V C C,(X) such that
feU,geVand p(np(U)) CV.If h € U N E then h = p(np(h)) € o(np(U)) CV
which is a contradiction with U N V =(. Hence U N E = () and E is closed in
Cp(X). Since E is homeomorphic to R? which in turn is homeomorphic to R®!, Fact
1 is proved.

Fact 2. The spaces N”' and R®" are not normal.

Proof. Since N®' is a closed subspace of R®', it suffices to prove that N“! is not
normal. Let F = {x € N® : x~'(;) has at most one element for each i # 1} and
G = {x € N® : x"!(i) has at most one element for each i = 2}. The sets F and G are
closed; let us establish this for F, the proof for G is identical. If x € N”'\ F then
there are distinct o, § € w; such that x(«) = x(ff) =i % 1. Then the set U, = {y € N“' :
y(@) = y(B) =i} isopenin N, x € U and U, N F = {).

The sets F' and G are disjoint, for if x € F' N G then x € F and hence there are
distinct o, f € @, such that x(«) = x(f) = 1 which shows that x ¢ G, a contradiction.
Let us show that F and G cannot be separated by disjoint open sets, i.e., there exist
noU,V e r(N®)suchthat F C U,G C Vand U N V = (). Assume, on the contrary,
that such U and V exist. Call a set W C N standard if there existn € N, oy, ... , o,
€wiandiy, ... i, € Nsuchthat W=1Toy, ..., 00,501, ..., 0] ={x e N 1 x(op) =iy
for all k£ < n}. It is clear that standard sets constitute a base of the space N®'.
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Let y be a maximal disjoint family of standard sets contained in U. It is evident
that Jy = U. Since ¢(N”') = o (Problem 109), the family 7y is countable. If
W = lay, ..., 0 iy, ..., i,] €y, let supp(W) = {ay, ..., a,}. The set A =
(J{supp(W) : W € y} is countable. Denote by p, : N*' — N* the natural projection
defined by pa(x) = x |A for all x € N,

We claim that p;l (p4a(U)) = U. 1t is evident that the only non-trivial inclusion
is pi! (pa(U)) C U, so take any point x € N®' such that p,(x) € pa(U). Fix any

standard set W = [0y, ..., 0} i1, - .. , in] D X. Pick some y € U such that p,(y) =
pa(x). Without loss of generality we may assume that oy, ..., €Aand oy q, ...,
o, € w A for some k € {0, ... ,n}. Theset O = [y, ..., 0 iy, ... , ] s an open

neighbourhood of y € U = | Jy and hence there is H € y such that 0 N H # 0, i.e.,
there exists z € H with z(.,,,) = i,,, for all m < k. Define 2/ € N“* as follows: 2’ | A = z,
Z(,) =i, forallm=k+1,...,nand Z(z) = 1 for all & € w; \ (A U supp(W)).
Observe now that supp(H) C A implies pgl (pa(H)) = H and therefore z/ € H.
It follows from z | A = 7' | A that Z/(«,,,) = iy, for all m < k as well and therefore
7 € HN W CW N U which proves that x € U and hence the proof of the equality
pa' (pa(U)) = U is complete.

Let {a, : n € w} be a faithful enumeration of the set A. Define x € N®! as follows:
x(p) =2forall f € w,A and x(,,) = n for each n € w. It is clear that x € G. Now, let
y(f) = 1 for all f € wA and y(a,) = n for each n € w. We have y € F C U.
Therefore y € U and pa(y) = pa(x). It follows from the equality p;' (pa(U)) = U
that x € U. However, x € G C V which implies U N V # (), a contradiction.
This contradiction shows that ' and G cannot be separated by disjoint open set so
N®' is not normal and Fact 2 is proved.

Fact 3. We have ext(N“") = ext(R“") = w,.

Proof. Observe that the space R”' is homeomorphic to C,(D(w;)) and hence
w(R”) = |D(w;)| = w, by Problem 169. Since N is a closed subspace of R“",
it suffices to prove that ext(N“')> w,.

Given an ordinal ¢ € w; \ w, the space N is the set {o : o < £} endowed with the
discrete topology. It is clear that N“' is homeomorphic to the space N = [[{N; :
o < ¢ < wy}. For each £ € w;\ w, fix an injection f; : Nz; — w. For every £ €
w1\ w, define d: € N as follows: de(ot) = fz(o0) forevery o € (£ + 1)\ w and dp(a) = ¢
for all & € w;\ (£ + 1). We claim that the set D = {d; : £ € w;\ w} is closed and
discrete in N. To prove this, observe first that it suffices to show that, for any x € N
there is U € 7(x, N) such that U contains at most one element of D. So, fix x € N. We
have x(x)€ N, for each « € w; \ w and hence x is a function from w; \  to w; such
that x(o) < o for all « € w; \ w. If x is injective then let Po = w and P, | = x P,
for each n € w. It follows from the injectivity of x that the set P = | J{P,: n € w} is
countable. Take any o € w;\ P and let o,,, | = x(o,,) for each n € w. It follows from
o ¢ P that o, > o for each n € w and hence oy > a; > ... is an infinite decreasing
sequence of ordinals which cannot exist, a contradiction. This contradiction shows
that there are distinct o, f € @; \ o such that x(az) = x(ff) = 6. Theset U = {y € N :
y() = y(f) = J} is open in N and contains x. If d; € U then ds(o) = d:(f) which
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implies o > ¢ and > & because d is an injection on (¢ 4+ 1)\ w and d:(y") # d:(y)
forany y < & and )’ > £. As a consequence, d:(x) = & = d:(f/) = ¢ and hence the
only ¢ for which d: € U is possible, is £ = 6. Thus D is a closed discrete subspace of
N of cardinality w; and Fact 3 is proved.

Returning to our solution, let us prove that (ii) = (v). By Problem 214 it
is sufficient to show that ext(X) < w. Suppose not. Then R”' embeds in C,(X) as
a closed subspace. Since C,(X) is assumed to be normal, the space R”' has to
be normal too, a contradiction with Fact 2. Thus ext(X) < o and the implication
(ii) = (v) is established.

To see that (iii) = (v) suppose that ext(X) > w. Then R*! embeds in C »(X)asa
closed subspace. Since C,(X) is assumed to have countable extent, the space R*!
has to have countable extent too, a contradiction with Fact 3. Thus ext(X) < w and
we have the implication (iii) = (v).

To finally prove that (iv) = (v) observe that A(w) is a compact space (Problem
129) and w(A(w)) = w; (this is an easy exercise). Applying Problem 126, we
conclude that A(w;) embeds in R®!. Besides, the space A(w;) is not metrizable by
Problem 212. Now, if ext(X) > o then R®' embeds in C »(X) (Fact 1) and hence a
non-metrizable compact space A(w,) embeds in C,(X) which is a contradiction.

S.216. Let X be a metrizable space such that C(X) is separable. Is it true that
X must be second countable?

Solution. No, this is not true because X = D(¢) is a metrizable space (Problem 204)
which is not second countable while C,(X) is homeomorphic to R which is
separable by Problem 108.

S.217. Suppose that Z is a space and Y is a dense subspace of Z. Prove that, for any
point’y € Y, we have x(y, Y) = x(y, Z). Deduce from this fact that, if C,(X) has a
dense metrizable subspace, then it is metrizable and hence X is countable.

Solution. If B’ is a local base of Zatythen B={U N Y: U € B'} is a local base of
Y at y with |B] < |B'| which shows that x(y, Y) < x(y, Z). Note that here we used
neither density of Y in Z nor the Tychonoff property of the space Z.

Fact 1. 1If X is any space and D is a dense subspace of X then U = U N D for any
U e 71(X).

Proof. We only have to prove that U C U N D. Take any point x € U and any set
W e t(x,X). Then W N U # () because x € U. Since D is dense in X, we have (W N U)
N D=WnN (UnN D)# 0 and therefore x € U N D. The point x € U having been
chosen arbitrarily, we have U = U N D and Fact 1 is proved.

Now take any local base BB of Y at the point y. For each U € B there is U’ € 7(Z)
such that U' N Y = U. We claim that the family B' = {U’ : U € B} is a local base
of Z at y. Indeed, assume that y € W € 7(Z). By regularity of X there is V € 7(y, Z)
suchthatV € W.WehaveV N Y€ 7(y, Y) and therefore there exists U € B with U C
V N Y. Then U = U by Fact 1 and therefore U' C U = U C V C W which proves
that B’ is a local base of Z at y. Since |B'|<|B|, we conclude that %(y, Z) < (v, Y)
and hence y(y, Z) = y(y, V).
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Suppose, finally, that M is a dense metrizable subspace of C,(X). Since
x(f, M) = o for any f € M (Problem 210), we have y(f, C,(X)) = w. As a
consequence (C,(X)) = @ and hence [X| = w(C,(X)) = w (169). Finally, apply
Problem 209 to conclude that C,,(X) is metrizable.

S.218. (The Stone Theorem) Prove that every open cover of a metrizable space has
an open refinement which is a-discrete and locally finite at the same time. In
particular, every metrizable space is paracompact.

Solution. Take any metric space (X, d) and an open cover S = {U, : s € S} of the
space X. We consider that a well order < is fixed on the set S. We will need the set
H,=U\(J{U,:t < s}) foreachs € S.Giveni € wands € S,letB;; = {c € H:
B(c, 3/2") C U,}. Next, we define by induction on i € e the sets V,iforalls € S. The
first step is to define Vo = [ J{B(c,1) : ¢ € By} for all s € S. If we have constructed
V,;foreachj<iands €S, consider the sets V,; = U{BC(c, 12Y:ce B, \ (U{ Vit
s€S§,j<i})} forall s € S. Observe that V; C U is an open set for all s € S and
i€w Let B;={Vy;:s€S8}and B=|J{B;:i € w}. For any x € X there is a
minimal s € S with x € U. This implies x € H. Pick any i € o such that B(x, 3/2%)
C Uj; for this i we have x € By ;. Now, if x € J{V,,;:s €S,/ <i} thenx € |JB.If
not, then B(x, 1/2) C V,, and again x € |J B. This yields X = | J B and hence B is a
refinement of S.

We will prove that B is o-discrete and locally finite; this will finish our solution.
To establish o-discreteness of B it suffices to show that each B, is discrete.

Claim. If x € V,;, y € V,; where s < t then d(x, y) > 1/2".

Proof of the claim. There exists ¢ € By ; such that x € B(c, 1/2")and ¢’ € B,;withy €
B(c', 1/2). We have B(c, 3/2") C U, while ¢’ ¢ U,. Thus d(c, ¢’) > 3/2" and if
d(x,y) < 1/2" then

d(e,')<d(c,x) +d(x,y) +d(y,c')<1/2"+1/2' +1/2" = 3/2;

this is a contradiction which proves our claim.

Now take any point z € X and U, = B(z, 121 € 7(z, X). If there exist s,/ € §
suchthats <tand U, N V,,;# 0 # U, N V,, then pick any points x € U, N V; and
y € U, N V,; our claim implies that d(x, y) > 1 /2'. However, d(x, y) < d(x, z) + d(z, y)
< 1727 417271 = 1/2" which is a contradiction. As a consequence, each z € X has
aneighbourhood U, which intersects at most one element of /3;. Therefore each B; is
discrete.

Finally, to see that B3 is locally finite, fix any z € X. There exist k,j € w such that
B(z, 1125 c Vv, j for some ¢ € S. Since each B,, is discrete, it suffices to prove that
B(z, 1127t 0 (UB;) = 0 for all i > j 4 k + 1 because this implies that the set
W. = B(z, 1/277") intersects at most j + k+1 elements of 3. So take any i > k +
j+lands e S . IfW. N V,,; # 0 then there is ¢ € B,; with B(c, 1/2') N W. # 0.
However, ¢ ¢ V,; and B(z, 125 ¢ V,,; which implies d(z, ¢) > 1/2*. On the other
hand, if we pick any point y € W. N V,;then d(z, ¢) < d(z, y) + d(y, ¢) < 1/2F7 ¢
12870 < 1280 4 172571 = 1/2* which is a contradiction.
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S.219. Let X be an arbitrary space. Prove that C,(X) is paracompact if and only if it
is Lindelof.
Solution. We will use the following statement.

Fact 1. Every Lindelof space is paracompact.

Proof. Let Z be a Lindelof space. If U/ is an open cover of Z, for each z € Z find U,
V, € 7(z, Z) such that V, C U, C W for some W € . Since Z is Lindelof, we can
choose a countable set A = {z;: i € w} C Zsuch that Z = J{V,, : i € w}. Letting
Wo = U, and W,, = U, \(V,,U---UV, ) for each n € N we obtain a family
W={W,:ne€w} C1(Z2).ltisclear that, foreachn € w, thereis W € U withW, C W
so it suffices to prove that W is a locally finite cover of Z. Given z € Z, let
n=min{k € ®:z €V, }. It is immediate that z € W, and hence W covers Z,
i.e., W is a refinement of I/. There exists m € w such that z € V ; we have V, N

Zm

W, = () for each k > m which shows that V, € 7(z, Z) meets at most (m + 1)-many

Zm

elements of W. Therefore WV is locally finite so Fact 1 is proved.
Fact 2. If Z is a paracompact space with ¢(Z) = w then Z is Lindelof.

Proof. If y is an open cover of Z choose a locally finite open refinement u of the
cover 7. It is sufficient to show that u is countable. Let § be a maximal disjoint
family of open sets each one of which intersects only finitely many elements of p.
The set [ JJ is dense in X because, otherwise we can take x € U = X \ [Jo and V €
7(x, X) which intersects only finitely many elements of p. The disjoint family
0’ =06 U{U N V} is strictly larger than 6 and every element of ¢’ intersects only
finitely many elements of y, a contradiction with the maximality of ¢. The family
d is countable because ¢(Z) = w and the family Ay = {V € u:V N U # (0} is finite
for each U € ¢. It follows from density of | Jo that u = |J{.Ay : U € J} and hence
1 is countable. Fact 2 is proved.

By Fact 1, if C,(X) is Lindelof then it is paracompact. Now assume that C,,(X) is
paracompact. Since C,,(X) has the Souslin property, we can apply Fact 2 to conclude
that C,,(X) is Lindelof.

S.220. Suppose that C,(X) has a dense paracompact subspace. Must C,(X) be
Lindelof?

Solution. Not necessarily. If X = D(w,) then C,(X) = R“" is separable (Problem
108) so there is a countable dense ¥ C C,(X). It is evident that ¥ is Lindelof
and hence paracompact (Fact 1 from S.219). However, C,(X) = R®! is not para-
compact because, otherwise it would be Lindelof by problem 219 and hence normal
by Problem 124. However, R®' is not normal (Fact 2 from S.215). This contradic-
tion shows that our solution is complete.

S.221. Prove that the following conditions are equivalent for any space X:

(i) X is metrizable.
(i) X has a o-discrete base.
(iii) X has a o-locally finite base.
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The equivalence (i) < (ii) is known as the Bing metrization theorem. The
statement (i) < (iii) is the Nagata—Smirnov metrization theorem.

Solution. Since every discrete family is locally finite, we have (ii) = (iii). If X is a
metrizable space, take any metric d on X such that 7(d) = 7(X) and consider the
family y, = {B(x,1) : x € X} for each n € N. Apply Problem 218 to find a o-discrete
open refinement 3, of the cover y,,. It is evident that the family B = J{B,: n € N} C
7(X) is g-discrete. Let us prove that B is a base of the space X. If x € U € 7(X) then
B(x,r) C U for some r > 0. Pick any n € N with % < 5. Since B, is a cover of X, there
is V € B, such that x € V. There is W = B(y,1) € y, for which V.C W.If z € W
then d(x,z) <d(x,y) +d(y,z) <i+1 =2 < r which shows that we have x € V C
W C B(x,r) C U. Since V € B we proved that B is a g-discrete base of X and hence (i)
= (ii) holds.

The proof of (iii) = (i) is difficult and will be split in several steps.

Fact 1. Given an arbitrary (not necessarily Tychonoff) space X, suppose that for any
closed F C X and any W € 7(F, X) there exists a family {W;:i € w} C 7(X) such that
FCU{W,:n € w}and W, C W for each n € w. Then X is normal.

Proof. Take any closed F, G C X suchthat F N G = (). Forthe set W=X\G D F
find a sequence {U; : i € w} of open sets such that F C J{U; : i € w} and
UNG=1{foralli€ w. If welet W= X\F D G then we can find a sequence
{Viii € w} C 7(X) for which G C U{V;:i € w} and V,NF =( forall i € w. Let
U =U\U{Vi:i<n}) and V! = V,\(U{U; : I <n}) for all n € w. The sets
U=U{U,:new} andV ={V,:n € w} are what we are looking for, i..,
they are open, F C U, G C Vand U N V = {). It is clear that U, V € 7(X). For any
x € F, there is n € w with x € U,,; it is evident that x € U;, C U which proves that
FCU.IfyeGthenye V, forsome k € wsoy eV, CV and therefore G C V.

To finally prove that U N V = (), suppose not. Then U}, NV} # () for some &, [ €
w. If k < [ then V; C X\U; C X\U, which is a contradiction. If / < k then
U, € X\V, C X\V, and this contradiction shows that U N V = {). Fact 1 is proved.

Fact 2. A locally finite family in any (not necessarily Tychonoff) space is closure-
preserving.

Proof. Let {A; : s € S} be alocally finite family in a space X. If T C S and we have a
point x € |J{A, : s € T} then find a set U € 7(x, X) such that the set P, = {s € S :
U N Ay # 0} is finite. It is clear that x ¢ (J{A,:s € T\P,} and therefore
x€J{A;:s € P,NT}. The set P, N T being finite, we have x € A for some
s € P, N T and the proof of Fact 2 is complete.

Fact 3. If a regular (not necessarily Tychonoff) space X has a g-locally finite base
then X normal.

Proof. Fix abase B = |J{B, : n € w} in X such that all B,’s are locally finite. Take
any closed F C X and any W € 7(F, X). For every point x € F there is a number n(x) €
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wand U, € B, suchthatx € U, C U, C W.Foreachn € wletU,=J{U,: n(x) =
n}. This gives us a sequence {U, : n € o} of open sets with F C | J{U,,: n € ®} and
U, =U{U, : n(x) = n} C W. The last equality is true because the family { U, : n(x)
= n} is closure-preserving by Fact 2. Thus X is normal by Fact 1 and Fact 3 is proved.

Call a function d : X X X — R a pseudometric if d(x,y) = 0, d(x, y) = d(y, x) and
dix, z) < dx, y) + d(@y, z) for all x, y, z € X. In other words the axioms of a
pseudometric are those of a metric except that the distance equal to zero does not
imply coincidence of the respective points.

Fact4. Assume that D = {d, : i € w} is a family of pseudometrics on a space X with
the following properties:

(1) The function d; : X x X — R is continuous for all i € w.

(2) di(x,y) < lforallx,y e Xandi € w.

(3) Forevery x € X and every non-empty closed A C X with x ¢ A there exists i € @
such that d;(x, A) = inf{d;(x, a) :a € A} > 0.

Then the space X is metrizable and the function d(x,y) = > (1/2")d;(x,y) is
a metric on X which generates 7(X).

Proof. It is evident that d(x, y) = 0 for all x, y € X. If x = y then all summands in the
definition of d are equal to zero and hence d(x, y) = 0. If x # y then F = {y} is a
closed set with x ¢ F so (3) is applicable and di(x, F) = d;(x, y) > 0 for some i € o,
therefore d(x, y) > 0 and we checked the axiom (MS1) for d. The axioms (MS2) and
(MS3) hold for d because they hold for every d; and summing preserves them.
Hence d is a metric on X.

It follows easily from (2) that the convergence of the series in the definition of
d is uniform so (1) implies that d : X x X — R is a continuous function. Thus, for
any x € X, the function d, : X — R defined by d(y) = d(x, y), is also continuous.
This means that B(x,7) = d_'((—1,r)) is an open set in X. Since any U € 7(d) is a
union of balls, any U € 7(d) is open, i.e., 7(d) C 7(X).

Let us prove that, for each A C X, the function d, : X — R defined by the formula
ds(x) =inf{d(x, a) : a € A} for each x € X, is also continuous. By Fact 1 of S.212 the
function dj is continuous on the space (X, 7(d)). Thus, for any U € 7(R), we have
d;'(U) € 7(d) C 7(X) and hence d;'(U) is open in X, i.e., the function d, is
continuous.

To prove that 7(X) C 7(d) take any U € 7(X) and x € U. Then F =X\ U is a
closed set and x ¢ F. The property (3) implies that d;(x, F) = r > 0 for some i € w.
As a consequence d(x,F) > % and therefore By(x,5;) C U which proves that U €
7(d). Thus 7(X) = 7(d) and Fact 4 is proved.

Returning to our solution, take a base B = J{B3,,: n € w} in the space X such that
every B, = {U,: s € S,} is alocally finite family. Fix any numbers i, j € @ and, for
any index s € S;, let ), = {W € B; : W C U,}. The family v, is closure-preserving
by Fact 2 and hence we have the inclusion Fy = |y, C U,. The space X is normal
by Fact 3 so there exists a continuous function f; : X — [0, 1] such that f(F,) C
{1} and f(X\U,) C {0}. Define a function g;; : X x X — R as follows:
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8ij(x1,x2) = Y s [fs(xr) = fi(x2)| for every (x;, x2) € X x X. Observe that this
definition makes sense because, for any x € X there is O(x) € 7(x, X) and a finite
set S(x) such that U; N O(x) = () whenever s € S; \ S(x). This implies f;(x) = 0 for all
s € $;\S(x) and therefore g;;(x1,X2) = > cg(x,)us(x) fs(¥1) — f5(x2)| which makes
sense because the last sum is finite.

Note also that the equality g,;(x) = > c5(,)us(y) [fs(¥1) — f5(x2)] holds for all
X = (x1, x2) € O = O(x;) x O(x) and hence g;; is continuous at the point x. The
point x having been taken arbitrarily, we proved that g; ;is a continuous function.

It is easy to check that g; ; is a pseudometric on X and hence the function d; ; : X x
X — R defined by d, (x, y) = min{1,g; (x, y)} is also a continuous pseudometric on
X (this is proved exactly as was proved in S.206 the same fact for metrics). The
family D = {d;;: i, j € w} is countable and consists of continuous pseudometrics
bounded by 1. Thus the properties (1) and (2) of Fact 4 are satisfied for D. To prove
that X is metrizable it suffices to show that D satisfies (3) as well.

Take any x € X and any closed A C X such that x ¢ A. There exist sets U, V € B
withxeVCcVCcUCX\A.Itisclearthat U = U, € B;and V € B, for some i,j € w.
Therefore x € F; and we have g, j(x, A) = 1 because f,(x) = 1 and fi(y) = 0 for all
y € A. As a consequence, d; (x, A) = 1 > 0 and we checked the condition (3) of
Fact 4 for the family D. This proves that X is metrizable settling the implication
(iii) = (i) so our solution is complete.

S.222. Let I, = (0, 1] x {a} for each o < ic and J(ic) = | {1, : « < k} U {0}. Given x,

y ) x=(t.a).y = (s, B let p(x,y) = | t — 5 | ifw = B If o # f then p(x,y) =1 + 5.
Let p(x, 0) = ¢, p(0, y) = s and p(0, 0) = 0. Prove that

(i) J(x), p) is a complete metric space (called Kowalsky hedgehog with i spines).
(ii) Any metrizable space embeds into (J(k))“ for some k.

Solution. (i) We omit the trivial verification of the fact that p is a metric on J(x). Let
us prove that p is complete. Take any fundamental sequence S = {x,,} C J(x). It is
an easy exercise to show that if a fundamental sequence has a convergent sub-
sequence then it is convergent. So let us assume that no subsequence of S is
convergent. In particular, no subsequence of S converges to 0. Therefore there
exists ¢ > 0 such that B(0, &) N S is finite. Thus, without loss of generality we may
assume that S N B(0, &) = (). Suppose first that the set {o: S N I, # ()} is infinite.
Then there is a subsequence {x, } C S such that x,, and x,, do not belong to the
same 1, if m # k. This implies p(x,,,x,,) = ¢ for all k # m, a contradiction with
the fact that S is fundamental. This contradiction shows that there is a subsequence
S’ C S which lies in I, for some o.

Observe that the map i, : I, U {0} — [0, 1] given by i,((¢, «)) = ¢ for > 0 and
i,(0) =0, is an isometry. The space I = [0, 1] is complete being closed in a complete
space R. Since I, U {0} is isometric to I, it is also complete and therefore the
fundamental sequence S’ is convergent. This implies convergency of S, this last
contradiction proving that p is complete.

(ii) If X is a metrizable space, fix a base B |J{B, : n € w} in X such that every
B, is discrete (see Problem 221). For the cardinal k = |B| choose A,, C k and
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a faithful enumeration {U}, : a € A,} for each B,,. Fix n, k € w. For each U}, € B,
let V, =J{V:V €ByandV C U"}. Since the family B, is discrete, we have
V, C U" and hence there exists f, € C(X, [0, 1]) such that f, (V,) C {1} and
f2(X\U?) C {0}. Define a function g, ; : X — J(i) as follows: if there exists & € A,
such that f,(x) # 0 then g, »(x) = (f,(x),a) € I, and g, .(x) = 0 if f,(x) = O for all
o € A,.. Note that this definition is consistent because, for any x € X, there can be at
most one « € A, with f,(x) # 0.

To see that g, , is continuous at any point x € X, take any U, € 7(x, X) which
intersects at most one element of 13,, say, U}. Then f3(U}) C {0} for all § # « and
therefore g, (U,) C I, U {0} which shows that g,,|U, = (i,;' o f,)|U,. Since
i1 of, is continuous, the map g, is continuous at the point x.

Let {£,,: m € w} be some enumeration of the countable set {g, : 1,k € w}. Given x
€ X, let h(x)(m) = h,,(x) for each m € w. Then h(x) € (J(x))” and the map i : X — (J
(x))“ is continuous because m,, oh = h, where =, : (J(x))” — J(x) is the natural
projection onto the mth factor. Let us prove that 4 : X — Y = h(X) is a homeomorphism.

If we are given distinct points x, y € X then there exist U, V € B such that
x€V CcVcUCcX\{y} Thereexistn, k € w suchthat V € Byand U = U" € B,
for some o € A,,. Since V C V,,, we have g, 1(x) = (1, o) and g, ,(y) = 0 # g, 1(x).
This proves that 4 is a bijection.

To see that £~ ! is continuous, take any y € Y and any O € 7(x, X) where x =
hil(y). Pick U, V € B for whichx € V.CV C U C O. There exist n, k € w such that
V e Brand U = U], € B, for some « € A,,. There is m € w such that g, ; = h,,. Let
W = {z € J((k))*: z(m) € I,.}. The set W’ is open in (J(x))” and hence W=W N Y
is open in Y. Note that y(m) = h,,(x) = g, .(x) = (1, a) € I, and therefore y € W. To
finish our proof it suffices to show that =Y (W) C 0. So take anyze W. Ifr= (2
then we have g,.(r) = z(m) € I,. As a consequence f,(f) # 0 and hence
t € U) =U C O. The point z € W having been taken arbitrarily, we proved that
h~Y(W) C 0 and hence A~ ! is continuous at the point y. This, of course, implies that
h~ ' is continuous and hence 4 is a homeomorphism. Our solution is complete.

S.223. Show that a space is first countable if and only if it is an open continuous
image of a metrizable space.

Solution. Our first step is to establish the following fact.
Fact 1. Any open image of a first countable space is first countable.

Proof. Assume that Y is first countable and f : ¥ — Z is an open map. Given z € Z and
any y € Y with f(y) = z take any countable local base BB of Y at the point y. Observe
that C = {f(U) : U € B} is a countable family of open subsets of Z so it suffices to
show that C is a local base of Z at z. To do so, take any W € 7(z, Z). Then W = f~ 1(W)
isopeninYandy € W.Now if U € Band U C W thenV=fU) € Cand V C W.
Hence C is a countable local base at z and therefore Z is first countable. Fact 1 is
proved.

Any metrizable space is first countable (Problem 210) so if X is an open image of
a metrizable space then X is first countable by Fact 1.
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Now suppose that X is a first countable space and denote by T the set 7(X) with
the discrete topology. Then T is metrizable as well as T (Problems 204 and 208).
LetM = {feT”: {f(n):n € w} is a base at some point x € X}. Given f € M, let (f)
€ X be the point at which the family {f(n) : n € w} is a local base. It is clear that a
given family can be a local base at one point at most, so the definition of ¢ is
consistent.

Let us prove that ¢ - M — X is an open map. Given x € X, take any countable
local base {U,,: n € w} at the point x and let f(n) = U,, for every n € w. Thenf € M
and ¢(f) = x whence ¢ is surjective. If p(f) = x € U € 7(X) then there is n € @
such that f(n) C U because {f(n) : n € w} is a local base at x. The set V= {ge M :
g(n) =f(n)} is open in M and f € V. For any g € V we have o(g) € ({gk) : k € w}
C g(n) = f(n) C U and therefore (V) C U which proves continuity of the map .

To prove that ©(O) is open for any O € 7(M) observe that it suffices to establish
that o(f) € Int(p(0)) for any f € O. Recalling the definition of the product topology,
we can see that thereisn € w suchthat W= {ge M : g(i) =f(i)foralli < n} CO. It
suffices to prove that V. = fl0) N --- N fin) C ©(0) because V is open in X and
hence p(f) € V C Int(p(0)). Take any y € V and choose a local base {V,,: n € o} at
the point y in such a way that V; = f(i) for all i < n. This is possible because we can
always add the sets {f(0), ..., f(n)} to any given countable local base at y and
choose arelevant enumeration of the obtained family. If g(n) =V, for all n € w then
g € W C O and ¢(g) = y which shows that ¢(O) D V so our solution is complete.

S.224. Show that a space is sequential if and only if it is a quotient image of a
metrizable space.

Solution. Let us first prove that sequentiality behaves well with respect to quotient
maps.

Fact 1. Any quotient image of a sequential space is sequential.

Proof. Suppose that Y is a sequential space and f: Y — Z is a quotient map. If A C Z
is not closed then B = f~ !(A) is not closed in Y and hence there is a sequence {y,}
C B such thaty, — y € Y\ B. Itis clear that {f(y,)} C A and f(y,) — f(y) € Z\ A so
Z is sequential. Fact 1 is proved.

Fact 2. Suppose that X, is a metrizable space for each ¢ € T. Then the space X = P
{X;:t €T} is metrizable (see Problem 113 for the definition of the discrete union).

Proof. Fix a metric d, on the set X, with 7(d,) = 7(X,). We can assume without loss of
generality that di(x, y) < 1 for all r € T and x, y € X, (Problem 206). We will
identify X; with the respective open subspace of X and consider that X is a disjoint
union of X,’s where each X, is closed and open in X (see Problem 113(iii)).
Given x, y € X, let d(x, y) = d(x, y) if x, y € X,. In case when x € X, and y ¢ X,
we let d(x, y) = 1. We leave to the reader the simple verification of the fact that d is a
metric on X. Since d|(X; x X;) = d,, the topology induced from (X, 7(d)) on X;
coincides with 7(X,) so it suffices to prove that each X, is open in (X, 7(d)). Given
x € X, the set U, = B,(x, 1) is open in (X, 7(d)) and y € U, implies y € X, for
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otherwise d(x, y) = 1. Thus U, C X, and hence X, is open in (X, 7(d)) so Fact 2 is
proved.

Observe that any metrizable space is first countable (Problem 210) and hence
sequential. Thus, if X is a quotient image of a metrizable space then X is sequential
by Fact 1. To prove necessity, suppose that X is sequential and consider the space
M= {S:S C X is a convergent sequence (with its limit included)}. We will
again identify each convergent sequence S C X with the respective open subset of
M. Tt is immediate that any convergent sequence is homeomorphic to the subspace
{0} U{l:ne N} of the space R. Since R is metrizable (Problem 205), every
convergent sequence S C X is metrizable. Applying Fact 2 we convince ourselves
that M is a metrizable space.

If § C X is a convergent sequence then every x € S also belongs to M so if x €
S C M, we denote by x’ is twin in X. This makes it possible to define amap o : M — X
by p(x) = ¥’ for each x € M. To finish our solution it suffices to prove that ¢ is a
quotient map. Given y € X note that x,, — y if x, = y for all n € w. Hence S = {x,, :
n € w} is a convergent sequence in X so x,, € M and ¢(x,) = y for each n which
proves that ¢ is onto.

To see that ¢ is continuous, take a closed F C X and x € M\ '(F). We have
x € S where S is open in M and S is a convergent sequence of X. If x is an isolated
point of § then {x} is an open neighbourhood of x which does not meet ' (F).
If x is the limit of S then A =S N F must be finite for otherwise S N F — ¢(x) and
hence (x) € F\F, a contradiction. Thus S\ A is an open neighbourhood of x which
does not meet ¢ '(F). We proved that ¢ '(F) is closed in M and hence ¢ is
continuous.

Finally, take a non-closed P C X. Since X is sequential, there is a sequence {p,, :
new} CPwithp, —xe X\P.Itisclearthat S = {p,: n € w} U {x} is a subspace
of Mand ¢ '(P) N S = {p,:n € w} whence x € p—1(P)\¢ ' (P) so ¢ '(P) is not
closed in M. This proves that ¢ is a quotient map and our solution is complete.

S.225. A continuous onto map f : X — Y is called pseudo-open if, for any y € Y and
any U € 7(X) such that f'(y) C U, we have y € Int(f(U)). Show that

(i) Amapf:X —Yispseudo-open if and only if it is hereditarily quotient, i.e.,
fIF'@) . f (2 — Zis quotient for any Z C Y.

(ii) A composition of pseudo-open maps is a pseudo-open map.

(iii) Any open map as well as any closed one is pseudo-open.

(iv) If X is a Fréchet=Urysohn space and f : X — Y is a pseudo-open map thenY is
Fréchet-Urysohn.

(v) A space is Fréchet-Urysohn if and only if it is a pseudo-open image of a
metrizable space.

Solution. (i) Suppose that fis pseudo-open, fix any Z C ¥ and let T = f~'(Z). Denote
the map f|T by fr. Note first that f;-' (A) = f~!(A) for any A C Z. To prove that fr is
quotient, take any W C Z such that U = f; ' (W) € 7(Z). Take any z € W. Then
fY(z) =f7'(z) C U. Take any V € 7(X) such that V N T = U. Since f is pseudo-
open, we have z € O = Int(f{(V)) (the interior is taken in ¥). Since V N f~ 'z\w) =0,
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we have z € 0, = O N Z C W. It turns out that every z € W is contained in W
together with its neighbourhood O,. Hence W is open and the map fr is proved to be
quotient.

Now assume that f is hereditarily quotient. Take any point y € Y and any set
U € 7(f (), X). It suffices to prove that y¢ Y\f(U). Assume the contrary and let
Z=X\f(U))U{y}. Themap g =/|T: T=f'2)—Zis quotient and the set Y\ A(U)
is not closed in Z. Therefore g_l(Y\f(U)) :fl(Y\f(U)) is not closed in T which
implies £~'(y) Nf~1(Y\f(U)) # 0, a contradiction with f'(y) ¢ U C X\f '
\AD)).

(i1) Assume that f: X — Y and g : Y — Z are pseudo-open maps. Given a point
zeZandaset U € 7((g o f) '(2), X), we have £ '(y) C U for any y € g~ '(z) and
therefore y € Inty(f(U)). Since we have chosen a point y € g_l(z) arbitrarily, we can
conclude that g_l(z) C V = Inty(f(U)). As an immediate consequence, y € Intz(g(V))
C Intz(g(f(U))) = Int,((g o f)(U)) which proves that g o f'is pseudo-open.

(iii) Let f: X — Y be an open map. If y € Y and U € 7(f"'(y), X) then y € AU) =
Inty(f(U)) which proves that f is pseudo-open. If f is closed, then F = X\U is a
closed set which does not meet /= '(y). Therefore y ¢ G=f(F)and hence y € V =
Y\G C Inty(f{lU)) and we are done.

(iv) Take any A C Y and y € A. If y € A then there is nothing to prove. If y € A\ A
then A is not closed in Z = A U {y}. The map f is hereditarily quotient by
(i) and hence £ '(A) is not closed in f~'(A) U f~'(y). This implies that there is

x €f~1(A)Nf~Y(y). Since X is Fréchet-Urysohn, we can choose a sequence
{x,} Cf 1(A) which converges to the point x. It is immediate that {f(x,)} C A
and f,,(x) — y which proves that Y is a Fréchet—Urysohn space.

(v) Any metric space is Fréchet—Urysohn, so any pseudo-open image of any
metric space is a Fréchet—Urysohn space by (iv). This proves sufficiency. Now
take any Fréchet—Urysohn space X and consider the space M = € {S:SC X isa
convergent sequence (with its limit included)}. We will identify each convergent
sequence S C X with the respective open subset of M. It is immediate that any
convergent sequence is homeomorphic to the subspace {0}U {% :n € N} of the
space R. Since R is metrizable (Problem 205), every convergent sequence S C X
is metrizable. Applying Fact 2 of S.224 we convince ourselves that M is a
metrizable space.

If § C X is a convergent sequence then every x € S also belongs to M soif x € S
C M, we denote by x’ is twin in X. This makes it possible to define amap ¢ : M — X
by ¢(x) = x’ for each x € M. To finish our solution it suffices to prove that ¢ is a
pseudo-open map. Given y € X note that x,, — y if x, = y for all » € w. Hence
S = {x,: n € w} is a convergent sequence in X so x,, € M and ¢(x,) = y for each
n which proves that ¢ is onto.

To see that ¢ is continuous, take a closed F C X and x € M\ ¢~ '(F). We have x €
where S is open in M and S is a convergent sequence of X. If x is an isolated point of §
then {x} is an open neighbourhood of x which does not meet ' (F). If x is the limit
of Sthen A =S N F must be finite for otherwise S N F — ¢(x) and hence p(x) €
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F\F, a contradiction. Thus S\ A is an open neighbourhood of x which does not meet
@ '(F). We proved that ¢~ '(F) is closed in M and hence ¢ is continuous.

To show that ¢ is pseudo-open, take any x € X and any U € 7(¢~'(x), M). If x ¢
Inty (U)) then x € X\f(U) and hence there is a sequence {x,} C X\AU) with
x, — x. The sequence S = {x,} U {x} is also contained in M; denote its twin
sequence by {y,} U {y}. We have x = y’ and x, =y, for any n. Observe that
©(y) =x and hence y € U. However, ©(y,) = x,, & f(U) for all n and hence y, ¢ U for
each n which is a contradiction with the fact that y, — y and U € 7(y, M). The
obtained contradiction shows that x € Inty (f(U)) and hence f is pseudo-open.

S.226. Prove that a perfect image of a metrizable space is a metrizable space.
Solution. Our first step is to prove the following fact.

Fact1.letg:Z — Tbeaclosedmap.Givent € Tand U € (g 1), 2), let g*(U) =
T\g(X\U). Then V = f*(U) is an open set, y € Vand g~ (V) C U.

Proof. The set X\ U is closed and hence so is g(X\ U). This shows that g#(U ) must be
open. Since g~ '(y) C U, we have y ¢ g(X\U) whence y € V. Finally, if z € V then z ¢
g(X\U) and therefore ¢~ '(z) C U. Fact 1 is proved.

Fact 2. Let Z be a paracompact space. Given an open cover U = {U; : s € S}, there
exists a closed locally finite cover {F : s € S} such that F; C U, for each s € S.

Proof. Given any point z € Z, there is s € § with z € U,. Use regularity of Z to find
W. € 1(z, Z) with W, C U.. By paracompactness of Z there exists a locally finite
refinement y of the open cover {W, : z € Z} of the space Z. It is easy to see that the
family F = { W : W € y} is a locally finite refinement of . For each F € F choose
s=s(F) € Ssuch that F C U,. Let Fy = |J{F € F : s(F) = s} foreach s € §. It is
straightforward that the family {F; : s € S} is as promised and hence Fact 2 is
proved.

Fact 3. If every open cover of a space Z has a locally finite closed refinement then
Z is paracompact.

Proof. Let U be an open cover of the space Z; take a locally finite refinement
A ={A;:s €S} of U and for every z € Z fix V. € 7(z, Z) which intersects only
finitely many elements of .A. Find a locally finite closed refinement F of the open
cover {V,:z€Z}and let Wy =X\|J{F € F : F N A, = ()} for any s € S. Observe
that

(x) for any s € S and any F € F we have W, € 7(A,, Z) and W, N F # () if and only if
Ay N F#0.

For every s € S choose U(s) € U such that A; C U(s) and let V= U(s) N W,. The
family {V,: s € S} is an open refinement of U. If z € Z then, there is O € 7(z, Z)
which intersects only finitely many elements of F, say Fi, ..., F,. Each F;
intersects only finitely many elements of A and by (x) it intersects but finitely
many elements of {W, : s € §}. As a consequence, the set O intersects only finitely
many elements of the cover {V,: s € S} and Fact 3 is proved.
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Fact 4. A perfect image of a paracompact space is a paracompact space.

Proof. Suppose that h : Z — T is a perfect map. Take an arbitrary open cover
YV ={V,:s5€ S} of the space T. Then {hil(VX) :s € S} is an open cover of the space
X. Apply Fact 2 to find a locally finite closed cover F = {F: s € S} of X such that
F,C h™\(V,) for each s € S. We have f(F,) C V, for each s € S and hence G = {f(F,):
s € S} is a closed refinement of V. By Fact 3 it suffices to show that G is locally
finite. So take any r € T. For any z € h™'(¢) there is O, € 7(z, Z) such that O, meets
only finitely many elements of F. By compactness of /' (¢) there are zy, ... , z, €
h™'(¢) such that 7~ '(1) C O = 0,; U - -- U O.,,. Now, we can apply Fact 1 to find
W e 7(t, T) with hil(W) C O. It is immediate that W intersects only finitely many
elements of G and hence G is locally finite. Fact 4 is proved.

Returning to our solution let f - X — Y be a perfect map of a metrizable space
X onto a space Y. Then the space Y is paracompact by Problem 218 and Fact 4. Fix a
metric d on the space X such that 7(d) = 7(X). Givenapointy € Ylet U(y) = {x € X :
g1y (x) = inf{d(x,2) : z ef~!(y)} < 1/i}. The function ds-1(y) : X — R is continuous
(Fact 1 of S.212) and hence U,(y) is an open set for any y € Y and i € N.

The family B, = {U,(y) : i € N} is an outer base of the setf_l(y). Indeed, let
Ue 7071@), X). For F = X\ U the function dF is continuous and dg(x) > 0 for any
x €f'(y). The subspace f ~'(y) being compact, there is & > 0 such that d(x) > € for
each x € f~'(y). This implies U(y) C U for any i > ll which proves that B, is an outer
base of £ (y).

Now, let W(y) = f*(Ui(y)) and Vi(y) = f~'(Wi(y)) C Ui(y) for each y € ¥ and
i € N. Observe that U;(y) C U(y), Wi(y) C Wi(y) and V(y) C Vi(y) whenever j > i.
Besides, the family {W;(y) : i € N} is a local base in Y at any y € Y. To see this,
take any V € 7(y, Y), find i € N with Uy(y) C F7Y(V) and observe that Wi(y) C
fU(y)) C V. The following property is crucial.

(¥x) Forevery y € Y and i € N there exists j € N such that Wi(z) C Wi(y) whenever
y € Wi2).

To prove it, find j > 2i such that U,(y) C V,«(y); this is possible because B, is an
outer base of f~'(y). Take any z € Y such that y € Wj(z). Then 'y c Vi(z) C
U2), i.e., there exist x € f'2) and X' € £ '(y) such that d(x, X') < 1/j. As a
consequence, U,(y) N f “2) # 0 and f'(2) C Vai(y) because the last set contains
the fibre £~ ' (f(x)) together with any point x € V,,(y).

To prove that Wi(z) C Wi(y) take any t € W(z). Then f ncu 'i(z) and hence
for any x € £~ () there is X' € f~'(2) such that d(x, ¥') < 1/j < 1/(2i). We have
shown that £ ~'(2) C V,(y) C Up(y) which implies that there exists x” € f ~(y) such
that d(x', x") < 1/(2i). By the triangle inequality, we have d(x, x”) < 1/i and hence
x € Uyy). The point x € f~'(r) having been chosen arbitrarily, we have f~'(r) C
Ui(y) whence t € W(y) and the proof of (xx) is concluded.

For each i € N the family W, = {W«(y) : y € Y} is an open cover of Y and hence
there is a locally finite open refinement 3; of the cover W;. We claim that the
family B = |J{B; : i € N} is a base of Y. To prove this assume that y € U € 7(Y).
There exists i € N such that Wi(y) C U. By (+x) there is j € N such that y € W(2)
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implies W(z) C Wi(y). Take W € BB; such that y € W. Since B, is a refinement of W,
there is z € Y for which W C W/(z). Therefore y € W(z) and hence y € W C W(2)
C W(y) C U and we are done. As a consequence 3 is a g-locally finite base of Y and
hence Y is metrizable by Problem 121(iii).

S.227. Show that a closed image of a countable second countable space is not
necessarily a metrizable space.

Solution. Let § = {0} U{}: n € N} C R be the usual convergent sequence. The
space X = S x N is countable and second countable (the topology of N is discrete).
Now, let the underlying set of Y be {(0,0)} U (N x N). Denote by T,, the set N X
{m} C Y for all m € N. All points of N x N are isolated in Y and a set U > ¢ = (0, 0)
is open in Y if and only if 7,,\U is finite for all m € N. The space X is Tychonoff
being a product of Tychonoff spaces. To show that Y is Tychonoff, observe first
that Y is Hausdorff. Indeed, if x, y € Y are distinct points then one of them, say x, is
isolated. Then U = {x} and V = Y\{x} are disjoint open sets which separate the
points x and y. Given A C Y, denote by y,4 : Y — {0,1} the characteristic function of
A defined by ya(x) = 1 if x € A and y4(x) = 0 otherwise.

Suppose that x € Y and F Z x is closed in Y. If x is isolated then the continuous
function y,y separates x and F. If x = £ then the set F" is open and hence the function
«x\r 18 continuous and separates x from F. This proves that Y is Tychonoff.

Now, if x = (%, m) € X then let fix) = (n, m) € Y. For any x = (0, n) we let
fix) =¢&. Themap f: X — Y is evidently onto, so let us check that fis continuous. It
suffices to verify continuity at all points of the set L = {x,, = (0, m) : m € N}
because all other points of X are isolated. So take any x,, € L and any open O 3
f(x,,) = &. The set A = T,,\O is finite and hence there is p € N such that (n, m) € O
foralln = p. The set U = {x,,} U {(%, m) n = p} is open in X and f{iUV) C O which
proves continuity at the point x,,. Therefore, f is continuous.

To see that fis a closed map, note first that every set A C Y with £ € A, is closed
in Y. Therefore, f(F) is closed in Y for any F which intersects the set L. Now,
if F N L={then F N (S x {m}) has to be finite for any m € N. This means
that A(F) N T, is finite for any m € N and therefore Y \f(F) is open in ¥, i.e., f(F) is
closed in Y.

Thus the space Y is a closed image of the countable second countable space X.
To finish our solution it suffices to show that Y is not first countable and hence not
metrizable (Problem 210). Let B = {0,,: n € N} C 7(&, Y). For any m € N the set
T,,\O,, is finite and hence we can choose s,, € O,, N T,, for each m € N. It is
straightforward that W = Y\ {s,,, : m € N} is an open set such that £ € W. However,
Sm € 0,\W for each m € N which shows that no O,, is contained in W. As a
consequence, BB is not a base of Y at ¢ and our solution is complete.

S.228. Suppose that C,(X) is a closed image of a metrizable space (that is, there is a
metrizable space M and a closed map ¢ : M — C,(X)). Prove that C,(X) is
metrizable and hence X is countable.
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Solution. Call a continuous onto map 4 : Y — Z irreducible if, for any closed F C Y
with F # Y, we have h(F) # Z. For any U C Y let WU) = Z\h(Y\U). A family
B C 7°(Y) is called a n-base in Y if, for any U € 7°(Y), there is V € B such that
V C U. The minimal cardinality of all possible n-bases of Y is called n-weight of Y
and is denoted by naw(Y).

Fact 1. Assume that i : Y — Z is an irreducible closed map. Then ¢(Y) = ¢(Z) and
ww(Y) = nw(Z).

Proof. Apply Problem 157(i) to see that c(Z) < c(Y). If y C 7°(Y) is a disjoint
family then u = (W*(U): U €y} C 7(2) is also disjoint (see Fact 1 of S.226) and
h*(U) # () for each U € y because / is irreducible. This shows that ¢(Y) < ¢(Z) and
hence ¢(Y) = c(2).

Take any 7t-base B in Y. Then B’ = {h*(U) : U € B} consists of non-empty open
subsets of Z because / is irreducible. Given W € 7%(2), find U € Bwith U C h~'(W).
Then U’ = h*(U) € B' and U’ C W which proves that B’ is a n-base in Z. As a
consequence nw(Z) < nw(Y). Given a n-base B inZ,let B= {h '(U): U € B'}.Itis
evident that B C 7%(Y). Given any open non-empty W C Y, the set 4"(W) is open in Z
and non-empty because / is irreducible. Find any U € B’ with U C h*(W). Then V =
h~'(U) € Band V C h™'(h*(W)) C W (see Fact 1 of S.226) and hence B is a -base
of Y. This establishes that 7w(Y) < nw(Z) whence nw(Y) = nw(Z) and Fact 1 is
proved.

Fact 2. Let Y be a metrizable space. Then, for any closed discrete D C X there exists
a discrete family {U,: d € D} C 7(Y) such that d € U, for any d € D.

Proof. Fix a metric p on Y with 7(p) = 7(X). For any d € D find ¢ = &(d) > 0 such
that B(d, &) N D = {d} and let V, — B (d, %) for each d € D. Note first that p(d, ¢)

= max{e(c), e(d)} for any distinct ¢, d € D. The family {V,: d € D} is disjoint for if
x e V. N V,forsome distinct ¢, d € D then p(c, d) < p(c, x) + p(x, d) which implies
p(c,d) < 3max{e(c),(d)} which is a contradiction. The sets D and F = Y\({V,:
d € DY}) are closed and disjoint. Since the space Y is normal (Fact 2 of S.212),
we can find G, H € 7(Y) such that D C G, F C Hand G N H = (). Finally, let U, =
Va4 N G foralld € D. We claim that the family {U, : d € D} is discrete. Indeed, take
any x € Y. If x € F then x ¢ G and hence Y \G is a neighbourhood of x which does
not intersects any of U,’s. If x ¢ F then x € V, for some d € D and hence V, is a
neighbourhood of x which does not intersect any U, with ¢ # d. Fact 2 is proved.

Fact 3. Let Y be a metrizable space. Suppose that Z is a space in which any point is
a limit of a non-trivial convergent sequence. Then any closed map h : ¥ — Z
is irreducible on some closed subset of Y, i.e., there is a closed F C Y such that
h(F) = Z and hy = h|F is irreducible.

Proof. For every y € Z fix a sequence S, = {y, : n € w} C Z\{y} converging to y.
We will prove first that the set P, = h~'(y) N|J{h~"(ys) : n € w} is compact for
every y € Z. Indeed, if for some y € Z the set P, is not compact, then it is not
countably compact (Problem 212) and therefore there is a countably infinite closed
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discrete set D = {x,,: n € w} C P,. Apply Fact 2 to find a discrete family y = {U,, : n
€ w} C 7°(Y) withx, € U, N Py forall n € w.

If A is an arbitrary finite subset of w, then for each natural number n, we have
Uu,n (U{hil(zk) :k € w\A}) # . This makes it possible to choose a point z, € U,
N (U{hil(zk) 1 k € w}) in such a way that h(z,,) # h(z,) if n # m.

The family y being discrete the set D = {z,,: n € w} is closed and discrete in Y.
The set (D) is also closed because 4 is a closed map. Note that 4(D) has also to be
discrete because h(C) is closed for any C C D. However, h(D) is a non-trivial
sequence converging to y, a contradiction with the fact that A(D) is closed and
discrete. This proves Py is compact for all y € Z.

Claim. Suppose that H is a closed subset of Y such that h(H) = Z. Then H N P, # ()
forally € Z

Proof of the claim. Fix y € Z with H N P, = {). It follows from h(H) = Z that it
possible to choose ¢, € H N h~'(y,) for all n € w. The map £ is closed, so
{tinew}nh™(y)#0.ButH D {t,:n€w}and {t, :n € w} Nh~'(y) C Py.
Therefore, we have H N P, # () and the claim is proved.

Suppose that we have a family F of closed subsets of Y such that F is totally
ordered by inclusion and A(H) = Z for every H € F. Then h([\F) = Z. Indeed,
H N Py, # () forany y € Zand H € F. We proved that the set P, is compact so
NFA N '»D>NF) N P, # () for all y € Z and we are done. Finally, use Zorn’s
lemma to find a closed F C Y which is maximal (with respect to the inverse
inclusion) in the family of all closed sets H C Y such that h(H) = Z. It is evident
that A is irreducible and Fact 3 is proved.

Now we are ready to present the solution. Given f € C,(X) observe that the
sequence {f + %} is non-trivial and converges to f. Therefore Fact 3 is applicable to
the map ¢ : M — C,(X) to obtain a closed ' C M such that o(F) = C,(X) and o|F is
irreducible. Apply Fact 1 to conclude that ¢(F) = ¢(C,(X)) = w. As a consequence
o(F) = w by Problem 214. Use Fact 1 once more to conclude that o (C,(X)) =
nw(F) < w(F) = w. Observe that any n-base of C,(X) is also a m-base at any point of
Cp(X) (see Problem 171). Hence C,(X) has a countable r-base at any of its points
and therefore X is countable by Problem 171. To finish the solution observe that
Cp(X) is metrizable by Problem 210.

S.229. Suppose that C,(X) is an open image of a metrizable space (that is, there is a
metrizable space M and an open map ¢ : M — C,(X)). Prove that C(X) is
metrizable and hence X is countable.

Solution. Apply Problem 223 to show that C,,(X) is first countable. This means X is
countable (Problem 169). Applying Problem 210 we can conclude that C,(X) is
metrizable.

S.230. Prove that the following conditions are equivalent for any space X.

(i) X is paracompact.
(ii)  Every open cover of X has a (not necessarily open) locally finite refinement.



188 2 Solutions of Problems 001-500

(iii) Every open cover of X has a closed locally finite refinement.

(iv) Every open cover of X has a a-locally finite open refinement.

(v)  Every open cover of X has a o-discrete open refinement.

(vi) Every open cover of X has an open closure-preserving refinement.

(vii) Every open cover of X has a closure-preserving refinement.

(viii) Every open cover of X has a closed closure-preserving refinement.
(ix) Every open cover of X has a o-closure-preserving open refinement.
(x)  Every open cover of X has a barycentric open refinement.

(xi) Every open cover of X has an open star refinement.

Solution. The implication (i) = (ii) is obvious. If (ii) holds and I/ is an open cover
of X then, for each x € X, take U € U with x € U. By regularity of X there is U, €
7(x, X) such that U, C U.If F is a locally finite refinement of the cover {U, : x € X}
then G = {A: A € F} is a locally finite closed refinement of ¢/ and (ii) = (iii) is
proved. The implication (iii) = (i) is precisely Fact 3 from S.226.

The implication (i) = (iv) is evident. Suppose that (iv) holds and take any open
cover U of the space X. Let B = |J{B; : I € w} be an open refinement of I/ such
that all 53;’s are locally finite. For any n € w let U' = U\N(U{UB, : i < n}) for every
Ue€B,. Let B,={U:U¢€B,} and B =|J{B, : n € o}. We claim that B’ is
a locally finite refinement of . To see this, take any x € X and let » = min{i € w :
x€|JB;}. Thereis U € B, with x € U. It is clear that x € U’ € BB’ and hence B’ is a
refinement of U. To see that B’ is locally finite take any x € X. If x € U € B,, then
U is an open neighbourhood of x with U N (|J B,,) = 0 for any m > n. Since each B;
is locally finite, there is W € 7(x, X) such that W meets only finitely many elements
of each B;,i < n. Itisclearthat V=U N W € 7(x, X) and V intersects only finitely
many elements of . This settles (iv) = (ii) and hence the properties (i)—(iv) are
equivalent.

Now suppose that X is paracompact and take any open cover U/ of the space X.
Let {F,:t € T} be a closed locally finite refinement of /. For every ¢ € T pick any
U, e U with F, C U,. For any x € X denote by T(x) the (finite) set {r € T : x € F;}. Let
U,=U;: t € TQINWJLF; : t € T\T(x)}). It is clear that U, € 7(x, X) and hence
the family y = {U, : x € X} is an open refinement of /. To show that y is a
barycentric refinement of U take any xy € X and any 7 € T(xy). If xy € U, for some
x € X then 1y € T(x) and hence U, C U, . This proves that St(xo, y) C U, € Y. Thus y
is a barycentric refinement of I/ and we proved (i) =(x).

To show that (x) =(xi) take any open cover U/ of the space X. Choose an open
barycentric refinement C of the cover U/ and an open barycentric refinement B of
the cover C. We claim that B is a star refinement of /. Indeed, pick any W € B
and x € W. There is U € U with St(x, C) C U. Now, if W € Band W N W £ (),
take any y € W' N W and observe that W U W' C St(y, B). There exists G € C
such that St(y, B) C G which implies x € W U W' C St(y, B) C G and therefore
G C St(x, C) C U. As a consequence, W' C U. Since the set W € B with W' N
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W # () has been chosen arbitrarily, we have St(W, B) C U and hence (x)=-(xi) is
settled.

Let us prove that (xi) = (v). Take any open cover U = {U, : s € S} of the space X
and construct a sequence {{/, : n € w} of open covers of X such that /) = U and
U, 1 is a star refinement of the cover U, for each n € . Foreach s € Sand i € N let
U,; = UV e rX) : St(V, U;) C Uy}. Since every U; is a star refinement of U, the
family {U,; : s € S} is an open refinement of U/ for each i € N. It is also clear that
Us; C Uy forany s € S and i € N. We will use the following important property:
(*)Ifx € Ug;and y ¢ Uy, then no U € U, can contain both points x and y.

Indeed, if x € U € U, then take any V € U; such that St(U, U;, ) C V. Then
x € V and hence V C St(x, U;) C U,. As a consequence St(U, U;, 1) C U, and
therefore U C Uy, ;.

Take any well order < on S and let V,; = U \\J{U, 41 : ¢t < s} forevery s € §
and i € N. The family B; = {V;: s € S} is discrete for each i € N. To see this, take
anyx € Xandany U € U;, withx € U. If t < s then V; C X\ U, and (x) implies
that U cannot intersect both sets V,; C U,; and V,; C X\U, ;.. Therefore U can
intersect at most one element of 13; so B3; is discrete. To conclude the proof it suffices
to show that B = | J{B; : I € N} isacover of X. Take any x € X and let s(x) to be the
minimal s € S such that x € Uy, for some i € N. The existence of s(x) follows from
the fact that {Uy;: s € S} is a cover of X for all i € N. Since x ¢ Uy, for all s < s(x),
it follows from (x) that St(x, U;5) N (U{Us.iz1: s < s(x)}) = O which implies x €
V. and the implication (xi) = (v) is proved.

Since the implication (v) = (iv) is obvious and (iv) < (i) we proved that
the properties (i)—(v), (x) and (xi) are equivalent. Every locally finite family is
closure-preserving (Fact 2 of S.221), so we have (i) = (vi). The implication (vi) =
(vii) is evident. Note that if F is a closure-preserving family then the family
{A: A € F} is also closure-preserving. Now assume that we have (vii) and U is
an open cover of the space X. For each x € X, take U € U with x € U. By regularity
of X there is U, € 7(x, X) such that U, C U. If F is a closure-preserving refinement
of the cover {U, : x € X} then G = {A: A € F} is a closure-preserving closed
refinement of ¢/ and hence (vii) = (viii).

We will now prove that (ix) = (vii). It is easy to verify that the following
statement holds:

(xx) If C is a closure-preserving family of closed subsets of X and F is closed in X
then the family Cr = {C N F : C € C} is also closure-preserving.

Let U be an open cover of X. For each x € X, take U € U with x € U. By
regularity of X there is U, € 7(x, X) such that U, C U. Take an open refinement
B ={B,:n € w} of the family {U, : x € X} such that B, is closure-preserving
for each n € w. For any n € w let U' = U\(I{UB; : i < n}) for every U € B,.
Let B, ={U': U € B,} and B = |J{B,, : n € w}. We claim that B is a closure-
preserving refinement of U. To see this, observe first that () implies that B is
closure-preserving because so is {U : U €, B, }. Now take any x € X and let n =
min{i € w : x € |J B;}. There is U € B, with x € U. It is clear that x € U’ € B’ and
hence B’ is a refinement of U. To see that B’ is closure-preserving take any C C B’



190 2 Solutions of Problems 001-500

and any x € W If x € U € B, then U is an open neighbourhood of x with
Un(UJB,) =0 for any m > n. As a consequence x € CoU---UC, where
Ci=U(CNB) for each i < n. Therefore there is j < n with x€C; =

U (€N B;). Since the family B; is closure-preserving, there is W € C N B; such
that x € W. The point x having been chosen arbitrarily, we proved that B’ is closure-
preserving and hence (ix) = (vii).

Since (v)=-(ix)=>(vii) and (v)=(vi)=-(vii)=-(viii), we will finish our solution
proving that (viii)=(v).

Claim 1. If (viii) holds for X then X is normal.

Proof. Assume that F', G are closed disjoint subsets of X. Find a closure-preserving
closed refinement F for the open cover i = {X\F, X\ G} of the space X. Let U =X
\N(UPeF:PNF=0DandV=X\(J{PE€F:P N G=0}).Ttisclearthat F C
U and G C V so it suffices to prove that U N V = (). By definition of U, if x € U then
P N F # () for every P € F with x € P. Analogously, if x € Vthen P N G # () for
any P € F with x € P. Thus, if x € U N V then there is P € F such that P N F # ()
# P N G which is a contradiction with the fact that each P € F lies in X\ F orin X
\G. Claim 1 is proved.

Claim 2. Suppose that {U, : s € S} C 7(X) and X = |J{U; : s € S}. Then there exist
closed sets F, s € S such that Fy C Uy forall s € S and | J{F,:s € S} =X.

Proof. Take any closure-preserving closed refinement F of the cover {U;: s € S}
of the space X. For each P € F fix s = s(P) € Ssuch that P C Uyand let F, = [ J{P €
F :s(P)=s} foreach s € S. Each F is closed because F is closure-preserving. It is
obvious that Fy C U, foreach s € S and (J{F,:s € S} = F = X so Claim 2 is
proved.

Now take any open cover U = {U, : s € S} of the space X. We will consider the
set S to be well ordered by <. We are in position to apply Claim 2 to find a closed
cover |y = {F; : s €S} of the space X such that F; C U, for each s € S. Suppose
that we have closed covers F1,- - -, F, of the space X such that

(1) f,': {Fs,[:SES}.
(2) Fyis1 CUNWU{F,;i:t<s)foralls € Sandi< n.

Let Vo= UN(UJ{F., : t < s}) for each index s € S. Then, the family {V,: s € S}
is an open cover of the space X. Indeed, for any point x € X, let s(x) be the minimal
of the elements s € S such that x € U,. It follows from x ¢ (J{U, : s < s(x)} D
U{Fsn: s < s(x)} that x € V. Apply Claim 2 once more to find a closed cover
Fui1=1Fsny1:5 €S} of the space X such that F ,,,y C Vforeach s € S. Itis clear
that the closed covers Fy, ..., F,, F,; satisfy (1) and (2) so the inductive
construction goes on. Once we have the sequence {F; : i € N}, let W; = X
\(U{F;;:t#s}) foreach s € S and i € N. Note first that the family W; = {W,,;:s €
S} is disjoint for each i € N because W, C F;; for all s € S. We claim that the
family W = [ J{W, : i € N} is a refinement of /. Of course, we must only prove that
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(JW =X. So take any x € X and denote by 7 the minimal among all s € § such that x
€ I, for some i € N. Take any j € N withx € F, ;.

Observe that (2) implies that x ¢ F ;. for all s > ¢. On the other hand x ¢ F ;|
for any s < 1 by the choice of . Since F,  is a cover of X, we have x € V, ;; which
proves that W is a cover of X. If O; = UW,— for each i € N then {O; : i € N} is an
open cover of X. Apply Claim 2 once more to find closed P; C O; such that | J{P
i € N} = X. The space X is normal by Claim 1 so there exist G; € 7(P;, X) such that
G,C O;foralli € N.Let V; = {W,, N G;:s €S}. Since P; C |J V; foreachi € N,
the family V = |J{V; : i € N} is a cover of X. It is clear that V is a refinement of U/ so
it suffices to show that V; is discrete for each i.

Take any x € X. If x ¢ O, then X\G ; is a neighbourhood of x which meets no
elements of V;. Now, if x € O; then x € W,; for some s € § and hence W, ; is a
neighbourhood of x which meets only one element of V;. Thus V is a o-discrete
refinement of /. We proved that (viii) = (v) and hence our solution is complete.

S.231. Prove that any paracompact space is collectionwise normal. In particular,
every metrizable space is collectionwise normal.

Solution. Suppose that X is a paracompact space and take any discrete family F =
{F;:s €S} of closed subsets of X. For any x € X fix an open V, 3 x which meets at
most one of the elements of F. Let B be a closure-preserving closed refinement of
the open cover {V, : x € X} (see Problem 230(viii)). It is clear that any B € B
intersects at most one element of F. If Uy = X\((J{B € B: B N F,=(}) then U, is
open and F; C U for any s € S.

The family U = {U; : s € S} is disjoint. Indeed, if s # ¢ and x € U; N U, then
take any B € B w1th x € B. It is immediate from the definition of U and U,
that B N F, # () ## B N F, which is a contradiction. This proves, in particular, that
X is normal and hence we can choose W € 7(X) such that F C W C W C | JU, where
F=J{Fs:s€S}.

Now 1f W,=U; N Wthen F; C W € 7(X) for each s € S so it suffices to show that
the family W = {W,: s € S} is discrete. Given x € X suppose that x ¢  JU. Then X\W
is a neighbourhood of X which does not intersect any element of W. If x € U/ then
x € U, for some s € S and hence U, € 7(x, X) intersects at most one element of W.
Hence WV is discrete and we proved collectionwise normality of each paracompact
space. To finish our solution, observe that every metrizable space is paracompact
(Problem 218) and hence collectionwise normal.

S.232. Give an example of a space which is collectionwise normal but not
paracompact.

Solution. The underlying set of our space X will be the set w; of all countable
ordinals, i.e., X = {o: o < w}. Given o, f < w; we will need the intervals (o, ff) =
yra<y<Bhlepy={y:a<y<ph(opl={y:a<y<pf}ando f]={y
o < 7 < fB}. Note that some of the defined intervals can be empty. For example
(o, f) = 0 if o = f. The topology of X is generated by the family B = U{( p):
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o < f < w,} as a base. This generation makes sense because any non-empty
intersection of two elements of 13 belongs to B and | B = X.

The space X is Hausdorff. To see this, take distinct «, f € X. We may assume that
o < 5. If & = 0 then the open sets U = {0} and V = (0, f + 1) separate the points
o and f. If o > 0 then the open sets U = (0, « + 1) and V = («, f§ + 1) separate the
points o and f5.

Note that (f, o + 1) = (f, o] for all § < o < w,. As a consequence, the family
B, = {(f, o] : f < a}is alocal base at o for any o > 0. It is easy to see that every
element of B, is clopen (= closed-and-open) subset of X. Since {0} is a clopen local
base at 0, the space X has a base which consists of clopen sets. We will call such
spaces zero-dimensional.

Fact 1. Any zero-dimensional Ty-space Y is Tychonoff.

Proof. Take distinct x, y € Y. There exists an open set U such that U N {x, y}
consists of exactly one point. Suppose, for example that U N {x, y} = {x}. Then x
€ U and there is a clopen V such that x € V. C U. Then V and W = Y\ V are disjoint
open neighbourhoods of the points x and y, respectively. The case when U N {x, y}
= {y} is considered in the same way so we proved that Y is Hausdorff and, in
particular, Y is a T -space.

Now, assume that x € Y and F is a closed set such that x ¢ F. Since U = Y\F €
7(x, Y), we can find a clopen set W withx e W C U. If f(z) = 1 forz € Wand f(z) =0
forallz€ Y\Wthenf:Y — [0, 1] is a continuous function, f(x) = 1 and f{iF) C {0}
so Y is Tychonoff and Fact 1 is proved.

The space X is zero-dimensional, so it is Tychonoff by Fact 1.

Fact 2. The subspace [0, «] is compact for any o < ;.

Proof. 1t is clear that [0, o] is countable and hence Lindelof. Thus it is sufficient to
prove that [0, ] is countably compact (see Problem 138). Assume the contrary.
Then there is a closed discrete infinite D C [0, «]. Let ¢yg = min{f : f < o and
[0, f] N D isinfinite}. Since D = D N [0, ] is infinite, the ordinal oy is infinite and
well defined. Take any U € 7(ag, X). There exists f < aq such that (5, ag] C U. If
(B, %p] N D is finite then [0, f] N D is infinite while § < o, a contradiction. Hence
U N DD (f,a] N D is infinite for any U € (o, X) which contradicts the fact that
D is closed and discrete. Fact 2 is proved.

Fact 3. The space X is normal.

Proof. Let F and G be disjoint closed subsets of X. If one of them is empty then the
proof is trivial so we assume that F # () ## G. We claim that one of the sets F, G is
countable. To see this, assume that |F| = |G| = w; and take o € F. Since G is
uncountable, there is f§, € G such that i > op. Suppose that we constructed ordinals
{o, Bini < m}suchthato; € F, f; € Gforalli < nand oy < flo <oy < -+ <o, < f

The set F being uncountable we can find o, | € F with o, | > f,,. By the same
property of G there is .1 € G with f,.1 > o, and the inductive construction
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can go on. Once we have the sequences {¢,:n € v} C Fand {f,:n € o} C G, let
y = min{d : o, < J for all n € w}. Note that y is well defined because the set
A=U{I0,a,]:n€w}={I0, f,]:n € w} is countable and hence any é € X\A is
greater that all o,,’s. Since 5, < a,, ;1 <y for all n € w, we have f8,, <y forall n € w.

Observe that, for any ¢ < y there exists m €  such that «,, > J and hence «,, €
(0, y] for all n > m. Since f,, > o, > J for all n > m, we have 8, € (J, y] forall n > m
which proves that o, — 7 and f§, — 7. The sets F and G being closed we have y €
F N G, a contradiction. Hence one of our sets, say F, is countable. Consequently,
the set Ar = |J{[0, ] : « € F} is countable so F C [0, 5] for any § € X\Ap. The
set U’ = [0, 5] is compact by Fact 2 and open because [0, ] = [0,  + 1). The set
G' =G N U'is closed and disjoint from F is the compact space U’. Therefore there
are open sets U, V' (in U’ and hence in X) suchthat F C U, G’ C V' and U N V' = ().
Then V = (X\[0, ]) U V' is open in X, contains G and U N V = () which yields
normality of X. Fact 3 is proved.

Fact 4. The space X is countably compact.

Proof. If D is a countably infinite closed discrete subspace of X then there is a < @,
such that D C [0, ]. The space [0, o] being compact by Fact 2, the set D cannot be
closed and discrete in [0, ]; this contradiction proves Fact 4.

Fact 5. Any countably compact normal space Y is collectionwise normal.

Proof. Let F be a discrete family of non-empty closed sets of Y. If F is infinite,
then, choosing xr € F for any F € F we obtain an infinite closed discrete
D = {xr : F € F} C X which contradicts the countable compactness of X.
Hence F is finite, say F = {F), ..., F,}. Letting f{x) = i for any x € F;, we obtain
a continuous function f : F = [JF — R. By normality of X there is ¢ € C(X)
such that g|F = f (Problem 032). Consider the sets U; = g~ ((l - %, i+ %)) for each

i < n. It is immediate that F; C U; for each i < n and the family {Uy,...,U,} is
disjoint. It is easy to check that the family { Uy, ... ,U,} is discrete and Fact 5 is
proved.

Returning to our solution, we can conclude that X is collectionwise normal by
Facts 3-5, so we only have to show that X is not paracompact.

Assume that X is paracompact. Then any open cover of X has a locally finite
refinement which has to be finite by Fact 4 and Problem 136. Therefore X is
compact. However, the family {[0, ) : & < w;} is an open cover of X which has
no finite subcover; this contradiction shows that our solution is complete.

S.233. Let N = {(x, y) € R? : y = 0}. Given z = (a, b) such that b > 0, let
B.={U/2):n€N,n>1L} where Uy2) = {(x,y)) EN: (x —a)* + (y — b)* < 1 }
for eachn € N, n > % If z=(a,0) then B, = {U,(z) : n € N} where U,(z) = {z} U
{((,y):(x—a) + @y — %)2 < n% }. Show that

(i) The families {B. : z € N} generate a topology T on N as local bases. The

resulting space N = (N, 7) is called the Niemytzki plane.
(if) N is a separable Tychonoff space with iw(N) = .
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(iii) ext(N) = ¢ and hence N is not normal.
(iv) N is a locally metrizable non-metrizable space.

Solution. The underlying set of N is contained in R? so we have the metric d = p,
on N introduced in Problem 205. This metric does not generate the topology of N
but comes in handy for quite a few useful considerations.

(i) LetL = {(x,0):x € R} C Nand P = N\L. The property (LB1) is evident for
any B, (see Problem 007). For each z € N there is m € N such that B, = {U,(2) :
n€N,n=m} where U, (z) CU,(z)foralln = m. ThusU NV e B, forany U,V €
B. and hence (LB2) is also fulfilled. Now assume that z € U € B,. If z = t then there is
nothing to prove. If z # 7 then z ¢ L because ((JB,) N L C {¢} for any ¢ € N.
Therefore, z = (x, y) where y > 0. By definition of B, the set U\{t} isa circle if t € L
and a circle without center otherwise. In both cases the set U\{t} > z is open in
R? (see Problems 201 and 205) and hence there is ¢ > 0 such that B(z, &) C U\{t}.
Then, for any n > % we have U, (z) C By(z, €) C U so the property (LB3) holds as
well. Finally, apply Problem 007 to conclude that the family {8, : z € N} generates
a topology on N for which B, is a local base at z for every point z € N.

(ii) Let us check first that N is Hausdorff and hence T;. Observe that, for any z € N,
we have d(z,7') < % for any z' € U,(z). Indeed, if z € P then z is the center of the
circle U,(2) so d(z,7) < % If z € L then for the center ¢ of the circle U,(z)\{z} we
have d(z,7')<d(z,¢) + d(c,7) <141 =2 Now take any z, r € N with z #  and
find n € N such that n > 72 We claim that U,(z) N U,(f) = 0. Indeed, by our
observation, if z/ € U,(z) N U,(¢) then d(z,7) < % and d(t,7') < % which implies
d(z,1) <d(z,7) +d(Z,t) <% <d(z,t) which is a contradiction.

We will denote by N', L' and P’ the respective sets N, L and P with the
topology induced from R?. Let us prove that the map id : N — N’ defined by id(z) =
z, is continuous. Given any z € N and any U € 7(z, N) there is ¢ > 0 such that B(z, &)
C U. Take any n € N with n > % If r € Uy(z) then d(t,z) < % < ¢ by the observation
before. Therefore ¢t = id(¢) € U for any t € U,,(z) whence id(U,(z)) C U, i.e., the map
id is continuous at the point z. This immediately implies

Fact 1. Any map continuous on N’ (at a point z € N') is continuous on N (at the same
point z € N, respectively).

Fact 2. The map id is a condensation of N onto a second countable space N’ and
hence iw(N) < w.

Proof. We only have to prove that w(N') < w. But this is immediate from the fact
that N' C R? and Problem 209.

Now it is easy to prove complete regularity at the points of P. Take any z € P and
any closed F C N with z¢ F. There is n € N such that U,(z) N F = (). The set U,(z)
is open in N’ being the ball of radius % centered at z. Since N is completely regular
(Problem 202), there is a continuous function f : N’ — [0, 1] such that f(z) = 1 and
SIN'\U,(z)) C {0}. The function f: N — [0, 1] is also continuous by Fact 1 and we
have f(z) = 1 and (F) C {0} so complete regularity is verified at all points of P.
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Now take any z = (x, 0) € L. Given a closed F C N with z ¢ F, there exists n € N
such that U,(z) N F = (). Consider the set C = {(a, b) € R* : (a— x)z—i—
(b— 17 < L}\{z} endowed with the topology induced from N'. In other words,
C is a closed circle centered at (x,1) of radius ! without the point z. We will
need the subspaces E={(a,b) € R*>:(a—x)"+(b—1)>=L}\ {z} and
D={(a,b)e R:(a—x)*+(b— zl—n)zs 221\{z} of the space C. It is clear that
E and D are closed and disjoint in C. The space C is normal being second countable
(see Problems 209 and 231) and hence there is a continuous function g : C — [0, 1]
such that g(E) C {0} and g(D) C {1} (Problem 031). Define a function f: N — [0, 1]
by f(z) = 1, f(t) = g(¢) for all r € C and f(¥) = 0 for all t € N\U,(z). Since F C N
\U,(2), we have f(F) C {0}. Thus, to finish the proof of the Tychonoff property of N,
we must only show that f is continuous.

The function fis continuous at z because D U {z} contains z in its interior and f{(D
U {z}) = {1}. Take any t € N\(C U {z}). The set C U {z} is a closed circle of radius
%centered atw = (x,%) sod(t,w)=r> % Ifs=r— % then the set B,(w, §) is open
in N’ and does not meet C U {z}. This shows that the set C U {z} is closed in N’ and
hence in N. The set W = N\(C U {z}) is open in N and fiW) = {0}. Therefore f is
continuous at any point of W.

Note that the set P is open in N because for any ¢t = (a, b) € P we have U, (t) C P
for every U, (f) € B.. Therefore continuity of fat every point of ¢ € P is equivalent to
continuity of f|P at the point . By Fact 1 it suffices to prove continuity of f|P’ at
every pointt € C.If t € U,(z)\{z} then fis continuous at  because W = U,,(z)\{z} is
an open subset of P’ and f]|W = g|W and the function g is continuous. Finally, if € E
then, by continuity of g, for any ¢ > 0 there is V' € 7(C) such that 7 € V" and g(V') C
[0, &). Take any V € 7(P") such that V N C = V' and observe that AV\C) = {0} and
therefore (V) C [0, ¢) so f is continuous at the point ¢. This proves that N is
Tychonoff.

To finish the proof of (ii) we must show that N is separable. Since P is dense in N,
it suffices to prove that P is separable. Note that P is homeomorphic to P’; the same
map id : P — P’ is a homeomorphism. To see this we must only show thatid: P" — P
is continuous. This follows from the fact that the family B = J{B;: ¢ € P} is a base
in P and id~'(U) = U is an open circle which is open in P’. Applying Problem 009
(ii) we conclude that id : P' — P is continuous and hence P is homeomorphic to P’.
Since P’ C R?, we have d(P) < w(P') < o (see Problems 209 and 156(i)). Thus P is
separable and hence so is N.

(iii) We already saw that L is closed. Since U;(z) N L = {z} for each z € L, the
subspace L is discrete. Since |L| = ¢, we have ext(N) = ¢. Applying Problem 164,
we can conclude that N is not normal.

(iv) Since N is not normal, it cannot be metrizable (Problem 231). To see that N
is locally metrizable, take any z € N. If z € P then any W = U,(z) € B. is an open
neighbourhood of z and lies in a metrizable space P’. Thus W is metrizable and
hence N is locally metrizable at z. Now take any z € L. The space P is separable and
metrizable so we can fix a countable base C in P. It is clear that the family CU B. is a
base in the space PU{z} and therefore PU{z} is a second countable (and hence
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metrizable) neighbourhood of z. This proves that N is locally metrizable and our
solution is complete.

S.234. Prove that any paracompact locally metrizable space is metrizable.

Solution. Let X be a paracompact locally metrizable space. For each x € X fix a
metrizable U, € 7(x, X) and find a locally finite closed refinement 7 = {F:s € S}
of the open cover {U, : x € X} of the space X. It is evident that F is metrizable for
each s € §.

Fact 1. Suppose that Y, is a metrizable space for each index ¢ € T. Then the space
Y= {Y,:t €T} is metrizable (see Problem 113 for the definition of the discrete
union).

Proof.Foreach t € T fix a base BB, in the space Y, such that B, = | J{B} : n € v} and
each B} is a discrete family (see Problem 221). We will identify each Y, with the
respective clopen summand of Y. Then the family B, = |J {B; : t € T} is discrete
foreachn € w and B = |J{B, : n € w} is a base in Y. Applying Problem 221 once
more we can conclude that Y is metrizable. Fact 1 is proved.

For each s € S let i; : F; — X be the respective identity map, i.e., iy(x) = x for
each s € S. The space F = @ {F: s € S} is metrizable by Fact 1. We also identify
each F; with the respective clopen subspace of F. Given x € F take s € S withx € F
and let f{x) = iy(x). The resulting map f : F — X is perfect. Indeed, the family F is a
cover of X which implies that fis onto. Since F is point-finite, every f~'(x) is finite
and hence compact. Given a closed P C X we have fﬁl(P) =U{P N F;:s€S}
(here each F is considered to be the respective subspace of F'). The last set is closed
in F because each P N Fis closed and the family {P N F,:s € S} is discrete in F.
This shows that the map f is continuous.

To finally see that fis closed, take any closed Q C F. Then O N Fis closed for
each s € S and hence J{Q N F,:s € S} isclosed in X (here each F is considered to
be the respective subspace of X) because the family {Q N F:s € S} is locally finite
and hence closure-preserving (Fact 2 of S.221). Since Q) = J{Q N F,:s €S}, we
proved that the map f is closed and hence perfect. A perfect image of a metrizable
space is metrizable (Problem 226) so our solution is complete.

S.235. Let N be the Niemytzki plane. Prove that ext(C,(N)) = ¢. Deduce from this
fact that C,(N) is not normal.

Solution. For any ¢ € [0, 1], we will define a (discontinuous) function f; : R — R.
First letf,(x) =0 for any x € (—oo, —1) U [—£,0) U [¢, + 00). If x € [—1, —¢) then
fi(x) = —L and f;(x) = L for all x € [0, 7).

Fact 1. The set D = {f; : t € [0, 1]} is closed and discrete in RE.

Proof. Observe that f,(f) = f(—t) = 0 for all ¢+ € [0, 1]. Given s > ¢ we have
f:() = 1> 1.If s < t then f(—1) = —& = 1> 1 > 1. As a consequence,

S—l
the set V, {f € R {f().f(-n} c (-1, )} isopen in R¥ and V, N D = {f,}
which shows that D is discrete.
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Let & be the function equal to zero at all points of R. Note that 2 € V; and V; N
= {f1} # h. This shows that 2¢ D. Suppose now that g € D\D and g # h. It is
evident that g(x) = O for all x € R.

Claim. Suppose that xo € [0, 1), g(xg) > 0 and g(xp) = f(xo) for some ¢ € [0, 1].
Then g(x) = f(x) for any x € [0, 1). Analogously, if xo € [—1, 0), g(xg) > 0 and
g(xp) = fi(xp) for some ¢ € [0, 1], then g(x) = fi(x) for any x € [—1, 0).

Proof of the Claim. Let xo € [0, 1). Then g(xo) = fi(x0) = tj’o
[0, ) for which g(x) # fi(x) and consider ¢ = |g(x) — f(x) | > 0. If 6 > 0 and
Ifs(x0) — fi(xo)| = |s71x0 - ﬁ| < dthen |t — 5| <J|(s — x0)(r — x0)| < 0. If 0 is suffi-
ciently small and | # — s | < d then | (s — x)(r — x)| = A >0, where Aisa constant which

does not depend on 6. For such ¢ we have |f;(x) — fi(x)| = 16 t) <S| ol < 2. This proves
that for a sufficiently small § > 0 we have |f;(x) — f;(x)| <5 forany s € (t —0,t+9).

Observe that g € D implies that, for the found § > 0, there is an s € [0, 1] such
that |f,(xo) — g(xo)| = [fs(xo) — filxo)| < 6 and |f(x) — g(x)|< 5. We saw already that
|s — ¢ < d and hence [f;(x) — fi(x)|< 5. Therefore & = |g(x) — fi(x)| < [g(x) — f(x)]
+ [fi(x) — f®)| < 5+ %= ¢ which is a contradiction proving that g(x) = f,(x)
for all x € [0, £). We must also show that g(x) = 0 for all x > ¢. Suppose not. Since
f@) =0 or f;(x) = - > 7 for each s € [0, 1], we have g(x) > = = fi (x). Thus
there exists s € [0, 1] with fi(x) = g(x). Evidently, s # . The ﬁrst part of the
proof of this claim shows that fi(y) = g(y) for all y € [0, s) and hence
(0) = £;(0) =1 =£,(0) = 1 whence s = 1, a contradiction. The case x, € [0, 1) is
settled and the proof is analogous for xy € [—1, 0). The claim is proved.

Returning to the proof of Fact 1 observe that g(xg) > 0 for some xy € [—1, 1).
Suppose first that xo > 0. We already saw that fi(xo) = 0 or f;(x0) > 1=
[0, 1] which means g(xp) = ﬁ This implies that g(xo) = fi(xo) for some ¢ € [0, 1].
Our claim shows that g(x) = f(x) for each x > 0 and, in particular, g(r) = 0. If
g(—t) =0then g € V,and V, N D has only one point which contradicts g € D\D.
Therefore g(—t) > 0 and there is s # ¢ with g(—¢t) = fi(—f). Applying again our
claim we conclude that g(x) = fi(x) for any x < 0.

If xy < 0 the same reasoning shows that there are distinct s, ¢ € [0, 1] such that
g(®) = f,(x) for all x < 0 and g(x) = f,(x) for every x > 0. Now observe that g € D
implies that for any ¢ > 0 there exists @ € [0, 1] with |[f,,(—1) — g(—1)| < ¢ and
[fw(0) — g(0)| < &. In other words |- — 7| <& and |+ — 1| <& However, these
inequalities cannot both be fulfilled for sufficiently small ¢ because they imply
[w — 5] < ¢ and |w — 1] < ¢ which gives a contradiction for & < o~ t‘ Fact 1 is
proved.

Now let N be the Niemytzki plane. We will use the notation from Problem 233.
Let L = {(x,0) : x € R} C Nand P = N\L. We will denote by N’, L and P’ the
respective sets N, L and P with the topology induced from R?.

Fact 2. For every number ¢ € [0, 1] there exists a function g, € C,(N) such that
f: = g:|L. The functions f; are the ones from Fact 1 and we identify the sets L and R
considering (x, 0) € L and x € R to be the same point.
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Proof. Given any z = (x, 0) € L and n € N, consider the set C,(z) = {(a, b) € R?:
(a—x)*+(b— %)2 < L}\{z}. In other words, C,(z) is a closed circle centered
at the point (x, %) of radius % without the point z. Fix any ¢ € [0, 1] and pick n € N
such that the sets C,(—1), C,(—7), C,(0) and C,(¢) are disjoint. Denote by P, the set
{—=1,—1,0,¢} CL. Theset F = (L'\P)UC,(—=1)UC,(—t) UC,(0)U C,(2)is closed
in the normal space N'\P,. Let p/(z) =fiz) if z € L and p,(z) =0 forall z € C,(—1)
U C,(—1) U C(0) U C,(2). It is easy to see that ¢, is a continuous function on F. By
normality of N'\P, there exists ®, € C(N'\P,) with ®,|F = ¢,. Finally, let g/(z) =
®,(z) for any z € N'\P, and g,(z) = 0 if z € P,. The function g, is as promised.

Indeed, it is evident that g,/L = f; so we only have to check that g, is continuous
on N. Now g, is continuous at every point of N'\P, and hence at every point of N\ P,
(Fact 1 of S.233). But g, is also continuous (in N!) at all points of P, because every z
€ P, has a neighbourhood on which g, is identically zero. This finishes the proof of
Fact 2.

Now it is easy to finish our solution. The restriction map 7, : C,(N) — RE is
continuous and 7, (C,(N)) D D = {f; : t € [0, 1]} by Fact 2. The set D is closed and
discrete in 7. (C,(N)) by Fact 1 and n (H) = D where H = {g,: t € [0, 1]}. It is
immediate from the equality 7, (/) = D that H is closed and discrete in C,(N). This
proves that ext(C,(N)) = ¢. Since iw(N) = w (Problem 233(ii)), the space C,(N)
is separable (Problem 174). Now apply Problem 164 to conclude that C,,(N) is not
normal. Our solution is complete.

S.236. Let (X, d) be a metric space. Say that a family F of subsets of X has elements
of arbitrarily small diameter if, for any ¢ > 0, there is F € F such that diam(F) < ¢.
Prove that the following properties are equivalent:

() (X, d) is complete;

(if) for every decreasing sequence Fy D Fy D ... of closed non-empty subsets of
X such that diam(F;) — 0 when i — oo, we have (\{F;:i € N} # ().

(iii) for any centered family F of closed subsets of X which has elements of arbit-
rarily small diameter, we have (\F # (.

Solution. Suppose that (X, d) is complete and {F, : i € N} is a decreasing sequence
of non-empty closed sets with diam(F;) — 0. Take any x; € F; for all i € N. We
claim that the sequence {x;} is fundamental. Indeed, if ¢ > O then find m € N such
that diam(F,,,) < ¢ and take any n, k = m. We have x,, € F,, C F,, and x, € F;, C F,,
which implies d(x,, x;) < diam(F,,) < &. As a consequence, there is x € X such
that x;, — x. For any n € N we have {x;:i > n} C F, and therefore x € F, = F,,.
Thus x € ({F, : n € N} and (i)=-(ii) is proved.

Assume that (ii) holds and take any centered family JF as in (iii). For each n € N
there is P,, € F such that diam (P,,)<%. For each n € N consider the set F,, = P,
N --- N P, Itis clear that {F,} is a decreasing family of non-empty closed subsets
of X and diam(F,) < diam (P,,)<%. Therefore, diam(F,,) — 0 and hence (ii) is
applicable: there exists x € X with x € (|{F,,: n € N} =[{P, : n € N}. We claim
that x € (\F. Indeed, if not then x ¢ P for some P € F. Take any ¢ > 0 with B(x, ¢)
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N P = () and any n>%. We have x € F,, C P, and for any y € P,, we have d(y, x) <
diam (P,,)<%<8 whence y € B(x, ¢). This shows that P,, C B(x, &) and therefore P, N
P = (), a contradiction with the fact that F is centered. This contradiction shows that
x € () F and (ii) = (iii) is proved.

Observe that any sequence {F;} as in (ii) is a centered family as in (iii). This
shows that (iii)=-(ii).

Fact 1. Let A be any subset of a metric space (Y, p). Then diam,(A) = diam,(A).

Proof. 1t is absolutely evident that a larger set has a greater diameter which implies
s = diam,(A) < diam,(A). Now, if ¢ > 0 and x,y € A then there are a, b € A with
p(x,a) <4 and p(y,b) <%. Therefore

plx.y) < p(x,a) + p(a,b) + p(b,y) < diam, (4) + &.

Since x, y were chosen arbitrarily, we have diam,(A) < diam,(A) + ¢. The number
¢ > 0 being arbitrary we have diam,(A) < diam,(A) and Fact 1 is proved.

Returning to our solution, assume that the property (ii) holds and take any
fundamental sequence {x,:n € w} C X. Let F,, = {x; : k=n} forall n € w. It is
clear that {F,} is a decreasing sequence of non-empty closed sets. Given ¢ > 0
there is m € w such that d(x,, x;) < & for each n, k = m. This means exactly that diam
({x, : n = m}) < ¢ and hence diam(F,,) < ¢ by Fact 1. Of course, diam(F',,) < diam
(F,,) < ¢foreach n = m and this shows that diam(F,) — 0.

Applying (ii) we conclude that there exists x € ({F, : n € w}. To show that
X, — X, take any ¢ > 0. There exists m € w with diam(F,,) < &. Thus for any n > m
we have x € F,, C F,,and x,, € F,, C F,,, whence d(x, x,,) < diam(F,,) < &. We proved
that x, — x so (ii)=-(i) holds and our solution is complete.

S.237. Show that every metric space X is isometric to a dense subspace of a
complete metric space X, which is called the completion of X.

Solution. We will need the following fact.

Fact 1. Let (X, d) be a complete metric space. Then for any closed F C X the metric
space (F, dr) is complete where dr = d|(F X F).

Proof. If S = {x,} C F is a fundamental sequence then S is fundamental considered
as a sequence in X. Therefore x,, — x for some x € X. It is clear that x € F = F and
therefore {x,} converges to x € F considered as a sequence in F. Fact 1 is proved.

Fact 2. Let X be an arbitrary space. Given any functions f, g € C*(X) let p(f, g) =
sup{|f(x) — g(x)| : x € X}. Then p is a complete metric on C*(X).

Proof. There exists K € R such that |f(x)| < K and |g(x)| < K for all x € X. Therefore
[f(x) — g(@)| < |f(x)] + |gx)| < 2K and hence p(f, g) is well defined. Let us check
that p is a metric on C*(X). If f = g then f{x) — g(x) = 0 for all x € X and hence
o(f, &) = 0. If p(f, g) = 0 then fix) — g(x) = 0 for all x € X which implies f = g so
(MS1) holds for p. The axiom of symmetry holds for p because |[f(x) — g(x)| =
|g(x) — f(x)| for all x € X. Finally, if f, g, h € C*(X) then, for any x € X, we have
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[f0) = h()| < [fx) = g + [8(x) — ()| < p(f. 8) + p(g. h). Since p(f, &) + p(g, h)
does not depend on x, we can pass to the supremum in the last inequality obtaining
o(f, h) < p(f, g) + p(g, h) i.e., the triangle inequality also holds for p. Hence p is a
metric on C*(X) and we only have to verify that p is complete.

Let {f, : n € w} be a Cauchy sequence in (C*(X), p). Given an arbitrary x € X
and ¢ > 0 there is m € w such that p(f;, f;) < & for all n, k = m. Therefore |f,(x) —
S| < p(fy, fi) < € and hence the numeric sequence {f,(x)} is fundamental in
R with the usual metric. Since R is complete (Problem 205), the sequence {f,(x)}
converges to a number we will call f{x). To finish the proof of Fact 2 it suffices to
show that f is a limit of the sequence {f,} in the space (C*(X), p).

Given ¢ > 0 there exists m € w such that p(f,, fi) < 5 for all n, k > m. As a
consequence, we have [f,(x) — fi()| < p(fu i) < £ for all x € X. Taking the limit of
the sequence {f;(x)} when k — oo we obtain [f,,(x) — flx)| < £ <egforany n > mand
x € X. This proves that the sequence {f,} converges uniformly to f and hence f is
continuous (Problem 029).

By uniform convergence of {f,} there is m € w such that |f,,,(x) — f(x)| < 1 for all
x € X. The function f,, is bounded so there is K € R such that |f,,(x)] < K for all
x € X. Therefore |f(x)| < |f,,(x)] + 1 < K + 1 for every x € X which proves that fis
also a bounded function, i.e., f € C*(X).

Let U be an open set in (C*(X), 7(p)) with f € U. There is & > 0 such that B,,(f, )
C U.Sincef, = f, there is m € w such that |f,(x) — f(x)| <5 forallx € X and n > m.
It is immediate from the definition of p that p(f,, f) < § < ¢ and hence f,, € B,(f, ¢)
C U for all n = m. Hence f,, — f in the space (C*(X), p) and our proof of Fact 2 is
complete.

Returning to our solution, take any metric space (X, d) and fix a point a € X. For
any x € X let p(x)(z) = d(z, x) — d(z, a) for all z € X. This gives us a function ¢(x) :
X — R. Since d is continuous (Problem 202), the map (x) is continuous for each x
€ X. By triangle inequality, we have d(a, z) < d(a, x) + d(x, z) and therefore ¢(x)(z)
=d(z,x) — d(z,a) = — d(a, x) for any z € Z. Analogously, d(x, z) < d(x, a) + d(a, z)
which shows that ¢(x)(z) = d(x, z) — d(z, a) < d(a, x) for all z € X. We proved that
—d(a, x) < ex)(z) < d(a, x) for all z € X, i.e., p(x) is a bounded function.
Consequently ¢ : X — C*(X). We will prove that ¢ is an isometry of (X, d) onto
(¥, pY), where Y = o(X) and py = p|(Y x Y). Here p is the metric on C*(X)
introduced in Fact 2.

It suffices to show that p(¢(x), ©(y)) = d(x, y) for any x, y € X. Given any z € X
we have

lp()(2) — eW)(2)| = |d(z, x) — d(z, a) — d(y, z) + d(z, a)| = |d(z, x) — d(z,y)| < d
(x, ), and therefore we have p(¢(x), ©(y)) < d(x, ¥). On the other hand, the equality
p(() — ()| = d(x, y) implies that d(x, ) < p(4(x), P(»). Thus p is an
isometry and the space Y is a dense subspace of the space X =Y (the closure is
taken in (C*(X), 7(p))), which is complete by Facts 1 and 2. Since (X, d) is isometric
to (Y, py), our solution is finished.
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S.238. Let A be a dense subset of a metric space (X, d). Suppose that (Y, p) is a
complete metric space, B C Y and p : A — B is an isometry. Prove that there exists
an isometry ¢ : X — Y' C Y such that ¢p|A = .

Solution. Let us formulate the following easy fact for further references.

Fact 1. Suppose that X is a space, {x,} C X and x,, — x. If f: X — Y is a continuous
map then f(x,) — f(0).

Proof. An easy exercise.

Take any x € X. Since x € A, there is a sequence {a,(x)} C A with a,(x) — x
(Problem 210). The sequence {y(a,(x))} has to be fundamental because it
is isometric to the convergent sequence {a,(x)} and any convergent sequence is
fundamental. The space (Y, p) is complete and hence there is y € Y such that
p(a,(x)) — y. Letting p(x) = y we obtain a function ¢ : X — Y. Let us show that ¢ is
as promised.

(1) ¢|A = . For any x € A we have a,(x) — x and hence ¢(a,(x)) — ¢(x) by
continuity of ¢ and Fact 1. We also have ¢(a,(x)) — ¢(x) by definition of ¢(x).
It is easy to see that a convergent sequence in a Hausdorff space has only one
limit, so ¢(x) = ¢(x) and hence p|A = .

2) p(px), p(y)) = d(x, y) for any x, y € X. Let z,, = (a,(x), a,(y)) € X x X for all
n € w. Itis clear that z, — z = (x, y) so d(a,(x), a,(y)) — d(x, y) by continuity
of d (Problem 202) and Fact 1. Now, p(p(a,(x)), v(@.(y))) — p(d(x), o))
by continuity of p and Fact 1. Noting that p(¢(a,(x)), ¢(a,(y))) = d(a,(x),
a,(y)) — d(x, y) we convince ourselves that p(¢(x), ¢(y)) = d(x, y).

Letting Y'; = ¢(X) C Y we have the promised isometry ¢ : X — Y, so our
solution is complete.

S.239. Let (X, d) and (Y, p) be complete metric spaces. Suppose that A is dense in X,
and B is dense in Y. Prove that any isometry between A and B (with the metrics
induced from X and Y, respectively) can be extended to an isometry between (X, d)
and (Y, p). In particular, the completion X of a metric space X is unique in the sense
that if Z is another completion of X then there is an isometry between X and Z which
is the identity restricted to the respective copies of X.

Solution. Let f: A — B be an isometry. It is evident that fis a bijectionand g =f ' :
B — A is also an isometry. Apply Problem 238 to obtain an isometry F: X — Y C Y
such that F|A = f. It suffices to prove that ¥’ = Y so take any y € Y. Since y € B,
there is a sequence {b,,: n € w} C B with b,, — y. If we leta, = g(b,) foralln € w
then the sequence {a,} is fundamental being isometric to the convergent (and hence
fundamental) sequence {b,}. The space (X, d) being complete there is x € X with
a, — x. Being an isometry the map F is continuous which implies F(a,) — F(x) and
b, =f(a,) = F(a,) — y whence F(x) = y. The point y was chosen arbitrarily so F' is
an isometry between (X, d) and (¥, p).
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To finish our proof suppose that i : X — M and j : X — L are isometries, the
spaces M and L are complete (with their respective metrics) and the images i(X) and
j(X) are dense in M and L, respectively. The map f = j o i ' : i(X) — j(X) is an
isometry, so we can apply what we proved before to the sets A = i(X) and B = j(X)
to obtain an isometry F' : M — L such that F|i(x) = f. If we identify X with i(X) and
JX) then F is an isometry between M and L such that F|X is an identity.

S.240. Given metric spaces (X, d) and (Y, p), call amap f : X — Y a contraction if
there is k € (0, 1) such that p(f(x), f(y)) < k- d(x, y) for any x,y € X. Prove that any
contraction is a uniformly continuous map.

Solution. Given ¢ > 0 let 6 = {. If x, y € X are arbitrary points with d(x, y) < é then
p(f(x), fy)) < k-d(x,y) < k-6 = ¢ and we are done.

S.241. Let (X, d) be a complete metric space. Prove that if f: X — X is a contraction,
then it has a unique fixed point, i.e., there is a unique x € X such that f(x) = x.

Solution. Let £ € (0, 1) be the coefficient of contraction for the function f, i.e.,
d(f(a), f(b)) < k - d(a, b) for all a, b € X. Fix any point xy € X and consider
the sequence x; = fixg), x» = fixy), ..., x,o1 = flx,) and so on. The sequence
{x, : n € w} being constructed, let us establish that

(%) d(x,, Xp1) < K"+ d(xg, x1) for all n € N.

We will prove the property (%) by induction on n € N. Note that we have
d(xq, xp) = d(f(xg), f(x1)) < k - d(xo, x1) which proves (x) for n = 1. Now, assume
that we proved the inequality (x) for n = m. Then d(x,,,1 1, X2 = (X)), K1) < k
cd s Xps1) < k- K™+ d(xg, x1) = K" - d(xo, x1) and (%) is proved for n = m + 1 and
hence it holds for all n € N.

Applying (x) we obtain the following property:

d(xrm-merp)< d(xmaxm+1) + d(xm+17xm+2) + d(merpflv-merp)

(%) < (K" R e R - d (3, 1)
_pm 1=k
= k" 1 ;

1—

. d()((),xl) < % . d()((),xl),

for any m, p € N. We are now in position to prove that the sequence {x,} is
fundamental. Given any ¢ > 0 there exists m € N such that {7 - d(xo, x1)<e for all
n = m. For any n, k = m such that n < k apply (x¥)tom =nand p =k — n to
conclude that d (x,,,xk)S% - d(xg,x)<e. Thus the sequence {x,} is fundamental.
Since (X, d) is complete, there is x € X such that x, — x. The map f being
continuous, we have x,.; = f(x,) — f(x) whence x = f(x), i.e., x is a fixed point
of the function f.

Finally, to see that x is a unique fixed point, suppose that f(y) = y for some y € X.
Then d(x, y) = d(f(x), f(y)) < k - d(x, y) which immediately implies d(x, y) =0, i.e.,
X =y so our solution is complete.

S.242. Let (X, d) be a compact metric space. Prove that, for any metric space (Y, p)
and any continuous f: X — Y, the map f is uniformly continuous.
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Solution. Take any ¢ > 0 and consider the open cover U = {Bp (y,%) 1y € Y} of
the space Y. The family V = {f'(U) : U € U} is an open cover of X. For each x € X
fix 0(x) > 0 such that B,(x,20(x)) C V for some V € V. There exist x, ... ,x, € X
such that X = B,(x;, 6(x;)) U - - - U By(x,, 6(x,)). The number 6 = min{d(x,), ...,
d(x,,)} is as required. Indeed, suppose that d(a, b) < §. There exists i < n such that a
€ B,(x;, 6(x;)). Then d(x;, b) < d(x;, a) + d(a, b) < d(x;) + ¢ < 20(x;) and therefore
a, b € By(x;, 20(x;)) C V for some V € V. Take U = B, (y,%) € U such that V =
f7'(U) and observe that f(a),f(b) € B,(y,%) implies p(f(a), (b)) < p(f(a),y) +
p(y, f(b)) <4+ 4% = ¢ and our solution is complete.

S.243. Let (X, d) be a metric space such that, for any metric space (Y, p), any
continuous map f : X — Y is uniformly continuous. Must X be a compact space?

Solution. No, X need not be compact. Consider X = D(w) with the metric d defined
by d(x, y) = 0 if x = y and d(x, y) = | otherwise. Then d generates the discrete
topology of X (Problem 204) and X is not compact. Now take any metric space
(Y, p),anymapf: X — Yand any ¢ > 0. If § :%andd(x,y) < ¢ then x = y and
therefore p(f(x), f(y)) = 0 < & which shows that f is uniformly continuous.

S.244. Let (X, d) be a compact metric space. Prove that, for any open cover U of the
space X, there is a number § = 6(U) > 0 such that for each A C X with diam (A) < o
there exists a set U € U such that A C U. The number 6(U) is called the Lebesgue
number of the cover U.

Solution. For any x € X fix d(x) > 0 such that B(x, 26(x)) C U for some U € U.
Find x4, ..., x, € X such that X = B(x;, 6(x;)) U - - - U B(x,, 0(x,,)) and consider 6
= min{d(xy), ..., d(x,)} > 0. The number § = () is as required. Indeed, take
any set A C X with diam 4(A) < 6. If A = () then there is nothing to prove. If not,
fix a point x € A; there is i < n such that x € B(x;, d(x;)); by our choice of d(x;)
there is U € U such that B(x;, 20(x;)) C U. We have d(x;, y) < d(x;, x) + d(x, y) <
o(x;) + 0 < 20(x;) and hence y € B(x;, 26(x;)) C U forany y € Aso A C U and
we are done.

S.245. Let (X, d) and (Y, p) be metric spaces. A set F C C(X, Y) is called
equicontinuous at a point x € X if, for any ¢ > 0, there is 6 > 0 such that
fBalx, 0)) C B,(fx), &) for every f € F. The set F is called an equicontinuous
family if it is equicontinuous at every x € X. Prove that every finite F C C(X, Y) is
equicontinuous.

Solution. Let F = {fi, ... ,f,}. Given a point x € X and ¢ > 0 we can find, for each
i < n, a positive d; such that fi(B,(x, 6,)) C B,(fi(x), ¢). To show that 6 = min{J; :
i < n} is as promised take an arbitrary i < n and observe that f(B,(x, J))
C filBa(x, ) C B,(fi(x), &).

S.246. Given metric spaces (X, d) and (Y, p), a set F C C(X, Y) is called
a uniformly equicontinuous family if, for any ¢ > 0, there exists 6 > 0 such
that, for any x, y € X with d(x, y) < 0, we have p(fix), y)) < ¢ for all f € F.
Prove that
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(i) Every subset of a uniformly equicontinuous set is uniformly equicontinuous;

(i) If F is uniformly equicontinuous then every f € F is uniformly continuous;

(iii) A finite set of maps F is uniformly equicontinuous if and only if each f € F is
uniformly continuous.

Solution. (i) If G C F and ¢ > 0 then there is 6 > 0 such that d(x, y) < ¢ implies
p(f(x), f(y)) < ¢ for all f € F and, in particular, for all f € G. Thus G is uniformly
equicontinuous.

(ii) Fix fy € F and ¢ > 0. There exists a number 6 > 0 such that d(x, y) < o
implies p(f(x), f(y)) < ¢ for all f € F. In particular, d(x, y) < é implies p(fo(x), fo(y))
< ¢ and hence fy is uniformly continuous.

(iii) If a set F is uniformly equicontinuous then each f € F is uniformly
continuous by (ii). Now suppose that 7 = {fi, ..., f,} and each f; is uniformly
continuous. Fix ¢ > 0 and find, for each i < n, a positive 0, such that x, y € X and
d(x, y) < ¢; implies p(fi(x), fi(y)) < &. The number 6 = min{J; : i < n} > 0 is as
needed because if d(x, y) < J then, for any i < n, we have d(x, y) < J; and therefore
p(fi(x), fi(y)) < e. This proves that F is uniformly equicontinuous.

S.247. Let (X, d) be a compact metric space. Given a metric space (Y, p) and an
equicontinuous family F C C(X, Y), prove that F is uniformly equicontinuous.

Solution. Fix any ¢ > 0 and find, for any x € X, a positive d(x) such that
f(Ba(x, 6(x))) C B,(f(x), 5) for any f € F. The family U = {By(x, 6(x)) : x € X} is
an open cover of the compact space X. Apply Problem 244 to find 6 > O such that
d(x, y) < ¢ implies {x, y} C U for some U € U. We claim that § witnesses the
uniform equicontinuity of F. Indeed, take any f € F.If a, b € X and d(a, b) < J then
there is U = B(x, d(x)) € U such that {a, b} C U. By definition of U we have {f(a),
fib)} C fU) C B,(flx), 5) and therefore p(f(a), (D)) < p(fla), f(x)) + p(flx), (b)) <

£ 4% = ¢ and our solution is over.

S.248. Suppose that X is a space and (Y, p) is a (complete) metric space. For any
functions f, g € C*(X, Y) let o(f, g) = sup{p(f(x), gx)) : x € X}. Show that 7 is a
(complete) metric on C*(X, Y). It is called the metric of uniform convergence.

Solution. Given any f, g € C*(X, Y) the sets f{X) and g(X) are bounded in (Y, p).
Consequently, there exist y, z € Y and r, s > 0 such that fiX) C B(y, r) and g(X) C
B(z, 5). This means p(f(x), g00) < p(fx), ¥) + p(, 2) + p(z, g0)) <K =r + 5 +
p(y, 2). Since K does not depend on x € X, we have p(f(x), g(x)) < K and therefore
a(f, &) < K < oo, i.e., o(f, g) is well defined for all f, g € C*(X, Y).

Let us check that ¢ is a metric on C*(X, Y). If f = g then p(f(x), g(x)) = O for all
x € X and hence a(f, g) = 0. If a(f, g) = 0 then p(f(x), g(x)) = 0 for all x € X which
implies f(x) = g(x) for all x € X and hence f = g. This proves that (MS1) holds for o.
The axiom of symmetry holds for ¢ because p(f(x), g(x)) = p(g(x), f(x)) for all
x € X. Finally, iff, g, h € C*(X, Y) then, for any x € X, we have p(f(x), h(x)) < p(f(x),
g(x)) + p(gx), h(x)) < a(f, g) + a(g, h). Since a(f, g) + (g, h) does not depend on
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X, we can pass to the supremum in the last inequality obtaining o(f, 1) < o(f, g) +
o(g, h) i.e., the triangle inequality also holds for ¢ and hence ¢ is a metric on
X Y.

Let (Z, §) be a metric space. If T is an arbitrary space and 4,, : T — Z is a function
for each n € w, say that the sequence {#,} converges uniformly to a function h: T —
Z if, for any ¢ > 0 there is m € o such that 6(h,(x), h(x)) < ¢ forall x € Tand n > m.
This will also be denoted by /4, = h.

Fact 1. Suppose that T is a space and (Z, §) is a metric space. Assume that A, €
C(T, Z) of each n € w and h,, = h for some h : T — Z. Then the function # is
continuous.

Proof. We will show that /4 is continuous at every point ¢ € T. Take any ¢ > 0 and
find m € w such that 6(h,(y), h(y)) <4 forall n > m and any y € T. The function /,,
is continuous at ¢ so there exists U € (¢, T) such that h,(U) C Bs(hu(t),5).
To prove that A/(U) C Bs(h(t), ¢) take any u € U. We have the inequalities
O(h(1),h(u)) < 0(h(t),  hn(t)) + 6(hn(t), hp(u)) + 6(hp(u), h(u)) <5 +5+5=¢
which shows that #/(U) C Bs(h(?), ¢) and therefore /4 is continuous at z. The point
t was chosen arbitrarily so / is continuous and Fact 1 is proved.

Now suppose that the metric space (Y, p) is complete. Let {f,, : n € w} be a
Cauchy sequence in (C*(X, Y), ). Given an arbitrary x € X and ¢ > O there ism € @
such that a(f;, fi) < ¢ for all n, k = m. Therefore p(f,(x), fi(x)) < a(f,, fr) < € and
hence the sequence {f,(x)} C Y is fundamental in (Y, p). Since (¥, p) is complete,
the sequence {f,(x)} converges to some y = f(x) € Y. To finish our solution it
suffices to show that f € C*(X, Y) and f is a limit of the sequence {f,} in the space
(C*(X, Y), o).

Given ¢ > 0 there exists m € o such that ¢(f,, fi) <5 for all n, k > m. As a
consequence, we have p(f,,(x), fi(x)) < o(f,, fi) <5 for all x € X. Taking the limit
of the sequence {fi(x)} when k — oo and applying continuity of the metric p
(Problem 202), we obtain p(f,,(x), f(x)) <5 <& for any n > m and x € X. Therefore,
the sequence {f,,} converges uniformly to the function f and hence f'is continuous by
Fact 1.

By uniform convergence of the sequence {f,} there exists a number m € w such
that p(f,,.(x), f(x)) < 1 for all x € X. The function f,, is bounded so there is a number
K € R such that f,,(X) C B,(a, K) for some a € X. Therefore, we have the inequalities
o(a, f(x)) < pa, f,,(x)) + p(f,(x), fix)) < K+ 1 forevery x € X which proves that f{(X)
C By(a, K+1), i.e., fis also a bounded function, i.e., f € C*(X, Y).

Let U be an open set in (C*(X, Y), 7(g)) with f € U. There is ¢ > 0 such that
B,(f, &) C U. Since f,, = f, there is m € w such that p(f,(x), f(x)) <4 forall x € X
and n > m. It is immediate from the definition of ¢ that ¢(f,, f) <5 <& and hence f,
€ B,(f, ¢) C Ufor all n = m. Hence f,, — f'in the space (C*(X, ), ¢) and our solution
is complete.

S.249. Let (X, d) be a totally bounded metric space. Suppose that (Y, p) is a metric
space and F C C(X, Y) has the following properties:
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(1) The family F is uniformly equicontinuous.
(2) For any x € X, the set F (x) = {f(x) : f € F} is totally bounded in (Y, p).

Prove that F C C*(X, Y) and the family F is totally bounded in C*(X, Y). Here
C*(X,Y) is considered with the metric ¢ of uniform convergence.

Solution. It turns out that being a totally bounded set can be expressed as an internal
property.

Fact 1. Let (Z, p) be a metric space. A set A C Z is totally bounded in Z if and only
if the metric space (A, p,) is totally bounded. Here p, is the metric induced from Z,
ie., pA = p|(A x A).

Proof. Given any z € Z and r > 0, we denote by B(z, r) the ball centered at z of
radius rinZ,i.e.,B(z,r) ={y€Z : p(y,z) <r}.If z€ Athen the set B4(z,r) = {y €
A : pa(y, z) < r} is the respective ball in the metric space (A, p,). It is immediate
that Bs(z, r) = B(z,r) N Aforany z € A and r > 0.

Assume that A is totally bounded in Z. Given ¢ > 0 there exists a finite set ' C Z
such that A C (J{B(z,%) : z € F}. Let {zy, ..., z,} be an enumeration of all z € F
such that B(z,5) N A # (). For each i < n pick a; € B(z,5) N A. The set B = {a; :
i <n} CAisfinite and ( J{Ba(a;, €) : i < n} =A. Indeed, if a € A then there is z € F
with a € B(z,5). In particular, B(z,5) N A # () and hence z = z; for some i < n.
We have p,(a;,a) = p(a;,a)< p(a;,z;) + p(zi,a) <5+5 = e. This implies a €
B(a;, €) and proves that (A, p,) is totally bounded.

Assume now that (A, p,) is totally bounded. Given any ¢ > 0 there exists a finite
set B C A such that | J{Ba(a, ¢) : a € B} = A. Then |J{B(a,¢) :a € B} D |J{Ba
(a,€) : a € B} = A and hence the same set B witnesses the fact that A is totally
bounded in Z. Fact 1 is proved.

Let us first prove that 7 C C*(X, Y), i.e., that each f € F is bounded. The function
fis uniformly continuous by Problem 246(ii) so there is 6 > 0 such that a, b € X
and d(a, b) < ¢ implies p(f(a), f(b)) < 1. Since the space (X, d) is totally bounded,
there is a finite F C X such that X = [ J{B4(x, 0) : x € F}. Let K = max{ p(f(x), f(y)) :
x,y € F} + 2 and choose any a € F. We claim that fiX) C B,(z, r) where z = f(a)
and r = K + 2. Indeed, take any x € X. There is y € F such that d(x, y) < ¢ and hence
p(fx), fiy)) < 1. Therefore p(z, f(x))<p(z, f(y)) +p(f(y), f(x)) <K+ 1<r
and hence f(X) C B,(z, r) which proves that fis bounded.

Denote by X’ set X endowed with the discrete topology. Then any function f :
X' — Y is continuous so C*(X, ¥Y) C C*(X', Y). If ¢’ is the metric of uniform
convergence on C*(X’, ¥) then ¢’ induces the metric ¢ of uniform convergence on
the space C*(X, Y). Therefore, the metrics ¢ and ¢’ induce the same metric X on the
set F. Fact 1 says that total boundedness of F in C*(X, Y) is equivalent to total
boundedness of (F,N) which in turn is equivalent to total boundedness of F in
C*(X', Y). Thus it suffices to prove that F is totally bounded in C*(X’, Y).

Take any ¢ > 0. There exists 0 > 0 such that @, b € X and d(a, b) <  implies
p(f(a), f(b)) < for any f € F. The space (X, d) being totally bounded there
is a finite set A = {ay, ..., a,} C X such that |J {Bd(x, %) tX E A} =X.
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LetU; = Bd(a,-, g) for each i < n. We will need the sets Py = U, P, =U,\Uy, ...,
P,=U\U,; U -UU,_). Itis clear that the family H = {H; : i < n} is disjoint
and [ JH = X. Observe that, for any i < n and any a, b € H; C B, (a;, §/2), we have
d(a, b) < 6 because d(a,b) <d(a,a;) +d(a;,b) < $+2= 5. Recalling the way &
was chosen we obtain

(%) given i < n, we have p(f(x), f(y)) <5forany x,y € H;and f € F.

Without loss of generality we may assume that H; # () for each i < n because we
can throw away the empty elements of H and enumerate the non-empty ones
obtaining a family of non-empty disjoint sets which still has (x) and whose union
is the space X. Pick x; € H; for all i < n. The set P; = F(x;) is totally bounded in
(Y, p) by (2) and hence the set P = | J{P, : i < n} is totally bounded in (¥, p) (it is an
easy exercise to show that a finite union of totally bounded sets is totally bounded).
Therefore we can find a finite T C Y such that

(o) U{B,(t,%) :t€T} DP.

LetE={g.X —Y:g(X) CTand g is constant on H; for every i < n}. It is easy
to see that E is finite. Since g(X’) is finite, the function g is bounded for each g € E.
Thus E is a finite subset of C*(X’, Y). Now take any f € F. For every i < n we have
fx;) € P and hence we can apply (+*) to find #; € T such that p(#;, f(x;)) < 5. Now
let g(x) = t; for all x € H;. Having done this for all i < n we obtain a function g € E.

Given any point x € X there exists i < n with x € H;. We have p(f(x), g(x))<
p(f(x), f(xi)) + p(f(xi), 8(x)) = p(F(x), f(xi) + p(f(xi), g(x:)) < §+% =75 The
last inequality takes place because p(f(x), f(x;)) < § by (+) and p(f(x;), g(x;)) =
p(f(x;), 1;)) < £ by the choice of #;. We proved that p(f(x), g(x)) < % forall x € X
and hence ¢'(f, g) <% < e. Therefore f € B,(g, ¢) and, the function f € F
having been chosen arbitrarily, we have U{B,(g, &) : ¢ € E} D F. This proves
that F is totally bounded in C*(X’, Y) and hence in C*(X’, Y) so our solution is
complete.

S.250. Let X be a compact (not necessarily metrizable) space. Given a metric space
(Y, p), prove that any continuous map f : X — Y is bounded, i.e., we have the
equality CX, Y) = C*(X, Y).

Solution. Fix any y € Y. The family U/ = {B,(y, n) : n € N} is an open cover of
the compact space fiX) C Y. If y = {B,(y, m), ... ,B,(y, ny)} is a finite subcover of
fX) then, for n = max{ny, ..., n} we have fX) C |J7y C B,(y, n) and hence f is
bounded.

S.251. Let (X, d) be a compact metric space. Given a metric space (Y, p) and a family
F C C*(X,Y), prove that F is totally bounded if and only if F is equicontinuous and
Fx) = {fix) : fe F} is totally bounded in (Y, p) for any x € X. Here C*(X, Y) is
assumed to be endowed with the metric o of uniform convergence.

Solution. Given ¢ > 0 the open cover {B,(x, ¢) : x € X} of the compact space X
has a finite subcover. Taking the centers of the balls of this subcover, we
convince ourselves that (X, d) is totally bounded. If F is equicontinuous then it
is uniformly equicontinuous by Problem 247. If, additionally, F(x) is totally
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bounded for every x € X then Problem 249 can be applied to conclude that F is
totally bounded.

Now assume that F is totally bounded. Given x € X and ¢ > 0, find a finite P C F
such that | J{B,(g, ¢): g € P} D F. The set P(x) = {g(x) : x € P} C F(x) is finite. If
y € F(x) then y = f(x) for some f € F. Pick any g € P with a(f, g) < &. Then p(y, g
() = p(f(x), g(x)) < a(f, g) < & which shows that U{B(z, ¢) : z € P(x)} D F(x) and
hence F(x) is totally bounded.

To prove that F is uniformly equicontinuous, take any ¢ > 0 and fix a finite Q C F
such that | J{B,(g,5) : ¢ € Q} D F.Everyf€ F is uniformly continuous because X
is compact. Apply Problem 246(iii) to conclude that Q is uniformly equicontinuous
and hence there exists 6 > 0 such that @, b € X and d(a, b) < o implies
p(g(a), g(b)) < forany g € Q. We claim that o witnesses the uniform equiconti-
nuity of F. Indeed, take any a, b € X with d(a, b) < J. If f € F then there exists
g € O such that o(f, g) < 4. As a consequence, p(f(a), f(b))< p(f(a), g(a))+
p(8(a), g(b) + p(g(b). f(B))< o(f, §) +E+0lf, g) < 5+%+%=2s. This pro-
ves uniform equicontinuity of F and hence our solution is complete.

S.252. Given a compact metric space (X, d), suppose that (Y, p) is a complete metric
space. Prove that a set F C C*(X, Y) is compact if and only if it is closed,
equicontinuous and F(x) = {fix) : f € F} is compact for any x € X. Here
C*(X, Y) is considered to be endowed with the metric o of uniform convergence.

Solution. Assume that F is compact. Then it is closed in C*(X, Y) by Problem
121. Since any compact subset of any metric space is totally bounded, we can apply
Problem 251 to conclude that F is equicontinuous. Now fix any x € X. Consider the
map Y : C*(X, Y) — Y defined by y(f) = fix) for any f € C*(X, Y). To see that this
map is continuous, fix any function f € C*(X, Y) and ¢ > 0. If g € U = B,(f, ¢) then
P, Y(N) = p(g(x), f) < a(f, g) < & which shows that y(U) C B,(p(f), &) and
hence / is continuous at the point f. Observe that F(x) = yy(F) and therefore the set
JF(x) is compact being a continuous image of a compact space F. This finishes the
proof of necessity.

To prove sufficiency, suppose that F is closed, equicontinuous and F(x) is
compact (and hence totally bounded) for any x € X. Applying Problem 251 we
can see that F is totally bounded in C*(X, Y). The space (C*(X, Y), o) is complete
by Problem 248. As a consequence, (F, or) is complete by Fact 1 from S.237.
Here 67 = o|(F x F). Any complete totally bounded metric space is compact by
Problem 212(iv) so F is compact and our solution is complete.

S.253. Let (X, d) and (Y, p) be compact metric spaces. Show that a set F C C(X,Y)
=C*(X,Y) is compact if and only if it is closed and equicontinuous. Here C*(X, Y)
is assumed to be endowed with the metric o of uniform convergence.

Solution. It is easy to see that every compact metric space is complete. Therefore
(Y, p) is complete and Problem 252 is applicable to conclude that F is closed and
equicontinuous if it is compact.
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Now suppose that F is closed and equicontinuous. To show that it is compact,
observe that F(x) = {f(x) : x € F} is totally bounded being a subset of a totally
bounded space (Y, p). This makes it possible to apply 251 to conclude that F is
totally bounded in C*(X, Y). Since F is closed in C*(X, Y), it has to be complete by
Problem 248 and Fact 1 from S.237. Now we can apply Problem 212(iv) again to
conclude that F is compact.

S.254. Let (X, d) be a compact metric space. Prove that a set F C C*(X) is compact
if and only if it is closed, bounded and equicontinuous. Here the space C* (X) = C
(X) is assumed to be endowed with the metric ¢ of uniform convergence.

Solution. Since R is a complete metric space (Problem 205), we can apply
Problem 252 to see that F is closed and equicontinuous if its is compact. It is an
easy exercise to prove that any compact subspace of any metric space is bounded so
necessity is established.

Now suppose that 7 C C*(X) is closed, bounded and equicontinuous. Fix x € X.
Since F is bounded, we have diam(F) = K < oo. Fix f € F and take any g € F.
Then |g(x) — f(x)| < o(f, g) < K and therefore g(x) € [fix) — K, f(x) + K],i.e., F(x) C
[f(x) — K, fix) + K]. This shows that F (x) is bounded in R. Every bounded subset of
R has a compact closure which implies that F(x) is totally bounded in R. Thus we
can apply Problem 251 to assert that F is totally bounded in C*(X). Since C*(X) is
complete (Problem 248), so is F. Every totally bounded complete metric space is
compact by Problem 212(iv), so F is compact and our solution is finished.

S.255. Given a space X, for eacht € T, let X = \J{X, x {t} : t € T}. Define the map
q:: X, x {t} — X, by the formula q{x,t) = xforallt € Tand x € X,. If U C X, let
UertifqU N (X, x {t}))isopeninX,forall t € T. The family 7 is a topology on X
(see Problem 113); the space (X, 7) is called the discrete (or free) union of the
spaces X, and we also denote (X, 7) by @ {X,:t € T}. Suppose that X = P {X,:
t € T}, where |X,| < o for each t € T. Prove that Cp(X) is homeomorphic to a
product of metric spaces. Give an example of a space Y such that C,(Y) is homeo-
morphic to a product of metric spaces but Y cannot be represented as a discrete
union of countable spaces.

Solution. Apply Problem 114 to conclude that C,,(X) is homeomorphic to the space
[[{C,(X;) :t€T}. Since X, is countable, the space C,(X,) is metrizable
(see Problem 210) for each t € T so C,(X) is homeomorphic to a product of
metrizable spaces.

To construct our space Y we will need the set N, = {y* : n € w} wherey” = (n,a)
for each n € w and o« < w;. Let F = |J{N, : @ < w;} U {0}. All points of [ J{N,, :
o < w;} are isolated in F and U > 0, U C F is open in F if and only if N,\U is finite
for all @ < w,. We leave to the reader the trivial verification that F' is a Tychonoff
space.

Let D = {d, : « < w} be a discrete space of cardinality w;. ThenY =F @ D is
our promised space. Observe that if a space Z is a discrete union of countable spaces
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then every point of Z has a countable neighbourhood. Since any U € 7(0, Y) is an
uncountable set, the space Y cannot be represented as a discrete union of countable
spaces. So to finish our solution, we will establish that C,,(Y) is a product of metric
spaces.

Given o < wy, let S, = {x% : n € w} U {x,} be a faithfully enumerated sequence
converging to the point x,, for each a < @,. Take any new point p and let S = P
{S,:a<w} @ {p}.Itisevident that S is a discrete union of countable spaces so
Cp(S) is homeomorphic to a product of metric spaces. Thus it is sufficient to show
that C,(Y) is homeomorphic to C,(S).

First let i(0) = p, i(d,) = x, and i(y?) = x* for any o < w; and n € . It is evident
thati:Y — Sis a (discontinuous!) bijection. Given f € C,(S), define a function g =
©(f) € Cy(Y) as follows: g(0) = f(p) and g(y%) = f(x2%) — f(x,) + f(p) for all & <
w; and n € w. Besides, we let g(d,) = f(x,) for all & < w;. It is immediate that g is
indeed a continuous function on Y. To see that the mapping ¢ : C,(S) — C,(¥)
is continuous, let us check its continuity at an arbitrary point fy € C,(S). So, if
8o = ¢(fo) and W € 7(go, C,(Y)) then there exist a finite set A C ¥ and ¢ > 0 such that
0(g0, A, &) = {g € C,(Y) : |g(») — go(y)| < eforally € A} C W.If we make A larger,
the set O(go, A, €) becomes smaller, so we can assume, without loss of generality,
that 0 € A and d,, € A whenever y% € A for some o« < w; and n € .

The set U = {f € C,(S) : |f(x) —fo(x)] <§ for any x € i(A)} is an open
neighbourhood of fy in C,(S). If f € U, g = ©(f) and y € A then there are three
possibilities:

(a) y = 0. Then i(y) = p and hence |g(y) — g (¥)| = |/ (p) —/o(p)| < 5 <e.
(b) y =d, for some o < w;. Then |g(y) — go(¥)| = [f(x2) —folxx)| <5 < &
() y=y% for some o < w; and n € . Then |g(y)—go(y)| = |f(x%)—

F@a) +1(p) = folxy) + folxe) —folp)|<If(x5) = fole)] + |f () — folxa)| +
lf(p) —foP)l<5+5+5=¢
so in all cases g = ¢(f) € O(go, A, ¢) C W whence p(U) C O(gp, A, ¢) C W and
therefore ¢ is continuous at the point f;.
Given an arbitrary g € C,(Y), define a function f = d(g) € C,(S) as follows:
fp) = g(0), fix,) = g(d,) and f (x};) = g(v) — g(0) + g(d,) for all & < w, and
n € w. It is immediate that f: § — R is indeed a continuous function and J is the
inverse map of . Let us show that 6 : C,(Y) — C,(S) is continuous at an
arbitrary point gg € C,(Y). Take any open neighbourhood U of the function
fo = 9(go) in the space C,(S). There exists a finite B C S and & > 0 such that
W(fo, B, &) = {f € C,(S) : [fx) — folx)| < & for all x € B} C U. If we make
B larger, the set W(fy, B, ¢) becomes smaller, so we can assume, without loss of
generality, that p € B and x, € B whenever x; € B for some o < w; and n € w.
The set V = 0(go,i'(B),%) is an open neighbourhood of gy and d(V) C
W( fo, B, €) C U. Indeed, take any g € V and let f = d(g). Given x € B, we
have three possibilities:

(@) x = p. Then [f(x) — folw)] = |3(0) — g0(0)] <% < .

(e) x = x, for some a < w;. Then |f(x) — fo(x)| = |g(dx) — go(dx)| <5 < .
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(f) x =x% for some a < w; and n € . Then |[f(x) — fo(x)| = |g(¥%) + g(dx)—
8(0) = g0(v7) — 8o(dx)+ go(0)[< |8 (v7) — 8o (v7) |+ |8(dx) = go(ds)|+ |8(0)—
g0 <5+5+5=¢
so in all cases f = d(g) € W(fy, B, ¢) C U whence 6(V) C W(fo, B, &) C U and
therefore ¢ is continuous at the point go. This proves that ¢ is a homeomorphism
and finishes our solution.

S.256. Suppose that C,(X) is homeomorphic to a product of metrizable spaces.
Prove that, if X is Lindelof or pseudocompact, then it is countable.

Solution. Suppose that C,(X) = [[ {M, : t € T}, where M, is a metrizable space for
eacht € T.If , : C,(X) — M, is the natural projection then we have M, = m(C,(X))
and hence ¢(M;) < ¢(C,(X)) = w (see Problems 111 and 157(i)). Since the space
M, is metrizable, its weight has to be countable (Problem 214) and hence C,(X) is
homeomorphic to a product of second countable spaces. Note that we can assume
that every M, has at least two points because a product does not change if we throw
away its one-point factors.

Suppose that X is uncountable. Then w(C,(X)) > w (see Problem 169) and
hence T has to be uncountable too (see Problem 209, 207 and 210). Choose a set
S C T with |S| = w; and fix distinct points a,, b, € M, for each ¢ € T. The space
D=][{{a;b;} :t €S} x[[{{a;}:t €T\S} is a subspace of the product
[[{M;:t€T} =C,(X) and has one-point factors for all indices in T\S. As a
consequence, D is a subspace of C,(X) homeomorphic to {0, 1}** so we will
identify D with {0, 1}“".

Let By = {{0}}; given o < wy, o > 0let B, = {(B, o] : f < a}, where (8, «] =
{yew:p<y<al.

Fact 1. The families {5, : « < »;} generate a topology 7 on w; + 1 as local bases;
this topology is Tychonoff and compact.

Proof. We leave it to the reader to check the properties (LB1)—(LB3) from Problem
007; let us prove that the space (w; + 1, 7) is Tychonoff. Observe first that the set
(«,a] = {f < wy : p < a} is an open neighbourhood of o for any o € w,. The next
observation is that any interval I = (f3, ] is a clopen(=closed an open) subset of
w; + 1.Indeed, I € B, sol € 7. To see that [ is closed note that (<, y] N I=0ify < fB
and (o, 7] N I =0 if o < y. Thus every y € (@, + 1)\ I has an open neighbourhood
lying in (w; 4+ 1)\I whence I is closed.

Now, if & € w; and F is a closed set, o ¢ F then there is § < o such that (f3, o]

N F = (). Since the set W = (8, «] is clopen, the function f equal to 1 on W and

to zero on (w; + 1)\W, is continuous. Since f{z) = 1 and f(F)) C {0}, the function
f witnesses the Tychonoff property of w; + 1.

To finally see that w; + 1 is compact, take any open cover U of w; + 1. Let o =

w; and pick any Uy € U with fy € U,. There is | < g such that (1, o] C Uy. If

we have chosen Uy, ..., U, € U and 5 > f; > -+ > P,4 such that §; € U; and

(Biy1> Pl C U;forall i < n, choose U, € U with . € U,y and 8,12 < f11
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such that (8,12, f,.+1] C U, . This inductive construction cannot go on for all n €
 because the set w; + 1 is well ordered, so f5,,,; = 0 for some n € w which means
that the finite family {U,, ..., U,} C U covers all points of w; except, maybe, 0.
Therefore U/ has a finite subcover which shows that w; 4 1 is compact. Fact 1 is
proved.

Fact 2. Let r : w; — w; be a function such that r(«) < o for any o < w;. Then there
is f < w; such that 7' () is uncountable.

Proof. Assume that |r*1(oz)| < o for any o < w; and let Ay = {0}. If we have a
countable set A, C w; let A, | = U{ril(oc) ta < sup(4,)}. It is easy to see that
the set A = | J{A, : n € o} # () is countable and F'(oc) C A for any o € A. Observe
that = sup A ¢ A for otherwise there is 7 > f with 7(y) = fsoy € r'(B) C A,
a contradiction with y > f§ = sup A.

Since oo = r(f) < B, there is y € A such that o < y. If y € A, for some n € w
then (o) C A, C A which is a contradiction with f§ € r~'(a)\A. Fact 2 is
proved.

Fact 3. There is no Lindelof subspace of the space C,,(w; + 1) which separates the
points of w; + 1.

Proof. Let L C Cp(w; + 1) be a Lindelof subspace which separates the points of
wq + 1. Since the map f — (—f) is a homeomorphism of C,(w; -+ 1) onto itself,
the sets —L = {—f:f € L} and L U (—L) are also Lindelof (it is an easy exercise
that a union of two (or even countably many) Lindelof spaces is a Lindelof space).
This shows that we can assume that (—f) € L for any f € L.

For each o < w, fix rational numbers s,, ¢, and a function f, € L such that f,(a) <
Sy < t, < fylwy) or f (o) > s, > t, > f,(w;). However, if we have the second
inequality then, for the function (—f;,) € L, we have the first one. Therefore we can
assume that f,(«) < s, < t, < f,(w;) for all & < w,. Since each f, is continuous, there
exists ff, < a such that f,(y) < s, for each y € (f,, «].

The map r : w; — w; defined by r(x) = f3, satisfies the hypothesis of Fact 2 so
there is § < w; and an uncountable R C w; such that f§, = f§ for all o € R. Passing to
a smaller uncountable subset of R if necessary, we can assume that there are s, t € Q
such that s, = s and ¢, = ¢ for all & € R.

Givenf € L weletE = {f,: o € R} and Oy = L\E if f ¢ E. Then Oy is an open
neighbourhood of fin L such that Oy N E = (0. If f € E then f(w;) > t because
g(wy) > tforall g € E. Choose any s’ € (s, f) and observe that, by continuity of f,
there is y > f such that f(y) > s’ > 5. The set Oy = {g € L : g(y) > s’} is an open
neighbourhood of fin L. If & > v then y € (f, «] = (f,, «] which implies, by the
choice of f3,, that f,(y) < s < s’ whence f, ¢ Oy As a consequence, Oy N E C {f,,:
o < 7} and therefore Oy N E is a countable set.

The family ¢/ = {Of: f € L} is an open cover of the Lindelof space L such that
every U € U intersects only countably many elements of E. If /' is a countable
subcover of U then the uncountable set E is contained in | J &’ while ¢/’ is countable
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and every element of U’ contains only countably many elements of E. This
contradiction finishes the proof of Fact 3.

Fact 4. The space @, + 1 embeds in D = {0, 1}

Proof. Letf,(f) =0if f < wand f,(f) = 1 for all § > o. Then the map f;, : (w; + 1)
— {0, 1} is continuous for each o < w,. Let 7, : {0, 1}*" — {0, 1} be the natural
projection onto the «th factor.

Given ordinals o < w; and § < w; let p(a)(f) = f,(f3); this defines a point p(a) €
{0, 1}*'. The formula o — (o) defines a map ¢ : (w; + 1) — {0, 1}*" which is
continuous because 7, o ¢ = f,|w; is a continuous map for each o < w; (see
Problem 102). If « < § < w; then f,(a) = 0 # 1 = f,(ff) which shows that (o) #
©(p). Thus the map ¢ : (v + 1) — @(w; + 1) is a condensation; the space w; + 1
being compact (Fact 1), the map ¢ is a homeomorphism (Problem 123) so Fact 4
is proved.

Fact 5. No Lindelof subspace of C,(D) separates the points of D = {0, 1}“".

Proof. Assume that some Lindelof L C C,,(D) separates the points of D. By Fact 4,
there exists a subspace W C D which is homeomorphic to w; + 1. Recall that the
restriction map 7y : C,(D) — Cp(W) is defined by ny/(f) = fIW for any f € C (D).
The map myy is continuous (Problem 152) so ny/(L) is a Lindelof subspace of C,,(W).
It is immediate that ny(L) separates the points of W = w; + 1 which contradicts
Fact 3 and proves Fact 5.

Returning to our proof, for any x € X, let ¥ ,(f) = f(x) for any f € D (we now
consider D to be a subspace of C,(X)). The map y : X — C,,(D) defined by y/(x) =/
for all x € X, is continuous (Problem 166); it is an easy exercise to see that the set
Y = y(X) C C,(D) separates the points of D.

If X is Lindelof then Y is also a Lindelof subspace of C,,(D) which separates the
points of D, a contradiction with Fact 5.

Now, assume that X is pseudocompact. Since the space D is separable (Problem
108), the space C,(D) and hence Y, condenses onto a second countable space
(Problem 173). This condensation is a homeomorphism if restricted to Y because
Y is pseudocompact (Problem 140). Thus Y is a second countable (and hence
Lindelof) subspace of C,(D) which separates the points of D; this contradiction
with Fact 5 settles the case of a pseudocompact X and makes our solution
complete.

S.257. Let X be any space. Prove that, for any compact space Y and any continuous
map ¢ : X — Y, there exists a continuous map © : X — Y such that ®|X = f.

Solution. By Problem 126, there is a set B such that ¥ embeds in 8 and hence we
can assume that ¥ C IZ. For the set A = C(X, ) we can identify X with the subset
X = {fy:x € X} C ! Z, where f.(f) = f(x) for any x € X and f € A. By definition,
BX is the closure of X in I*, so we consider that X ¢ f# X = X C I*. Given a
coordinate b € B, denote by p,, : I — I is the natural projection onto the bth factor.
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Analogously, the map ¢;: " — T is the natural projection to the fth factor. Observe
that g4X = fforany f€ A = C(X, I).

For any b € B, the map p,, o ¢ belongs to C(X, II) = A so fix f;,, € A with p,, 0 p =},
It is clear that gy,|X = f}, and therefore gy,|fX : fX — I is an extension of the map
f»to fX. For any x € X let ®(x)(b) = gyp(x) € I ; this defines a point O (x) € 18 so we
have a map @ : fX — I?. We claim that the map ® is continuous, ®|X = ¢ and
d(pX) C Y, ie., ®: fX — Y is a continuous extension of the map .

The map @ is continuous because p;, o @ = gy, is continuous for any b € B (see
Problem 102). If x € X then ®(x)(h) = gy, (x) = f,(x) = p), 0 P(x) = @(x)(b) for every
b € B, this shows that ®|X = . Finally, X is dense in fX implies that ©(X) is dense
in ®(X) so D(SX) C ¢(X) C Y =Y (the closure is taken in I? and the last equal-
ity holds because Y is compact and hence closed in I?). We proved that the map @ :
PX — Y is an extension of ¢ so our solution is complete.

S.258. Let ¢X be a compact extension of a space X. Prove that the following
properties are equivalent:

(i) For any compact space Y and any continuous map f : X — Y there exists a
continuous map F : ¢cX — Y such that F | X = f.

(i1) For any compact extension bX of the space X there exists a continuous map 7 :
cX — bX such that n(x) = x for all x € X.

(iii) There is a homeomorphism ¢ : cX — BX such that p(x) = x for any x € X.

Solution. Take Y = bX and f: X — Y defined by f(x) =xforanyx e X. If F: cX — Y
is the extension of f whose existence is guaranteed by (i), then = = F satisfies (ii) so
(i) = (ii) is established.

(i1) = (iii). Fix a continuous map 7 : ¢X = fX such that n(x) = x for any x € X.
It suffices to prove that ¢ = 7 is the required homeomorphism. Observe first that
n(cX) is a compact subset of X which contains X. Therefore fX = X C n(cX) so
n(cX) = BX. Since every condensation of a compact space is a homeomorphism
(Problem 123), it suffices to show that 7 is an injection.

The map f : X — X defined by f(x) = x for all x € X, has a continuous
extension F : fX — cX by Problem 257. Suppose that z, ¢ are distinct points of ¢X
with y = n(z) = n(¢). Take sets U € 7(z, cX) and V € 7(¢, cX) such that U NV = {).
The sets Uy = U N X and V; = V N X are open subsets of X for which U; = U
and V, =V so U; NV, =0 (the bar denotes the closure in cX). Now z € U,
implies y = n(z) € cl(n(U,)) = cl(U,). Here the set cl(U,) is the closure of U; in
pX. Analogously, y € cl(Vy); since the map F is continuous, we must
have F(y) € F(U,) NF(Vy) = U; NVy = 0, this contradiction shows that 7 is a
bijection and hence a homeomorphism.

(iii)) = (i). Let f: X — Y be a continuous map of X to a compact space Y. By
Problem 257 there exists a continuous F : fX — ¥ such that F{|X =f. Then F = F,
o ¢ maps cX continuously into Y and if x € X then F(x) = F(p(x)) = F1(x) = fix)
and therefore F|X = f.
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S.259. Prove that the following conditions are equivalent for any space X:

(1) Xis Cvech—COmplete.

(i) X is a Gs-set in some compact extension of X.
(iii) X is a Gs-set in any compact extension of X.
@iv) X is a Gs-set in any extension of X.

Solution. Since X is a compact extension of X, and X is a Gs-set in X, we have
1) = (ii).
Fact 1. Given a compact extension cX of a space X, let f: fX — ¢X be the unique

continuous map such that f{x) = x for any x € X (see Problem 258(ii)). Then
APX\X) C ¢X\X and therefore f~'(¢cX\X) = fX\X and f(FX\X) = cX\X.

Proof. Assume that there exists a point y € fX\ X such that f{y) = x € X. Fix any sets
U € 1(y, fX) and V € 1(x, BX) such that U NV = (). Since fis continuous, there is
W € 7(y, BX) such that W C U and f(W) C V.If W; =W N X then W; = W while
Wi =f(W,) Cf(W,) =f(W) C U. Since W, C X, it follows from W, C U that
W, C U N X = U,. The set W, is non-empty, which implies § # W; = W; N U,
CWiNnU, =WnNUCUNV =0 ; this contradiction proves that AX\X) C
cX\X. An immediate consequence of this inclusion is that fX\X C f~'(cX\X).
Since it is evident that f~'(cX\X) C fX\X, we obtain the equality f “ex\X) =
pX\X. Note that f{fX) is a closed subset of cX which contains X; this implies
f(BX) = cX and f(FX\X) = cX\X so Fact 1 is proved.

Fact 2. Suppose that f : Y — Z is a perfect map and K C Z is compact. Then
L =f '(K) is a compact subspace of Y.

Proof. Observe first that the subspace L is closed in Y which easily implies that the
map f: L — K is also perfect. Thus we can forget about Y and Z and consider f'to be
a perfect map from L onto K.

Given an open cover U of the space L, let )V be the family of all finite unions of
the elements from /. For every y € K the set f'(y) is compact so there is Vyev
with £~ (y) C Vy. By Fact 1 from S.226 there exists U, € 7(y, Y) such that
f*I(Uy) C Vy. The space Y being compact, there are y;, ..., y, € ¥) such that
Uy, U---UU, =Yandhence V, U--- UV, =X. Since each V, can be covered
by a finite subfamily of I/, there is a finite ' C U such that | J U/’ = X and hence we
proved the compactness of L and Fact 2.

Suppose now that cX is a compact extension of X in which X is a Gs-set. Then
cX\X = J{F, : n € o} where each F,, is closed in cX and hence compact. Take the
continuous map f: fX — ¢X such that f{x) = x for any x € X. Since fis perfect map
(see Problems 120 and 122), the set G, = f 71(F ) 1s compact for each n € w by Fact
2. Since | J{G, : n € o} = pX\X by Fact 1, the set fX\X is a countable union of
closed subsets of X (see Problem 121). Of course, this implies that X is a Gs-set in
fX so we proved that (ii) = (i).

To see that (i) = (iii) take any compact extension bX of the space X and a
continuous map f : X — bX such that f(x) = x for any x € X. If X is Cech-complete
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then X\X = |J{G, : n € o} where each G, is closed in X and hence compact.
Letting F,, = f(G,)) we have | J{F,,: n € } = bX\ X by Fact 1 so bX\ X is a countable
union of compact (and hence closed) subsets of bX. This implies that X is a Gs-set in
bX which proves that (i) = (iii).

Since it is evident that (iv) = (iii) = (i), we must only show that (iii) = (iv). Let
Y be an extension of X. Then X is dense in Y and Y is dense in Y whence X is dense
in Y, i.e., BY is a compact extension of X. The set X is G in fY by (iii) and hence
X is a Gs-set in a smaller space Y which proves the implication (iii) = (iv) and
finishes our solution.

S.260. Prove that

(i) Any closed subspace of a Cech- complete space is C “ech- complete.
(i1)) Any Ggs-subspace of a Cech complete space is Cech complete. In particular,
every open subspace of a Cech- complete space is Cech- complete.

Solution. (i) Let X be a éech-complete space. If F is closed in X then the space
G = clgx(F) is a compact extension of F. Fix a family y = {U, : n € o} C 7(fX)
such that ([y =X. If V, = U, N G then u = {V, : n € w} is a family of open
subsets of G such that F = (u because (Ju = (7)) N G =X N G = F. Now
apply Problem 259(ii) to conclude that F is Cech-complete.

(i1) If the space X is éech-complete and P is a Gs-subset of X then the subspace
F =P is Cech- -complete by (i). Take a family y = {U,, : n € w} C 7(X) such that
(ly=PandletV,=U, N F forall n € w. The space Y = clgx(F) is a compact
extension of both F and P. The space F being Cech- -complete there exists a family
u={W,:n € w} C 7(Y)such that (\u = F. Given n € w, the set V,, is open in F so
there exists aset O, € 7(Y) such that O, N F =V,,. The familyv=pu U {0, : n € w}
C 7(Y) is countable and (v = P. Indeed,

Nv=(Nu) N(N{0n:new})=FnN(N{0.NF:new})
=FN(N{Vi:new}) =N{Va:ncw}=P,

and hence P is a Gs-set in Y. Now apply Problem 259(ii) to finish our solution.

S.261. Prove that any perfect image as well as any perfect preimage of a Cech-
complete space is Cech-complete.

Solution. We will first prove some general statements about closed and perfect maps.

Fact 1. Letf: X — Y be a closed map. Then, for any subspace A C Y, the map f, =
flf'A) :f1(A) — Ais closed.

Proof. 1t is clear that f, is continuous and onto. If F is a closed subset of f_l(A) then
fa(F) =f(F) =f(Fnf~1(A)) = f(F) N Ais aclosed subset of A so Fact 1 is proved.

Fact2.Letf: X — Y be a perfect map. Then, for any subspace A C Y, the map f, =
F1f A fY(A) — A s perfect.
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Proof. The map f4 is closed by Fact 1. Besides, f; !(a) =f'(a) is a compact
set for any a € A because f is perfect, Thus the map f, is perfect and Fact 2 is
proved.

Given a continuous map f: X — Y, it can be considered as a map from X to Y
so there exists a continuous map f : fX — Y such that f|X = f.

Fact 3. A map f: X — Y is perfect if and only if f(fX\X) = pY\Y.

Proof. Suppose that fis perfect. Since f(X) = BY, it suffices to show that f (X\X)
C BY\Y. Assume that f (x) = y € Y for some x € fX\X. The set K = f~'(y) C X is
compact so there exist U, V € 7(X) such that x € U, K C V and UNV =0. Let
Uy=UnNXandV, =V N X. Apply Fact 1 of S.226 to find W € 7(y, Y) such that
f (W) C V,. We have fU;) N W = () which implies y ¢ cly(f(U,)). However,
U, = U (the bar denotes the closure in the space fX) and hence x € U,. Since the
map f is continuous, we have

y=f(x) € clpr(f(U1)) = clpy (f(U1)),

and therefore y € clgy(flU,)) N Y = cly(f(iU))); this contradiction shows that
f (BX\X) C BY\Y and necessity is established.

Now, if f (BX\X) = BY\Y then fX\X = (f) '(BY\Y) and therefore we have ¥ =
(f )~ '(X). The map f is perfect (Problem 122) so we can apply Fact 2 to conclude
that f = f |X : X — Y is also perfect. Fact 3 is proved.

Returning to our solution, assume that f : X — Y is a perfect map. If X is
éech-complete then X is a Gs-set in X and therefore fX\X = | J{K, : n € w}
where each K, is closed and hence compact subset of fX. By Fact 3, we have
f(ﬁX\X) = U{f (K,) :n € o} = pY\Y. Since eachf (K,) is compact, the space
BY\Y is a countable union of closed subsets of fY whence Y is a Gs-set in fiY, i.e.,
Yis éech-complete.

Assume now that Y is éech—complete and hence fY\Y = |J{L, : n € o} where
each L, is closed in BY. It follows from Fact 3 that we have the equalities
OBY\Y) = pX\X = U{() 'L, : n € o} where each (f)"'(L,) is closed in
fX by continuity of f. Thus the space X\ X is a countable union of closed subsets of
pX whence X is a Gs-set in X, i.e., X is éech-complete.

S.262. Prove that any discrete union as well as any countable product of Cech-
complete spaces is a Cech-complete space.
Solution. Assume that X, is éech-complete for any ¢+ € T. It is immediate that

X = {X,:t €T} isadense subspace of the space Y = € {fX;:t €T} C pY.
Since Y is dense in Y, the space (Y is a compact extension of the space X.

The space Y is open in fY; to see this take any y € Yand ¢ € T'such that y € f X,.
The set U = f§ X, is an open neighbourhood of yin Y. If W € 7(fY) and W N Y =U
then the compact set U is dense in W and hence U = W. This shows that ¥ is a
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neighbourhood of every y € Y and hence Y is open in Y. Since each fX, is open in
Y, any open subset of X, is open in Y and hence in fY.

By Cech-completeness of X, there is a family {U". : n € o} C 7(BX,) such that
X, =N{U, :n € w}foreachreT. Theset U, = |J{U} : t € T} is open in fY for
eachnewand " {U,:n€w} =@ {X,:t€T},ie.,the space X is a Gs-set in the
compact extension fY of the space X. Now apply Problem 259(ii) to conclude
that X is éech-complete.

To settle the case of a countable product, suppose that X, is éech-complete for
any n € o. The space Y = [[{BX, : n € o} is a compact extension of the space
X =][{Xy: n € w}. Foreachn € o fix a family {F”, : m € w} of compact subsets
of X, such that |J{F} : m € w} = X,\X, for each n € w; this is possible
because each X, is éech-complete.

Let &, : ¥ — X, be the natural projection of Y onto its nth factor. The set G}, =
7, (F") is compact for all m, n € w and it is easy to see that Y\X = |J{G", :
n,m € w}. Thus X is a Gs-set in its compact extension Y, so we can apply
Problem 259(ii) to conclude that X is éech-complete and finish our solution.

S.263. Let X be a Cvech—complete space. Given a compact K C X, prove that there
exists a compact L C X such that K C L and y(L, X) = w. In particular, any point
of X is contained in a compact set of countable character in X.

Solution. Fix a family {0, : n € w} C 7(fX) such that X = ({0, : n € w}.
Using normality of the compact space X it is easy to construct by induction a
family {U, : n € o} C 7(X) with the following properties:

() KcU,cU, CO,foreach n € w;
(2) Upp1 C U, foraln € w.

The set L = (\{U, : n € o} = ({U, : n € w} is compact; it is contained in X
because L C U,, C O, for every natural n. It is evident that K C L. Now take any
U € 7(L, fX). The set F = BX\ U is compact and hence so is the set F,, = U, N F for
anyn € w. Wehave F,, | CF,and G =(\{F,:n € o} = () because G is contained
in L N F = (). The compactness of F implies F,, = () for some n and hence U, C U.
This proves that the family {U, : n € w} is an outer base of L in fX. It is
straightforward to verify that the family {U, N X : n € w} is an outer base of
L in X and hence y(L, X) = w.

S.264. Let X be any non-empty space. Suppose that Y and Z are dense Cech-
complete subspaces of X. Prove that Y N Z # ().

Solution. Both spaces Y and Z are dense in X and hence in X, so fX is a compact
extension of both ¥ and Z. Apply Cech-completeness of ¥ and Z to find countable
families y and u of open subsets of X such that ()y = Y and (\u = Z. The family
v =y Up is countable and (v = (1)) N(w) = ¥ N Z = (). Take some faithful
enumeration {O,,: n € w} of the family v. Take any xy € O and fix some U, € 7(xy,
BX) such that Uy C O,. Suppose that we have constructed non-empty sets U, . .. ,
U, € 7(X) with the following properties:
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(1) Uipy C Ui foreachi < n — 1;
(2) U,' C 0,' for all i < n.

To construct U, ; observe that U, N O, # () because the set O, is dense in
BX. Take any x,.1 € U, N O, and find U, ; € 7(x,,1, BX) such that U,
C U, N Oy, Itis clear that the properties (1) and (2) hold for the sets Uy, ..., U,,
U, and hence our inductive construction goes on.

Once we have the sequence {U, : n € w} observe that the family {U, : n € o} of
compact subsets of BX, is decreasing so ({U, :n € o} = N {U,:n € o} # 0 by
compactness of $X. On the other hand ({U, : n € ®} C ({0, : n € o} = (; this
contradiction proves that Y N Z # ().

S.265. Prove that the following are equivalent for any space X:

(1) The space Ci(X) is Cv'v ech-complete.
(ii)) Cp(X) has a dense Cech-complete subspace.
(iii) X is countable and discrete.

Solution. It is evident that (i) = (ii). If X is countable and discrete then C,(X) is
homeomorphic to R”. Observe that R is homeomorphic to the interval (—1, 1)
which is open (and hence Gy) in its compact extension I. This shows that R is
(j?ech-complete. Now apply Problem 262 to conclude that C,(X) = R” is
Cech-complete. This proves (iii) = (i).

Fact 1. A space X is discrete if and only if C,(X) = R*.

Proof. If X is discrete then any f € C,,(X) is continuous on X so C,,(X) coincides with
R¥. Now, if Cp(X) = R then, for any A C X, the function f equal to 1 on A and to
zero on X\A, is continuous whence A :fﬁl((O, + 00)) is an open subset of X. It
turns out that all subsets of X are open so it is discrete and Fact 1 is proved.

To show that (ii) = (iii), take any dense éech-complete subspace D C Cp,(X). Let
us prove first that C,(X) = R*. If not, pick any f € RX\CP(X ) and consider the space
Y=f+C,X)={f+g:g€C,X)} CR¥. Since the map ¢ : R¥ — R¥ defined by
p(h) = h + f, is a homeomorphism (recall that R¥=C »(Z) where Z is the set X with
the discrete topology, and apply Problem 079), the space D; = f + D is a dense
éech—complete subspace of R*. Itis easy to see that Y N C »(X) =0 and hence D and
D, are dense disjoint Cech—complete subspaces of R* which contradicts Problem
264 and proves that C,,(X) = R¥. Now apply Fact 1 to conclude that X is discrete.

Fact 2. Let Y be a dense subspace of a space X. Then y(F, Y) = y(F, X) for any
compact F C Y. In particular this is true if F is a point of Y.

Proof. It is evident that y(F, Y) < y(F, X). To prove the inverse inequality, take any
outer base B of the set F in Y. For any U € B choose Oy € 7(X) withOy N Y=U. Tt
suffices to show that C = {Oy, : U € B} is an outer base of F in X. Let W € 7(F, X).
For any x € F fix V, € 7(x, X) for which V, C W and use compactness of F to
find xq, ..., x, € Fsuchthat V=V, U--- UV, DF; observe also that Vcw.
Since B is an outer base of F in Y, there exists U € Bsuchthat U CV N Y. As
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a consequence, Oy = U (the bar denotes the closure in X) and we have F C U
C Oy CO—U:UCVCWandFathisproved.

To finish our solution, apply Problem 263 to find a compact K C D with y(K, D)
= w. It follows from Fact 2 that y(K, C,(X)) = x(K, D) = w. Therefore X is
countable by Problem 170 and our solution is complete.

S.266. Considering C,(X) as a subspace of RY, assume that it is a G-subset of R*.
Prove that X is discrete (and hence C,(X) = RX).

Solution. Suppose that C,(X) is a Gs-subset of RX. If X is non-discrete, fix a
function f € R*\C »(X). Since the map ¢ : RX — R¥ defined by w(h) = h + f, is a
homeomorphism (recall that R¥ = C (Z) where Z is the set X with the discrete
topology, and apply Problem 079), the space Y = ¢(C,(X)) is a dense Gs-subspace
of R* disjoint from C »(X). Fix countable families u, v C 7(R¥) such that C X)) =
rand Y =.If {O, : n € } is an enumeration of the family x U v then every O,
is dense in RX and (O,:necw}= (ﬂ,u) N (ﬂv) =Y N C,X) =0.

Take any f € Op and find a finite Ay C X and &, € (0, 1) such that O(fy, Ao, &) =
(g eRY: |g(x) — Jo)| < egforall x € Ag} C Op. Assume that we constructed finite
sets Ag, ..., A, C X, positive numbers &, ... , &, and functions fy, ..., f, € R
with the following properties:

(1) &> -+ >¢g,and ¢ < 5 forall i < n.

(2) AgC -+ C A,

3 [fir1(0) — i1, fir1 () + €11 C (filx) — &, fi(x) + &) foreach i < nand x € A,.
@) O(f:, A, &) C O;foreachi < n.

Since the set O,,, is dense in R¥, we can choose Jox1 € O, N Oy Apy €0).
The set O, is open in R* and f,, (X)) € (fu(x) — €, fu(x) + ¢,) for each x € A, so
there exists a number ¢, | € (O, ﬁ) and a finite set A,,,; C X suchthatA, C A, 1,
O(fuv15 Any1s €nr1) C Oy and

[fn+l(x) - 8n+17fn+l(x) +8n+l} C (fn(x) - Snvfn(x) +8n)

for all x € A,,. It is clear that the properties (1)—(4) also hold for the sets A, ...,
A,.1, numbers &, ..., &, and functions fy, ..., f,41 € R¥ so the inductive
construction goes on.

Given a point x € A = |J{A,, : n € w}, take the minimal n € w such that x € A;
for all i = n. The sets I, = [fi(x) — &, filx) + &l, kK = n being compact, there
exists a point i(x) € ({Ix : k = n}. Letting h(x) = 0 for all x € X\ A, we obtain a
function 7 € R*. Given a number n € w and a point x € A,, the property (3)
implies a(x) € (Wi : k = n} = ((ilx) — &, filx) + &) : k = n} whence
h(x) € (f,(x) — €, fu(x) + ¢,) and therefore h € O(f,, A,, ¢,). We chose the
number n arbitrarily so h € (Y{O(fi, A, &) : k € w} C (WO : k € w} = () which
is a contradiction. Thus C,(X) = R* and we can apply Fact 1 of S.265 to see that
our solution is complete.
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S.267. Considering C,(X) as a subspace of R, assume that it is an F ,-subset of R*.
Prove that X is discrete (and hence C,(X) = RX).

Solution. Fix a family {F, : n € w} of closed subsets of the space RX such
that C,(X) = ULF, : n € w}. The set C, = = Cp(X, [—n, n]) is closed in C,(X)
for every n € w and therefore G, = F,, N Cy is closed in R* for any n, k € . If
G={G,.:n, k € o} then G is a countable family of closed subsets of R¥ such that

Ug = ¢ (X).

Givenf,g € C,(X), let p(f, g) = sup{[f(x) — g(x)| : x € X}. Then p is a complete
metric on C*(X) (Problem 248). Any set closed in C; (X) is also closed in
(C*(X),p) = Ci(X) (see Problems 086 and 211) so the elements of G are closed
in C(X) as well.

Suppose first that Int(G) = ) for all G € G (the interior is taken in C¥(X)). Then,
for any G € G, we have the property

(x) For any non-empty U € 7(p) and any ¢ > 0 there exists a non-empty V € 7(p)
such that V C U\G and diam,(V) < .

To find such a set V, take any function f € U\ G, find a number r € (0, &) such that
By(f,r)={ge€C*X):p(f,g) <r} CU\Gand let V = B,(f,5).

Take an enumeration {G, : n € w} of the family G and use (*) to construct a
sequence {U, : n € w} C 7(p) such that

(1) Upyt C U, for each n € w.
(2) diam,(U,) — 0.
3) U,NG,=0forany n € .

If F, = U, for any n € w, observe that (1) and (2) imply diam,(F,) — 0. Since
(C*(X), p) is a complete metric space, we have can apply Problem 236 to conclude
that F=({F,:n€w}=U,:n€o}#0.Ifxc Fthenx¢ G, forany n € o
by (3). This contradiction with |JG = C, (X) proves that Int(G) # @ for
some G € G. As a consequence we can find f € G and ¢ > 0 such that P(f) =
{g € C*(X) : |g(x) — f(x)| < &} C G. This implies that the set P,(f) is closed in R*
and hence the set P.(f) —f={g —f: g € P} = CX, [—¢, €]) is closed in RX.
It follows easily from the Tychonoff property of X that C(X, [—e¢, ¢]) is dense in
[—¢, el so CX,[—¢¢€])=[—¢, el¥ ie., any function 4 : X — [—¢, €] is continuous.
We leave it as a simple exercise to the reader to prove that this condition implies
discreteness of X so apply Fact 1 of S.265 to see that our solution is complete.

S.268. Let X be a space. Given a sequence I’ = {7y, : n € o} of open covers of X, say
that a filter F is dominated by U if, for any n € w, there is F,, € F with F,, C U, for
some U, € y,. The sequence I is called complete if for any ﬁlter F in X, dominated
by T, we have (\{F : F € F} # 0. Prove that a space X is Cech-complete if and
only if there is a complete sequence of open covers of X.

Solution. To prove necessity, suppose that a space X is Cech-complete and fix a
family U = {O,,: n € o} C 7(pX) such that X = (4. Given a number n € w, let y, =
{VerX) :clpg(V) C Uy,}. If n € o then, for any x € X we can take W € 7(x, fX)
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such that clgx(W) C O,,. Then W =W N X € y,, and x € W. This shows that y, is an
open cover of X for each n € w.

To show that the sequence I' = {y, : n € w} is complete, take any filter F
dominated by I'. Since the space X is compact, there is x € ({clgx(F) : F € F},
so it suffices to show that x € X. Take any n € w and an element ' € F such that
F C U €y, for some U € y,. We have clgx(F) C clgx(U) C O, by definition of
7, Which implies x € clgy(F) C O,. The number n was chosen arbitrarily, so x € [
{0, : n € v} = X and necessity is proved.

To establish sufficiency, fix a complete sequence I' = {y, : n € w} of open
covers of X. Let u, = {U € 7(fX) : U N X € y,} and O,, = Ju,, for each n € w.
It suffices to show that X = ({0, : n € w}. Observe first that X C |J v, € U un
for each n € w so X C ({0, : n € w}. To prove the reverse inclusion, take any
x€(O,:new}andlet F ={PCX:U N X C P for some U € 7(x, fX)}. We
leave to the reader the simple verification that F is a filter on X. Take any n € w and
Uep,withxceU. ThenV=UNXe€FandV CV €y, by the definition of u,,.
This shows that F is dominated by I and therefore we can fix y € (\{F : F € F}
(the bar denotes the closure in X). If y # x then take any set W € 7(x, fX) such that
y € clgx(W) and observe that W = W N X belongs to F and y géVW’ this contradic-
tion shows that x € X and hence X = ({0, : n € w}, i.e., X is Cech-complete.

S.269. Prove that a metrizable space is C ech-complete if and only if it is metrizable
by a complete metric.

Solution. To prove sufficiency, fix a complete metric space (X, p) and consider the
family y, = {U € 7(X) : diam(U) < 1}. It is clear that y,, is an open cover of X; let
us prove that the sequence I' = {y, : n € w} is complete. Take any filter F
dominated by I" and, for each n € w, find F,, € F and U,, € v,, such that F,, C U,,.
IfweletG, = FyN---NF, for each n € w then the sequence {G, : n € w} has the
following properties:

(1) GGy D---CG,D---; this is evident.
2) diam(G,) < % ; this is true because G, C F, C U, and hence we have diam
(G,) < diam (U,) = diam(U,) < 1.

Thus diam(G,,) — 0 for a decreasing sequence {G,, : n € w} of closed non-empty
subsets of a complete metric space (X, p). Apply Problem 236 to conclude that
(G, :n€w}+#0and take any x € ({G,,: n € w}; it suffices to show that x € (\{ F :
F € F}. Observe first that x € G,, C F,, sox € F,, for all n € w. If there exists F € F
such that x ¢ F, take n € o such that B P (x, %) is disjoint from F; since F is a filter,
we can find a pointy € F N F,,. The point y lying outside of the ball B, (x, 2), we have
p(x, y) = 2 On the other hand, x, y € F, so p(x, y) < diam(F,) < 1 which is a
contradiction showing that x € ({F : F € F}. This contradiction shows that the
sequence I" is complete so X is éech-complete by Problem 268 and sufficiency is
proved.

Fact 1. Let (X, d) be a metric space. Suppose that P is a Gs-subset of X. Then
P embeds in X x R as a closed subspace.
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Proof. Let y : P — X be the embedding, i.e., ¥/(x) = x for all x € P. Represent X\ P
as | J{F;:i € N}, where F; is closed in X for all i € N; given x € P, let p(x) = ﬁ
where d(x, F;) = inf{d(x, y); y € F;} for each i € N. Observe that d(x, F;) > 0 for all
x € P and apply Fact 1 of S.212 to see that , : P — R is a continuous map for all
ie€N. LetXo=Xand X, =R forall n € N; it is clear that Z = [[{X, : i € w} is
homeomorphic to X x R®. Let ©; : Z — X; be the natural projection for all i € w.
Now define a map ¢ : P — Z by the formulas ¢(x)(0) = (x) and p(x)(n) = @, (x)
for all x € P and n € N. The map ¢ : P — Z is continuous because 7; o ¢ = ¢; if
i € Nand mg o ¢ = which shows that 7; o ¢ : P — X; is a continuous map for
all i € w (see Problem 102). It suffices to establish that ¢ : P — P’ = ©(P) is
a homeomorphism and P’ is closed in Z. The map ¢ is an injection because so is
W =1y o . Since o' = ! o 1y, we can see that ¢ is continuous so ¢ is an
embedding.

To show that P’ is closed in Z, it suffices to establish that any z € Z\ P’ has a
neighbourhood contained in Z\ P’. Consider first the case zy = z(0) € P. Since z ¢ P/,
there is i € N such that z(i) # (z¢). Find disjoint U € 7(z(i), R) and V € 7(pi(zp), R)
and apply continuity of ¢; to fix W € 7(zg, X) such that (W N P) C V. The set
O=ny'(W)nn'(U)isopeninZandz € O C X\P'. Indeed, if y € P’ N O then
Yo =y(0) € W N P and hence y(i) = p{(y) € V which shows that y(i) ¢ U, i.e.,y ¢ O.
This contradiction shows that O N P’ = {).

Now, if zg = z(0) € X\ P then z, € F; for some i € N. Take any r > 0 with,—l, >
z(i) + 1; let U = B(z, r) and V = (—00, z(i)+1). The set O = n; ' (U) Nn; 1 (V) is
openinZand z € O C X\P'. Indeed, if y € P' N O then yo = y(0) € U N P and
hence p;(yg) > } > z(i) 4+ 1. On the other hand 7(y) = y(i) € V and hence y(i) < z(i)
+ 1. This contradiction shows that O C X\ P’ and finishes the proof of Fact 1.

Now it is easy to finish the proof of necessity. Suppose that a metrizable space
Xis éech-complete. Then X is embeddable into a completely metrizable space Y as
a dense subspace (see Problem 237). Since Y is an extension of X, the set X is Gsin Y
(Problem 259) so we can apply Fact 1 to conclude that X embeds in ¥ x R” as
a closed subspace. The space ¥ x R® is completely metrizable by Problem 208; any
closed subset of a completely metrizable space is completely metrizable so the
space X is completely metrizable. This concludes the proof of necessity and our
solution.

S.270. Prove that, for any Cvech—complete space X, we have w(X) = nw(X). In
particular, any Cech-complete space with a countable network is second countable.

Solution. Fix a network A in the space X with [N'| = k = nw(X) and a countable
family F of closed subsets of fX such that | JF = fX\X. The family G = {clzx(N) :
N € N'} U F also has cardinality k and the following property:

(*) Forany x € X and y € X\ {x} there exist F, G € Gsuch thatx € F, y € G and
FNG=0.

To prove (), suppose first that y € X and find U, V € 7(fX) such thatx € U,y € V
and UNV = (). There are M, N € N suchthatxe MCc U N Xandye NCV N X.
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Then MN € G, xcM,yeN and MNN CUNV =1, ie., (*¥) holds for such
x and y. Now, if y € § X\X then there is F € F such that y € F. Take W € 7(x, X)
such that W N F = (. Since A is a network in X, there exists N € N such that
XENCWN X. As a consequence, N€ G, F€G,xcN,ycFand NNF C
W NF = () so () is proved.

For any disjoint pair p = (F, G) of elements of G, fix U(p), V(p) € 7(X) such that
F C U(p), G C V(p)and U(p) N V(p) = . It is possible to do this because every
compact space is normal (Problem 124). The family U/ = {U(p), V(p) : p is a disjoint
pair of the elements of G} has cardinality < x so the family W of all finite
intersections of the elements of ¢/ also has cardinality < k. To finish our solution
it is sufficient to show that the family W = {W N X : W € W} is a base in X.

Fix any x € X and any O’ € 7(x, X); take O € 7(ff X) such that O N X = O'. For
anyy € E=pX\OfindFy, G, € Gsuchthatx € F,,y € Gyand F, N G, = () (see
(*)). The pair p = (F,, G,) is disjoint so the sets U, = U(p) and V, = V(p) are
disjoint. The family {V), : y € E} is an open cover of the compact set E so we can
findy, ...,y, € Esuchthat ECV, U---UV, ThesetW=U, N---N U,
belongs to Wand W N F = (). Therefore, W =W N X € W and x € W C O’ which
proves that W' is a base in X and finishes our solution.

S.271. Let X be a Lindelof Cvech-complete space. Prove that X is a Lindelof
space.

Solution. Assume that we are given a map f; : X; — Y, for each t € T. Given a
point x € X =[[{X,:t €T}, let ix)(®) = fx(®)) € Y, for all + € T. Then
f(x) €Y =][{Y;:t €T} and hence we have a map f: X — Y which is called the
product of the maps {f, : t € T}. This product is usually denoted by [, ./

Fact 1. Any product of continuous maps is a continuous map.

Proof. Assume that we are given a continuous map f, : X, — Y, for eachr € T. Let
X=][{X;:t€T}andY =[[{Y,:t €T} Themapsp,: X — X,andgq,: Y — Y,
are the respective natural projections. To see that f = [[,., f; : X — Y is continu-
ous, observe that g, o f = f; o p, is a continuous map for any 7 € T so fis continuous
by Problem 102. Fact 1 is proved.

Fact 2. A continuous onto map g : ¥ — Z is closed if and only if for any z € Z
and any O € (g (2), Y), there exists O’ € 7(z, Z) such that g~ '(0") C O.

Proof. Necessity was proved in Fact 1 of S.226. To prove sufficiency, take any
closed set F C Y. It suffices to show that any point z € Z\ g(F) has a neighbourhood
which is contained in Z\ g(F). Since z ¢ g(F), we have gil(z) NF=0,ie,0O=Y\F
€ 7(g"'(2), Y). Our hypothesis says that there is O’ € 7(z, Z) with g~ '(0’) C O and,
in particular, g~ '(0’)N F = () whence O’ C Z\ g(F) so Fact 2 is proved.

Fact 3. (The Wallace theorem) Assume that K, is a compact subspace of a space X,
forallt € T; let X =[[{X,: t € T} and K = [[{K, : € T}. Then, for every set
W € 7(K, X) we can choose sets U, € 7(K;, X,), t € T such that U, # X, only for
finitely many ¢ and [[{U,:r€ T} C W.



2 Solutions of Problems 001-500 225

Proof. We first consider the product of two spaces, i.e., T = {1, 2}. Fix a point
x € K, and for any point y € K, choose sets U(y) € 7(x, X;) and V(y) € 7(y, X,) such
that U(y) x V(y) C W. By compactness of K,, we can find points yq, ..., y, such
that J{U(Q,) x V(y) : i < n} D {x} x Ky. Now, if G(x) = ({U(y,) : i < n} and
Hx) =U{V(y) : i < n} then G(x) € 7(x, X)), H(x) € 7(K>, X5) and G(x) x H(x) C W.

Apply compactness of K; to find xy, ... , x; such that G(x;) U - - - U G(xp) D K;.
Now if U; = J{G(x)) : i < n} and U, = ({H(x;) : i < n} then U; € 7(K,, X;) for
i=1,2and U, x U, C W, i.e., our Fact is proved for the products of two factors.

Assume now that our Fact is true for all products of < n — 1 factors, n > 3 and
take T = {1, ..., n}. Representing K = K; x --- x K,as K1 X (K, x --- x K,),
we have a product of two compact subsets in the product of two spaces: X; and
X, X -+ x X,. Applying our Fact for the mentioned product of two factors, we
can obtain sets U; € (K, X;) and U} € 7(Kp, X -+ X Ky, X5 X - -+ X X,,) such that
Ui x U,y C W. By the inductive hypothesis there exist U, € (K3, X2), ..., U, €
7(K,, X,,) such that U, x --- x U, C Uj. One readily sees that the sets Uy, ... , U,
are as promised so our Fact is proved for all finite products.

Finally, we consider the case of an arbitrary T. If O, € 7(X,) for all # € T, the set
[Ler O: is called standard if O, # X, only for finitely many ¢. The standard sets are
open in X and form a base in X (see Problem 101). If O = [],.; O; is a standard set
then supp(0) = {t € T: O, # X,}.

For every point x € K find a standard set U, such that x € U, C W. The set K
being compact its open cover {U, : x € K} has a finite subcover, i.e., there exist
Xp, ..o €EKwithK C Uy U - UUy CW. I Ty = J{supp(U,) : i < n} then, for
every i < n, we have the equality U,, = [],.; O} where O! = X, for all r € T\ T, If
Wy = U{HreTU 0;: i<l’t}, Wy = HreT\TU XLy = HzeT(, K, and L, = HzeT\TO K;
then L, C W, L, C Woand K = L; x L, C W; x W, C W. Since our Fact is
proved for finite products, for each ¢ € T, we can choose U, € 7(K,, X,) such that
HteTo U, C Wy. Taking U, = X, for all r € T\ T, we obtain the family {U, : ¢t € T}
with the promised properties. Fact 3 is proved.

Fact 4. Any product of perfect maps is a perfect map.

Proof. Given a perfect map f, : X, — Y, foreachr € T, let X = [[{X,: € T} and
Y =[[{Y;:t € T}. To prove that the mapping f = [[,.rf; : X — Y is perfect, fix
any y € Y and observe that the space f~!(y) = [[{f,'(y(¢)) : # € T} is compact
being a product of compact spaces (Problem 125). To show that f is closed,
take any O € 7(f~'(y), X). There is a finite Ty C T and sets O, € 7(f,~' (y(1)), X)),
t € Tsuchthat O, =X, forallr € T\Tyand [],.; O, C O (Fact 3). The map f, being
closed, for every ¢ € Ty, there exists V, € 7(y(7), Y,) such that f~'(V,) C O,
(see Fact 2). If V, = Y, for all t € T\Tp and V = [[{V, :t € T} then it is clear
that V € 7(y, ¥) and f~' (V) =T[{f (V) : t €T} CT[{O,: t € T} C O ; apply
Fact 2 again to see that f is closed concluding the proof of Fact 4.

Fact5.If f: Y — Z is a perfect map and /(Z) < « then /(Y) < k. In particular, any
perfect preimage of a Lindelof space is Lindelof.
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Proof. Given an open cover U of the space Y, let VV be the family of all finite unions
of the elements from U. For every z € Z the set f'(z) is compact so there is V. € V
with f_l(z) C V.. By Fact 2 there exists U, € 7(z, Z) such that f_l(UZ) cV. It
follows from /(Z) < «k that there is A C Zsuch that |A| < kand U{U.:z € A} =Z
and hence | J{V, : z € A} =Y. Since each V, can be covered by a finite subfamily
of U, there is a family &’ C U such that |{'| < kand | JU’ =Y so we have I[(Y) < k
and hence Fact 5 is proved.

Fact 6.1f X,, is a o-compact space for all n € o then the space P = [[{X,, : n € w}
is Lindelof.

Proof. Every X, is a closed subspace of the space Y = €p{X,, : n € w} (see the
definition and basic properties of discrete unions in Problem 113) and hence P is
homeomorphic to a closed subspace of Y. This shows that, without loss of
generality, we can consider that all factors of the product P are the same, i.e.,
X,, =X for all n € w. By our assumption, X = | J{K; : i € o} where each K is a non-
empty compact set. If Z = @{K; : i € w} then Z maps continuously onto X: this
is an easy exercise for the reader. Therefore, the space Z” maps continuously onto
X® (Fact 1) so it suffices to prove the Lindelof property of Z”. Let D be the set
o with the discrete topology. Letting fix) =i forany i € w and x € L; = K; x {i},
we obtain a map f : Z — D which is perfect. Indeed, the inverse image of any
subset of D is a union of some L;’s which are open in Y. Thus f is continuous
and f~'(i) = L; is a compact set for any i € D. Finally, f is closed because any
subset of D is closed.

Now if Z;=Z,D; =D and f; = fforall i € w then h = [[,., fi : Z” — D” isa
perfect map by Fact 4. The space D® is second countable (S.135, Observation four)
and hence Lindelof (S.140, Observation one) so we can apply Fact 5 to conclude
that Z* is also Lindelof. Fact 6 is proved.

Fact 7. Given a space Y and X, C Y for each 7 € T the space X = (|{X,: 7 € T}
embeds in [[{X, : r € T} as a closed subspace.

Proof. Let p, : [[{X; : t € T} — X, be the natural projection. We define a map
fi + X — X, by the formula f(x) = x for any x € X and ¢t € T. Clearly, f, is a
homeomorphic embedding and the formula f(x)(f) = fi(x) defines a continuous
mapping f : X — [[ {X;: 7€ T} because p, o f=f, for all + € T. In fact, the
mapping f: X — Z = f(X) is a homeomorphism because f,~! o p, is its continuous
inverse foreach € T. To see that Zis closedin P = [[{X, : t € T}, takeany y € P\ Z.
Then y(¢) # y(s) for some ¢, s € T and we can fix sets U € 7(y(¢), ), V € 7(y(s), Y) such
that U N V=0.IfU =U N X,andV' =V N X, thentheset O = {z€ P: z(f) € U’
and z(s) € V'} is an open neighbourhood of y in P and O N Z = (). Hence Z is closed
in P and Fact 7 is proved.

To finish our solution, take a Lindelof Cech-complete space X and fix a family
{U,:ne€w}Cr(fX)suchthat {U,:n € w}=X.Forany n € w and any x € X find
VI € 7(x, fX) such that clgy(V}) C U,. The open cover y, = {V? : x € X} of the
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Lindel6f space X has a countable subcover w,,. If P, = [ J{clgx(U) : U € p,,} then P, is
a o-compact space and X C P, C O,, for any n € w. As a consequence, X = [{P,, :
n € w}. The space X embeds as a closed subspace in the space P = [[{P, : n € v}
by Fact 7 and hence X embeds as a closed subspace in the space P?. Since the space
P? can be represented as a countable product of o-compact spaces, it is also Lindel6f
by Fact 6. Since every closed subspace of a Lindelof space is a Lindelof space, the
space X is Lindelof and hence our solution is complete.

S.272. Prove that the Sorgenfrey line is not C ech-complete. Recall that the Sorgen-
frey line is the space (R, 7,), where 7 is the topology generated by the family {[a, b)
ca,beR,a < b} as abase.

Solution. We know that the Sorgenfrey line S is a Lindelof space while S x S is not
Lindelof (Problem 165) so S cannot be Cech-complete by Problem 271.

S.273. Prove that a second countable space is Cvech—complete if and only if it
embeds into R” as a closed subspace.

Solution. The space R” is éech-complete by Problems 205, 269 and 262. Since any
closed subspace of a Cech-complete space is Cech-complete (see Problem 260), we
have sufficiency.

Now, if X a second countable éech-complete space, it can be embedded in R as
a Gs-subspace. Indeed, there is Y C R” homeomorphic to X by Problem 209. Since
Y is Cech-complete, it is a Gg-set in ¥ (Problem 259(iv)). The set Y being
a Gs-subspace of R”, the set Y is also Gs in R”. Now apply Fact 1 of S.269
to conclude that X embeds as a closed subspace in R” x R” = R® finishing the
proof of necessity.

S.274. Prove that

i) Any Cvech-complete space has the Baire property.
(i) Any pseudocompact space has the Baire property.

Solution. (i) Since any open subset of a éech-complete space is éech-complete
(Problem 260(ii)), it suffices to show that any éech-complete space is of second
category in itself (we omit the simple proof of the fact that an open set of a space is
of second category in that space if and only if it is of second category in itself).

Assuming the contrary we can find a éech-complete space X and a family {F, :
n € o} of nowhere dense subspaces of X such that X = [ J{F,, : n € w}. Fix a family
U=1{U,:n e o} C7(fX)such that X = (| U. Since the set Gy = clgx(Fo) is
nowhere dense in X, we can take a point xq € Uyg\Gg and a set W, € 7(xo, fX) such
that clgy(Wo) C Uy and clgy(Wo) N Fo = (. If we have a non-empty W,, € 7(fX)
then we can take a point x,.; € (U, N W,)\clgx(F, 1) (because clgx(F, 1)
is no where dense in fX) and a set W, € 7(x,41, pX) such that clgx(W, 1)
C (Un N Wn)\ ClﬁX(Fn+1)-

Having constructed the sequence {W, : n € w}, observe that the compact set
F=N{W,:ne€w}=N{clg(W,) : n € w} is non-empty because the sequence
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{clgx(W,) : n € w} is decreasing and consists of compact sets. Observe also that
W, C U, forall n € ® whence F C X. Finally, F N ((J{F,: n € w}) = 0 because
W, N F,=0foralln € w. As a consequence, X # | J{F,, : n € w}; this contradiction
finishes the proof of (i).

(ii) Take any pseudocompact space X and any U € 7°(X). If U is of first category
then there is a family P = {P, : n € ®} of nowhere dense subsets of U such that
U = |JP. Take any xo € U\Py and find U, € 7(xo, X) such that Uy C U\P,. if
we have a non-empty U, € 7(X), take any x, | € U,,\F,,H and U, 1 € T(x,41, X)
such that U, C U,\P,1. This construction gives us a sequence Uy D U, D ... of
open subsets of X such that Uy C U and U, NP, = for all n € w. Since X is
pseudocompact, we have F = (\{U; : i € w} # 0 (Problem 136); if u € F then u €
U \(U{P,, in € a)}); this contradiction finishes the proof of (ii) and completes
our solution.

S.275. Let X be a Baire space. Prove that any extension of X as well as any open
subspace of X is a Baire space. Show that a closed subspace of a Baire space is not
necessarily a Baire space.

Solution. Assume that X is a dense subset of a space Y. Given a non-empty U € 7(Y)
suppose that U = | J{F,, : n € w} where F, is nowhere dense in Y. It is easy to see
that U' = UNX = |J{F), : n € o} where F/, = F,, N X is nowhere dense in X. Thus
U € 7°(X) is a union of countably many nowhere dense subsets of X which is
a contradiction with the Baire property of X.

If U is an open subset of a Baire space X and V € 7(U) then V is also open
in X so it is of second category in X. It is immediate that V is also of second category
in U so we proved that any open subset of a Baire space is a Baire space.

To give the promised example, consider the space Z = (R x (R \{0})) U (Q x
{0}) with the topology induced from RZ. It is easy to see that F = Q x {0} is a
closed subspace of Z homeomorphic to Q. However, Q is a countable union of its
one-point sets each one of which is nowhere dense in Q. Therefore Q is of first
category in itself.

To prove that Z is a Baire space note that the set W = R x (R\{0})) is dense
in Z. Clearly, W is an open set of the éech-complete space R? (see Problems 205
and 269). Therefore W is éech—complete (Problem 260) and hence Baire (Problem
274). Since Z is an extension of W, it is a Baire space so our solution is complete.

S.276. Prove that a dense Gs-subspace of a Baire space is a Baire space. As a
consequence, Q is not a Gs-subset of R.

Solution. Take an arbitrary Baire space X and a dense subspace Y C X such that
Y={U,:n € w} for some family {U, : n € o} C 7(X). It is evident that the set
F, = X\U, is nowhere dense in X for any n € w. If W € 7°(Y) fix W € 7(X) with
W' N Y = W. Suppose that W is of first category in Y and take a family {P,: n € o}
of nowhere dense subsets of ¥ such that W = | J{P, : n € w}. Then each P, is
also nowhere dense in X and W = [ J{F, N W :n € o} U {P,: n € ®} which
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shows that the set W' € 7°(X) is represented as a countable union of nowhere dense
subsets of X which is a contradiction with the Baire property of X.

To finish our solution, observe that Q is not a Baire space because it is of first
category in itself. The space R is éech-complete and hence Baire, so (Q cannot be
a Gs-subset of R.

S.277. Prove that an open image of a Baire space is a Baire space.

Solution. Suppose that X is a Baire space and take any open continuous map f :
X — Y. Observe that if P C Y is nowhere dense in Y then 1(P) is nowhere dense in X.
Indeed, if U € 7" (X) and U C ch(ffl(P)) then fiU) € 7°(Y) and f(U) C cly(P) which
is a contradiction.

An evident consequence is that f~'(N) is of first category in X whenever N is of
first category in Y. Thus, if U € 7°(Y) is of first category in Y then £~ '(U) € 7*(X) is
of first category in X which contradicts the Baire property of X. Therefore Y is
a Baire space.

S.278. Prove that C\(X) is a Baire space if and only it is of second category in itself.
Give an example of a non-Baire space Y which is of second category in itself.

Solution. If C,(X) is a Baire space then every open subset of C,(X) and, in
particular, the whole C,(X) is of second category in C,(X). Now suppose that
C,(X) is of second category in itself and some U € 7°(C,(X)) is of first category.
Take any u, € U and consider a maximal disjoint family y of open subsets of C,(X)
each one of which is homeomorphic to a non-empty open subset of U. We claim
that (Jy is dense in X. Indeed, if V = C,(X)\|Jy # 0 then take any v, € V and
observe that the set W = U + (v — ug) = {u + (vo — up) : u € U} is a neigh-
bourhood of v, because the map f — f + (vo — up) is a homeomorphism of C,(X)
onto itself (Problem 079). As a consequence, W N V is a non-empty open subset
of V homeomorphic to an open subset of U and hence the family y U {W N V} is
still disjoint and consists of sets which are homeomorphic to open subsets of U;
this contradiction with maximality of y proves that | Jy = C,(X) and hence the set
F= C,,(X)\(U y) is nowhere dense in C,(X).

Every element W € y is of first category being homeomorphic to an open subset
of U; fix a family Fy = {F)" : n € N} of nowhere dense subsets of W such that
U Fw = W. Letting Fo = F and F,, = |J{F}, : W € 7} for all n € N, we obtain
a family F = {F,, : n € w} of nowhere dense subsets of C,(X) with UF= Cp(X),
a contradiction with the fact that C,,(X) is of second category. Thus, second category
and Baire property are equivalent in spaces C,(X).

To give a promised example, consider the space Y = R @& Q (see the definition
and basic properties of discrete unions in Problem 113). The space Y is of second
category because R is an open subset of ¥ which is of second category; the space
Y is not Baire because QQ is an open subset of ¥ which is of first category.

S.279. Suppose that X is an infinite set and & is a free ultrafilter on X (i.e., & is
an ultrafilter on X and (N & = ). Denote by X the set X U {&} with the topology
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T:={A:ACX}U{B:E€BandX \ B¢ &}. Show that 7 is indeed a topology on
X such that & is the unique non-isolated point of X :. Prove that C,(X;) is a Baire space.

Solution. Since ) = X\X;: ¢ ¢ and £ € X;, we have X € 7. The empty set belongs
to 7; because it is a subset of X. If U, V€ rsand E¢ U N Vthen U NV C X
and hence U NV € 7:. Now, if E€ U N Vthen X\ U¢ ¢ and X\ V ¢ ¢ and
therefore X\(U N V) = (X\U) U (X\V) ¢ & because ¢ is an ultrafilter. Thus U N V
et IfyCrsandJy C XthenJy e re. If E € Uforsome U € ythen U N X € &
and therefore (| Jy) N X € & whence X \(Jy) ¢ ¢, i.e., Uy € 7: and we proved that
T¢ is a topology on X¢.

To prove that C,(X¢) is a Baire space we need the following notion. Say that a
map o is a strategy on X if it has the following properties:

(1) The domain of ¢ is the family D = {(Sq, Sy, ... ,S2) :n € wand {Sy, ... ,S2,}
is a disjoint family of finite subsets of X;}.
(2) Given any (So, ... , S2,) € D, its image (S, ... , S2,) is a finite subset of X,

disjoint from Sy U - - - U Sy,

Call a sequence {S; : i € w} of disjoint finite subsets of X a a-play (or a play in

which the strategy o is applied) if S»,.1 = (S, - .., S2,) for all n € w. A sequence
(So, St - -+, S2,) € Dis called a partial o-play if S»;,1 = d(So, - .., S»;) for each
i=0,...,n— 1.In particular, every finite set Sy C X; is a partial g-play.

The strategy ¢ is called winning if, for any g-play {S;: i € w}, the point £ is an
accumulation point of the set U{S,;1 : i € w}.

Fact 1. 1f C,(X,) is not a Baire space then there exists a winning strategy ¢ on the
space X¢.

Proof. Suppose that C,,(X) is not Baire. Then it is of first category (Problem 278)
and hence we can find a sequence S = {0, : n € w} of dense open subsets in
C,(X) such that (S = 0. Observe first that to get a winning strategy o, we only
need to check its values on partial g-plays so we will only define it on partial
o-plays considering that ¢(Sg, ..., S»,) = @ for the rest of the sequences
So, .-, S2) €D.

Given a finite set A C X, a function f: A — R and ¢ > 0 we will need the set
M(f, A, &) = {g € Cp(Xe) : |gx) — flx)| < ¢ for all x € A}. It is evident that the
sets M(f, A, ¢) form a local base at f'in the space Cj,(X). Given any finite Sy C X¢,
let &g = 1 and fo(x) = O for all x € Sy. The open set Uy = M(fp, So, €0) has to intersect
the dense open set O, and therefore there exist a finite 7| D Sy, ¢; > 0 and a function
f1: Ty — R such that

() gy <2 'and € €Ty,
(2) M(fy, Ty, 2e)) C Uy N Oy,

We let 6(So) = T1\ Sp. Suppose that, for some n > 0, we have a partial o-play
So, - .. » Sp, for which we have chosen functions fy, ..., f>,_1 and positive
numbers &, ... , &,_1 with the following properties:
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Q) fi:Tr=SU...US — Rforeachk < 2n — 1.

(4) & <2 *foreach k < 2n — 1.

(5) M(fars1> Toker> 282641) C M(for, To, €2) N Oy foreach k=0, ..., n— 1.
(6) for|Tok—1 = far—1 and for(x) = for — (&) forall x € Sy, k=1, ..., n— L.

We are going to define a function f>,, : T5,, = So U - - - U S5,, — R by the formulas
fonX) = fou_1(x) for all x € Ty, and fo,(x) = f,-1(E) if x € S5, If we let &, =
(1/2)e,,,_; then the property (6) holds also for k = n. The open set M(f>,, T2y, €21)
must intersect the open dense set O,, so we can find a finite 75, ; D T, a function
fons1 : Toy1 — R and &, € (0, 272"71y such that we have the inclusion
M(foni1s Tons1s 2€2n41) C M(fons Ton,s €2,) N O,. To finish our inductive construc-
tion let U(So, ey S2n) = T2n+l\T2n'

Suppose that we have a o-play {S;:i € w}, the respective functions {f;:i € w} and
the sequence {¢;:i € w}. Iffx € S =J{S;:i € w} thenx € S, for some n € w and
therefore x € T} for all kK = n. Observe that (5) and (6) imply that, for any k& > n, we
have |fi1(x) — fil0)| < & < 2 %50 it is a standard exercise to show that {filx) 1 ke
w} is a Cauchy sequence and hence it converges to some number f{x) € R. The
properties (4), (5) and (6) imply that the sequence V = { [fi(x) — ex, fu(x) + & - k = n)
is decreasing and the diameters of its elements tend to zero. This, together with the
convergence fi(x) — f(x) implies that {f(x)} =V

Assume that the function f: § — R is continuous. The property (1) implies that
& € S so the set S is closed in X:. Any space with a unique non-isolated point
is normal (Claim 2 of S.018) so X is a normal space. Apply Problem 032 to
find a function g € C,(X) such that g|S = f. Given any number kX € @ we can
apply the observations of the previous paragraph to conclude that g(x) = f(x) and
S € [far1(0) — e2rg15 forp1(0) + E2x41] C (frg1(0) — 280041, forg1(X) + 280441)
for every x € Tory 1 80 g € M(fory1s Tary1s 262141) C Oy and therefore g € Oy. The
number k € w was taken arbitrarily so this proves, that g € ({O; : k € w} =0,
a contradiction which shows that the function f cannot be continuous.

The space S has only one non-isolated point £ so f is not continuous at ¢.
Observe that, for any point x € S5, we have |[f(x) — fou(x)| < ex < 27 and
[for_1(&) — O] < em1 < 2721 and hence we can apply the second equality of
(6) to conclude that |f(x) — f(&)| < [fx) — for@)| + [for—1(&) — AE)| < 2722 for any
X € Sy An easy consequence is that the function fis continuous on the set | J{So; :
k € w} U {¢&}. Thus fis discontinuous on the set S = | J{S:11 : kK € w} and hence
¢ has to be an accumulation point of the set S which finally shows that ¢ is a
winning strategy on X so Fact 1 is proved.

Fact 2. The space X has the following “moving off” property: for any sequence
{F,:n € o} of infinite disjoint families of finite subsets of X, we can choose an
element F, € F, for every n € w in such a way that | J{F, : n € ®} has no
accumulation points in X.

Proof. Choose distinct sets Ag, By € F arbitrarily. Suppose that we have chosen sets
A;, B; € F; for all i < n so that the family {A;, B; : i < n} is disjoint. Since the set
S, = (Ui<n Ai) U (Ui<n B)) is finite, there exist distinct A, 1, B, € F, such that
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A1 NS, =B,y NS, =0 so the inductive choice goes on. Once we have the
sequences {A;:7 € w} and {B;:i € w}, observe that their unions A and B are disjoint
so one of the sets A, B has no accumulation points in X¢. If, for example, A has no
accumulation points in X, we let F,, = A,, for all n € w finishing the proof of Fact 2.

If C,(X¢) is not a Baire space then there exists a winning strategy ¢ on the space
X¢ by Fact 1. Let T(0) = () and, if the sets T(0), ..., T(n — 1) are defined, let T(n) =
o(T(0) U - UT(n — 1)). Suppose that k£ = 1 and the set T(iy, ... , i;) is defined for
every k-tuple (iy, ..., i;) of elements of w.

Let T(iy, ... , ix, 0) = 0 and, if the set T(iy, ... , i, j) is defined for all numbers
j=0,..., n — 1, consider the set T(iy,...,ix,n)=0a(So,S1,52,...,Su_1,
T(it,...,ik,0)U---UT(i1,...,0k,n— 1)), where the sets So, Sy, Sz, ..., Sor_1
are defined as follows:

So=TO)U---UT(iy —1),8; =T(i1),S2 =T(i1,0)U---UT(i1,i — 1),
S3 = T(il,iz),...,SZj,l = T(l'h...,ij)

and S»; = TGy, ..., i, 00U --- UT(3y, ..., 0 i — D forallj < k.

Once we have the sets T(iy, ... , i) for all k-tuples (iy, ... , iy), we can define
the families 7 = {T(j) : j € N} and F(iy, ..., i) = {T@y, ..., i, J) : J € N} for
every k-tuple (iy, ..., i;) of elements of N. Observe that the collections F,
F(iy, ..., i) are infinite, disjoint and consist of finite sets. Fact 2 makes it possible
to choose one element from each of these collections in such a way that the union of
the chosen sets is closed and discrete.

To be more specific, let the chosen sets be T(m) € F and, for each k-tuple
(i1, - v, ), let TGy, ..., ix, m(iy, ..., i) be the chosen member of F(iy, ... , i;).
We will need a sequence {j; : k € N} where

jl :majz :m(il)7"'ajn+l :m(jlw"ajn)v""
Consider the sets

So=TO)U---UT(j —1),S1 =T(1),S2 =T(j1,0)U---UT(ji,ja — 1),
S3=T(j1,j2), - Sm-1 =T, Jn)s

and S5, =T(1, -+ 5 jp OO U -+~ UT{1, -+« 5 Jnsjuye1 — 1) forall m € N.

It is clear that the sequence {S; : i € w} is a g-play so ¢ must be an accumu-
lation point for the set | J{S»i+1 : i € @} = U(T(1, --. ,ji) : k € N}. However, the
set (J{T (1, ... ,Jjw) : k € N} has to be closed and discrete because it was chosen to
witness the “moving off” property of the families F, F(iy, ... , i;). This contradic-
tion shows that C,,(X;) is a Baire space and finishes our solution.

S.280. Show that C,(X) is a Baire space if and only if no(C,(X)) is a Baire space for
any countable A C X. Here my : C,(X) — C,(A) is the restriction map defined by
ma(f) =f| A for every f € C,(X).
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Solution. To prove necessity, fix any countable A C X. Given a finite P C X, a
function f € C,(X) and e > 0, we let O(f, P, &) = {g € C,(X) : |g(x) — flx)| < e forall
x € P}. Itis evident that the sets O(f, P, ¢) form a local base at fin C,,(X). Denote by
C(A | X) the subspace m4(C (X)) of the space C,,(A). Given h € C(A | X), a finite B C A
ande>0,letM(h,B,e)={g € C(A|X):|g(x) — h(x)| < eforall x € B}. All possible
sets M(h, B, ¢), evidently, constitute a local base at /4 in the space C(A|X).

Claim. Given a finite set P C X, a function f € C,(X) and & > 0, the set 4(O(f, P, ¢))
is dense in the set M(ma(f), P N A, ¢). Besides, if P C A then ws(O(f, P, ¢)) =
M(m4(f), P, ¢) and, in particular, the set ms(O(f, P, ¢)) is open in C(A | X).

Proof of the claim. It is immediate that w,(O(f, P, €)) C M(ns(f), P N A, ¢); for
g = ma(f) take any h € M(g, P N A, ¢). It suffices to prove that any basic
neighbourhood of / in C(A | X) intersects the set m4(O(f, P, ¢)). So take any finite
B C A and 6 > 0. Applying Problem 034 we can find f; € C,(X) such that f;(x) = h
(x) for all x € B and f;(x) = f(x) for all x € P\B. It is straightforward to check that f;
€ O(f, P, &) and ma(fy) € M(h, B, 5) N wa(O(f, P, €)) whence h € s (O(f,P,¢))
(the closure is taken in C(A | X)) and the first part of our claim is proved.

Now, if P is contained in A then m4(O(f, P, €)) C M(m4(f), P, ¢) because, for any
X € P, we have |m(g)(x) — ma(H(X)| = |f(x) — gx)| < ¢ forany g € O(f, P, ¢). If, on
the other hand, i € M(n4(f), P, ¢) then there is /' € C,(X) with m4(h") = h; for this
I we have I (x) — f(x)| < eforallx € Pso ' € O(f, P, ¢) and hence h = m4(H') € T4(O
(f, P, &) so s (O(f, P, &)) D M(ma(f), P, ) and the proof of our claim is complete.

Note that the Baire property of a space Z is equivalent to the fact that the
intersection of any countable family of dense open subsets of Z is dense in Z.
To show that C(A|X) is a Baire space, take any family {U,, : n € w} of open dense
subsets of C(A|X). The set V, = n;'(U,) is an open dense subset of C,(X) for all
n € w. The openness of V), is clear so let prove that V,, is dense in C,,(X). Take any
function f € C,(X), any finite P C X and ¢ > 0. If O(f, P, &) NV, = 0 then
mA(O(f, P, €)) N U, = 0. Since U, is dense in the space C(A|X), the set W = U, N
M(ma(f), P N A, ¢) is non-empty; the set m4(O(f, P, ¢)) being dense in M(m4(f), P N
A, £) by our Claim, we have m4(O(f, P, ¢)) N W # () and hence m4(O(f, P, ¢)) N U,
# () which is a contradiction showing that V,, is dense in C,(X). The space C,(X)
being Baire, the set D = ({V,, : n € w} is dense in C,,(X). As a consequence the set
na(D) is dense in C(A|X) and contained in ({U,, : n € w}. Thus ({U, : n € o} is
dense in C(A|X) so necessity is proved.

To establish sufficiency, suppose that C(A|X) is Baire for every countable A C X.
If C,(X) is not Baire then it is of first category in itself (278) so we can fix a
sequence {W,,: n € w} of open dense subsets of C,,(X) such that (\{W,,:n € w} = 0.
Let B={O(f, P, ¢) :f € C,(X), P is a finite subset of X and ¢ > 0}. It is clear that B is
a base in C,(X); if U = O({, P, ¢) € B then supp(U) = P.

For any number n € w consider a maximal disjoint family y,, C B such that V,, =
U7y, CW,. The set A = |J{supp(U) : U € y,, n € w} is countable and hence C(A|X)
is a Baire space. The set V), is dense in C,(X) and hence G, = ms(V,) is dense in
C(A|X). For any U € vy, we have supp(U) C A so the second part of our claim is
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applicable to conclude that ©4(U) is open in C(A|X) for any U € 7,. As a conse-
quence, the set G, = | J{na(U) : U € y,,} is open in C(A|X) which implies, together
with the Baire property of C(A|X), that (\{G, : n € w} # (). Pick any h € C,(X) such
that to(h) € (\{G,:n € w}; given n € w there is U = O(f, P, ¢) € y, such that 7, (h)
€ mu(U). Since P = supp(U) C A, we have m (U) = M(ms(f), P, €) by the second
part of the claim. This implies |m4(h)(x) — mA(f)(X)| = |A(x) — fix)| < ¢ for every
point x € P and therefore h € O(f, P, ¢) C V,, C W,,. The number n € @ was chosen
arbitrarily so we proved thatf € ({U, : n € o} = () which is a contradiction. Hence
Cp(X) is a Baire space and our solution is finished.

S.281. Prove that a countable product of second countable Baire spaces is a Baire
space.

Solution. Call a subset A of a space Z residual if Z\A is of first category.

Fact 1. Let Z be an arbitrary space. Suppose that T is a second countable space
and 7 : Z x T — Z is the natural projection. If we have a countable family I/ of open
dense subsets of Z x T'thenthe set A = {z € Z:7n '(z) N Uis dense in 7 '(z) for
any U € U} is residual in Z.

Proof. Fix a countable base B = {B, : n € w} C 7°(T) of the space T; given
anyUeUandn € w,letR(n, U)={z € Z:({z} x B,) N U= 0}. Since the set
(Z x T)\U is closed in Z x T, it is easy to see that R(n, U) is closed in Z. If W =
Int(R(n, U)) # B then W x B, is a non-empty open set contained in (Z x T)\U
which contradicts the density of U. Therefore, the set R(n, U) is nowhere dense
in Z. Observe finally that Z\A = |J{R(n, U) : U € U, n € w} and hence the set A is
residual. Fact 1 is proved.

If we have second countable Baire spaces {Y, : n € w} such that the space
Y =[[{Y, : n € ®} is not Baire then some set O € 7°(Y) must be of first category
in the space Y. There exist n € @ and U; € 7°(Y), i = 0, ..., n such that
Up x -+ x U, x [[{¥; : i>n} C O and hence the family {Uy, ..., U, Y,ii1, ..}
consists of Baire spaces (Problem 275) whose product is of first category. This shows
that if we prove that every countable product of second countable Baire spaces if of
second category then every such product is a Baire space.

We first prove that the product of two second countable Baire spaces is a Baire
space. By the observation of the previous paragraph it suffices to rule out the
possibility of existence of two second countable Baire spaces whose product is of
first category.

Take any second countable Baire spaces X and Y such that X x Y is of first
category; fix a countable family U of open dense subsets of X x Y with (U = .
Givenx € X, let Y, = {(x, y) : y € Y}. It is clear that Y, is homeomorphic to Y for
each x € X; furthermore, Y, = nfl(x) where 7 : X X ¥ — X is the natural projection.
Note that, in any Baire space, any residual set is non-empty; this makes it possible
to apply Fact 1 to conclude that there is a point x € X such that U N Y, is dense in
Y.forall U € Y. The family U, = {U N Y, : U € U} consists of open dense subsets
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of a Baire space Y, and hence (| U, # (0. Thus (U D (U, # 0; this contradiction
proves that X x Y is of second category and hence every product of two second
countable Baire spaces is a Baire space.

A trivial induction shows that any finite product of second countable Baire
spaces is a Baire space so let us consider the general case. Again, we must only
prove that a countable product of second countable Baire spaces cannot be of first
category. Suppose that {X,, : n € w} is a sequence of second countable Baire spaces
such that the space X = [[{X,, : n € w} is of first category. Let ¥,, = [[{X; : i >n}
forall n € w. Denote by 7, : X — Xo X -+ x X,, the projection defined by 7,,(x) = x|
{0,...,n}forallne w.fmncwandn < m,letp? : [[,c,, Xi — [l,<, X be the
analogous projection, i.e., 7 (x) = x[{0,...,n} for every x € Xy x --- x X,,. Fix
a sequence {0, : n € w} of open dense sets in X such that ({0, : n € o} = 0.

We are going to construct a sequence ko < k; < --- <k, < ... of elements of w
and points w, € Xy X --- X X, n € @ with the following properties:

(1) If n < m then w,, extends w,, i.e., w,, |{0, ..., k,} = w,.
(2) For each n € o, if x € X and m; (x) = w), then x € U,,.
(3) ({wy} x i) N O, is dense in {w,} X Y; foreachi> n.

Since Oy is a non-empty open subset of the space X, there exists ky € ®
and sets W0 € 1'*(Xi),i < ko such that Up = [],<;, W0 x [Iiss, Xi € Oo. The set
WO =TI, ko W? is a Baire space being a finite product of second countable Baire
spaces. We can apply Fact 1 to the product Uy = W° x Y, k, and to the dense open sets
{O; N Uy :i> 0} of the product WO x Y, %, to conclude that there is a point wy € w
such that ({wo} x Y ) N O;is dense in {wy} x Y, for each i > 0. It is clear that
properties (2) and (3) hold for ko and wy. Suppose that we have natural numbers kg
< -+ < k, and point wy, ... , w, with the properties (1)—(3).

Apply property (3) to see that the intersection 0,1 N ({w,} X Y} ) is an open
non-empty subset of the product {w, } X ¥; ; therefore we can find a natural number

koor > k, and sets W' e 7(X,),i=k,+1,...,k;p1 such that {w,}x
[T, < iz, Wi X Yi,,, C O EW™ = {w,} x Hk —icr W then O; N

1 n+1

(W' x Y, )isadense subsetof W' x Y, foralli>n-+ 1by (3). Since W"*is
a Baire space we can apply Fact 1 to conclude that there exists w,.; € W' such
that ({w, 41} X ¥; ) N O;isdensein {w,,} x ¥,  foreachi>n+ 1. Therefore
(3) is true for wg, ... ,w, jand kg, ... , ki1 Since pk”*1 (Wnt1) = wy, the property
(1) also holds for wy, ... w,. 1. The property (2) is true for w, | because {w, 1} X
Yy,., C Opnyy. As aconsequence, our inductive construction can be carried out for all
n € w and therefore there exist sequences {w, : n € w} and {k, : n € w} with the
properties (1)—(3). The property (1) shows that there exists y € X such that r,,(y) =w,
for each n € w. The property (2) implies y € O, for all numbers n € @ and hence
y € (0, : n € w}=0whichis a contradiction. Therefore X is a Baire space and our
solution is complete.

S.282. Prove that, for every Baire space X, we have p(X) = c(X).
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Solution. It is evident that ¢(X) < p(X) for any space X. Now assume that X is
a Baire space, ¢(X) = k and there exists a point-finite family y C 7"(X) with |y| =
k. Givenx € X and n € w, say that ord(x) < # if the point x belongs to < 1 elements
of y. Observe that the set F',, = {x € X : ord(x) < n} is closed in the space X. Indeed,
if x € X\ F,, then there are n + 1 distinct sets Uy, ... , U, € y with x € U, for all
i<n+1.ThenU = {U;:i < n+ 1} is an open neighbourhood of x which does not
meet F,,.

The family y being point-finite, we have X = | J{F, : n € w}. If U € 7°(X) then
F,, N U cannot have empty interior for all n € w because then the set U would be of
first category which is impossible because of the Baire property of X. If n is the
minimal number for which U N Int(F,) # () then U N Int(F,\F,_;) # 0.

This shows that the set W = [J{Int(F,\F,_;) : n € N} is dense in X. As a
consequence, W N U # ( for every U € y so there exists n € w such that the family
u={U€y:U N Int(F,\F,_,) # (0} has cardinality x*.

Every point of V = Int(F,\F,_) belongs to exactly n elements of u. For any x €
Viletu, ={U e p:xe€U}and V, = () NV. The family V = {V,: x € V} is
disjoint in the sense that, for any x, y € V, we have V, =V, or V, N V, = (). To see
this, observe that z € V, N U and U € u implies U € u, because otherwise the point
z belongs to more than n elements of y. Therefore V., N V, # () implies every U € p,
intersects V. so u, C p,. Since the situation is symmetric, we also have u, C p,
whence p, = p, and therefore V, = V,. Since every V, intersects only finitely
many elements of u, there must be k™ distinct (and hence disjoint) elements of V
which is a contradiction with c¢(X) < k. This proves that p(X) < ¢(X) and therefore
PO = c(X).

S.283. Prove that, if C(X,) is a Baire space for all t € T, then the product
[I{Cy(X;) : t € T} is a Baire space.

Solution. Given a space Z and B C Z let ng : C,(Z) — C,(B) be the restriction
map, i.e., mp(f) = f|B for any f € C,(Z). The map 7 is continuous for any B C Z
(Problem 152). Let C(B|Z) be the set m5(C,(Z)) with the topology induced from C,(B).

Observe that the space [[{C,(X;) : r € T} is homeomorphic to the space C,(X)
where X = @ {X, : t € T} (see Problems 113 and 114), so it suffices to prove
that C,(X) is a Baire space. We will consider X, to be a clopen subspace of X.
Given a countable A C X, the set To = {r € T: A N X, # 0} is countable and A =
{A,;: 1€ Ty} where A, =A N X, forall € T,,. Observe that, for any & € C(X,) there
is a function 4, € C(X) with &1|X, = h; an immediate consequence is that C(A,|X) =
C(A,|X,) for any ¢ € T,. For an arbitrary function f € C(A|X) take any f; € C,(X) with
na(fi) = f and let () = ma(f1) for each t € Ty It is evident that o(f) € [
{C(A|X) : 1 € To} = [[{C(A/|X;) : t € Ty} for each f € C(A|X) so we have a map
p:CAIX) = [I{CANX;) : t € To}.

To check that ¢ is continuous, consider the map ¢, o ¢ where ¢ :
[{C(A/X,) : t € Ty} — C(A,|X,) is the natural projection. It is easy to see that
q; o p coincides with the restriction map from C(A|X) to C(A/X) = C(A,|X))
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for every ¢t € Ty; the mentioned restriction map being continuous, this proves
continuity of ¢. If f, g € C(A|X) and f # g then f{x) # g(x) for some x € A,
t € Ty. Then p(H)(t) # w(g)(¢) which proves that p(f) # ¢(g), i.e.,  is an injection.

If f; : X; — R is a continuous function for each ¢ € T then there exists f € C(X)
such that f|X, = f; for all # € T : one has to define f(x) to be f,(x) if x € X, for some
index t € Ty and f(x) = O for the rest of x € X. This fact easily implies that ¢ is an
onto map. The map ¢ ' is also continuous; to see that recall that ¢~ ' maps
[T{C(A/|X,) : t € Ty} to the product R* so it suffices to verify that e, o ¢~ is
continuous for each a € A. Here ¢,(f) = f(a) for each f € R*. Take t € T witha € X,
and observe that ¢, o <p71 coincides with the continuous map d, o ¢,, where d,,(f) =
fla) for all f € C(A,|X).

This proves that ¢ is a homeomorphism and hence C(A|X) is homeomorphic
to P =[[{C(A/X;) : t € Ty}. Each C(A/X,) is second countable and Baire (see
Problems 209 and 280); applying Problem 281 we convince ourselves that P is also
a Baire space. It turns out that C(A|X) is a Baire space for each countable A C X so
we can apply Problem 280 again to conclude that C,(X) is a Baire space.

S.284. Given a (not necessarily metric!) space X, call a subset A C X bounded if, for
any f € C(X), the set f(A) is bounded in R. Prove that if C,(X) is a Baire space then
every bounded subset of X is finite. In particular, every pseudocompact subspace of
X is finite. As a consequence, if X is a metrizable space such that C,(X) is has the
Baire property, then X is discrete.

Solution. Assume that A is an infinite unbounded subset of X. Then C,,(X) = U(C:
n € N} where C,, = {f € C,(X) : flA) C [—n, n]} for each n € N. It is easy to see that
each C,, is a closed subset of C,(X). If Int(C,,) # () then there is a finite K C X, ¢ >
Oandf: K — Rsuchthat O(f, K, &) = {g € C,(X) : [g(x) — fix)| < eforallx e K} C
C,. Take any a € A\K and a function g € C,(X) such that g|K =f|K and g(a) =n + 1
(see Problem 034). It is evident that g € O(f, K, ¢€)\C,, which is a contradiction. As a
consequence, each C, is nowhere dense and hence C,(X) is of first category which
contradicts the Baire property of C,(X). Thus, every bounded subset of X is finite.

If P is a pseudocompact subspace of X then f|P is continuous on P for any f € C
(X). Therefore f(P) is bounded in R which shows that every pseudocompact subset
of X is bounded in X. Thus, if C,,(X) is Baire, then all pseudocompact subspaces of X
are finite. If X is a metric space then it has no non-trivial convergent sequences
because every such sequence is infinite and compact. Each metrizable space is
first countable and hence sequential (Problem 210), so if A is a non-closed
subset of X then there is a sequence (a,),c, C A such that @, — x ¢ A. It is clear
that {a,},c, U {x} is a non-trivial convergent sequence which is a contradiction.
Thus every subset of X is closed and hence X is discrete.

S.285. Prove that there exist spaces X such that C,(X) is not a Baire space while all
bounded subsets of X are finite.

Solution. Given a family A = {A, : t € T} of subsets of a space Y, say that A has a
discrete open expansion if there exists a discrete U = {U, : t € T} C 7(Y) such that
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A, C U, for each t € T. Given a finite P C Y, a function f € C,,(Y) and ¢ > 0, we
let O(f, P, &) = {g € C,(Y) : |g(x) — filx)| < & for all x € P}. Consider the family
B={O(f,P,¢): f€ CyY), Pis afinite subset of Y and ¢ > 0}. It is clear that B is a
base in Cp,(Y).

Fact I. Suppose that C,,(Y) is a Baire space. Then Y has the following “moving off”
property: for any sequence {F, : n € w} of infinite disjoint families of non-empty
finite subsets of Y, we can choose an element F,, € F, for every n € o in such a way
that | J{F, : n € w} has an open discrete expansion.

Proof. Given U € 7(R) and a finite P C Y, let [P, U] = {f € C,(Y) : AP) C U}. Itis
clear that [P, U] is open in C,(Y) for any U € 7(R) and finite P C Y. Observe that if
U, = (2n,2n + 1) for each n € w then the family {U,: n € w} C 7(R) is discrete.
It is an easy exercise to see that, for any function f' € C,(Y), the family y = F'w,:
n € w} is discrete in Y (while many elements of y can be empty).

The set 0, = J{[F, U,] : F € F,} is open in C,(Y) for each n € w; we claim that
itis also dense in C,,(Y). Indeed, if W = O(f, P, ¢) € B there exists F' € F, such that
F N P ={. Apply Problem 034 to find a function & € C,(Y) such that 4|P = f|P and
h(x) = 2n+ 1 forall x € F. It is evident that h € W (] O,; since the set W € B was
chosen arbitrarily, we have O, N W # () for any W € B, i.e., O, is dense in C,(1).
The space C,,(Y) being Baire there exists a function f € N {0, : n € w}. For each
n € w,thereis F,, € F, suchthatf € [F,, U,] and therefore the family {fﬁl(Un) neEw)
is a discrete open expansion of the family {F,: n € w}. Fact 1 is proved.

The underlying set of our promised space X is Q U {z} where z = /2. All points
of QQ are isolated and a set U > z is open in X if and only if Q\U is nowhere dense in
Q. It is easy to see that X is a Tychonoff space and, given A C QQ, we have z € cly (A)
if and only if the closure of A in R contains some non-empty open subset of R.
Apply Claim 2 of S.018 to conclude that X is also normal. Thus, if D = {d,, : n € w}
is a closed discrete subset of X then there exists f € C(X) such that f(d,)) = n for all
n € o. As a consequence, no subset of X, which contains an infinite closed discrete
subset, is bounded.

The next observation is that, for every infinite A C X there is infinite B C A such
that B is closed and discrete in X. To see this, observe that if A is closed and discrete in
Q then we can take B = A. If not then A contains a non-trivial convergent sequence
B (in the space R). It is clear that B C A is nowhere dense in QQ and hence B is closed
and discrete in X. This shows that every bounded subset of X is finite.

To show that C,,(X) is not Baire, we will prove that X does not have the “moving
off” property. Given ¢ > 0, call a subset B C [0, 1] N Q an e-net if, for any
x € [0, 1] there is b € B such that |b — x| < &. Given n € w it is easy to construct
a family 7, of infinitely many disjoint finite 2™ "-nets in [0, 1]. If X has the “moving
off” property then it is possible to choose F,, € F, for each n € w so that the family
{F, : n € w} has an open discrete expansion in X. This means, in particular, that
z¢ | J{F,:n € w} while | J{F, : n € w} is dense in the open set (0, 1) (in the
topology of R) and hence z € | J{F, : n € w} ; this contradiction shows that X does
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not have the “moving off” property and therefore C,,(X) is not Baire by Fact 1. Our
solution is complete.

S.286. Prove that if C,(X) is a Baire space then C,(X, ) is also Baire. Give an
example of a space X such that C,(X, 1) is a Baire space but C,(X) does not have the
Baire property.

Solution. Let w : R — (—1, 1) be a homeomorphism (Problem 025). Given
fe Cy(X), let p(f) = wo f; then the map ¢ : C,(X) — Cp(X, (-1, 1)) is continuous
as well as its inverse defined by the formula ¢ '(g) = w™' o g for any function
g € C,(X, (-1, 1)) (Problem 091). Thus C,,(X) is homeomorphic to C,(X, (-1, 1))
which is dense in C,(X, I). If C,(X) is Baire then C,(X, I) contains a dense Baire
subspace C,(X, (—1, 1)) so we can apply Problem 275 to conclude that C,(X, I) is
also a Baire space.

To construct a promised example, we will first need several facts.

Fact 1. Fix an arbitrary set M. Given any B C M, denote by 7z : I — 17 the
projection defined by 7mz(x) = x|B for any x € I, A dense subspace X C IM is
pseudocompact if and only if mz(X) = I? for every countable B C M.

Proof. If X is pseudocompact and B is a countable subset of M then nz(X) is a
second countable pseudocompact space because 7 is a continuous map (Problem
107). Any second countable pseudocompact space is compact (Problem 138)
so mp(X) is a compact dense subspace of I2. Hence n3(X) = I? and we proved
necessity.

The family B = {[[,c,, U: : U; € 7(I) for all ¢, and the set {re M : U, #1 } is
finite} is a base for the space ™ (Problem 101). Given any set U = H,GM U, € B,
let supp(U) ={teM: U, #1}.

Suppose now that 75(X) = I? for any countable B C M. If X is not pseudocom-
pact then there exists a discrete family @ = {0, : n € w} C 7°(X). There
exists a family {U, : n € w} C B such that U, N X C O, for all n € w. Let
B =J{supp(U,) : n € w}.Itis easy to see that 75 ' (n3(U,)) = U, forall n € w. The
map ng is open (Problem 107) so V,, = ng(U,,) is open in 12 for all n.

The space I is compact so the family V = {V,,: n € @} cannot be discrete in I ;
fix a point y € I? whose every neighbourhood intersects infinitely many elements of V.
Take any x € X with g(x) = y and any open neighbourhood W of the point x in X.
We claim that W intersects infinitely many elements of O.

To prove this, take any G = [[,.,, G, € Bwithx € Gand G N X C W. The set
n5(G) is an open neighbourhood of y in I? and hence it intersects infinitely many
elements of the family V; thus it suffices to show that if 7z(G) N V,, % () then W N
0, # (. Take any z € ng(G) N V,, and fix g € G with mg(g) = z. The set C = B U
supp(G) is countable so there exists z; € X such that with n(z;) = h = n(g). Since
nz'(z) C U, and mp(z1) = mp(g) = z, we have z; € U, N X C O,,. By definition of
G we have ngl (h) C G and therefore z; € G. As a consequence z; € (G N X)N O,
cWno,soWn 0,# 0 whenever nzg(G)N V, # (). The set W € 7(x, X) was
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chosen arbitrarily, so we proved that O is not locally finite at x; this contradiction
proves that X is pseudocompact so Fact 1 is proved.

Fact 2. Let us identify the discrete space D(w) with ow. Suppose that K is a compact
extension of w such that clg(A) N clg (B) = () forany A, B C w withA N B = ().
Then there exists a homeomorphism f: fo» — K such that f(n) = n for any n € w. In
particular, any map from o to a compact space can be extended continuously over K.

Proof. There exists a continuous map f : fco — K such that f(n) = n for any n € w
(Problem 257). Since @ C f(fw), the compact set f(fw) is dense in K and hence
f(Bw) = K. Given x, y € fw, x # y pick U € 1(x, fw), V € 7(y, fw) such that
U NV = () (the bar denotes the closure in fw). Wehave UNw =UandVNw =V
sof(UNw)y=UNw="U;isdense in flU) and f(V N w) =V N w =V, is
dense in f(V). Since U; N V; = (, the mentioned property of K implies clg (U;) N
clg (V1) = 0. Since f(x) € clg (Uy) and f(y) € clg (V1), we proved that f(x) # f(y),
i.e., the map fis a condensation and hence a homeomorphism (Problem 123). Fact 2
is proved.

Fact 3. If N is a set and |[N| = k, then there exists an enumeration {n, : o < K} of
the set N such that each n € N occurs k-many times in this enumeration, i.e., the
set {o < x : n, = n} has cardinality x for any n € N.

Proof. Let f: k — N be any onto map. Since |k X k | = K, there exists an onto map
g:K — k X K. Besides, 7 : ¥ X Kk — K is the projection onto the first factor. Finally,
let n, = fin(g(x))) for each « < x. It is immediate that the enumeration {n, : « < i’}
is as promised. Fact 3 is proved.

Given any o < ¢, we denote by 7, : I° — I the natural projection onto the a-th

factor. Consider the set G = {x € I : [{a € ¢ : x(a) #0} | < w} CI. Since [I| = ¢,
we have | I? | = ¢” = ¢ for any countable set B. Therefore, for any countable B C ¢
the set Gg = {x € I* : x(ar) = 0 for all & € ¢\B} has cardinality ¢. Since G = | J{Gp :
B is a countable subset of ¢}, we have |G| = ¢- ¢ = ¢. Apply Fact 3 to fix an
enumeration {g, : « < ¢} of the set G in which every g € G occurs ¢ times. The
family ¢ = {B C ¢ : B is countable} also has cardinality continuum so we can
use Fact 3 again to choose an enumeration {A, : « < ¢} of the family ¢ such that
every A € ¢ occurs ¢ times in this enumeration.

For any o < ¢ define a point x,, € I vas follows: x,(f) = g,(f) for each f§ < o;
if f > ooand o € Ag then x,(f) = 1; if f > o and o ¢ Ag then x,(f) = 0. Then X =
{x, : o < ¢} is our promised space.

Take any countable B C ¢ and any g € 1%, If h(f) = g(p) for any f € B and
h(p) = 0 for all § € ¢\B then h € G and ng(h) = g. There exists & > sup(B) such
that g, = h; then mp(x,) = mg(h) = g. This proves that mz(X) = I® for each
countable B C ¢ so X is pseudocompact by Fact 1.

Take any countable set P C X; there exits a countable B C ¢ suchthatP = {x,: o €
B}.1If y ¢ B then find f > sup(B U {y}) such that Ag = B and observe that y ¢ B = Ay
and therefore mg(x,) = x,(f) = 1 for any o € B = Ag while ng(x,) = x,(B) = 0. Since
the map 5 : X — L is continuous, it is impossible that x, € {x, : « € B} = P so the
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set P is closed in X. Thus every countable set is closed in X. Besides, every countable
subset P C X is also discrete because every subset of P is also countable and hence
closed in P.

Now fix any countable P C X and denote by K the closure of P in I*. Then K is
a compact extension of the countable discrete space P. Suppose that R, S C P and
R N S = 0. Fix countable B, D C ¢ such thatR = {x,:« € B} and S = {x,: 0« € D}.
Then B N D = {) find > sup(B U D) such that Az = B. The same verification as
in the previous paragraph shows that ng(R) = {1} and mg(S) = {0}. Therefore
[RIN[S] € m;'(0) Nmy' (1) = 0 (the brackets denote the closure in I). As a
consequence clg(R) N clg(S) = () for any disjoint R, S C P so we can apply Fact
2 to conclude that K is homeomorphic to S = BP. Thus, if f: P — R is a bounded
function, it is continuous because P is discrete. Besides, there is n € @ such that
f: P — [—n, n] because f is bounded. Since K = f§P, there exists a continuous /4 :
K — [—n, n] such that h|P = f (Problem 257). The space I° is compact and hence
normal, so there is a continuous g; : I* — R such that g, |K = h. Therefore g = g|X
is continuous and g|P = f. Thus, we proved the following fact.

Fact 4. There exists an infinite dense pseudocompact X C I with the following
properties:

(1) Every countable subspace of X is closed and discrete.
(2) For every countable B C X and every f: B — I there exists g € C(X, I) such that

glB=r.

Now it is easy to finish our solution. Consider the space C\,(X, I) C ¥Z.IfBCX
is countable and f € I? then there exists a continuous g € C »(X, I) with g|B = f. This
shows that ng(C,(X, 1)) = IZ for every countable B C X. Therefore Fact 1 is
applicable to C,(X, I) and hence C,(X, I) is pseudocompact. Any pseudocompact
space is Baire (Problem 274) so C,,(X, I) is a Baire space. However, C,(X) is not
Baire because X is an infinite pseudocompact space (Problem 284) so our solution
is complete.

S.287. Prove that if C,(X, I) has a dense Cvech-complete subspace then X is
discrete.

Solution. Let us prove that X has to be discrete if C,(X, I) has a dense éech—complete
subspace D. Since I¥ is a compact extension of D, the set D has to be G5 in I*. Fix a
family {0, : n € w} C 7 (I¥) such that (MO, : n € w} = D. The family
B = {]],ex Us : U, € 7(I) for all x, and the set {x € X : U, # I } is finite} is a base
for the space I* (101). Given U = [Liex Us € B, letsupp(U) = {xe X: U, #1}.IfA
C X then iy : I¥ — T* is the restriction map defined by the formula 7,4(f) = f|A for any
feTX. AsetH C ¥ is called A-saturated if ny ' (ms (H)) = H.Itis straightforward that
any union and any intersection of A-saturated sets is an A-saturated set.

Let y,, be a maximal disjoint subfamily of BB such that | Jy,, C O, Since ¢ ™ =ow
(Problem 109), the family y, is countable for each n € w and hence the set
A = Ufsupp(U) : U € vy,, n € w} is countable. If V,, = |}y, then V,, C O, is
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a dense open subset of O, (by maximality of y,) and hence of I*. Since the
compact space IX has the Baire property (Problem 274), the set E = M{V,.:n€w)
is dense in I*X. The space E is also Cech- complete because it is a Gs-set in its
compact extension I*. Another important observation is that E C Cp(X, I) because
V, C O, for each n € w.

Observe that if U € B and supp(U) C B then U is B-saturated; therefore every
element of 7y, is A-saturated and hence V,, = | Jy, is also A-saturated for all n € w.
This, in turn, implies that E is A-saturated. The set U,, = n4(V,,) is dense and open in
I* for any n € w (107) and hence L = (U, : n € o} is a dense éech—complete
subspace of I ; besides, L C Cp(A,T) because L = ms(E) and E C Cy(X, I. Fix any
h € L; then 7, (h) C E C Cp(X,I). This means that any f: X — I with f|A = h, is
continuous on X. Given any g : X\ A — I there exists f: X — [ such that f|(X\A) = ¢
and f|A = h; this proves that C,X\VAD = ¥\ and therefore X\A is a discrete
subspace of X. If y € K\A then let f1(x) = 1 for each x € X\ A and f;(x) = h(x) for
all x € A. Analogously, let f>(x) = 0 for each x € X\ A and f;(x) = h(x) for all x € A.
Then fi, f, € C(X) and hence f = f; — f> is also continuous on X. However, f(A) =

0} and f(y) = 1 which is impossible by y € A ; therefore we proved that A is closed
in X.

Now, if y € X\A N A then take any f: X — I for which f|A = h and f|(X\A) is a
constant distinct from /A(y). It is clear that f cannot be continuous on X; this
contradiction shows that X\ A is also closed in X and hence both sets A and X\ A
are open.

Foranya € Alet W, = {f € C,(A, ) : fla) € (—1, 1)}. It is evident that W, is a
dense open set of C,(A, I) and therefore M = (\{W,:a € A} N Lis a dense Cech-
complete subspace of C,,(A, I). It is clear that M is contained in Cj,(A, (—1, 1)) which
is homeomorphic to Cj,(A) (see the first paragraph of S.286). As a consequence
Cp(A) has a dense Cech-complete subspace so A is also discrete (Problem 265) and
hence X is discrete so our solution is complete.

S.288. Prove that the following are equivalent for any normal space X:

(i) X is countably paracompact.

(i) X x K is normal for any metrizable compact K.
(iii) X x I is normal.

(iv) X x A(w) is normal.

Solution. The following characterization of countable paracompactness can often
be useful.

Fact 1. The following conditions are equivalent for any space X:

(a) X is countably paracompact.

(b) For any countable open cover {U; : i € w} of the space X there exists a locally
finite open cover {V; : € w} of X such that V; C U, for every i € w.

(c) For any increasing sequence Wy C W, C ... of open subsets of X satisfying
Uicw W; = X there exists a sequence {F;:i € w} of closed subsets of X such that
F; C W;foralli € ® and | Jie,, Int(F;) = X
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(d) For any decreasing sequence Gy D G; D ... of closed subsets of X satisfying
Nicw G: = 0 there exists a sequence {O i € o} of open subsets of X such
that G; C O; for all i € @ and [, =0.

Proof. To show that (a) = (b) take any locally finite refinement U/ of the cover {U, :
i € w}, choose for every V € U a natural number i(V) such that V C Uy, and let
Vi=U{Vel:i(V) =i} foreachi € w.

IG(U

As to (b) = (c), take a locally finite open cover {V;:i € w} of the space X such

that V; C W, for all i € w. The sets F; :X\(U{Vj :j>1i})are closed and F; C U{Vj
J<i} CUW,:j< i} =W,foreachi € wso wehave F; C W, forall i € w.
The family {V; : i € w} being locally finite, every x € X has a neighbourhood
O, which does not intersect the set | J{V; : j > i} for some i. Therefore x € O, C F;
so x € Int(F;) which proves that | J;c,, Int(F;) = X
(c) = (d). If W; = X\G; for all i € w then the sequence {W;:i € w} is increasing
and | J{W;:i € o} =X.Find a sequence {F;:i € w} of closed subsets of X such that
F;CW;and |J; ¢ , Int(F;) = X; if O; = X\ F; for all i € w then the family {O;: i € w}
is as required.
(d) = (a). Take an arbitrary open cover y = {U; : i € w} of the space X. The family
G; =X \ U{U; : j < i} form a decreasing family, which, consists of closed sets and
Nicw Gi = @ Choose a sequence {O;:i € w} C 7(X) such that G; C O; foralli € w
and (;,.,, 0i = 0. ThesetV;=U; N (ﬂ{Oj j< i}) is open for all i € w; the family
U={V;:iew}isacoverof X because V; D U,—\(U{Uj j< i}) for all i € w. Now
if x € X then x ¢ 0, for some n € w and hence W = X \5,1 is a neighbourhood of
x which does not intersect any V; if i > n. Thus the family ¢/ is a locally finite
refinement of ). Fact 1 is proved.

Fact 2. The following conditions are equivalent for any normal space X.

(a) X is countably paracompact.

(b) For any decreasing sequence Fy D F; D ... of closed subsets of X satisfying
Nicow Fi = 0 there exists a sequence {W; : i € w} of open subsets of X such that
F,C W, foralli € w and e, W = 0.

(c) For any countable open cover {U, : i € w} of the space X there exists a locally
finite open cover {V;: € w} of X such that V; C U; for every i € w.

(d) For any countable open cover {U, : i € w} of the space X there exists a closed
cover {G,; : i € w} of X such that G; C U, for every i € w.

Proof. The implication (a) = (b) is an immediate consequence of Fact 1(d). To
prove (b) = (a) suppose that we have a decreasing sequence Fy D F; D ... of
closed subsets of X satisfying (e, F; = 0 and take a sequence {W!:ie w}ofopen
subsets of X such that F; C W/ for alli € w and (;,, W; =0. By normality of X there
exists W; € 7(F;, X) such that W; C W!. Itis clear that we have MNicoy Wi = 0 so Fact 1
(d) is applicable to conclude that X is countably paracompact. Thus (a)@(b).

(a) = (c). Given a countable open cover {U; : i € w} of the space X, apply
Fact 1(b) to find an open locally finite cover {V} : i € w} of X such that V! C U, for
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each i € w. The set Fo = X\(J{V! :i>0} is closed in X and Fy C Vy. Applying
normality of X we can find an open set V, with Fo C Vo C Vo C V{. Suppose
that we have open sets V;, i < n such that V; C V! for each i < n and the
family {Vo,...,V,-1,V,,V,,,,...} is a cover of X. Then F, :X\((Ui<n\/i)
U(Ui>n VI’)) is a closed set contained in V/,. By normality of X there is V,, € 7(F,,,
X) such that V, C V! so the inductive process can be continued and we can
construct the sequence S = {V; : i € w}. It is clear that the family S is locally
finite and V; C V! C U; for each i € w. Observe also that, for any x € X, there
is n € w such that x¢ (J{V/:i>n} because the family {V]:i € w} is locally
finite. Since {Vo,...,V,-1,V,,V,,,,...} is a cover of X, we have x € V; for
some i < n so S is a cover of X and the implication (a) = (c) is established.

The implication (c) = (d) is obvious, so it suffices to prove that (d) = (b).
Take any decreasing sequence Fo O F| D ... of closed subsets of a space X satisfying
Nicw Fi=0.1f U; = X\ F; for all i € w then the family {U; : i € w} is an open cover
of X so we can fix a sequence {G; : i € w} of closed subsets of X such that G; C U;
foralli € wand | J{G,:i € o} = X. Now, if W; = X\G, for all i € w then F; C W;
and (ieo, W; = 0 so the proof of (d) = (b) is complete. Fact 2 is proved.

Fact 3. For any space Z and any compact P the natural projectionn : Z X P — Z
is a perfect map.

Proof. 1t is evident that 7 is continuous and onto. Given a point z € Z, the space
nYz) = {z} x Pis compact so the set n Y2) is compact for any point z € Z. If
U € 7(n"'(2), Z x P), then we can apply Fact 3 of S.271 to the product {z} x P to
conclude that there is V € 7(z, Z) and W € 7(P, P) such that V x W C U. Of course,
W = P so we have 1~ '(V) = V x P C U and hence Fact 2 of S.271 is applicable to
the map 7 to conclude that 7 is closed. Fact 3 is proved.

We are finally ready to establish the implication (i) = (ii). Assume that a normal
space X is countably paracompact and take a metrizable compact K. Let B be
a countable base in K such that any finite union of elements of B belongs to 5.
Denote by p : X X K — X and g : X x K — K the respective natural projections.
Givenany M C X x Kandx € X, let M, = g(M N pil(x)).

Fix a pair A, B of disjoint closed subsets of the product X x K and define
Oy ={x€X:A, CUCUCK\B,} for each U € B. Observe that the set

X\Oy={xeX:ANn(K\U)#0}U{xeX:B,NU# 0}
=pAN X x (K\U))) Up(BN (X x U))

is closed because the projection p is a closed map by Fact 3. Thus every Oy is an
open set. Given any x € X the sets A, and B, are disjoint and compact so there exist
Uy ..., U,€BwithA, C U =J,.,U; C U C K\B,. Since U € B by the choice
of B, we have x € Oy, i.e., the countable family {O : U € B} is an open cover of X.
Since X is countably paracompact, we can apply Fact 2(c) to conclude that there
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exists a locally finite open cover W = (W, : U € B} of the space X such that
Wy C Oy forany U € B. The set O = | J{Wy x U : U € B} is openin X x K so it
suffices to show that A C O C O C (X x K)\B.

Given any (x, y) € A there is U € B withx € Wy; thenx € Oyandhencey € A, C U
so (x, y) € Wy x U C O which proves that A C O. Now assume that there
is (x,y) € O NB ; since the family W is locally finite, there is V € 7(x, X) such
that V N Wy, # () only for a finitely many U’s. The neighbourhood V x K of the point
(x, y) intersects only finitely many products Wy x U, say {Wy, x U;:i < n}. Asa
consequence, we convince ourselves that (x,y) € | J{Wy, x U; : i<n} and therefore
(x,y) € Wy, x Uy = Wy, x U; for some i < n. But then x € WU,. C Oy, and
y € U; N B, which is a contradiction with the fact that A, C U; C U; C K\B,. The
implication (i) = (ii) is proved.

The implication (ii) = (iii) is obvious and (iii) = (iv) is true because X x A(w) is
embeddable as a closed subspace into the space X x I (see 018).

(iv) = (i). We identify A(w) with the subspace {0} U {% :n € N} of the real
line. Take any decreasing sequence S = {F; : i € N} of closed subsets of X with
NS =0.The sets F = J{F; x {1} :i € N} and G = X x {0} are disjoint and
closed in the normal space X X A(w). If U € 7(F, X X A(w)),V € 7(G, X x A(w)) are
disjoint then let W; = {x € X : (x,1) € U} for all i € N. It is obvious that W; is an
open subset of X and F; C W, for all i € N. Assume that x € (|{W,:i € N}; it is
immediate that the sequence {(x,1) :n € N} C U converges toy = (x, 0) € G
whence y e UNG C UNV =), a contradiction. Thus, (J{W, : i € N} = () and
hence X is countably paracompact by Fact 2(b). This finishes the proof of the
implication (iv) = (i) and makes our solution complete.

S.289. Prove that, if C(X) is normal, then it is countably paracompact.
Solution. Let us show first that some subspaces inherit normality.
Fact 1. Let Y be a normal space. Then any F,-subspace of Y is also normal.

Proof. Take any F,-set P C Y; fix a family {P, : n € w} of closed subsets of ¥ with
P =J{P,: n € w}. Take any F C P which is closed in P and any W € 7(F, P).
Choose any U € 7(Y) with U N P = W. The set F,, = P, N F is closed in Y so
we can apply normality of the space Y to find U,, € 7(F,, Y) such that cly(U,) C U.
For the family {W, =U, N P : n € w}, we have F,, C W,, and clp(W,) C W for
each n € w. Therefore F C |J{W, : n € w} and clp(W,) C W for all n € w. This
shows that Fact 1 of S.221 can be applied to conclude that P is normal. Fact 1 is
proved.

Fact 2. Suppose that Y x R is normal for some space Y. Then Y x R is countably
paracompact.

Proof. The spaces Y and Y x I are normal being each one a closed subspace of the
normal space Y x R. Thus Y is countably paracompact (Problem 288). Apply
Problem 288 again to observe that Y x (I x T) is also normal because I x I is a
metrizable compact space. It is easy to see that Y x ((—1, 1) x I) is an F ,-subspace
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of ¥ x (I x I) so it is normal by Fact 1. It is evident that ¥ x ((—1, 1) x I) is
homeomorphic to (Y x R) x I so Problem 288 can be applied once more to
conclude that Y x R is countably paracompact. Fact 2 is proved.

It is now easy to finish our solution. Take any point x € X and consider the set Y =
{f € C,(X) : fix) = 0}. Then C,(X) is homeomorphic to ¥ x R (Problem 182) so
Fact 2 can be applied to conclude that C,,(X) is countably paracompact if it is normal.

S.290. Prove that C,(X) is normal if and only if any F ;-subset of C(X) is countably
paracompact.

Solution. Suppose that C,(X) is normal and take any F,-set P C C,(X). Then P is
also normal by Fact 1 of S.289. The space C,(X) is countably paracompact
by Problem 289 and therefore C\,(X) x I is normal (Problem 288). It is evident
that P x I is an F,-subset of C,,(X) x I so it is normal by Fact 1 of S.289. Apply
Problem 288 again to conclude that P is countably paracompact and finish the
proof of necessity.

To prove sufficiency, suppose that every F,-subspace of C,(X) is countably
paracompact. Denote by S the convergent sequence {0} U {} :ie N } and let
Sy ={0}U {4 :i=n} for any n € N. Take any x € X and let ¥ = {f € C,(X) :
f(x) = 0}. Then C,(X) is homeomorphic to the space ¥ x R (Problem 182). Let p :
Y x § — Y be the natural projection. Take any closed subset F of the space Y and
any U € 7(F, Y). The space Z = (F x {0}) U (U{Y x {1} :i € N})isanF,-setin
C,(X) so Z is countably paracompact. If U; =Y x {1} for each i € N and U, =
(U x §) N Zthen the family {U; : i € w} is a countable open cover of the space Z.
By countable paracompactness of Z, there is a locally finite family {V;:i € w} C
7(Z) such that V; C U, for all i € w (Fact 1(b) of S.288). The set W; = Y\p(V;) is
open in Y for all i € N. Since V; is an open subset of ¥ containing (Y\U) X { , the
set p(V;) is an open subset of Y which contains Y\ U. This proves that W; C U for all
icN.

Given a point y € F, there is G € 7(y, Y) such that (G x §,) N Z intersects only
finitely many of the sets V;’s. As a consequence, there is j € N such that (G x S) N
V; = () and hence y ¢ p(V;), i.e., y € W,. This shows that, for an arbitrary closed
F C Yand any U € 7(F, Y) we constructed a sequence {W;: i € N} C 7(Y) such that
F CU{W,;:ieN}and W; C U for all i € N. Now apply Fact 1 of S.221 to see
that Y is normal. Since Y is also countably paracompact, the space ¥ x I is also
normal (Problem 288). Observing that C,,(X) = ¥ x R is homeomorphic to an
F5-subspace of ¥ x I we conclude that C,(X) is normal (Fact 1 of S.289) so we
proved sufficiency and hence our solution is complete.

S.291. Suppose that C(X) is normal and Y is closed in X. Prove that the space
T(Cp(X)) = (Y : f € C,(X)} C C(Y) is also normal.

Solution. Given a space Z and A, B C Z, say that A and B are separated if
ANB=(=BNA. Call the sets A, B open-separated if there are open sets
UV cZsuchthat AC U, BCVand U NV = (. We will also say that the
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mentioned open sets U and V separate the sets A and B. It is easy to see that
open-separated sets are separated. Given a product M = [[{M, :t € T} and S C T,
the map ng: M — Ms=][{M,:t€ S} is the natural projection defined by
ns(x) = x|S for all x € M.

Fact 1.1f Z is a hereditarily normal space then A, B C Z are separated if and only if
they are open-separated. In particular, this is true in metrizable spaces.

Proof. It suffices to prove that separated sets are open-separated, so let A, B C Z be
separated sets. If F = AN B then A U B C Z\F and hence A\F, B\F are disjoint
closed subsets of the normal space Z\F. If U, V € 7(Z\F) separate the sets A\F and
B\F then they are open in Z and separate the sets A, B. To finish the proof observe
that every metrizable space Z is hereditarily normal because every subspace of Z is
metrizable and every metrizable space is normal. Fact 1 is proved.

Fact 2. Given subsets A, B of a space Z, suppose that f: Z — Y is a continuous map,
the space Y is hereditarily normal and the sets f(A), f(B) are separated in Y. Then
they are open-separated in Z.

Proof. Use Fact 1 to find U, V € 7(Y) which separate the sets f (A) and f (B). Then the
open sets £~ '(U) and f (V) separate the sets A and B. Fact 2 is proved.

Fact 3. Assume that M, is a second countable space for all # € T and D is a dense
subspace of the product M = [[{M, : t € T}. Suppose also that A, B are arbitrary
subsets of D. Then A and B are open-separated in the space D if and only if there
exists a countable S C T such that ng(A) and mg(B) are separated in the space
Mg =1[{M, :teS}.

Proof. Assume that the sets mg(A) and ng(B) are separated in the space M for some
countable § C T. Since My is second countable and the map 7g|D : D — My is
continuous, Fact 2 can be applied to conclude that A and B are open-separated in D
so we proved sufficiency.

Now suppose that we have U’ € 7(A, D), V' € 7(B, D) such that U' N V' = (). Fix
U, VerM)suchthat U "N D=U"andV N D =V'. Observe firstthat U N V = ()
for if not, then U N V is a non-empty open set which has to intersect the dense
setD,so0 U NV N D=U NV =0 which is a contradiction.

Recall that the family B = {[[,.; W, : W, € 7(M,) forallt € T,and the set {t € T:
W, # M,} is finite} is a base for the space M (see 101). Given any set
W = [l,ey Wi € B, let supp(W) = {r € T : W, # M,}. Choose any maximal disjoint
families y,, yv of elements of 3 such that Oy = J,;y C U and Oy = J yV C V. The
set S = J{supp(W) : W € yy U py} is countable; let us prove that mg(A) and 7g(B)
are separated in the space M. It is easy to see that any two disjoint open
sets are separated; the sets mg(U) and ng(V) are open in Mg (Problem 107) and
ns(A) C ng(U), ms(B) C mg(V) so it suffices to prove that tg(U) N wg(V) = (.

Since supp(W) C S for any W € y,, we have g 'ng(U) = U for any U € y; this
easily implies g 'n5(Oy) = Oy. Analogously, ng'ng(Oy) = Oy. Besides, Oy is
dense in U and Oy is dense in V which implies that n5(Oy)) is an open dense subset
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of mg(U) and mg(Oy) is an open dense subset of mg(V). This shows that, if we have
ns(U) N wg(V) # 0 then n5(0Oy) N m5(Oy) # () and therefore () # n5 ! (n5(0y))N
75! (ns(V)) = Oy N Oy C UNV = ) which is a contradiction. Fact 3 is proved.

Returning to our solution, recall that the map my : C,(X) — C,(Y) is defined by
ny(f) =f|Y forevery f € Cp(X) (see Problem 152). Given any Z C X, denote the set
12(C,(X)) by C(Z|X); if we have a finite K C Z, a functionf € C(Z|X) and ¢ > 0, we let
OAf, K, e)={ge C(Z|X): |g(x) — fix)| < eforall x € K}. It is clear that the family C
(f,2)=1{04(f, K, ¢): Kisafinite subset of Zand ¢ > 0} is a local base at fin C(Z|X).

Take any disjoint A, B C C(Y|X) which are closed in C(Y|X). The sets A’ =
7y ' (A) and B’ = 7, ' (B) are closed in C,,(X) and disjoint so they are open-separated
in C,(X) because C,(X) is normal. Since C,,(X) is dense in R¥, we can apply Fact 3
to find a countable Z C X such that the sets n,(A’) and 7 (B’) are separated in
C(Z|X). The set T =Z N Y is countable; we claim that the sets n(A") and n;(B’) are
separated in C(T|X).

If 7{(A’) and ny(B’) are not separated in the space C(T]X) assume, without loss
of generality, that f € m(A") N cleeryx) (nr(B')). Choose any f; € A’ with nr(f;) = f
and take any finite K C Z and ¢ > 0. There exists g € n,(B’) with |g(x) — f(x)| < ¢ for
allxe K N T=K N Y.Fix g € B’ with n{(g,) = g; since Y is a closed set, there
exists 1; € C,(X) such that #,|Y = 0 and /1, (x) = f1(x) — g1 (x) for all x € K\Y. Then
ny(h; + g1) = ny(g;) € ny(B’) = B and therefore g, = h; + g; € B'. It is immediate
that m(g,) € Ox(z(f1), K, ¢); the set K C Z and ¢ > 0 being arbitrary, we proved
that 7,(f) € clezx) (mZ(B')) N nz(A") which is a contradiction with the fact that
n(A") and 7(B’) are separated in C(Z|X).

The last contradiction shows that the sets n(A") and n(B’) are separated in
C(T|X); let o) : C(Y|X) — C(T|X) be the restriction map, i.e., nk(f) = f|T for any f
€ C(Y | X). It is easy to see that n7(A") = n}.(A) and n7(B’) = n)(B) and therefore
nt. maps C(Y|X) continuously into a second countable space C(T|X) in such a way
that the sets n).(A) and n¥.(B) are separated in C(T|X). Therefore, Fact 2 is applica-
ble to convince ourselves that A and B are open-separated in the space C(Y|X). Since
we proved that any disjoint closed sets A, B C C(Y|X) are open-separated in C(Y|X),
our solution is complete.

S.292. Prove that every perfectly normal space is hereditarily normal but not vice
versa. Show that, for any space X, if C,(X) is hereditarily normal then it is perfectly
normal.

Solution. It is easy to see that in a perfectly normal space X every open set O C X is
an F,-set, so Fact 1 of S.289 is applicable to conclude that O is normal. Now take
an arbitrary Y C X; if A, B are closed disjoint subsets of Y then F = ANB C X\Y
(the bar denotes the closure in X) and hence A\F, B\F are disjoint closed subsets of
the normal space O = X\ F. Pick any disjoint sets U’ € 7(A\F,0),V’ € 7(B\F,0)
and note that the sets U = U’ N Y,V =V N Y are open in Y, disjoint and contain
A and B, respectively. As a consequence, Y is normal.

The space A(w;) is an example of a hereditarily normal space which is not
perfectly normal. Indeed, any subspace ¥ C A(w)) is metrizable if a ¢ Y; ifa € Y
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then Y is compact so any Y C A(w,) is normal (see Problems 218, 231 and 124).
However A(w;) is not perfect because the point a is not a Gs-set in A(w;) (an easy
proof is left to the reader).

Fact 1. Any perfectly normal space is countably paracompact.

Proof. Take a perfectly normal space X and any decreasing sequence Fo D F,

. of closed subsets of X satisfying ﬂ,ew ; = (). By perfect normality of X we
can find a famlly U= {U:new} Cr(X)with U; = F; for each i € w. Let
W; = ﬂ{Uk : m<z} for all i € w. Then F C W;er(F,, X) foralli € w and
NW:iiceowl=NNU:i€w}={F,;:i€ o} =0;this shows that our normal
space X satisfies condition (b) of Fact 2 of S.288 and hence X is countably
paracompact. Fact 1 is proved.

Fact 2. 1f X is a space such that X X A(w) is hereditarily normal, then X is perfectly
normal.

Proof. In this proof, we identify the space A(w) with the usual convergent sequence
§={0}U {{:ne N} C R.Themap r:X x S — X is the natural projection.
The space X is normal because it embeds in the hereditarily normal space X x S so it
suffices to show that every closed F' C X is a Gs-set. If this is not true for some
closed F' C X then consider the sets A = (X\F) x {0} and B =F x (§\{0}). Then
A and B are closed disjoint subspaces of the space ¥ = (X x S)\(F x {0}); since Y
is normal, we can fix U € 7(A, Y) and V € 7(B, Y) with U N V = (). It is clear that
U, Ve rX xS) sothe set W, =n(V N (Fx{L})) is open in X and contains
F for each n € N. The set F is assumed not to be G so there is x € (X\F) N ("{W,

n € N}). As a consequence, P = {x} x (S \{0}) C V and therefore (x,0) € PNA C
VN U = () which is a contradiction. Fact 2 is proved.

Fact 3. If X is a perfectly normal space then X x M is perfectly normal for any
second countable space M.

Proof. In the first paragraph of our solution we proved that any perfectly normal
space is hereditarily normal. It is evident that the property of being perfect is
hereditary, i.e., if Z is perfect then any Y C Z is also perfect. As a consequence,
any subspace of a perfectly normal space is a perfectly normal space.

Our next observation is that it suffices to prove Fact 3 for any compact second
countable space M. Indeed, M embeds into compact space I* (Problem 209); if we
prove that X x I? is perfectly normal then X x M is also perfectly normal being a
subspace of X x I“. Thus, we assume from now on that M is a second countable
compact space.

The space X is countably paracompact by Fact 1; this implies that X x M is
normal (Problem 288) so we must only prove that X x M is perfect. Take an
arbitrary U € 7(X x M); fixabase B= {0, :i € w} inthe space M and let U,, = {x €
X : there is W € 7(x, X) such that W x O,, C U}. It is clear that U, is an open subset
of Xand U, x O, C U for all n € w. Given a point (x, y) € U there is W € 7(x, X) and
n € w such that y € O, and W x O, C U. This shows that W C U, and hence
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{U, x O0,,: n € o} = U. The spaces X and M being perfect, the sets U, and O,
are F;-sets in X and M respectively for all n € w. This easily implies that U,, X O,, is
an F,-sets in X x M for all n € w. Another evident fact is that any countable union
of F,-sets is an F,-set so U is an F-set in X X M and Fact 3 is proved.

To finish our solution, suppose that C,,(X) is hereditarily normal. Take any x € X
andlet Y = {f € C,(X) : fix) = 0}. Then C,(X) is homeomorphic to ¥ x R (182); the
space Y X A(w) embeds in Y x RsoY x A(w) is hereditarily normal. This, together
with Fact 2, implies that Y is perfectly normal. Therefore C,(X) = Y x R is perfectly
normal by Fact 3 and our solution is complete.

S.293. Give an example of a space which is normal but not collectionwise normal.

Solution. Given a space X and aset M C X, let 1), = {UUA : U € 7(X) and A C
X\M}.Itis easy to check that 7, is a topology on X; denote by X, the space (X, 7).

Fact 1. The space Xy, is Tychonoff for any Tychonoff space X; all points of X\ M
are isolated in X, and the topology induced on M from X, coincides with the
topology induced from X to M.

Proof. If x € X\M then {x} = {x} U 0 is open in X,,, so x is an isolated point of
Xu. Thus the Tychonoff property is trivially true at all points of X\ M. Another
easy fact is that 7(x, X) is a local base at x in X,, for any x € M. Since 7(X) C Ty,
every f € C(X) is also continuous on X, If x € M, F is closed in X,; and x ¢ F
then there is U € 7(x, X) with U C X\F; the Tychonoff property of X implies
existence of f € C(X, [0, 1]) with fix) = 1 and f|(X\U) = 0. Note that f|{F = 0 and,
by our above observation, f is also continuous on Xj; so X,, is a Tychonoff space.
Finally, if W is open in M considered to be a subspace of X,, then there is a set
UerX)and A C X\M such that W = (UU A) N M =U N M and hence W is
open in M considered to be a subspace of X. The inverse implication is obvious so
Fact 1 is proved.

Fact 2. Suppose that a subspace M of a space X has the following property:

() If A and B are closed subsets the space of M with A N B = () then there exist
sets U € 7(A, X), V € 7(B, X) such that U N V = (.
Then X, is a normal space.

Proof. Take any closed disjoint sets F, G of the space X,,; then the disjoint sets
A=F N Mand B =G N M are closed the space in M by Fact 1 so there exist
disjoint U, V € 7(X) such that A C U and B C V. It is evident that U’ = (U\G) U
(F\M) and V' = (V\F) U (G\ M) are open in X,,, disjoint and contain the sets F and
G respectively. Fact 2 is proved.

Consider the compact space K = f(D(w1)); if o(K) = k then K embeds in I*
(Problem 209). Let X =" and M = D(w;) C K C X. We claim that the property (x)
holds for the subspace M of the space X. Given two disjoint A, B C M define a
function f: M — [0, 1] as follows: fix) =0 if x € A and f(x) = 1 if x € M\ A. Since
M is discrete, the function fis continuous so there exists a continuous function f; :
K — [0, 1] with f;|M = f (Problem 257). Since the compact space I is normal
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and K is closed in I*, there exists a continuous function f, : I — [0, 1] such that
f>|K = fi (Problem 031). It is clear that the sets U = f5' ([0,1)) and V = £ (4, 1])
are open in X, disjoint and contain A and B respectively so () holds for M.
Therefore X, is a normal space by Fact 2.

Since all points of X\ M are isolated (Fact 1), the subspace M is closed in X,;;
since M is a discrete subspace of X, it is also discrete in X, (Fact 1), so M is a closed
discrete subspace of X,,. If X, is collectionwise normal then there exists a disjoint
family {U, : x € M} C 7(X,y) such that x € U, for each x € M. For any x € M we
have U, =V, U P, where V, € 7(X) and P, C X\ M. As a consequence, x € V, € 7(X)
for each x € M and hence {V, : x € M} is an uncountable disjoint family of
non-empty open subsets of X which is a contradiction with the fact that ¢(X) = w
(Problem 109). Thus X,, is a normal space which is not collectionwise normal
so our solution is complete.

S.294. (Reznichenko’ s theorem). Call a set P C 1* convex if tf + (1 — t)g € P for any
f,g€Pandtc0,1]. Let D be a dense convex subset of I*. Prove that, if D is
normal then ext(D) = w. Deduce from this fact that any normal convex dense D C
T4 is collectionwise normal.

Solution. If, for some set B, we are given H = {h, : & < w;} C I and a number
t €0, 1), let H@) = {thy + (1 — Dhg: o, B < @y, 0 # ). If P C 1P, K is a finite
subset of B and ¢ > 0 then Op(f, K, &) = {g € P : |g(x) — fix)| < eforall x € K}.Itis
clear that the family {Op(f, K, ¢) : K is a finite subset of B and ¢ > 0} is a local base
at f in the space P. Given any C C B the map e : I? — 1€ is the natural projection
defined by the formula no(f) = f|C for any f € 1.

Fact 1. Let P be a convex subset of I* for some A. Assume that we have a set H = {h,, :

o < w;} C P such that H N H(t) = () for some ¢ € (0, 1) (the bar denotes the closure
in P). Then H is closed and discrete in P and h, # hg for all o, f < e, with o # f.

Proof. If h, = hg for some distinct o, f < w then h, = th, + (1 —Hhg € H N H(t),a
contradiction. Given f € P it is easy to check that Op(f, K, ¢) is a convex set for
any finite K C A and ¢ > 0. Assume that f is an accumulation point of H; given
an arbitrary U € 7(f, P) there is a finite K C A and ¢ > 0 such that Op(f, K, ¢) C U.
Since f is an accumulation point of H, there exist distinct ordinals o, f§ < o,
with h,, hg € Op(f, K, ¢); the set Op(f, K, &) being convex, we have the equality
h = th, + (1 — Hhs € Op(f, K, &) N H(t) which shows that f € HNH(t), a
contradiction. Thus, we proved that H has no accumulation points in P, i.e., H is
closed and discrete in P so Fact 1 is proved.

Fact 2. Let P be a dense convex subset of I* for some A; suppose that F is
an uncountable discrete subspace of P. Then there exist H = {h, : « < w1} C F
and 7 € (0, 1) such that H N H(¢) = () (the bar denotes the closure in P).

Proof. For each h € F choose a finite set K, C A and a number ¢;, € (0, 1) such that
Op(h, K, €,) N F = {h}.Itis possible to choose H = {h, : o« < @} C F so that, for
each o < w,, we have ¢,, > ¢ where ¢ > 0 does not depend on «. We claim that
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t = ¢/3 is as promised, i.e., H N H(t) = (. It suffices to show that the set W, =
Op(hy, K, ¢*/3) does not intersect H(r) for all o < w,.

Take any distinct f5, 7 < wy; if o # 7 then f, ¢ Op(h,, K), , ¢) and hence there is
x € Kj,_ such that |h,(x) — h,(x)| > &. We have

|thy(x) + (1 = 1)y (x) = ()] = [e(Rg(x) = By (x)) 4 (B (x) = ha(¥)]
> |ho(x) = By ()] = tlhp(x) — Iy ()|
> & — (¢/3)([hp ()] + [, (¥)])
>e—2-(¢/3) =¢/3>¢/3,

which implies that thy + (1 — Hh, ¢ W,. Now assume that y = o; then f§ # o and
hg & Op(hy, K, €). Thus, there is y € K, for which |h,(y) — hg(y)| = &. We have

thy(y) + (1= 0, (3) = b )] = lehp(3) + (1 = Dholy) = ha()
— Jt(hp) — )| 2 1 = &/3,

and therefore thg + (1 — Hh, ¢ W,. Fact 2 is proved.
Fact 3. Every normal space of countable extent is collectionwise normal.

Proof. Observe first that if F is a discrete family of closed subsets of an arbitrary
normal space X then, for every F' € F there exists U(F) € 7(F, X) such that the family

= {U(F)} U (F\{F}) is also discrete. To see that this is true, use normality of the
space X to find U(F) € 7(F, X) such that U(F) NG = () where G = |J (F\{F}).
Given any x € X, fix W € 7(x, X) which meets at most one element of F. If x € W
then x ¢ G so W\ G is an open neighbourhood of x which can intersect no element of
F' other than U(F). If x ¢ U(F) then W\U(F) is an open neighbourhood of x which
intersects at most one element of 7’ and hence F' is discrete.

Now assume that X is a normal space with ext(X) = w and take a discrete family
F of non-empty closed subsets of X. Choosing a point xz € F for each F € F, we
obtain a closed discrete subset {x : F € F} of the space X. Since ext(X) = w, the
family 7 must be countable so let 7 = {F,, : n € w}. By the observation in the first
paragraph there exists Uy € 7(F, X) such that the family Fo = {Uo, F1, F2,...} is
discrete. Assume that we have U; € 7(F;, X) for each i < n such that the family
Fn= {UQ, o U Frg1, Frso, . .} is discrete. By the observation in the first
paragraph there exists U, € 7(F,;1, X) such that the family Fo = {U, ...,
U1, Fria, ...} is discrete so our inductive process can be carried out giving us a
disjoint family {U, : n € o} C 7(X) such that F, C U, foranyn € w. If F = |J F
and U = J{U, : n € o} then U € 7(F, X) and hence there exists W € 7(F, X) such
that F C W C W C U. We leave to the reader the trivial verification that the family
{U, " W:n € w}isdiscrete and F,, C U, N W for each n € w (see S.231 for the
proof of an analogous fact). Fact 3 is proved.
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Returning to our solution assume that F is an uncountable closed discrete
subspace of D. Apply Fact 2 to find a set H' = {h, : o < w;} C Fand ¢ € (0, 1)
such that H' N H'(¢) = ( (the bar denotes the closure in D). Since D is normal, there
exist U € 7(H', D) and V € 7(H'(¢),D) such that U N V = (). Apply Fact 3 of
S.291 to find a countable B C A such that the sets P = ng(H') and Q = ng(H'(r)) are
separated in I(B) = 15, ie., clig(P) N O =0 = clyp(Q) N P. Every second
countable space is perfectly normal (this is an easy exercise), so the closed set
R = clyg)(Q) is a Gs-set in the second countable space I(B). If we fix a sequence
O ={0,:n€w} C1(B))such that O = R, then we have ng(H') C | J{I(B)\O,, :
n € w}. Therefore, we can find an uncountable H C H' such that ng(H) N O, = ()
for some n € w; it is immediate that cly)(nz(H)) N O, = (). Choose some enumera-
tion {h, : @ < w;} of the set H; since clyp(Q) C O, and H(t) C H'(1), we have
clygy(mp(H)) N clyp\(np(H(1))) = 0. If f, = np(h,) foreach o < w; and G = {f, 1 o <
w1} then G(f) = ng(H(r)) and therefore clyp(G) N clyp)(G(#)) = 0. Thus Fact 1
can be applied to conclude that G is an uncountable closed and discrete subspace of
I(B) which is a contradiction with the fact that /(B) is second countable. This
contradiction shows that we proved that ext(D) = w so we can apply Fact 3 to
see that D is collectionwise normal and finish our solution.

S.295. Prove that, if C,(X) is normal then ext(C,(X)) = w. Deduce from this fact
that, if C,(X) is normal then it is collectionwise normal.

Solution. The following statement is very easy but we formulate it as a Fact for
further applications.

Fact 1. For any a, b € R with a < b and any space Z, the space C,(Z, (a, b)) is
homeomorphic to C,(2).

Proof. Letw : R — (a, b) be a homeomorphism (Problem 025). Given f € C,(2),
let o(f) = w o f; then the map ¢ : C,(Z) — C, (Z, (a, b)) is continuous as
well as its inverse defined by the formula ¢ '(g) = w™' o g for any g € c,
(Z, (a, b)) (Problem 091). This shows that the map ¢ is a homeomorphism so
Fact 1 is proved.

By Fact 1, the space Cp,(X) is homeomorphic to C,(X, (—1, 1)) which is a dense
convex (check it, please!) subset of C,(X, I) (see Problem 089). Since C,(X, I)
is dense in I¥ (this is an easy consequence of Problem 034), the space C,(X)
is homeomorphic to a convex dense subset of I¥. The space C,(X) being
normal, we can apply Reznichenko’s theorem (Problem 294) to see that
ext(C,(X)) = w. Finally, apply Fact 3 of S.294 to conclude that C,(X) is
collectionwise normal.

S.296. Prove that, if C,(X, 1) is normal then ext(C,(X, II)) = w. Deduce from this
fact that, if C(X, 1) is normal then it is collectionwise normal.

Solution. The space C,(X, ) is dense in I¥ (this is an easy consequence of
problem 034) and it is straightforward that it is also convex. Thus we can apply



254 2 Solutions of Problems 001-500

Reznichenko’s theorem (problem 294) to convince ourselves that ext(C,(X, I)) = w.
Finally, apply Fact 3 of S5.294 to conclude that C\,(X, I) is collectionwise normal.

S.297. Give an example of a space X, for which ext(C,(X)) = w, while C,(X) is not
normal.

Solution. The expression Z ~ T says that the spaces Z and T are homeomorphic.
Give the set w; the discrete topology and take any point p ¢ w;. Let L = w; U {p}
and (L) ={A:A Cw;} U{B:peBandL\B iscountable}. It is easy to see that
7(L) is indeed a topology on L and that the unique non-isolated point of L is p.
Observe that any Gs-set H of L is open in L; this is evident if H C w;. If p € H and
H = (\sew U, where each U, is open in L, then L\U, is countable for each n
and hence L\H = |J{L\U, : n € w} is countable, i.e., H € 7(L). As a consequence,
if f € C(L) then there exists § < w; such that f{a) = f(p) for each o > f.

Leta=0anda, = 1/nforalln € N. Then S = {a} U {a, : n € N} is a convergent
sequence with limit a. The space Y = L x S has the following properties:

(1) W x S is a clopen subspace of Y for each countable W C ;.
(2) Given f e C(Y) there exists § < w; such that f(a, s) = f(p, s) for any o = f§ and
s €S.

The set W x § is open because W is open in L. Besides, Y\(W x §) = (L\W) xS
is also open in Y because L\ W is open in L; this proves (1).

Given s € S, the space L x {s} is homeomorphic to L so there is f; < ®; such
that f(a, s) = f(p, s) for each o = f,. If f = sup{f;: s € S} then f < w; is as
promised so (2) is also proved.

Consider the spaces X = {f € C,,(Y) : fip, s) = 0forall s € S} and M = L\ w; for
Z=M x S,letX; = {f€ Cy(Z):f(p,s) =0forall s € S}. Let us prove that we have
(3) T3z x (Cp(8)”.

Observe first that {n} x S is clopen in w x § for each n < w and therefore w x
S= @& {{n} xS :necw} Problem 113). We have

(¥) Cp(w x 8) =Cp(B{{n} xS:new})={C,({n} xS) :ncw}=(C,
(S))” by Problem 114 and the fact that {n} x S is homeomorphic to S for all n € w.
The property (1) implies Y = (w x S) @ Z; define a function ¢ : ¥ — Cp(w x S) X
%, by the formula ¢(f) = (f|(w x S), f|Z) for any f € . Since both restrictions are
continuous maps (Problem 152), the map ¢ is also continuous. If (g, ) € C,(w x S)
x Xz then define a map f € C,(Y) by f(r) = g(¢) for all r € w x S and f(¢) = h(z) for
all t € Z. It is straightforward that f € X and ¢(f) = (g, h), so we proved that ¢ is an
onto map. If fi # f> then fil(w x S) # f|(w x S) or fi|Z # f>|Z; this proves
injectivity of .

To see that ¢~ : Cp(w x §) X Xz — X is continuous, recall that ¢~ is a map
into the product RY so it suffices to prove that Ty, © ¢~ "is continuous for all y € ¥,
where the projection 7y, : R" — R is defined by ny(f) =fy) forall f € RY. Letp :
Chw x 8§) x Lz — Cyw x §) and g : Cp(w x §) X Xz — X be the natural
projections. Given y €  x S, the map “(v] : R®*S — R is the natural projection
onto the yth factor; it is clear that z9(f) = f(y) for any f € R” * °. 1f y € Z, then

1 1
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ny‘ : R? — Ris also the natural projection onto the yth factor; it is also defined by

the formula n}l, (f) =f(y) for any f € R
Now it is easy to prove that 7, o ¢! is continuous for anyyeY:ifyew xS
thennymp ! oporelse1fyeZthennyo<p ! =} 0 ¢ soin both cases 7, 0
o lisa contmuous map and this proves that ¢ is a homeomorphlsm
Finally, observe that we established that = ~ C,(w x §) x Tz =~ (C,(5))” x Tz
by () and, since the product is a commutative operation, the property (3) is proved.
Another important fact is the property

4) Cp(Y) =X x Cy(S).

Let r : Y — S be the natural projection. Define r* : C,(S) — C,(Y) by the
formula r*(f) = f o r for all f € C,(S). The map " is continuous (Problem 163).
Now if f € Cp,(Y) then let u(f)(s) = f(p, s) for all s € S; it is evident that the map u :
Cp(Y) — C,(9) is continuous. Thus, if we define 6 : C,(Y) — X x C,(S) by the
formula 6(f) = (f—r"(u(f)), u(f)) for all f € C,,(Y) then 0 is a continuous map. It is
straightforward that 67" (h, g) = h + r*(g) foreach (g, h) € T x Cp(S) so 6 'isalso
continuous, i.e., 0 is a homeomorphism and (4) is proved.

It is easy to deduce from the properties (3) and (4) that we have
(5) Cp(Y) ~ X,

Indeed, C,(Y) =X X Cp(S) 2 (27 x (Co(8))”) X Cp(S) =Xz X (Cy(S))” ~ X.

Our next step is to establish that ext(X) = w. Given a < w;, we define a
mapping r, : £ — X as follows: for any x €  and any (f, s) € ®; x S, let r,()(f, s)
=f(p,s)if f < aand r (f)(B,s) =0if f = «; of course, r,(f)(p,s) =0foralls €S.
It is easy to see that the space X, = r,(X) is second countable. Let Y, =a x S CY
for each ordinal « < ;. Given a function f € X, a finite set K C Y and ¢ > 0,
let O(f, K,&)={g € X:|g(x) —f(x)| < ¢forall x € K}. The family {O(f, K, ¢) : K
is a finite subset of Y and ¢ > 0} is a local base of the space X at the point f. For any
f € Z, let supp(f) = {a < wy : flo, s) # 0 for some s € S}. The set supp(f) is
countable for each f € X by (2).

Assume that F is a closed subset of . Then
(6) For any A < w; there is o > A, o < w; such that r(F) C F.

For o = / the space r,o(F) C X, is second countable; therefore there exists a
countable Py C F such that r,4(Py) is dense in r,(F). Suppose that we have defined
ordinals oy < --- < o, < w; and countable sets P, C --- C P, C F; since the set
P, is countable, o, | = max{a,, sup{sup(supp(f)) : f € P,}} < w,. Since r,,, ., (F)
C %, is second countable, there is countable P, ; C F such that P, C P, and
the set n,, (P, 1) is dense in 7, ,(F). The inductive construction having been
carried out, we have the sequences {0, : n € w} and {P,,: n € w}; let & = sup{a, :
neol,P=J{P,:n€oland FF =F N X,

Note that P C F’ because supp(f) C « for any f € P. It suffices to show that
r(F) C F' so take any f € F, any finite K C Y and ¢ > 0. There is n € » such that
K=KNnY,=KnY,,sincef =r,(f) €r,,(F)and r,,(P,) is dense in r, (F),
there is g € P, such that r,,(¢) € O(f', K', ¢). Observe that g € X, | C X, so

r(Hx) =0 = g(x) forany x € K\K' C Y\Y, and hence g € O(f, K, ¢) which proves
that f € P C F’ (the closure is taken in T and the last inclusion is true because F’
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is closed in X). The function f being taken arbitrarily, we have r (F) C F' C F so
(6) is proved.

Assume that D is a closed discrete subset of . Then
(7) For any « < w, the set r,(D) is countable.

Let D, = r,(D) for each a < w. It is immediate that r,(Dg) = D, forevery = .
If D, is uncountable for some o < w; then apply (6) to find f > « such that Dy C D
N Zp. The space X being second countable, we have ext(Xg) = w and therefore D
N Xz is countable. Thus, the set Dy C D N X is also countable and so is D, =
r(Dg) which is a contradiction. Thus, D, is countable for any « < w,; and (7) is
proved.
Now suppose that E is an uncountable closed discrete subset of the space 2. If
E, = ry(E) for all o < w; then all sets E, are countable by (7). Find iy < w; such
that Egy C E; since E is uncountable, there is sy € Egy N E such that the set

Qo = (’Eo Y(ho) N E) \{%o} is uncountable. Assume that we have chosen kq, ... , &,
€EE fo< - <f,<wyand Qy D --+ D Q, with the following properties:

(a) The functions Ay, ... , h, are distinct and supp(h;) C f5; for all i < n.
(b) rﬁi(h_,-) =h;forany i,j < nwithi < j.
(c) The set Q; = (rl}il (hi) N E) \{ho, ..., hi} is uncountable for each i < n.

Since Q, = (@1 (hy) N E)\{ho, ..., hy} is an uncountable closed and discrete
subset of the space X, we can apply (6) once again to find f,,; > f, such that
T6p+1(Qn) C Oy The set rg, . (0,) being countable by the property (7), there exists
hn+1 € rﬁn+1(Qn) such that Qn+l = r'[;”il (hn+1) N Qn \{h07 s ;hn+1} is uncount-
able; since A, € Q, N Zg, ., the function A, is distinct from the previously
chosen /;’s so properties (a) and (b) hold for all i < n + 1. Thus the inductive
process goes on so and we can obtain the sequences {4;:i € w} and {f;:i € w} with
the properties (a) and (b). Letting § = sup{f5; : i € o} and applying (2) we can define
h € 2p as follows: h(x) = 0 for all x € Y\Yp; furthermore A(x) = h,(x) if x € Yg,
for some n € w; the property (2) makes this definition consistent. It is straight-
forward that the non-trivial sequence {%, : n € w} C E converges to & which is a
contradiction with the fact that E is closed and discrete. Thus, we finally proved that
ext(X) = w and hence ext(C,(Y)) = w by (5).

Now consider the space X = Y\{p, a)}; we claim that X is C-embedded in Y.
To prove this, take any f € C(X); then fis continuous on the subspace L x {a,} C X
for any n € w. As a consequence there is f3,, < w; such that f(a, a,) = f(p, a,) for
alla = f,.If f =sup{f,: n € w} then f(a, s) =f(p, s) for any s € S \{a} and any «
= f. Since f is continuous at any («, a), we must have f(o, @) = lim f(«, a,,) = lim
f(p, a,) =t foreach o > . This shows that letting f(p, a) = ¢, we obtain a continuous
extension of the function fto the space Y. As a consequence mx(C,(Y)) = C,(X) (see
Problem 152) and hence C,,(X) is a continuous image of the space C,(Y); this easily
implies that ext(C,(X)) = w.

To finish our solution, it suffices to rule out normality of C,(X). Suppose for
a moment that C,(X) is normal. The set F = w, x {a} is a closed subset of X so
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Cr = n(Cp(X)) has to be normal by 291. It is easy to see that Cp = {f € R” : there is
f < w; such that fla, a) = f(B, a) for all o = B}.

Consider the sets A = {f € Cr: fAF) C Nand f _l(i) has at most one element for
eachieN,i#1}andB={f€Cr:f(F)CN andffl(i) has at most one element for
eachi € N, i # 2}. The sets A and B lie in N* which is closed in R, they are also
closed in N : this was established in Fact 2 of S.215 for F = 1; the same proof
can be applied if we identify (¢, a) with « for all o < ;. Thus the sets A and B are
closed in Cr; they are also disjoint: see the proof of Fact 2 of S.215 again to be
convinced that this is true. Let us show that A and B cannot be separated by disjoint
open sets in Cr, i.e., there existno U, V € 7(Cr) such that F C U, G C Vand U N
V = (). Assume, on the contrary, that such U and V exist. Since Cr is a dense
subspace of R”, we can apply Fact 3 of S.291 to conclude that there exists a
countable P = {p, : n € N} C F such that np(A) N 7p(B) = 0. Now let fip,) = n
for each n € N; define /1 € Cr as follows: i|P = fand h(x) = 1 for all x € F\P. It is
clear that 4 € A and 7p(h) = f. Now we can define a function g € C as follows: g\P =f
and g(x) = 2 for all x € F\P. It is immediate that ¢ € B and 7p(g) = f. As a
consequence, f € mp(A) N mp(B); this contradiction shows that C,,(X) cannot be
normal so our solution is complete.

S.298. Suppose that L is a subspace of a product X = [[{X,:t € T} and I(L) < k.
Prove that, for any second countable space Y and any continuous map f : L — Y,
there exists S C Twith | S | < k and a continuous map h : ps(L) — Y such thatf=h o
ps- Here ps : X — Xg = [[,c4 X; is the natural projection defined by ps(x) = x|S for
any x € X.

Solution. Given an arbitrary product Z =[[{Z,:a € A}, recall that a set
U= Hae 4 Uq 1s called standard in Z if U, € 1(Z,) for all a € A and the set supp
WU)={a€cA:U,+#Z,} is finite. Standard sets form a base in Z (Problem 101). If
we have a set B C A, denote by ¢p : Z — Zg = [[{Z, : a € B} the projection
defined by gp(z) = z|B for any z € Z.

Fact 1. Let M be an arbitrary subset of a product Z = [[{Z, : @ € A}. Assume that
Uisastandardsetof ZandV=U N M.If B C A and supp(U) C B then gg(V) is an
open subset of gg(M) and gg(z) € gg(V) implies z € V for any z € M.

Proof. Since U is standard in Z, we have U = Hae 4 Uy ; it follows from supp(U)
CBthatU,=Z,foralla € A\B. The set W = [, U, is open in the space Zg; let
us prove that W N gg(M) = q(V). If y € W N gg(M) then y(a) € U, for all a € B;
if z € M and gg(z) = y then z(a) € U, for all a € A because z(a) =y(a) € U,ifa € B
and,ifa € A\Bthen U, =Z,soz(a) € U, anyway. Asaconsequencezc U N M=V
whence y = g(z) € gp(V); this shows that W N gg(M) C gg(V). On the other hand,
if y € gp(V) then there is z € V with gp(z) = y. Now, V C U implies z(a) € U, for all
a € A and therefore y(a) = gp(z)(a) = (z|B)(a) = z(a) € U, foralla e Bsoy e W N
gs(M). This proves that gg(V) CW N gg(M) so W N gg(M) = gg(V) and hence the
set gg(V) is open in gg(M).
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Now assume that y = gp(z) € gg(V). Then y € W and hence z(a) = y(a) € U, for
all @ € B. Since U, = Z, for all a € A\ B, we have z(a) € U, for all a € A and hence
zeU,asze M,wehavez € U N M =V and Fact 1 is proved.

Returning to our solution say that V € 7(L) is L-standard if there exists a standard
U € 7(X) such that U N L = V. Itis evident that L-standard sets form a base in L. Fix
a countable base if = {O,,: n € w} in the space Y. It is easy to see that each O,, is an
F,-set in Y so each H, =f '(0,) is an F,-set in L.

The Lindelof number is not increased by passing to closed subsets and countable
unions so /(H,) < k for every n € w. Since L-standard sets form a base in L, there
exists a family {H], : « < k} of L-standard sets such that H, = ( J{H], : « < x} for
each n € w. For all n € w and « < k, take a standard set G/, such that G; "L = H, ;
the set S = (J{supp(G”) : n € w, o < Kk} is what we are looking for.

It is trivial that |S| < &; let us check that we have the following property:

() If x, y € L and py(x) = py(y) then flx) = f(y).

Assume that f{x) # f(y); then there exists a set O, € U such that f{x) € O, and
f) ¢ O,. This implies that x € H, and y ¢ H,,; if we take any o < k such that x € H},
then y ¢ H. Observe that U = G/, is a standard set of X with supp(U) C S and
UNL =V = H} ;since ps(y) = ps(x) € ps(V), we can apply Fact 1 to conclude that
y € V = HJ which is a contradiction proving (x).

Given any y € pg(L), let h(y) = f(x) where x € L is any point with pgs(x) = y; the
property () shows that this definition of / : pg(L) — Y is consistent. It is immediate
from the definition of % that 4 o pg = f, so we must only prove that / is continuous.
By Problem 009(ii) it suffices to show that hil(On) is open in pg(L) for any n € w.
Observe that h~1(0,) = ps(H,) = U{ps(H?) : & < Kk} ; since U = G" is a standard
set of X with supp(U) C S and UNL =V = H}, we can apply Fact 1 to conclude
that ps(HY) is open in ps(L) for all n € w and o < k. This shows that py(H,,) is open in
ps(L) being a union of open subsets of pg(L); hence hil(O,,) = ps(H,) is also an
open subset of p(L) whence / is continuous so our solution is complete.

S.299. Suppose that « is an infinite cardinal and nw(X,) < k for all t € T. For the
space X =T[{X;:t €T} and T C T, the map qr : X — Xy = [[,ep X: is the
natural projection defined by q(x) = x|T' for any x € X. Suppose that D is a
dense subspace of X and we are given a continuous onto map f : D — Y for some
space Y. Let Q = {y € Y : y(y,Y) < k} and P = f~'(Q). Prove that there exist a set
S C T with |S| < k, a closed subset L of the space D, a closed subspace M of the
space qs(D) and a continuous map h : M — Y with the following properties:

(i) PCLandqgs(L)y=M.
(1) fx) = h(gs(x)) for every x € L.
Deduce from this fact that nw(Q) < x. In particular, if y(Y) < K then we have nw

(Y) < k and there exists a set T' C T together with a continuous mapping h : q;(D)
— Y such that f = h o (qp|D).

Solution. Recall that a set U = [[,.; U, is called standard in X if U, € 7(X,) for all
t € T and the set supp(U) = {t € T : U, # X,} is finite. Standard sets form a base in X
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(Problem 101). If E C X and R C T then Eg = qg(E) C Xg = [[,cx X:- Since the
map g is continuous (Problem 107), the set Dy, is dense in Xy for any R C T.

We call a space k-cosmic if it has a network of cardinality at most x.
Fact 1. If Z is a k-cosmic space then hd(Z) < k, i.e.,d(Y) < k forany Y C Z.

Proof. Fix any Y C Z and observe that any subspace of a k-cosmic space must be
k-cosmic (Problem 159(ii)) so we can choose a network S = {S, : « < k} in the
space Y; we do not lose generality assuming that S,, # (} for all ordinals o < k. If we take
z, € S, for each o < k then the set {z, : « < k} is dense in ¥ and hence d(Y) < « for
any Y C Z so Fact 1 is proved.

Fact 2. Any product of at most k-many x-cosmic spaces is a x-cosmic space and
hence any subspace of such a product has density at most .

Proof. Let Z = [[{Z, : « < k} where nw(Z,) < k for all « < x. Fix a network S,
with |S,| < x in each Z,; it is easy to check that the family S = {[[, . . A, : A, € S,
orA, =Z,foreach « < x and the set {a < K - A, # Z,} is finite } is a network in Z and
|S] < K so Fact 2 is proved.

Returning to our solution choose a local base B, of the space Y at each y € Q in
such a way that |B,| < «. By continuity of the function f, for each x € P there exists
a family U, of standard subsets of X such that x € () U, while || < k and, for any
O € By, there exists a set U € U, such that AU N D) C O. It is straightforward that
the set T, = | J{supp(U) : U € U,.} has cardinality at most x for every x € P. Another
simple observation is that, for any G € 7(f(x), Y), there is O € By, withO C G. Asa
consequence, for any G € 7(f(x), Y) there exists U € U, such that AU N D) C G.

For an arbitrary xo € P, let Ag = {xo} and Sy = T,. If we have sets A, C P and
S, C T such that |A,| < k and |S,| < K, any subspace of the space Pg = gs (P) has
density at most k being a subspace of a k-cosmic space Xg (see Fact 2) so it is
possible to find aset A, | C P with A, D A, such that |A, | < x and the set g5
(Ay41) is dense in Pg. Letting S, = (H{T, : x € 4,1}, we can follow this
inductive procedure which gives us a sequence {A, : n € w} of subsets of P and
a sequence {S,: n € w} of subsets of T such that |A,| < k and |S,| < k forall n € w.

Once we have the sets A = [ J{A, :n € w} and S = | J{S,, : n € w}, we can define
the sets M = [gs(A)] (the brackets denote the closure in the space gg(D)) and
L =gqg"(M)ND. It is clear that L is closed in D and M is closed in gs(D). It is
also immediate that gg(L) = M.

Claim 1. The set Ag = ¢s(A) is dense in Pg = gg(P).

Proof. Take any y € P and any standard set W = [[{W, : ¢ € S} of the space X such
that gs(y) € W. Since K = supp(W) = {r € S : W, # X,} is finite, there is n € ® such
that K C S,,. Note that g5, (y) € Ps and W' = [[{W, : t € S} is an open neighbour-
hood of gs (y) in X . The set g5 (A, 1 1) is dense in Pg, so W N qs,(An + 1) # () and
hence there is x € A, 1 such that x(r) € W, forall r € K. We have x(¢t) € W, forallt € S
because W, = X, for all t € S\ K. Therefore we have gs(x) € W N Ag; the standard set
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W 3 gs(y) of the product X has been chosen arbitrarily so gg(y) is in the closure of
Ag. Since y € P has also been chosen arbitrarily, we proved that gs(A) is dense in Py.
Claim 1 is proved.

Claim 2. If x, y € L and gs(x) = gs(y) then f(x) = Ay).

Proof. If fx) # f(y) then there exist O, € 7(f(x), Y), O, € 7(f(y), ¥) such that
0,N 5y = (). Fix any standard sets W, and W, of the space X such that we have
xeW,yeW,,f(W,N D)CO,and (W, N D) C O,. Next observe that gs(W,) and
qs(W,) are open in Xg by Problem 107 and we have gs(x) = gs(y) € gs(W,) N
qs(W,). Since gs(y) = gs(x) € M and the set Ag is dense in M, there is z € A such that
qs(2) € gs(W,) N qs(W,). The point f{(z) cannot belong to both sets O, and O, ; we
assume without loss of generality that f(z) ¢ O,. There is O, € By, such that
f(z) € 0, C Y\O, ; by the definition of /., we can find U, € U. such that U. N D)
C O.. The set g5(U,) is open in Xg (Problem 107) and gs(z) € gs(U,) N gs(W,). We
have supp(U,) C S so g5 ' (¢s(U.)) = U, ; an immediate consequence is that U, N
W, # 0. Recalling that D is dense in X we can see that U, N W, N D # (). Take any
w € U. N W, N D;then we hve f(w) € f(U.ND) C O, C Y\O,. However,w € W,
and hence fiw) € fiW, N D) C O,; this contradiction concludes the proof of Claim 2.

Returning to our solution, observe that Claim 1 implies that M = [A5] = [Ps] and
hence P C L so (i) is holds for the sets M, L and S. For any y € M, we let h(y) = f(x)
where x € L is any point with gg(x) = y; Claim 2 shows that this definition of the
mapping i : M — Y is consistent. It is immediate from the definition of /4 that
h(gs(x)) = f(x) for any x € L so we must only prove that 4 is continuous. Take any
y € M and fix any x € L with gg(x) = y. Let G € 7(h(y), Y); pick O, H € 1(h(y), Y)
such that h(y) € 0 C O C H C H C G. Observe that f(x) = h(y) and hence we
have O € 7(f(x), Y); the function f being continuous at the point x there is a standard
set U of the space X such that {U N D) C O. The set V = g4(U) is open in the space
X (Problem 107) and y € V.

Let us prove that f(w) € O forany w € ¢g' (V) NA.If f(w) € Y\O then there is
0,, € By, with O,, C Y\O. Take any W € U,, with AW N D) C O,,. Since supp(W)
C S, we have g5 ' (gs(W)) = W ; recall that g5(w) € gs(W) N gs(U)soW N U # 0.
The set D is dense in X so there is d € D N W N U. Consequently, f(d)
€ f(WnD) c 0, C Y\O. However, we also have f(d) € AU N D) C O which is
a contradiction.

Since f(w) € O C H for each w € B =¢g5'(V)NA, by our construction of
U, there is U,, € U,, such that (U, N D) C H for each w € B. Note also that
supp(U,,) C S implies that g5 ' (¢s(U,)) = U,, for each w € B. For the set U(B) =
U{U, : w € B}, we also have g¢5'(gs(U(B))) = U(B). Let us show that
gs'(V)NL C cly(U(B)). Indeed, otherwise C = gg'(V)\clx(U(B)) is an open
subset of X with C N L # (. If d € C N L then gg(d) € g5(C); the set g5(C) is
open in Xg and ¢5(C) N ¢s(U(B)) = (). Since B C U(B), we have gs(B) = gs(A) NV
C gs(U(B)). The set g5(C) is an open neighbourhood of ¢gg(d) and ¢s(d) € [gs(A)]
whence gg(C) N gs(A) # (). Also note that g5(C) C V and therefore () = g5(U(B)) N
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qs(C) D (gs(A) N V) N gs(C) D gs(A) N gs(C) # 0. This contradiction shows that
g5'(V)NL C cly(U(B)).

Observe that AUB) N D) = J{f(U, N D):w € B} C H, because we have
AU, N D) C H for every w € B. Therefore

flas'(V)NL) C f(elx(U(B)) N D) = f(clp(U(B) ND)) C H.

It follows easily from Claim 2 that h(V N M) = f(g5' (V) NL) and hence we
have A(V N M) C H C G. Thus the set V N M witnesses continuity of 4 at the
point y.

Finally observe that the properties (i) and (ii) imply that O C k(M) and therefore
mw(Q) < nw(h(M)) < nw(M) < « (see Problems 157(iii) and 159(ii)). If y(Y) < «x then
Q =Y and P = D so the properties (i) and (ii) hold for the sets 7" = §, M = ¢s(D)
and L = D, i.e., our solution is complete.

S.300. Given a space Z and a second countable space Y show that, for any
continuous map p : C(Z) — Y, there is a countable set A C Z and a continuous
mapping q : ta(C,(2)) — Y such that p = q o ny. Here my : Cp(Z) — Cp(A) is the
restriction map defined by the formula na(f) = flA for every f € C,(2).

Solution. The space C,(Z) is a dense subspace of the product R* of second
countable spaces (Problem 111) and, for any B C Z, the restriction map 7p
coincides on C,(Z) with the natural projection of pp : R* — R” (see Problem
107). Thus Problem 299 is applicable to conclude that there exists a countable
A C Z and a continuous map ¢ : pa(Cp(2)) = ms(Cp(Z)) — Y suchthatp = gopy =
g O Th.

S.301. Prove that, if |X| > 1, then the space C,(X) is not linearly ordered.
Solution. We will see that many subspaces of C,,(X) are homeomorphic to L.

Fact 1. For any distinct f, g € C,(X), the subset [f, g] = {t/+ (1 — g -t €[0, 1]} is
homeomorphic to the interval [0, 1] and the mapping ¢ : [0, 1] — [f, g] defined by
p(t) = tf + (1 — pg, is a homeomorphism.

Proof. For any x € X, let m,(f) = f(x) for any f € R*. It is clear that 7, : R* — R is the
natural projection of R¥ onto the xth factor. Observe that the function 7, o ¢ : [0, 1]
— [f(x), g(x)] C R is continuous being a linear map; since C,,(X) is a subspace of the
product R”, this proves that ¢ is continuous (Problem 102).

Ifz, s € [0, 1], t # s and @(f) = p(s) then tf + (1 — 1)g = sf + (1 — 5)g; after trivial
transformations we arrive at the equality (¢ — s)f = (t — s)g which implies f = g,
a contradiction. This shows that ¢ is a condensation and hence homeomorphism
because the space [0, 1] is compact. Fact 1 is proved.

Fact 2.1f |X| > 1 then [u, v] has empty interior in C,(X) for any u, v € C,(X).
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Proof. Note first that u = v implies [u, v] = u; since C,,(X) never has isolated points,
the set [u, v] = {u} has empty interior. Now fix distinct points x, y € X and distinct
u, v € Cp(X) such that U = Int([u, v]) # 0; take also s € [0, 1] with ¢(s) = su +
(I —s)v e U.Givenany h € C,(X), let Ty(f) = f + h for all f € C,(X). Then the map
T, : C,(X) — Cp(X) is a homeomorphism for any & € C,(X) (Problem 079).
Observe that T,(tf + (1 — 0g) = tf + (1—t)g+h = «(f + h)+(1—1)(g+h) which
shows that T),([u, v]) = [T)(u), T,(v)] for any h € C,(X). Since T}, is a homeomor-
phism, the set [T},(u), T;,(v)] has non-empty interior for any & € C,,(X), in particular,
for h = —(su + (1 — s)v). If ' = T)(u) and v’ = T},(v) then fy = 0 belongs to the
interior V of the set [«, v']. The functions u and v being distinct, we have u’ # V' so
one of these functions, say «’, is distinct from f, and hence s # 1. Observe that su’ +
/

(1 — s)» =0 and hence v = ',

Let us show that we have

(%) For any f € C,(X), there is r € R such that f = ru/'.

There exist k € N, xq, ..., x € X and ¢ > 0 such that O(fy, x1, ..., x, &) C V.
Take any n € N such that 1 |f(x;)| < e for all i < k; then 1f € V C [,V/] and
therefore 1f = n/’ 4 (1 — 1)y’ for some 7 € [0, 1]. Thus f = n(n’ + 251 — )u') =
ru’ where r = nt 4 n(1 — ). The property (x) is proved.

There exist functions f, g € C,(X) such that f{x) = g(y) = 1 and f{y) = g(x) =0
(Problem 034). Apply (*) to find r, ¢ € R such that f = ru’ and g = tu’; the numbers
rand ¢ are distinct from zero because f # f and g # fo. We have i'(x) = 1g(x) =0
and u'(x) = 1f(x) =1 # 0 which is a contradiction. Fact 2 is proved.

Fact 3. Suppose that G and H are non-empty open subsets of / = [0, 1] such that/ =
GUH.Then G N H # 0.

Proof. Suppose that G N H = (); without loss of generality we can assume that
0 € G. Consider the number s = inf(H) € [; if s € G then [0, s) C G and, since G is
open in /, there is ¢ > O such that [s, s + &) C G. This proves that there are no points
of Hin [0, s + &), i.e., inf(H) > s + ¢ > s, a contradiction. Therefore s € H and s >
0 because 0 € G. Since H is also open, there is > 0 such that (s — 9, s] C H and
hence inf(H) < s — 0 < s, and this last contradiction shows that the sets G and H
cannot be disjoint. Fact 3 is proved.

Now it is easy to finish our solution. Suppose that =< is a linear order on C,(X)
which generates the topology of C,(X). Given any distinct f, g € C,(X), the set
J(f,g) ={h € Cy(X):f <h < g}is open in C,(X) by the definition of the order
topology. Since C,,(X) is an infinite space, we can choose distinct u, v, w € C,(X)
such that u < w < v ; this shows that the open set J(u, v) is non-empty. It is
impossible that J(u, v) C [u, v] by Fact 2 so we can fix & € J(u, v) \ [u, v]. The
sets U ={f € C,(X) :f <h}and V= {fe C)X):h < f} are open, disjoint and
non-empty because # € U and v € V. Furthermore, U UV = C,(X)\{h} and hence
[u,v] CUUYV. As a consequence, G U H = [u, v] where the sets G = U N[y, v] and
H =V N [u,v]are openin [u, v]. We also have G # () # H because u € G and v € H.
The interval [, v] is homeomorphic to [0, 1] by Fact 1 so we have G N H # () by
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Fact 3. However, G N H C U N V = () which is a contradiction. Our solution is
complete.

S.302. Prove that any linearly ordered space is collectionwise normal and Tj.
Deduce from this fact that any linearly ordered space is Tychonoff.

Solution. We will first need the following equivalent definition of collectionwise
normality.

Fact 1. Suppose that, for any discrete family {F : s € S} of closed subsets of a space
X, there exists a disjoint family {U, : s € S} of open subsets of X such that F; C Uy
for any s € S. Then X is collectionwise normal.

Proof. A disjoint family of two closed subsets is discrete, so our hypothesis implies
normality of the space X. Now take any discrete family {F; : s € S} of closed
subsets of the space X and find a disjoint family {U, : s € S} of open subsets
of X such that F; C U, foreach s € S. The set F = U{F, :s € S} is closed in X and
FcU=U{U:seS}.

Since X is normal, we can choose W € 7(X) such that F C W C W C U. Now if
Wy =U, N Wthen F; C Wy € 7(X) for each s € § so it suffices to show that the
family W = {W,: s € S} is discrete. Given x € X suppose that x ¢ U. Then X\W is a
neighbourhood of X which does not intersect any element of W. If x € U then x € U
for some s € § and hence U, € 7(x, X) intersects at most one element of V. Hence
W is discrete and we proved collectionwise normality of X and Fact 1.

Fact 2. Let (L, <) be a linearly ordered space. If D = {x; : s € S} is a discrete
subspace of L then there exists a disjoint family {U; : s € S} of open subsets of
L such that x; € U for any s € S.

Proof. Let < be any well order on the set L. For each s € S take ay, by € L such that
a, < xg < by and (ag, by) N D = {x,} for all s € S. Of course, if x, is the smallest
element of L then only a point b, € L is chosen so that x < byand («—, b;) N D = {x,}.
If x, is the largest element of L then only a point a; € L is chosen so that a; < x and
(ag, —) N D = {x}.

Let ¢, be the < -minimal element of the set [a,, x,] = {x € L : a; < x < x4}.
Analogously, d, is the < -minimal element of the set (x,, by) = {x € L : x;, < x < b}.
Then ¢y < x; < dg and hence U = (cy, d;) is an open neighbourhood of x; for each
s € S. If x, is the minimal element of L then U = («+—, d,) and U, = (c,, —) if x, is the
maximal element of L.

Fix any index s € S; observe first that, if x, < x, then x, ¢ (a;, b,) implies b, < x;.
Analogously, if x, > x; then a, > x,. Now assume that x, < x; and (¢,, d;) N (c,, d) # .
Since d; < b, < x5 we have d, < x; and x; < ¢, so ¢; < d, < x,. However,
d, is the =< -minimal element of (x;, d;] and therefore d, is the < -minimal
element of [cy, d;]. But ¢, is the < -minimal element of [c,, x;) and hence ¢, is
the < -minimal element of [cy, d,]. Since ¢, # d,, these two points cannot both
be the minimal element of the same set [c;, d;]. The obtained contradiction
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proves that (¢, d)) N (¢, ds) = 0. The proof for the case of x; > x; is analogous
so Uy N U, = 0 if s # t and Fact 2 is proved.

Observe that Fact 2 implies that any linearly ordered space L is Hausdorff and
hence T so to establish the Tychonoff property of L, it suffices to prove that L is
normal (see Problem 015). We will, in fact, prove that the space L is collection-
wise normal. Take any discrete family 7 = {F : s € S} of closed subsets of L. The
set Py = |J{F,:t € S\ {s}} is closed and disjoint from F for any s € S. Let W, =
Ui, y) 1 x,y € Fyand (x, y) N Py =0} for each s € S. Then W, N P, = () for each
s € § and the family W = {W, : s € §} is discrete. Indeed, take any x € L and any
interval J = (a, b) > x such that (a, b) meets at most one element, say F, of the
family F; such an interval exists because F is discrete. If ¢ # s then (a, b) N F, = {);
if (@, b) N W, # () then there are x, y € F, such that (x, y) N (a, b) # () and therefore
y € (a, b) N F,or x € (a, b) N F, which is a contradiction in both cases. As a
consequence, (a, b) can intersect at most the set W, and hence the family W is
discrete. We leave to the reader to carry out a completely analogous proof if the
interval J is (a, —) or (+—, b).

The following step is to show that the set D = (| F) \ (UW) is discrete. Take
any x € D; then x € F for some s € S. Since the family F is discrete, we can find an
interval J = (a, b) > x such that (a, b)) N P, = () (we leave to the reader to give a
completely analogous proof if the interval J is (a, —) or («+—, b)). Thus, only points
from F can be in (a, b). Suppose that y, z € F; N (a, b), y # zand x ¢ {y, z}. Out of
three distinct points x, y, z one lies between the other two; assume, for example that
x <y<zThen(x,z) N Py C (a, b) N Py = () and therefore (x, z) C W, so y cannot
be in D. This shows that (a, b) is an open neighbourhood of x which intersects at
most one element of D distinct from x, i.e., D is discrete.

By Fact 2, we can choose an open US € 7(x,L) for each x € D N F,in such a
way that the family {U? : s € S,x € D N F,} is disjoint. Our final step is to define a
set Vy = J{US : x € DNF} UW, for each s € S. It is immediate that {V,: s € S}
is a disjoint family of open subsets of L and F; C V for every s € S. Apply Fact 1 to
conclude that L is collectionwise normal and finish our solution.

S.303. Prove that t(X) = y(X) = y(X) for any linearly ordered topological space X.

Solution. Let < be an arbitrary linear order on X which generates 7(X). Assume that
Y(X) = k. Given x € X we can find a family B = {(a,, b,) : « < K} such that {x} =
() B. It can happen that B = {(«, b,) : @ < k} or B = {(ay, —) : « < k} but the
proof in any of these cases is essentially the same or easier.

Let C be the family of all finite intersections of the elements from B; we claim
that C is a local base at x. Indeed, take any U € 7(x, X); there are a, b € X such that
x € (a,b) C U.Since a¢ (B, there is o < « such that a ¢ (a,, b,) and hence a < a,.
Analogously, b ¢ (1) B so there exists § < k with b ¢ (ag, bp) and therefore by < b.
Then W = (a,, b,) N (ag, bg) € Candx € W C (ay, bp) C (a, b) C Uso Cis alocal
base at x with |C| < |B| < y/(X). The point x being taken arbitrarily, we proved that
21(X) < Y(X) so (X)) = Y(X).
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Since #(X) < y(X) (Problem 156), it suffices to show that y(X) = y(X) < #X).
Take any x € X; we must consider the following cases:

(a) x ¢ («,x) U (x,—) ; then x is an isolated point of the space X so we have
Y, X) =1 < 1X).

(b) x¢ L = («,x) butx € (x,—). Take any A C (x, —) with |A| < #(X) and x € A.
Then the family B = {X\L} U {(«, a) : a € A} consists of open subsets of X
and |B] < tX). If y e X\{x} andy € Ltheny ¢ X\Lsoy ¢ (| B.If y > x then
W = (+, y) is an open neighbourhood of x so there is a pointa € A N W. Therefore
y¢ (—,a),ie.,y¢ () B. We proved that [| B = {x} and hence ¥/(x, X) < #«(X).

(¢) x¢ R = (x,—) but x € («,x). This case is analogous to the case (b).

(d) x € («,x)and x € (x,—).Fix A C (+—,x)and B C (x, —) such thatx € ANB
and |A| + |B| < #X). The family B = {(a, b) : a € A and b € B} consists of open
subsets of X and |B| < #(X). If y # x and y < x then (y, —) € 7(x, X) and hence
there is a € A with a > y; this implies y ¢ (a, b) for any b € B and hence y ¢ () 5.
Now, if y > x then («—, y) € 7(x, X) and therefore there is b € B with b < y; this
shows that y ¢ (a, b) for any a € A so y ¢ () B and we proved that (| B = {x} so
¥(X) < #(X) and our solution is complete.

S.304. Prove that d(X) = hd(X) = nw(X) for any linearly ordered topological space X.
Solution. The following easy fact is formulated for further references.
Fact 1. For any space Z we have d(Z) < nw(Z).

Proof. Take any n-base BB in Z with |B| < nw(Z). For each V € BB choose a point x, € V
and let D = {xy : V € B}. It is immediate that D is dense in Z and |D| < naw(X);
hence d(Z) < nw(Z) and Fact 1 is proved.

Fact 2. For any linearly ordered space L, we have s(L) = c(L).

Proof. Take any discrete subspace D of the space L; Fact 2 of S.302 says that there
exists a disjoint family Y = {U,;:d € D} C 7(L) such thatd € U, foreachd € D. It
is clear that |D| < |U| < ¢(L) and hence s(L) < ¢(L). Since the inverse inequality
holds for any space (Problem 156(ii)), Fact 2 is proved.

Let < be an arbitrary linear order on X which generates 7(X). Assume that d(X) = «
and take a set D C X with D = X and |D| = x. Denote by E the set of isolated points
of X (which can be empty but in any case £ C D). The family B = {(x, y) : x < yand
X,y € D} consists of open subsets of X and |[B| = . Let B ={U e B: U # (} U
{{x} :x€E};then B C 7"(X) and |5/| < k. We claim that 5’ is a 7-base in X. To see
this, take any V € 7°(X); if V has an isolated point d then d € E C D and hence {d} C
V witnesses that B’ is a n-base.

Now assume that V N E = (); then V is an infinite set so there is x € V which is
neither minimal nor maximal element of L. Therefore there exist a, b € X such that
X € (a, b) C V. The non-empty open set (@, b) has to be infinite because it has no
isolated points. This implies (a, b) N D is also infinite and hence we can choose
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points p, g, r € (a, b) N D such that p < g < r; then g € (p, r) which implies (p, r)
€ B and (p, r) C (a, b) C V so B’ is a n-base in X. This proves that zw(X) < d(X).
Applying Fact 1, we conclude that nw(X) = d(X).

Since it is evident that d(X) < hd(X), it suffices to show that d(Y) < k = d(X) for
any Y C X. Pick any D C X with D = X and |D| = k. Given a, b € D, a < b, take any
point w(a, b) € (a, b) N Y if such a point exists. The set E = {w(a, b) : a, b € D,
a <band(a,b) N Y # ()} has cardinality < «x; let us prove that P = E U [ is dense in
Y, where [ is the set of all isolated points of Y. If W € 7°(Y) and W has an isolated
point y then y is isolated in Y soy € I C P N W. If W has no isolated points then it is
infinite and hence we can fix x € W such that x is neither minimal nor maximal
element of L. Thus there exist a, b € X such thatx € (a,b) N Y C W. Since (a,b) N Y
is an open subspace of W, it has no isolated points; therefore it is infinite and hence
we can choose points xy, X, X3, X4, X5 € (@, b) N Y such that x| < x, < x3 < x4 < Xs.
The intervals (x1, x3) and (x3, x5) being non-empty, there exist ¢ € (x, x3) N D and
d € (x3,x5) N D. Since x3 € (¢, d) N Y, we have w(c, d) € (¢,d) N Y C (a,b) N
Y C W which proves that P is dense in Y. Observe that [ is a discrete subspace of
X s0 || < s(X) = ¢(X) < d(X) (we applied Fact 2 and Problem 156(i)). Thus |P| <
|D| 4+ |I] < d(X) which proves that 2d(X) < d(X) and therefore d(X) = hd(X) =
7w(X) so our solution is complete.

S.305. Prove that a linearly ordered space X is compact if and only if any non-
empty closed subset of X has the smallest and the largest element under the order
that generates 1(X).

Solution. Let < be the linear order that generates the topology of X. Suppose that X
is compact and F # () is a closed subset of X. The set F,, = {y € F : y < x} is closed
in F for any x € F. It is straightforward that the family 7 = {F, : x € F'} is centered;
by compactness of F we have (| F # (). It is easy to see that there is a unique y € (| F
and this y is the smallest point of F. The existence of the largest point of F is proved
analogously, considering the family G = {G,: x € F} where G, = {y € F : x < y}.

Now suppose that any non-empty closed subset of X has the smallest and the
largest element with respect to the order <. In particular, X has the maximal
element m. Given any x € X, let L, = {y € X : y < x}. Take any infinite A C X
and consider the set P = {x € X : |A N L,| = |A[}. The set P is non-empty because
L, N A=X N A=A and therefore m € P. The set F = P is closed and non-empty
so it has a smallest element x € F.

(1) If |IL, N A| = |A| then, for any U € 7(x, X), we can choose y € X such that (y, x)
C U.1tis clear that y ¢ P and hence the set L, N A has a smaller cardinality than A.
Thus (y,x) N A= (L, N A\(Ly, N A) U {x}) has the same cardinality as A and
hence |U N A| = |A| because U N A D (y, x) N A.

(2) If L, N A| < |A] then, for any U € 1(x, X) we can choose y € X such that (x, y)
C U. The set (+, y) is an open neighbourhood of x € P so there isz € P N (x, y).
Thus (x, z) NA = (L, N AN(L, N A) U {z}) has the same cardinality as A and
hence |U N A| = |A| because U N A D (x,z) N A.
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We proved that in all possible cases |U N A| = |A| forevery U € 7(x, X), i.e., x is
a complete accumulation point of A. The infinite set A was chosen arbitrarily, so we
proved that any infinite subset of X has a complete accumulation point. Applying
Problem 118(x) we conclude that X is compact.

S.306. Suppose that a well order < generates the topology of a space X. Prove that
X is compact if and only if (X, <) has the largest element.

Solution. If X is compact then X has the largest element by Problem 305. Now
assume that m is the largest element of X. Given a non-empty closed F C X the set F’
has the smallest element because X is well ordered. Consider the set P = {x € X :
y < x for every y € F'}. Since m € P, the set P is non-empty so we can choose a
minimal element z € P of the set P. If z ¢ F then X\F is an open neighbourhood
of the point z so there is u < z such that (1, z) N F = (). However, this implies that
u < zand y < u for any y € F which contradicts the minimality of z. Thus z € F'is
the largest element of F' and we proved that any non-empty closed F' C X has the
smallest and the largest elements. Applying Problem 305 again, we conclude that
X is compact.

S.307. Let X be an arbitrary product of separable spaces. Prove that every
pseudocompact subspace of C,(X) is metrizable (and hence compact).

Solution. The proof is not easy at all so we will first establish some facts.

Fact 1. Let Z be a space with Z = [ J{Z, : n € w}; suppose that C,(Z) has a non-
metrizable pseudocompact subspace. Then C,(Z,) has a non-metrizable pseudo-
compact subspace for some n € .

Proof. Let P be a non-metrizable pseudocompact subspace of C,(Z). The identity
map on each Z,, defines a continuous onto map ¢ : Z' = @@ {Z,: n € w} — Z. Thus
" embeds C,(Z) into C,(Z') (see Problems 113 and 163). Therefore P also embeds
in C,(Z') = [[{Cp(Z,) : n € w} (Problem 114). Let m,, : C(Z') — C,(Z,) be the
natural projection. If the subspace =, (P) C C,(Z,) is metrizable for each n € w then
the product [[{n,(P):n € w} is also metrizable (207) and hence the space
P C [[{mu(P) : n € w} is metrizable as well. This contradiction shows that there
exists n € w such that the pseudocompact subspace 7,(P) of the space C,(Z,) is not
metrizable so Fact 1 is proved.

Fact 2. 1f K is a countably compact space then any closed pseudocompact subspace
of C,(K) is compact.

Proof. Let F be a closed pseudocompact subspace of C,(K). For any x € K the
set e,(F) = {f(x) : f € F} C R is a continuous image of F (Problem 167); therefore
e (F) is compact being a pseudocompact metrizable space (Problem 212). It is easy
to see that F C Q = [[{ex(F) : x € K} ; since Q is compact (Problem 125), it
suffices to show that F is closed in R,

Suppose not, and fix any f € [F]\F (the brackets denote the closure in R). Since
F is closed in Cj,(K), the function f must be discontinuous so take any point a € K
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and A C K such that a € clg(A) while f(a) € f(A) (the bar denotes the closure in R).
Take O, G € 7(R) such that fla) € O, f(A) C G and O NG = (). We will construct
sequences {f,:n € w} CF,{U,:n€ w} C 7(a,K)and {a, : n € o} C A with the
following properties:

1) clg(U,+1) C U, and a, € U, for all n € w.
2) fu(U,) C O forall n € w.
3) fur1(a) e Gforalln € wand i < n.

Since f € [F], there is f € F such that fy(a) € O; the function f being continuous
there exists Uy € 7(a, K) such that fo(Uy) C O. The point a belongs to the closure
of A so there exists ag € A N Uj. It is evident that (1)—(2) are fulfilled for aq, fo
and U,. The property (3) is fulfilled vacuously.

Assume that we have a;, f; and U; with the properties (1)—(3) for all i < n. Since
A, = {ag, ..., a,} C A, we have f(A,) C G; it follows from f € [F] that there
exists f, 1 € F such that f,,, (a) € O and f,, (A,) C G. The function f,,; being
continuous there exists U, 1 € 7(a, K) such that clg(U, 1) C U, and f,,,1(U,11)
C O. Take any point a,,1 € U,,; N A and observe that (1)—(3) are fulfilled for
the sequence {a;, f;, U;: i < (n+ 1)} so our inductive construction can be carried out
for all n € w.

Once we have the sequences {f,:n € v} CF,{U,:n € w} C 1(a,K)and S =
{a,:n € o} C A with (1)-(3) take an accumulation point b of the sequence {a,, :
n € w} (which exists because K is countably compact). Note that, for any x €
K\(O{U, : n € w}) we have x € V = K\clg(U,) for some n € @ and hence V is a
neighbourhood of x which intersects only finitely many points of the sequence S so
x cannot be an accumulation point of S. This shows thatb € P =({U,:n € o} =
Ncl(U,) : n € w}. If Y = {b} U S then Y is countable so ny(F) C C,(Y) is a
pseudocompact second countable space, i.e., my(F) is compact (see Problems 152,
210 and 138). Therefore there exists an accumulation point g € my(F) of the
sequence {g, = my(f,) : n € w}. Thus g(b) has to be in the closure of the set
{g.(D) :n € w}={f(b):n € w}. Butf,(b) €f,(P)Cf,(U, COforall n € w so
{f.,(b) : n € w} C O and hence g(b) € O.

On the other hand, it immediately follows from continuity of the function g that
g(b) € {g(a,) : n € w} ; since fi(a,) € G for all k > n, we have g(a,) € G for each
n € ». An immediate consequence is that g(b) € G, i.e., g(b) € O NG = () which is
a contradiction. We proved that F is closed in R¥ so F is compact and Fact 2 is proved.

Fact 3. Suppose that M, is a second countable compact space for each ¢ € T. Given
an arbitrary point a € M = [[{M, : t € T}, consider the space X(a) = {x € M : the
set supp(x) = {t € T : x(t) # a(f)} is at most countable}. Then X(a) is a dense
subspace of M such that, for any countable A C 2(a), we have cly(A) C 2(a) and
the space cly/(A) is second countable. In particular, cly/(A) = cly,)(A) is a compact
metrizable space for any countable A C X(a).

Proof. For any W C T denote by py : M — My = [[{M, : t € W} the natural
projection to the face My defined by py(x) = x|W for each x € M. Let
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U = [1,er U: # 0 be a standard open set in M, i.e., U, € 7(M,) for all t € T and the
set S = supp(U) = {r € T : U, # M,} is finite. Take any x, € U, for all t € S and let x
(1) = x,if t € S and x(¢t) = a(¢) for all + € T\S. It is immediate that x € U N Z(a)
which shows that X(a) is dense in M.

Given a point x € Z(a), let supp(x) = {t € T : x(t) # a(t)}; then supp(x) is
countable for each x € Z(a). The set E = | J{supp(x) : x € A} is also countable
because |A| < w. The space Y = {ny\ g(a)} X Mg C Z(a) is homeomorphic to M so
Y is a metrizable compact (and hence closed) subspace of M. It is evident that A C Y
so cly(A) C Y which proves that cly,(A) is a metrizable compact subspace of X(a).
The rest is clear so Fact 3 is proved.

Fact 4. We have w(Z) = nw(Z) for any compact space Z.

Proof. The inequality nw(Z) < w(Z) is true for any space Z (Problem 156).
If nw(Z) = k then iw(Z) < nw(Z) = k (Problem 156(iii)) and hence there is
a condensation f - Z — Y of Z onto a space Y with w(Y) < k. Every condensation of
a compact space is a homeomorphism (Problem 123) so Z is homeomorphic
to Y and hence w(Z) = w(Y) < k = nw(Z). Hence w(Z) = nw(Z) and Fact 4 is
proved.

Fact 5. Any continuous image of a metrizable compact space is a metrizable
compact space.

Proof. If Z is a metrizable compact space then Z has a countable base (see Problems
209 and 212). If Z' is a continuous image of Z then Z' is a compact space with w(Z')
= nmw(Z') < nw(Z) = w(Z) = w by Fact 4 and Problem 157(iii). Therefore Z' is
metrizable by Problems 209 and 207. Fact 5 is proved.

Fact 6. Suppose that M, is a second countable compact space for each ¢ € T and let
M =][{M,:t€T}. Then

(i) For any a € M, if a compact space Z is a continuous image of the space X(a) =
{x € M : the set supp(x) = {t € T : x(t) # a(f)} is at most countable} then Z is
metrizable.

(i) If a compact space Z of countable tightness is a continuous image of M then Z is
metrizable.

Proof. (i) Take any continuous onto map g : X(a) — Z; we can assume that Z C IT*
for some cardinal x (Problem 209). For each o < k, let ¢, : I¥ — T be the natural
projection of I* to its ath factor. Since Z(a) is dense in M (Fact 3), we can apply
Problem 299 to the map ¢, o g : £(a) — 1 to find a countable S, C T and a
continuous map A, : g (X(a)) — I 'such that &, o (g | X(a)) = g, o g. It is immediate
that g, (X(a)) = Mg, = [[{M, : t € S,} s0 h, is defined on the space M_and hence
the map G, = h, o ng_is defined on the whole space M and G,|Z(a) = ¢, © g.

For any x € M, let f{x)(o) = G,(x) for all o < k. Then f(x) € I¥, i.e., we have a
map f: M — I*. Since ¢, o f = G, is a continuous map for all « < k, the map fis
continuous (Problem 102). If x € X(a) then ¢,(f(x)) = G,(x) = g, © g(x) = g,(g(x))
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for all & < x which implies f(x) = g(x). Therefore, f(X(a)) = g(X(a)) C Z and
hence f(M) C f(Z(a)) = Z (the closure is taken in I* and it coincides with Z
because Z is compact). We proved that there exists a continuous map f: M — Z
such that f]X(a) = g; this makes it possible for us to forget about g and only use the
map f until the end of the proof of (ii). Now it is easy to prove that Z has the
following property:

(x) For any countable P C Z the space P is a compact metrizable (and hence a
second countable) space.

Indeed, take any countable A C X(a) with f{A) D P; it is possible to find such
A because f(X(a)) = Z. Then F = cly,(A) is a compact metrizable subset of X(a)
(Fact 3) and therefore f{(F) is a compact metrizable (by Fact 5) subspace of Z with
P C fiF). Now it is clear that P C f(F) is also a compact metrizable subset of Z
so (x) is proved.

Our next step is to establish the property

(x+) If R C Zand |R| < w, then there is a countable P C Z such that R C P and, in
particular, the space R is second countable.

To prove (xx), take A C Z(a) such that |A| < w; and f{A) D R; then |E| < w, for
the set E = (J{supp(x) : x € A} because |A| < w; and supp(x) is countable for
any x € A. The space Y = {ny\g(a)} x Mg is homeomorphic to Mg so Y is a product
of < w; < ¢ of separable spaces; an immediate consequence of Problem 108 is
that Y is separable. Pick any dense countable B C Y and observe that A C Y; thus
R C f(Y) and hence R C J@ Since f(B) is a countable subset of Z, we can apply (x)
to see that f(B) D R is second countable finishing the proof of (xx).

Now, assume that Z is not separable and take any z, € Z; if f < w; and we have
constructed a set C = {z, : o < i} observe that C is countable and hence C #+ 7,50
we can choose zg € Z\{z, : o < fi}. It is clear that this inductive construction can
be carried out for all § < w; and, as a result, we will haveasetY = {z,:a < w;} CZ
such that zg¢ {z, : o < B} for all f < w;. Apply (*x) to conclude that Y is second
countable and hence separable; this implies that Y C {z, : o < f§} for some f§ < w;.
However, zg ¢ Y\{z, : « < } which is a contradiction showing that Z is separable.
If P is a countable dense subset of Z then apply (x) again to conclude that Z = P is
second countable and hence metrizable.

(i1) Fix any continuous onto map f: M — Z and a point a € M; consider the set
0 =f(X(a)). It is clear that Q is dense in Z; in particular, for any z € Z we have z € Q
and hence z € R for some countable R C Q because #(Z) < w. Take any countable
A C Z(a) with flA) D R. Then F = clj,(A) is a compact metrizable subset of X(a)
(Fact 3) and therefore f(F) is a compact metrizable (by Fact 5) subspace of Z with
R C f(F). Thus z € R C f(F) C Q which shows that Q = Z. Thus Z is a continuous
image of 2(a) so we can apply (i) to conclude that Z is metrizable. This settles (ii) so
Fact 6 is proved.

Now assume that X = [[{X, : r € T} where each X, is separable; fix a countable
dense C, C X,. It is straightforward that the space C = [[{C; : t € T} is dense in X.
Let C; = {c}, : n € »} be an enumeration of the set C, for each r € T. The space
C! = {c! : i< n} is compact being finite so C, = [[{C!, : t € T} is compact.
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Our next step is to prove that D = |J{C, : n € w} is dense in C. Take any
standard open set U = [],.; U, # 0 in the space X and let B = supp(U). For
any t € supp(U) the set C, is dense in X, so there is n(f) < w such that sz(z) e U,.
If m = max{n(t) : ¢t € supp(U)} then C, NU, # 0 for all ¢ € supp(U). As a
consequence, D N (U N C) D C,, N (U N C) # () which proves that D is dense
in C and hence in X. This means that the map 7y, : C,(X) — mp(Cp(X)) C Cp(D) is a
condensation.

Suppose that P is a non-metrizable pseudocompact subspace of C,(X). Then
np(P) is a non-metrizable pseudocompact subspace of C,(D) because any conden-
sation of a pseudocompact space onto a metrizable space is a condensation onto
a second countable space (Problem 212) and hence a homeomorphism (Problem
140). Thus the space C,,(D) has a non-metrizable pseudocompact subspace and we
have D = J{C,, : n € w}; apply Fact I to conclude that C,,(C,) has a non-metrizable
pseudocompact subspace Q for some n € w. It is an easy exercise to show that
any space, which has a dense pseudocompact subspace, is pseudocompact, so Q is
a closed pseudocompact subspace of C,(C,). Since C, is compact, Fact 2 is
applicable to see that F = Q is a compact subspace of C »(Ch).

For each x € C,, define a map ¢(x) : F — R by o(x)(f) =f(x) for all f € F. Then ¢
: C,, — Cy(F) is a continuous map (Problem 166) and the compact space K = ¢(C,,)
has countable tightness because #(C,,(F)) = w (Problem 149). Since C,, is a product
of second countable spaces, Fact 6 is applicable to conclude that K is a metrizable
compact space and hence w(K) = w. It is easy to see that K separates the points of F.
For each y € F define a map y(y) : K — R by Y(y)(f) =f(y) for all f € K. Then  :
F — C,(K) is a continuous map (Problem 166) and it immediately follows from
the fact that K separates the points of F, that i is a condensation. Any condensation
of a compact space is a homeomorphism so y embeds F into C,(K) and hence
wF) = nw(F) < nw(Cy(K)) = nw(K) < w(K) = o (we applied Fact 4 and
Problem 172) so F is second countable and hence metrizable. As a consequence,
Q C F is also metrizable which is a contradiction showing that our solution is
complete.

S.308. Let X be an arbitrary product of separable spaces. Suppose that Y is a dense
subspace of X. Is it true that every compact subspace of C,(Y) is metrizable?

Solution. No, it is not true. Let Y = C,(K) where K = A(w,). Then Y is a dense
subspace of X = RX (Problem 111) and it is clear that X is a product of second
countable (and hence separable) spaces. The compact space K is not metrizable
because it is not second countable. Thus a non-metrizable compact space K embeds
in C,(Y) = C,(C,(K)) (Problem 167) which shows that not every compact subspace
of C,(Y) is metrizable.

S.309. Suppose that C,(X) has a dense o-pseudocompact subspace. Does it neces-
sarily have a dense o-countably compact subspace?

Solution. No, not necessarily. To construct a relevant example, let us first establish
several facts.
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Fact 1. Let cZ be a compact extension of a space Z such that, for any function
f€ CZ,T) there is g € C(cZ, T) such that g|Z = f. Then there exists a homeomor-
phism ¢ : ¢Z — fZ such that ¢(z) = z for every z € Z.

Proof. Take any compact space Y and any continuous map u : Z — Y. We can
consider that Y is a subspace of I* for some A (Problem 209). For each a € A let Da:
I* — I be the natural projection onto the ath factor. The map p, o u : Z — I is
continuous for each @ € A and hence there is a continuous function g, : ¢cZ — 1
such that g,|Z = p,, o u. Letting g(z)(a) = g.(z) for each z € ¢Z and a € A we define a
map g : ¢Z — I* ; the map g is continuous because p, o g = g, is a continuous map
for every a € A (Problem 102). If z € Z then g(z)(a) = g.(z) = p, o u(z) = u(z)(a)
for all a € A and therefore g(z) = u(z) which shows that g|Z = u. The set g(2) is
dense in g(cZ) and Y is closed in I* so g(cZ) C g(Z) = u(Z) C Y =Y and hence g :
¢Z — Y is a continuous extension of u. Now apply Problem 258 to finish the proof
of Fact 1.

Fact 2. Let M, be a second countable compact space for all € T. Suppose that Zis a
dense pseudocompact subspace of M = I1{M, : t € T}. Then fZ = M in the sense
that there exists a homeomorphism ¢ : fZ — M such that (z) = z for any z € Z.

Proof. Given § C T, denote by pg: M — Mg =II{M, : t € S} the natural projection
to the S-face M of the space M. Take any continuous map f: Z — I. There exists a
countable § C T and a continuous map g : ps(Z) — I such that go pg = f (Problem
299). Observe that pg(Z) is second countable and hence compact; since pg(Z) is
dense in Mg, we have pg(Z) = M. This shows that the continuous map & = go pg is
defined on the whole space M and 4|P = f. It turns out that M is a compact extension
of Z such that any continuous f: Z — I has a continuous extension 4 : M — I so we
can apply Fact 1 to conclude that M = fZ. Fact 2 is proved.

Fact 3. Let Z be a pseudocompact space. Then Z N H # () for any non-empty G s-set
H of the space fZ.

Proof. Pick any z € Hand {U,, : n € o} C 7(fZ) such that H (| {U,: n € w}. Itis
routine to construct a sequence {V,, : n € w} C 7(z, fZ) such that V,,,; C V,,and V,,
CcUyn---NnU,foreachnew.lfW,=V, N Zthen W, # () and cl,(W, ) C W,
for each n € . The space Z being pseudocompact, we have P = (\{clz(W,) : n € o}
= {W,:n € w}+#0 (Problem 136) and hence H N Z D P # () so Fact 3 is proved.

Fact4.1f Z is a pseudocompact space let 7 : C,(fZ) — C,(Z) be the restriction map,
i.e., n(h) = h|Z for each h € C,(fZ). Then = is a bijection and hence, for any
function f € C,(Z) there exists a unique e(f) € C,(fZ) such that e(f)|Z =f.

Proof. Since Z is pseudocompact, each f € C,,(Z) is bounded and hence f maps Z into
a compact space [—n, n] for some n € w. Apply Problem 257 to conclude that there
exists e(f) € C(pZ) with e(f)|Z = f. The uniqueness of e(f) follows from the fact
that Z is dense in fZ and hence the map 7 is injective (Problem 152). Fact 4 is
proved.
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Fact 5. Given a pseudocompact space Z, denote by e : C,(Z) — C,(fZ) the
extension map from Fact 4. Then, for any f € C,(Z) and any countable set A C
Cp(Z) with f € A, we have e(f) € [e(A)] (the brackets denote the closure in Cp(B2)).
In particular, if f is an accumulation point of A then e(f) is an accumulation point
of e(A).

Proof. Given a function g € C,(fZ), an arbitrary finite set K C fZ and ¢ > 0, let
0(g, K, &) = {h e C,(fZ) : |g(x) — i(x)| < & for all x € K}. It is clear that the family
B ,=1{0(g, K, ¢) : K is afinite subset of fZ and &£ > 0} is a local base of C,(fZ) at g.
Assume that g = e(f) ¢ [e(A)] and fix a finite set K C Z and ¢ > 0 such that O
(g, K, ¢) N e(A) = . For each point x € K the set H, = (ﬂ{hil(h(x)) hee(Ad))})
N g ' (gx))is a Gs-subset of fZ with x € H,. Apply Fact 3 to observe that H, N Z# ()
and hence we can choose z, € Z N H foreachx € K. ThenL = {z,: x € K} C Zand
W={heCy2 :|h(y) — f(y)| < eforall y € L} is an open neighbourhood of the
function f'in C\,(Z). If h € A then h(z,) = e(h)(x) for each x € K. There exists x € K
such that |e(h)(x) — g(x)| = & whence |h(z,) — f(z,)| = ¢ so h¢ W. As a consequence
W N A = ) which is a contradiction with f € A. Fact 5 is proved.

Fact 6. Given a pseudocompact space Z, denote by e : C,(Z) — C,(fZ) the
extension map from Fact 4. Then e(P) is a countably compact subset of C,(8Z)
for each countably compact P C C,(Z).

Proof. If e(P) is not countably compact then there is a countably infinite closed
discrete B C e(P). The set A = n(B) C P is infinite (Fact 4), so it has an
accumulation point f in the countably compact space P. By Fact 5, e(f) € e(P) is
an accumulation point of the set B = e¢(A) which is a contradiction. Fact 6 is proved.

We are now ready for presenting the solution. In Fact 4 of S.286 it was proved
that there exists a pseudocompact space X with the following properties:

(1) X is a dense subspace of I*.
(2) Cp(X, I) is pseudocompact.
(3) Every countable B C X is closed and discrete so X is not second countable.

Since [—n, n] is homeomorphic to I, the space C,(X, [—n, n]) is homeomorphic
to Cp(X, I) for each n € N; as a consequence, C\,(X, [—n, n]) is pseudocompact for
each n € N so the space C,(X) = U{C,,(X, [—n, n]) : n € N} is o-pseudocompact.

Now take any countably compact subspace P of the space C,(X). Observe that
pX =1° by (1) and Fact 2. Let e : C,,(X) — C,(fX) be the extension map constructed
in Fact 4 for Z = X. Apply Fact 6 to conclude that e(P) is a countably compact
subspace of C,(fX) = C,(I°). The space e(P) has to be metrizable and second
countable by Problem 307 and 212. The map = : e(P) — P is continuous so
nw(P) < nw(e(P)) < w(P) = w (see Problem 157(iii)). By Problem 156(i) the
space P is separable and hence we proved that every countably compact subspace
of C,(X) is separable. It is evident that any countable union of separable spaces
is separable, so if C,(X) has a dense g-countably compact subspace then C,(X) is
separable. As a consequence X can be condensed onto a second countable space
(Problem 174). This condensation must be a homeomorphism by Problem 140
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so X is second countable which is a contradiction. Thus C,(X) has no dense
o-countably compact subspace and our solution is complete.

S.310. Suppose that C,(X) has a dense c-countably compact subspace. Does it
necessarily have a dense o-compact subspace?

Solution. No, not necessarily. To construct a relevant example, let us first establish
some facts. Say that Z is a P-space if every Gs-subset of Z is open. Call a space
Z w-bounded if A is compact for any countable A C Z.

Fact 1. Every w-bounded space is countably compact.

Proof. If A is an infinite subset of an w-bounded space Z then take any countably
infinite B C A. Then B is compact so B has an accumulation point b in B. It is
clear that b is also an accumulation point of A in Z so Z is countably compact
(Problem 132).

Fact 2. 1f Z is a P-space then C,,(Z, I) is w-bounded and hence countably compact.

Proof. Since I* is compact and C,(Z, 1) C I#, it suffices to prove that A C C »(Z, 1) for
every countable A C C,(Z, I) (the bar denotes the closure in I%). So take any
countable A C C,(Z, I) and any f € A. Given any z € Z, we will prove that f is
continuous at the point z. Note that the set {4(z)} is a Gs-set in the space I for any
heAsoW = h~'(h(z)): h € A} is a Gg-set in Z. Since Z is a P-space, the set W is
an open neighbourhood of z; we claim that fiWW) = {f(z)}. To see this, suppose that
w € W and [fiw) — f(z)| > ¢ for some ¢ > 0. Since f € A, there is h € A such that
|h(z) = f(z)] < § and |h(w) —f(w)| < 5. However, h(w) = h(z) so we have
|[f(w) = f(2)|<|f(w) = h(w)| + |h(z) — f(z)| < 5+ % = & which is a contradiction.
Thus for any ¢ > 0 we have fiW) = {f(z)} C (f(2) — ¢, f(z) + ¢), i.e., f is continuous
at z. Fact 2 is proved.

Fact 3. The set C*(Z) is dense in C,(Z) for any space Z.

Proof. It suffices to show that, for any function f € C,(Z) and any finite K C Z there
is g € C*(Z) such that g|K = f|K. Let N = max{ | f(z)| : z € K} + 1; define ¢y, dy € C(Z)
by the equalities cy(z) = N and dy(z) = —N for all z € Z. There exists & € C,(X) such
that 4(x) = fix) for any x € K (Problem 034). The function #; = min(%, cy) is
continuous (Problem 028) and /,(z) < N for all z € Z. Finally, g = max(h,, dy) is
also continuous (Problem 028) and g(z) € [-N, N]forallz € Z, i.e., g € C*(Z). Note
finally that g(z) = h(z) = f(z) for all z € K so Fact 3 is proved.

Fact 4. 1f Z is a P-space then C,(Z) has a dense g-countably compact subspace.

Proof. The space C,(Z, I) is countably compact by Fact 2. Since [—n, n] is
homeomorphic to I for each n € N, the space C,, = C,(Z,[—n, n]) is countably
compact for all n € N. As a consequence the set | J{C, : n € N} = C*(2) is
g-countably compact and dense in C,(Z) by Fact 3 so Fact 4 is proved.

Fact 5.1f C\,(Z) has a dense o-compact subspace then there is a compact subspace of
Cp(Z) which separates the points of Z.
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Proof. The space C = C,(Z, (0, 1)) is homeomorphic to C,,(Z) (Fact 1 of S.295) so
thereisaset D = |J {K, : n € N} C C such that D is dense in C and K, is compact
foralln € N.Let L, = {1/ : f € K, } for each n € N. It is easy to see that L, is
compact being homeomorphic to the compact space K,,. Denote by 1, the function
which is identically zero on Z; we claim that K = (J{L, : n € N} U {up} is a
compact subset of C,(Z) which separates the points of Z.

To see that K is compact, take any open cover U of the space K. Take an arbitrary
U € U with u, € U; there exists a finite set P C Zand ¢ > O such that W = {f € C,(2) :
|[f(2)] < & for all z € P} C U. There is m € N such that % <eg; if n = m then
|f(z)] < +<l <gforanyfeL,andz € Z Thus, L, C U for all n > m. This shows
that the space K\U is compact being a closed subspace of the compact space L;
U -+ UL, Therefore, there is a finite /' C U with |J U’ D K\U.Hence ' U {U}
is a finite subcover of K which proves that K is compact.

Ifz,t€ Zandz # tthen V = {f € C,(Z, (0, 1)) : f(z) # f(t)} is an open subset of
Cp(Z, (0, 1)). Since D is dense in C,(Z, (0, 1)), there is n € N and f € K,, such that
f(z) #f(t). Now if g = % then g € K and g(z) # g(t); thus K separates the points of Z
and Fact 5 is proved.

Fact 6. Let K be a compact space. Then | A | < cc for any countable A C C (K.

Proof. Define amap ¢ : K — RA by the formula ¢(z2)(f) = f(z) for every function
f € A. It is evident that ¢ is a continuous map so L = ¢(K) is a second countable
compact space. Therefore nw(C,(L)) = nw(L) = w which implies iw(C,(L)) = w
(Problem 156(iii)). This shows that there is an injective map of C,(L) into a
second countable space Y which in turn embeds in I (see Problem 209). As a
consequence |[C,(L)| < Y| < |I?| = ¢” = ¢. Let ¢"(f) = f o  for each function
f € Cy(L). It was proved in Problem 163 that " is an embedding; the set F =
(p*(Cp(L)) is closed in C,(Z) because ¢ is a closed map (see Problems 163(iii)
and 122). It is immediate that A C F so A C F and hence | A | < |F| < ¢ so Fact
6 is proved.

Returning to our solution take any set A of cardinality ¢ and consider the space
X whose underlying set is I* and whose topology consists of all Gs-sets of I*. It is
an easy exercise to see that X is Tychonoff space. Since a countable intersection of
Gs-sets is still a Gs-set, the space X is a P-space. Therefore the space C,(X) has a
dense g-countably compact subspace by Fact 4. Consider the space = = {x € I* :
the set {a € A : x(a) # 0} is countable}. Since |I| = ¢, we have |I?| = ¢” = ¢ for any
countable set B. Therefore, for any countable B C A, the set Gg = {x € I* : x(a) = 0 for
all @ € A\ B} has cardinality c. Since £ = |J {Gp : B is a countable subset of A}, we
have |Z|=c-c=c.

Recall that a set U = [[,ea U, is called standard in if U, € 7(I) foralla € A
and the set supp(U) = {a € A : U, # 1} is finite. Standard sets form a base in I
(Problem 101). The set X is dense in X; to see this take any point x € X and any G-set
H > x. There are standard sets U,, n € w suchthatx € G = ({U,:n € o} CH.If
B = | {supp(U,) : n € w} then B is a countable subset of A and hence the point y € ™



276 2 Solutions of Problems 001-500

defined by y|B = x|B and y(a) = 0 for all « € A\ B, belongs to X. It is immediate that
y€ G CHsoyeX N H which proves that X is dense in X.

Suppose that C,,(X) has a o-compact dense subspace. Apply Fact 5 to find a
compact K C C,(X) which separates the points of X. Define a map e : X — C,(K) by
the formula e(x)(f) = f(x) for all f € K. The map e is continuous (Problem 166) and
it follows immediately from the fact that K separates the points of X that e is a
condensation onto Y = e(X). Therefore |Y| = |X| = 2¢; since X is dense in X, the set
S = e(X) is dense in Y. Tightness of the space C,(K) is countable (Problem 149) so
Y C | {P: P is a countable subset of S}. However, | P | < ¢ for any countable
P C C,(K) by Fact 6. This shows that |Y| < Z{| P | : P is a countable subset of S} < ¢ -
|S”| = ¢-¢=c which is a contradiction. Thus C,(X) has no dense o-compact
subset and our solution is complete.

S.311. Prove that any space X is a continuous image of a space Y such that C,(Y)
has a dense a-compact subspace.

Solution. Let Y be the discrete space with the underlying set X. Then the identity
map i : Y — X is continuous and onto so X is a continuous image of Y. Observe that
C,=C,Y,[—n,n])=[-n, nl¥ is compact for any n € N. Hence C*(Y) = |J{C,,: n
€ N} is a dense g-compact subspace of C,,(Y) (see Fact 3 of S.310).

S.312. Is it true that any space X is an R-quotient image of a space Y such that C,(Y)
has a dense o-compact subspace’?

Solution. Yes, it is true. We will prove even more, namely, that any space X is a
quotient image of a space Y such that C,,(Y) has a dense g-compact subspace. Since
every quotient map is R-quotient, this will give a solution in a stronger form.

Call a topological property P complete if it satisfies the following conditions:

(1) Any metrizable compact space has P.
2) fneNand Z;has Pforalli=1,...,nthenZ; X --- X Z, has P.
(3) If Z has P then every continuous image of Z has P.

For an arbitrary space A, denote by A° the one-point space {0} C R and let
C(A) ={A" x Y :m € wand Y is a second countable compact space}.

Given aset A C Cp(2), let PA) = {f, - --- - fu:n €N, fy € Aforall i < n}
andRA)={lg+ A - g1+ +dn-gn:meN, L €Rand g; € P(A) for all
i1 < m}.

Fact 1. For any A C C,(Z) the space R(A) is an algebra in C,,(Z) which contains
A and can be represented as a countable union of continuous images of spaces
from C (A).

Proof. 1t is evident that R(A) is an algebra and A C R(A); givenm € N and ny, ...,
N, € @, the space P(ng, . .. , Ry) = [—no, nol™™" x A™ x - x A™ belongs to C
(A). For each i € w, define a map p, : Al C »(X) as follows: py(0) is the function
identically zero on Z; py(f) = fforallfe A = A and p,(fi, ... . f) =Ffi - fn
for each (fi, ... ,f,) € A" foralln > 1.
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Now, we are going to define amap ¢ = @y, ...,y : P(ng, ... , ) — Cp(Z) as
follows: for every point (4, f) = (4, fl, . M € Py, ..., n,), where 1 =
(Ao - -+ s Am) € [—110, np)™ " and f7 = (fl’ s o5 fa ) € A for each natural number

i<m,let(4,f) =720+ A Pa, Y+ -+ P, (f") € Cp(2). It easily follows
from the results in 115 and 116 that the map ¢, ..., », is continuous for any
(ng, ... ,n,). If we denote by Q(ny, ..., n,) the image of P(n, ..., n,) under the
map @, ... », thenitis clear that R(A) = U{0, ... ,n,) :meNandny, ...,
n, € w} so Fact 1 is proved.

Fact 2. Let P be a complete property. If A C C,,(Z) and A has P then R(A) has 6-P,
i.e., R(A) is a countable union of spaces with the property P.

Proof. 1t is straightforward that all elements of C (A) have P. Fact 1 says that R(A) is
a countable union of continuous images of spaces from C (A) and every such image
also has P by (3), so Fact 2 is proved.

Fact 3. For any space Z, there is a compact K C C,,(Z) which separates the points
of Z if and only if C,(Z) has a o-compact dense subspace.

Proof. Sufficiency is proved in Fact 5 of S.310. It is evident that compactness is
a complete property so, if K C C,(Z) is compact then the algebra R(K) must be
o-compact by Fact 2. Furthermore, if K separates the points of Z then R(K) is an
algebra which also separates the points of Z; applying 192 we conclude that R(K) is
dense in C,,(2). Therefore R(K) is a o-compact dense subspace of C,,(Z) and Fact 3 is
proved.

Given a space X and a € X, let X, be a space with the underlying set X in which
every point x € X\{a} is isolated and 7(a, X) is the local base at the point a. The
space X, is Tychonoff for each a € X and « is the unique non-isolated point of X,
(see Fact 1 of S.293). Now let Y = {X, X {a} : a € X}; we consider X, x {a} to
be a clopen subspace of Y (see Problem 113). Given y € Y we have y = (x, @) for
some a € X; let p(y) = x.

The map ¢ : ¥ — X is quotient. It is immediate that ¢ is continuous and onto.
Take any U C X such that ¢~ '(U) is open in Y; for any a € U the set U x {a} =
gofl(U) N (X, x {a}) has to be a neighbourhood of the point (a, a) in Y and hence
U has to be a neighbourhood of a in X,,. Thus U is a neighbourhood of any a € U,
i.e., U is open in X. This proves that the map fis quotient.

If B C Y, denote by yp the characteristic function of B defined by yg(y) = 1if y € B
and yp(y) = 0 for all y € Y\ B. It is an easy exercise that y is a continuous function
on Y if and only if B is a clopen subset of Y. Given y € Y, we write y, instead of y;;.
The function y, is continuous if y is an isolated point of Y. Denote by u the function
which is identically zero on Y; let U(a) = X, x {a} for all a € X and let K = {u,}
Ulyy:y= a)andx # a} U {xy@) : a € X}. Itis straightforward that K C C,,(Y);
let us check that K separates the points of Y.

Ify#z,y € Ua), z¢ Ua) for some a € X, then f = yy@y € Kand f(y) =1 #£0=
f(z). Now if there is a € X with y, z € U(a) then one of the points, say y, is distinct
from (a, a) and therefore g = y, € K and g(y) = 1 # 0 = g(2).
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Let us establish that K is compact. Given an open cover U/ of the set K, take
any U € U with uy € U. There exists a finite P C Y and ¢ > 0 such that {h € C,(Y) :
|h(z)] < eforallz € P} C U.Let yx = {B C Y : yp € K}; it is easy to see that every
y € Y belongs to at most two elements of yx. This implies that there is a finite 0 C K
such that f]P = 0 for all f € K\Q and therefore K\Q C U. The set Q being finite,
there is a finite ' C U such that O C |J U’. Then U’ U {U} is a finite subcover of
the cover U; this proves that K is compact.

Finally, apply Fact 3 to conclude that C,,(Y) has a dense o-compact subspace and
finish our solution.

S.313. Let X be a metrizable space. Prove that C,(X) has a dense c-compact
subspace.

Solution. Take any base B of the space X such that B= J{ B, : n € } where each
B, is a discrete family (see Problem 221). Take an arbitrary metric d on X such
that 7(d) = 7(X) and d(x, y) < 1 for all x, y € X (see Problem 206). For each U € B
let py(x) = inf{d(x, y) : y € X\U}. The function ¢y is continuous on X and
0y (0) =X\U for all U € B (see Fact 1 of S.212). Denote by u, the function
identically zero on X and let K,, = {¢y : U € B,} U {ug} for all n € w.

Let us prove that K, is compact for every n € w. Take any open cover U of the
set K,,; pick any W € U with uy € W. There is a finite P C X and ¢ > 0 such that
{h € C,(X) : |h(x)| < & forall x € P} C W. The family B, is discrete and hence
only finitely many elements of 3, intersect the set P; fix a finite y C B, such that
UnN P=0forall U e B,\y. This implies ¢ (x) =0forallx € Pand U € B,\7, i.e.,
py € Wfor all U € B,\y. Since the family y is finite, there exists a finite /' C U
such that gy € (JU' forall U € y. As a consequence, U’ U {W} is a finite subcover
of the cover U so K,, is compact.

If x and y are distinct points of X then there is U € B such that x € U and y ¢ U.
Then ¢ (x) # 0 = wy(y) This shows that S = | J {K}, : n € w} separates the points of X.
Therefore the algebra R(S) is dense in C,,(X) (see S.312 for the definition of R(S) and
Problem 192 to be convinced that R(S) is dense in C,(X)). It is immediate that the
property of being o-compact is complete (see the definition of a complete property
in S.312) and hence Fact 2 of S.312 can be applied to conclude that R(S) is a
countable union of g-compact spaces, i.e., R(S) is a-compact. Thus R(S) is a dense
g-compact subspace of C,(X) and our solution is complete.

S.314. Show that the space w is countably compact and (w1 + 1) is compact. Prove
that, for every continuous functionf: w; — R, there exists oo < w; such that flo) =f
(atg) for every o = ag. Deduce from this fact that fo, = o) + 1.

Solution. Call a space Z w-bounded if A is compact for any countable A C Z.
Fact 1. Every w-bounded space is countably compact.

Proof. If A is an infinite subset of an w-bounded space Z then take any countably
infinite B C A. Then B is compact so B has an accumulation point b in B. It is clear
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that b is also an accumulation point of A in Z so Z is countably compact (Problem
132). Fact 1 is proved.

In Fact 2 of S.232 it was proved that the set [0, ] = {f < w;: f < a}isa
compact subspace of w; for each o < w;. Since every countable A C w is contained
in [0, o] for some o < wy, the space w; is w-bounded and hence countably compact
by Fact 1. The space w; + 1 is compact because it is well ordered and has the largest
element w; (Problem 306).

Now take any continuous function f: w; — R. Assume that, for any « < wy,
there is § = f(a) > o such that () # f(e); let us also fix n = n(x) € N with
If (B) — f(2)|>1. There exists m € N and an uncountable A C e such that n(x) =
for each « € A. Take any oco € A and fy = f(a); if we have o;, f; for all i < n, find
0,1 € A with o, > max{a;, f;:i < n} and let 5, ; = f(o,41). This inductive
construction gives us sequences {o; : i € w} and {f; : i € w} such that ff; = f(«;) and
pi <o foralli € . Leta =min{f < w;:a; < fforalli € w}. Itis evident that
o is well defined; the function fbeing continuous at the point o, there is f < o such
that |f(y) — f(a)| < 5, for all y € (f, ). There is n € w such that § < o, < f,
which implies that

(@) — FBI<IF ) — F] + £ (B) —f(@)] < oo = -

2m  2m m

a contradiction with |f(a,) —f(f,)| = L. This contradiction proves that, for some
oo, there will be no o > o with fla) # f(og), i.e., flar) = flog) for all o = g

Finally, let f : @, — I be a continuous function; we proved that there is oy <
such that ro = fla) = flarp) for all o > . Letting g(w;) = ro and glw, = f|w; we
obtain a continuous function g : (w; + 1) — I such that g|ow; = f|w;. Since w; + 1isa
compact extension of w, we can apply Fact 1 of S.309 to conclude that w, + 1 = fw,
and finish our solution.

S.315. Prove that C,(w,) has no dense o-compact subspace.

Solution. Assume that C,(w;) has a dense g-compact subspace. Apply Fact 3 of
S.312 to conclude that there is a compact K C C,(w;) which separates the points
of ;. Let m : Cp(w; + 1) — Cp(w)) be the restriction map, i.e., n(f) = flw, for
every f € Cp(w; + 1). Since ), is countably compact and w,+1 = fw; (314), for
each f € C(w)) there exists a unique e(f) € C(w; + 1) such that e(f)|w,; =f (Fact 4
of S.309). In particular, © is an onto map. Observe that e(K) is a countably
compact subset of C,,(w; + 1) by Fact 6 of S.309; besides, e(K) = n_l([() is closed
in C,(w; + 1) because the map = is continuous (Problem 152). Thus L = e(K)
is compact by Fact 2 of S.307 and it is immediate that L separates the points of wy,
i.e., for any distinct o, < wy, there is f € L such that f(o) # (f8). By Fact 3 of S.256,
the set L cannot separate the points of w; + 1 so there is o < w; such that
fla) = flw,) for all f € L. Now, if f < w; and f§ # o then there is g € L such that
g(a) # g(P). Since g(w;) = g(x), we have g(f) # g(w;) and hence L separates
all pairs of points except o and ;. Taking any & € Cj,(w, + 1) with () = 0 and
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h(wp) = 1, we obtain a compact set L U {h} which separates the points of w; + 1;
this is again a contradiction with Fact 3 of S.256 so our solution is complete.

S.316. Prove that C,(w,) is Lindeldf.

Solution. For any function f € C,(w,) and a finite subset K of w;, we will need the
set O(f, K, &) = {g € Cp(w)) : | flx) — g(x)| < ¢ for all x € K} for every & > 0. The
family U = {O(f, K, ¢) : f € C,,(w1), K is a finite subset of w; and ¢ > 0} is a base in
Cp(wy) and U = {O(f, K, ¢) : K is a finite subset of @, and & > 0} is a local base at f
in the space Cp(1). Given U = O(f, K, ¢) € U, let supp(U) = {o < w, : thereis f € K
such that & < f}. Observe that supp(U) can be identified with the ordinal f + 1
where # = max{o : o € K}. For technical reasons, we let supp(U) = 0 if U = (). For
any o < @y, let r,(f) = pif f < o and r,(f) = o for all § > a. It is evident that r,, :
w; — (a + 1) is a continuous map; the map r} : Cp(x+ 1) — C, (1), defined by
ri(f) =for, for each f € Cy( + 1), is also continuous (Problem 163). If
R, =71} (C b0+ 1)) then R, is a closed subset of C,,(w;) homeomorphic to the space
Cp(o + 1) for each ordinal & < w; (Problem 163). Observe also that the map
Sy ¢ Cplwy) — Cp(wy) defined by s,(f) =r;(f|(x+1)) is continuous and
sCp(w1)) = R; besides s,(f) = f for any f € R,.

Denote by O the family of all non-trivial rational intervals in R and let 3, be a
countable base in the space (« + 1). Given Uy, ..., U, € B, and Oy, ..., O, € O,
let M, (Uy,...,U,;04,...,0,) = {f €R, :f(r;l(U,-)) C O; for each i < n}

Let us prove that

(1) The family N, = (M (U,, ...,U,; 01, ...,0,):n €N, U; € B, and O; € O for
all i < n} is a countable network in the space R,,.

It is evident that \V,, is countable. Take any f € R,, any finite K C w; and any & > 0.
Then K =Ky UK; where Ko =K N o= {xq,..., x,} and K; = K\K,. Foranyi < n
pick a rational interval J; such that f(x;) € J; C (fix;) — ¢, fx;) + ¢); there exists a
rational interval J,, | such that fla) € J,,.1 C (fla) — ¢, fla) + ¢). Use continuity of
fto find a disjoint family y = {U;: i < n + 1} C B, such that x; € U, for all i < n,
% € U,y 1 and f(U;) C J;foralli < n—+ 1. Observing that 7, ! (U;) = U; foreachi < n
and f(x) = f(o) for any x € K;, we convince ourselves that f € M, (Uy, ..., U,, U, 1;
Jis oo s Jw Jus1) C O(f, K, €) which proves that V,, is a network in R,,.

We will also need the following property of the map s,.

(2) If U € U and supp(U) C o then s,(U) =U N R, and s, (UNR,) = U.

Let U = O(f, K, ¢); then K C o and we have s,(g) = g for any g € R, so it is
evident that U N R, C s,(U). Now, if g € U then s,(g)(f) = g(p) for all § < « and
s,(g)(B) = g(a) for all f > a. This shows that s,(g)(x) = g(x) for any x € K and
therefore s5,(U) C U, i.e., 5,(U) = U N R,.If we take any h € C,(w;) with s,(h) € U
then |s,(h)(x) — fix)| < ¢ for all x € K; but s,(h)(x) = h(x) for all x € K so |h(x) —
S| < ¢ for all x € K and hence h € U. Property (2) is proved.

Suppose that, for each function f € C,(w,), we are given Uy € U such thatf € Uy,
the open cover {Uy: f € Cp(w)} is called pointwise. Now, if V is an arbitrary open
cover of Cp,(m;) then, for each f € C,(w)), there is Uy € U and V € V such that f € Uy



2 Solutions of Problems 001-500 281

C V. This shows that every open cover of C,(w;) has a pointwise refinement, so to
prove the Lindelof property of C,(w), it suffices to show that any pointwise open
cover of Cp,(w) has a countable subcover.

Fix Us€ U N 7 (f,Cp(wy)) for each function f € C,,(w;) and consider the family
W = {Uy: f € Cy(wy)}. For each element N of the countable family A/, choose
W(N) € W with N € W(N); if such W(N) does not exist then let W(N) = (). Let vy =
U {supp(W(N) : N € N,,} and o9 = max{w, vo} + 1.

If we have a sequence o < - - - < o, choose a set W(N) € W such that N C W(N)
foreach N € \V, »,> if such W(N) does not exist then let W(N) = (0. Let v,y = J {supp
(WIN):N e Nx,,,} and o,,,, | = max{a,,,v,,+1} + 1. The ordinal o = sup{o,, : m € w}
and the family V = {W(N) : N € N/,, for some m € w} have the following properties:
(3) The family V is a countable subfamily of W and supp(V) C o for all V € V.
@) {s,(V):V eV }isacoverof R,.

Since (3) is evident, we will only prove the property (4). Take any function f €
R,; then U= O(f, K, &) for some finite K C w; and ¢ > 0. Consider the set Ky = K
N o={xg,...,x,}; then K, C a,, for some m < w and there exist rational intervals
Ji, ... Jpq such that fix;) € J; C (fix;) — &, fix;) +¢) foralli < nand fla) €J, 1 C
(flw) — &, flo) + ¢€). Since the function f is continuous, there exist disjoint Uy, ...,
U, € (@ + 1) such that x; € U; foralli < n,a € U,y and f(U;) C J; forall j <
n + 1. There exists § < a such that (f, o] = {v< w;: f <v < a} C U, . Take
any k = m such that § < o and find W € B ;, with o, € W C (8, o). It is easy to see

that f («) Gf(r;kl(W)) C Juy1 and hence fe N € N, where N =M, (Uy,....U,, W,

Ji, oo s I Ju1) C Upwhich shows that f € N C W(N) and the property (4) is proved.

Now it is very easy to finish our solution. Observe that C,(w;) = s, ' (R,) =
s, (UVNR, VeV =U{s;"(VNR,) : VeV} =JV because we have
s;'(VNR,) =V for each V € V by the property (2). Thus, V is a countable

subcover of VW and our solution is complete.
S.317. Prove that C,(wy + 1) does not have a dense Lindelof subspace.

Solution. Any dense subspace of C,(w; + 1) separates the points of (w; + 1) and
there is no Lindelof subspace of C,,(w; + 1) which separates the points of (w; + 1)
by Fact 3 of S.256.

S.318. Prove that C,(w; + 1) embeds into C,(w1). Is it possible to embed C,(w1)
into Cy,(wy + 1)?

Solution. Define a map ¢ : w; — (w; + 1) as follows: p(0) = w;, p(n) =n — 1
for all n € w and p(a) = «a for all « > w. It is immediate that ¢ : w; — (w; + 1)
is a continuous onto map and hence ¢* embeds C,(w; + 1) into C,(w;)
(Problem 163).

It is not possible to embed C,,(w;) into C\,(w; + 1) because #(C,(w; + 1)) = w
due to compactness of (w; + 1) (see Problems 314 and 149) while tightness of
C,(wy) is uncountable because ), is not Lindelof (see Problems 138, 149, 159(vi)
and 314).
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S.319. Prove that C,(w, + 1) is a Fréchet-Urysohn space.

Solution. It turns out that second countable continuous images of (w; + 1) are
countable.

Fact 1. Given a second countable space M, let ¢ : (w; + 1) — M be a continuous
onto map. Then M is countable.

Proof. If x = p(w) then there is a sequence {U, : n € w} C 7(M) such that {x} =
(WU, : n € w}. By continuity of ¢ at the point w;, there is ¢, < ®; such that
fl(e,, 01]) C U, for each n € w. For oo = sup{o, : n € w} 4+ 1 we have o((o, w]) C
(WU, :n€w}={x}ie., o) = @) forall § > a. This shows that M = ([0, «])
so M is countable. Fact 1 is proved.

Now take any A C Cj,(w,) and any f € A. Tightness of Cp(wq + 1) is countable by
Problem 149, so there is a countable set B C A with f € B. Let ((x)(g) = g(x) for all
g€Bandx € (w; + 1). Then ¢ : (w; + 1) — C,(B) is a continuous map (Problem
166). The space M = p(C,(w; + 1)) is second countable because C,,(B) is second
countable (Problem 169). Applying Fact 1, we conclude that M is countable and
hence ¢*(C,(M)) is a closed second countable subspace of C,(w; + 1) (Problem
163(iii)). It is straightforward that B C <p*(C[,(M)) soB C cp*(Cp(M)) which shows
that B is second countable. The space {f} U B is also second countable and hence
Fréchet—Urysohn; this makes it possible to find a sequence {f,, : n € v} C B with
fa— [ Since B C A, we have {f, : n € w} C A so, for every A C C,(w,) and every
f€A, we found a sequence {f, : n € w} C A withf,, — f. This proves that Cy(w;+1)
is a Fréchet—Urysohn space so our solution is complete.

S.320. Prove that C,(w, + 1) is not normal.
Solution. We will need the following statement.

Fact 1. There exists a closed discrete uncountable subspace in the space C,(w; + 1),
ie., ext(Cp(w; + 1)) = wy.

Proof. Let f,,() = 1 for all ordinals f < « and f,(f) = 0 for all ordinals § > a. It is
clear that f, € C,(w; + 1) for all « < wy; we will prove that D = {f, : & < w} isa
closed discrete subspace of C,(w; + 1).

The set D is closed. Indeed, take any f € C,,(w; + 1)\D. If there is some point
x € (w1 + 1) with fix) ¢ {0, 1} then Oy = {g € C\(w; + 1) : g(x) # 1 and g(x) # 0} is
an open set in Cy(w; + 1) such that f € O C C,(w; + 1\D. Thus, if f € D then
flo; + 1) C {0,1}. Now if oo < ff, fle) = 0 and f(f) = 1 then U; = {g €
Co(wy+1):g(x) € (-4,2),8(8) € 3.3} e 7(f,Cp(wr +1)) and f € Uy C
Cp(w1 + D\D. This shows that if () = 1 for some f§ < w; then f{x) = 1 for all
o < f; hence if flw;) = 1 then f = 1. In this case consider the set W, = {g €
Cp(wq + 1) : g(wy) > 0} € 7(f, Cp(w; + 1)) and note that f € Wy € Cp(w; + D\D.
Finally, if o = sup{f : (/) = 1} then fle) = 1 by continuity of f and hence f = f,
which is a contradiction showing that D is closed in C,,(w; + 1).
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To see that set D is discrete, take an arbitrary f, € D and consider the set W, =
{g € Cpolw; +1): g(0) >0 and g(oe + 1) < 1}. It is immediate that we have
W, € 7(Cp(w, + 1)) and W, N D = {f,} so D is discrete and Fact 1 is proved.

Returning to our solution, suppose for contradiction that Cp,(w; + 1) is normal.
Fix and uncountable closed and discrete D C C,(w; + 1) which exists by Fact 1.
Apply Problem 295 to conclude that the space C,,(w; + 1) is collectionwise normal;
therefore there exists a disjoint family U = {U,: d € D} C 7(C,(w; + 1)) such that d
€ U, for all d € D. This clearly contradicts the fact that ¢(Cp(w; + 1)) =
(Problem 111) and shows that C,,(w; + 1) is not normal so our solution is complete.

S.321. Let X be an arbitrary space. Supposing that all compact subspaces of C,(X)
are first countable, prove that they are all metrizable.

Solution. If we are given a function f € C,(X), ¢ > 0 and a finite set K C X, let
O(f, K, &) = {g € C,(X) : | flx) — g(v)| < ¢ for all x € K}. Then the family U/ =
{O(f, K, ¢) : K is a finite subset of X and ¢ > 0} is a local base at f'in the space C,(X).

Take any compact set P C C,(X). The space P x P is also compact; if a mapping
@ : P x P— C,(X)is defined by the formula ¢(f, g) =f— gforallf, g € P, then s
a continuous map (see Problems 115 and 116) so the space L = (P x P) is compact
and hence first countable. Denote by w the function which is identically zero on X; it
is evident that w € L. All compact subspaces of C,,(X) are first countable so y(w, L)
< w; therefore there exists a sequence {U,, = O(w, K,,, ¢,) : n € o} C U ,, such that
(WMU,:new}) N L={w}.Theset A= |J{K,: n € w} is countable and hence
the restriction map 14 : C,(X) — C,(A) maps C,(X) into a second countable space
C,(A) (see Problems 152 and 169). If f, g € P and f # g then there is n € w such that f
— g ¢ U, which implies that f|K,, # g|K, and therefore 7,(f) # m4(g). This shows
that 4 : P — m4(P) is a condensation; since every condensation of a compact space
is a homeomorphism (Problem 123), the space P is second countable so our solution
is complete.

S.322. Does there exist a space X such that all countably compact subspaces of
Cp(X) are first countable but not all of them are metrizable?

Solution. No, such a space does not exist, i.e., if all countably compact subsets of
Cp(X) are first countable then they are all metrizable. Given a function f € C,(X), a
number ¢ > 0 and a finite set K C X, we let O(f, K, &) = {g € C,(X) : |f(x) — g(0)| <
¢ for all x € K}. Then the family U/ ;= {O(f, K, ¢) : K is a finite subset of the space X
and ¢ > 0} is a local base at fin the space C,(X). A square of a countably compact
space can fail to be countably compact but the following fact shows that countable
compactness is often preserved by finite products.

Fact 1. Let Z and T be Fréchet—Urysohn countably compact spaces. Then Z x T is
countably compact.

Proof. Let p; : Z x T — Z be the natural projection. Suppose that Z x T is not
countably compact and take any countably infinite closed discrete D C Z x T. Since
T is countably compact and T, = {z} x T is homeomorphic to T for all z € Z, the set
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D N T, has to be finite for each z € Z. Analogously, if Z, = Z x {t} then D N Z,
is finite for all ¢ € T. This shows that there is an infinite £ C D such that the sets
E N T, and E N Z, have each one at most one point for all z € Zand ¢t € T. In
particular, the set pz(E) is infinite and hence it has an accumulation point a € Z.
Since the space Z is Fréchet—Urysohn, we can choose a sequence {(z,,2,):n € w} C
E and apointa € Zsuchthatz, —aandz,#aforalln € w. Theset {t,:n€w} CT
is infinite so there is b € T and an increasing sequence {n;: k € w} C w such that ¢,
— bandt, # b forall k € w. If we let a; = z, and by = ¢, forall k € o then it is
straightforward that S = {(ay, by) : k € w} C D and the sequence S converges to the
point e = (a, b) ¢ S, i.e., e is an accumulation point of D which is a contradiction.
Fact 1 is proved.

Take any countably compact P C C,(X). The space P x P is also countably
compact because P is first countable (Fact 1). If ¢ : P x P — C,(X) is defined by
o(f, g) =f— gforallf, g € P, then ¢ is a continuous map (see Problems 115 and
116) so the space L = (P x P) is countably compact and hence first countable.
Denote by w the function which is identically zero on X; it is evident that w € L. All
countably compact subspaces of C,(X) are first countable so y(w, L) < w; therefore
there exists a sequence {U, = OW, K, ¢,) :n € o} CU ,, such that ("{U,,: n € w})
N L= {w}.ThesetA = |J{K,:n € w} is countable and hence the restriction map
74 : Cp(X) — C,(A) maps C,(X) into a second countable space C,,(A) (see Problems
152 and 169). If f, g € P and f # g then there is n € @ such that f — g ¢ U, which
implies that f|K,, # g|K,, and therefore 7m4(f) # ma(g). This shows that 74 : P —
ma(P) is a condensation; since every condensation of a countably compact space
onto a second countable space is a homeomorphism (Problem 140), the space P is
second countable so our solution is complete.

S.323. Suppose that all countably compact subspaces of C,(X) are metrizable. Is the
same true for all pseudocompact subspaces of C(X)?

Solution. No, this is not true. In Fact 4 of S.286 it was proved that there exists a
pseudocompact space X with the following properties:

(1) X is a dense subspace of I and hence X is infinite.
(2) Cp(X, T)is pseudocompact.
(3) Every countable B C X is closed and discrete so X is not second countable.

The set C(X, ) is a pseudocompact non-metrizable subspace of C,(X) because
otherwise the space C,(X, I) would be compact implying C,(X, I) = I* and
discreteness of X which is a contradiction because only finite discrete spaces can
be pseudocompact.

Now take any countably compact subspace P of the space C,(X). Observe that
pX = I° by (1) and Fact 2 of S.309. Let e : C,(X) — C,(BX) be the extension map
constructed in Fact 4 of S.309 for Z = X. Apply Fact 6 of S.309 to conclude that e
(P) is a countably compact subspace of C,(fX) = C,(I°). The space e(P) has to be
metrizable and second countable by Problems 307 and 212. The map = : e(P) — P
is continuous so nw(P) < nw(e(P)) < w(P) = w (see Problem 157(iii)).
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By Problem 156(iii), the space P condenses onto a second countable space and hence
P is second countable itself (Problem 140). This shows that every countably compact
subspace of C,(X) is second countable and hence metrizable so our solution is
complete.

S.324. Is it true that any compact space X can be embedded into C,(Y) for some
pseudocompact space Y?

Solution. No, it is not true. To see this, take the space X = {0,1}". Suppose that
X C C(Y) for some pseudocompact Y. Given any y € Y, let o(y)(f) = f(y) forany f € X
(remember that X C C,,(Y) and hence each element of X is a function defined on ).
The map ¢ : ¥ — Z = p(¥) C Cy(X) is continuous (Problem 166) and Z is a
pseudocompact subspace of C,(X) which separates the points of X. Since X is a
product of second countable spaces, Z has to be second countable (Problem 307
and S.307). However, Fact 5 of S.256 (where the letter D is used to denote the space
X = {0,1}") says that no Lindel6f subspace of C »(X) separates the points of X. This
contradiction shows that X can not be embedded into C,,(Y).

S.325. Is it true that any compact space X can be embedded into C,(Y) for some
space Y with c(Y) = w?

Solution. Yes, this is true. To see it, observe that any space X embeds into C,(Y)
where Y = C,(X) (see Problem 167). Since c(¥) = ¢(C,(X)) = o for any space X
(Problem 111), we conclude that any (not necessarily compact) space X can be
embedded into C,,(Y) for some space ¥ which has the Souslin property.

S.326. Is it true that any compact space X can be embedded into C,(Y) for some
space Y with ext(Y) = w?

Solution. No, it is not true for the space X = w; + 1. Given « € X and H € 7(R), let
O(a, H) = {f € C\(X) : fl) € H}. Given any set R, denote by Fin(R) the family of all
finite subsets of R. We first prove a simple fact which will be used in this solution
and needed for further references.

Fact 1. Let Z be any space; suppose that F is a family of compact subsets of Z and
G = N F. Then, for any U € 7(G, Z) there is a finite 7/ C F such that N F' C U.

Proof. The set H = Z\U is closed so F N H is compact for any F € F. For the
family G = {FNH:F € F},wehave NG =(NF)NH=GNH = () so G cannot
be centered (Problem 118). Thus there is a finite 7' C F suchthat N {F N H: F €
F'} = () which implies (N F') N H = and hence N F' C U so Fact 1 is proved.

Suppose that ext(¥) = w and X is embedded in C,(Y). For each y € Y let ©(y)
() =f(y) for every f € X (remember that the elements of X are continuous functions
on Y). The mapping ¢ : ¥ — L = ¢(¥) C C,,(X) is continuous (Problem 166) and the
set L separates the points of w; + 1 = X. Since extent cannot be increased in a
continuous image (Problem 157(v)), we have ext(L) = m.

Since the map f —— (—f) is a homeomorphism of C,(w; + 1) onto itself, the
sets —L = {—f:f € L} and L U (—L) also have countable extent (it is an easy
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exercise that a union of two (or even countably many) spaces of countable extent is
again a space of countable extent). This shows that we can assume that (—f) € L for
any f € L.

For each « < w fix rational numbers s,.¢, and a function f;, € L such that f,(«) <
Sy < t, < fylwy) or f (o) > s, > t, > f,(w;). However, if we have the second
inequality then, for the function (—f,) € L, we have the first one. Therefore we can
assume that £, (o) < s, < t, < f,(w;) for all & < w,. Since each f, is continuous, there
exists f, < a such that f,(y) < s, for each y € (8, «].

The map r : w; — ®; defined by r(a) = f8, satisfies the hypothesis of Fact 2
of S.256, so there is f < w; and an uncountable R C w, such that 5, = f for
all « € R. Passing to a smaller uncountable subset of R if necessary, we can assume
that there are s, r € Q such that s, =sand t, =tforalla € R;let E= {f,: « € R} and
choose any s’ € (s, ).

Given f € L, if flw)) <tlet Oy= {g € Cp(w, + 1) : glw,) < t}. Then Ofis an
open neighbourhood of fin L such that Oy N E = () because g(w,) >t forany g € E. If
Sflw;) = t observe that, by continuity of f, there is y > f§ such that f{(y) > s’ > 5. The set
Or={g € Cp(w; + 1) : g(y) > s’} is an open neighbourhood of fin the space L. If
o >y then y € (B, o] = (B, «] which implies, by the choice of f3,, that f,,(y) < s < s’
whence f, ¢ Oy. As a consequence, Oy N E C {f, : « < y} and therefore Oy N Eis a
countable set.

The family U = {Oy: f € L} is an open cover of the space L such that every U € U
intersects only countably many elements of E. We proved, in fact, that for
any function f € C,(w; + 1) with f(w;) > ¢ there is vs < w, such that f(vp) € H =
(s', + co) and the open set Oy = O(v, H) intersects only countably many elements
of the set E; let N = {ve: f€ L}.

Take hg € E arbitrarily and let Ny = 0); suppose that, for some o < w;, we have
the set F, = {hg: p < a} C E and the family {Ng: p < o} of countable subsets of N.
For each finite P C F define a function ep : (w; + 1) — R = C,(P) by ep()(f) =
f(y) for each f € P; the map ep is continuous (Problem 166) and w(R"”) = w which
implies that ep(w; + 1) is countable (Fact 1 of S.319). This makes it possible to find
a countable set N,(P) C N such that ep(N,(P)) = ep(N). Since N,(P) is countable for
each finite P C F,, the set

N, = | J{Nu(P) : P € Fin(F,)} U (U{N,; : ﬁ<a}) CN

is also countable. As a consequence, the set W, = (J{O(v, H) : v € N, } can intersect
only countably many elements of E; choose h, € E \W,. This inductive construc-
tion givesus aset F' = {h, : « < w;} C L and a family {N, : & < w} of subsets of
N with the following properties:

(%) ep(N,) = ep(N) for any o < ; and any finite P C F, = {hg: f < o}.

(%) h, € FN(|J{O(®v, H) : v € N,,}) for any o < .

The set F is closed and discrete in L; to see this, take any accumulation point
f€ Lforthe set F. Then f € E and hence f(w,) > t; tightness of C (w1 + 1) is countable

so f has to be an accumulation point of some countable F’ C F. It is clear that f is
also an accumulation point of the set F = F' N Oy. Let f = min{a < w, : fis an
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accumulation point of the set F, = F” No}. Then fis an accumulation point for the
set F* = F” N f while not so for the set F* N ' for any ' < f8.

The set T = N {g_l(g(vf)) : g € F"} is non-empty because v € T; suppose first
that T\f~'(H) # (). Take any y € T\ '(H) and observe that g(y) = g(vp for any
g € F" while vy € f~'(H) 7y and hence f(y) # f(vp) which contradicts the fact that
f1is in the closure of the set F™.

Thus, T C W :f*I(H); by Fact 1 there is a finite set P C F* such that § =

N {g_l(g(vf)) 1 g € P} Cf_l(H). Take any /' < f with P C {h, : o < f'}; the
property (%) for a = 8 implies that there is y € N s such that ep(y) = ep(vy). Since
S=ep! (vf) Cf~Y(H), we have y € f'(H), i.e., f{y) € H which is equivalent to
f € O(y, H). However, h, ¢ O(y, H) for any o > 8’ by the property (xx). This shows
that O(y, H) N O(v, H) N F* C {h,: o < f'},i.e., fhas to be an accumulation point
for the set F* N B’ which is a contradiction. We finally proved that F is a closed
discrete uncountable subset of L; this final contradiction with ext(L) = @ shows
that L cannot separate the points of w; + 1 and hence w; + 1 cannot be embedded
in a C,(Y) for a space Y with ext(Y) = w. Our solution is complete.

S.327. Prove that, for any compact space X, we have Yy(F, X) = y(F, X) for any
closed F C X. In particular, y(X) = y(X).

Solution. If Y(F, X) < k, take any family B C 7(X) with | B| < kand N B =F.
By normality of X, for each U € B there is V; € 7(F, X) such that Vi, C U. If U is
the family of all finite intersections of the elements of the family {V : U € B} then
|U| < k so it suffices to show that I/ is an outer base of F in X.

Take any W € 7(F, X). Then N{V,: U € B} C N B =F and therefore N {V:
UeB}=FCW. Applying Fact 1 of S.326 we can find Uy, - -,U,, € B such that
VUI n---nN VU”C W.Now itisclearthat V=V, N ---NVy edandFCVCW
so our solution is complete.

S.328. Let X be a space. Call a set F = {x,: o < Kk} C X a free sequence of length x
if {xy :a<Byn{x,:a=p} =0 for every B < k. Prove that, for any compact
space X, tightness of X is equal to the supremum of the lengths of free sequences
in X.

Solution. Assume that #(X) = x and S = {x, : « < k' } is a free sequence in X. If
Fg = {x,: f<o} then the family {F; : f < k") consists of decreasing closed
subsets of X. Since X is compact, there isy € ({Fp: f < k" }; theny € S while y ¢ A
for any A C S with |A| < k. This contradiction with #(X) < x shows that X has no
free sequences of length k" so the supremum of lengths of free sequences in X does
not exceed k = #(X).

A set A C X is called x-closed if B C A for any B C A with |B| < «.

Fact 1. For any space Z we have #(Z) < k if and only if any k-closed subset of Z is
closed.

Proof. If Z) < and x € A \ A then there is B C A with |B| < xandx€B.AsB ¢ A
the set A is not k-closed so we proved necessity.
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Now assume that every x-closed set is closed and take an arbitrary A C X. If
D= J{B:BCAand|B| <x}thenA C D C A; givenaset C C D with |C| < k, for
every ¢ € C there is B, C A with |B.| < x and ¢ € B... It is evident that B = | J {B..:
¢ € C} has cardinality < x and C C B C D whence D is k-closed. Since any x-closed
subset of Z is closed, we have D = A so A = |J{B : B C A and |B| < x} which
shows that #(Z) < x and hence Fact 1 is proved.

Let Z be any space; given any A C Z let [A]l, = [J{B : B C A and |B| < k} and
[A]*={xeX:ifHisa G, -subset of Zand x € Hthen H N A # 0}.

Fact 2. Let Z be any space. Given an infinite cardinal x and any G,-subset H of the
space Z, for any x € H there is a closed G,-set G such that x € G C H.

Proof. Fix a family C C 7(Z) such that | C | < x and H = () C. By regularity of Z, for
each U € Cthere is a sequence {V(U,n):n € o} C 7(x, Z) such that V(U, 0) = U and
V(U,n+ 1) C V(U,n) foreach n € w. The family B={V(U,n): U €C,n € w} has
cardinality < x and

G:ﬂBzm{m{V(U,n):nEw}:UGC}:ﬂ{ﬂ{m:new}:UEC}

is a closed set; it is clear that x € G C H so Fact 2 is proved.

Fact 3. Let Z be any compact space. Then [[A],]" = A for any A C Z and any infinite
cardinal x.

Proof. Since it is evident that [[A],]* C A, let us prove that A C D = [[A],]". Ifx €
A\D then there is a family C C 7(Z) with | C| < k and x € H = C C Z\[A],.. By
Fact 2 there is a closed G,-set F such that x € F C H. By Problem 327 there is an
outer base D for the set F' of cardinality < k. Since x € F, for every W € D we can
choose yy € W N A because x € A and W a neighbourhood of x. The set B = {xy :
W € D} C A has cardinality < k so F N B C ((\C) N [A], = (). Since D is an outer
base of F in Z, there is W € D with W N B = () which is a contradiction with the fact
that xyy € W N B. Fact 3 is proved.

Now assume that k is the supremum of the lengths of all free sequences of X. If
t(X) > K then there is a k-closed non-closed set A C X by Fact 1. Then [A], = A
and hence A = [A]" by Fact 3. Fix any x € A \A; then x € [A]" so

(*)H N A # () for any G,-set H > x.

Take ay € A arbitrarily and let H, = X. Suppose that o < x* and we have
constructed points {ag : f < a} C A and closed G-sets {Hg : B < a} with the
following properties:

(1) {x,ag} CHgforall f <a.
2) H/; CH/;/ lfﬂ/ < ﬁ < .
(3) {a,:y<B}NHpz =0 forall p <o.
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Sincex¢ P = {ay < oc}, there exists a closed G,-set H > x such that H N P = ()
(we used Fact 2 applied to the set X \ P and the point x € X\P). If we let H, =H N
(N{Hp: B <a})and take any a, € H, N A (this choice is possible because of (x)),
then the same conditions are fulfilled for all § < o and hence the inductive
construction can go on providing a set S = {a, : « < k"} C A. We claim that § is
a free sequence. Indeed, if f < k™ then {a, 1y < [3} NHg = 0 while {a,:y > f} C
Hpg by (2) and (3). The set Hy being closed, we have {ay 1y < ﬁ} N {a., 1y = [3}

C {a., : y<,8} N Hy = (). As a consequence, S is a free sequence of length > ; this
contradiction shows that #(X) < x so our solution is complete.

S.329. Prove that |X| < 27X for any compact space X. In particular, the cardinality
of a first countable compact space does not exceed cc.

Solution. Let y(X) = k; fix a local base B, of cardinality < x at each point x € X.
If B is a set then P,(B) is the family of all subsets of B of cardinality < x.

Fact I.1f A C X and |A| < 2" then | A | < 2",

Proof. Since |P,(A)| = |A]" < (2°)" = 2", we have |P (P, (A))] < 2" =2"so it
suffices to construct an injection ¢ : A — P,(P,(A)). Given x € A, for each U € B,
choose apointxy; € U N Aandlet C, = {xy: U € B,}.Itisclearthat C, C A, x € C,
and |C,| < k. Therefore D, = {C, N U: U € B,} € P(P,(A)); let p(x) = D, for any
x € A. Note that {U : U € B,} = {x}; since x € C, N U for any U € B,, we have
xe(WD:DeD,}) CcN{U:Uce B,} = {x} and therefore ({D : D € D,} = {x}.
Thus, given distinct x, y € A, the families D, and D, cannot coincide because the
intersections of the closures of their elements do not coincide. This proves that ¢ is
an injection so | A | < 2" and Fact 1 is proved.

Take any xo € X and let Hy = {x¢}. Suppose that & < x" and we have sets {Hg:
f < o} with the following properties:

(1) Hygis a closed subset of X with [Hy| < 2"

@) HgCH,if p<y<a.

(3) If p<oand Cp= U{B,:x e J{H, :y < p}} then, for any finite i C Cy with
JU # X, we have Hp\ (U U) # 0.

LetC,= U{B,:x € J{H,:y <a}};then | C,| < 2". If U is a finite subfamily of
C, with |J U # X then choose a point x (/) € X\ (|JU) and let A, = {x U) : U is
a finite subfamily of C, such that (JU # X}. Then |A,|] < 2 and hence
H, = U{H,; : ﬁ<oc} UA, also has cardinality < 2" by Fact 1. It is clear that
(1)=(3) now hold for all f < « and hence we can construct a family {Hg : f <
k") with the properties (1)—(3).

If H= \J{Hp: p <"} then |[H| < k" - 2¥ = 2. We prove next that the set H
is closed in X. Observe first that (X) < y(X) < x (Problem 156(iv)); thus, for any
x € H, there is A C H with |A| < k and x € A. The set A has to be contained in some
Hgsox € AcC Hg C H because Hy is a closed subset of X.

<
<
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The last step is to show that H = X. To obtain contradiction, suppose not. Pick
any p € X\H and, for any x € H, choose U, € B, such that p ¢ UX. Since H is
a compact set, there are xi,..., X, € Hsuchthat H C U= U, U --- U U, . Take
an arbitrary f < k" with {xl, .., X,} C Hpg; the property (3) implies that If = {

i < n} is a finite subfamily of Cﬁ+1 such that p ¢ (JU and hence |JU # X
Thus Hg1\U # () which is a contradiction with Hg | C H C U. As a consequence,
|X| = |H| < 2" so our solution is complete.

S.330. Given an infinite cardinal ¥, suppose that X is a compact space such that y(x,
> 2",

Solution. As is usual in set theory, we identify each ordinal o with the set of all
preceding ordinals, i.e., & = {f : f§ < a}. In particular, n = {0, ..., n — 1} for any
n € N. We have already used this identification many times before in our solutions
as well as in problem formulations. However, this time it is worth to mention it
explicitly because each ordinal will be often used as a set and as a point in the same
line of text. If we bear in mind these two possibilities, it will be always clear from
the context, how an ordinal is used.

Given an ordinal o > 0, let C,, = {0,1}*. We consider first the case ¥ = w. Then
no point of X is isolated so X is infinite. For each k£ € N and each function f € C; we
will construct a non-empty open set Uy so that

(1) For any m, k € N with m < k, we have clx(Up,,,) C Usfor all f € Cy;
(2) For any k € N and any f, g € C; with f # g, we have cly(Up N clx(U,) = 0.

To start with, take distinct x, y € X and choose U € 7(x, X), V € 7(y, X) such
that U N V = 0 (the bar denotes the closure in X). We have C; = {fo, i} where
fi0)=ifori < 1;let Uso= U and Uy = V. Itis clear that (1) and (2) are satisfied
for k = 1. Suppose that, for each k < n, we defined U,for all f € Cy so that (1) and
(2) hold. Any function f € C,, ; is an extension of the function f]n and there are
exactly two such extensions. This shows that C,1 = {f{.f} : g € C,/} where
féln=gand ff(n) = ifori=0,1.

Now, take an arbitrary function g € C,; observe that the set U, has no
isolated points and hence we can take distinct x, y € U,. It is easy to find non-
empty sets U € 7(x, X), V € 7(y, X) such that UUV C Ugand U N V = 0. Let
Ufe = U and Ufe =V ; since the function g € C,, was taken arbitrarily, we

indicated how to construct sets fo and Ufe for all g € C,. Therefore we
obtained the desired family {U: f€ C,;1}. The property (1) is guaranteed by
our construction for m = n and k = n + 1. Therefore (1) holds for k =n + 1
and all m < n by the inductive hypothesis. The property (2) has only to be
checked for k = n + 1. Observe that, if fln = g|n then U, N U, by our
construction. If f |n # g|n then Uy N U, C clx(Up,) N cly (Uy),) = 0 by the
induction hypothesis.

Once we have the family {Uy: f € C,, n € N} with the properties (1) and (2),
let Py=({ Uy, : n € N} for each f € C,,. The property (1) and compactness of X
imply Py= ({clx(Uy,) : n € N} # (. Observe also that f # g implies f|n # g|n
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for some n € N; since Py C Uy, Py C Uy, and cly(Upy) N cly (Ugjn) = 0, we
have Py N P, = () for distinct f, g € C,,. This shows that, choosing any ¢(f) € Py,
we obtain an injection ¢ : C,, — X; thus |X| > |C,| = cc so the case of k = ®
is settled.
Now assume that ¥ > @. For any ordinal o < k, we will construct a family
{K;: f € C,} with the following properties:
(3) K;# 0 is a closed set which is the intersection of < (|| + w)-many open sets;
4) If fe C, and B < o then Ky C K |p.
(5) If f, g € Cyand f # g then K, N K, = (.

To start with, take distinct x, y € X and choose U € 7(x, X), V € 7(y, X) such that
U N V =1{. Apply Fact 2 of S.328 to find closed Gs-sets K, L such that x € K C U
andy € L C V. Wehave C| = {fy, f1} where fi(0) = ifori < 1;letK; = Kand K; = L.
It is clear that the properties (3)—(5) are satisfied for o = 1.

Take o < x, o > 0 and assume that, for each f§ < «, the sets K are constructed
for all f € Cp so that the properties (3)—(5) are satisfied. If o is a limit ordinal, let
K= (K3 : p < a} for any f € C,. It is evident that the properties (3) and (4)
hold for all f < a. Now, if f, g € C, and f # g then f|f # g|f for some f§ < . As
a consequence Ky N K, C Krjg N Ky 3 = () so the property (5) is also satisfied.

Now consider the case when o =y + 1. Any function f € C, is an extension of
the function f|y € C, and there are exactly two such extensions. This shows that
Co ={f5. f{ g €C,}, where ff|n = g and f(n) = i for i = 0, 1.

Take an arbitrary function g € C,; observe that the set K, is the intersection of
|| + @ < i of open sets. If K, consists of only one point x then x(x, X) = y(x, X) < x
(Problem 327) which is a contradiction. This shows that we can take distinct points
x,y €Kyandsets U € 7(x, X), Ve 1(y,X) suchthat U N V= 0. Wehavexe U N K,
andy € V N K,; since U N K, and V N K, are intersections of at most || 4+ w open
sets, we can apply Fact 2 of S.328 to find closed K, L such that x e K C U N K,,
y €L CV N K, and both K and L are intersections of at most |« 4+ @ open sets. Let
Kfng =K and Kf]g = L ; since the function g € C, was taken arbitrarily, we indicated

how to construct sets Ufg and Uf]x for all g € C,. Therefore, we obtained the desired
family {Uy: f € C,41 = C,}. It is easy to see that (3)—(5) are satisfied for all f < a
so the inductive step is concluded. Therefore we can construct the families {Ky: f €
C,} with properties (3)—(5) for all o < k.

Given any f € C,, let Py = (\{Ky|, : « < k}. The property (4) implies P; # () by
compactness of X. Observe also that f # g implies f | # g|o for some o < k; since Py
C Ky|5» Py C Ky, and Ky, N K|, = (), we have Py N P, = () for distinct f, g € C,.
This shows that, choosing any ¢(f) € Py, we obtain an injection ¢ : C,, — X whence
|X| = |C,| = 2" which completes our solution.

S.331. (Shapirovsky’s theorem on m-character) Prove that ny(X) < t(X) for any
compact space X.

Solution. There will be no loss of generality to assume that #(X) = x is an infinite
cardinal. Suppose that there exists a point p € X such that my(p, X) = 1. Let C be
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the family of all closed non-empty Gs-subsets of X. Each G € C has a countable
outer base Bg by Problem 327. This shows that G C U € 7(X) implies that there is
Ve Bg withV C U.

Suppose that ¢’ C C and | C'| < k. If every U € 1(p, X) contains some G € C' then
it also contains some V € B by the previous remark. This shows that | J{Bs: G €
C'} is alocal m-base at p of cardinality < x which is a contradiction. This proves that
we have the following property:

(x) For any C' C C with | C'| < k there is W € 7(p, X) such that G\W = () for all
GeC.

We will construct collections {4, : y < xT} CCand {B,:y< xkT} C C with the
following properties:

(1) peA,and A, N B, = forall y < k™;
(2) Forany y < k™, if H is a non-empty finite intersection of elements of the family
{Ag: p <y} U{Bg:p <y}thenH N B, # 0.

The construction is by transfinite induction. Take any x # p and choose disjoint
U,V € 7(X) such that p € U and x € V; by Fact 2 of S.328 there exist Ag, By € C such
thatp € Ao C U and x € By C V. Itis clear that (1) and (2) are satisfied for y = 0 and
the sets Ag, Bo.

Now fix an arbitrary « < k" and assume that we have constructed families {A e
p<a} CCand {Bg: f <a} CCfor which (1) and (2) are satisfied. Let H be the
collection of all non-empty finite intersections of the elements of the family {Ag :
<ayU{Bg:f<a};thenH CCand | H | < K, so we can use (%) to find U € 7(p, X)
such that H\U # () for every H € 'H. Apply again Fact 2 of S.328 to find A, € C
such that p € A, C U. If P = X\U then X\A, € 7(P, X); using normality of
the space X, we can construct V,, € 7(P, X) such that Vo = X\A, and V,,.., C V,, for
alln € w. ThesetB, =({V,:vE€w}={V, 1 :n € w}belongstoCand B, C V,
=X\A, ie.,A, N B, =(; therefore (1) is fulfilled for y = «. Since H\U C B, for
all H € H, the property (2) holds for y = « as well. As a consequence, we can
construct families {A, : y < xT} C C and {B,:7< k"} C C with the properties
(1) and (2).

Given any y < k", the family F, = {Az: f <y} U {Bg: B > 7} is centered. To
see this, take finite families i/ C {Ag: f < y}and V C {Bg: ff > y}. We will prove
that (U) N (V) # 0 using induction on the number of elements of V. If V =0
then (U) N (V) = (U # 0 because p € U for every U € U. Assume that we
proved that () N (V) # 0 for all families V C {By: >y} with | V| < n. Now
itV={Bg,....Bg },U={A,,...,A,} and B, > f; for all i < nthen f, >y > o;
for all i < k. Since H = Bg N---N Bg N (| U) # 0 by the induction
hypothesis, the set H belongs to the family H of all finite intersections of the
family {Ag : B < Bu} U {Bg: B < Pul,so (MU N (\V)=Bs N H#Dby
(2). This proves that the family F, is centered for each y < x*. By compactness
of X, we can choose x, € N F, for all y < Kkt

Observe that the set {x, : 7 < K"} is a free sequence of length k™ because

{x,:v<a}n{x,:y>0a} CA,NB, =0 (the last inclusion is due to the fact that
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{x,:y<a} CB,and {x,:y 2 a} C A, foreach o < x ). This contradiction with
#X) < x (Problem 328) shows that the inequality my(p, X) > x is impossible.
Therefore my(X) < x = t(X) and our solution is complete.

S.332. (Shapirovsky’s theorem on m-bases) Suppose that X is a compact space with t
(X) < k. Prove that X has a m-base of order < k.

Solution. Given a space Z, a set P C Z and a family U C 7°(Z), say that U is
a m-base for P in Z if U is a n-base at z for any z € P. If we have a family D
of subsets of Z and z € Z, let ord(z, D) = |{D € D : z € D}|; then ord (D) = sup
{ord(z, D) : z € Z}. Tt is clear that the statement ord (D) < k says precisely that
the order of D is < k.

Fact 1. Suppose that Z is a space, P C Z and U is a n-base for P in Z. Then

(a) U is also a 7-base for P in Z.
(b) Iftheset F C Zisclosedand F N P=(thenl/' = {W el :W N F =0} isalso
a m-base for P in Z.

Proof. (a) Take any z € P and U € 7(z, Z). There is y € P N U; since U € 7(y, Z) and
U is a m-base at y, there exists W € U with W C U so (a) is proved.

(b) Take any z € P and U € 7(z, Z). Since the family U/ is a n-base at zand U\ F €
7(z, Z), there exists W € i with W C U\F. This shows that W € I/’ and hence I/’ is a
n-base at z so Fact 1 is proved.

Fact 2. Let Z be any compact space with #(Z) < k. Then, for any A C Z, there exists
a n-base for A in Z of order < k.

Proof. Our proof will be by transfinite induction on the cardinality of the set A.
More precisely, we will show that the following stronger statement is true:

(*) For any Q C Z with |Q| = 9, there exists a 7-base & (Q) for the set O in Z such
that | £ (Q)| < 0 - k and ord (€ (Q)) < k.

Since #(Z) < k, we have ny(Z) < x (Problem 331) so we can fix a n-base B, at
any z € Z with | B,| < k. For any set Q C Z, the family B= |J{B.:z€ Q} isa
n-base for Q in Z; if, additionally, |Q| < k, then | B | < x and hence ord (B) < «.
This shows that (x) is true for every Q C Z with |Q| < k.

Now take a cardinal A > k and assume that (x) has been established forall Q C Z
with |Q| < A. Take any P C Zwith |[P|=/Aand let S = {a < A:a = f + 1 for some
[ < A}; then |S| = A so we can take an enumeration {p, : o € S} of the set P.

We are going to construct families {F, : o < A} and {C, : o < 4} with the
following properties:

(1) F,is a closed subset of Z for each o < /4 and p, € F, for all o € S.

(2) C, C 7°(Z) and | 4 < K - | for each o < A.

3)D,=U {Cp: B < a} is a n-base for F,, in Z and ord (D,) < « for each
o < A

(4) If o < p < Athen F, C Fpand, for any U € Cp, we have U N F,, = 0.

(5) Ifa < A, U C D, is finite and V = (N U\ F, # D then F,.; NV # ().
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Take any zo € Z and let Fp = {zo}, Co = B.,. It is clear that (1)—~(5) are satisfied
(most of them vacuously) for o = 0. Assume that 4 = v + 1 and we have families
{Fy:a < u}and {C, : a < u} such that the properties (1)—(4) hold for all o, f < u
and (5) holds for all « < v. Let D, = |J{C,, : « < v}; if U is a finite subfamily of D,
such that V= ("N U)\F, # 0, fix any point x (Y) € V.If p, € FythenR,, = {x U) : U
is a finite subfamily of D, such that (" U)\F, # 0}. If p, ¢ F, then R, = {p,} U
{x U) : U is a finite subfamily of D, such that (| U)\F, # 0}. In both cases let
F,=F,UR,.

Observe that | D,| < |v| - k < /4 and therefore [R,| < |u| - ¥ < A; this implies
that there exists a family C, C 7°(Z) such that C, is a n-base for R, in Z of
order < k and |C| < |u| - k. Since R, N F, = (), we can assume, without loss of
generality, that W N F, = ) for every W € C, (Fact 1(b)). The family C, is a
n-base also for the set Eu (Fact 1(a)) and therefore (1)—(4) are satisfied for all o,
f < w and (5) holds for all o < v.

Suppose now that 4 is a limit ordinal. We let F, = [ J{F, : @ < u} and C, = 0.
It is evident that the properties (1)—(2) and (4)—(5) are satisfied for all o, f <
in the property (3) only the statement ord (D,) < x needs proof. Assume first
that the cofinality of u is < k. Then there exist families {£, : y < k} such that
ord (€,) < « for each y < x and D, = (J{&, : y < «}. Since any union of < x
families of order < x has order < x, we have ord (D,) < « in this case.

If the cofinality of u is strictly greater than « then F,, = (J{F, : a < u}, i.e.,
the set | J{F, : « < p} is closed in Z. To see this, take any z € | J{F, : a < ui}.
Since #Z) < «, there is C C |J{F, : « < p} such that |C| < x and z € C.
Choose a(c) < p with ¢ € F, for any ¢ € C. Since the cofinality of ;1 is > x, the set
{a(c) : ¢ € C} cannot be cofinal in p so there is § < psuch thata(c) < fforallc € C. As
a consequence, C C Fgand therefore C C Fepc UFyia<ulsoze (J{Fy:a<p}
and hence the set [ J{F, : o < p} is closed. Assume that ord (D,) > x and fix z € Z
and a family W = {W, : y <"} C D, of distinct elements of D, such thatz € N W.
Ifz € F thenz € F, for some o < prand hence z¢ U forany U € |J{Cy: f > o} by (4).
Thus, W C D, while ord (D,) < x which is a contradiction.

Thus, z € Z\F; observe that the family 7 = {W N F,: W € W} is centered.
Indeed, if &/ C W is a finite family then &/ C D, for some ordinal o < p. We have
z € V= () U\F, and hence F, | N( U) # 0 by the property (5). As a con-
sequence, [[{W N F,: W e U} D F,pr N U) # 0 and we proved that F is
a centered family. Since F, is compact, there is x € F,, such thatx € (\{F : F € F}.
In particular, x € W for all W € W. As x € F, for some a < y, it is impossible that
W e Cgif B > aand W € W by the property (4). Thus, VW C D, while ord (D,) < x
which gives us a contradiction again.

Therefore conditions (1)—(5) are satisfied for all o, f < p also in case when u
is a limit ordinal so our inductive construction can go on. Once we have the
families {F, : o < A} and {C, : & < A}, observe that D; = (J{Cp: f < A} isa
n-base for F; = | J{F, : « < A} and hence for a smaller set P by the property (1).
The order of D, is < k: to see this, observe that the proof of ord (D,) < x we
gave for limit ordinals g, is also valid for ¢ = A. Finally, the property (1) implies
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|D;| < A -« soletting £ (P) = D, we bring to an end the proof of (x). This shows
that Fact 2 is proved because (x) is a stronger statement.

To finish our solution apply Fact 2 to the compact space Z = X and to the set
A =X C Z.This gives a n-base B for X in X of order < k. Of course, this implies that
B is a m-base in X of order < x so our solution is complete.

S.333. Suppose that X has a dense o-compact subspace. Prove that so does
Cp(Cp(X)).

Solution. Call a topological property P complete if it satisfies the following
conditions:

(1) Any metrizable compact space has P.
2 fneNandZ; has Pforalli= 1, ---,nthenZ; x --- X Z, has P.
(3) If Z has P then every continuous image of Z has P.

It is clear that g-compactness is a complete property. We consider X to be
canonically embedded in C,(C,(X)), i.e., for every x € X, we have x € C,(C,(X))
and x(f) = flx) for any f € C,(X) (see Problem 167).

Let Y be a dense o-compact subspace of X. Given distinct f, g € C,(X), the set
W= {x€X:f(x) # g(x)} is open in X and non-empty. Therefore, we can findy € Y
N W; then y(f) = f(y) # g(y) = y(g) which shows that the set Y separates the points
of C,(X). Facts 1 and 2 of S.312 applied to the space Z = C,(X), show that there
exists an algebra R(Y) C C,(Z) = C,(C,(X)) such that Y C R(Y). Fact 2 of S.312
applied to the property P = “o-compactness” shows that R(Y) is 6—P, i.e., R(Y) is
also g-compact. Since ¥ C R(Y), the algebra R(Y) also separates the points of C,,(X)
which shows that R(Y) is dense in C,(C,(X)) by Problem 192. Thus R(Y) is a dense
g-compact subspace of C,(C,(X)).

S.334. Is it true that if C,(C (X)) has a dense o-compact subspace, then so has X?

Solution. No, it is not true; we will prove this for the space X = w;. Suppose that
K is a compact subspace of X. If K is cofinal in w, then {[0, &) : & < w;} is an
open cover of K which has no finite subcover, a contradiction. Thus, there is o < w,
such that K C a. Now, if K, is a compact subspace of w; for each n € w, fix
o, < w; with K,, C a,,; there exists o < ; such that «, < o for all n € w. As a
consequence, | J{K, : n € w} C o which proves that no g-compact subspace of
w; can be dense in ;.

To prove that C,(C,(X)) has a dense g-compact subspace we will need the
following fact.

Fact 1.If f: w; — R is an arbitrary continuous function then, for any ¢ > 0, the set
A(f, &) = {a < oy ¢ [fla) — flo + 1) = &) is finite.

Proof. If A(f, ¢) is infinite then it has an accumulation point f§ (Problem 314); there
exists a sequence {a,: n € w} C A(f, ¢) such that o, + 1 < o, | foreach n and o, — f5.
By continuity of f at the point f8, there exists y < f8 such that |f(x) — ()| <5 for
all o € (y, p). Since o,, — f, we can choose n € w with «, > y. Since o,, € A(f, &),



296 2 Solutions of Problems 001-500

we have &< |[f(an) = f (o + D[<|f (o) =F(B)| + [F(B) = f (o + D] <5+5<e

which is a contradiction. Fact 1 is proved.

Returning to our solution, recall that it suffices to prove that there is a
compact K C C,(C,(X)) which separates the points of C,(X) (Fact 3 of S.312).
Let z(f) = f(0) and z,(f) = fla) — flo + 1) for any f € C,(X) and any o < w;.
Denote by u the function which is identically zero on C,(X). We claim that the set
K={u}U{z} U{z,: 0 <} CCyCyX)) is compact.

Given a function ¢ € C,(Cp,(X)), a number ¢ > 0 and a finite set P C C,(X),
we let O(p, P, &) = {0 € C,(Cy(X)) : [6(f) — ¢(f)| < & for all f € P}. Then the
family U, = {O(p, P, ¢) : P is a finite subset of C,(X) and ¢ > 0} is a local base
at ¢ in the space C,(C,(X)). If U C 7(C,(C\(X))) is an open cover of the space
K then there is W € U and a finite set P C C,(X) such that O(u, P, &) C W
for some ¢ > 0. Apply Fact 1 to conclude that, for each f € P the set Ay = {o <
oy : |z(f)| = e} is finite. This shows that the set A = (J{A;: f € P} is also
finite and, for any o« € X\ A, we have |z,(f)| < ¢ forall f € P, ie., z, € O(u, P, ¢)
C W. As a consequence, K\ W is finite so it can be covered by a finite subfamily I/
of the family . Thus {W} U U/ is a finite subcover of &/ which shows that K is
compact.

To prove that K separates the points of Cj,(X), take any f, ¢ € C,(X) such that
w(f) = v(g) for any ¢ € K. In particular, z(f) = f(0) = z(g) = g(0). If f # g then
the set B = {o < oy : fla) # g(o)} is non-empty; let f be the minimal element
of B. If f = a + 1 for some o < w,; then fla) = g() and, since z,(f) = floe) —
floo+ 1) = z,(8) = g() — g + 1), we also have fif}) = fla + 1) = gl + 1) =
g(p) which is a contradiction.

Now, since f{0) = g(0), we have > 0 so  must be a limit ordinal. However B is
an open set by continuity of f and g, so there is o < f§ such that («, ) C B which is
a contradiction with minimality of 5. Therefore f = g and hence K is a compact
subset of C,(C,(X)) which separates the points of X. Applying Fact 3 of S.312
we can conclude that C,(C,(X)) has a dense o-compact subspace, so our solution
is complete.

S.335. Suppose that every compact subspace of X is metrizable. Is the same true for
Cp(Cp(X))?

Solution. No, it is not true; the space X = w, is the relevant example. Suppose that
K is a compact subspace of X. If K is cofinal in w; then {[0,%) : & < w;} is an open
cover of K which has no finite subcover, a contradiction. Thus there is & < @; such
that K C o. This shows that every compact K C X is countable; any countable
compact space has countable network weight and hence countable weight (Fact 4
of S.307), so K is metrizable.

However, not every compact subspace of C,(C,(X)) is metrizable. To see this
recall that we proved in S.334 that there is a compact subspace L of C,(C,(X))
which separates the points of C,(X). Suppose that the space L is metrizable; then L
is second countable (Problem 212). Given f € C,(X), let p(f)(z) = z(f) for all points
z € L. Then ¢ : Cp(X) — C,(L) is a continuous map (Problem 166) and, since L
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separates the points of C,(X), the map ¢ is a condensation. There is a condensation
of C,(L) onto a second countable space because L is separable (Problem 173). The
composition of the two mentioned condensations is also a condensation of C,(X)
onto a second countable space. Therefore iw(C,(X)) = @ which implies d(X) = w
(Problem 173).

In Fact 2 of S.232 it was proved that the set [0,0] = {f < w;: f < a} isa
compact subspace of m; for each « < w,. Since every countable A C w is contained
in [0, o] for some o < ), the closure of any countable subset of w; is compact. This
shows that X = w; is not separable because it is not compact (Problem 306). This
contradiction shows that the compact space L C C,(C,(X)) cannot be metrizable so
our solution is complete.

8.336. Give an example of a compact space X such that C,(C,(X)) is not Lindelof.

Solution. We will prove that, for the compact space X = w; + 1, the space
C,(C,(X)) is not Lindelof. For any ordinal o < w;, let s,(f) = f if f < o and
s,(p) = aif f > . It is clear that s, : (w; + 1) — [0, o] is a continuous map. The
map s, : C,([0, ]) — Cp(w; + 1) defined by s(f) =f o s, for all f € C,([0,2]),
is an embedding (Problem 163) and therefore the space R, = s;(C,([0, o])) is
second countable being homeomorphic to C,([0, «]) (Problem 169). Let =, :
Cy(@; + 1) — C,([0, «]) be the restriction map, i.e., m,(f) = f|[0, a] for each
function f € Cp(w; + 1). Observe that r, = s, o m, maps C,(w; + 1) onto R, and
r(f) = ffor any f € R,. It is easy to see that R, = {f € C,(w; + 1) : fif) = fin) for
all B > a}. Recall that, for every f € C,(w; + 1), there is o < w, such that f{f) =
flo) for all f > o (Problem 314); this shows that (J{R, : & < 0} = Cp(w; + 1).

Fact 1. Every closed F C R, is C-embedded in Cp,(w; + 1).

Proof. Take any continuous function ¢ : F — R; since the space R, is second
countable, it is metrizable and hence normal (see Problems 209, 214 and 124).
Take a continuous function @ : R, — R such that ®|F = . Then we have ¢ =
Bor, € Cp(Cplwn +1) and @(f) = D(r,()) = O(f) = p(f) for any f € F
(we used the equality r,(f) = f because it is true for all f € R, and F C R,). Thus
¢ is a continuous extension of ¢ over the space C,,(w; + 1) so Fact 1 is proved.

Given a space Z, call a family F C exp(Z) countably centered if (| F' # 0 for
any countable 7' C F.

Fact 2. A space Z is Lindelof if and only if any countably centered family of closed
subsets of Z has a non-empty intersection.

Proof. Suppose that Z is Lindelof and F is a countably centered family of closed
subsets of Z with (| F = . Thend = {Z\F : F € F} is an open cover of the space
Z.If U’ C U is a countable subcover of I/ then F' = {Z\U : U € U’} is a countable
subfamily of F with N F’ = () which is a contradiction.

Now assume that any countably centered family of closed subsets of Z has
a non-empty intersection and take any open cover U of the space Z. The family
F ={Z\U: U € U} consists of closed subsets of Z and [| F = (). This shows that
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the family F cannot be countably centered so there is a countable ' C F such
that () F' = (). It is immediate that the family ' = {Z\ F : F € F'} is a countable
subcover of the cover U so the space Z is Lindelof and Fact 2 is proved.

Returning to our solution, assume that the space C,(C,(w; + 1)) is Lindelof.
Take any closed discrete set D C Cp(w, + 1) of cardinality m, (see Fact 1 of S.320).
If D, =D N R, for each & < w, then there exists oy < w; with D, # () ; besides, D,
# D for any o < w, for otherwise the uncountable closed discrete set D is contained
in a second countable space R, which is impossible.

Given an arbitrary 0 : D — R, let ®, = {p € C,,(Cp(w; + 1)) : ¢|D, = J|D,} for
all o > o,. Note first that @ C @, if f > «. Another observation is that @, # () for
any o € [0, »y). Indeed, the set D, is closed and discrete in R, so J|D, is a
continuous map. Applying Fact 1, we can see that there is ¢ € C,(C,(w; + 1)) such
that ¢|D, = 6|D,, and hence we have ¢ € @,. It is evident that the family F = {®,;:
oy < o < w} consists of closed subsets of C,(C,(w; + 1)). Assume that F'is a
countable subfamily of F. Then there exists an ordinal o < @, such that 7/ C {Dp:
B < a}. As a consequence, (| F' D ®, # () which proves that the family F is
countably centered. Since we assume that C,,(C,(w; + 1)) is Lindelof, there is a
function ¢ € (| F by Fact 2; it is straightforward that ¢|D = 0. As a result, the set D
is C-embedded in Cp,(w; + 1).

Let mp : Cp(Cp(wy + 1)) — C,(D) be the restriction map, i.e., np(p) = @|D for
any ¢ € C,(Cp(w; + 1)). Then 7y is a continuous map (Problem 152); it follows
from the fact that D is C-embedded in Cp,(w + 1) that mp(C,(Cp(wq + 1)) = Cp(D)
= R”. Since the space R” is homeomorphic to R”", we conclude that R”" is
Lindelof being a continuous image of the space C,(C,(w; + 1)). However, R
is not even normal (Fact 2 of S.215) which gives us the final contradiction.
Therefore C,(Cp,(w; + 1)) is not Lindelof and our solution is complete.

S.337. Given a space X prove that, for any n € N, the space X" is homeomorphic to a
closed subspace C, of the space L,(X) (see Problem 078). Therefore, every X"
embeds into C,(C,(X)) as a closed subspace.

Solution. We will identify any space Z with the respective closed subset of the
space C,(C,(Z)); this identification treats any z € Z as a map on C,(Z) defined by
z(f) = f(z) for any f € C,(Z) (see Problem 167). Since any z, z’ € Z are functions on
Cp(Z), usual arithmetical operations can be applied to them (see Problem 027)
to obtain all possible functions A - z + A’ - z/ where 4, A’ € R. Another important
point is the equality in Z and in C,,(C,,(2)); as usual, two functions ¢, @' € C,(C,(Z))
are called equal if p(f) = ¢'(f) for any f € C,(Z). Let us denote this by ¢ = ¢'. It is
clear that if y, z € Z and y = z then y = z. Now, if y = z and y # z then, by the
Tychonoff property of Z, there is f € C,(Z) such that f(z) = 1 and f{y) = 0; this
implies y(f) = 0 # 1 = z(f) which is a contradiction. As a consequence, for any y, z
€Zwehavey=zifandonlyify=z.1fz,y € Zandz # y, theequalityz + y=y 4z
shows that, in general, itisnot true thaty, z, u,v € Zand y + z = u + vimplies y = u
and z = v. However, we have the following fact.
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Fact 1. Let yq, 21, - -, Yu, 2, be any (not necessarily distinct) points of a space Z. If
Vi4+2 94 4+2" "y, =242 54+ +2" .z, theny, =z foralli < n.

Proof. The proof is by induction on n. In the first paragraph of our solution, we
showed that the statement of our Fact is true for n = 1. Assume that £ > 1 and
our fact is true for all n < k; take aset Y = {y;, z;: 1 <i < (k+ 1)} C Z such that
@Eéwherewzyl—|—2-y2—|—---—|—2k-yk+1and5:zl+2-22+-~-+2k-
Zi+1. Assume first that y,y # zx4q. Let zjy,. . ., zj, be a listing of all points from
the set {zy,. .., zx1} coinciding with y,, ; by our assumption we have j, # k + 1
for all I < m. Take any f € C,(Z, [0, 1]) such that f(y,,;) = 1 and f(z) = O for all
z € Y such that z # y;, ;. Then

S(f) =" 27 () =D e 20 g2 =2

On the other hand, ¢(f) > 2. SOk = 2% which is a contradiction with 6
=0(f) < 2% — 1. Therefore, we have Yia1 = Zrxo1; it is clear that this implies y; +
2y 4 -+ 28y =2 422+ - + 251 2, s0 we can apply the
induction hypothesis to conclude that y; = z; for all i < k. Therefore y; = z; for all
i < k+ 1 and Fact 1 is proved.

Fact 2. Given spaces Y, Z and T assume that p : ¥ — Z and ¢ : Z — T are
condensations such that = g o p is a homeomorphism. Then both p and ¢ are
homeomorphisms.

Proof. The maps p~' ="' o gand ¢~' = p o r~! are continuous because r is a
homeomorphism and hence the map ' is continuous. Fact 2 is proved.

Returning to our solution, fix any n € N for any y = (y(,..., y,) € (X)", let
O, =y, +2" -y, + 2"y, € C,(C,(BX)). It follows from the results
of Problems 115 and 116 that the map @, : (8X)" — C,(C,(fX)) is continuous.
It is also injective by Fact 1, so if B, = ®,(fX)") then ®, : (fX)" — B, is a
homeomorphism (Problem 123); being compact the set B,, is closed in C,(C,(X)).

Iff e C; (X), then f: X — [—n, n] for some n € N by Problem 257 there exists a
map f' € C,(f X,[—n, n]) C C,(BX) such that f'|X = f. This shows that the restriction
map r: C,(fX) — C,(X) is a condensation (see Problem 152). The dual map
1 Cp(Cy(X)) — Cp (C»(BX)) is an embedding (see Problem 163). Observe that
C,*,(X) is a dense subspace of the space C,(X) (Fact 3 of S.310), so the restric-
tion mapping 7 : C,(Cy(X)) — C, C;;(X)) is a condensation onto the space
1(C,(C,(X))) (Problem 152). We will also neéd the map ¢, : X" — C,(C,(X)) defined
by @,(x) = x; + 2l 4+ 427, € LX) C C(Cy(X)) for any point
x = (xq,..., X,) € X". Recalling that X" C (X)" we claim that

() r*(n(p,(x))) = ©,(x) for any x € X".

Indeed, n(¢,(x)) is defined by 7(p,(x))(g) = -1, 2! - g(x;) for any function
gEe C;(X) : hence
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n n

P (@2, (D)) = wlp, () = S 27 r () = 3 2T flw)

for any f € C,(BX). Since ®,(x)(f) = >, 27 f(x;) = r* (=, (x)))(f) for all
f € Cy(pX), we have r«(n(p,(x))) = ®,(x) for any x € X" so () is proved.

Let C, = ¢,(X") and D,, = n(C,). Since C,, C L,(X) C C,(Cy(X)), it suffices to
show that ¢, : X" — C, is a homeomorphism and C, is closed in C,(C,(X)).
If @/ =®,X" then the map @ :X" — B/ = ®/(X") is a homeomorphism.
It follows from () that 7*(D,) = B, and hence (*)'o®’ : X" — D, is a homeo-
morphism. This shows that we can apply Fact 2 to the maps ¢, : X" — C,
and 7|C, : C, — D, whose composition is the homeomorphism (r*)_lo(D:L,
to conclude that ¢, is a homeomorphism. Finally note that B, is closed in
Cp(Cy(fX))and C,, = (" o )" '(B,) so C,, is closed in C,(C,(X)) and our solution
is complete.

S.338. Say that a space X is K,s if there exists a space Y such that X C Y and
X =(Y,:n € w} where each Y, is a a-compact subset of Y. Prove that a space
X is K, if and only if X embeds as a closed subspace into a countable product of
ag-compact spaces. Deduce from this fact that

(i) Any closed subset of a K,s-space is a K ;5-space.
(if) Any countable product of K,s-spaces is a K s-space.
(iii) If X is a K,s-space then X® is Lindelof.

Solution. Take any space Y D X and any family {Y, : n € w} of g-compact
subspaces of Y such that X = (\{Y, : n € w}. Apply Fact 7 of S.271 to conclude
that X can be embedded as a closed subspace in the space P = I1{Y,, : n € w}. This
proves necessity.

Now assume that X is a closed subspace of a space Z = II{Z, : n € w}
where Z, is o-compact for any n € w. Let B = I[1{fZ, : n € w}; denote by =, the
natural projection of the space B onto the factor Z,. Observe that the space
T,=mn,(Z,) = Z, x [[{BZ : k € w\{n}} is o-compact for all n € w and Z =
(UT,:n € w}. The set Y = clg(X) D X is compact and therefore Y, =T, N Y is
g-compact; observe also that Z N ¥ = X because X is closed in Z. Now ({Y,, : n
cew}=T,:n€w}) NY=ZNY=Xand hence X is K.

The statement of (i) follows immediately from the fact that if X is a closed
subspace of a countable product of g-compact spaces and F is closed in X then F is
a closed subspace of the same product.

To prove (ii) suppose that X is a closed subspace of a countable product P of
a-compact spaces. Then X“ is a closed subspace of the space P“ which is also a
countable product of g-compact spaces.

To establish (iii) observe that any countable product of g-compact spaces is
Lindelof by Fact 6 of S.271. Since any closed subspace of a Lindelof space is
Lindeldf, any K,s-space X is Lindelof. Therefore X is Lindelof because it is also
a K, s-space by (ii).
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S.339. Give an example of a K ;5-space which is not a-compact.

Solution. Let P C R be the space of irrational numbers with the topology induced
from R. Observe that P = [|{R\{g} : ¢ € Q} and each space R\{q} is 6-compact;
thus P is a K s-space. If P is o-compact then the space Q = R\ P is a Gs-subset of R
which it is not (276). Therefore P a K, s-space that is not o-compact.

S.340. Prove that C(X) is a K,s-space for any metrizable compact space X.

Solution. Since X is compact and metrizable, the space C,(X) is separable
(Problem 213); fix a dense countable D C C,(X). Call a topological property
‘P complete if it satisfies the following conditions:

(1) Any metrizable compact space has P.
(2) fne Nand Z; has Pforalli =1,---,nthen Z; X --- X Z, has P.
(3) If Z has P then every continuous image of Z has P.

It is clear that o-compactness is a complete property. It was proved in Fact 2 of
S.312 that if P is a complete property and A C C,(X) has P then there exists an
algebra R(A) D A such that R(A) is o-P, i.e., R(A) can be represented as a countable
union of spaces with the property P. When P =“g-compactness” then any space
with the property o-P is also g-compact. Applying these remarks to the (countable
and hence o-compact) set D C C,(X), we conclude that there exists an algebra
R(D) C C,(X) which is dense in C\,(X) and og-compact. The density of R = R(D)
implies that R separates the points of X. As a consequence, for every f € C,(X) there
exists a sequence {f, : n € w} C R such that f,, =% f (Problem 191). Let 1, = [—1 1]
and §, = R X If ; it is evident that §,, is g-compact. If s = (f, h) € S, let ©,(s) =
f 4+ h € R*. Since R* = C,(D(|X])) and R x IX C RY x RX, we can apply
Problem 115 to conclude that ¢, is a continuous map for any n € N. Consequently,
T, = ¢,(S,) is a o-compact subset of RX,

Given any g € C,(X) and n € N, we can find f € R such that |g(x) — f(x)| <1 for
all x € X. Thus, h=g—f€IX and g=f+h=,(f,h) € p,(R x IX) =T,.
Therefore C,,(X) C T, forall n € N, ie., C,(X) C (T, : n € N}.

On the other hand, if g € ({T,, : n € N} then, for every n € N, we have g =f,, +
h, where f, € R and h, € I)}. Therefore |g(x) — f,(x)| = |h,(x)| <1 for any x € X
which shows that f;, = g. Since the uniform limit of continuous functions {f, : n €
N} C R C Cy(X) has to be a continuous function (Problem 029), the function g is
continuous. Since we took g arbitrarily, we have ({7, : n € N} C C,(X) and hence
C,(X) = (T, : n € N}. Recalling that each T, is 6-compact, we conclude that the
space C,(X) is K, so our solution is complete.

S.341. Prove that C(X) is a K,s-space for every countable metrizable X.

Solution. To abbreviate complicated formulas, we will only indicate the summation
variable omitting the symbol “€N” in the summation indices; for example, the
formula ({ ({Skm : m € N} : k € N} will be written as [ ;. (U St Fix some metric
d on the space X = {x; : | € N} with 7(d) = 7(X). Given any numbers k, [, n € N, let
My, = {f € TX: | fix) — fy)| < 1/k whenever d(x, x;) < 1/n and d(y, x;) < 1/n}. We
claim that
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(x) Cp(X, D= ﬂk ﬂz Un My

To prove it, take any f € C,(X, I) and any &, [ € N. Since f'is continuous at the
point x;, there is n € N such that d(z, x;) < 1/n implies |[f(z) — flx;)| < 1/(2k). Now
if d(x, x;) < 1/nand d(y, x;) < 1/n then | fix) — fy)| < |fx) — fo)| + | o) — f)] <
1/2k) 4+ 1/(2k) = 1/k which shows that f € My,;,. The function f has been taken
arbitrarily, so we proved that, for any k, / € N there exists #n € N such that C,(X, 1) C
M y,; this means, of course, that C,(X, I) C (¢ [ U » Misn. To establish the inverse
inclusion, suppose that f € () [; U » Mu,, and take any ¢ > 0. Choose any / € N and
any k € N with 1/k < ¢; there exists n € N such that |f{x) — Ay)| < l/k < eifd(x,x) <
1/nand d(y, x;) < 1/n. In particular, | f(x) — f(x;)| < 1/k < ¢ for any x € X with d(x, x;)
< 1/n. This shows that fis continuous at the point x; forany / € N, i.e.,f € C,(X,I) and
(%) is established.

The next observation is that the set My, is compact for all &, /, n € N. Indeed, if
fe ™\ My, then there are x,y € X such that d(x, x;) < 1/n, d(y, x;) < 1/n while |[f(x)
— f(y) | > 1/k. Choose & > 0 such that | f(x) — f(y)| > 1/k + 3¢; the set W = {h € T :
|h(x) — fix)| < e and |h(y) — f(y)| < &} is open in I¥ and f € W. If h € W then |h(x) —
)| 2 |00 — f)] — () — f)] — [f0) — h)| > Uk + 3¢ — & — & > 1/k which
shows that ¢ My, This proves that *\M,,, is open in ¥ so My, is compact being
closed in T¥. As a consequence, Cp,(X, I) is a countable intersection of g-compact
subspaces of I¥. Observe also that W,,, = {fe I¥: f(x,) € (—1, 1)} is an open subset
of the metrizable compact space I* for any m € N. Thus, W,, is g-compact for all
m € N. Observe finally that

Cp(Xs (=LD) = (ﬂm W) N Cp(X» I = (nm W) N (n/ ﬂk Un M;,) which
shows that C,,(X, (=1, 1)) is a countable intersection of g-compact subspaces of I
Since C,(X) is homeomorphic to C,,(X, (—1, 1)) (Fact 1 of S.295), the space C,(X) is
K5 so our solution is complete.

S.342. Let M be a separable metrizable space. Prove that there is a countable space
Y such that M is homeomorphic to a closed subspace of C,(Y).

Solution. Let B be a countable base of M; call a pair p = (U, V) € B x B special if
U C V. By normality of the space M, for each special pair p = (U, V) there exists a
function f,, € C(M, [0, 1]) such that f,| U = 1 and f,,|(M\V) = 0. Let F = {f,,: p € B
x B is a special pair}. It is clear that the set F is countable; let Y = {rif; + - - - + r,f;,
neN, fi, -, f,€Fandry, -, r, € Q}. The set Y is also countable; we claim that
M embeds in C,,(Y) as a closed subspace.

The map e : M — C,(Y) defined by e(z)(f) = f(z) forany z € M and f € Y, is
continuous (166); given z € M and a closed G C M with z ¢ G there is V € B
such that z € V C M\G. By regularity of M there is U € Bsuchthatz € U C U C
V. This means that the pair p = (U, V) is special so f =f, € F C Y and f(z) = 1
while (G) = {0}. As a consequence f(z) is not in the closure (in R) of the set
f(G); this proves that the map e : M — T = e(M) is a homeomorphism (the
respective criterion was also formulated in Problem 166). Let us finally show that
T is closed in Cy(Y).

Take any function ¢ € C,(Y)\T; it is easy to see that u € Y, where u is the
function which is identically zero on M. Observe that #(u) = O for every ¢t € T.
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If o (u) =s #Othenthe set W= {5 € C,(Y) : |6(u) — ¢ ()| < |s]} is open in C,(Y),
contains p and W N T = {), i.e., o is not in the closure of T.

Given a finite K C M and & > 0, let O(K, &) = {g € C,(M) : |g(2)| < & for all
z € K}. It is clear that the family {O(K, ¢) : K is a finite subset of M and ¢ > 0} is
a local base of C,(M) at u.

Now suppose that ¢ (#) = 0. By continuity of  there exist V € 7(u, Y) with ¢ (V)
C (—1/3,1/3). Recalling that Y C C,(M) we can find a finite set K = {z;, - -,z,} C M
and ¢ > O such that O(K,¢) N Y C V. Lett; = e(z;) for all i < n; then L = e(K) =
{t1, - -t} is a finite subset of T with ¢ ¢ L. Find disjoint W; € 7(;, T), i < n such
that ¢ ¢ W; U --- U W, (the closure is taken in C,(Y)). Since the map e is a
homeomorphism, the sets eil(Wi) are open, disjoint and z; € eil(Wi) for all i < n.
Using regularity of M again, we can find U;, V; € B,i < nsuchthatz; € U; C U; C V;
Ce '(W) foralli < n. The pair p; = (U;, V) is special and hence f; = f,, € F for all
numbers i < n. The functionf=1 — (f| + - - - + f,) belongs to the set ¥ and f|L =
0 while AM\J <, Vi) = {0}. Since f € O(K, &) N Y, we have ¢ (f) € (—1/3, 1/3)
while #(f) = 1 forany t € P = T\ | <, e(V,). As a consequence, ¢ is not in the
closure of P in the space C,(Y). Since T\P C |J;<, W;, the map ¢ is not in the
closure of T and hence T is closed in C,,(Y). Our solution is complete.

S.343. Prove that there exists a countable space X for which C,(X) is not a
K,s-space.

Solution. Call a space Z uniformly uncountable if every non-empty open subset of
Z is uncountable.

Fact 1. If M is an uncountable second countable space then there is a closed
uniformly uncountable P C M.

Proof.LetC = {U € 7"(M) : U is countable}. Since M is hereditarily Lindelof, there
is a countable C' C C such that O = [JC' = JC. Since every element of C’ is
countable, the set O is also countable. The set P = M\ O is as promised; indeed, if
W € 7°(P) is a non-empty countable set then W U O is open in M and countable; this
countable open set is strictly larger than O which is a contradiction. Thus P is
uniformly uncountable and Fact 1 is proved.

Fact 2. If M be a second countable uncountable K s-space then there is a subspace
C C M which is homeomorphic to the Cantor set K (see Problem 128).

Proof. Fix a metric d on M with 7(d) = 7(M); let Y D M be any space such that
M = ({Y,: n € N} where each Y, is a o-compact subspace of Y. A set A C M
will be called n-precompact if cly (A) is a compact subset of Y,,. Given a set A C M,
the symbol A denotes the closure of A in M. For each k € N, denote by C the set
of all functions from k£ = {0,..., kK — 1} to {0, 1}. We will construct by induction
a family {P;: f € Cy, k € N} of non-empty closed subsets of M with the following
properties:

(1) The family {P;: f € C;} is disjoint for any k € N.
(2) It m, k € N, m < k and f € Cy then Py C Pyy,.
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(3) For any k € N, the space Py is uniformly uncountable, k-precompact and diam
(Pp) < 1 for any f € C.

Since the set Y; D M is a countable union of compact spaces, there is a
compact K; C Y, such that the set K; N M is uncountable; it is clear that K N M
is closed in M. Take a uniformly uncountable closed M; C K; N M (this is
possible by Fact 1). Pick distinct xq, x; € M; and choose U € 7(xg, M), V € 7(x1, M)
such that U N V = 0. There is ¢ € (0, 1/2) such that B(xo, ¢) C U and B(x;, ) C V.
We have Cy = {fy, f1}, where f;(0) = i for i < 1; let Py, = cly(B(xo, &) N M;) and
Pg = cly(B(xy, &) N M,). It is clear that the properties (1)—~(2) are satisfied for the
family {Ps:fe Cy})

As to the property (3), observe that the closure of any open set in a uniformly
uncountable space is uniformly uncountable so Py, is uniformly uncountable for
every i € {0,1}. Since P; C K| C Yy, every Pj is 1-precompact. To see that diam
(Pr) < 1, observe that, for any r > 0 and any z € M we have

(x) diam(B(z,r)) < 2r

Indeed, if a, b € B(z,r) then d(a, b) < d(a, z) 4+ d(z, b) < 2r which implies
diam(B(z,r)) = sup{d(a,b) : a, b € B(z, r)} < 2r. In our particular case, we have
diam (P;) <diam(B(x;, ¢)) = diam(B(x;, €)) < 2¢ <1 (see (x) and Fact 1 of S.236)
so (3) is also satisfied.

Suppose that, for each k < n, we defined Pffor all f € Cy so that the properties
(1)—(3) hold. Any function f € C,, is an extension of the function f|» and there are
exactly two such extensions. This shows that C, | = {fog JE g€ C,l} where
fin=gandff(n) =ifori=0,1.

Now, take an arbitrary function g € C,; observe that the uncountable set P, is
contained in Y,,; which is o-compact. Therefore, there is a compact K, C
Y, 1 such that K, ; N P, is closed in P, and uncountable. Apply Fact 1 to find
a closed uniformly uncountable M,.; C K,;; N P, The space M, has
no isolated points and hence we can take distinct x,, x; € M, ;. Fix any set
U € 7(xg, M), V € 7(x;, M) such that U N V = (). We can find a number ¢ € (0,
1/(2n)) such that B(xg, &) C U and B(x;, ¢) C V. Let Pf; = cly(B(x0,8) NMy41)
and Py = cly(B(x1, &) (Y My+1). Since the function g € 'C,, was taken arbitrarily,
we indicated how to construct sets Pfg and Pfg for all g € C,. This gives the
desired family {Pf: f € C,41}. The property (1) has only to be checked for k =
n + 1. Observe that, if f # ¢ and fln = g|n then P, N P, = () by our
construction. If fln # g|n, then we have Py N P, C Pp, N Pg‘n = () by the
induction hypothesis. The property (2) is guaranteed by our construction for m =
n and k = n + 1. Therefore (2) holds for k = n + 1 and all m < n by the
induction hypothesis.

As to the property (3), observe that the closure of any open set in a uniformly
uncountable space is uniformly uncountable so Pfx is uniformly uncountable for
every g € C, and every i € {0,1}. Since an C K,,H C Y11, every set Pfc has to
be (n + 1)-precompact. Applying (x) and Fact 1 of S.236 to the sets Pg,_

B(x;, €) N M4, we conclude that
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diam (p;) = diam(B(x;, &) "M, ) < diam (B(x,-, 8)) = diam(B(x;, &) <26 < 1/n

so (3) is also satisfied.

Once we have at our disposal the family {P;: f € C,, n € N} with the
properties (1)—(3), let Oy = ({cly(Py,) : n € N} for each f € K; here we consider
that K = {0, 1}® (see Problem 128). Observe that the family {cly(Py,) : n € N}
consists of non-empty decreasing closed compact sets by (2) and (3) so O # 0.
Besides, (3) implies that there is a compact set K,, C Y, such that cly(Py,) C K,
C Y, and consequently Q; C ({Y,, : n € N} = M. Since Oy C cly(Py,) for every
n € N, we have Oy C cly(Py,,) N M = cly(Py,) = Py, Thus, Oy C ({ Py, : n € NJ.
Since diam(Py,) — 0, there is x; € M such that we have Oy = {x;} for all f € K.
Letting ¢ (f) = x; we obtain a map ¢ : K — M.

The map ¢ is injective because if f # g then fln # g|n for some n € N; as
a consequence, p (f) € Py, and ©(g) € Py,. Since Py, N Py, = (0 by (1), we have
o(f) # ()

The map ¢ is continuous; to see this, take any f € K and any ¢ > 0. There exists
n € Nsuchthat 1/n < ¢ Theset W= {g € K: g|n =f]n} is open in K and f € W. For
any g € W we have ¢ (g) € Py, = Py since diam(Py,) < 1/n, we have d(¢ (g),
@ () < 1/n < ¢ and hence p (W) C B(p (f), ¢) which proves continuity of ¢ at the
point f. Thus ¢ : K — C = ¢ (K) is a condensation and hence homeomorphism.
This shows that K embeds in M so Fact 2 is proved.

Fact 3. There is a subspace Y C K which is not K.

Proof. It follows from Fact 5 of S.151 that there exist disjoint sets A, B C K such
that A N P £ () B N P for any uncountable compact P C K. Let us prove that Y = A
is not K,s. If, on the contrary, Y is a K,s-space then there is P C A which is
homeomorphic to K (Fact 2). Thus, P is an uncountable compact subset of A C K\B,
which is a contradiction with the fact that B meets every uncountable compact
subset of K. Fact 3 is proved.

Now, it easy to finish our solution. Take any second countable space Y such that
Y is not K5 (see Fact 3). Apply Problem 342 to find a countable space X such that Y
embeds in C,(X) as a closed subspace. If C,(X) is a K,s-space then so is Y by
Problem 338, which is a contradiction. Thus X is a countable space such that C,,(X)
is not a K,;s-space so our solution is complete.

S.344. Call a subset A C C\(X) strongly (or uniformly) dense if, for every f € C,(X),
there is a sequence {f,, : n € w} C A such that f,, = f. In other words, a subset is
strongly dense in C,(X) if it is dense in the uniform convergence topology on C(X).
Prove that,

(i) If A C Cp(X) is strongly dense in C(X) then it is dense in Cp(X).
(ii) For any compact X, the space C,(X) has a strongly dense o-compact subspace
if and only if it has a dense a-compact subspace.
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Solution. (i) Assume that A is strongly dense in C,,(X) and take an arbitrary function
f € C(X). There exists a sequence {f,} C A with f, =% f. It is immediate that the
sequence {f,(x)} converges to f(x) for any x € X so the sequence {f,,} converges to
fin the topology of C,,(X) (143). Thus, f € {f,} C A which shows that A = C,(X),
i.e., A is dense in Cp(X).

(i1) It follows from (i) that we only have to prove sufficiency. Suppose that B is a
g-compact dense subset of C,(X) for a compact space X.

Call a topological property P complete if it satisfies the following conditions:

(1) Any metrizable compact space has P.
2) f neNand Z;has Pforalli=1,...,nthen Z; x --- X Z, has P.
(3) If Z has P then every continuous image of Z has P.

It is evident that g-compactness is a complete property; apply Fact 2 of S.312 to
conclude that there exists an algebra A = R(B) C C,(X) such that A is a countable
union of o-compact spaces. This means, of course, that the set A is a dense
g-compact algebra in C,(X). Since A separates the points of X, we can apply
Problem 191 to conclude that A is strongly dense in C,(X).

S.345. Give an example of a space X such that C(X) has a dense c-compact
subspace while there is no strongly dense o-compact subspace in C,(X).

Solution. Any countable space is g-compact, so any separable C,(X) has a dense
g-compact subspace. Let X be the set N with the discrete topology. Then C(X) is
separable being second countable. Assume that A is a strongly dense subspace of
Cp(X) withA = U {K, : n € N}, where each K,, is compact. For any x € X, the map
e, : Cp(X) — R defined by e,(f) = f(x) for any f € C,(X), is continuous (Problem
166). Therefore, for each n € N, the set P, = ¢,(K,,) is compact being a continuous
image of K,,. Any compact subset of R is bounded, so we can choose r,, € R such
that z + 1 < r, for any z € P,. The function f : X — R defined by f(n) = r,,, is
continuous because X is discrete. Since A is strongly dense in Cj,(X), there is g € A
with |g(x) — f(x)| < 1/2 for all x € X. If g € K,, then g(n) = ¢,(g) € P,,; thus |g(n) —
f(n)| = r, — g(n) > 1 which is a contradiction. Therefore C »(X) is a separable space
that has no strongly dense g-compact subspace.

S.346. Prove that C,(A(x)) has a strongly dense o-compact subspace for any
cardinal k.

Solution. By Problem 344 it suffices to show that C,(A(x)) has a dense o-compact
subspace. By Fact 3 of S.312 this is equivalent to having a compact K C C,(A(x))
which separates the points of A(x). Denote by u the function which is identically
zero on A(k); for each o € x, let f,(«) = 1 and f,(z) = O for all z € A(x)\{«}. Then
fo € Cp(A(x)) for each o € k; consider the set K = {f, : o < x} U {u}.

The set K separates the points of A(x). To see this, take any distinct points
X,y € A(x). One of them, say x, is distinct from the point a € A(k); if x = o € x then

Jo0) = 1.7 0 = f,(9).
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To see that the subspace K is compact, take any open cover U/ of the set K. Since
the point u € K belongs to some U € U, there is a finite P C A(x) and & > 0 such that
W = {f € C,(A(x)) : |[fix)] < e forall x € P} C U. This shows that f, € U for all
o € k\ P and therefore the set K’ = K\ U is finite. Choosing a finite i’ C U to cover
the set K\ U, we get a finite subcover U’ U {U} of the cover U. As a consequence
K is a compact subspace of C,(A(x)) that separates the points of A(x) so our solution
is complete.

S.347. Suppose that there exists a strongly dense subset A C C,(X) such that t(A) <
K. Prove that (C(X)) < K.

Solution. Recall that &/ C 7(X) is called an open w-cover of X if, for any finite
K C X, there is U € Y with K C U. It suffices to prove that for any open w-cover
U of the space X, there is U C U such that U’ is an w-cover of X and |U/| < k (see
Problem 148 and 149).

Givenfe A, let S(f) = {x € X :fix) = 1/3}; consider the set P = {f € A: S(f) CU
for some U € U}. Observe that the function u; = 1 is in the closure of P. Indeed,
if K is a finite subset of X and ¢ > 0, then there is U € U such that K C U; take any
h € C,(X) with h|K = 1 and h|(X\U) = 0. Since A is strongly dense in C,,(X), there is
f € A such that |f(x) — h(x)| < min{1/3, ¢} for all points x € X. Then f{x) < 1/3 for all
points x € X\ U and |[f(x) — 1| < ¢ for all x € K, which shows that S(f) C U and f(x)
is e-close to u,(x) for all x € K. Therefore, u, € P; since #(A) < «, there is B C A
with |B| < k such that u; € B. For each f € B fix Uy € U such that S(f) C Uy then
U' = {Uys: f€ B} C U has cardinality < «. Given a finite K C X there is f € B such
that |f(x) — 1| < 1/3 for all x € K; thus f{x) > 2/3 for all x € K and hence K C Uy.
This shows that I/’ is an w-cover of X so our solution is complete.

S.348. Suppose that there exists a strongly dense Frechet-Urysohn subspace A in
the space C,(X). Prove that C,(X) is a Frechet-Urysohn space.

Solution. Recall that 4 C 7(X) is called an open w-cover of X if, for any finite
K C X, there is U € U with K C U. We say that Y — X if, for every x € X, the set
{UelU:x¢ U} is finite.

Take any open w-cover U of the space X. Given function f € A, let S(f) = {x €
X : fix) = 1/3}; consider the set P = {f € A : S(f) C U for some U € U}. Observe
that the function u#; = 1 is in the closure of P. Indeed, if K is a finite subset of X
and ¢ > 0 then there is U € U such that K C U; take any i € C,(X) with h|K = 1
and h|(X\U) = 0. Since A is strongly dense in C »(X), there is f € A such that [f(x)
— h(x)| < min{1/3, ¢} for all x € X. Then f(x) < 1/3 for all x € X\ U and [f(x) — 1|
< ¢ for all x € K, which shows that S(f) C U and f(x) is e-close to u;(x) for all x €
K. Therefore, u; € P; since A is Fréchet—Urysohn, there is a sequence T = {f,, :
n € w} C A such that f,, — u;. For each f € T fix Ur € U such that S(f) C Uy, then
the family /' = {U,: f € T} C U is countable. Given any x € X, there is m € ®
such that f,(x) > 2/3 for all n = m. This shows that x € Uy, for all n > m and
hence U’ — X.
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This proves that, for any open w-cover U of the space X, there exists a countable
U' C U such that /' — X. Applying Problem 144(ii) we conclude that C,(X) is a
Fréchet—Urysohn space.

S.349. Suppose that there exists a strongly dense subspace A C C,(X) with
Y(A) < w. Is it true that C,(X) has countable pseudocharacter?

Solution. No, it is not true. We will prove this for the space A(c). Fix any set T with
|T| = ¢; take any point a ¢ T and introduce in the set X = T U {a} a topology like
in A(c), i.e., all points of T are declared isolated in X and U € 7(a, X) if and only if
a € U and T\U is finite. It is evident that the space X is homeomorphic to A(c).

Denote by Fin(7T) the family of all finite subsets of 7. Observe that the set R =
U{RP : P € Fin(T)} has cardinality ¢ and fix an enumeration {4, : & < ¢} of the
set R. For any o < c, let S, be the finite set P for which A, € RP. Tt is easy to find a
disjoint family 7 = {T, : @ < ¢} such that T = |J7 and each T, is countably
infinite, i.e., T, = {tft tn € N} where ¢ # ¢ if n # m.

For each o < ¢ and m € N define a point w” € R¥ as follows: w”(a) = 0 and
Wi (1) = hy(1) for all € S5 if t € {# : n<m} U (T\(S, UT,)) then w'(¢) = 0; if
t =1 € T,\S,andn>mthenw?(t) = 1/n.LetB,, ={w? : a <c}andB= (J {B,:
m € N} If Q7 =S, U {¢:i>m} then it is immediate that {w?(t): 1€ Q7} is
a sequence which converges to zero and w’'(f) = 0 for all r € T\Q?'. This shows
thatw) € C,(X) foreachm € Nand o < ¢. Givenany r € R, let u, be the function on X
with u,(x) = r for each x € X. Consider the set A = {w + u,.: w € Band r € R}.

The set A is strongly dense in C,(X). To prove this, take any f € C,(X); if fla) =1,
then there exists a set D = {s,,: n € N} C T'such thatf{s,) — r and f(f) = r for all points
t € T\D.For each m € N the function f,, = (f — u,)|{s; : i < m} belongs to the set R;
take o, < cwith S, = {s;:i <m}andh,, K =f,. Theng, = wZ’ +u, € Aforallme
Nand g,, = f. Indeed, fix & > 0; there exists k € N such that 1/k < ¢/2 and | f(s;) — r| <
¢/2 for all i = k. Now, if m = k then we have g,(s;) = f(s;) for all i < m. As a
consequence |g,,(1) —f(t)] =0 < eforallt € S, .Forany r € T\S,, =T \{s;:i <m},
we have |g,(f) —r| = ’w;"m(t)‘Sl/m < 1/k<e¢/2. Thus, if t € T\D then |g,(f) —
FO| = lgm(®) —r] < &/2 < e.Ift =5, for some i > mthen |g,,(1) — (1) < |gn() — 1| +
|r — f(t)] < &/2 + &/2 = . Thus, we proved that, for any m > k, we have |f{x) — g,,,(x)|
< ¢ forall x € X; hence g, = f.

To see that /(A) < w, take any f = w)' +u, € A. The set B;=T, U S, U {a} is
countable; suppose that g = w’/; + u; € A and g|B; = f|By. Then g(a) = r and hence
s=r.Ifau#fthenT, N Ty =0; take any r = £ € Ta\(Sx US/;) with n > m. Then
t € Byand f(r) = 1 % 0 = g(r) which is a contradiction. This shows that o = f3.

It is an easy exercise that the set E = {h € C,(X) : h|B; = f|By} is a Gs-set in
C,(X). We proved thatf€e E N Aand ENA C {wg’f +u :me N}. It turns out that
for any f € A there is a Gs set E' = E N A in A such that f € E' and E’ is countable.
This implies that {f} is a Gs-setin A, i.e., Y (f, A) < . Since the function f € A was
chosen arbitrarily, we proved that /(A) < w. Therefore, A is a strongly dense
subspace of C,(X) with (A) < w. However, ¥/(C,(X)) > w because X is not
separable (Problem 173) so our solution is complete.
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S.350. Suppose that there exists a strongly dense a-pseudocompact subspace A in
the space C,(X). Prove that X is pseudocompact.

Solution. We will need the following simple facts for further references.

Fact 1. A space Z is not pseudocompact if and only if there exists a countably
infinite closed discrete D C Z such that D is C-embedded in Z.

Proof. If aset D = {d, : n € w} C Z is faithfully indexed, closed, discrete and
C-embedded in Z, let f(d,)) = n for all n € w. The function f: D — R is continuous as
is any function on a discrete space. Since D is C-embedded, there is g € C(Z) such
that g|D = f. The function g being unbounded, the space Z is not pseudocompact so
sufficiency is proved.

Now, if Z is not pseudocompact then, by Problem 136, there exists a discrete
family U = {U, : n € o} C 7°(Z). Take a point x,, € U, for each n € w and fix
a function f,, € C(Z, [0, 1]) such that f,(x,) = 1 and f,(Z \U,) = {0}. It is clear that
D = {x, : n € o} is a discrete and closed subspace of Z. If f : D — R then the
function g = X, ., f (x,,) - f,, is continuous on Z. Indeed, if y € Z then there is a set
U € 7(y, Z) which meets at most one element of U/, say, Uy. Then g|U = (f(x;) - f)|U
is a continuous function. This implies continuity of g at the point y and hence g is
continuous. This shows that D is C-embedded in Z so Fact 1 is proved.

Fact 2. Let Z be any space. If Y is C-embedded in Z and D is strongly dense in C,,(Z)
then my(D) is strongly dense in C,,(Y). Here ny : C\,(Z) — C,(Y) is the restriction map
defined by my (f) = f]Y for all f € C,(2).

Proof. Take any f € C(Y) and any ¢ > 0; there exists g € C(Z) with g|Y =J. Since D
is strongly dense in C,(Z), there is & € D such that |h(x) — g(x)| < & for all x € Z. If
hy = my () then |h(y) — f(y)] = |h(y) — g(y)| < ¢ for all y € Y which proves that
ny (D) is strongly dense in C,(Y). Fact 2 is proved.

Suppose that A = |J{K, : n € N} is strongly dense in C,(X) and each K,, is
pseudocompact. If X is not pseudocompact then, by Fact 1, there is a closed
discrete D = {d,, : n € w} C X which is C-embedded in X. Apply Fact 2 to
conclude that E = mp(A) is strongly dense in C,(D). Observe that £ = (J{L, :
n € w} where L, = np(K,) is compact being a pseudocompact second countable
space for each n € .

For any x € D, the map e, : C,,(D) — R defined by e.(f) = f(x) for any f € C,(D),
is continuous (Problem 166). Therefore, for each n € N, the set P, = ey, (L,) is
compact being a continuous image of L,. Any compact subset of R is bounded, so
we can choose 7, € R such that z + 1 < r,, for any z € P,,. The functionf: D — R
defined by f(d,) = r,, is continuous because D is discrete. Since E is strongly
dense in C,(D), there is g € E with |g(x) — fix)| < 1/2 forallx € D.If g € L, then
¢(d,) = eq, (g) € P,; thus 1/2 > |g(d,) — fid,)| = r, — g(d,) > 1 which is a
contradiction. Therefore X is pseudocompact and our solution is complete.

S.351. Suppose that there exists a strongly dense c-countably compact set
A C Cy(X). Prove that X is compact.



310 2 Solutions of Problems 001-500

Solution. The author’s politics is to never refer to anything which will be proved
in the future solutions. Well, they are not future for the reader, but they are so for
the author who is writing the solutions one by one in the order the problems come.
There are some results in the future problems (I will give no reference partly
because I haven’t written their solutions yet) which will easily imply the state-
ment of this problem. When I formulated it I hoped to be able to find a direct
solution which would not involve the heavy artillery. However, I failed to do this
and the solution I present is really difficult because it has to develop some
methods which give rise to a variety of famous and non-trivial results of C,-
theory. I still have hope that some reader will find a simpler solution before
reading mine. If I am alive by then, send it to me to include it in the future
versions of this book.

If T is a space then a continuous map r : T — T is called a retraction if ror =r. A
subspace R C T is called a retract of T if there is a retraction r : T — T such that
r(T) = R. Given a continuous map ¢ : T — T, the dual map ¢* : C,(T") — C,(T) is
defined by ¢*(f) = f o ¢ for any f € C,(T"). If ¢ is onto then ¢” is an embedding
(see Problem 163). If A C T and B C C,(T) say that B separates the points of A if, for
any distinct a;, a, € A, there is f € B such that fla;) # flas). Amap ¢ : Z — Yis
called a condensation of Z into Y if ¢ is an injective (but not necessarily surjective)
continuous map. If there exists a condensation of Z into ¥ we say that Z condenses
into Y.

Given a function f € C,(T), a number ¢ > 0 and a finite set K C T, we let
Or(f, K, &) = {g € C)(T) : | fix) — g(x)| < & for all x € K}. Then the family U, =
{Or(f, K, ¢) : K is a finite subset of T and ¢ > 0} is a local base at f in the space
C,(T). If I is an infinite set then Z.(J) = {x € R : for any & > 0, the set {i € I : |x(i)|
> ¢} is finite}. The space X.(/) is a linear subspace of R ie., ax + by € X,(I) for
any x,y € X,(I) and @, b € R. Thus it is also a linear space. Given any x € X,(I), let
[|lx]] = sup{|x(?)| : i € I}. It is clear that ||x|| is finite for any x € Z,(/). If Z is a
compact space and f € C,,(Z) then fis a bounded function so the number ||f|| = sup
{|f(2)| : z € Z} is also finite. We use the same symbol ||-|| of norm for the points of
2..(I) and for elements of function spaces because it is convenient for our notation
and never leads to confusion. If M and L are linear spaces then amap ¢ : M — L is
called linear if p(ax + by) = ap(x) + bp(y) for any x, y € M and a, b € R. Since
any C,(Z) is a linear space (see Problem 027), this gives a definition of a linear map
@ : Cy(Z) — Cp(Y) or a linear map ¢ : C,(2) — Z.(]).

Suppose that Z is a compact space and Y is a compact subspace of C,(Z) which
separates the points of Z. Given A C Zand B C Y, let 4 : C(Z2) — C,(A) be the
restriction map defined by m4(f) = f|A for every f € C,(Z). Now, eg : Z — C,(B) is
the evaluation map defined by eg(z)(f) = f(z) for any f € B and z € Z. Both maps are
continuous (see Problems 152 and 166 for related information). Call the sets A and
B conjugate if my(B) = ma(Y) and eg(A) = ep(Z). The sets A and B will be called
preconjugate if mo(B) is dense in w4(Y) and eg(A) is dense in eg(Z). The notion of
(pre)conjugacy, obviously, depends on spaces Z and Y so we might say that A and B
are (Z, Y)-(pre)conjugate if Z and Y are not clear from the context.
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Fact 0. Let Y and Z be any spaces. Suppose that D isdense in Yand f, g: Y — Z are
continuous maps such that f|D = g|D. Then f = g.

Proof. Suppose not and take any y € Y with z = f(y) # t = g(y). Choose disjoint U, V
er(Z)suchthatze Uandr € V.IfU' =f "(U)yand V' = g~ '(V) then U",V' € 7(Y)
andyeU' NV, ie,U NV #0.Since DisdenseinY, thereisde D N U' N V.
Then f(d) € U and g(d) € V; recalling that we have f|D = g|D, we conclude that g(d)
=f(d) € V N U = () which is a contradiction. Fact 0 is proved.

Fact 1. For any space T, a continuous map r : T — T is a retraction if and only if
there exists a closed set R C T such that r(T) = R and r(z) = z for every z € R. In
particular, we can define a retraction r as a continuous map from 7 to R with r(z) =z
forall z € R.

Proof. If R C T is a closed set as in the hypothesis then, for any point ¢ € T, we have
(ror)(t) =r(r(t)) = r(t) because z = r(f) € R. Therefore (r o r)(t) = r(t) forany t € T
which means that » o r = r, 1.e., r is a retraction.

Letr: T — T be a retraction. Take any z € R = r(T); then z = r(¢) for some t € T
and hence 7(z) = r(r(t)) = (r o r)(t) = r(f) = z. Thus, r(z) = z for any z € R; in
particular, r(z) # z implies z ¢ R.

To see that R is closed, take any ¢ € T\R; then r(f) # t and therefore there exist
disjoint U, V € 7(T) such that t € U and r(¢) € V. By continuity of r there exists a set
W e 7(t, T) such that W C U and (W) C V. The sets W and V D (W) are disjoint so
r(') # ¢ for any ¢ € W. By the last remark of the second paragraph, we have W N
R =0 so T\R is open in T. Fact 1 is proved.

Fact 2. Let T be any space; assume that A C T and B C C,,(T). Then

(a) If B separates the points of A and B’ is dense in B then B’ also separates the
points of A;

(b) The map eg|A is injective if and only if B separates the points of A;

(c) The map 74|B is injective if and only if ez(A) separates the points of B;

(d) If ep(A) is dense in eg(T) then ep(A) separates the points of B. As a consequence
if ep(A) is dense in ep(T) then the map 74|B is an injection.

Proof. (a) Take any distinct a,, a, € A; since B separates the points of A, there isf € B
such that f(a;) # f(ay). Then ¢ = |f(a;) — f(ax)] > 0 and, for any g € B’ N
O(f, {a1, a2}, €/3), we have

lg(ar) = glaz)[>|f(ar) =f(a2)| = |f(@1) = g(ar)[ = |f(a2) = g(ar)[>e =5 =5>0,

and therefore g(a,) # g(a»), i.e., B also separates the points of A.

(b) The map ep is injective if and only if, for any distinct a;, a, € A, we have
epla,) # eg(a,) which is equivalent to the existence of some f € B with eg(a)(f) #
eg(ar)(f), i.e., fla;) # flay); hence ep is injective if and only if B separates the
points of A.
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(c) The map 74|B is injective if and only if, for any distinct f, g € B, we have
fI]A # g|A which is equivalent to existence of a point a € A with fla) # g(a), i.e.,
ep(a)(f) # eg(a)(g). It is evident that the last statement is equivalent to the fact that
ep(A) separates the points of B.

(d) It is evident that ep(T) separates the points of B so we can apply (a) to
conclude that ez(A) also separates the points of B. Fact 2 is proved.

Fact 3. Suppose that Z is compact and Y is a compact subspace of C,(Z) which
separates the points of Z. If compact sets A C Z and B C Y are conjugate then

(a) The maps 74|B : B — m4(B) and ep|A : A — ep(A) are homeomorphisms.

() If py = (ez|A) " 0 eg and gz = (m4|B) " o (1,4]Y) then the maps p, : Z — A and
¢p : Y — B are retractions.

(c) flpa(2)) =f(z) forany z € Z and f € B.

(d) gg = ((pa)" o 7ZA)|Y-

Proof. Take any distinct points a;, a, € A; since Y separates the points of Z, there
is f € Y such that f{a,) # f(a,). There is a function g € B with g|A = f]A which shows
that g(a;) # g(a,). As a consequence, B separates the points of A so the map ep|A is
injective (Fact 2). The space A being compact, the mapping eg|A : A — ep(A) is a
homeomorphism and therefore (eB|A)71 :eg(A) = ep(Z) — A is also a continuous
map. As a consequence, the composition (eg |A)*1 o ep makes sense and the map
Pa = (eB\A)” o ep : Z — A is continuous. It is clear that A is a closed subset of Z
such that p4 : Z — A and ps(a) = a for any a € A. Thus, p, : Z — A is a retraction
(Fact 1).

Since the set eg(Z) separates the points of B and ez(Z) = eg(A), the set eg(A) also
separates the points of B and therefore m4|B is an injection by Fact 2. The space
B being compact, the map 74|B : B — m4(B) is a homeomorphism; therefore the
map (TCA|B)_1 : ma(B) = ma(Y) — B is also continuous. As a consequence, the
composition (nA|B)_1 o (m4]Y) makes sense and the mapping gz = (7rA|B)_1 )
(14]Y) : Y — B is continuous. It is immediate that gz(f) = f for any f € B; the set B
being compact, it is closed in ¥ so g is indeed a retraction (Fact 1). This completes
the proof of (a) and (b).

To prove (c), observe that, for each point z € Z, the definition of the retraction p4
implies eg(pa(z)) = eB((eB|A)71(eB(z))) = ep(2); thus eg(pa(z)) = ep(z) which is
equivalent to fi(pa(z)) = ep(pa(@))(f) = ep(z)(f) = f(z) for all f € B and this is
precisely what (c) says.

Take any g € B; then g(ps(z)) = g(z) for any z € Z by (c). This is equivalent to
(g|A) o pa = g, ie., (Pa)"(ma(g)) = g. Now, if f € Y then g = gp(f) € B. We have
7a(g) = ma(f) by definition of the map ¢p; therefore (p4)*(ms(f)) = (pa)*(ma(g)) =
g = ga(f) which shows that gz = ((p4)* © 74)|Y and this is what was promised in (d).
Fact 3 is proved.

Fact 4. Suppose that Z is compact and Y is a compact subspace of C,(Z) which
separates the points of Z. If A’ C Z and B’ C Y are preconjugate then A = clz(A’) and
B = cly(B’) are conjugate.
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Proof. Since A D A’ is compact and ez(A”) is dense in eg/(Z), we have the equality
ep'(A) = ep/(Z). For any z € Z, there is a € A such that ep/(a) = ep/(2); the maps ep(z)
and ep(a) are continuous on B and coincide on a dense set B’ of the space B. By Fact 0,
they coincide on the whole B, i.e., eg(a) = eg(z) which shows that eg(A) = ep(Z).

Analogously, since B D B’ is compact and w4/(B’) is dense in my/(Y), we have
s (B) = ma(Y). For any f € Y, there is g € B such that n4(f) = ma(g); the maps
7a(f) and m4(g) are continuous on A and coincide on a dense set A’ of the space A.
By Fact 0, they coincide on the whole A, i.e., m4(f) = ma(g) which shows that
na(B) = ma(Y). Fact 4 is proved.

Fact 5. Suppose that Z is compact and Y is a compact subspace of C,(Z) which
separates the points of Z. Given a limit ordinal f3, assume that we have defined sets
A, CZ, B, CYforall o < fin such a way that

(a) A, CAy and B, C B, forall o < of < .
(b) ma,(By+1) is dense in 74 (Y) and ep, (A, ) is dense in ep,(Z) for all o < f.

Then A = clz(|J {A, : o < B}) and B = cly(|J {B, : « < f§}) are conjugate.
Proof. Tt suffices to show that A’ = (J{A,: o < } and B' = |J{B,: o < f} are
preconjugate (Fact 4). Take any f € Y and any W € (4 (f), CP(A’)). There exists a
finite K C A’ and ¢ > 0 such that O4(m4(f), K, &) C W; take o < f§ such that K C A,,.
Since the set m4,(B,1) is dense in 74, (Y), we can find g € B,,; C B’ such that
7a,(8) € Oan(ma,(f), K, €). This implies that |g(z) — f(z)| < ¢ for each z € K and
therefore ma/(g) € Oa(ma(f), K, €); thus mu(g) € ma(B) N W which shows that
n4(f) is in the closure of the set my(B’). Since the function f € Y was taken
arbitrarily, we conclude that m4/(B’) is dense in 74/ (Y).

Take any z € Zand any V € 7(ep/(2), C,,(B’ )). There exists a finite L C B’ and ¢ > 0
such that Og(ep(2), L, €) C V; take o < ff such that L C B,. Since the set ep (A, 1) is
dense in the space eg,(Z), we can find t € A, | C A’ such that eg,(7) € Ogp,(ep,(2),
L, &). This implies |ex(:)(f) — ew((f)| = |f2) — )] = |ep, () — e ()| < &
for each f € L and therefore we have eg/(f) € Og/(ep(2), L, ¢); thus eg/(f) € eg(A) NV
which shows that eg/(z) is in the closure of the set eg/(A’). Since the point z € Z was
taken arbitrarily, we conclude that eg/(A’) is dense in ep(Z). Fact 5 is proved.

Fact 6. Suppose that Z is compact and Y is a compact subspace of C,(Z) which
separates the points of Z. Given a limit ordinal 5, assume that we have defined
conjugate sets A, C Zand B, C Y forall o < ffsothat A, C A, and B, C B, for all «
< o' < f. Then, the sets A = cl(|J{A, : o < f}) and B = cly(|J (B, : « < B}) are
conjugate.

Proof. For each oo < f, we have 74, (B,+1) D ma,(B,) = ma, (Y). Analogously
es, (A1) D ep,(A,) = ep,(Z) and therefore the families {A, : « < f} and {B, :
o < P} satisfy the hypothesis of Fact 5. As a consequence, the sets A and B are
conjugate so Fact 6 is proved.

Fact 7. Suppose that Z is compact and Y is a compact subspace of C,(Z) which
separates the points of Z. Given an infinite cardinal x, assume that we have P C Z
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and O C Y such that |P| < x and |Q| < k. Then there exist sets A’ C Zand B’ C Y
suchthat P C A, Q C B, |A'| < k, |B'| < k and the sets A = clz(A’) and B = cly(B’)
are conjugate.

Proof.Let P = P and Qy = Q. Assume that we have sets P, ..., P,and Qy, ..., 0,
with the following properties:

() piCZ Q;CY,|P| <xand|Qy < kforalli <n.

(2) Pi C Pit1 and Qi C Qi+l for all i < n.
(3) mp(Qiy1) is dense in mp(Y) and e (P4 1) is dense in ep (Z) for all i < n.

Since weight of the space np,(¥) does not exceed k, there exists 0,1 C Y such
that O, C Q.1 1, |Ons1| < xand 7p, (Q,41) is dense in 7p, (Y). Analogously, since
weight of the space ep, (Z) does not exceed «, there exists P,,; C Z such that P,
C Py, |Pnv1] < x and e, (P,y1) is dense in eg (Z). This shows that the
inductive construction can go on to give us sequences of sets {P; : i € w} and
{Q; : i € o} which satisfy (1)-(3). Applying Fact 5 we can conclude that the sets
A'=Ulpi:i€w}and B = |J{0Q;:i € w} are as promised. Fact 7 is proved.

Fact 8. Suppose that Z is compact and Y is a compact subspace of C,(Z) which
separates the points of Z. Suppose that we have sequences of sets {A, : n € w} and
{B, : n € w} with the following properties:

(@) A, CZB,CY A, CA,,;and B, C B, forall n € w.
(b) The sets A,, and B,, are conjugate for all n € w.

Denote by p, the retraction p4, : Z — A, defined in Fact 3. For the set A =
clz(lU{A, : n € w}) assume that {z,: n € v} C A and z, converges to a point z
for some z € Z (it is clear that the point z has to belong to A). Then the sequence
{pn(z,) : n € w} also converges to z.

Proof. Let B = |J{B, : n € w}; the sets A and B = cly(B’) are conjugate by
Fact 6 and therefore the mapping ep|A : A — ep(A) is a homeomorphism (see
Fact 3). Since B’ is dense in B, the restriction map 7 : Cy(B) — ,,(B’ ) is injective
(Problem 152). Therefore m|ep(A) is also a homeomorphism of ep(A) onto
n(ep(A)). It is straightforward that © o ep coincides with ep so A is mapped
homeomorphically onto ep(A). This shows that the sequence {p,(z,) : n € ®}
converges to z if and only if the sequence S = {eg(p,(z,) : n € v} C Cy(B)
converges to eg/(z).

Fix any g € B’; there is k € w such that g € B,.. Forany n > k we have g € B; C B,;
since the sets A, and B,, are conjugate and g € B,,, we have g(p,(z,)) = g(pa,(z,) =
g(z,) by property (c) of Fact 3. The function g being continuous, we have g(z,,) — g(2);
since the sequences {g(p,(z,)) : n = k} and {g(z,) : n = x} coincide, we conclude
that we have g(p,(z,)) — g(2). The function g was taken arbitrarily, so we established
that g(p,(z,)) — g(z) for all g € B'.

It remains to observe that eg/(z)(g) = g(2) and ep/(p,.(2,))(g) = g(p.(z,)) for each
n € o to conclude that the sequence S(g) = {ep(p,(2,))(g) : n € w} converges to
ep(2)(g) for each g € B'. Therefore S = {ep(p,(z,) : n € w} converges to ep(z)
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in C,(B') (Problem 143) and hence {p,(z,) : n € w} converges to z. Fact 8 is
proved.

Fact 9. Let T be a pseudocompact space. Then nw(P) < w for any countable
P C C,(D).

Proof. Defineamap ¢ : T — R” by the formula ¢ (z)(f) =f(z) forallz € Tand f € P.
It is evident that ¢ is a continuous map so L = ¢ (T) is a second countable compact
space. Therefore, nw(C,(L)) = nw(L) = . Let ©*(f) =f o o for each f € Cp(L).
It was proved in Problem 163 that " : Cp(L) — Cp(T) is an embedding; the set F =
e (C »(L)) is closed in Cp,(T) because ¢ is an R-quotient map (see Problem 163(iii)
and Fact 3 of S.154). It is immediate that P C F so P C F and hence naw(P) < nw(F)
= nw(C,(L)) < w so Fact 9 is proved.

Fact 10. Let T be a compact space. Then any compact subspace Y of the space C,,(T)
is a Fréchet—Urysohn space.

Proof. We have #(Y) < #(C,(T)) = w (Problem 149). Given any P C Y and any
y € P, find a countable D C P such that y € D. The space D has a countable network
by Fact 9; being compact, D is second countable (Fact 4 of S.307). Thus D is a
Fréchet— Urysohn space and therefore there is a sequence S = {d,,: n € w} C D with
d, — y.Itis clear that § C P and § — y whence Y is Fréchet—Urysohn so Fact 10 is
proved.

Fact 11. Suppose that Z is a compact space of density ¥ > o and Y is a compact
subspace of C,(Z) which separates the points of Z. Then it is possible to find
families {A, : « < x} and {B, : @ < k} such that

(a) A, is a compact subset of Z and B, is a compact subset of Y for each « < k.
(b) A, and B, are conjugate for all o < x.

(c) Ay CAgand B, C Bgforall o < ff < k.

(d) dA,) < oo and d(B,) < - |o| for all & < k.

(@) clx(UfA,:a<x})=Zand Ag = cl(|J{A,: o < f}) for any limit § < k.

Proof. Fix adense set D = {z, : « < k} in the space Z. We will construct families
{A, : o <k} and {B, : o < k} by transfinite induction so that
(f) zy € Agforallo < f < K

and the properties (a)—(e) are satisfied.

Let P = {2y} and Q = {fy} for some f, € Y. Apply Fact 7 to find compact
conjugate sets Ag C Z, By C Y such that P C Ay, O C By, d(Ag) < w and d(By) < w.
It is clear that zy5 € Ag and the conditions (a)—(e) are satisfied (most of them
vacuously) for the sets Ay and By.

Assume that f < k and we have constructed families {A, : & < f} and {B, :
o < B} with the properties (a)—(e) where applicable. If § is a limit ordinal, let
Ag=cl({A,: o< f})and Bg = cly({B, : @ < B}). The sets Ay and B are conjugate
by Fact 6. Applying the property (d) we can find C, C A, and E, C B, such that
clx(C,) =A,, cly(E,) =B, and |C,| < ® - |¢], |E,| < @ - |o| for all ordinals o < f3. If
C=UlCy:a< p}and E = |J{E, : « < f} then clAC) = Ap, cly(E) = By and
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|C| < w - |B] as well as |E| < w - |B]. Thus, the condition (d) is satisfied for Ag and
By; it is evident that (f) also holds.

Now, if f = o + 1 then we can find sets C,, C A, and E,, C B, such that cl»(C,) =
A, cly(E,) =B, and |C,| < w - |a, |E,| < @ - |o|. By Fact 7 applied to the sets P =
C,U {z,} and Q = E,, there exist Cg O P, Eg D QO such that [Cy| < o - |f], |Es| < @ -
|| and the sets Ay = clACp), By = cly(Ep) are conjugate. It is obvious that the
conditions (a)—(f) are satisfied where applicable also for the families {4, : o < f} and
{B,: o < B}. Thus our inductive construction can be carried out giving us the families
{A,:a < B} and {B, : o < f} with the properties (a)—(f). The first part of (e) is also
fulfilled because D C |J{A, : o < k} by property (f). Fact 11 is proved.

Call a compact space Z Eberlein compact if there is a compact Y C C,(Z) which
separates the points of Z. A family {p,, : « < k} of retractions on a compact space Z
with d(Z) = «k is called resolving if it satisfies the following conditions:

(rl) For any « < k, the space p,(Z) is either separable or the density of p,(Z) is
strictly less than x.

(12) pAZ) C pp2) if o < p.

(13) If § < k is a limit ordinal then py(Z) = cl(|J {p(2) : & < B}).

(r4) If{z,:n€w} CZ z,— z € Zand we are given an increasing sequence {o, :
ne€w} Crwith{z,:n€w} C |J{py, () :n € w} then the sequence {p,,(z,) :
n € w} also converges to z.

(15) Z = cl{U{pA2) : o < ic}).

A compact space Z is called resolvable if every closed F C Z has a resolving
family of retractions.

Fact 12. (a) A compact space Z is Eberlein compact if and only if it embeds into
C,(K) for some compact space K.
(b) Any closed subspace of an Eberlein compact space is Eberlein compact.
(c) Any Eberlein compact space is Fréchet—Urysohn and resolvable.

Proof. (a) If Z is Eberlein compact then there is a compact K C C,(Z) which
separates the points of Z. The map ex : Z — C,(K) is an injection by Fact 2(b);
therefore it embeds Z into C,,(K). To prove sufficiency, observe that, if Z C C,(K) is
compact then the space Y = e4(K) is a compact subspace of C,(Z) which separates
the points of Z.

(b) This is an easy consequence of (a) because if Z is a subspace of C,(K) for
some compact K then any closed subset of Z embeds in the same C,(K).

(c) If Z is Eberlein compact then Z C C,(K) for some compact K by (a); apply
Fact 10 to conclude that Z is Fréchet—Urysohn. Now, if d(Z) = k and Y C C,(2) is
compact and separates the points of Z then there exist families {A, : o < x} and
{B, : o < k} with the properties (a)—(e) of Fact 11. If we let p,, = pa,, where py, :
Z — A, is the retraction determined by the conjugate pair (A,, B,), then the family
{pn: o < x} is as promised. Indeed, (r1) follows from p,(Z) = A, and Fact 11(d).
The property (12) is a consequence of Fact 11(c); (r3) and (r5) follow from Fact
11(e). Finally (r4) follows from Fact 8. We showed that every Eberlein compact Z
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has a resolving family of retractions. Since every closed subspace of Z is also an
Eberlein compact by (b), the space Z is resolvable so Fact 12 is proved.

Fact 13. Let Z be a compact Fréchet—Urysohn space. Suppose that {p, : & < x} isa
family of retractions on Z with the properties (12)—(r5). Let A, = p,(Z) for each
ordinal « < x; denote by /_, the restriction map n4,. For any ordinal « < «, let A,(f)
=Ta,+1 0 (f — (Po)"(ma, (). In other words, &, : C,(Z) — C,(A,41) and for every z
€ A,41, we have h,(f)(2) = f(z) — f(p,(2)). Then we have

(a) Iff, g € C(Z) and f # g then there is « € [—1,k) such that &, (f) # h,(g).
(b) For any f € C(Z) and for any ¢ > 0 the set K(f, ¢) = {o < K : there exists a point
z € A,y with |h(H)(2)| = €} is finite.

Proof. (a) We have Z = |J{A, : a<x} by (r5); apply Fact 0 to conclude that
AUA, s o < k}) # g|(U{A, : o < k}). Therefore, there exists o < k for which
flA, # g|A,; let B be the minimal of such «. Applying the property (r3) in the same
way we applied (r5), we can see that f# cannot be a limit ordinal. If § = 0 then
h_1(f) = f|Ao # glAo = h_1(g) so o = —1 is suitable for checking (a).

If > O then f = o + 1 for some a < «; take any z € Ag with f(z) # g(2). By the
choice of § we have f|A, = g|A, whence f(p,(2)) = g(p,(2)). As a consequence,
F2) = fpu2) # 8(2) — gol2)), L6y h(f) # ho(9) 50 (a) is proved.

(b) If the set K(f, ¢) is infinite then there exist sequences {z,,:n € w} C Zand {o, :
n€ w} C ksuchthatz, € A, 11, %, # o, if m# nand |h,,,(f)(Z,)| = ¢forall n € w.
Now, « is a well-ordered set and Z is Fréchet—Urysohn; this implies that we can
assume that o,, < o, for all n € w and the sequence {Z, : n € w} converges to
some point z € Z for if it is not so, we can restrict our consideration to the respective
subsequences. We have z, € A, | C A,,+1 because o, + 1 < o, 1. This shows that
{Z,:n€w}CJ{A,, : n € w}; applying (14) we can see that the sequence {p,, (z,) :
n € w} also converges to z. The function f being continuous, we have f(py,(z,)) —
f(z) and f(z,,) — f(z). Therefore there exists m € w such that | Az,,) — fp,,, (z.m)] < &,
i.e., |hy, (f)(x,)| < & which is a contradiction with the choice of the point z,,,. Fact 13
is proved.

Fact 14. If Z is a separable compact space then C,(Z) condenses linearly onto a
subspace of X,(N) without increasing the norm. In other words, there exists a
linear injective continuous map ¢ : C,,(Z) — Z.(N) such that || ¢ (f)|| < [|f]| for
all f € Cp(2).

Proof. Take any dense set D = {z, : n € N} in the space Z. For any f € C,(Z) let
o(f)(n) = Lf(z,) for all n € N. Itis straightforward that ¢ (f) € R" for each function
f€Cp(2) and the map ¢ : C,(Z) — R is linear and continuous. Take any f € C,(2);
the space Z being compact, the function f is bounded, so there is L > 0 such that | f(z)
< L forall z € Z If ¢ > 0 then L <£ for some m € N. Thus |¢(f)(n)| =
Uf@z)|<s t-L<l.L<gforall n > m which shows that ¢ (f) € Z.(N). Therefore
 is a linear map from C,(Z) to Z,(N). If f # g then f|D # g|D (Fact 0) so fiZ,) # g
(Z,) for some n € N. Hence ¢ (f)(n) #  (g)(n) so ¢ (f) # ¢ (g); this proves that ¢ is
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a condensation. Observe finally that |Z,)| < ||f|| and |o(f)(n)| = L|f (z,)| <] f|| for
all n € N. This shows that || ¢ (f)|| < ||f]| so Fact 14 is proved.

Fact 15. Let Z be a resolvable compact Fréchet—Urysohn space. Then the space
C,(2) can be linearly condensed without increasing norm into X, (/) for some / of
cardinality d(Z). In other words, there exists a linear continuous injective map ¢ :
Cp(Z) — Z.(D) such that ||¢ (f)|| < ||f]| for each f € C,(Z).

Proof. The proof will be by induction on the cardinal number ¥ = d(Z). Our
statement is true for k = w by Fact 14. Assume that d(Z) = x for some k¥ > ®
and the statement of our Fact is true for any resolvable compact Fréchet—Urysohn
space of density < .

There exists a resolving family {p, : « < i} of retractions on the space Z. Let
A, = p.(Z) for each a < x; denote the restriction map 74, : C,(Z) — C,(Ag) by g_1.
For any ordinal o < &, let g,(f) =1 (ma,,, o (f — (ps) * (na,(f)))). In other
words, g, : C,(Z) — Cu(A,41) and for every point z € A,,;, we have
8:(F)(2) = 4(f(z) — f(pa(2))). It is easy to see that g, is a linear continuous map
with ||g.(H]| < ||f]| for any f € C,(Z) and any o € [—1, k). Here the norm of g,(f) is
taken in the space C,(A,). The condition (r]) implies that the density of the
compact space A, is strictly less than «; since the space A, is resolvable, by
the induction hypothesis, there exists a linear injective continuous map ¢, :
C[?(Aoc+1) - Z*(IaJrl) with H‘Pu(ﬂ” < Hﬂl for any function f € Cp(AzhLl);
here 1., is a set with |I,,,| = d(A,,1) < k. Without loss of generality we
can assume that I,,; N I = 0 if « # f. Observe also that the cardinality of
the set I = |J{l,.1: —1 < o < x} is equal to k.

For any f € C,(2) let us define ¢ (f) € Z,(I) as follows. If i € [ then there is a
unique o € [—1, k) such that i € I, 1; let @ (H() = . (g,(H)(). It is immediate that
p(Hell=[{Zdpm):a2e[-1LK)}C R’ and, for every o € [—1, k), we have
W0 © = , 0 gy, Where w, : IT — 2,(I,,1) is the respective natural projection. The
map ¢ , o g, being continuous for each o € [—1,x), this shows that ¢ is a continuous
map (Problem 101). The linearity of ¢ follows easily from the fact that ¢ , o g, is
linear for each a € [—1,k). Observe, also that | ||| = sup{||w.(B)|| : & € [ 1,K)} for
each / € I1. Since [[w, (o (/)] = |[9(&N] < llguP]] < |Ifl], we have [ (f)]] <

||f]] for each f € C,(2).
Now, if we take any f, h € C,(Z) with f # h then there is o« € [—1,x) such that

2. # g.(h) (see Fact 13(a) applied to g, = % - hy). Since the map ¢, is a
condensation, we have ¢,(g,(f) # w.(g.(h)) whence ¢ (f) # ¢ (h), i.e., the map
( is injective. The last thing we must prove is that ¢ (f) € Z.(/) for each f € C,(Z).
To obtain a contradiction suppose not. Then there is ¢ > 0 and an infinite / C / such
that | ¢ ()(i)| = e foreachi € J.IfJ N I, is infinite for some o € [—1, k) then we
have the desired contradiction because w,(¢ (f)) € X.(I,,1), which means that the
number of i’s with i € I, with | (H(@)| > ¢, is finite.

Now, if J N 1,4, is finite for each o € [—1, k) then there are infinitely many
ordinals o € [—1,k) such that, for some i € I, 1, we have | © (f)(D)| = | p.(g(F)ND)]
> ¢. By the definition of the norm in X,(, ;) we have || ©,(g,(f))|| = ¢ and hence
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|lg(f)|| = € because the map , does not increase the norm. As a consequence, for
infinitely many o’s there exists a point z € A, | with |g,(f)(z)| = . This contradicts
Fact 13(b) applied to the functions A, = 2 - g, and the number 2¢. The obtained
contradiction shows that ¢ (C,(2)) C Z.(I) so Fact 15 is proved.

Fact 16. (a) If Z is an Eberlein compact space then C,(Z) condenses into X, (/) for
some set /.
(b) A compact space Z is Eberlein if and only if Z embeds in 2.(/) for some set /.

Proof. (a) Any Eberlein compact space Z is Fréchet—Urysohn and resolvable
(Fact 12(c)) so we can apply Fact 15 to conclude that C,(Z) condenses into Z.(/)
for some set /.

(b) Suppose that Z is a compact subspace of X.(/) for some /. For any i € I,
denote by 7; the natural projection of R’ to the ith factor. Let u € C »(Z) be the
function equal to zero at all points of Z and f; = 7;|Z for all i € I. Observe that the set
K= U {f; : i € I} separates the points of Z. Indeed, if y, z € Z and y # z then,
recalhng that Z ¢ R/, we conclude that there is i € I such that w:(y) # ni(2), i.e.,

fiy) # fi@).

To see that K is compact take any open (in C,(Z)) cover U of the set K. There is
U € U such that u € U; choose ¢ > 0 and a finite P = {z;, ..., z,} C Z such that
O4(u, P, &) C U. Since z; € Z.(I) for all k < n, there is a finite J C [ such that
|mi(z2)| < € for all i € I\J and k < n. Therefore |[fi(z;)| < e foralli € I\Jand k < n
which implies f; € Oz(u, P, ¢) C U for all i € I\ J. Thus the set K\ U is finite and
can be covered by some finite subfamily &/'C U. Since the family {U} U U/ is a
finite subcover of U/, we proved that K is a compact subset of C,(Z) which
separates the points of Z. This shows that Z is an Eberlein compact so we proved
sufficiency.

Now, if Z is an Eberlein compact, fix a compact Y C C,(Z) which separates the
points of Z. The map ey : Z — C,(Y) is injective by Fact 2 s0 ey : Z — ey(Z) is a
homeomorphism, i.e., Z embeds into C,,(¥). Since Y is a compact subspace of C,(Z),
it is also Eberlein compact by Fact 12. Now apply (a) to find a condensation ¢ of
Cp(Y) into X.(I) for some /. It is clear that ¢ o ey is an embedding of Z into X.(/) so
Fact 16 is proved.

Fact 17. Let Z be an Eberlein compact space. Then, for any x € Z, there is a family
Y ={V,:ne€ N} C 7°(Z) which converges to x in the sense that, for any U € 7(x, Z),
there is m € N such that V,, C U for all n = m

Proof. We can consider that Z C X,.(/) for some set / (Fact 16). Let u be the
element of X.(/) with u(i) = O for all indices i € I. Observe that, a, b € Z.(I)
impliesa+ b € 2,(l)and a — b € Z,(I). If a € Z.(I), define amap T, : R — R’
by the formula T,(c) = ¢ — a for all ¢ € R’. Then T, : R’ — R’ is a homeomor-
phism (Problem 079) such that T,(X.()) C Z.(/). Thus, considering the space
T«(2) instead of Z, we do not loose generality and reduce our task to the case
when x = u € Z. So let us show that there is a family Y = (U, : n € o} C 7°(2)
which converges to u.
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The following property is crucial for our proof.

(*) For any W € 7(u, Z) and any ¢ > 0, there exists V € 7°(Z) and a finite J C [
such that V. C W and |z(i)| < ¢ forany z € Vand i € I\J.

Given a finite K C I, let O(K) = {z € Z : |z(i)] > ¢ for every i € K}; it is
evident that O(K) is an open subset of Z for every finite K C /. Assume that (%)
does not hold and take W € 7(u, Z) which witnesses this. Let Wy = W and J, = 0.
Suppose that we have Wy, ... ,W, € 7°(Z) and finite sets Jy, ... ,J, C I with the
following properties:

M W=WygD---DW,andJo C --- CJ,.
2) Wier = Wi N OWgy1) and Jp \Jy # () forevery k < n — 1.

If, for every i € I\J, and every w € W,,, we have |w(i)| < ¢ then we can take V =
W, and J = J, to show that (x) holds for W, a contradiction. Therefore there exists
i€l\J,and y € W, such that |y(i)| > e. Let J,,y = J, U {i}; the set W, =
O(,+1) N W, is non-empty because y € W, | so our inductive construction can go
on giving us sequences {W,:n € w} and {J,, : n € w} with properties (1) and (2) for
every n € w. The set P = |J {J,, : n € w} is infinite by (2); for each n € N, the set F,
={z€Z:|z(i)| = eforall i € J,} is non-empty because (§ # W, C O(J,) C F, by
(2). Besides, F, is closed and F, . C F, for each n € w. As a consequence, F =
N{F,:n € w} # () because Z is compact. But if y € F then |y(i)| = ¢ foreveryi € P
which contradicts the fact that y € 2,(/) and P is infinite. The property (x) is proved.

Given a non-empty finite set / C I and any n € N, we will need the set
W(J,n) ={z€Z:|z(i)] <1foreachi e J};if J =0 then we let W(J, n) = Z. It
is clear that W(/J, n) is an open subset of Z which contains u for all n € N.

Applying (*) to the set W = Z, we can find a set V; € 7%(Z) and a finite B, C I such
that |z({)| < 1 forany i € I\B, and z € V.

Suppose that n € N and we have constructed sets Vi, ..., V, € 7°(Z)and By, . ..,
B,, C I with the following properties:

4 B,C---CB,.
S) Vier CWB k+ 1) foreachk=1,...,n— 1.
(6) For any k < n, we have |z(i)| < l/k for any i € I\B; and z € V.

Apply () to the set W = W(B,,, n + 1) to find V,,.; € 7°(Z) and a finite set P C [
such that V,,, | C Wand |z(i)| < n}rl forallz€V,, andi € I\P. Letting B, =B,
U P, we accomplish our inductive construction getting sequences {V,, : n € N} and
{B, : n € N} with properties (4)—(6) for all n € N. The sequence {V, : n € N}
converges to u. To see this, take any U € 7(u, Z); there exists a finite J C [ and k € N
such that W(J, k) C U. The set J is finite, so there is m € N such that m > kand J N
B,=J N (U{B,:neN}.

Foranyn > m+ land anyz € V,,, if i € J N B, then i € B,,_; and hence
lz(i)| < 1 <L <lby(5).1fi €J\B,, theni¢ B, which implies |z(i)|<i<1l<lby
(6). As a consequence, |z(i)| < %for alli € J,i.e.,z € W(J, k). The point z € V,, was
chosen arbitrarily, so V,, C W(J, k) C U for all n = m + 1 and therefore the sequence
{V,, : n € N} converges to u. Fact 17 is proved.
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Fact 18. If a space Z has a dense pseudocompact subspace then Z is also pseudo-
compact.

Proof. Let Y be a dense pseudocompact subspace of Z. If f: Z — R is a continuous
function then f(Z) = f(clz(Y)) C f(Y) (the bar denotes the closure in R). However,
Sf(Y) is compact being a pseudocompact second countable space (Problem 212) so f

(V) is closed and bounded in R whence f(Z) C f(Y) = f(Y). Thus f(Z) is bounded
and hence Z is also pseudocompact. Fact 18 is proved.

Fact 19.1f Z is an Eberlein compact space then any pseudocompact subspace of Z is
compact and hence closed in Z.

Proof. Assume that P C Z is a pseudocompact non-closed subspace of Z. Fix any
point z € P\P; the space Y = P is Eberlein compact (Fact 12) and Y \{z} is
pseudocompact because it has a dense pseudocompact subspace P (Fact 18).
Apply Fact 17 to find a sequence {V, : n € N} C 7°(¥Y) which converges to z.
Since P C Y \{z} is dense in Y, the sequence V = {V,\{z} : n € N} consists of non-
empty open subsets of Y \ {z}. We claim that the family V is locally finite in Y \{z}.
Indeed, if y € Y\ {z} then take U,V € 7(Y) such thatz € U,y € Vand U N V = ().
Since V converges to z, there exists m € N for which V,, C U for all n = m. This
shows that V is a neighbourhood of y which intersects at most m elements of V. Thus
V is an infinite locally finite family of non-empty open subsets of ¥ \{z} which is a
contradiction with pseudocompactness of Y \ {z}. Fact 19 is proved.

We are, at last, ready to present our solution. Let X be a space with a strongly
dense o-countably compact set A C C,(X). The space X is pseudocompact
by Problem 350. Let A = |J{A, : n € w} where each A, is countably compact.
For each f € C,(X) there is a unique e(f) € C,(fX) such that e(f)|X = f (Fact 4 of
S.309). The set B,, = e(A,,) is also a countably compact subspace of C,,(X) for each
n € w (Fact 6 of $.309). If C,, is the closure of B,, in C,(8X) then C,, is compact for
each n € w (see Fact 18 of this solution and Fact 2 of S.307).

The set B = |J{B, : n € w} is dense in C,(fX). Indeed, if f € C,(fX) then g =
f|X is a uniform limit of some sequence S C A. In particular, g is in the closure of S
in the space C,(X). Now apply Fact 5 of S.309 to conclude that fis in the closure of
e(S) in the space C,(8X). Since e(S) C B, we have f € B; the function f was chosen
arbitrarily so B = C,(X). If C = |J{C, : n € o} then C D B = C,(X) which shows
that a g-compact set C is dense in C,(X). As a consequence, there is a compact
subset of C,,(fX) which separates the points of fX (Fact 5 of S.310). Therefore fX is
an Eberlein compact; finally apply Fact 19 to conclude that X is closed in fX and
hence X = X is compact. Our solution is complete.

S.352. Suppose that there exists a strongly dense countable A C C(X). Prove that X
is compact and metrizable.

Solution. Every countable space is, evidently, o-compact so A is a strongly dense
g-compact subspace of C,(X); hence X is compact by Problem 351. Since C,(X) is
separable, the space X is metrizable by Problem 213.
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S.353. Give an example of a non-compact space X for which there exists a strongly
dense g-pseudocompact A C C,(X).

Solution. There exists an infinite pseudocompact space X such that C,(X, I) is
pseudocompact and every countable subset of X is closed and discrete in X (see
Facts 1 and 4 of S.286). This shows that X is not even countably compact because in
a countably compact space every closed and discrete subspace is finite.

Since [—n, n] is homeomorphic to I, the space C,(X, [—n, n]) is homeomorphic
to Cp(X, I) for each n € N; as a consequence, Cp,(X, [—n, n]) is pseudocompact for
each n € N so the space C,(X) = |J {C,(X, [-n, n]) : n € N} is g-pseudocompact
and, of course, strongly dense in itself.

S.354. Prove that L(x)® is a Lindelof space for any k.

Solution. A family of sets V is inscribed in a family of sets U/ if, for any V € V) there
is U € U such that V C U. The family V is a refinement of U if it is inscribed in U
and |JV = |JU. Call a space X completely screenable if, for any U C 7(X), there
exits a g-disjoint family V C 7(X) such that V is inscribed in ¢/ and | JV = JU. In
other words a space X is completely screenable if any family of open subsets of X
has a o-disjoint open refinement.

Fact 1. The space L(x)” is completely screenable for any uncountable cardinal .

Proof. Let us first prove by induction that L(x)" is completely screenable for any
neN.Ifn=1and U C 7(L(x)) then we have two cases:

(1) a¢ |JU. Then the family V = {{a} : o € U for some U € U} C 7(L(x)) is
disjoint, inscribed in & and |JV = [JU.

(2) a € |JU. Pick any W € U with a € W; then the family V ={W} U {{a} ;0 € U
for some U € U} C 7(L(x)) is o-disjoint (in fact, it is a union of two disjoint
families), inscribed in & and (JV = [JU. Thus, we proved that L(k) is
completely screenable.

Assume that L(x)" is completely screenable for some n € N and take any
family U C 7(L(x)"™"). For any x = (x1, ... , Xp, Xui1) € L(x)"™", the point 7(x) =
(X1, ..., X,, a) belongs to L(x)"""; it is evident that 7 : L(x)""" — L(x)"™"is a
continuous map and F = m(L(x)) = L(x)" x {a} is a closed set of L(x)"""
homeomorphic to L(x)".

Observe that L(x)" "'\ F = UV, : o <k}, where V,, = L(i)" x {a} for each
o € k. It is clear that each V, is open in L(K)'1+] and the family {V, : o < x} is
disjoint. Of course, each V, is also homeomorphic to L(x)". By the induction
hypothesis there exists a o-disjoint family V, C 7(V,) such that V), is inscribed
inU, ={U NV, :Ue€U} and JU, = UV, for each o < k. Let
V,=U{V) :mew} where V' is disjoint for each m € . Then the family
Vv'= {V;” : OC<K} is disjoint, inscribed in ¢/ and consists of open subsets of
L(x)""". Tt is easy to see that V' = |J{V" : m € w} is a o-disjoint family of open
subsets of L(x)" " such that (| JU) N (L(x)""'\NF) = V.
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The space F is also homeomorphic to L(k)" so there is a o-disjoint family W of
open subsets of F such that W is inscribed inUp = {U N F: U €U} and YW =
JU,. Since W is also inscribed in U, for each W € W we can find O(W) € U with
W C O(W). Observe that (z) = z for any z € F which shows that W C 7' (W) for
each W € W. Besides, the family (7 '(W): W e W} is o-disjoint and consists of
open subsets of L(x)"*". To make it inscribed in i/, let V' = {n'(W) N O(W): W €
W}. Then the family V" is g-disjoint, inscribed in U, consists of open subsets of
L(x)""! and UV o (UU) N F. Now, the family V = V' U V" is o-disjoint,
inscribed in U, consists of open subsets of L(x)"™" and UV = UU. Therefore
L(x)" is completely screenable for any n € N.

Now take any family U C 7(L(x)“); let p,, : L(k)” — L(x)" be the respective
natural projection of L(x)® onto the product of its first n factors. Since it suffices to
prove our property for any open refinement of I/, we can assume that every U € U
is a standard set, i.e., there is n € w and V € 7(L(kx)") such that U = p, ' (V); let
i(U)y=n.Thend = J{U,,:n € w} wherel,={U €U :i(U)=n}.Foranyn € v,
the family U/, = {p,(U) : U € U, } consists of open subsets of L(k)"; since we
proved that L(x)" is completely screenable, we can find an open (in L(x)") o-disjoint
refinement W, of U),. Then the family V, = {p,'(W): W € W,} is o-disjoint,
inscribed in U, consists of open subsets of L(x)” and |V, = JU,. As a conse-
quence, the family V = |J{V, : n € w} is an open g-disjoint refinement of U so
Fact 1 is proved.

(o))

Claim. ext(L(x)”) = w, i.e., every closed discrete subset of L(x)“ is at most

countable.

Proof. Suppose that, on the contrary, there is aset D = {x, : & < w;} C L(k)*” which
is closed and discrete. Denote by ¢, the natural projection of L(x)” onto its
nth factor. If go(D) is countable then there exist ¢q € L(k) such that the set
Dy = gy (o) N D is uncountable. If go(D) is uncountable then let ¢, = a, choose
X4 € qgl (d) N D for every d € qo(D) and let Dy = {x4: d € qo(D)}. Observe that in
both cases ’Dg\qa v )| < o for any open neighbourhood U of the point ¢ in the
space L(k).

Assume that we have chosen points cy, ..., ¢, € L(x) and uncountable subsets
Do D --- D D, of the set D such that, for every k < n, the set Dy is concentrated
around cy, i.e., Dk\qk’l(U)’ < o for every U € 7(cy, L(x)).

We have to consider two cases:

(1) The set g, 1(D,) C L(x) is countable. Then there is ¢, ; € L(x) such that the
set D11 = D, N g, (x) is uncountable.

(2) The set g,,.1(D,,) C L(x) is uncountable. Then choose x; € q,;ll (d) N D, for
every d € q,.1(Dy), let ¢,y =aand D,y = {x4:d € g, 1(Dy)}.

It is clear that in both cases the set D, C D, is also concentrated around c,,, | SO
our inductive construction can be continued to give us a point ¢ € L(x)® such that ¢
(n) = ¢, for all n € w. The point ¢ is an accumulation point for D: to see it, take
any W € 7(c, L()®). There isn € w and Uy, . .., U, € 7(L(x)) such that ¢; € Uy for
each k < n and U = (" {q;"(Ux) : k < n} C W. The set D, is uncountable and
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E; = D,\q; ' (Uj) C Dj\q; ' (U)) is countable for any j < n. As a consequence, the
set D,\U = (J{E; : j < n} is countable whence W N D DU N D DU N D, is
uncountable. Slnce W € 7(c, L(x)®) was chosen arbitrarily, we proved that ¢ is an
accumulation point of D which is contradiction with the fact that D is closed and
discrete so our Claim is proved.

A family y of subsets of X is called point-countable if every point of X belongs to
at most countably many elements of y. Call a space X metalindelof if every open
cover U of the space of X has a point-countable open refinement. Observe that every
completely screenable as well as any Lindelof space is metalindelof.

Fact 2. Every metalindelof space of countable extent is Lindelof.

Proof. Suppose that X is a metalindelof space, ext(X) < w and U is an open cover of
X which has no countable subcover and hence no countable open refinement. Fix a
point-countable open refinement V for the cover Y. Take any xy € X and let V, =
J{V €V : xo € V}. Then V), is countable because V is point-countable. Assume
that § < w, and we have {x, : o« < f} C X and {V, : « < f§} with the following
properties:

1) V,={VeV:x, €V} foreach o < f.
(Z)xgéU (UVy: o <y} foreach y < B.

The family )V being point-countable, each ), is countable and hence the family
Vi = U {Vs 1 a<p} is also countable. Thus [JV); # X and hence we can find a

point xg € X\ (U Vﬁ). Letting Vg = {V € V : x5 € V}, we finish our inductive

construction which givesusaset D = {x, : « < w;} C X and families {V, : o« < ®}
with the properties (1)—(2). The set D is closed and discrete; to show this, let x € X.
Then x € V for some V € V; if x,, € Vthen V € V, and hence x; ¢ V for any f§ # o
by (2). Therefore every x € X has a neighbourhood that intersects at most one
element of D. Hence D is an uncountable closed and discrete subset of X, a
contradiction with ext(X) = w. Thus X is Lindel6f and Fact 2 is proved.

Observe finally that L(x)® is metalindelof because it is completely screenable by
Fact 1. Applying Fact 2 and claim we conclude that L(k)® is Lindeldf so our
solution is complete.

S.355. Prove that every Gs-subset of X is open if and only if for any countable A C
Cp(X) we have AcC Cy(X) (the closure is taken in RX).

Solution. Call a space X a P-space if every Gs-subset of X is open. Suppose that
X is a P-space and A C C,(X) is countable. Take any f € [A] (the brackets denote
the closure in R¥). Given any x € X, we will prove that f is continuous at the
point x. Note that the set {/(x)} is a Gs-set in the space R for any # € A so W =
N{h "(h(x)) : h € A} is a Gs-set in X. Since X is a P-space, the set W is an
open neighbourhood of x; we claim that iW) = {f(z)}. To see this, suppose that
y € Wand |f(y) — fix)] > & for some ¢ > 0. Since f € [A], there is & € A such
that |(x) —f(x)| <5 and |h(y) —f(y)| <5. However, h(y) = h(x) so we have
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|f(y) = f@)|<|f(y) = h(y)| + |h(x) — f(x)| < 5+ 5 = & which is a contradiction.
As a consequence, for any ¢ > 0 we have filW) = {f(x)} C (fx) — ¢, fix) + ¢),
i.e., f is continuous at x and we proved necessity.

Now, suppose that [A] C C,(X) for any countable A C C,(X) and take any G-
set H C X; fix a family O = {0, : n € o} C 7(X) with H = (O and any z € H.
It is easy to construct a family {U, : n € w} C 7(z, X) such that U, C O,, and
U,+1 C U, foreach n € w. Let f : X — [0, 1] be any continuous function with
fo(z) = 1 and fo(X \ Up) C {0}. If we have a continuous function f,, : X — [0, 1] with
f,x) = 1 and f,(X\U,) C {0} take any g, € C(X, [0, 1]) with g,(x) = 1 and
g.(X\U,,1) C {0} and let f,,,; = f,, - g,. This construction provides a sequence {f; :
n € o} C CX, [0, 1]) such that f,, 1(x) < f,(x) for any x € X and n € w; besides,
f:(x) =1and f,,(X\U,) C {0} for each n € w. The sequence {f,(x)} is bounded and
monotonous for each x € X so it has to converge to some f(x) € [0, 1]. If Y is the set X
with the discrete topology, then R¥ = C,(Y) and the sequence A = {f, : n € w} C
Cp(X) converges to fin the space C,(Y) = RX (Problem 143). Therefore, f € [A] and
hence f'is continuous by our assumption on C,(X). Thus the set H. :ffl((O, 1]) is
open in X; it is immediate that H, C ({U, : n € o} C ({0, : n € w} = H which
implies that H = | J {H,: z € H} is an open set. This settles sufficiency and makes our
solution complete.

S.356. Prove that C,(L(x), I) is countably compact.

Solution. Say that X is a P-space if every Gs-subset of X is open. It is easy to see
that L(x) is a P-space for each cardinal x. It was proved in Fact 2 of S.310 that
Cp(X,I) is countably compact for any P-space X. Thus C,(L(x), I) is countably
compact.

S.357. Prove that C,(L(x)) has a dense o-compact subspace.

Solution. Observe that the spaces L(x) and A(x) have the same underlying set
X = {a} U k; it is immediate that the identity map ¢ : X — X is a condensation of
L(x) onto A(k). Define a map " : C,(A(k)) — C,(L(x)) by the formula ¢*(f) = fo
@ for any f € C,(A(x)). Then ¢" is an embedding and ¢"(C,(A(k))) is dense in
Cp(L(x)) (Problem 163). Since C,(A(x)) has a dense o-compact subspace P
(Problem 346), the set ¢"(P) will be also g-compact and dense in C,(L(k)).

S.358. Given an uncountable cardinal k, let £(x) = {x € R : the set x '(R\{0}) is
countable}. Prove that, if a compact space X is a continuous image of X(x) then X is
metrizable.

Solution. Fix a continuous onto map ¢ : ¥ = 2(x) — X. We will need the set ¥ =
{xeX:y(x,X) < w}.Define apointu € X by u(ex) =0forall x € k. If A C x then g4
: ¥ — ¥, = R is the natural projection defined by g4 (x) = x|A for any x € X. Given
a space Z, call a set P C Z a zero-set if there exists f € C(Z) such that P :f_l(O).

Fact 1. (Vedenissov’s lemma) If Z is a normal space (in particular, if Z is compact)
then a closed P C Z is a zero-set in Z if and only if P is a Gs-set in Z.
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Proof. If P is a zero-set, take any f € C(Z) with P = £70) and observe that
Up =f""((~%,1)) is an open subset of Z for every n € Nand P = ({U, : n € N}.
This settles necessity.

Now, assume that P is a Gs-set in the space Z; it is not difficult to find a sequence
U=1{U,:neN}C7(P,Z) such that P = (U and U, C U, for every n € N
(normality of Z must be used here). Applying again normality of Z we can find f,, €
C(Z, [0, 1]) such that f,|P = 0 and f,|(Z\U,) = 1 for each n € N. If
8n =1y 277 . f; then the sequence {g, : n € N} converges uniformly to a function
g € C(Z) (see Problem 030). It is clear that g(z) = O forevery z € Z. If z € Z\ P, then
there is n € N such that z¢ U, and hence f,,(z) = 1. Consequently, g(z) > g,(z) = 27"
> 0. On the other hand, g,(z) = 0 for any z € P which implies g(z) = 0. This shows
that P = ¢~ '(0) so sufficiency is established and hence Fact 1 is proved.

Fact 2. Suppose that k is an infinite cardinal and P is a G,-set of a space Z. If Q is a
G ,-set in the space P then Q is also a G,.-set in Z.

Proof. Take a family Y = {U, : o < k} C 7(P, Z) such that P = (U and a family
VYV ={V,:a <k} C7(Q, P)such that Q = (V. There exists V,, € 7(Z) such that
V. NP =V, forall « < k. Then, W, = U, NV, is open in Z for each « < x and
(W, : a <k} = Q so Fact 2 is proved.

Fact 3. If L is a Lindelof subspace of a space Z then, for every z € Z\ L, there exists
a closed Gs-set P of the space Zsuchthatz € P C Z\ L.

Proof. For any y € L fix Uy € 7(y, Z) such that z ¢ U,. The family {U, : y € L} is
an open cover of the Lindelof space L. Therefore there is a countable M C L such
that L C J{U,:y € M}.Itis clear that H = ({Z\U, :y € M} is a Gs-set in Z and
z € H C Z\ L. Finally, apply Fact 2 of S.328 to see that there exists a Gs-set P of
the space Z which is closed in Zand z € P C H. Then z € P C Z\L and Fact 3 is
proved.

Claim. If F is a non-empty Gs-subset of X then F N Y # (.

Proof. If not then there is a non-empty Gs-set F C X \Y. Apply Fact 2 of S.328
to see that there exists a non-empty Gs-set F' C F which is closed in X. This
shows that, without loss of generality, we can assume that F is closed in X and
hence compact. No point x € F can be a G4-set in F because otherwise {x} is a
Gs-set in X (Fact 2) and therefore y(x, X) < o (Problem 327) which contradicts
x € X\Y. Take any xo € F \{p (u)}; the set F \{p (u)} is a non-empty Gs-set in
F (it is even open in F) so it is a Gs-set in X (Fact 2) and hence there is a
compact Gg-set F such that xo € Fo C F\{¢ (u)} (Fact 2 of S.328). Apply
Fact 1 to find fy € C(X) such that Fo = f;'(0). The function f 0 ¢ : & — R is
continuous on X which is dense in R"; this makes it possible to apply Problem
299 to conclude that there is a non-empty countable Ag C x and a continuous
map hg : £a, — R such that ho o ga, = fo © . It is evident that ga, (u) & hy'(0);
since ¢~ (Fo) = (fo o ) (0) = g, (45 (0)) > . we have =\ (Fo) C gy, (Ho)
where Hy = Z4,\{qa,W)}.
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Suppose that § < w, and we have families {A, : o < f} and {f,, : o < B} with the
following properties:

(1) A, is a non-empty countable subset of x for all o« < f.

2 A, NA,=0ifo,y < fand o # 7.

(3) F,is a non-empty Gs-subset of F' and hence of X.

4 F,CF,ify<a<p.

(5) If H, =34, \{qa,(w)} forall o < fthen ¢~ '(F,) C ﬂ{q;y‘ (H,) : oc<y} for
every y < f.

IfF;, = ({F, : a<f} and By = |J{A, : & < S} then the space Gy = {x € T :
qa,(x) € H, for all « < f and x(v) = 0 for all v € k\Bg} C X is homeomorphic to
II{H, : o < B} and therefore nw(Gp) = w. The space L = ¢(Gy) N F is Lindelof
because it has a countable network; apply Fact 3 to find a non-empty closed

Fy C F’ﬁ such that Fz a Gs-subset of X and Fy N L = (. There exists fz € C(X)
such that Fg = fj 1(0) (Fact 1). Apply Problem 299 to find a countable Ap C K

and hg € C(Xy) such that hg © g, = fp © ¢. To see that Ay = Aj\By # () note that

(5) implies that ga, (¢ _1(F[;)) C H, for all o < f3; as a consequence qs,( _1(F/;)) C
q84(Gp). Take any x € Gy such that gp,(x) = gp,(y) for some y € ¢ 71(F/;).
It Ay CBy then qu(x)=quy(y) so file(x) = hlan () = hplan () =
f8(e(y)) = 0 which is a contradiction with fp(p (2)) # O for all z € Gyp. Therefore
Ap # () and it is straightforward that (1)—(4) are satisfied for the sets {A, o < f}
and {F, : ﬁ } To see that (5) also holds, suppose that qA/;(go YF 8) D qa,(u);
take any x € (F ) with Gay (%) = qa,(u). Since qs,(p (F 8) C q,(Gp)), we can
find y € Gy such that gp,(y) = g¢p,(x). It is immediate that qu, (y) = qar (x (x)
and hence 0 = fplep(x)) = fp(e(y)) which is a contradiction. ThlS proves that
qAﬁ(ga (F,;)) CHp= ZA,; qA/X(u)} so (5) also holds.

This inductive procedure can be carried out for all countable ordinals providing
families {A, : @ < w¢} and {F, : o < w;} with the properties (1)—(5). Since X is
compact, thereisy € N{F,:a<w;}.Ifxe€p _l(y) then g4,(x) # qa,(u) for each
o < ; by (5). This shows that x(v,) # 0 for some v, € A,. Since the family {A,
o < wq} is disjoint, the set xil(R\{O}) contains the uncountable set {v, : o < w;}
which contradicts the fact that x € X. Thus our claim is proved.

Now it is very easy to finish our solution. Apply Problem 299 to conclude
that nw(Y) < w and hence Y is Lindelof. If x € X\Y then there is a non-empty
Gs-set F C X\Y by Fact 3. However, Y N F # () by our claim which is a
contradiction. Thus X = Y and hence w(X) = nw(X) = o (Fact 4 of S.307) so our
solution is complete.

S.359. Prove that a dyadic compact space of countable tightness is metrizable.

Solution. If X is a dyadic compact space then, by definition, X is a continuous image
of {0, 1}* for some k. The space {0, 1}* is a product of metrizable compact
spaces so if #X) < w then Fact 6 of S.307 is applicable to conclude that X is
metrizable.
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S.360. Suppose that X is a dyadic space and the set {x € X : y(x, X) < w} is dense in
X. Prove that X is metrizable.

Solution. Let Y = {x € X : y(x, X) < w}. By definition of a dyadic space, there is a
continuous onto map ¢ : K = {0, 1}* — X for some cardinal k. Given A C k, let 74 :
K — K, = {0, 1}* be the natural projection defined by m4(y) = y|Aforally € K. The
space K is a product of second countable spaces so we can apply Problem 299
to conclude that there is a countable A C k, a closed L C K, a closed M C K4, and
a continuous map 4 : M — X such that n (L) = M, @o(y) = h(ma(y)) for every y € L
and ¢ ~1(Y) C L. 1t follows from %) “(YycLthatY C p(L) = h(M); since M is
a second countable compact space, the space h(M) is also a second countable
compact space which contains a dense subset of X. Therefore, /(M) = X so X is
second countable and hence metrizable.

S.361. Show that any hereditarily normal dyadic compact space is metrizable.

Solution. Given a cardinal k and aset A C k let , : {0, 1} — {0, 1 }A be the natural
projection onto the face determined by A. We write 7, instead of n;,, and B, instead
of k\{a} for all « € k. Given any x € {0, 1}" and any « < K, let r,(x)(0) = 1 — x(o)
and r,(x)(f) = x(B) for any f € B,. In other words, r,(x) coincides with x at all
coordinates except o.

Fact 1. If X is a dyadic space and x € X is not an isolated point then there is a
sequence {x, : n € w} C X\{x} which converges to x.

Proof. Fix a cardinal x such that there is a continuous onto map ¢ : {0, 1} — X.
The set FF = ¢ 71(x) is compact; let A = {o < k : there is a point y, € {0, 1}*\F such
that r,(y,) € F'}. We claim that

(#) F = ma(F) x {0,1})*4,

Of course, it suffices to show that mu(F) x {0, 1}*'* ¢ F = F. Take any y €
ma(F) x {0, 1 JM A 1o prove that y € F we can restrict ourselves to showing that, for
any finite S C k, there is z € F such that ng(z) = mg(y).

There exists a point zy € F with ma(y) = ma(zo); if S C A then wg(zg) = ms(y) and
the proof of the property (x) is over. If not, let S\A = {oy, ..., «,}. It follows from
the definition of the set A, that, for any ordinal f € x¥\A and any w € F, we have
rgw) € F. If zo(a) = y(a;) then we let z; = zo; if not then z; = r, (o). In both cases
we change z, at most at o; and we obtain z; € F such that z;|(A U {o}) = y|(A U
{o1}). Assuming that we have a point z; € F with z;|(A U {a, ..., i }) = y|(A U {4,

s o), let ziyy =z if Z(oy ) = y(ourr)s if not, then ziy = r, (20). It is
straightforward that in both cases we obtain z;,; € F such that

Zert (AU o, oo, oan }) = y[(AU o, - o, g }),

so the inductive construction can go on until £ = ». It is evident that, for z = z,,, we
have z|S = y|S. Thus y € F = F; since y € ms(F) x {0, 1}<'4 has been chosen
arbitrarily, we finished the proof of (x).

The following step is to prove that the set D = {y, : o € A} is infinite (see the
definition of A where the points y, are introduced for each o € A). Observe first that
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A is infinite because otherwise {0, 1} is finite and hence discrete; therefore 74(F)
is open in {0, 1}* and hence F is open in {0, 1}* by (x). The map ¢ is closed and
hence quotient so the set {x} has to be open in X which is a contradiction because
x was assumed to be a non-isolated point of X. So the only possibility for the set D
to be finite is when there is some y € {0, 1}"* such that y = y, for each o € B where
B C A is an infinite set. Take any finite C C k. Since B is infinite, there is o € B
such that o ¢ C. It is evident that r,(y)|C = y|C which proves that
y € {ry(y) : « € B}. Since r,(y) = r,(y,) € F for all « € B, we obtainy € F = F
which is a contradiction.

This proves that D is an infinite set so we can choose a faithfully indexed set
A’ ={o,:n€w} CAsuchthaty, #y,, if m#n.Letz,=r,(y,)foreachn € w.
Then E = {y,, :n € w} C {0, 1}*\F, {z,:n € w} C F and we claim that (xx) for
any V € 7(F, {0, 1}*) the set E \V is finite.

Indeed, assume that B C  is infinite and {y,, :n € B} C {0, 1}*\V. The set {Z, :
n € B} can be finite but then the same point will be repeated infinitely many times in
the sequence {z, : n € B}. This shows that, infinite or not, the sequence {z,,: n € B}
has an accumulation point z in the sense that, for every set W € 7(z, {0, 1}*) there
are infinitely many n € B with z, € W. Evidently, z € F C V; given any finite C C k,
the set {n € B : z,|C = z|C} is infinite and hence there is n € B such that o, ¢ C and
2,|C = z|C. Then, z,|C = y,,|C = z|C which shows that z is also an accumulation
point for the set E\V. However, V is a neighbourhood of z which does not meet
E\V; this contradiction proves (k).

Let x, = ¢ (y,,) forall n € w; since E C D C {0, 1}*\ ¢ ~1(x), the sequence
@ (E) = {x,:n € o} is contained in X \ {x}. To show that x,, — x, take any set U €
7(x, X). Then F C V = ¢ ~Y(U) so the set E\¢ ~'(U) is finite by (s%). As a
consequence, x,, € U for all but finitely many n € w. Hence x,, — x and Fact 1 is
proved.

Returning to our solution consider the set X = {x € {0, 1}* : [x"'(1)| < w}.
Assume that X is a hereditarily normal dyadic space and ¢ : {0, 1}* — X is a
continuous onto map. If ¢ (X) = X then X is metrizable by Fact 6 of S.307.

If AiZ) # X then choose any x € X \ f{Z). Since X is dense in {0, 1}* (Fact 3 of
S.307), the set f(X) is dense in X and therefore x is not an isolated point of X. Apply
Fact 1 to find a sequence {x,: n € w} C X\ {x} such that x,, — x. The space X\ {x}
contains a dense countably compact subspace f(X) (see Fact 3 of S.307, Fact 1 of
S.310 and S.133) so it is pseudocompact by Fact 18 of S.351. Since X is hereditarily
normal, the space X \ {x} is normal and hence countably compact by Problem 137.
However, it is easy to see that {x,,: n € w} is an infinite closed and discrete subset of
X\ {x}; this contradiction shows that f{Z) = X and hence X is metrizable so our
solution is complete.

S.362. Let X be a dyadic compact space. Prove that, if C,(X) is Lindelof then X is
metrizable.

Solution. Since C,,(X) is Lindelof, we have #(X) = by Problem 189. Now apply
Problem 359 to conclude that X is metrizable.
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S.363. Let X be a dyadic compact space and suppose that C,(X) has a dense
g-pseudocompact subspace. Prove that X is metrizable.

Solution. Take any family {P, : n € w} of pseudocompact subspaces of C,(X) such
that | J{P,: n € w} is dense in C »(X). The set Q,, = P, is also pseudocompact by
Fact 18 of S.351. Since Q, is closed in C,(X), we can apply Fact 2 of S.307 to
conclude that Q,, is compact. Of course, the g-compact set Q = | J{Q,, : n € w} is
also dense in C,(X) and hence there is a compact K C C,(X) which separates
the points of X (Fact 5 of S.310). Consider the map ex : X — C,(K) defined by
ex(X)(f) = fix) for any x € X and f € K. Then ek is continuous (Problem 166) and
injective (Fact 2 of S.351); thus ex embeds X in C,(K). Consequently, #X) <
HCH(K)) < w (see Problem 149) so we can apply Problem 359 to conclude that
X is metrizable.

S.364. Prove that the Alexandroff double AD(X) of a compact space X is a compact
space which is metrizable if and only if X is countable.

Solution. We omit an easy proof that the definition of AD(X) indeed gives us
a topology 7 on the set AD(X) = up(X) U u;(X). Given any y = (x, i) € AD(X), let
n(y) = x; then 7 : AD(X) — X is a map with n_l(x) = {up(x), u;(x)} for every x € X.
To check that 7 is Hausdorff, take distinct x, y € AD(X). If n(x) # n(y) then there are
U' € 7(n(x), X), V' € 7(n(y), X) with U N V = (. It is immediate that U = 7~ '(U")
and V = nfl(V’ ) are disjoint open (in AD(X)) neighbourhoods of x and y, respec-
tively. If n(x) = =n(y) then, without loss of generality, there is z € X such that x =
uy(z) and y = uy(z). Then U = ADX)\{u;(z)} and V = {u(z)} are disjoint open
(in AD(X)) neighbourhoods of the points x and y, respectively.

We prove next that, for any U € 1(uy(X), AD(X)), the set F = u;(X)\U is finite.
Suppose that Z = {z,,: n € w} C F and z; # z; if i # j. The infinite set {n(z,) : n € w})
C X has an accumulation point x € X because the space X is compact. It is
straightforward that z = (x, 0) is an accumulation point for the set Z in AD(X)
which is a contradiction with the fact that U € 7(z, AD(X)) and U N Z = (). The map
Uy : X — up(X) is clearly injective and continuous; thus g is a homeomorphism and
hence uo(X) is a compact subspace of AD(X) homeomorphic to X.

If U is an open cover of the space AD(X) then there is a finite &’ C U such
that uo(X) C (JU'. The observation of the previous paragraph shows that the set
ADX)\(J U") is finite and hence can be covered with a finite 4’ C Y. Then V =U’
U U" is a finite subcover of U which shows that AD(X) is compact and hence
Tychonoff by Problem 124.

If the space X is countable then AD(X) is also a countable compact and hence
metrizable space. Now, if AD(X) is metrizable then w(AD(X)) < o and hence
c(AD(X)) < w(AD(X)) < w. The family {{z}: z € u;(X)} is disjoint, consists of
non-empty open sets of AD(X) and has cardinality |X|; thus |X| < c(AD(X)) < @ and
our solution is complete.

S.365. Let X be a metrizable compact space. Denote by AD(X) the Alexandroff
double of the space X. Prove that C,(AD(X)) has a dense o-compact subspace.
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Solution. Given any y = (x,i) € AD(X), let n(y) = x; then n : AD(X) — X is a
continuous map with nfl(x) = {ug(x),u;(x)} for every x € X. Fix a countable base
{U, : n € w}inthe space X. Itis evident that the set X\ U, is a Gs-set in X for any n € .
Thus, there is f,, € C(X) such that X\U, = f, '(0) for all n € w.

For any x € X, let h, : AD(X) — {0, 1} be the characteristic function of the set
{u;(0)}, i.e., h(uy(x)) = 1 and h(z) = O for all z € AD(X)\{u,(x)}. Since the point
uy(x) is isolated in AD(X), the map 4, is continuous for any x € X. If i(z) = O for all
z € AD(X), then K = {h} U {h, : x € X} is a compact subspace of C,(AD(X)). Indeed,
take any U C 7(C,(AD(X))) with K C |JU. Then i € U for some U € U; there exists a
finite P C AD(X) and & > 0 such that W = {f € C,(AD(X)) : |f(y)| < ¢ foreachy € P}
C U.If x € X\n(P) then h,(y) = 0 for any y € P and hence 1, € W C U. Consequently,
the set K\ U is finite and can be covered by a finite i/’ C U. It is clear that the family
{U} U U is a finite subcover of U so we proved that K is compact.

We next show that the set A = {f,, o n: n € w} U K separates the points of AD(X).
Let y, z be distinct points of AD(X). If 7(y) # n(z) then there is n € w such that n(y)
€ U, and 7(z) ¢ U, (because n(y) and 7(z) are elements of X and {U, : n € w}
is a base of X). Then f,(n(y)) # 0 = f,(n(2)), i.e., (f, 0 W)(Y) # (fn © T)(2). If n(y) =
n(z) = x then we can assume, without loss of generality, that y = uy(x) and z = u(x).
Then 4, (y) = 0 # 1 = h(z) and we established that A separates the points of AD(X).
It is evident that A is g-compact.

Call a topological property P complete if it satisfies the following conditions:

(1) Any metrizable compact space has P.
2) fneNand Z;has Pforalli=1,...,nthen Z; X --- x Z, has P.
(3) If Z has P then every continuous image of Z has P.

It is clear that o-compactness is a complete property. It was proved in Fact
2 of S.312 that if P is a complete property and A C C,(Z) has P then there
exists an algebra R(A) D A such that R(A) C C,(Z) is o-P, i.e., R(A) can be
represented as a countable union of spaces with the property P. When P=
“o-compactness” then any space with the property ¢—P is also o-compact.
Applying these remarks to the set A C C,(AD(X)), we conclude that there is
an algebra R C C,(AD(X)) such that A C R and R is g-compact. It follows from
A C R that R separates the points of AD(X). Applying Problem 192 we can see
that R is dense in C,,(AD(X)). Thus R is the promised dense g-compact subset of
Cp(AD(X)) so our solution is complete.

S.366. Let X and Y be any spaces. Given a perfect map f: X — Y, prove that there
is a closed F C X such that f(F) = Y and f|F is an irreducible map. As a
consequence, the same is true for any continuous surjective map between compact
spaces.

Solution. Suppose that there exists no set F C X such that f{F) = Y and the map f|F
is irreducible. The family F = {F C X : F is closed in X and f(F) = Y} is non-empty
because X € F; let Fp = X. Suppose that o < k = |X|" and we have a family {Fj:
< o} CfsuchthatF/;/ CFﬁandF/;\F,,v 7& ®lfﬁ < ﬁ/. Let G, = ﬂ{F,;:ﬁ< ol;
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then G, is closed in X. It is less evident but true that G, € F; to prove it observe that,
for any y € Y, the family Gy = {Fz N f'(y) : B < o} consists of decreasing non-
empty compact subsets of X. Therefore G, N f~'(y) = NGy # () which means that
f(G,) & y.Since the point y € Y has been taken arbitrarily, we proved that f(G,) =Y,
ie.,G, € F. We assumed that the map f|G,, cannot be irreducible so there is F,, C G,
with F,, € F and G,\F, # (). As a consequence, we can continue our inductive
construction to obtain a family {F, : « <k} suchthat Fy C Fgand Fy\Fp # 0 if f <
f' < k. This provides a disjoint family {F,\F,; : « < i} of non-empty subsets of X
of cardinality x > |X| which is a contradiction.

S.367. Given a cardinal «, let (k) = {x € R" : the set x_"(R\{0}) is countable}.
Prove that any compact space of countable tightness admits an irreducible contin-
uous map onto a subspace of X(x) for some x.

Solution. Let X be a compact space such that #(X) < . Then the space X has a
faithfully indexed point-countable n-base B = {U,, : « < Kk }, where “point-countable”
means that each point x € X belongs to at most countably many elements of B
(Problem 332). For each o < « fix a function f,, € C(X) such that £,(X\ U,) C {0} and
fu(x,) = 1 for some x,, € U,. Let f(x)(a) = f,(x) for any x € X and o < k. This defines
amapf: X — R"; if g, : R — R is the natural projection onto the «-th factor then
g, © f = f, is a continuous map for each a < x. Therefore the map f is continuous
(Problem 102).

Next observe that Y = fiX) C Z(x). Indeed, if x € X then there is a countable
A C « such that x ¢ U, for any o € i\ A because B is a point-countable family. Thus
f.(x) = 0 for all ordinals o € K\ A and therefore ( f(x))*l(]R\{O}) C A is countable,
i.e., fix) € Z(x). To finish our solution, it suffices to show that f: X — Y is an
irreducible map. Take any closed F C X with X\F # (). Since B is a n-base in X,
there is o < k with U, C X\F. This implies f,(x) = O for all x € F and therefore
f(x)(2) =0 for every x € F. However, f(x,)(«) = 1 which shows that there isno x € F
with fix) = fix,), i.e., f(F) # Y. Thus f: X — Y C Z(k) is an irreducible map.

S.368. Prove that w(fw) = ¢ and |fw| = 2°.

Solution. Given a space X and U € 7(X), call the set U regular open if U = Int(U).
Regular open sets form a base in X; indeed, if x € U € 7(X) then, by regularity of
X there is V € 7(x, X) such that V C U. Then W = Int(V) is a regular open set and
xewclUu.

Fact 1. Suppose that X is any space and Y is a dense subspace of X. If U and V are
regular open subsetsof Xand U N Y=V N YthenU = V.

Proof. Wehave U =UNY =V NY =V. Therefore U = Int(U) = Int(V) = V and
Fact 1 is proved.

Fact 2. For any space X, we have w(X) < 2%

Proof. Fix adense set D C X with |D| = d(X). Let BB be the family of all regular open
subsets of the space X; we know that the family B is a base of X. Given any U € B,
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let ¢ (U) =U N D. Then the map ¢ : B — exp(D) is an injection by Fact 1 and
therefore w(X) < |B| < |exp(D)| = 2% so Fact 2 is proved.

Fact 3. We have w(I*) = k and |I"| = 2" for any infinite cardinal .

Proof. That w(I*) < x is an immediate consequence of the results of Problem 209.
To see that w(I*) = k observe that w(D(k)) = k and D(x) embeds in I* by Problem
209. Thus w(I*) = w(D(x)) = k (see Problem 159) and hence w(I*) = «.

Since {0, 1}* is a subset of I, we have |I*| = |{0, 1}*| = 2". On the other hand,
7@ < wI*) < k implies |I| < 2" by Problem 329 so [I"| = 2" and Fact 3 is
proved.

Fact 4. If X is compact and Y is a continuous image of X then w(Y) < w(X).

Proof. We have nw(Y) < nw(X) by Problem 157 and hence w(Y) = nw(Y) <
nw(X) = w(X) (see Fact 4 of S.307) so Fact 4 is proved.

Returning to our solution, note that, since the countable set o is dense in o, we
have w(fw) < 27P” < 2” = ¢ by Fact 2. Besides, y(fw) < w(fw) < ¢ and hence
|por| < 24P < 2¢ (see Problem 329).

The space I is separable (Problem 108); fix a countable dense D C I. There is a
surjective map f: w — D which is continuous because o is discrete. There exists a
continuous map g : foo — I such that g|D = f (see Problem 257). Since D is dense
in I, we have g(ffw) = I which proves that |fw| = |I| = 2¢ (Fact 3). Since [ is a
continuous image of S, we can apply Fact 4 to conclude that w(fw) = w(®) = ¢
(Fact 3) so our solution is complete.

S.369. Prove that fo\{x} is countably compact for any x € fw.

Solution. Since w is discrete and dense in S, all points of w have to be isolated in
fo. Therefore, the case of x € w is trivial because the set fw\{x} is closed in fw
and hence compact.

Fact 1. Suppose that X is a space and a subspace E = {x,,: n € o} C X is discrete
and faithfully indexed, i.e., m # n implies x,, # x,. Then there exists a disjoint
family {U, : n € o} C 7(X) such that x,, € U,, for all n € w.

Proof. By discreteness of E there exists V; € 7(x;, X)_such that V; N E = {x;} for all
i € w. Use regularity of X to find U, € 7(xq, X) with Uy C V. Assume that we have a
family { U, ..., U,} C 7(X) such that

() x; cU; cU; CV;foralli < n.
(2 U; N U;=0foralli,j < nwithi#j.

Since x,,; ¢ V; for each i < n, we have x,,; ¢ U, for all i < n. Therefore,
F =UyU---UU,is a closed set which does not contain x,_ ;. By regularity of X
there exists U,.; € 7(x, X) such that U,; C V,1\F. It is clear that the family
{Ug, ..., U, 1} satisfies the conditions (1) and (2) so this inductive construction
can be continued giving us a disjoint family {U,, : n € o} C 7(X) with x,, € U,, for all
n € . Fact 1 is proved.
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Fact 2. If A and B are disjoint subsets of w then A N B = () (the bar denotes the
closure in fw.

Proof. The function f: w — {0, 1} defined by f(n) =0if n € A and f(n) = 1 for all
n € w\A, is continuous because w is a discrete space. There exists a continuous
map g : fw — {0, 1} such that g|w = f (Problem 257). The sets gil(O) and gil(l)
are closed in fw so ANB=f"10)Nf1(1) C g '(0)Ng (1) =0 so Fact 2
is proved.

Returning to our solution assume that x € fw\w. If fw\{x} is not countably
compact then there exists a sequence {x, : n € @} C fw\{x} such that x; # x; for
i # jand the set D = {x, : n € w} is closed and discrete. By Fact 1 there exists a
disjoint family {U, : n € w} C 7(fw) such that x,, € U, for all n € w.

Given any U € 7(x, fw), if D\ U is infinite then the set D\ U has an accumulation
point in the compact space fw\U which is impossible because D\ U is closed
and discrete in fw\ U, a contradiction. Thus, D\ U is finite for any U € 7(x, fw), i.e.,
the sequence D converges to x. The set w is dense in S and therefore W, = U, N o
# () forevery n € w. The sets A = |J{W>,:n € o} and B = |J{Wa,11: 1 € 0}
are contained in o, disjoint and dense in the sets A’ = |J{U,, : n € w} and
B’ = J{Usz,11 : n € o}, respectively. Since both sequences {x,, : n € o} and
{xX2,41 : n € w} converge to x, we have x € B'NA’ = AN B which contradicts
Fact 2 and shows that our solution is complete.

S.370. Prove that every non-empty Gs-subset of w* = fw\w has a non-empty
interior.

Solution. Let o* = fw\w; given aset A C w, let [A]=A N " (the bar denotes the
closure in fw).

Fact 1. (a) The set w is open in fw and hence w™ is compact.

(b) The set A is clopen in fw for any A C .

(c) The set [A] is clopen in @™ for any A C w.

(d) If A, B C w then [A] C [B] if and only if A\B is finite.

(e) If A, B C w then [A] = [B] if and only if AAB = (A\B) U (B\A) is finite.
In particular, [A] = () if and only if A = AAQ is finite.

Proof. (a) Since o is a discrete subspace of fw, for every n € w there is U, € 7(fw)
such that U, N @ = {n}. Now, w is dense in ffw, so the set U,, N w must be dense in
U, for each n € w. Thus, the closed set {n} is dense in U,, and hence U,, = {n}, i.e.,
{n} is open in fw for each n € w. An immediate consequence is that o is a union of
open subsets of fw; thus w is open and w™ is closed in fw. Being closed in the
compact space fio, the space »” is compact so (a) is proved. L

(b) It is evident that A is closed in fw; since foo = AU w\A and AN w\A = ()
(Fact 2 of S.369), we convince ourselves that the complement of A in fw is also
closed, i.e., A is open in fw.

(c) The intersection of a clopen set of S with ™ must be clopen in " so [A] =

A N o is clopen in w* by (b).
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(d) If C C o is finite then C = C and hence [C] = (. Since AUB = A UB, we
have [A] = [(A\B) U (ANB)] = [A\B]U[ANB] = [ANB] C [B] if A\B is finite.
On the other hand, if A\B is infinite then it is not compact so the compact set A\B
cannot coincide with A\B. Thus, [A\B] # ) and [A\B] N [B] C A\BNB = { by
Fact 2 of S.369. Since [A\B] C [A], this shows that [A] is not contained in [B] if
A\B is infinite.

(e) The equality [A] = [B] holds if and only if [A] C [B] and [B] C [A] which, by
(d), holds if and only if both sets A\B and B\A are finite, which, of course, is
equivalent to AAB being finite. Fact 1 is proved.

Fact 2. The family O = {[A] : A C w} is a base in ™.

Proof. We already saw that O C 1(w") (Fact 1); take any x € »* and any set
U € 7(x, ™). There is U’ € 7(fw) such that U = U’ N ®"; use regularity of
Bw to find a set V € 7(x, fw) with V C U'. Since A =V N w is dense in V, we have
x €A =V C U and therefore x € [A] C U’ N o* = U so Fact 2 is proved.

Returning to our solution, take any non-empty H C »* which is a Gs-set in "
and fix a family {U,: n € o} C 7(w") such that H = ({U, : n € w}. Pick any x € H
and apply Fact 2 to choose a sequence {A, : n € w} C exp(w) such thatx € [A,] C
U,and [A, 1] C [A,] for all n € w. We have [A,] C [A;] for all i < n and there-
fore A, \A; is finite for all i < n by Fact 1. Therefore the set B, = (4o N --- N A,)
\{0, ...,n} is obtained from A,, by cutting off a finite set (| J {A,\A;: i < n}) U {0,
..., n} for every n € w. We have a sequence {B,, : n € w} such that [B,] = [A,],
B, .1 CB,foreveryn € wand ({B,:n € w} = (. Take apoint x,, € B, foralln € ®
and let B = {x, : n € w}. Since x,, > n for each n € w, the set B is infinite and
hence [B] # 0. The set B\B,, C {xo, ... ,X,} is finite for all n € w and therefore [B]
C [B,] for all n € w by Fact 1. Hence the non-empty open set [B] is contained in
({[B. :n€w}=N{[A] :n € w} C({U,:n € o} =H so our solution is
complete.

S.371. Prove that c(fw\w) = ¢.

Solution. Let o™ = B\ w; then (™) < ww*) < w(fw) = ¢ (see Problem 368).
Givenany A C w, let [A] = A N o™ (the bar denotes the closure in fw); if A, B C w
then AAB = (A\B) U (B\A).

Fact 1. Given A, B C w, we have [A] N [B] = 0 if and only if A N B is finite.

Proof. If AN B is infinite then [A N B] # 0 (Fact 1 of $.370) and [A NB] C [A]N[B]
which proves necessity. The sets A" = A\B and B’ = B\ A are disjoint so if A N B is
finite, we have AAA’ = BAB’ = A N B which implies [A] = [A'] and [B] = [B’]
by Fact 1 of S.370. Since A’ and B’ are disjoint, we have A’ N\ B’ = () (Fact 2
of S.369). As a consequence [A]N[B] =[A'|N[B] C A NB =0 so Fact 1 is
proved.

Returning to our solution, apply Problem 141(iii) to find an almost disjoint
family C C exp(w) with |C| = ¢. “Almost disjoint” means that all elements of
C are infinite and the set A N B is finite for any distinct A, B € C. The family
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U = {[C] : C € C} is disjoint by Fact 1, consists of non-empty open subsets of ®*
(Fact 1 of S.370) and || = |C| = ¢ s0 c(w™) = ¢ and our solution is complete.

S.372. Prove that Bw admits an irreducible map onto a subspace of X(x) for
some K.

Solution. Consider the space S = {0} U {ﬁ tn€ w} C R; let f(n) = 15 for all

n € w. The map f: w — S is continuous because w is discrete. Since S is a compact
space, there exists a continuous map g : fw — S such that gl = f (Problem 257).
Observe first that g(fw\w) = {0}. Indeed, fw\w C {m : n < m} for all n € w (this
closure is taken in fw). Therefore, for any x € ffw\ ®, we have

g(x)EQ{W:nGw}zﬂ{{m#“:m>n}u{0}:n€w}:{0}

and hence g(x) = 0 (the last closure is taken in the space S).

As a consequence, g '(g(n)) = {n} for any n € w. Now, it is easy to see that the
map g is irreducible; indeed, if F is a closed subset of fw with g(F) = S then

Fng™! (ﬁ) = () and hence n € F for each n € w. The set F being closed, we have

Bw =@ C F = F and therefore F = Bw, i.e., the map g is irreducible. The space
S is second countable so it embeds in R” which in turn embeds in X(k) for any
infinite k. Indeed, if kK = w then X(x) = R?; if k >  then the space {x € (k) :
x(o) =0 forall o = w} lies in (k) and is homeomorphic to R®. This proves that
maps irreducibly onto a subspace of X(x) for any infinite ¥ so our solution is
complete.

S.373. Prove that fw\ ® does not admit an irreducible map onto a subspace of Z(i)
for any k.

Solution. Let B = {(p, q9) : p, ¢ € Q, p < g and pg > 0}; in other words, 13 is the
family of all non-empty rational intervals of R, which do not contain zero. It is
evident that any U € 7°(R) contains an element of B, i.e., the family B is a n-base
in R. In fact, B has even stronger property: for any a € R\{0} and any U € 7(q, R),
there exists B € B such thata € B C U, i.e., B is a base in R\{0}.

Fix any infinite cardinal x; given oy, ..., o, € K, and Oy, ..., O, € T(R), let
[, .o s 2 Oy ..., 0,] = {x € (k) : x(0;) € O; foreach i < n}. Itis clear thatf =
{lotgy ooy 0301, ..., 0,]:n €N, o; < xand O; € 7(R) for all i < n} is a base in
2(w).HU=[oy,...,0,;0;,...,0,]€UandB; C O;,B; € Bforalli < nthenV =
[oer, .o 0 By, ..., Bl C U,ie., the family V = {[oy, ..., 0,; By, ...,B,l:n €N,

o; < kand B; € Bforall i < n} is a n-base of X(x). A family C of subsets of a set X is
called point-countable if every x € X belongs to at most w-many elements of C.

Fact 1. Any subspace X of the space X(x) has a point-countable n-base.

Proof. Denote by u the element of X(x) for which u(x) = 0 for all o < . It suffices
to prove our Fact for the space X\ {u}. Indeed, the case when u ¢ X is clear; if u € X
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and u is an isolated point of X then for any point-countable n-base C in the space
X\{u}, the family {{u}} U C is a point-countable n-base in the space X. If u is not
isolated in X then any n-base for X\ {u} is also a n-base for X so again it suffices to
find a point-countable w-base for the space X\ {u}. To simplify the notation we will
assume, without loss of generality, that u ¢ X.

The family V is point-countable. To see this, consider the set S = x~ '(R\{0}). If

V=T[ot1,...,0; By, ...,B,] €Vanda;¢S for some i < nthen x(o;) = 0 ¢ B; which
implies x ¢ V. Thus, the family {V € V : x € V} is contained in the family V' =
{lotyy ...y 0By, ...,B,l:neN,a; € Sand B; € Bforall i < n} which is countable

because S and B are countable.

We claim that the family V|X={V N X:V€VandV N X # ()} is a n-base in X.
Since V is point-countable, this gives us a point-countable n-base in X. Take any
U e 7"(X) and x € U. Then x(a) # 0 for some o < k; there exist ordinals oy, ..., o, € K
and sets Oy, ...,0, € 7"(R) such thato; =ocandx € V= 1[0y, ..., %,; O, ..., 0,]
N X C U.If x(or;) # 0 then there is B; € B such that x(o;) € B; C O;; if x(¢;) = 0 then
0 € O,. This shows that we do not lose generality if we assume that there is a number
ke{l,...,n}suchthat O;=B; € Bforalli < kand x(o;;) =0 € O;fori=k+1,...,n.

CallasetK = {o;,...,0, } CK={oy1,...,,} marked if there exists a point
¥ € X such that y(e;;) € B; for all i < k and y(a;;) € O;; \{0} for every j < m. Since
the set K is finite, there exists a maximal marked set M = {«;,, ..., o;, } C K (which
is possibly empty). This means that there is y € X with y(«;) € B; for all i < k and
(o) € Oy \{0} for all j < m while for any z € X such that z(¢;) € B; forall i < k and
z(a;) € 0;; \{0} for all j < m, we have z(f) = 0 for every f € K\M.

Changing the enumeration of K if necessary, we can restrict ourselves to the case
when M = {oy 1, ..., a,} forsome m < n. Since 0 # y(o;) € O; for all i < m, we can
choose B; € B such that y(o;) € B; C O; foralli € {k+ 1,...,m}. Then W =
[e1s - vy O Biy oo, Byl N X € V|X because y € W and hence W # (J; besides, for
any z € W we have z(¢;) =0 € O; foralli € {m + 1, ..., n}. As a consequence,
any z € Wbelongsto V,i.e., W C V C U. This shows that, for any U € 7°(X) we have
W € V|X with W C U, therefore V|X is a n-base in X so Fact 1 is proved.

Fact 2. 1f f: X — Y is a closed and irreducible map then, for any n-base B of the
space Y, the family V = {f '(U) : U € B} is a n-base in X.

Proof. Take any W € 7°(X); the set F = X\W is closed and F # X. Since the map
fis irreducible, we have f(F) # Y, i.e., the set U’ = Y\f(F) is an open non-empty
subset of Y. Take any U € B with U C U'; it is straightforward that V = f~'(U) € V
and V C W. Hence V is a n-base in X and Fact 2 is proved.

Fact 3. The space fw\® does not have a point-countable n-base.

Proof. Observe first that no point x € fw\ w can be isolated in fw\ w. Indeed, if {x}
€ 17(Bw\ ) then there is an infinite A C w such that [A] =A N (fw\w) = {x} (Fact
2 of S.370). Take B, C C A such that B and C are infinite and B N C = (). Then [B]
N [C] = 0 (Fact 1 of S.371) and [B] # () # [C] (Fact 1 of S.370). Since the non-
empty disjoint sets [B] and [C] are contained in [A], it is impossible that [A] = {x},
which is a contradiction.



338 2 Solutions of Problems 001-500

Since the space fw\ w has no isolated points, for any U € T*(ﬁw\w) there exists
an infinite A C @ and U’ € B such that [A] U U’ C U and [A] # U # U'.

Let B be any 7-base in o* = fw\w. Take Uy € B arbitrarily. By Fact 2 of
S.370 and our previous observation there exists an infinite set A C w such that () #
[Al =A N w* C U, (the bar denotes the closure in fw and the inclusion is strict,
i.e., [A] # Uy). The set Vo = [A] C U, is a non-empty clopen subset of w* by
Fact 1 of S.370. Assume that o is a countable ordinal and we have families {Up : <
o} C Band {Vp: f < o} with the following properties:

(1) Vg is a non-empty clopen subset of o" for all § < a.
(2) Up C Vg C Ug (all inclusions are strict) for all f < ' < o

Since Vg is compact for each f§ < o, the set V!, = ﬂ{Vﬁ p< oc} 1S a non-empty
Gs-subset of w”. Therefore Int(V}) # 0 by Problem 370 and hence there exists
U, € Bwith U, C V! (the inclusion is strict). Apply Fact 2 of S.370 again to find A
C w such that ) # [A] C U, (this inclusion is also strict). Letting V, = [A],
we conclude our inductive construction obtaining families {Up : f < @} C B
and {Vy: B < w;} with the properties (1) and (2).

Since the set Vg is compact for each ordinal f < w, the property (1) implies
P =({Vs:p < o} # 0. An immediate consequence of (2) is the equality
P = {Us: p < w} # 0; since all inclusions in (2) are strict, any x € P belongs
to at least w, different elements of B whence B is not point-countable. Fact 3 is
proved.

Now it is easy to finish our solution. Assume that f : ®* — X is an irreducible
map onto some X C X(x) for some infinite ordinal x. The map fis closed because
™ is compact. The space X has a point-countable n-base B by Fact 1. The family

= {fﬁl(U) : U € B} is a n-base in »™ by Fact 2; it is evident that V) is also point-
countable. Therefore @™ has a point-countable -base which contradicts Fact 3 and
concludes our solution.

S.374. Prove that tightness of fw\ w is uncountable.

Solution. A family U of subsets of a space X is called point-countable if the set
{U €U :x € U} is countable for any x € X. If t(fw\ w) = w then the space fw\w
has a point-countable n-base (Problem 332). However this contradicts Fact 3 of
S.373.

S.375. Prove that, for any separable compact space X, the space C,(X) embeds into
Cy(Pw) as a closed subspace.

Solution. Take any countable dense D C X and any surjective map ¢’ : @ — D. The
map ¢’ is continuous because ® is discrete. Therefore there exists a continuous
map ¢ : f — X such that ¢ | = ¢’ (Problem 257). Since ¢ (fw) D ¢ (w) = ¢'(w)
= D, the compact set ¢ (fw) is dense in X and hence ¢ (fw) = X. Since ¢ is a closed
continuous onto map, the mapping " : C,,(X) — C,(fw) defined by ¢"(f) =fo ¢
for any f € C,(X), is a closed embedding (Problem 163) so C,(X) embeds in C,(fw)
as a closed subspace.
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S.376. Prove that C,(Pw) embeds into C,(fw\w) while C,(fw\w) does not embed
into Cy(Pw).

Solution. Let w* = fw\ w; if A C w then [A] =A N o™ (the bar denotes the closure
in fw).

Fact 1. (1) The space fw embeds in w*.
(2) The space " maps continuously onto Sw.

Proof. It is easy to find a sequence {A,, : n € w} of infinite disjoint subsets of o such
that o = |J{A, : n € w}. Choose any point x, € [A,] (this is possible by Fact 1 of
S.370); we claim that ¥ = {x, : n € w} is homeomorphic to fw. To see this,
take any disjoint sets P, Q C X = {x, : n € w}. The sets A = |J{A, : x, € P}
and B = (J{A, : x, € Q} are disjoint and hence PNQ C A NB = ) (Fact 1 of
S.371). This proves that PN Q = () for any disjoint P, Q C X. Of course, it is also
true if we consider the closures of P and Q in the space Y. Since Y is a compact
extension of X, we can apply Fact 2 of S.286 to conclude that there is a homeomor-
phism ¢ : fwo — Y. Since Y is a subset of w*, we settled (1).

For any m € w, let h(m) = x,, where n € o is the unique natural number for which
m € A,,. The map h : @ — X is continuous, so there is a continuous map g : fa» — Y
such that glw = f. Given any n € w, we have g(A,) = h(A,) = {x,} and therefore
g(A,) = {x,}; in particular, g(x) = x, for any x from a non-empty set [A,]. This
shows that X C g(w”™); since g(w™) is a compact set dense in Y, we have g(w™) =Y.
Consequently, f= ¢ ' o (glo™) : " — Pw is a continuous onto map so Fact 1 is
proved.

Now, by Fact 1 there exists a continuous onto map f : fw\w — fw; hence
f 1 Cp(Pw) — Cp(fw\w) embeds Cp(fw) in Cp(fw\ w) (Problem 163).

Since fw is separable, the space C,(fw) condenses onto a second countable
space M (Problem 173). If C,(Bw\w) embeds into C,(fw) then C,(fw\w)
condenses onto a subspace of M which shows that iw(C,(fw\®)) = w and hence
pw\w is separable (Problem 173). However, this contradicts Problem 371 and
concludes our solution.

S.377. Prove that C,(fw\w) does not condense onto a compact space.

Solution. Suppose that X is a compact space and ¢ : C,(fo\w) — X is
a condensation.

Fact 1. We have |C,(fw)| = ¢ and |C,(fw\w)| = c.

Proof. If Z is a non-empty space then |C,(Z)| = ¢; to see that |C,(fw)| < cc observe
that C,(fw) condenses onto a second countable space M because fiw is separable
(Problem 173). Any second countable space embeds in I and hence |M| < [I”] <
¢ = c. This shows that |C,(fw)| < [M| < ¢ and hence |C,(fw)| = ¢.

Since F = fw\w is a closed subspace of a compact (and hence normal) space
P (Fact 1 of S.370), the restriction map 7z : C,(fw) — C,(F) = C,(fw\ w) is onto
(Problem 152) and hence |C,(fw\w)| < |C,(fw)| = ¢ so Fact 1 is proved.
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Returning to our solution, observe that [X| = ¢ by Fact 1. If y(x, X) = ¢ for every
x € X then |X| = 2° > ¢ (Problem 330) which is a contradiction. Thus, there exists a
point x € X such that J(x, X) < ¢; choose a family B C 7(X) such that (B = {x}
and |B| < ¢. Take f € C,(fw\w) with ¢(f) = x and observe that the family B’ =
{¢ “NU): U € B} consists of open subsets of C,(fw\ w); it is immediate that {f} =
(B’ and |B'| < ¢. For any g € C,(fw\w) there exists a homeomorphism 7 of
the space C,(fw\w) onto itself such that 7(f) = g (Problem 079) and hence
Y (g.CoBo\w)) = Y(f, C(fw\w)) < ¢ for any g € Cp(fw\w), ie., Y(Cy(fw\w))
< ¢. However, this implies ¢ = ¢(fw\w) < d(fw\w) < ¢ (see Problems 371 and
173) which is a contradiction. Our solution is complete.

S.378. Prove that C,(Pw) condenses onto a g-compact space.

Solution. Observe that Cp(w, [—n, n]) = [—n, n]® for each n € N because w is
discrete. Thus, C,(w, [—n, n]) is compact for each n € N and therefore, the
space Cj(w) = U{C)(®,[-n, n]) : n € N} = {[-n, n]”: n € N} is o-compact.
The restriction map 7 : C,(fw) — C,(w) is injective because w is dense in fw
(Problem 152). Besides, the map 7 is onto due to the fact that every bounded map on
w is extendable to a continuous map defined on fw (Problem 257). As
a consequence C,(fw) condenses onto a g-compact space C;(a)).

8.379. Prove that neither C,(pw) nor C,(fw\ ) has a dense c-compact subspace.

Solution. Suppose that C,(fw\ w) has a dense g-compact subspace. Then there is
a compact set K C Cp(fw\ w) which separates the points of fw\w (see Fact 5 of
S.310). Define a map ex : fw\w — C,(K) by the formula ex(x)(f) = f(x) for any
x € fo\w and f € K. Then ek is injective (Fact 2 of S.351) and hence it embeds
po\w in C,(K). As a consequence, H(fw\w) < #(C,(K)) = @ (Problem 149)
which contradicts Problem 374. Thus C,(fw\w) has no dense ¢-compact
subspace.

Observe that fw\w is a closed subspace of S (Fact 1 of S.370) and hence the
restriction map 7 : C,(fw) — C,(Bw\w) is continuous and onto (Problem 152).
If P is a dense g-compact subspace of C,(fw) then m(P) is a dense g-compact
subspace of C,(fw\ ) which is a contradiction. This proves that C,(fw) does not
have a dense g-compact subspace either.

S.380. Prove that either of the spaces C,(fw) or C,(Bw\w) maps openly and
continuously onto another.

Solution. Observe that fw\w is a closed subspace of fw (Fact 1 of S.370) and
hence the restriction map 7 : C,(fw) — C,(fw\w) is open, continuous and onto
(Problem 152). Thus C,(fw\w) is an open continuous image of C,(fw).

On the other hand, the space ffco embeds in fw\w (Fact 1 of S.376) and hence
we can consider that S is a closed subspace of fw\ w. The relevant restriction map
is open, continuous and onto (Problem 152) so C,,(fw) is an open continuous image
of Cp(fo\w).
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S.381. Prove that neither of the spaces C,(fw) or C,(fw\w) is normal.

Solution. The space Cp,(w; + 1) is not normal (Problem 320); since w(w; + 1) = w;,
the space @w; + 1 can be considered to be a closed subspace of 1! (Problem 209).
The restriction map 7 : C,(I”') — C,(w; + 1) is onto because I*" is normal and
o1 + lisclosed in [ (Problem 152). This shows that we can apply Problem 291 to
convince ourselves that if C,(I*') is normal, then C,(w; + 1) is also normal which
is a contradiction. Thus, C,(I*!) is not normal.

Take any countable dense subspace D of I”! (Problem 108) and fix any surjec-
tion ¢ : w — D. The map ¢ is continuous because the space w is discrete so there
is a continuous map @ : fw — I with ®|w = . It is evident that ®(fw) = I*
and therefore the dual map ®* : C,(I”') — C,(fw) is an embedding such that Z =
O (C,(I”)) is closed in C,(fw) (Problem 163). If C,,(fw) is normal, then Z is also
normal and hence C,(I*') is normal being homeomorphic to Z. This contradiction
shows that C,,(fw) is not normal.

Observe finally that there exists a continuous onto map 4 : fw\w — fw (Fact 1
of S.376). The dual map A" embeds C,(fw) in C,(fw\w) as a closed subspace
(Problem 163) so if C,(fw\w) is normal, then so is C,(fw). This contradiction
shows that C,(fw\w) is not normal so our solution is complete.

S.382. Prove that, for any discrete space D, we have p(C,(fD)) = w.

Solution. If D is finite there is nothing to prove, so assume that D is an infinite
discrete space.

Fact1.IfA,BCDand A N B ={(then A N B = () (the bar denotes the closure in
the space D).

Proof. Letf: D — {0, 1} be defined by fid) = 1 if d € A and f(d) = 0 for all d € D\ A.
Then fis a continuous map and hence there is g € C(iD, {0, 1}) such that g|D = f
(Problem 257). The sets g~ '(0) and g_l(l) are closed in fD; it is immediate that
Ac g '(1)and B C g '(0) whence A N B C g '(0) N g '(1) = 0 so Fact 1 is
proved.

Fact 2. Let E be a countable discrete subspace of fD. Suppose that A, B C E and
ANB=0.ThenA N B =1.

Proof. If E is finite then we have nothing to prove so assume that E is infinite and
take some faithful enumeration {x, : n € w} of the set E. There exists a disjoint
family {U,,: n € o} C 7(iD) such that x,, € U,, for each n € @ (Fact 1 of S.369). Let
V, = U, N D; since D is dense in D, we have V, = U, for each n € w.
Let A = J{V,:x, €A} and B = U{V, : x, € B}. Observe that x, € V,, for
each n € w; this implies A C A’ and B C B’. Since A, B C Dand A’ N B’ = (), we
can apply Fact 1 to conclude that AN B C A’ N B’ = () so Fact 2 is proved.

Fact 3. Let A and B be countable discrete disjoint subsets of fD. If A is infinite then
there is an infinite A’ C A such that A’ N B = ().
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Proof. Take any faithful enumeration {a, : n € ®} of the set A. The space K = A is a
compact extension of A such that, for any disjoint P, Q C A, we have PN Q = () by
Fact 2. Therefore there exists a homeomorphism ¢ : fco — K such that p(n) = a,, for
each n € o (see Fact 2 of S.286). If P C K then clg(P) = P so it suffices to find an
infinite A’ C A such that A’ "B’ = () where B =B N K =B N (K\A). This shows
that we can identify K with i considering that A = w and B’ C fw\ . Since B’ is
countable, the set C = (Bw\w)\B' is a Gs-set in fw\ w; besides, C is non-empty
because ffw\ w is uncountable (Problem 368). Therefore C has non-empty interior
in fw\w (Problem 370) and hence there is a non-empty U € 7(fw\®) such that
U N B' = (. The family {W N (Bw\w) : W is an infinite subset of w} is a base in
po\w by Fact 2 of S.370 so there exists an infinite A’ C @ such that
AN (Bw\w) C U which implies A’ N B’ = (). Fact 3 is proved.

Fact 4. Let A be an infinite subspace of a space X. Then there is an infinite B C A
such that the subspace B is discrete.

Proof. If the set I of isolated points of A is infinite then we can take B = I.
If I is finite then A’ = A\I has no isolated points and hence any U € 7°(A’) is
infinite. Take any distinct by, b, € A’ arbitrarily and use regularity of A’ to find a set
Uy € 7(bo, A’) such that b & U (the bar denotes the closure in A’). Then Uy # A’;
suppose that we have b, ...,b, € A and Uy, ..., U, € 7(A") such that b; € U, for all
i < n,the family {U,: i < n} isdisjointand V=A"\ (|, < , U;) # 0. Take any b, , |
€ Vand find U, | € 7(b,; 1, A") such that U, ; N (|J; < , U;) = 0 — this is possible
by regularity of the space A’. It is evident that this inductive construction can be
carried out for all n € N and hence we obtain a disjoint family {U,,: n € w} of open
subsets of A’ and aset B = {b,,:n € w} C A with b, € U,, for all n € w. The set B is
infinite because, for any distinct n, m € N, the points b,, and b,, lie in disjoint sets U,
and U,,, whence b,, # b,,,. Besides, B is discrete because U, N B = {b,} foralln € N
and hence each set {b,} is open in B. Fact 4 is proved.

Fact5.Givenany n € N,let A, = {x = (xq, ..., x,) € (D)" : there exist i,j < n such
that i # j and x; = x;}. Then the space D, = (fD)"\ 4,, is countably compact for all
n e N.

Proof. Observe that A; = () and hence the space D; = D is even compact. Now fix
any natural » > 1 and assume that £ C D, is a countably infinite closed discrete
subspace of D,.. Let p; : (fD)" — D be the natural projection onto the ith factor for
all i < n. Any infinite subset of E is closed and discrete in D,, so to obtain the desired
contradiction, we are going to consider smaller infinite subsets of E to reduce our
situation to simpler ones.

For Ey = E consider the set p(Ey) C fD. If p{(Ey) is infinite then use Fact 4
to find an infinite discrete E' C p,(Eo). Taking a point x(e) € p;!(e) N E, for each
e € E' we obtain an infinite set E; = {x(e¢) : ¢ € E'} C E such that p,(E) is an
infinite discrete subspace of D and p,|E; is an injection. If p,(Ey) is finite then
there is e € p1(Ep) such that the set £} = Pfl (e) N Ey is infinite. It is evident that in
this case p(E) is a singleton (=consists of one point). Suppose that i < n and we



2 Solutions of Problems 001-500 343

have infinite subsets £y D- - -D E; of the set E such that, for each j < i, the set p,(E))
is either a singleton or p,(E)) is infinite, discrete and p;|E; is an injection.

Consider the set p;,1(E;) C BD. If p;,{(E;) is infinite then use Fact 4 to find an
infinite discrete £’ C p; 1(E;). Taking a point x(e) € p;.; (¢) NE; for each e € E' we
obtain an infinite set £;,; = {x(e) : e € E'} C E; such that p;, {(E;,) is an infinite
discrete subspace of D and p;,|E;, is an injection. If p;, ((E,) is finite then there
is e € p;1(E;) such that the set E;y| = p,-;ll (e) NE; is infinite. It is evident that in
this case p;, (E;y1) is a singleton. This inductive procedure can be carried out n
times to obtain an infinite set £,, C E such that, for every j < n, the set p;(E,,) is either
a singleton or p;(E,) is infinite, discrete and pj|E,, is an injection. Without loss of
generality we consider that E = E,,.

Our next step is to prove that

(*) For any infinite £’ C E and any distinct /, j < n there exists an infinite E” C F’
such that p;(E") N p;(E") = 0.

Assume first that p,(E') and p,(E") are singletons. If p(E') = {e} = p/(E') then for
any d € E' we have p;(d) = e = p/(d). However, d € D,, 50 pi(d) # p(d) by definition
of D,. This contradiction shows that p(E’) and p,(E’) are distinct singletons and
hence p;(E") N p;(E') = 0 so we can take E” = E'.

Now, assume that p,(E') = {e} is a singleton and p,(E’) is infinite and hence
discrete. Choose infinite disjoint sets A, B C E'. The sets p;(A) and p/(B) are disjoint
and p/(A) U p; (B) is a discrete subset of D; hence p;(A) N p;(B) = 0 by Fact2. Asa
consequence, the closure of one of the sets p(A) and pi(B), say, pj(A), does not
contain e in its closure. It is evident that we can take E” = A because in this case

Pi(E") N pyET) = {e} N py(A) = 0.

The case when the set p/(E’) is a singleton and p,(E’) is infinite is considered
analogously, so assume that both sets p(E’) and p,E') are infinite and hence
discrete. Let Ay = () and assume that, for some number n € w, we have a set A,
C E' such that |A,| = nand pi(A,) N pi(A,) = 0. Since the maps ¢; = p;|E’ and g; =
pj-|E’ are injective, and the set B = p;(A,) U pj(A,,) is finite, we can choose a point a €
E\(¢;'(B) qu’l (B)). Then the set A, = A, U {a} has exactly n+1 elements and
we have

pi(AnH) ﬂpj(A,,H) = (pi(Aﬂ) mpj(An)) U (Pi(An) N {pf(a)})
U (pi(An) N {pi(@)}) U ({pi(@)} N {pi(@)}) = 0.

Thus our inductive procedure can be continued giving us, for all » € w, a
set A, C E' such that |A,| = n and p(A,) N p{A,) = 0. It is easy to see that
A = Unew A, is an infinite subset of E' and p(A) N piA) = (. Since p;(A)
and p/(A) are infinite countable disjoint and discrete subsets of D, Fact 3 can
be applied to obtain an infinite A’ C A such that p;(A’) Np;(A) = () and hence

pi(A’) Np;(A’) = 0. Applying Fact 3 again, we can find an infinite E” C A’ such
that p;(E")Npi(A’) =0 and hence p;(E")Np;(E") =0. Of course, we also

have p;(E") Np;(E") C pi(A") Np;j(A") = (. It is an easy exercise to see that the
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set p(E") U p/(E") is discrete so Fact 2 can be applied to conclude that

pi(E") N p;j(E") = 0 which shows that (x) is finally proved.
Now, let { (i1, /1), - - . ,(ix, jx)} be some enumeration of all pairs (i, j) where i, j

< nandi#j. Here k = @ but we do not need this; it suffices to know that k is

finite. Applying k times the property (), we obtain infinite subsets £; D - - - D Ex of
the set E such that p; (E,) Np;,(En) =0 for all m < k. It is clear that Ex is an

infinite subset of E such that p;(Ex) N p;(Ex) = () for all distinct 7, j < n. Therefore,
Ex is an infinite closed and discrete subset of D, for which

E,CK= H{p,—(Ek) tk< n} It is immediate that K is compact and K C D,, so

we found an infinite closed and discrete subset in a compact space K which is a
contradiction concluding the proof of Fact 5.

Returning to our solution, recall that, given x1, . . . , x,, € D and rational intervals
O1,...,0,theset[xy,...,x,;01,...,0,] ={f€CyBD): fix;) € U;foralli < n}is
called a standard open set of the space C,,(pD). All possible standard open sets form
a base O in the space C,(D) (Problem 056).

Suppose that there is a point-finite family & = {U, : « < w,} C 7°(C,(pD)).
Since every non-empty open set contains an element of O, we can choose V, € O
with V,, # () and V,, C U, for each o < ;. It is clear that the family {V, : & < w;} is
also point-finite and uncountable so, to obtain the desired contradiction, we can
assume, without loss of generality, that U, =V, for all & < w;.

Thus, we are assuming that all elements of I/ are standard, i.e., for each o < wy,

we have U, = {xf,...,xﬁz;0?7...,0%} where {x7 : i<n,} C D, x # x? for

ny
all i, j < n, with i # j and O? is a rational interval for each i < n,. Observe that if we
have a family {W? : i <n,} of rational intervals with W* C O for each i < n,,

o o . o o o o . o o 1
then {xl,... X wl,...,wny} - {xl,...,xnz,01,...,0,11}. It is easy to show

s Ny

that there exists a disjoint family {Wf‘ S na} of rational intervals such that

W C O7 for all i < n,. That the set {x‘f, cen X s W vaf,] is non-empty, is
an easy consequence of Problem 034.

This argument shows that, for each o < w;, we can assume that {O? : i <n,} is
a disjoint family of non-empty rational intervals of R. There is an uncountable U’ C
U such that, for some n € N and an n-tuple (Oy, ..., O,) of disjoint rational
intervals, we have n, = n and Of = O; for all o < w, such that U, € U'. If
X = (x4, x%) forallo € B={f <w;:Ug €U} thenE = {x,:a € B} is an
uncountable subset of D,, (see Fact 5 for the definition of D,,).

Foreach x = (xy, ..., x,) € D, there exists f € C(fiD) such that f(x;) € O; for each
i < n (Problem 034). The set O =70 - xf10,) is an open neighbour-
hood of the point x and, if x, € Oy then f (xf‘) € O; for all i < n which shows that
f € U,. Since U’ is point-finite, the function f belong to at most finitely many
elements of U’ so there are only finitely many « € B such that x, € Oy Conse-
quently, each point x € D,, has a neighbourhood which contains only finitely many
elements of £ which shows that E is a closed discrete subset of D,,. Since the set E is
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uncountable (and hence infinite), the space D,, cannot be countably compact; this
contradicts Fact 5 and finishes our solution.

S.383. Prove that, for any compact space X and any continuous surjective mapping
f:X — Po, there exists F C X such that f(F) = fw and f|F is a homeomorphism.

Solution. The map f is perfect so we can apply Problem 366 to find a closed F C X
such that f(F) = fw and the map f|F is irreducible. Since every condensation of
a compact space is a homeomorphism, it suffices to prove that the mapping g = f|F :
F — P is injective.

Fact 1. Suppose that /i : Y — Z is a closed irreducible map. Given any W € 7(Y), let
W*(W) = Z\ h(Y\W). Then the set W), = h~'(h*(W)) is dense in W and hence h*(W) is
dense in A(W).

Proof. For an arbitrary O € 7°(Y), we have Y\O # Y and therefore /(Y\O) # Z
because the map 4 is irreducible. Thus h#(O) # () and hence () # hil(h#(O)) C O for
any O € 7°(Y). Now, if W, is not dense in W then O = W\W,, € 7%(Y) and hence
0,, C O is a non-empty open subset of W with O N W, = (). However, O C W
implies O;, C Wy, this contradiction shows that O = (), i.e., W}, is dense in W. Since
the map /4 is continuous, the set h/(W,,) = K*(W) is dense in A(W) so Fact 1 is proved.

Fact 2. The set U is open in fw for any U € 7(fw). As a consequence, for any
UVeT(fw)suchthat U N V=0, wehave U N V = ().

Proof. If U = () then there is nothing to prove. If U # () then U = U N w because o
is dense in fw. Now apply Fact 1 of S.370 to conclude that U N @ and hence U is
open in . Observe that if a set P does not intersect an open set W then P N W = ()
as well. Therefore, U N V = () implies U N V = (); since U is open, by the same
remark, we have U N V = () so Fact 2 is proved.

Returning to our solution, suppose that x, y € F, x # y and g(x) = g(y). Fix
Ox € 7(x, F), Oy € 7(y, F) such that OxN Oy = (). Apply Fact 1 to convince
ourselves that the set g#(Ox) is dense in g(Ox) and g#(Oy) is dense in g(Oy). Since z
= g(x) = g(y) € g(Ox) N g(Oy), we have z € g#(0x) N g#(Oy). However, U =
¢"(Ox) and V = g*(Oy) are disjoint open subsets of fw; therefore U N V = () by
Fact 2. This contradiction shows that g is a homeomorphism so our solution is
complete.

S.384. Let T be the two arrows space. Prove that T is a perfectly normal hereditarily
separable compact space and ext(C,(T)) = ¢. Deduce from this fact that C,(T) is
not normal.

Solution. We have T =T, U Ty, where T = (0, 1] x {0} and T; = [0,1) x {1}.If
we consider T as a subspace of T then, for any z = (¢, 0) € T, the family {(a, ] X
{0} : 0 < a <t} is abase at the point z. An easy consequence is that the map i : Ty —
[—1, 0) defined by i(¢, 0) = —t¢, is a homeomorphism if [—1, 0) is considered to be a
subspace of the Sorgenfrey line S (see Problem 165).
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Analogously, if we consider T as a subspace of T then, for any z = (¢, 1) € T},
the family {[z, @) x {1} : # < a < 1} is a base at the point z, so it is immediate that
the map i : Ty — [0, 1) defined by i(z, 1) = ¢, is a homeomorphism if [0, 1) is
considered to be a subspace of the Sorgenfrey line S (see Problem 165).

Since the space T is introduced from scratch, we must check the Tychonoff
property of T. It suffices to prove that T is Hausdorff and compact (see
Problem 124). The map n : T — [0, 1] defined by =n(¢, i) = ¢, is continuous if
[0, 1] is considered with the topology induced from R. Take any distinct z, z; € T.
If n(zg) # n(z;) then there are sets U; € 7(n(z,), [0, 1]), i = 0, 1 such that Uy N
U,=1(.ThenVy= nfl(UO) and V| = nfl(Ul) are open in T and separate the points
zp and z;. Now, if zo = (¢, 0) and z; = (¢, 1) for some ¢ € (0, 1) then consider the
sets Up = ((0, 1] x {0 U0, 0) x {1phand U; = ([, 1) x {IDH U 1) x {0}). It
is immediate that U; € 7(z;, T) and Uy N U; = () so the Hausdorff property of T
is verified.

We already saw that T; is homeomorphic to a subspace of § for each i = 0, 1.
Givenany Y C T,wehave Y =YoU Y, where Y;, =Y N T;fori € {0, 1}. Since S is
hereditarily separable and hereditarily Lindelof, so is T; and hence Y; is separable
and Lindelof for each i = 0, 1. A union of two separable and Lindelof spaces is
separable and Lindelof so Y is separable and Lindelof for any ¥ C T. This shows that
T is hereditarily separable and hereditarily Lindelof. Since we only know so far, that
T is Hausdorff, it is necessary to observe that all properties mentioned in this
paragraph hold for Hausdorff spaces.

We next prove that the map = is closed. Take any point ¢ € (0, 1) and any set W €
(N, T); if z; = (1, i) fori € {0, 1} then 7~ 1(¢) = {zo,z1}. Since zo € W, there is a
€ (0, t) such that Uy = ((a, f] x {0}) U ((a, ©) x {1}) C W. Analogously, z; ¢ W
implies that there is b € (¢, 1) such that Uy = ([t, b) x {1}) U ((z, b) x {0}) C W. The
set V = (a, b) is open in [0, 1]; besides, r € V and nfl(V) C W. Therefore, for every
t € (0, 1) and every We 7(n~ (1), T) there is V € 7(z, [0, 1]) such that 7~ (V) C W.
The proof of the same property at the points r = 0 and # = 1 is easier so we omit it.
Now apply Fact 2 of S.271 (which is true for Hausdorff spaces) to conclude that the
map 7 is closed. The set 7~ '(z) consists of at most two points for each z € T so
7~ '(z) is compact for all z € T. Thus the map 7 is perfect; since [0, 1] is a compact
space, we can apply Fact 2 of S.259 (which is also true for Hausdorff spaces) to see
that T is compact and hence normal.

To see that T is perfectly normal, it suffices to establish that every closed set in
T is a Gs-set. This is equivalent to saying that every open set of T is an F';-set. So let
U € 7°(T). Since we already have regularity of the space T, for any z € U we can
take U, € 7(z, T) such that U, C U. Since every subspace of T is Lindelof, we have
a countable A C U such that U = |J{U.:z€ A} = J{U.:z € A} so U is an
F ;-subset of T which shows that we proved perfect normality of the space T.

Foranyr € (0, 1), letz; = (¢, 1), i € {0, 1}. Define a function f; € C(T) as follows:
fz)=1i,i€{0,1}; Az) =0if n(z) < tand f(z) = 1 if n(z) > t. It is clear that the set
F ={f,:t€(0, 1)} has cardinality c. We must check that ¥ C C(T) and F is closed
and discrete in C,(T). Each function f; is continuous because both £, (0) and f;~* (1)
are open sets; hence F C C(T).



2 Solutions of Problems 001-500 347

Now, assume that f'€ C,(T) is an accumulation point of the set F. If f(z) ¢ {0, 1}
for some z € T then U = {g € C,(T) : g(2) ¢ {0, 1}} is an open neighbourhood of
fwithU N F= (. Thus AT) C {0, 1}; assume that f{z) =0 forsomez € T.If 7/ € T
and 7(z') < n(z) then f{z') = 0 because otherwise f{z') = 1 and the set V = {g € C,(T) :
g(z) < 1/2 and g(z') > 1/2} is an open neighbourhood of f which does not meet F.
Analogously, if f(z) = 1 then f(z’) = 1 for any Z/ € T with n(z') > n(z). Note that
f/0, 1) =0and f(1, 0) = 1 for all f; € F whence f(0, 1) = 0 and f(1, 0) = 1. There
exists a € [0,1] such that f(z) = 1 forall z € T with n(z) > aand f(z) =0 forallz€ T
such that n(z) < a. If a = 0, then f(z) = 1 for all Z € T\{(0, 1)} which contradicts
continuity of f at the point yo = (0, 1). If @ = 1 then f(z) = 0 for all z € T\{(1, 0)}
which contradicts continuity of f at the point y; = (1, 0).

Thus, 0 < a < 1;if z; = (a, i) fori = 0, 1 then f(z;) = i. Indeed, z, is in the closure
of the set A = (0, a) x {0} on which the function fis equal to zero and z; belongs
to the closure of the set B = (a, 1) x {1} on which fis identically 1. Thus the set
W =1{g € C)D) : g(z0) < 1/2 and g(z;) > 1/2} is an open neighbourhood of
fsuch that W N F = {f,} which demonstrates again that f is not an accumulation
point for F. This contradiction shows that F is closed and discrete in C,(T).
Therefore, ext(C,(T)) > ¢; since w(C,(T)) = |T| = ¢, we have ext(C,(T)) < w
(Cp() = ¢ so ext(Cp(T)) = c.

Finally, observe that C,,(T) is not normal because normality of C,,(T) implies ext
(C(T)) = w (Problem 295) which is a contradiction with ext(C,(T)) = «¢.

S.385. Let T be the two arrows space. Show that p(C,(T)) = ¢.

Solution. We have T = Ty U Ty, where T = (0, 1] x {0} and T; = [0, 1) x {1}.
Forany ¢t € (0, 1) let zo(t) = (¢, 0) € Tp and z,(¢¥) = (¢, 1) € T.

Fact 1. Given an arbitrary function f € C(T) and any positive number ¢, the set

A(f,e) = {r € (0, 1) : [fiz1()) — fzo(D))| = ¢} is finite.

Proof. Suppose that S = {t; : i € w} C (0, 1) is a faithfully indexed set such that
|f(z1(t)) — flzo(t,)| = ¢ for all i € ¢. Passing to a smaller infinite subset if necessary,
we can assume that S is a monotonous sequence which converges to a point ¢ €
[0, 1]. We have two cases.

(1) The sequence S is increasing. Then, for every set W € 7(zy(¢), T), there exists
k € w such that {zy(t;), z;(¢;,)} C W for all i = k. The function f being continuous
at the point z = zy(t), there is W € 7(zo(¢), T) such that f(W) C (f(z0()) — 5,
f(z0(t)) +%). Take an arbitrary i € @ such that {zo(,), z,(t;)} C W; then
[F(z0(t) ~F(2)] <5 and [£(z1(s)) — £(2)] <5 whence | £(z1 (1)) — £ (z0) (8)|<
|[f(z1(t:) —f(2)] + | f(z0(ti)) — f(2)| <5+ 5 <e, which is a contradiction.

(2) The sequence S is decreasing. Then, for every set W € 7(z1(¢), T), there exists
k € w such that {zy(t;), z;(¢;,)} C W for all i = k. The function f being continuous
at the point z = z,(¢), there is W € 7(z,(#), T) such that f(W) C (f(z:(z)) — 4,
f(z1(1)) +-5). Take an arbitrary i € @ such that {z(;), zi(t)} C W; then
|f (z0(t:)) = f(2)| <5 and |f(z1(5:)) — f(2)| <5 whence |f(z1(4:)) — f(z0) (8:)| <
|[f(z1(t:) = f(2)] + [f(20(t:)) —f(z)] <§+5<e, which is a contradiction.
Fact 1 is proved.
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IfzeT,lete(z)(f) =f(z) forallf € C,(T). Then e(z) : C,(T) — R is a continuous
function (Problem 166). Given any ¢ € (0, 1), let p,(f) = f(z1(t)) — f(zo(f)) for any
function f € C,(T). Then ¢, : C,(T) — R is continuous because ¢, = e(z,(t)) —
e(zo(1)), i.e., p, is a difference of two continuous functions. Denote by ¢ the function
which is identically zero on C,(T).

Claim. The subspace K = {¢, : t € (0, 1)} U {¢} of the space C,(C,(T)) is
homeomorphic to A(cc).

Proof. 1t is evident that |[K| = ¢, so it is sufficient to show that K\ U is finite for
any U € 1(p, C,(Cp(T))). There exist functions fi, ..., f, € C,(T) and & > 0 such
that V= {d € C,(C,(T)) : [0(f})| < eforalli < n} C U. The set A = |J{A(f;, ¢) :
i < n} is finite by Fact 1. For any i < n, if ¢ A then t ¢ A(f;, ) and hence |o(f})| < &
by definition of A(f;, ¢). This shows that o, € VC Uifr¢ A, i.e., the set K\U C A is
finite so our claim is proved.

Returning to our solution, observe that it is a straightforward consequence of
our claim that p(C,(T)) = a(C,(C,(T))) = ¢ (Problem 178). On the other hand,
P(CH(D)) < nw(C(T)) = nw(T) < |T| = ec whence p(C,(T)) = ¢ and our solution is
complete.

S.386. Consider the two arrows space T and let S be the Sorgenfrey line. Prove that
C,(T) embeds into C,(S) while C,(S) does not embed into C,(T).

Solution. We have T = Ty U Ty, where To = (0, 1] x {0} and T; = [0, 1) x {1}.If
we consider T as a subspace of the space T then, for any point z = (¢, 0) € T, the
family {(a, f] x {0} : 0 < a <t} is a base at the point z. An easy consequence is that
the map i : Tp — [—1, 0) defined by i(¢, 0) = —¢, is a homeomorphism if [—1, 0) is
considered to be a subspace of the Sorgenfrey line S (see Problem 165). Thus the
map i~ ':[—1,0) — T, is also a homeomorphism and hence i~ ' is a continuous map
from [—1, 0) to the space T (Problem 023).

Analogously, if we consider T as a subspace of T then, for any z = (¢, 1) € T},
the family {[#,a) x {1} :¢# < a < 1} isabase at the point z so it is immediate that the
mapj: T, — [0, 1) defined by j(¢, 1) = ¢, is a homeomorphism if [0, 1) is considered
to be a subspace of the Sorgenfrey line S (see Problem 165). Therefore, the map ;'
: [0, 1) — T is also continuous (here we applied Problem 023 again).

Fact 1. Two arrows space is a continuous image of the Sorgenfrey line.

Proof. All subsets of R in this proof carry the topology induced from the Sorgenfrey
line S. Let (x) = i~ '(x) for all x € [—1, 0) and @(x) = '(x) if x € [0, 1). It is easy
to see that ¢ : [—1, 1) — T is a continuous onto map. The set [—1, 1) is clopen in
the Sorgenfrey line S so the map 7 : S — [—1, 1) defined by n(x) =xifx € [—-1, 1)
and n(x) = O for all x € S\[—1, 1), is continuous. It is clear that ¢ o ® maps
S continuously onto T so Fact 1 is proved.

Returning to our solution, fix a continuous onto map p : § — T. The map p* :
C(T) — C,(S) defined by p*(f) =f o p for all f € C,(T), is an embedding (Problem
163) so C,(T) embeds in C,(S).
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To see that C,,(S) does not embed in C,,(T) observe that #(C,(T)) < w because T is
compact (Problem 149). If C,(S) is homeomorphic to a subspace of C,(T) then
HCK(S)) < HC,(T)) = w (Problem 159) and hence #C,(S)) = w. Applying
Problem 149 again we convince ourselves that /(S x §) < o which is a contradic-
tion with Problem 165. Therefore C,,(S) does not embed in C,,(T) so our solution is
complete.

S.387. Let My be the one-point compactification of the Mrowka space M. Prove that
My is a sequential compact space which is not a Frechet-Urysohn space.

Solution. Let us first prove the following simple fact that might be needed for
further references.

Fact 1. The one-point compactification of any locally compact space is a compact
Hausdorff (and hence Tychonoff) space.

Proof. Let X be a locally compact space; then a(X) = X U {a} where a ¢ X. It is clear
that any distinct x, y € X can be separated by open sets in X and hence in a(X). Take
any x € X; since X is locally compact, there is U € 7(x, X) such that K = cly(U) is
compact. Therefore V = {a}U (X\K) € 7(a, (X)), U € 7(x, (X)) and U N V=0 so
o(X) is a Hausdorff space.

To see that o(X) is compact, take any open cover U/ of the space «(X). Pick any
U € U with a € U; then K = X\ U is compact and hence there is a finite 4’ C U such
that K C|JU'. As a consequence, the family ¢’ U {U} is a finite subcover of o(X)
and hence «(X) is compact. Now apply Problem 124 to conclude that «(X) is a
normal and hence Tychonoff space. Fact 1 is proved.

The Mrowka space M is locally compact by Problem 142 so the Alexandroff
compactification of M makes sense. It follows from Fact 1 that M, is a compact
space. We have My = M U o U {a} where a ¢ M = M U o and the space M is
Fréchet—Urysohn (Problem 142). Take any non-closed A C M, and choose any x €
A\A. Since all points of w are isolated, we must have x € M or x = a. If x € M then
x is in the closure of A\{a} in the space M. Since M is Fréchet—Urysohn, there is a
sequence {A,:n € w} C Awith A, — x ¢ A.

Next, observe that M \ U is finite for any U € 1(a, M) because M \ U is closed
and discrete in a compact space My\U (see Problem 142). As a consequence, any
faithfully indexed sequence {x, : n € w} C M converges to a.

Now assume that x = a; if A N M is infinite, then, by the previous remark, any
faithfully indexed sequence {x, : n € o} C A N M converges to a € My\ A.
Therefore, the set A’ = A N wis infinite, a € A’ and A” = A N M is finite. It is easy
to see that there is W € 7(A”, M) such that K = cly(W) is compact. The set V =
My\K is an open neighbourhood of a in the space M, and hence a € V N A’. This
shows that B =V N A’ is an infinite set with A” N cly(B) = ). Since only the
points from A” can be accumulation points of B, we conclude that the infinite set
B has no accumulation points in the space M which implies that the family {{y} :
y € B} C 7(M) is discrete which is a contradiction with pseudocompactness of M
(see Problem 142). We proved that in all possible cases there exists a sequence
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{x, : n € o} C A which converges to some point outside of A. Hence M, is
a sequential space.

To see that the space M, is not Fréchet-Urysohn, let A = w and observe that
acA.If{A,:n € w} CAis asequence with a, — a then the family {{A,} : n € v}
is infinite, discrete in M and consists of non-empty open subsets of M which is a
contradiction with pseudocompactness of M (Problem 142). Thus M, is not a
Fréchet—Urysohn space so our solution is complete.

S.388. Let M be the one-point compactification of the Mrowka space M. Prove that
My\ow is homeomorphic to the Alexandroff compactification of a discrete space.

Solution. We have My = M U w U {a}, where a ¢ M = M U ® and M is the
Mrowka space (Problem 142). Observe first that the space M’ = M\ w is closed in
M, and hence compact because M is compact (Problem 387).

If D is a discrete space then D is homeomorphic to the cardinal x = |D| taken
with the discrete topology. It is immediate that «(D) is homeomorphic to A(x) so it
suffices to prove that M’ = M U {a} is homeomorphic to A(|M]). It is easy to see
that it is sufficient to show that, for any U € 7(a, M"), the set M'\ U is finite.

To do this, take any V € 7(M) for which V. N M’ = U; then V € 7(a, M) and
hence the set M\V is a compact subspace of M. The set M is closed and discrete
in M (Problem 142) and hence M N (M \V) is closed and discrete in M\ V. But the
set M\ V is compact so M'\U = M N (M\V) is finite, so our solution is complete.

S.389. Let My be the one-point compactification of the Mrowka space M. Prove
that, for every second countable space Z and any continuous f : Mo — Z, the set
f(My) is countable.

Solution. We have Mo = M U ® U {a} where a ¢ M = M U o and M is the
Mrowka space (Problem 142).

Fact 1. Let k be any infinite cardinal. Then, for any second countable space X and
any continuous map g : A(x) — X, the set g(A(x)) is countable.

Proof. Let g(b) = r and fix a countable local base {O,, : n € N} at the point r in
the space X (here b is the unique non-isolated point of A(k)). For each n € N there is
a finite set A,, C x such that g(A(x)\A,) C O,. The set A = (J{A, : n € N} is
countable; if x € A(x) \ A then x € A(x) \ A,, and hence g(x) € O, for all n € N.
This shows that g(x) € ({0, : n € N} = {r} for any x € A(x)\A and hence the set
g(A(x)) = {r} U g(A) is countable so Fact 1 is proved.

Returning to our solution, observe that My\w is homeomorphic to A(x) for
K = |Mo| (388); hence we can apply Fact 1 to conclude that fiMy\w) is a countable
subset of Z. Since w is countable, the set fiMy) = fiMo\w) U flw) is also countable
so our solution is complete.

S.390. Let My be the one-point compactification of the Mrowka space M. Prove that
Cp(My) is not Lindelof.
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Solution. Given a set Z, a finite K C Z, a function f € RZand ¢ > 0, we let WAL, K, &)
= {g € R”:|g(x) — f(x)| < eforall x € K}. It is clear that the family {W,(f, K, ¢) : K
is a finite subset of Z and & > 0} is a local base at f in R”.

Now, if X is a space and we are given a finite K C Z, a function f € C,(X) and
& > 0, then we let Ox(f, K, ¢) = {g € C,(X) : |g(x) — fix)| < eforall x € K}. It is
clear that the family {Ox(f, K, ¢) : K is a finite subset of X and ¢ > 0} is a local base
at fin Cp(X).

We have My = M U w U {a} where a¢ M = M U w and M is the Mrowka space
(Problem 142). We will write D to denote the discrete space {0, 1}. Call a space
X zero-dimensional if it has a base of clopen sets. The expression X ~ Y says that
the spaces X and Y are homeomorphic. If X is a set (or a space) and A C X then let
ya(x) = 1 for all x € A and ya(x) = 0 if x ¢ A. The function y, is called the
characteristic function of the set A in the set\space X.

Fact 1. If a space X is zero-dimensional then C,(X, D) is dense in D¥.

Proof. Take any f € DX and any finite K = {xq, ..., x,,} C X; since X has a base of
clopen sets, there exist disjoint clopen sets Uy, . .., U, such that x; € U; for all i < n.
LetU, .1 =X\Ui<. Ui then {Uy, ..., U,, U,,1} is a clopen partition of the space
X. Givenany i < n, let g(x) = f(x;) forall x € U;; if U, # 0, then take any y € U, ,
and let g(x) = f(y) for all x € U, . It is evident that g : X — D and g|K = f|K.
The function g is continuous because we must only check that gil(O) and gil(l)
are open in X and this is indeed true because each U, is open in X and therefore
¢ '0)= UU;:fix) =0} and g '(1) = J{U; : fix;) = 1} are also open in X.

As a consequence, for any finite K C X and any ¢ > 0, we have found a function
g € Cp(X, D) such that f|K = g|K and hence |f(x) — g(x)| = 0 < & for all x € K.
This shows that ¢ € Wx(f, K, ¢) and hence fis in the closure of C,(X, D). The
function f € ¥ has been taken arbitrarily so Fact 1 is proved.

Fact 2. The space My is zero-dimensional.

Proof. It is evident that a space is zero-dimensional if and only if it has a local
base of clopen sets at every of its points. If x € o then {{x}} is a base at x which
consists of clopen subsets. If x € M then x\ A is a clopen set in M|, for any finite A C
M\ {x} so x also has a local base of clopen sets (recall that any x € M can also be
considered to be the respective subset of w). Finally, let x = a; for any U € 7(a, M)
the set P = My\U is a compact subset of M. For each y € P take U, € 7(X, M) such
that cly(Uy) is compact (see Problem 142). We proved that there exists a clopen V,
such that y € V,, C U,.. The set V, is closed in a compact set U, so V/, is also compact.
By compactness of P, we can choose yy, ..., ys € PsuchthatPC V=V, U...V,.
The set V is compact and open in M; hence W = M\ V is a clopen neighbourhood of
a such that W C U. As a consequence, the point x = a also has a local base which
consists of clopen subsets of M so Fact 2 is proved.

Fact 3. The space C,(My, ) is not countably compact. An easy consequence is that
the space C,(Mo, D) x »” embeds in C,(M,) as a closed subspace.
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Proof. Since w is dense in My, the space M, is separable; hence C,(M) condenses
onto a second countable space (Problem 173). If C,,(M,, D) is countably compact
then, being a subspace of C,(My), it also condenses onto a second countable
space Y. Therefore C,(My, D) is homeomorphic to ¥ (Problem 140). Any second
countable countably compact space is compact so both Y and C,(M, D) are com-
pact. Facts 1 and 2 imply that C,(M,, D) is dense in DMo 5o C,(Mp, D) = DM je.,
every f: Mo — I is continuous. However, it is easy to see that this is false; take, for
example, the function f = y{a}. Since a is not an isolated point of M, the function f
is not continuous. This proves that C,(M,, D) is not countably compact.

Let S C C,(My, D) be a countably infinite closed discrete subset of C,(M,, D);
then S is a closed subset of (C,(Mo, D))* and hence C,(My, D) x S is a closed
subset of C,(Mo, D) x (Cp(Mo, D))” =~ (C,(Mo, D))”. Observe first that D can
be considered a closed subset of R because it is homeomorphic to the Cantor set K
C R (Problem 128). An immediate consequence is that C,(M,, D“) embeds
in C,(My) as a closed subspace (Problem 090). Note also that C,(M,, D“)
is homeomorphic to (C,(M,, D))” (Problem 112). Observe finally that
C,(My, D) embeds in C,(M,) as a closed subspace and C,(My, D) x S“ embeds
in C,(My, D®) as a closed subspace so C,(My, D) x §” ~ C,(Mo, D) x v
embeds as a closed subspace in C,,(Mj) so Fact 3 is proved.

Fact 4. Let X and Y be Hausdorff (not necessarily Tychonoff) spaces. If f: X — Y is
a continuous map then

(1) The set G(f) = {(x, f(x)) : x € X} is a closed subset of X x Y.

(2) If my : X X Y — X is the natural projection then 7x|G(f) : G(f) — X is a
homeomorphism. In particular G(f) is a closed subspace of X x ¥ homeomor-
phic to X. The set G(f) is called the graph of the function f.

Proof. Since my is a continuous map, the mapping ¢ = 7mx|G()) is continuous.
If z; = (x1, f(xy)) and z, = (x5, f(x,)) are distinct points of G(f) then it is easy to see
that x; = ¢ (z1) # x» = ¢ (2») so the map ¢ is a condensation.

To see that @71 : X — G() is also continuous take any zy = (Xo, f(xp)) € G(f)

and any W € 7(zg, X x Y). There exist U € 7(xo, X) and V € 7(f(xp), Y) such that
U x V C W; by continuity of fthere is U, € 7(xo, X) such that U; C U and fiU) C V.
We claim that <p_1(U1) C W. Indeed, take any x € U;; then fix) € V and hence
") 1= (x, f(x)) e U; x VC U x VCW.Thus, U; witnesses continuity of ¢ “lat
the point x, and hence ¢ is a homeomorphism.

To see that G(f) is closed in X X Y take any zy = (xg, yo) € (X X Y)\G(f). Then
vo # flxp) and hence there are disjoint W € 7(f(xg), ¥Y) and V € 7(yo, Y). Since f is
continuous, there exists U € 7(xq, X) such that i) C W. The set O = U x Vis an
open neighbourhood of zy in the space X X Y. If z = (x, y) € O N G(f) thenx € U,
y € Vand y = fix) € V whence y € W N V = () which is a contradiction. Hence
O N G(f) = 0, i.e., each point zy € (X x Y)\G(f) has an open neighbourhood
contained in (X x Y)\G(f). Therefore, the set (X x Y)\G(f) is open in X x Y and
hence the graph of fis closed. Fact 4 is proved.
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Fact 5. Let X be a zero-dimensional Lindelof space. Then any open F,-subset of
X is homeomorphic to a closed subspace of X x w.

Proof. 1t is straightforward that U is a Lindelof space. Since X is zero-dimensional,
for each x € U there is a clopen U, € 7(x, X) such that U, C U. The open cover
{U, : x € U} of the Lindelof space U has a countable subcover and therefore U is
a countable union of clopen subsets of X. Since every finite union and any
difference of clopen sets is a clopen set, we can find a family &/ = {U, : n € w}
of clopen subsets of X such that U, C U,,,; foralln € w and | JU = U. The set W, ,
=U,,1\U, is also clopen (maybe, empty) for all n € w; if we let W, = U, then the
family {W, : n € w} is a partition of U which consists of clopen subsets of X. Given
any x € U, let f(x) = n if x € W,; it is clear that fis defined consistently. Continuity
of ffollows from the fact that the inverse image of any subset of @ is open being a
union of some clopen subsets of U. Apply Fact 4 to conclude that G(f) C U X w is
homeomorphic to U. Since U X w C X X w, the set G(f) is also a subset of X X w so
it suffices to show that G(f) is closed in X X .

Take any zg = (x, 19) € (X X @)\ G(f); we have two cases.

(1) If xo € U apply Fact 4 to observe that G(f) is closed in U x o and hence
W = (U x w) \ G(f) is an open neighbourhood of zoin U X w. Since U X w is
openinX X w, the set W is also open in X X w so zj has an open neighbourhood
in X X  which does not meet G(f).

(2) Ifxo€ X\ Uthen W =X\ U, € 7(xo, X) and hence the set W' =W x {np} is an
open neighbourhood of zy in X x @. Now, if z = (x, n) € G(f) N W' then n = n,
and f(x) = ny whence x € U,,. However, also x € W = X\U,,, which is a
contradiction.

Thus, every z € (X X w)\G(f) has an open neighbourhood which does not meet
G(f) so G(f) is a closed subset of X x o homeomorphic to U. Fact 5 is proved.

Returning to our solution, for each x € M take a clopen U, € 7(x, M) such that
U.N M = {x}; this is possible because M is zero-dimensional (Fact 2) and M is
discrete (Problem 142). Let f, = yU, for all x € M; the set F = {f, : x € M} C
Cp(X, D) is discrete because Oy, (fy, {x}, 1) N F = {f,} forevery x € M. Consider
the set H = {f € C,(Mo, D) : AM U {a}) = {0} }; then F U H is closed in C,(M,, D).
To see this, take any f € C,(Mo, D)\(F U H). Since M is dense in M' = M U {a},
there is x € M such that f(x) # 0 and hence fix) = 1; then V = Oy, (f, {x}, )N
(F U H) contains at most the function f, so V' \ {f,} is an open neighbourhood of
f which does not meet F U H.

Consider the set E = {f€ D : f'(0) D U N  for some U € 7(M’, My)}. Since
Mo\ M' = o is a countable set, M’ is a Gs-set in M,y and hence y(M', My) < w
(Problem 327). Fix an external base B= {U,,: n € w} of the set M’ in M,,. The set E,,
={fe D?:fU,Nw)={0}} is closed in D? for each n € w. Of course, E,, C E for
all n € w; if f € E then there is W € 7(M’, M) such that iW N w) = {0}. There is n
€ w such that U, C W and hence iU, N ®w) C f(W N w) = {0} which shows
that we have f € E,,. As a consequence, E = | J{E, :n € o} and E is an F,-set in the
space D?; therefore E' = D\ E is a G set in D?.
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Let 7 : F UH — D” be the restriction map, i.e., n(f) = f|w for every f € F U H.
The graph G(n) of the map 7 is homeomorphic to F U H and closed in the space
(F U H) x D” by Fact 4. Therefore, the set Q = G(n) N (F UH) x E') is closed in
(FUH) x E'.

Observe that, for any f € H, we have f~'(0) € 7(M’, M) and hence n(f) € E. On
the other hand, if f = f, € F for some x € M then n(f) ¢ E for otherwise there
is W e r(M', My) with AW N w) = {0}; since f is continuous and x € W, we have
f+(x) = 0 which is a contradiction. Therefore n(f) € E' for any f € F. This proves that
n(Q) = F and hence Q is an uncountable closed discrete subspace of (F U H) x E'.

There exists a family {0, : n € w} C 7(D®) such that E' = N ¢, O,,. Therefore
the space E' embeds as a closed subspace into [[{O, : n € w} (Fact 7 of S.271).
Each O, € 7(D®) is an F,-set so it embeds into D” x w as a closed subset (Fact 5).
Thus [T[{O, : n € v} embeds in (D x w)” ~ D x »” as a closed set. Since D is a
closed subset of , the space D embeds as a closed subset in w®; as a consequence,
D® x ®“ embeds as a closed subspace in ®“ x ®® ~ ®®. This shows that £’
embeds in w” as a closed subspace and hence (F U H) x E’ embeds as a closed
subspace in (F U H) x »”. Since F U H is closed in C,(M,, D), the set (F U H) x E’
embeds in C,(My, D) x »® as a closed subspace. Since Q is an uncountable closed
discrete subset of (F U H) x E', the space C,(My, D) x »® also has an uncountable
closed discrete subset. Finally, C,(M,, D) x w® embeds in Cp(My) as a closed
subspace (Fact 3) and hence ext(C,(My)) > w. Thus, the space C,(Mo) cannot even
be normal (Problem 295) so our solution is complete.

S.391. Let My be the one-point compactification of the Mrowka space M. Prove that
Cp(My) does not have a dense g-compact subspace.

Solution. If C,(M,) has a dense o-compact subspace then there is a compact
K C C,(My) which separates the points of M, (Fact 3 of S.312). Such compact
spaces are called Eberlein compact spaces (this definition was first introduced
before Fact 12 of S.351). It was proved in Fact 19 of S.351 that any pseudocompact
subset of an Eberlein compact space is compact so the pseudocompact subset M of
the space M, must be compact which is false (Problem 142). This contradiction
shows that C,,(Mj) has no dense g-compact subspace.

It is not, in fact, necessary to use such a sophisticated result for our solution.
We can also observe that the evaluation map egx : My — C,(K) defined by the
formula ex(x)(f) = fix) for all x € My and f € K, is an embedding (Fact 2 of S.351
but this is simple). Therefore M, embeds in C,(K); since w is dense in My,
we can apply Fact 9 of S.351 (it is also simple) to conclude that we have
w(My) = nw(My) = w (Fact 4 of S.307) which is false because M, is not even
Fréchet—Urysohn (Problem 387).

S.392. Let My be the one-point compactification of the Mrowka space M. Prove that
Cp(My) is a Frechet-Urysohn space.

Solution. Since M, is compact, the space C,(M) has countable tightness (see
Problem 149). Take any set A C C,(My) and any f € A. There exists a countable
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B C A such that f € B. Define a map ¢ : My — R? by ¢ (X)(f) = flx) for all x € My
and f € B. It is immediate that ¢ is a continuous map; if Z = ¢ (M) C R” then Z is
second countable and hence countable by Problem 389. The map ¢ : My — Z is
closed and hence the dual map ¢* : Cp(Z) — C,(My) defined by ©*(f) =fo ¢ forall
f € Cy(2), is a closed embedding (see Problem 163). It is also immediate that we
have the inclusions B C B C ¢"(C,(Z)) (the last inclusion holds because ¢*(C,(Z))
is closed in C,(M)). Since the space C,(Z) is homeomorphic to ¢*(C,(Z)), we
have w(B) < w(ap*(CI,(Z))) = o so the space B is second countable and hence
Fréchet—Urysohn. Thus there is a sequence {f, : n € w} C B C A which converges
to f. Since we have taken arbitrarily a set A C C,(Mo) and f € A, we proved that
C,(My) is a Fréchet—Urysohn space.

S.393. Prove that T* = B(C,(X, I)) if and only if every countable subset of X is
closed and C*-embedded in X.

Solution. Assume that every countable subset of X is closed and C*-embedded in X.
Therefore, every countable A C X is discrete so every function is continuous on A.
Given any A C X, let 4 : C,(X, I) — C,(A, ) be the restriction map defined by
na(f) = f]A for any f € Cp(X, I). It is immediate that 7, is a restriction of the
relevant natural projection p : ¥ — . Observe that mA(Cp(X, I)) consists precisely
of those functions from A to I which can be extended to a continuous function from
X to L. Since the set A is C*-embedded in the space X, every function f: A — I
extends to a continuous bounded function g; : X — R. Let A(f) = —1ift < —1, A(¢)
=1ifr> 1and A(f) =t forall r € [—1,1]. Then A : R — I is a continuous map and
Mt)y=tforallt €. Wehave g = 10 g, : X — [ and g(x) = A(g,(x)) = A(f(x)) = f(x)
for all x € A because g,|A = fand f{x) € I for all x € A. We proved that, for any
countable A C X and any f: A — I, there exists g € C(X, I) such that g|A =f. In other
words mA(C,(X, I)) = I*.

A trivial consequence of Problem 034 is the fact that Cj,(X, I) is dense in ¥,
Given any continuous function ¢ : C,(X, I) — I there exists a countable A C X and
a continuous map 4 : o(C,(X, I)) — I 'such that 4 o 4 = ¢ (see Problem 299 which
is applicable because C,(X, I) is dense in ]IX). We saw that ns(C(X, I)) = I* and
therefore we have a continuous map @ : I¥ — I defined by ® =hops Iffe C,(X,I)
then @(f) = h(pa(f)) = h(ma(f)) = ¢ (f), i.e., D|C,(X, I) = . The function ¢ has
been chosen arbitrarily so we can apply Fact 1 of S.309 to conclude that I¥ =
B(C,(X, I)); this settles sufficiency.

Fact 1. 1f Z is any space and Z C Y C fZ then Y = fZ.

Proof. 1t is clear that $Z is a compact extension of Y. Given any compact space
K and a continuous map f: Y — K, the map g =f| Z: Z — K is continuous and hence
there is a continuous map % : fZ — K such that A|Z = g = f|Z. The map h|Y is
continuous and coincides with f on a dense set Z; therefore h|Y = f (Fact 0 of S.351).
Now apply Problem 258 to conclude that fY = Z. Fact 1 is proved.

Assume that I¥ = p(C »(X, I)); fix any countable A C X and any functionf: A — L.
Suppose first that f ¢ mA(Cp(X, I)); it is easy to see that m,(C,(X, ) is dense in the
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space I*. The space I is second countable so there is a faithfully enumerated
sequence {f, : n € w} C ma(Cp(X, 1)) with f;, — f. Given any h € I*, let i(h)(x) =
g(x) for all x € A; if x € X\ A then i(h)(x) = 0. It is clear that i(h) € X for any h € .
Let g =i(f) and g, = i(f,) for all n € w. It is straightforward that the sequence {g, :
n € o} C I’ is faithfully enumerated and converges to g.

Since f ¢ ma(C,(X, 1)), we have C,(X,I) CY = \p3'(f). Applying Fact 1,
we can see that fY = I*. The point fis a Gs-set in I* and therefore pal(f)is a
Gs-set in I¥. As a consequence, Y is an F,-set in the compact space I*; thus Y is
o-compact and hence normal. The sequences P = {g,,:n € w} C Yand S = {g2,41
:n € o} C Y are disjoint and converge to the same point g € I*\'Y. The set P’ =
PU{g} is compact and P N Y = P which implies that P is closed in Y.
Analogously, the set S is also closed in Y. The space Y being normal, there exists
a continuous function » : Y — [0, 1] such that »(S) = {0} and r(P) = {1}. There
exists a continuous function R : ¥ = Y — [0, 1] such that R|Y =r. Since g € P
(the bar denotes the closure in ]IX) and R(P) = r(P) = {1}, we have R(g) = 1 by
continuity of R. However, g € § and R(S) = r(S) = {0} whence R(g) = 0 which is
a contradiction.

This contradiction proves that m4(C,(X, I)) = I* for any countable A C X. In
other words, every f : A — 1 extends to a continuous function F : X — L.
In particular, every function f: A — I is continuous on A and hence any countable
A C X is discrete. If x € A \ A then the set A’ = A U {x} is also countable and hence
discrete which contradicts the fact that A is not closed in A’. This shows that there
are no points in A \ A and hence every countable A is closed in X.

To see that A is C*-embedded, take any bounded f: A — R there is n € N such
that f{A) C [—n, n]. Observe that the function r(f) = %t is a homeomorphism
between [—n, n] and I with the inverse function s(f) = nt. Let h = r o f; then
h is a function on A and h : A — L. There exists H € C,(X, I) such that H|A = h;
consider the function F = s o H. Then F € C*(X) and F(x) = s(H(x)) = s(h(x)) = s
(r(f(x))) = f(x) for all x € A which shows that A is C*-embedded in X so our
solution is complete.

S.394. Prove that C(X) has a dense o-compact subspace if and only if C,,(X, I) has
a dense a-compact subspace.

Solution. Assume that C,(X) has a dense c-compact subspace. Since C,(X) is
homeomorphic to C,(X, (—1, 1)) (Fact 1 of S.295), the space C\,(X, (—1, 1)) also
has a dense o-compact subspace P. We have C,(X, (—1, 1)) C C,(X, D); it is an easy
consequence of Problem 034 that C,(X, (—1,1)) is dense in C,(X, I) so P is also
dense in C,(X, I) which settles necessity.

Now assume that Q is a dense o-compact subspace of C,,(X, I). The mapping ¢, :
CpX, ) — C,(X, [—n, n]) defined by ¢,(f) = n - f, is continuous and onto (see
Problem 091) so P,, = ©,(Q) C C,(X,[—n, n]) is a dense g-compact subspace of
Cp(X, [—n, n]). The set P = |J{P, : n € N} is g-compact and dense in the space
C,(X) = U{C»(X,[—n,n]) : n € N} which in turn is dense in C,(X) (Fact 3 of
S.310). Therefore P is a dense o-compact subset of C,,(X).
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S.395. Prove that C(X) has a dense Lindelof subspace if and only if C,(X, 1) has a
dense Lindelof subspace.

Solution. Assume that C,(X) has a dense Lindelof subspace. Since C,(X) is
homeomorphic to C,(X, (—1, 1)) (Fact 1 of S.295), the space C,,(X, (—1, 1)) also
has a dense Lindelof subspace P. We have C,(X,(—1, 1)) C C,(X, D); it is an easy
consequence of Problem 034 that C,(X, (—1,1)) is dense in C,(X, I) so P is also
dense in C,(X, I) which settles necessity.

Now assume that Q is a dense Lindelof subspace of C,(X, ). The mapping
©n : Cp(X, I) — Cy(X, [—n, n]) defined by ¢,(f) = n - f, is continuous and onto (see
Problem 091) so P,, = ,(Q) C C\(X, [—n, n]) is a dense Lindelof subspace of C (X,
[—n, n]). The set P = |J{P, : n € N} is Lindelof and dense in the space
Cy(X) = U{Cy(X,[=n, n]) : n € N} which in turn is dense in C,(X) (Fact 3 of
S.310). Therefore P is a dense Lindelof subset of C,(X).

S.396. Suppose that C,(X, 1) is o-compact. Prove that X is discrete and hence the
space Cy(X, I) is compact.

Solution. Recall that a space Z is called a P-space if every Gs-subset of Z is open. It
is easy to see that this is equivalent to saying that, for any x € Z and any sequence
{F,:n € w}ofclosed subsets of Z, if x¢ |J{F,:n € w} thenx ¢ J{F, : n € w}.

Fact 1.1f C,(Z, 1) is 6-countably compact then Z is a P-space.

Proof. If not then there exists a point x € Z and closed sets {F, : n € N}
such that x ¢ F,, F,, C F,,; for each n € N and x € | J{F, : n € N}. The subspace
I.={f € C,Z, D : fix) = 0} is closed in C,(Z, I) and hence it is o-countably
compact. Let I, = (J{K, : n € N} where each K, is countably compact. We
claim that, for each n € N and each ¢ > 0, there is K,, € N such that for every
function f € K,, there is z € F;, with f(z) < e. If it were not true then, for each i €
N, there is f; € K, such that f(y) > ¢ for each y € f;. Since K, is countably
compact, the set {f; : i € N} has a accumulation point f € K,,. If y € F = |J{F; : i
€ N} then y € f,, for some m € N and hence fi(y) = ¢ for all i = m. It is
immediate that f(y) > ¢ as well. Thus, we have f(y) = ¢ for all y € F while f(x) =
0 which contradicts continuity of f and the fact that x € F.

Therefore, we can fix a sequence {K,, : n € N} C N with the following properties:

(1) Ko 1 > K, foreach n € N.
(2) For each f € K, there is y € Fy, such that f(y) <z

Apply the Tychonoff property of Z to choose a continuous g, : Z — [0, 7] such
that g,(x) = 0 and g,(Fy,) = {%} for each n € N. The function g = Z,cy g, is a
uniform limit of the sequence {g; + -+ + g,}.en and hence g € C,(2); it is
easy to see that g € C,(Z, [0, 1]) C C\(Z, ). It is evident that g(x) = 0 so g € I,.
However, g(y)>g,(y)> 5 for each y € Fy, whence g ¢ K, for all n € w. Therefore

g € L\(U{K, : n € w}) which is a contradiction. Fact 1 is proved.
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Returning to our solution, consider the map e : X — C,(C,(X, I)) defined by
e(x)(f) = f(x) for all x € X and f € C\,(X, I). Since for any x € X and any closed FF C X
with x ¢ F there is f € Cp(X, I) such that fix) = 1 and fiF) = {0}, we can
apply Problem 166 to conclude that e embeds X in C,(C,(X, I)). The space C,(X, I)
being g-compact, we have #(X) < #(C,(C,(X, I))) < w (Problem 149), i.e., #(X) < w.

Now, if A C X and x € A \ A then there is a countable B C A such that x € B. It is
evident that X\ B is a G4-set; therefore x € X\B € 7(x, X) because X is a P-space by
Fact 1. Thus B is closed which is a contradiction with x € B\B. This shows that
every A C X is closed and hence X is discrete. As a consequence, C,(X, I) = Kisa
compact space so our solution is complete.

S.397. Prove that the following conditions are equivalent for any space X:

(@) Cy(X,I) is countably compact.
(i) C,(X, D) is a-countably compact.
(iii) Every Gg-subset of X is open in X.

Solution. The implication (i) = (ii) is obvious; the implication (ii) = (iii) was
proved in Fact 1 of S.396. The implication (iii) = (i) was established in Fact 2 of
S.310.

S.398. Prove that the following conditions are equivalent for any space X:

@) CyX,1)is pseudocompact.

@) Cu(X, 1) is o-pseudocompact.

(i) Cp(X, ) is o-bounded.

(iv) Every countable subset A of X is closed and C*-embedded in X.

Solution. Given any set A C X, denote by p, : I¥ — I the natural projection defined

by pa(f) = flA for any function f € I¥. The implication (i) = (ii) is evident. Any

pseudocompact subspace of any space is bounded in that space; therefore any

o-pseudocompact space is g-bounded so (ii) = (iii) holds. Observe also that

Cp(X, ) is dense in I¥ so we can apply Fact 1 of S.286 to conclude that

(¥) Cp(X, ) is pseudocompact if and only if p,(C,(X, I)) = I* for any countable
A C X, i.e., for every (not necessarily continuous) function f: A — I there exists
g € Cp(X, I) such that g|A = f.

Now assume that C,(X, I) is pseudocompact and take any countable A C X;
it follows from (x) that every f € " is a restriction to A of some g € C,(X, I), so any
fe T is continuous on A ie., Cy(A, D)= I*. This shows that every countable subset
of X is discrete; if A C X is countable and x € A \ A then the set A’ = A U {x} is
also countable and hence discrete which contradicts the fact that A is not closed
in A’. This shows that there are no points in A\ A and hence every countable A C X is
closed in X.

To see that every countable A C X is C*-embedded, take any bounded function
f:A — R;there is n € N such that f{A) C [—n, n]. Observe that the function () = %t
is a homeomorphism between [—n, n] and I with the inverse function s(f) = nt.
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Let i =r o f; then A is a function on A and & : A — 1. It follows from (*) that there
exists H € Cp(X, I) such that H |A = h; consider the function F = s o H. Then F €
C*(X) and F(x) = s(H(x)) = s(h(x)) = s(r(f(x))) = f(x) for all x € A which shows that
A is C*-embedded in X, so we proved that (i) = (iv).

To prove (iv) = (i), assume that (iv) holds and take any countable A C X; we
must first note that A is discrete. Indeed, if B C A then B is also countable and hence
closed by (iv). Since all subsets of A are closed (in X and hence in A), the set A is
discrete and, in particular, all functions on A are continuous. Thus the condition (iv)
says that any bounded f € R* can be extended to a continuous function on the
whole X. To establish that (i) holds it suffices to prove (%), i.e., to show that, for any
fe*thereisg e C (X, I) such that g|A = f. We know that the function f extends to
a continuous function g; : X — R. Let A() = —1ift < —1, A(r) = 1if t > 1 and
At)=tforall t € [—1, 1]. Then A : R — T is a continuous map and A(¢) = ¢ for all
tel. Wehave g =40g;:X — land g(x) = A(g,(x)) = A(fix)) =f(x) forall x € A
because g;|A = fand f(x) € I for all x € A. This proves that g|A = f and hence (x)
holds; therefore the implication (iv) = (i) is settled.

At this point we have (iv) & (i) = (ii)) = (iii) so it suffices to show that
(iii) = (i). This implication is the most difficult one and requires a good insight
into retractions, bounded sets and their properties. Given a space Z, a continuous
map r:Z — Zis called a retraction if r o r = r. A subspace R C Zis called a retract
of Z if there is a retraction r : Z — Z such that #(Z) = R. Given a retraction r : Z — Z,
the set R = r(Z) is closed in Z and r(x) = x for any x € R (Fact 1 of S.351).

Fact 1. Let Z be an arbitrary space.

(1) If r : Z — Z is a retraction and R = r(Z) then R is a retract of Y for any Y C Z
such that R C Y.

(2) If R is a retract of Z then R is C-embedded in Z.

3) If ¢ : Z— Zis ahomeomorphism and R is a retract of Z then ¢ (R) is a retract of
Z and ¢ (R) is homeomorphic to R.

Proof. () If ¥ =r|Ythenr : Y — Zand ¥/(¥Y) =r(Y) Cr(Z) =R C Y, i.e., we can
consider that 7/ : Y — Y. Given any y € Y, we have 7/ (/(y)) = r(r(y)) = r(y) = ' (y)
which shows that ¥ o ¥ =/ and hence /' is a retraction. Since R C Y, we have
¥ (x) = r(x) = x for any x € R and therefore R = r(Z) D r(Y) =/ (¥Y) D /(R) =R
whence R = 7/ (Y).

) Iffe C(R)and r : Z — R is a retraction, then g =fo r € C(Z) and g|R = f;
indeed, if x € R then r(x) = x and hence g(x) = f(r(x)) = f(x) so R is C-embedded
in Z.

(3)Itisclear that ¢ |R : R — f(R) is a homeomorphism; if 7 : Z — R is a retraction
then” = poroy ':Z— Zisalso aretraction; indeed, 7’ o ¥ = porop 'ogo
rop '=gpororop '=gporop ' =r.Now, F(Z) = ¢ (e @) =
@ (r1(Z)) = ¢ (R) so Fact 1 is proved.

Fact 2. Let Z be an arbitrary space

(1) If A C Z is bounded in Z then A is also bounded in Z.
(2) If A C Zis bounded in Z and B C A then B is also bounded in Z.
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(3) If A is C-embedded in Z and A is bounded in Z then A is pseudocompact.
(4) If R is a retract of Z and there is a bounded A C Z with R C A then R is
pseudocompact.

Proof. (1) Take any function f € C(2); the set f(A) is bounded in R and hence f(A) C
[—n, n] for some n € N. Since [—n, n] is compact, we have f(A) C f(A) C [~n,n]
(the first bar denotes the closure in Z and the second one, in R) and therefore f(A) is
a bounded subset of R. Thus A is bounded.

(2) This is evident because any subset of a bounded subset of R is a bounded
subset of R.

(3) If A is not pseudocompact then there is an unbounded f € C(A). Since A is
C-embedded, there is g € C(Z) such that g|A = f. It is clear that g is not bounded on
A s0 A is not bounded in Z which is a contradiction.

(4) Apply (2) to see that R is bounded in Z. The set R is C-embedded in Z by
Fact 1 so it is pseudocompact by (3). Fact 2 is proved.

Fact 3. Given a space Z, ¢ > 0 and any f € C,(2), let I(f, &) = {g € Cx(2) : |g(2) —
f(2)| < efor all z € Z}. Then I(f, ¢) is a retract of the space C,(Z) and I(f, ¢) is
homeomorphic to C,(Z, I).

Proof. Denote by u the function which is identically zero on Z. It is evident
that C,(Z, I) = I(u, 1). It is easy to verify that the map ¢, : C,(Z) — C,(2)
defined by ¢.(h) = ¢ - h for all h € C,(Z), is a homeomorphism. It is immediate
that ©(C,(Z, I)) = I(u, &). Now define Ty : C,(Z) — C,(Z) by T¢(h) = h + ffor all
h € C,(Z). The mapping Tyis a homeomorphism by Problem 079 and it is straight-
forward that T(I(u, €)) = I(f, ). The set C,(Z, I) is a retract of C,(Z) (Problem 092)
and the map ¢ = T o ¢, is a homeomorphism of the space C,,(Z) onto itself such that
¢ (Cy(Z, 1)) =I(f, ¢). Now apply Fact 1 to conclude that I(f, ¢) is a retract of C,(Z)
and I(f, ¢) is homeomorphic to C,(Z, I). Fact 3 is proved.

To finally prove (iii) = (i) assume that C,(X,I) = |J {B, : n € w} where each
B, is bounded in C,(X, I). Then the set B,, is also bounded in C »(X, I) by Fact 2 and
C,X, )= \J{B,:n € w} so we can assume, without loss of generality, that each
B, is closed in C,(X, I). Given functions f, g € C(X, I), let d(f, g) = sup{ |[f(x) — g(x)|
: x € X}. Then d is a complete metric on C(X, I) (Problem 248). We will denote
the metric space (C(X, ), d) by C,(X, I). Given any f € C,(X, I) and any ¢ > 0, let B
(f,e)={g e C,X,D :d(f, g < e&}. It is evident that the topology of C,(X, )
contains the topology of C,(X, ) and therefore each B, is closed in C,(X, I). The
space C,(X, I) has the Baire property (see Problems 274 and 269); the set B(u, %)
is open in C,(X, I) and hence it also has the Baire property (Problem 275). We
have the inclusion B(u,) C [J{B, : n € w} and hence all sets B, N B(u, %) cannot
be nowhere dense in C,(X, I); thus there is n € w such that U C B, N B(u,%) for
some open U C C,(X, I). By definition of the metric topology, there is f € U and
& > 0 such that B(f, 2¢) C U. It is straightforward that I(f, ¢) C B(f, 2¢e) C U C B,,.
The set I(f, ¢) is a retract of the space C,(X) (Fact 3); since I(f, &) C C,(X, I) C
Cp(X), the set I(f, &) is also a retract of C,,(X, II) by Fact 1. Since I(f, ¢) is contained in
a bounded set B,,, we can apply Fact 2 to conclude that I(f, ¢) is pseudocompact.
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Since C,(X, I) is homeomorphic to I(f, &) (Fact 3), the space C,(X, I) is also
pseudocompact. This finishes the proof of (iii) = (i) so our solution is complete.

S.399. Prove that the following conditions are equivalent for any space X:

@) CyX) is g-pseudocompact.

(@) C,(X) is o-bounded.

(iii) The space X is pseudocompact and every countable subset of X is closed and
C*-embedded in X.

Solution. Every o-pseudocompact space is g-bounded so (i) = (ii).

Fact 1. Suppose that A is a bounded set in a space Z. Then, for any continuous map
f:Z—Y,the set f(A) is bounded in the space Y. As a consequence, every continuous
image of a g-bounded space is a g-bounded space.

Proof. If r : Z — R is a continuous function such that r(f(A)) is not bounded in
R then g = r o f € C(Z) and g(A) = r(f(A)) is not bounded in R which is a
contradiction. Therefore f(A) is bounded in Y.

Now, assume that Z= | J {B,,: n € o} where each B, is bounded in Z. If f: Z — Y
is a continuous onto map then Y = |J {f(B,) : n € w} and each f{B,,) is bounded in Y
so Y is g-bounded. Fact 1 is proved.

Fact 2. The space R” is not o-bounded.

Proof. Assume that R” = | J {B,, : n € w} where each B, is bounded in R”. We can
assume, without loss of generality, that each B, is closed in R® (see Fact 2 of
S.398). The space R is normal and hence each B,, is C-embedded in R®; apply Fact
2 of S.398 to conclude that each B, is pseudocompact. The space R” being second
countable so is B, for each n € w; therefore B,, is compact for all n € w. It turns out
that R” is o-compact which is false (Fact 2 of S.186). The obtained contradiction
proves Fact 2.

To prove (ii) = (iii) assume that C,(X) is o-bounded. Since C,(X, I) is a
continuous image of C,(X) (Problem 092), the space C,,(X, I) is also o-bounded by
Fact 1. Therefore, every countable A C X is closed and C*-embedded in X (Problem
398). If X is not pseudocompact then C,(X) maps continuously onto R (Fact 1 of
S.186) so R has to be g-bounded by Fact 1. However, Fact 2 says that R® is not o-
bounded; this contradiction completes the proof of (ii)) = (iii).

Now, if (iii) holds then C,(X, I) is pseudocompact by Problem 398. Since [—n, n]
is homeomorphic to I, the space C,,(X,[—n, n]) is homeomorphic to C,(X, I) for each
n € Nj as a consequence, C,,(X,[—n, n]) is pseudocompact for each n € N so the
space C\,(X) = U {Cy(X, [-n, n]) : n € N} is o-pseudocompact. This settles (iii)

= (i) and completes our solution.

S.400. Prove that there exists a dense pseudocompact subspace X of the cube I°
such that every countable subspace of X is closed and C*-embedded in X. Observe
that C,(X) is o-pseudocompact. Hence C,(X) can be c-pseudocompact for an
infinite space X.
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Solution. In Fact 4 of S.286 it was proved that there exists a dense pseudocompact
subspace X of the space I such that C,(X, I) is pseudocompact. Applying Problem
398 we can conclude that every countable A C X is closed and C*-embedded in X.
Since X is also pseudocompact, Problem 399 is applicable to convince ourselves
that C,(X) is g-pseudocompact. Of course, X has to be infinite to be dense in I°.

S.401. Prove that the following conditions are equivalent:

(i) X is a realcompact space.

(i) X embeds as a closed subspace into R* for some .

(iii) If X is a dense subspace of a space Y and Y # X then there exists a continuous
function f: X — R which does not extend to Y continuously.

(iv) If z € BX\X then there exists a Gs-set H in X such that z € H C fX\X.

Solution. If X is realcompact then i(X) is closed in R“* which is homeomorphic to

R" for k = |C(X)|. Since i is an embedding, we proved that (i) = (ii).

Assume that X is a closed subspace of R" for some cardinal k. Let p, : R* — R be
the natural projection to the ath factor for all « < x. Suppose that X is a dense
subspace of a space Y; fix any y € Y\ X and observe that if we find f € C(X) which is
not continuously extendable over X U {y} then fis not continuously extendable over
Y so, for the proof of (ii) = (iii), we can assume that ¥ = X U {y}.

Suppose that each function f,, = p,|X is extendable to a continuous function g, :
Y — R on the space Y. The function g = A{g, : « < k} maps Y to R" in such a way
that g|X is the identity, i.e., g(x) = x for each x € X. Since X is dense in ¥, we have
¢(Y) C g(X) = X = X. This means g(y) = z for some z € X. There are U € 7(y, Y),
V € 7(z, Y) such that U N V = (. Since V € 1(g(y),X), by continuity of g there is
W e 1(y, Y) such that W C U and g(W) C V. The set X is dense in Y so we can take a
pointx € W N X. Then g(xX) =x € Vandhencexe W N VC U N V= whichisa
contradiction. This shows that one of the functions f;, is not extendable over Y so
(il)) = (iii) is proved.

Fact 1. Let X be a dense subspace of a space Y. If every function /' € C(X) such that
fix) = 1 for all x € X, can be extended continuously over Y then every f € C(X) can
be extended continuously over Y.

Proof. Let u be the function with u(x) = 0 for all x € X. Given any f € C(X), let
f1 =max(f, u) + 1 and fo = max(—f, u) + 1. It is straightforward that f = f| — f; and,
for all i = 1, 2, we have fi(x) = 1 for all x € X. Take any g, g; € C(Y) such that
glX=f,i=1,2;then g =g, — go € C(Y) and g|X = f so Fact 1 is proved.
Returning to our solution fix any z € SX\X. By Fact 1 applied to Y = X U {z},
there exists f € C(X) such that f(x) = 1 for all x € X and f does not extend to Y. The
function g = }1, is continuous on X and bounded by 1 so there is G € C(fX) such that
G|X = g. If G(z) # 0 then the function GL‘Y is a continuous extension of the function
fover the space Y, a contradiction. Thus, G(z) = 0 and G(x) = ﬁ # Oforallx € X.

Therefore H = Gil(O) is a Gs-subset of X such that z € H C fX\X so (iii)) = (iv)
is proved.
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Fact 2. Let i = AC(X) : X — RY; for the open interval J = (0,1) C R take any
homeomorphism ¢ : J — R and let j = AC(X, J) : X — J°X ¥, There exists a
homeomorphism O : JEE D REX quch that ®(j(x)) = i(x) for any x € X.
In particular, ®(j(X)) = i(X) so the map j embeds X in JCX D and J(X) is closed
in J% 7 if and only if i(X) is closed in RE®,

Proof. Let ©(v)(f) = ¢ (v(p 1o f) for any v € JCX D and f e C(X). This gives us a
map O : JEX D L REYD Given any f € C(X), let Dr: R — R be the natural
projection onto the fih factor. Analogously, if ¢ € C(X,J) then g, : JCXD _, Jis the
natural projection onto the gth factor. Observe that we have the equalities ps o O(v)
=@ (v(p -1 0 ) = ¢ (q4(v)) where g = ¢ -1 o f. Therefore pfo ® = p o g, isa
continuous map for each f € C(X) and hence @ is continuous (Problem 102). If w €
R then let v(g) = ¢ ~'(w(yo g)) for each g € C(X, J). Then v € S and ®(v)
= wbecause D(V)(f) = (W o)) =@ (¢ ' (W(go ' of))) =w(f) foreachf €
R Therefore the map @ is surjective.

Now, if vi, v» € J% P and v, # v, then there is ¢ € C(X,J) such that
vi(g) # v2(g). For the function f = po g € C(X), we have

D(vi(f) = (i@~ of)) = 0(vi(g)) # ©(n2(g)) = () (f)

which shows that ®(v,) # ®(v,) and hence the map @ is a bijection. To check
continuity of @', observe that CI)fl(w)(g) = 71(W(<p o g)) forany w € RE® and
any g € C(X, J). Indeed, letting v = O '(w) and f = ¢ o g, we obtain ®(v) = w and
therefore w(f) = ¢ (v(g)) whence v(g) = gail(w(f)) = gail(w(gao 2)) and this is what
was promised.

Take any g € C(X,J); then, for any w € R“®, we have g0 O ') =0 'w)(g) =
0 (o g) = ¢ pr(w)), where f = o g. As a consequence, the function
¢ 0 o '=¢p o Pris continuous for every ¢ € C(X, J) so the map @~ is continuous
(Problem 102). This shows that ®@ is a homeomorphism.

The last thing we need to know about @ is that ®(j(X)) = i(X). Indeed, for any
x € X, we have ®((0))(f) = ¢ ()¢ ' o) = ¢ (¢ ~'(fx)) = fix) = ix)(f) for
any f € C(X) and therefore ®(j(x)) = i(x) for every x € X.

Finally, observe that the map j is an embedding because j = ® ' o i; since any
homeomorphism and its inverse are closed maps, the set i(X) = ®(j(X)) is closed in
R® if and only if j(X) = O '(i(X)) is closed in J* . Fact 2 is proved.

To establish (iv) = (i) assume that (iv) holds; we must prove that i(X) is closed
in RE®. By Fact 2 this is equivalent to the set j(X) being closed in JCX D Every
g € C(X, J) is a continuous bounded function from X to [0, 1], so there exists a
unique continuous function s(g) : fX — [0, 1] such that s(¢)|X = g. The map

s=4{s(g): g€ C(X,J)}: pX — [0, I]C(X,J)

is continuous and s|X = j; considering that JEED [0, I]C(X' D _let us check that
JX) = s(BX) N J°X P The inclusion j(X) C s(X) N JX follows from s|X = ;.
Take any z € fX\X; by (iv) there is a Gs-set H in fX such that z € H C fX\X. By
Fact 2 of S.328 we can find a closed Gs-set G in X such that x € G C H. by Fact 1
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of $.358 there exists f € C(SX) such that G = f~'(0). Since X is compact, there is
n € N with (BX) C [—n, n]. If h = L|f| then h € C(BX, [0, 4]) and 2~ '(0) = G.

The function ¢ = A|X maps X into (0,3] C (0, 1) because all zeros of / are in
PX\X; it is evident that & = s(g) and g € C(X, J). Therefore s(z)(g) = s(g)(z) = h(z)
= 0¢ J which shows that s(z) ¢ J**”_ This proves that j(X) = s(X) N J°* 7 and
hence j(X) is closed in J°% ¥ because s(fX) is compact and hence closed in
[0,11°* ) This settles (iv) = (i) and makes our solution complete.

S.402. Prove that an arbitrary product of realcompact spaces is a realcompact
space.

Solution. Assume that X, is realcompact for all ¢+ € T. Apply problem 401 to find a
set A, such that X, is homeomorphic to a closed subset F, of the space RY. We lose
no generality if we assume that the space A, N A, =0 ifs,t € T,s #t. Then F =
IT{F,:t € T} is a closed subset of IT{R? : r € T} and this product is homeomorphic
to R* where A = U {A,: 7€ T} (Problem 103). It is evident that F is homeomorphic
to X = I1{X;: t € T} and therefore X embeds as a closed subspace in R” for ik = [A].
Applying Problem 401 again we convince ourselves that X is realcompact.

S.403. Prove that a closed subset of a realcompact space is a realcompact space.

Solution. If X is realcompact then we can consider that X is a closed subset of R” for
some cardinal x (Problem 401). If F is a closed subset of X then F is also a closed
subset of the same space R". Applying Problem 401 again we conclude that F is
realcompact.

S.404. Prove that an open subset of a realcompact space is not necessarily
realcompact.

Solution. The space w; is an open subspace of w; + 1. Every f € C(w,) is bounded
because w, is countably compact (Problem 314). Since w; + 1 = fw; (Problem
314), every continuous f : @w; — R extends to a continuous g : (w; + 1) — R which
shows that @, is not realcompact (Problem 401).

S.405. Let X be an arbitrary space. Suppose that X, is a realcompact subspace of X
for any t € T. Prove that (\{X, : t € T} is a realcompact subspace of X.

Solution. The space Y = ({X,: r € T} is homeomorphic to a closed subspace of the
product IT{X, : ¢t € T} (Fact 7 of S.271) so realcompactness of Y follows from
Problems 402 and 403.

S.406. Prove that any Lindelof space is a realcompact space.

Solution. Let X be a Lindelof space. It suffices to prove that, for any z € fX\X,
there is a Gs-set H in fX such that z € H C X\ X (Problem 401). For any x € X take
U, € 7(x, fX) such that z ¢ U, (the bar denotes the closure in fX). The open cover
{U, : x € X} of the Lindelof space X has a countable subcover; let A C X be a
countable set such that X C (J{U,:x € A}. Theset H =X\ (|J{ U,:x€A})isa
Gsin fX and z € H C fX\X. This proves that X is realcompact.
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S.407. Prove that any pseudocompact realcompact space is compact.

Solution. Let X be a pseudocompact realcompact space. We can consider that X is a
closed subset of R* for some « (Problem 401). We need the map =, : R* — R which
is the natural projection onto the ath factor for all « < k. The set X, = n,(X) is a
pseudocompact subset of R for each o; thus X, is compact. It is evident that we have
X C II{X,, : « < k}; besides, X is a closed subset of the space R* which contains
IT{X, : « < k}. Therefore X is also closed in the compact space IT{X, : & < x} so X is
compact.

S.408. Let X be a realcompact space. Suppose that Y C X can be represented as a
union of Gs-subsets of X. Prove that X\Y is realcompact. In particular, any F ;-
subspace of a realcompact space is realcompact.

Solution. Call a set U C X functionally open in X if there exists a function f € C(X)
and V € 7(R) such that U = f (V).

Fact 1. Let R be a realcompact space. Suppose that Z is an arbitrary space and f :
R — Z is a continuous map. Then f~'(B) is realcompact for any realcompact B C Z.

Proof. The graph G(f) = {(y, f(y)) : ¥y € R} of the mapping f is closed in the space
R x Z (see Fact 4 of S.390). If fz = f|B :ffl(B) — B then, for the graph G(f3) = {(y,
o)y Effl(B)} of the function fz we have G(fz) = G(f) N (R x B). Since G(f)
is closed in R x Z, the set G(fp) is closed in a realcompact space R x B (402) so
G(fp) is realcompact. Applying Fact 4 of S.390 again we observe that G(fp) is
homeomorphic to f~'(B) so £ '(B) is realcompact and Fact 1 is proved.

Fact 2. Any F,-subset P of any space Z is the intersection of functionally open
subsets of Z.

Proof. It suffices to show that, for any y € Z\ P there exists a functionally open
UcCZsuchthat P C Uand y ¢ U. We have P = | J{F, : n € ®}, where each F,
is closed in Z. Since y ¢ F,, there exists f,, € C(Z, [0, 27"]) such that f(y) = 0 and
AF,) Cc {27} forallne w. If g, =fy + -+ + f, for all n € w then the sequence
{g.:n € o} converges uniformly to a function g € C(Z). It is evident that g(z) = 0
for any z € Z; besides, g(y) =0 and g(z) = f,(z) =27" > 0forany z € F,, n € w.
Thus g(y) ¢ V = (0, +-00) and therefore y ¢ U = ¢ (V). Since g(y) > O forally € P,
we have P C U so Fact 2 is proved.

Returning to our solution observe that any V C R is realcompact because V is
second countable and hence Lindelof (Problem 406). It follows from Fact 1 and this
observation that any functionally open subset of X is realcompact. This, together
with Fact 2, proves that any F';-subset of X is realcompact (see Problem 405). Since
X \'Y is the intersection of F,-subsets of X, we can apply Problem 405 again to
conclude that X \ Y is realcompact.

S.409. Prove that C,(X) is a realcompact space if and only if it is a locally
realcompact space.

Solution. It is evident that any realcompact space is locally realcompact, so let us
prove the converse for C,,(X). Denote by u the function which is identically zero
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on X. Given any g € C,(X), let To(f) = f — g for all f € C,(X). The map T, is
a homeomorphism (Problem 079). Suppose that P C C,(X) is realcompact and
Int(P) # O (this is what we get from local realcompactness). Take any g € Int(P);
then P’ = T,(P) is a realcompact subspace of C,,(X) with u € Int(P’"). Thus there
are xi,..., X, € Xand ¢ > O such that O(xy, ..., x,, &) = {f € C,(X) : [flx;)| < & for all
i < n} C P'. Consequently, the space F = {f € C,(X) : flx;) = 0 for all i < n} is
realcompact being a closed subset of C,,(X) and hence of P’.

Fact 1. Take an arbitrary space Z and m € N; denote by o,, the point of R"”
with all coordinates equal to zero. Given a non-empty finite K C Z consider the
set Hy = {f € C,(Z, R™) : fiz) = o, for any z € K}. Then the space C,(Z, R™) is
linearly homeomorphic to Hg X (R™MK,

Proof. For every z € Z the natural projection 7, : (R™)* — R™ of (R™)* onto the
factor determined by z is continuous; clearly, 7.( f) = f(z) for any f € (R’”)Z. We will also
need the map e, = n.|C(Z, R™) forevery z € Z. Let K = {zy,..., z;}; fix U; € 7(z;, Z),
i=1,..., Isuchthat the family { Uy, ..., U,} is disjoint. There exists u; € C(Z) such that
uf(z;) =1and u;|(X\Uy) = 0foralli < I. Given a functionf € C,(Z, R™),let r(f) =f(z}) -
uy+ -+ flizp) - wyand o (f) = (f — r(f), fIK). It is immediate that r(f) : Z — R isa
continuous map and r(f)(z;) = f(z;) for all i < m so f — r(f) € Hg. As a consequence
o(f) € Hg x (R™ for eachf € C,(Z, R"™), i.e., ¢ : C)(Z, R™) — Hy x (R™) .

Given any i < m, the map e_; is linear and continuous. It is easy to deduce from
this fact that the map f +— f(z;) - u; = e,;(f) - u; is also linear and continuous for any
i < m. This shows that the map r is linear and continuous and hence so is the map
fr—f—r(f); an immediate consequence is that the map ¢ is linear and continuous.

Now, if g € Hx and h € (R™)* then letting f = (g, h) = g + Zle h(z) - u; we
obtain a function f € C,,(Z, R™) such that o(f) = (g, h), i.e., the map ¢ is onto. Now,
suppose that f, f € C,(Z, R™) and f # f'. If f|K # f'|K then (f) # ¢(f") because the
second coordinates of ¢(f) and () are distinct. If f]lK = f'|K then r(f) = r(f’) and
therefore f — r(f) # f* — r(f') so again ©(f) # @(f").

Thus the map ¢ is a bijection and § : Hx x (R™)* — C,(Z,R™)is the inverse of .
To see that § is continuous, observe that it maps Hx x (R™)* into a product, namely
(R™)?, so it suffices to verify that, for any z € Z, the map J, = 7, o J is continuous.
Note first that the map (g, h) — g — g(z) = m.(g) is continuous being the composi-
tion of two natural projections. Since u,(z) is a constant, every map & — h(z;)-u;(z) is
a natural projection multiplied by a constant; hence the map ¢ is continuous being
the composition of arithmetical operations with natural projections. This shows that
¢ :Cpy(Z,R™) — Hg x (R"’)K is a linear homeomorphism so Fact 1 is proved.

Returning to our solution apply Fact 1 tom = 1 and the set K = {x1, ..., x,}; then
Hg = F and hence C,,(X) is homeomorphic to the product F x RX. We saw that the
first factor is realcompact; the second one is also realcompact because it is second
countable and hence Lindelof (Problem 406). Now apply Problem 402 to conclude
that C,,(X) is realcompact.

S.410. Prove that C,(X) is a realcompact space if and only if C (X, 1) is realcom-
pact.
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Solution. If C,(X) is realcompact then C,,(X, I) is also realcompact because it is a
closed subspace C,(X) (Problem 403). Now, suppose that C,(X, I) is realcom-
pact. Observe that C,(X) is homeomorphic to C,(X,(—1,1)) (Fact 1 of S.295).
Given any x € X, let e (f) = flx) for all f € C,(X). The map e, : C,(X) — R
is continuous (Problem 166) and therefore the set U, = {f € Cy(X,I):
[F(x)| <1} =e'((—1,1)) NCp(X, 1) is an F,-set in C,(X, D); it follows from
Problem 408 that U, is realcompact for every x € X. Finally, apply Problem 405
to conclude that C,(X,(—1, 1)) = (WU, : x € X} is realcompact and hence so is
Cp(X).

S.411. Give an example of a locally realcompact non-realcompact space.

Solution. The space w, is even locally compact being an open subspace of a
compact space w; + 1 (Problem 314). However, @ is not realcompact because it
is a countably compact non-compact space (see Problems 314 and 407).

S.412. Let X be any space. Prove that, for any realcompact space Y and
any continuous map p : X — Y, there exists a continuous map ® : vX — Y such
that ®|X = f.

Solution. By Problem 401, there is a set B such that ¥ embeds as a closed
subspace in R and hence we can assume that ¥ C R?. For the set A = C(X) we
can identify X with the subset X = {f, : x € X} C R*, where f(f) = f(x) for
any x € X and f € A (Problem 167). By definition, vX is the closure of X in the
space R%, so we consider that X C vX = X C R*. Given a coordinate b € B,
denote by p, : R® — R the natural projection onto the bth factor. Analogously,
the map gy : R* — R is the natural projection to the fth factor. Observe that qAX
= fforany f € A = C(X).

For any b € B, the map p,, o  belongs to C(X) = A so fix f;, € A with p, 0 p = .
It is clear that ¢4|X = f}, and therefore gg,[vX : vX — R is an extension of the map f;,
to vX. For any x € vX let ®(x)(b) = gz,(x) € R; this defines a point O(x) € R? 50 we
have a map @ : vX — R”. We claim that the map ® is continuous, ®|X = ¢ and
d(wX) C Y,ie., ®:vX — Yis acontinuous extension of the map .

The map @ is continuous because p;, o @ = gy, is continuous for any b € B (see
Problem 102). If x € X then @(x)(h) = qp(x) = fp(x) = pp © @ (x) = @ (x)(b) for
every b € B; this shows that ®|X = ¢. Finally, X is dense in vX implies that ¢ (X) is
dense in ®(vX) so ®(vX) C o(X) C Y =Y (the closure is taken in R” and the last
equality holds because Y is closed in R®). We proved that the map ® : X — Y is an
extension of ¢ so our solution is complete.

S.413. Let rX be a realcompact extension of a space X. Prove that the following
properties are equivalent:

(i) For any realcompact space Y and any continuous map f: X — Y, there exists a
continuous map F : rX — Y such that F|1X = f.

(ii) For any realcompact extension sX of the space X, there exists a continuous
map © : rX — sX such that n(x) = x for all x € X.
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(iii) There is a homeomorphism ¢ : rX — vX such that o (x) = x foranyx € X, i.e.,
rX is canonically homeomorphic to vX.

Solution. Take Y = sX and f: X — Y defined by fix) = xforanyx e X. If F: r X — Y
is the extension of f whose existence is guaranteed by (i), then = = F satisfies (ii) so
(i) = (ii) is established.

(i) = (iii). Fix a continuous map 7 : ¥X — vX such that 7(x) = x for any x € X.
It suffices to prove that ¢ = 7 is the required homeomorphism. The map f: X — rX
defined by f(x) = x for all x € X, has a continuous extension F : vX — rX by Problem
412. Let i : vX — vX be the identity, i.e., i(z) = z for all z € vX. For the continuous
maps o F : vX — vX and i : vX — vX, we have i|X = (7 o f)|X for a dense subset X
of the space vX. This makes it possible to apply Fact O of S.351 to conclude that we
have mo F = i.

Analogously, if j : ¥”X — rX is the identity defined by j(x) = x for all x € rX then
the continuous maps F o © and j coincide of a dense set X of the space rX. Applying
Fact 0 of S.351 again, we can conclude that ' o & = j. This shows that F and 7 are
bijections and the map 7' = F is continuous, i.e., 7 is the promised homeomorphism.

(iii) = (i). Letf: X — Y be a continuous map of X to a realcompact space Y. By
Problem 412 there exists a continuous F; : vX — Y such that F{|X =f. Then F = F; o
(o maps rX continuously into Y and if x € X then F(x) = F(p (x)) = F1(x) = fix) and
therefore F|X = f.

S.414. Let X be an arbitrary space and suppose that X C Y C vX. Prove that vY is
canonically homeomorphic to vX.

Solution. It is clear that vX is a realcompact extension of the space Y; take any
continuous map f : ¥ — Z of ¥ to a realcompact space Z. The mapping f; = f|X : X
— Z is also continuous so there exists a continuous map F : vX — Z such that F|X = f).
We have two continuous maps F; = F|Y : Y — Zand f: Y — Z such that F1|X = F|X =
fi = fIX. As a consequence, F; = f (Fact 0 of S.351), i.e., F is a continuous
extension of the map f. Now apply Problem 413 to conclude that vY is canonically
homeomorphic to vX.

S.415. Prove that Y is a bounded subset of X if and only if cl,x(Y) is compact.

Solution. Let Y be a bounded subset of X; denote the set cl,x(¥) by Z. Given any
function f: vX — R the function f|X is bounded on Y and hence f is bounded on Y.
Thus Y is bounded in vX and therefore Z is also bounded in vX (Fact 2 of S.398).

Fact 1. Any closed and bounded subset of a realcompact space is compact.

Proof. Let F be a closed and bounded subset of a realcompact space 7. We can
consider that T is a closed subset of R* for some x (Problem 401). Then F is also a
closed subspace of R”. Let 7, : R* — R be the natural projection onto the ath factor
for all & < k. Since the function 7,|T is bounded on F, the function 7, is bounded on
F for all o < k. This means 7,(f) C K, where K, is a compact subset of R for each
o < K. As a consequence, F C K = [[{K, : o < k}. Since F is closed in R", it is also
closed in a smaller space K which shows that F is compact. Fact 1 is proved.
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Returning to our solution, observe that vX is realcompact and Z is closed and
bounded in vX; thus Z is compact and we proved necessity.

Now, assume that Z = cl,x(Y) is compact and take any continuous map f: X — R.
There exists a continuous map F : vX — R such that F|X = f (Problem 412). Since Z
is compact, the set F(Z) is bounded in R. Therefore f(Y) = F(Y) C F(Z) is bounded
in R; this shows that Y is bounded in X so our solution is complete.

S.416. Prove that X is a-bounded if and only if vX is o-compact.

Solution. Assume that X = | J {X,,: n € w} where X,, is bounded in X. The set Y,, =
X, is a compact subspace of vX (the bar denotes the closure in vX) by Problem 415.
LetY = |J{Y,: n € w} and suppose that there exists y € vX\Y. Since X C ¥ C vX,
we can apply Problem 414 to conclude that vY is canonically homeomorphic to
vX. In particular, every f € C(Y) is extendable continuously to vX. However, the
space Y is o-compact and hence realcompact (Problem 406); since vX is an
extension of Y and vX # Y, there exists f € C(Y) which does not extend to vX
continuously (Problem 401). This contradiction shows that vX = Y, i.e., vX is
g-compact.

To prove sufficiency, assume that vX = | J {K,, : n € } where K,, is compact for
eachn € . ThenX = |J{X, :n € o} where X,, = K, N X for all n € . Observe
that X,, C K,, and hence X, is compact for all n € w. Finally, apply Problem 415 to
convince ourselves that each X,, is bounded in X and hence X is g-bounded.

S.417. Prove that, for any space X, the space vX is canonically homeomorphic to
the space {x € BX : H N X # 0 for every Gs-set H C X with x € H}.

Solution. It is clear that the space rX = {y € fX : H N X # () for any non-empty
Gs-set H C X} is an extension of X. The space X is realcompact and X \ rX is a
union of Gs-subsets of fX. Indeed, if z € fX\rX then there is a non-empty H C X
such that H is a Gs-set in X and H N X = (. It is evident that z € H C X \ rX
which proves that fX \ X is a union of Gs-subsets of $X. Now apply Problem 408
to conclude that X is a realcompact extension of the space X.

Take any realcompact space Y and any continuous map f: X — Y. There exists a
continuous map F : fX — fY such that F'| X = f (Problem 258). Suppose that y € rX
and F(y) ¢ Y. Apply Problem 401 to find a Gs-set P in fY such that F(y) e P C Y \ Y.
Then H = F~'(P) is a Gs-set in fX and y € H C X\ X which is a contradiction with
y € rX. Thus F(y) € Y for any y € rX and therefore F |rX : rX — Y is a continuous
extension of f. Now apply Problem 413 to conclude that X is canonically homeo-
morphic to vX.

S.418. Prove that t,(X) < to(X) < d(X) for any space X. In particular, functional
tightness of a separable space is countable.

Solution. Assume that 75(X) < K, i.e., that every x-continuous function on X is
continuous on X. Every strictly x-continuous function fon X is k-continuous on X so
fis continuous. This proves that ¢,,(X) < #(X).
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Fix any dense set D C X with |D| = k = d(X) and take any x-continuous function
f:X — R.If fis not continuous then there is x € X and A C X such that x € A and
f(x) ¢ cl(f(A)) (the bar denotes the closure in X and cl(P) stands for the closure of
the set P in R). There exist disjoint U, V € 7(R) such that f(x) € U and cl( {A)) C V.
Evidently, A C V' = f(V); besides, A C V' N D. Indeed, if a € A\ (V' N D) then
ac W because D is dense in X. The function f is continuous on the set
{a} U (D\V') so fla) € cl(fID\V')) C cl(R\V) = R\V while fla) € lA) C V
which is a contradiction.

Therefore x € A C V' N D ; the function f is continuous on {x} U (V' N D) so
fx) ecl(f(V'ND)) Ccl(V) C cl(R\U) = R\U while f{x) € U. This contradiction
proves that fis continuous and hence #,(X) < k. We established that #(X) < d(X) so
our solution is complete.

S.419. Prove that ht,(X) = hto(X) = t(X) and hence to(X) < t(X) for any space X.
Give an example of a space X for which to(X) < t(X).

Solution. Assume first that #(X) < k. If f: X — R is a k-continuous function, then
take any A C X and any x € A. There exists B C A withx € B and |B| < . Since fis
continuous on the set {x} U B, we have f(x) € cl(f(B)) C cl(f{A)) which shows that
fis continuous (the bar denotes the closure in X and cl(P) stands for the closure of
the set P in R). Thus #(X) < x and therefore 75(X) < #(X). Since tightness is a
hereditary cardinal function, we have h#y(X) < #X). Applying Problem 418, we can
see that ht,,(X) < hto(X) < #(X) so, to establish the equality /t,,(X) = hty(X) = #(X), it
suffices to prove that #X) < ht,,(X).

Fact 1. For an arbitrary space Z with 1,,(2) < , if z €z is not an isolated point of Z
then there is A C Z\ {z} such that |A| < x and z € A.

Proof. Suppose that this is not true and fix a point z € Z\{z} such that z¢ A for any
A CZ\{z} with |A| < k. The functionf: Z — R defined by f(z) = 1 and f|(Z\ {z}) =
0, is discontinuous. However, if B C X and |B| < « then we have f|B € ng(C(2)).
Indeed, if z ¢ B then f| B is the restriction of g = 0 which is continuous on Z. If z € B
then z¢ B\{z} so there is g € C(Z) such that g(z) = 1 and g|B\{z} = 0. It is clear
that g|B = f| B so f is strictly x-continuous discontinuous function. This contradic-
tion shows that such a point z cannot exist so Fact 1 is proved.

Returning to our solution assume that 47,,(X) < k. If #(X) > k then there exists
A C X and x € A such that x¢ B for any B C A with |B| < k. For the space Z=A U
{x} we have 1,,(Z) < « so, by Fact 1, there must exist BCA = Z\ {x} such that |B| <
x and x € clz(B). Then x € B which is a contradiction. Thus #(X) < t,,(Z) < ht(X),
so we proved that ht,,(X) = hto(X) = #(X).

Now let X = {0, 1}; then t5(X) < d(X) = w (see Problems 418 and 108).
However, #(X) > o (Problem 359). Therefore X is a compact space with 75(X) < ¢
(X) so our solution is complete.

S.420. Let Y be an R-quotient image of X. Prove that t,(Y) < t,(X).

Solution. Let ¢ : X — Y be an R-quotient map. For k = ¢,,(X), take any strictly
k-continuous function f : ¥ — R. We claim that the function f o ¢ is strictly
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k-continuous on X. Indeed, if ACX and |A| < x then B = ¢(A) has cardinality < x
and therefore there is g € C(Y) such that g|B = f|B. It is evident that h =
gop € C(X) and h|A = (f o ¥)|A so the function f o ¢ is k-continuous on X.
Since t,,(X) < k, the function f o ¢ is continuous, and hence f is continuous by the
definition of R-quotient map. This proves that #,,(Y) < x = 1,,(X).

S.421. Prove that, for any infinite cardinal k, every i-continuous function on a
normal space is strictly k-continuous. As a consequence, to(X) = t,(X) for any
normal space X.

Solution. Assume that a space X is normal and take any x-continuous function
f:X — R. Given any A C X with |A| < k, we have #(A)<d(A)<x. Since f is
K-continuous on A, it is continuous on A. By normality of X, there exists g € C(X)
such that g|A = f|A and therefore g|A = f| A. This shows that the function fis strictly

K-continuous, i.e., every x-continuous function on X is strictly x-continuous.

To show that 7o(X) = ¢,,(X), it suffices to prove that #y(X)<#,,(X) (Problem 418).
Assume that #,,(X) = x and take any x-continuous function f: X — R. Since X is
normal, the function f is strictly x-continuous and hence continuous. Thus,
fo(X) <K = t,,(X) whence 7,(X) = ,,(X).

S.422. Prove that, for an arbitrary space X and any closed Y C X, we have
q(Y) < g(X).

Solution. Let x = g(X). The set ¢Y = clgx(Y) is a compact extension of Y. There exists
a continuous map f : fY — c¢Y such that f{y) = y for all y € Y (Problem 258). It is
evident that f is onto; besides, f(fY \Y) C cY \Y C X\X (Fact 1 of S.259). Given
any z € )Y \Y, the point y = f(z) belongs to fX\X. Since X is x-placed in pX, there
exists and G,-set H of X such that y € H C fX\X. Then H' = f'(H) is a G -set in
BY and z € H' C BY\Y. Therefore, Y is x-placed in Y and hence ¢(Y) < x = ¢(X).

S.423. Prove that a dense subspace of a Moscow space is a Moscow space.

Solution. Let Y be a dense subspace of a Moscow space X. Given an arbitrary set U
e 7(Y), fixany V € 7 (X) with V N Y = U. It is straightforward that clx(U) = clx(V)
and therefore cly (U) = clxy(V)N Y. Given any y € cly (U), we have y € clx(V) so
there is a Gs-set H in the space X such that y € H C clx(V). It is obvious that H' =
HNYisaGgsetinY andy € H C clx(V) N Y = cly (U). We proved that, for any
U € 7°(Y) and any point y € cly (U) there exists a Gs-set H' in the space Y such that y
€ H' C cly (U); hence Y is a Moscow space.

S.424. Prove that C,(X) is a Moscow space for any space X.

Solution. Given any A C X, let 74 : R¥ — R* be the natural projection onto the
face R™. If we have points x,...,x, € X and sets Oy, ..., 0, € 7°(R) then the set
[X1,. ., x5 04,...,0,]={f € RX :fix;) € O;foralli < n} is called a standard open
subset of R*. The family B of standard open subsets is a base in R* by definition of
the pointwise convergence topology. If V = [x,..., Oy,..., 0,] € B then supp(V) =
{x1,...,x,}.
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Take any U € 7*(R¥). Denote by I/ a maximal disjoint family of standard open
sets contained in U. Since ¢(R*) = w (Problem 109), the family U is countable; by
maximality of U the set U' = | JU is dense in U. Let A = | J{supp(V) : V €U }; then
A is a countable subset of X. The set P = cl(m4(U)) (the closure is taken in ]RA) isa
Gs-set in R” because R” is second countable. We claim that U = r; ' (P) (the bar
denotes the closure in RY).

Fact 1. LetY and Z be any spaces; given an open continuous onto map f: Y — Z, we
have cly (f '(A)) = '(clz(A)) for each A C Z.

Proof. The inclusion cly (f'(A)) C f'(cl(A)) is an immediate consequence
of continuity of f. The set W = Y \cly (f '(A)) is open in Y so (W) is open in Z
and does not intersect A. Therefore, clz(A) Nf(W) = 0. This shows that /' (cl(A))
C Y \W =cly (f '(4)); hence cly (f '(4)) = f '(cl,(A)) and Fact 1 is proved.

Observe that U = U and cl(n4(U")) = cl(ns(U)) = P because U’ is dense in U.
Since supp(V) C A for each V € U, we have 1y (ns(V)) =V for all V € U. An
immediate consequence is that 7y (4 (U')) = U’. The map 4 is open so U = 7!
(cl(na(U"))) = m;'(P) by Fact 1. Therefore, U = U’ = ;' (P) is a Gs-set in R¥
because the inverse image of any Gs-set is, trivially, a Gs-set. Of course, this
implies that R is a Moscow space and hence Cp(X) is also a Moscow space

being dense in R* (Problem 423) so our solution is complete.

S.425. Let Y be any space with m(Y) < . Suppose that X C Y = X and q(X) < k.
Prove that X is k-placed in Y.

Solution. The space Y is a compact extension of X so there is a continuous map f:
X — BY such that f(x) = x for any x € X (Problem 258). Take any y € Y\ X; we
have (X \ X) C Y \ X (Fact 1 of S.259). Since f(X) = X and f (X) = BY, we have
ABX\X)=pY\Ysof '(y) C X\ X.

If {fl(y)\ =1,ie.,f '(y) = {z} for some z € X\ X, then there exists a G -set H
in X such that z € H C fX\X because X is k-placed in X. Take any family
U C 7(pX) with [U|<x and (U = H. The map fis closed and, for each U € U, we
have U D £~ '(y) so there is Oy € 7(y, fY) such that f'(Oy) C U (Fact 2 of S.271).
If V={0y:UelU} and G=(V then y € G and f~1(G)=N{f"'(Ov):
UeUtCcNU=HCBX\X so GNX =10, ie,y € GC BY \X. It is evident
that G =G N YisaG,-setin Y suchthaty € G C Y \X.

Now, suppose that there exist distinct points z, t € f~'(y) and choose sets U. €7
(z, pX) and U, € 7 (1, X) such that clgy (U.) N clpx(U;) = 0 ; consider the sets V, =
U.N X, V,=U, N X. We will also need the sets F, = cly (V) and F, = cly (V)).
There exist W_,W, € 7 (Y) suchthat W, N X =V_and W, N X = V; it is clear that
F.=cly (V,) = cly(W,) and F; = cly (V,) = cly(W,). Observe also that F, N F, N
X =clx(V.) N clx(V,) C clgx(U,) N clgx(U,) = () and therefore F, N F, C Y \X.
Since z € clgx(V>), t € clgx(V,) and f(z) = f(t) = y, we have

y ey (f(V2)) Nelgy(f(Ve) NY =cly(f(V2)) Nely(f(Vy) = F-NFy,
because f{iV,) =V, and AV,) = V..
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We saw that both sets F', and F, are closures of open subsets of ¥ so there are G,-sets
P and P, of the space Y suchthaty € P, C F,andy € P, C F,. Of course, P =P, N P,is
aG-subsetof Yandy € P C F, N F, C Y \X so our solution is complete.

S.426. Prove that t,,(X) < k if and only if C,,(X) is k-placed in RY.

Solution. If Z is an arbitrary space, then a set W € 1 (C,(2)) is called a standard
open subset of C,(Z) if there are zy,...,z, € Zand Oy,..., 0, € 7 (R) such that
W=lzi,...,2; O1,..., 0, = {f € C,(2) : fizy) € O; for all i < n}. Standard open
sets form a base B in the space C,(Z). If W = [zy,..., z,; Oy, .., O,] € B then supp
W)y =A{z,...,z,}.

Fact 1. Let Z be an arbitrary space; given a cardinal x, call a set H C C,(Z)
a standard G,-set in the space C,(Z) if there exist A C Z and f € C,(Z) such that
|A| < kand H=G(f, A) = {g € CyZ):g|A=f|A}. Then

(1) Every standard G,-set is a G,-set in C,,(Z).

(2) For any f € C,(2), the family {G(f, A): A C Zand |A| < k} forms a base at fin
the family of all G,-sets in C\,(X) in the sense that, for any G,-set H > fthere is
A C Zsuch that |A| < k and f € G(f, A) C H.

Proof. For any point z € Z and any function f € C,(Z), it is immediate that
G(f, {z) = NHlz; (f) 711, fo) + % )] : n € N} is a Gs-set in C,(Z) so the set
G(f, A) = (MG(f, {z}) : z € A} is the intersection < x of Gs-subsets of C,(Z).
Therefore, G(f, A) is a G,-set whenever |A|< « so (1) is proved.

To prove (2), assume that we have f € H =\ U where U C 7(C,(Z)) and
|| < k. For each U € U fix a standard open Oy € 7 (f,C,(Z)) and consider the
setA = |J{supp(Oy) : U € U}.Ttis evident that |A| < k; if g € G(f,A), U € U and
Oy=Ilz1,...,24 O1,...,0,] then g(z;) = f(z;) € O, for all i < nbecause supp(U) C A
and g|A = f|A. Thus, g € Oy C U for all U € U, i.e., g € H which shows that
G(f, A) C H so Fact 1 is proved.

Returning to our solution, let 1, : R¥ — R* be the natural projection onto the
face R™. Evidently, 14|C »(X) coincides with the relevant restriction map. Let Z be
the set X with the discrete topology; then the standard G,-sets in C,(Z) coincide
with the G,-sets in R* which have the form G(f, A) = {g € R* : g|A = f| A} for
some f € R¥and A C X with | A | < k.

Assume that ¢, (X) < x; given any f € RX\CP (X), the discontinuous function f
cannot be strictly x-continuous because 7, (X) < k. Therefore, there isa set A C X
such that | A | < k and f| A ¢ 4 (C,(X)). This, evidently, implies that f € G (f, A)
- }RX\CI,7 (X); since G (f, A) is a G,-set in R* (Fact 1), this proves that C,, (X) is
K-placed in R,

Now, if C,(X) is k-placed in R, take any strictly x-continuous discontinuous f € R¥.
since C,(X) is k-placed in R, there exists a G,-set H in RX such that feHC
R*\C,(X). Apply Fact 1 to find a set A C X such that | A | < x and G (f, A) C H.
Then G (f, A) € R*\ C,(X) which implies f|A ¢ny (C,(X)), i.e., f is not strictly
K-continuous, a contradiction. Therefore, every strictly x-continuous function on X
is continuous, i.e., t,, (X) < Kk so our solution us complete.
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S.427. Prove that C(X) is realcompact if and only if it is w-placed in RX.

Solution. Assume that C,(X) is w-placed in R*. This means that ]RX\CP(X) is a
union of Ggs-subsets of R*. Since the space R¥ is realcompact, we can apply
Problem 408 to conclude that C,,(X) is also realcompact.

On the other hand, if C,(X) is realcompact then ¢ (C (X)) = @ (Problem 401) and
R¥ is a Moscow space (424). Since Cp(X) is dense in R*, we can apply Problem 425
to convince ourselves that C,,(X) is w-placed in RX.

S.428. Suppose that there exists a non-empty Gs-subspace H C C,, (X) such that H is
realcompact. Prove that C,(X) is realcompact.

Solution. Take any f, € H; the map Ty, : C,(X) — C,(X) defined by the formula
Ty (f) =f —fo for all f € C,(X), is a homeomorphism (Problem 079). Therefore
H' =Ty, (H) is also a realcompact Gs-subset of C,(X) such that the function u = 0
belongs to H'. Apply Fact 1 of S.426 conclude that there is a countable A C X
such that I(A) = { f€ C,(X) : f| A =0} C H'. The set I(A) is closed in the
whole of C,(X) and hence in H' so I(A) is realcompact. It is evident that
I(A) =I1(A) = {f € C,(X) : f]A = 0}. For the set Y = X\A, we have (x) the map
7 = yll(A) : I(A) — my (I(A)) C Cp(Y) is a homeomorphism.

The map my is continuous (Problem 152) so continuity of = is clear. If f, g € I(A)
and f # g then there is x € X such that f(x) # g(x); since f|A = g|A, the point x
has to belong to Y and hence n(f) = my(f) # ny(g) = n(g), i.e., the map 7 is
a condensation.

To see that the map n' is continuous, take any g € Z=my (I(A)) and let () =Ff
Given xy,..., x, € X and ¢ > 0, assume, without loss of generality, that xi,...,
Xy €Aand xpyy,...,x, € Y.Let W={h€Z:| h(x)—g(x)| <eforalli=k+
1,...,n). Then W € 7(g, Z); if h € W and &' = 1" (h) then /'(x;) = h(x;) and hence
| W(x) —fix) | = | W(x;)) — g(x)) | < eforall indicesi =k + 1,..., n. Besides, /' €
I(A) and therefore /' (x;) = 0 = f(x;) for all i < k. As a consequence, | A'(x;) — fix;)
| < & forall i < n which shows that we have n™" (W) C O (f, x1,..., X, 8) = {f' €
Co(X) 1 | f'(xp) — fix) | < eforall i < n}. Since the sets O (f, x1,.. ., X, ¢) from a
local base at fin C,(X), we proved that n ! is a continuous map at every g € Z so (x)
is settled.

By (), the set Z is realcompact being homeomorphic to a realcompact space I(A);
observe that Z is dense in C,(Y). Indeed, if ¢ € C,(Y) and yy,..., y, € Y then
there are functions f; € C(X), i = 1,..., n, such that fi(y;) = 1 and f;|(AU
({1, -\ {y:i})) =0. Then f =>"", g(y;). f; belongs to I(A) and we have
y(f) (v;)) = g (y;) for all i < n. Since my(f) € Z, this shows that Z intersects every
basic neighbourhood of g, i.e., g is in the closure of Z.

The space R” is a Moscow space (Problem 424) and Z is a realcompact dense
subspace of C,(Y) and hence of RY : this implies, by Problem 425, that Z is
w-placed in R*. Now suppose that Cp(X) is not realcompact. Then, it is not w-placed
in R¥ (Problem 427) and hence there is fe R*\C »(X) such that f | B € mg (C,(X)) for
every countable B C X. In particular, there is g € C,,(X) such that g|A = f|A. Observe
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that f is w-continuous on A and hence f|A is continuous (see Problem 418). The
function & = f— g is still discontinuous and strictly w-continuous; besides, h|Z =0
because 4 is continuous on A and h|A = 0 (see Fact 0 of S.351).

Our next step is to observe that my(h) € R\Z. Indeed, if not, then there is w € I(A)
such that w|Y = h|Y; since w|A = h|A = 0, we have & = w is a continuous function
which is a contradication. Since Z is @ -placed in RY, there is a countable B C Y
such that /|B ¢ mz(Z) = ng(I(A)). However, h is strictly w-continuous so there is
v € Cp(X) such thatv | (AUB) = | (AU B). As a consequence, b |A =0sov|A =0
by continuity of v. Hence v € I(A) and h|B = v | B € mg(I(A)) = mp(Z) which is
a contradiction showing that C,,(X) is realcompact.

S.429. Prove that t,(X) = q(C,(X)) for any space X. In particular, C,(X) is
realcompact if any only if t,,(X) = o.

Solution. Assume first that 7,,,(X) < x for some cardinal k. Then the space C,(X) is
k-placed in R* (Problem 426). The space K = B(R¥) is a compact extension of
Cp(X); given any z € K\C,(X), we have two cases:

(1) ze R¥; then z € R¥\C »(X) and therefore we can find a G-set H in the space R
such that z € H ¢ R*\C »(X) because C,(X) is x-placed in RX It is easy to see
that there exists a G,-set H' in the space K such that #/ N R* = H; evidently,
z € H C K\C,(X).

(2) z € K\R¥. The set R¥ is w-placed in K because R* is realcompact so there
exists a Gg-set H in the space K such that z € H C K\R* ¢ K\C,(X).

This shows that C,(X) is x-placed in K; take a map ¢ : f(C,(X)) — K such
that o(f) = f for any f € C,(X). Given any point z € B(C,(X))\C,(X), we have
©(f) € KNC,(X). (Fact 1 of S.259) and therefore there is a G,-set H in the space K
such that p(z) € H C K\C,(X). Then H' = ¢ '(H)is a G-set in B(C,(X))andz € H'
C B(C,(X))\C,(X) which proves that C,,(X) is k-placed in f(C,(X)), i.e., g(C,(X)) < k.
Thus, we proved that g(C,(X)) < 1,(X).

Finally, observe that if ¢(C,(X)) < x then C,(X) is x-placed in R* by Problem
425. As a consequence, t,,(X) < x (Problem 426) which shows that #,,(X) <
q(Cp(X)) s0 1,,(X) = q(C,(X)) and our solution is complete.

S.430. Prove that t,(fw\w) > w. As a consequence, the space C,(fw\w) is not
realcompact.

Solution. Let B be the family of all non-empty clopen subsets of ®* = ffw\w. By
Facts 1 and 2 of S.370, the family B is a base in w". Take U, € B arbitrarily; assume
that o is a countable ordinal and we have a family {Up : f <o} C B such that
Uy C Ug (the inclusion is strict) for all f# < p <.

Since Upg is compact for each f# < o, the set U], = (\{Up : f<o} is a non-empty
Gs-subset of @". Therefore Int(U’) # () by Problem 370 and hence there exists
U, € B with U, C V,, (the inclusion is strict). This concludes our inductive con-
struction giving us a family {Ug : f <w;} C B such that U g C Ug (the inclusion
is strict) for all § < " < . Since the set Uy is compact for each ordinal < w, we
have P = ({Up : f<ai} #0.
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Let f{x) = 1 for all x € P and f(x) = 0 if x € ®" \ P. Observe that the set P is not
open in w™ because otherwise K = w™ \ P is compact while {&w*\ U, : o < w;} is an
open cover of K which has no finite subcover. Thus P = f~!((—4,)) is not open in
" whence f is a discontinuous function.

However, f is strictly w-continuous. To see it, take any countable A C w*. There
exists o < w; such that U, N A =P N A; the function g : X — {0, 1} defined by
gx)=0if x € U, and g(x) = 1 for all x € "\ U,, is continuous and g|A = f]A. This
proves that there exists a strictly m-continuous discontinuous function on fw\w
and hence t,,(fw\w) > w. Applying Problem 429, we conclude that C,(fw\w) is
not realcompact.

S.431. Give an example of a space X for which C(X) is realcompact while C(Y) is
not realcompact for some closed Y C X.

Solution. If X = fw then #,(X) < d(X) = w (Problem 418), so the space C,(X) is
realcompact (Problem 429). However, ¥ = fw\ w is a closed subset of X such that
C,(Y) is not realcompact (Problem 430).

S.432. Prove that an open continuous image of a realcompact space is not neces-
sarily realcompact.

Solution. If X = S then ¢,,(X) < d(X) = w (Problem 418), so the space C,(X) is
realcompact (Problem 429). However, Y = ffw\  is a closed subset of X such that
C,(Y) is not realcompact (Problem 430). The space X is compact and hence normal,
50 my(C,(X)) = C\,(Y) (Problem 152). The map 7y is open (Problem 152) so C,(Y) is
not realcompact while being an open continuous image of a realcompact space
Cp(X).

S.433. Give an example of a space X with to(X) # t,(X).

Solution. Given an arbitrary space Z, let Z* =  J{cl(A) : A is a countable subset of
Z}. If B is a compact extension of Z, canonically homeomorphic to fZ then Z* =
(J{clp(A) : A is a countable subset of Z}.

Fact 1. Let Z be a pseudocompact space. Then, for every strictly w-continuous
function f : Z — R, there exists a strictly w-continuous function f* : Z* — R such
that f*|Z = f.

Proof. Take any x € Z* and any countable A C Z such that x € A (the bar denotes
the closure in 3Z). Since f is strictly w-continuous, there is g € C(Z) such that g|A =
flA. The space Z being pseudocompact, the function g is bounded so there exists 1 €
C(fZ) such that h|Z = g; we let f*(x) = h(x). Of course, we must prove that the
choice of f*(x) does not depend on the choice of the set A C Z and the function g
(note that g determines a unique 4 by Fact 0 of S.351).

So, assume that we have some countable B C Z such that x € B and some
function g’ € C(Z) such that ¢'|B = f|B; let ' € C(SZ) be the extension of g’ to
BZ. The set A U B is countable so there is g’ € C(Z) such that g” |(A U B) =f|(A U B);
if A" is the extension of g” to $Z then h"|A = ¢"|A = f|A = g|A = h|A implies
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h"|A = h|A (Fact 0 of S.351); analogously, #"|B = g"|B = f|B = ¢'|B = h'|B implies
W'|B = K'|B. Since x €A N B, we have h(x) = h"(x) = h'(x), i.e., h'(x) = h(x) so the
definition of f* is consistent.

To see that f* is strictly w-continuous, take any countable C C Z*. For any ¢ € C
there is a countable A, C Z with ¢ € A, ; the set A = | J{A.: ¢ € C} is countable and
C C A. Choose any g € C(Z) such that g|A = f|A; there is h € C(BZ) with h|Z = g.
By definition of f*, we have f*(x) = h(x) for any x € A ; therefore f*|C = h|C so Fact
1 is proved.

Fact 2. Suppose that M, is a second countable compact space for each ¢ € T. A dense
set D of the product M =[[{M,:t€ T} is pseudocompact if and only if
ps(D) = Mg = [],cg M, for any countable S C T. Here ps : M — M is the natural
projection onto the face Mj.

Proof. If D is pseudocompact then, given any countable S C T, the set pg(D) is a
dense pseudocompact subspace of the second countable space Mg. Any second
countable pseudocompact space is compact (Problem 138) so ps(D) = Mg and we
proved necessity. Now, assume that pg(D) = M for any countable S C T. Given any
continuous function f: D — R, we can apply Problem 299 to conclude that there
exists a countable S C T and a continuous map % : ps(D) — R such that 4 o pg = f.
But ps(D) = My is a compact space. Hence f{iD) = h(My) is a compact and hence
bounded subset of R. It turns out that every f € C(D) is bounded so D is pseudo-
compact and Fact 2 is proved.

We denote by [ the closed interval [0, 1] with the natural topology. Let A be any
set with |A| = c. Fix any disjoint family {A, : o < ¢} C exp(A) such that [ J{A, :a <
¢} =Aand|A,| =cforeacha < c.Letu € I be defined by u(a) = 0 for all @ € A.
Given any B C A, we letug = u|B € I8. We will also need the sets 2XB)={x€ I’
[{b€ B : x(b) # 0}| < w} C 18 and R(B) = I’\ (B) for each B C A. The map 7 :
I* — I? is the natural projection onto the face /%.

Fact 3. The set R(B) is pseudocompact for any uncountable B C A; therefore I°
is canonically homeomorphic to B(R(B)). If we identify S(R(B)) and I then
R(B)" = I

Proof. Take any countable B’ C B and any x € 7. Letting ¢(b) = x(b) for all b € B’
and g(b) = 1 for all b € B\B’, we obtain a point ¢ € R(B) such that ¢|B’ = x.
This proves that ng/(R(B)) = P for any countable B' C B. Applying Fact 2 of
S.309 and Fact 2 of this solution, we can see that /” is canonically homeomorphic to

BR(B)).

To show that R(B)* = 18, take any x € B 1tis easy to find uncountable sets L,, C B,
n € w such that the family {L,, : n € w} is disjoint; let y,(b) = 1 for all b € L,, and
y.(b) = x(b) forallb € B\L,. ThenE = {y, :n € o} C R(B) and x € E ; to see this,
take any finite K C B. There is n €  such that L, N K = () and therefore y,|K = x|K.
This proves that, for any finite K C B there is n € w such that y,|K = x|K; an easy
consequence is that x € E. Since x € I® has been chosen arbitrarily and E is
countable, we showed that R(B)" = I® so Fact 3 is proved.
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We will need the sets X, = X(A\A,) for each o < c¢c and the set £ = X(A). The
set Q = U{[B : B is a countable subset of A} has cardinality cc so we can choose an
enumeration Q = {g, : o < ¢}; for each o < ¢, we have ¢, € I8+ for some countable
B, C A.

We first construct, by transfinite induction, an injective map y : ¢ — ¢ such that
B, N A, = 0 forall o < c. Observe that countability of By implies that there are only
countably many o < ¢ such that A, N By # (). Therefore we can choose y(0) < ¢ such
that A, o) N Bo = (). Assume that o < ¢ and we have aset S, = {7(f) : f <} C csuch
that A, NBg =10 and y(f) # y(f) for any distinct f, ' < o. The set
T,=S,U{f:AgN By # 0} has cardinality < ¢ because |S,| < ¢ and the set
{p: AgNB, # (0} is countable. Taking any y(at) € ¢\T,, we obtain a set S, =
{y(B): p < a} C csuchthat A,z N By = B and y(B) # y(f') for any distinct 8, f' < o,

Consequently, our inductive construction can be carried on for all o < ¢ giving
us a set {y(f) : B < ¢} such that 8 # f' implies y(f) # y(f) for all 5, f’ < ¢ and,
besides, A,y N By = () for all f < c.

For any o < ¢, let hyy(a) = g,(a) for all a € B,; if « € ¢\(A,y U B,) then
hyy(@) = 0. This gives us h,yy € X, for each « < ¢. For any f € ¢\y(c), let
hg = up\a,- It is straightforward that hy)|Bg = qp for all f < ¢ so we have obtained
aset {h, : o« < ¢} such that

(%) hy, € ,, for any o < ¢; besides, for any countable B C A and any ¢ € I?, there

exists o < ¢ such that A, "B = () and h,|B = q.

Indeed, there is < ¢ such that B = By and ¢ = gp. For a = y(f), we have
Ay NB=A,NBg =0 and hy|B = g3 = ¢ so (%) is proved.

For each o < ¢, let X, = {h,} x R(A,) C I. Now, let X = U{Xo : o < ¢}. The
topology on X is induced from the cube /.

Let us prove that 1,,(X) = . It follows from (x) that 75(X) = I” for any countable
B C A; therefore X is pseudocompact (Fact 2) and X is canonically homeomorphic
to I* (Fact 2 of S.309), so we will identify /* with BX. Take any strictly
w-continuous function f : X — R. There exists a strictly w-continuous function
/7 : X" >R such that f*|X = f (Fact 1). We next prove that ¥ C X*. To see this, take any
x € X; the set B=x"'((0, 1]) is countable so we can find a sequence {a,:n€w} Cc
with the following properties:

1) o, # P, forall m, n € w, m # n.
(2) hy(y,) = x[B,, forall n € .
(3) By, DBforalln € w.

Take any x, € X, foralln € . Then P = {x,:n € w} C X and x € P (the
closure is taken in [*). Indeed, take any finite K C A; since the family
{Ay(x,) :n € @} is disjoint, there is n € ® such that A,,)NK =({. This
implies that x,|K = h,,)|K = x|K because x|(KNB,,) = hy,,)|(KNB,,) and
hy(o,) (@) = 0 = x(a) for all a € K\B,,. We proved that, for any finite K C A there
is n € w such that x,|K = x|K; an evident consequence is that x € P.

Since ¥ C X*, the function f™ is defined at all points of X. Therefore, a strictly
w-continuous function f*|X is continuous because the space X is Fréchet—Urysohn
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(it is a subspace of a Fréchet—Urysohn space defined in Problem 135 and also
denoted there by ) and hence has countable tightness (Problem 419). It is easy to
see that 1z(2) = I? for any countable B C A. Therefore the space X is pseudocom-
pact (Fact 2) and hence I is canonically homeomorphic to f(X) (Fact 2 of S.309).
Thus, there exists a continuous function k : I — R such that k| = f*|Z. If we prove
that k|X = f, then we will prove continuity of the function f.

Take any o < cc. It is clear that X, C Z, = {h,} x I+, Observe that the map
n = ma,|Z, : Z, — I*+ is a homeomorphism such that 7(X,) = R(A,). Applying Fact 3
we can consider that Z, = $X; since Z, is compact, the closure in Z, coincides with
the closure in I so X = Z, and hence Z, C X*. Therefore the function f* is also
defined on Z, which is separable being homeomorphic to I°. As a consequence,
f7|Z, is continuous on Z, (Problem 418); besides, k, = k|Z, is also continuous and
coincides with f*|Z, on a dense set £ N Z, which implies f*|X,, = f|X,, = k|X,, (Fact 0
of S.351), i.e., k|X,, = f|X,,. The ordinal o has been chosen arbitrarily so k|X = fand
hence f is continuous which proves that 7,,(X) < .

To show that #(X) > w, we will produce an w-continuous discontinuous
function g : X — R. Let g(x) = 1 if x € X and g(x) = 0 for all x € X\ X,,. It follows
from (x) that X\ X, is dense in X, so the set X\ Xy = gil(O) is not closed in X
whence the function g is not continuous.

Now take any countable M C X; then M = My U M| where Mo =M N X, and
M; =M N (X\ Xo). The function g|M is continuous if and only if M; is closed in M
for each i = 0, 1; thus it suffices to show that My N M; = 0§ and M, N My = () (the
bar denotes the closure in X). The first equality holds because X, is closed in X and
hence My "M, C XoNM; = 0.

Observe that 74, (X\Xo) C X(Ao) and hence 4,(M;) C 2(Aop). Since the closure
in /40 of any countable subset of X(A,) is contained in X(A,) (Fact 3 of S.307), we
have ma,(M;) C [ra,(M1)] C > (Ao) (the brackets denote the closure in the space
Ao ) while TCAO(M()) C TEAO(X()) = R(A()) C IAO\Z(A()). It follows from A, (Ml) n
T4, (Mo) = () that M| N My = () and therefore the function g|M is continuous. Since
there exists an w-continuous discontinuous function on X, we have 7(X) > w =
t,,(X) so our solution is complete.

S.434. (Uspenskij’ s theorem) Prove that ¢(X) = to(C,(X)) = t,,(C,(X)) for any space
X. In particular, X is a realcompact space if and only if functional tightness of C,(X)
is countable.

Solution. Assume that #,,(C,(X)) < x ; then ¢(C,(C(X))) = 1,,(C,(X)) < Kk (Problem
429). Since X embeds in C,(C,(X)) as a closed subspace (Problem 167), we have ¢
X) < q(Cx(Cy(X))) < i (Problem 422) which proves that ¢(X) < 1,(C,(X)).

Given a space Z, a cardinal x and a set A C Z, let [A;] =|J{B:B C Aand
|B| < k}. The set [A], is called the k-closure of A in Z.

Fact 1.Lety : Y — Zbe a continuous onto map. Suppose that Y has a base B such that,
for any U € B, there exists V C 7(Z) such that p(U) C V C [p(U)],. Then 1y(Y) < &
implies #(Z) < k.
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Proof. Take any k-continuous function f : Z — R. It is evident that f o ¢ is
k-continuous on Y; since #y(Y) < x, the function f o ¢ is continuous. Fix any
point z € Z and any ¢ > 0; there is y € Y such that ¢(y) = z. The function f o ¢
being continuous, there is U’ € 7(y, Y) such that [f(¢o(y")) — f(¢(y))| < 5forally’ €
U'. Pick any U € Bsuch thaty € UC U'.

There exists a set V € 7(Z) such that AU) C V C [f(U)].. Since z € f(U),
we have V € 7(z, Z). Observe that f(p(U)) = (f o )(U) C (f(z) -5, (Z_)/-i—%)
Since V C [f(U)],., for any z’ € V there is B C f{U) such that |B’| < k and z’ € B. The
set B = B'U{7'} has cardinality < k so f|B is continuous. As a consequence,
f(&) €f(B) C (fz) =5 f(2) +5) = [f(z) =5 f(2) +5] C (F(2) — & f(2) +e).
This shows that |[(z') — f(z)| < ¢ for all Z/ € V, i.e., V witnesses continuity of f at the
point z. Since z has been chosen arbitrarily, we proved that any x-continuous
function on Z is continuous, i.e., to(Z) < k. Fact 1 is proved.

Returning to our solution suppose that ¢(X) < «. The space C,(X) is homeomor-
phic to C,(X, (=1, 1)) C C(X, ). (Fact 1 of S.295). The restriction map T :
C,(pX, ) — C,(X, I) is a condensation (it is continuous and injective because it
is a restriction of a continuous injective map my : C,(fX) — C,(X) (Problem 152)
and it is onto because every f € C(X, I) extends to a continuous function over the
whole X (Problem 257)). Let T = C\,(X, (=1, 1)) and S = 2 c Cp(BX,I). Then
p =7|§ : S — T is a condensation. We claim that S has a base with the property
introduced in Fact 1.

Given points yq,..., y, € X and sets Oy,..., O, € 7 (D), let W(yy,..., yu
Oy,...,0)={feS:fiy)eO;foralli < n}.Ifx,...,x,€X,and Gy,...,G €T
(=1, 1)), let B(xy,..., x5 Gy,...,G) ={feT:fx) € G;foralli < k}. Itis clear
that the family B ={W(y,...,ys;01,...,0,) :n € N,y; € X and O; € 7*(I)

for all i <n} is a base in §. To prove that B is as in Fact 1, it suffices to show

that o(U) C V C [@(U)], for any U = W(y,..., ¥ Oy,...,0,) € B and
V=B,V Ofy---50; ), where {yx,...,y,} = {y1,...,y.} NX and
0, = O, N(=1,1) foralli < m.

Since it is evident that o(U) C V, let us prove that V C [p(U)],.. Take any f€ V.
To avoid heavy indexing, we assume, without loss of generality, that U = W(yy,. . .,
Yims Z1s o223 O1s oo, Oy, O, ..., Qp) Where yy, ...,y € Xand zy, ..., 2, € BX\X;
then V. = B(yy,...,Vm O1,...,0,,). Since g(X) < k, there exists a family
H = {H, : o <x} C 7(pX) with the following properties:

() K={zy,...,z,})C K.
(2) For any finite F C X, there is o < % such that F N H, = ().
3) L={y1,---,ym} CX\H,, =0 forall o < x.

Givenne Nand oo <k, let P, , = {x e X\H, : f(x) €I, = [-1+11-1]}.
The set P, , is closed in X and K N 1_’,,,% = () for all n €N, a < K (the bar denotes
the closure in $X). The inclusion f{iX) C (—1, 1) implies that, for each point x € X,
there is n € N such that f(x) € I,,. Recalling that (|H C fX\X, we convince ourselves
that | J {P,, ,:n €N, a < x} =X. Take a function g € C,(BX) such that g|X = f. Choose
r;€Q; N (=1, 1)foralli < p. There exists / € N, such that {r;,...,r,} UAL) CI,.
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It is evident that g(l_’n,a) C I, for all & < k. By normality of fX, for each o < x
and n > [ there exists g,, € C(BX, I,,), such that g, , (z;) = r; for all i < p and
gﬂ,ﬂt|1_3n, o = g|1_3n, 2. In particular, 8n. o(z) = 1; € Q;foralli < p and 8n, (y/) = g(y;) =
fly;) € O;for all j < m; besides, we have g, ,(fX) C 1, C (—1,1)s0 g, , €S forall
n >l and o < k. Therefore g,, , € U forall n > [ and o < k.

Wehave LC P, ,foralln>land o < k. Iff, = g, X = ¢(g,. ») € ©(U) then
the set B = {f,, ., : & < k, n > [} is contained in p(U) and |B| < k. By the property (2),
given any finite F C X, there exists o« < i such that F N H, = (). We can find n > [
such that f(F) C I,;; then f,, ,|F = f|F. This shows that, for any finite F C X there is
h € B such that h|F = f|F; thus f € B C [¢(U)],.. Since the function f € V has been
chosen arbitrarily, we proved that V C [¢(U)],.. Thus the base B is as in Fact 1; since
1o(S) < 1(S) < «(C,(BX)) = w (Problem 419), we have £o(C,(X)) = to(T) < «. This
shows that 75(C,(X)) < ¢(X) and we finally have 7,,(C,(X)) < 1(C,(X)) < g(X) <
t(Cp(X)). An immediate consequence is the equality ¢(X) = 1,,(C,(X)) = 1o(Cp(X)).
To finish our solution observe that X is realcompact if and only if ¢(X) < @
(Problem 401) which is equivalent to 7,(C,(X)) = w.

S.435. Prove that q(X) = q(C,(C,(X))) for any space X. In particular, X is
realcompact if and only if so is C,(C,(X)).

Solution. We have ¢(X) = 1,(C,(X)) = q(C,(C,(X))) by Problems 429 and 434.
Now, X is realcompact if and only if g(X) = ¢(C,(C,(X))) = @ (Problem 401).

S.436. For any space X, consider the restriction map 7 : C,(vX) — C,(X) defined by
() =f|X. Prove that T is a condensation and w|A : A — T(A) is a homeomorphism
for any countable A C C,(vX).

Solution. Given any g € C,(vX), a set {uy, ... ,u,} C vX and € > 0, we let
O(g, U, ....yn &) = {h € Cy(vX) : |g(u;) — h(u;)| < & for all i < n}. The sets
O(g, Uy, ..., Yy, €) form a local base at the point g in the space C,(vX).

The map w is injective because X is dense in vX (Problem 152). Since R is a
realcompact space, for any f € C(X) there exists g € C(vX) such that g|X = f
(Problem 412). Therefore 7 is onto so it is a condensation.

Now fix any countable A C C,(vX); let B = n(A) and ¢ = (n|A)_1. To prove that
@ : B — Ais continuous, take any C C B and any f € (the closure is taken in C),(X)).
Assume that the function ¢(f) is not in the closure of ©(C) in the space C,(vX).
Then there are yy,...,y, €X,21,...,z€vX\Xand & > 0, such that W N ¢(C) = ()
where W = O(o(f), Y15 -» Yims Z1s - -« » Zs £)-

Forevery g € AU {p(f)} the set H(g) = g '(g(z)is a Gy -set in vX for all i < K;
therefore P; = (\{H{(g) : g € A U {¢(f)}} is also a G -subset of vX. It follows
easily from Problem 417 that P; N X # (J; fix a pointx; € P; N X foreachi < k. Itis
straightforward that g(x;) = g(z;) foreach g € A U {¢(f)} and i < k.

Since f € , we have W NC # ) where W' = O(0(f), Y1s- - +» Y X1+ « - » Xp» €);
pick any ¢’ € W' N C. Observe that g = ¢(g’) is an extension of g to vX; hence
g(x;) = g'(x;) for each i < x and g(y;) = ¢g'(y;) for all i < m. Since ©(f)(yi) = f(y)
for all i < m, we have |g(y;) — o())| =|g' () — )] < e for all i < m. Besides,
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lg(z) — ()] = |gtx) — fx)] = |g'(x) — fix) < € for all i < k; therefore we
have g € W N (C) which is a contradiction. The function f € C has been chosen
arbitrarily, so we proved that (clz(C)) C cla(p(C)) for each C C B. Thus ¢ =
(m]A)~" is continuous so 7|4 is a homeomorphism.

S.437. Let X be an arbitrary space. Let 1I: C,(vX) — C,(X) be the restriction map.
Prove that the topology of C,(vX) is the strongest one on C(vX) such that n|A : A —
T(A) is a homeomorphism for each countable A C C,(vX).

Solution. Given a topology 7 on C(vX) and A C C(vX),let 7o {U N A: U € 7}, 1i.e.,
T4 is the topology of a subspace of the space (C(vX),r) induced on A. We will also
need the map ny = nt|A : A — n(A) C C,(X) and the topology r, induced on m(A) by
the topology of C,(X).

Let A be the family of all topologies i on the set C(vX) such that the mapping 74
1 (A, py) — (m(A), vy) is a homeomorphism for any countable set A C C(vX). Denote
by 7 the topology of C,(vX) and take some u € A. Our aim is to prove that y C 7.
We know that 7 € A (Problem 436) and hence 1, : (A,74) — (7m(A),v,) is also
a homeomorphism; an immediate consequence is that 7, = i, for any countable
A C C(vX).

Fact 1.1In any space Z the family B(Z) = {fﬁl(O) :0 et(R),fe C(2)} is abase of
the space Z.

Proof. Indeed, if z € U € 7(Z) then there is a function f € C(Z) such that f(z) = 1 and
A@Z\U) = 0.1f O = R\ {0} € 7(R) then f '(0) € B(Z) and z € f~'(0) C U which
proves that 3(Z) is a base in Z so Fact 1 is proved.

Let D be the space (C(vX),u); the family B(D) is a base in D (Fact 1) so B(D) C T
implies u C 7 because u consists of all possible unions of the elements of B(D) and
these unions belong to 7 because 7 is a topology.

Now suppose that u is not contained in 7; then the family B(D) is not contained
in 7 and hence there is f € C(D) such that f is not continuous on C,(vX). Since
1o(Cp(vX)) = q(vX) = w (Problem 434), there is a countable A C C(vX) such that f|A
is discontinuous on (A, 74). However, 74 = u4 and f]A is continuous on (A, u)
which is a contradiction. This proves that any topology p € A is contained in 7.
Since 7 € A, the topology 7 is precisely the strongest one in the family A so our
solution is complete.

S.438. Prove that, for any X, the space v(C,(X)) is canonically homeomorphic to the
subspace Sy = {f € R* : f is strictly o-continuous) of the space RX.

Solution. Given any set Z and any A C Z, we denote by 1, : R” — R” the restriction
map which coincides with the natural projection of R”* onto the face R*. Observe
that, when we use for R some results proved for C »-spaces, we are thinking of RA
as of C,(D) where D is the set Z with the discrete topology.

If g € R*\ Sy then g is not a strictly »-continuous function so there is a countable
set A C X such that 4(g) ¢ ma(C »(X)). An immediate consequence is that the set
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H={heR": ny(h) =mA(g)} is a Gs-subset of R* (Fact 1 of S.426) such that h € H
C R*\Sy. This shows that R*\ Sy is a union of Gs-subsets of RX. The space R¥ is
realcompact so we can apply Problem 408 to conclude that S, is a realcompact
extension of the space C,(X).

Fact 1. Let Y be any space; if rY is a realcompact extension of Y such that, for
any function f € C(Y) there is g € C(rY) such that g" = fthen rY is canonically
homeomorphic to vY.

Proof. Take any realcompact space P and any continuous map ¢ : ¥ — P. We can
consider that P is a closed subset of R* for some cardinal x (Problem 401); let m, :
R* — R be the natural projection of R to its ath factor. Then the map 7, o ¢ is
continuous so we can find g, € C(+Y) such that g,|Y = 7, | for all & < x. The map
® = A {g,: o< k}: r¥Y — RFis continuous; if y € ¥ then

D(y) () = 7o (P(y)) = 8u(¥) = ma(0(y)) = (¥)(2) for each o <x

and therefore ®(y) = (y) for all y € Y. The set ®(Y) = (Y) C P is dense in O(rY)
s0 O(rY) C ¢(Y) C P because P is closed in R" Thus any continuous map ¢ of the
space Y to a realcompact space P can be extended to a continuous map @ : rY — P
so we can apply Problem 413 to conclude that rY is canonically homeomorphic to
vY. Fact 1 is proved.

Now take any function ¢ € C(C,(X)); there exists a countable set A C X and a
continuous map 6 : m4(C,(X)) — R such that 6 o m4y = ¢ (Problem 300). Observe
that m4(Sy) C m4(C,(X)) and hence the map ® = 6 o 74 : Sy —R is well defined on
Sx. Itis evident that ® € C(Sx) and ®|C,,(X) = ¢ so we can apply Fact 1 to conclude
that Sy is canonically homeomorphic to v(C,(X)).

S.439. Prove that, for any normal space X, there exists a space Y such that C,(Y) is
homeomorphic to v(C,(X)).

Solution. If yu is a topology on X and A C X, let uy = {U N A : U € u}. In other
words u, is the topology of subspace of (X, u) induced on A. We denote the
topology 7(X) by 7. The set v(C,(X)) consists of all strictly w-continuous functions
on X (Problem 438). For any f € v(C,(X)), let 7 (f) = {fl(O) :0 € T(R)}. The
family 7(f) is a completely regular (but, maybe, not 7,-) topology on X for each
function f € v(C,(X)) (see Problem 098). It is easy to see that N = [J{r(f) :
f €v(Cy(X))} generates a topology i on X as a subbase (see Problem 008); apply
Problem 099 to see that u is a Tychonoff topology on X and let ¥ = (X, u). The
family N = J{7(f) : f € C(X)} is a base of 7(Fact 1 of $.437) and therefore 7 C p.

Given any countable A C X, and any f € v(C,(X)), the function f|A is continuous
on A; an easy consequence is that 7(f)4 C 74 and hence py C 74 S0 s = 74. Since
Cp(Y) = {f: X —R: fis continuous with respect to u} C R¥, it suffices to show that
C,(Y) coincides with v(C,(X)). If f € v(C(X)) then 7(f) C N sof1 (0) e N C pfor
each O € 7(R), i.e., fis continuous on Y. Thus v(C,(X)) C C,(Y).

On the other hand, if f € C(Y) then f|A is continuous on (A, pu) for each
countable A C X. Since p4 = T4, the map f|A is continuous on (A, 74) which
shows that f is w-continuous on X. Now apply Problem 421 to conclude that f is
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strictly w-continuous on X, i.e., f € v(C,(X)) (Problem 438) and hence C,(Y)
coincides with v(C,(X)).

S.440. Give an example of a (non-normal) space X such that there is no space Y for
which v(C,(X)) is homeomorphic to C,(Y).

Solution. There exists an infinite pseudocompact non-compact space X such that
Cp(X) is o-pseudocompact and hence o-bounded (see Problem 400). Then the space
v(C,(X)) is o-compact (Problem 416), so if Cj,(Y) is homeomorphic to v(C,(X)) then
Y is finite (Problem 186). Therefore C,(Y) is metrizable as well as C,,(X) C Cp(Y).
This shows that X is countable (Problem 210) and hence compact (Problem 138)
which is a contradiction. Thus there is no space Y such that C,,(Y) is homeomorphic
to v(Cp(X)).

S.441. Suppose that C,(X) is a normal space. Prove that v(C,(C,(X))) is homeo-
morphic to C,(C,(vX)).

Solution. Let 7 : C,,(vX) — C,(X) be the restriction map, i.e., n(f) = f|X for every
f € C,(vX). Since X is dense and C-embedded in vX (Problem 413), the map 7 is a
condensation (Problem 152). Observe that any bijection b : P — Q generates a
homeomorphism b* : RC —R” defined by b*(f) = f o b for any f € R. In fact, b*
coincides with the dual map for the map b if we consider P and Q as discrete spaces
(Problem 163) for then R” = C,(P), R® = C,(Q) and b : P — Q is a homeomor-
phism. We saw already that n ' : Cy(X) — C,(vX) is a bijection so (mH* .
RGN RE(™) s a homeomorphism; let I = (nfl)*|C1,(C1,(uX)).

Given any function ¢ € C,(C,(vX)), the map I'(p) = ¢ o ot C,X) — Ris
w-continuous. Indeed, if A C C,(X) is countable then TE|TE71(A) ‘n'A) - Aisa
homeomorphism (Problem 436). Therefore the map I'(¢)|A is continuous being
a composition of continuous maps n_1|A and (p|TE_1(A). Any w-continuous function
on a normal space is strictly w-continuous (Problem 421), so I'(p) is strictly
w-continuous, i.e., I'(p) € v(C,(Cp(X)) for every ¢ € C,(Cp(vX)) (Problem 438).
Since the map (mHrisa homeomorphism, the map I' : C,(C,,(vX)) — I'(C,(C,(vX)))
is also a homeomorphism; we showed that I'(C,,(C,(vX))) C v(C,(Cp(X))).

Given any ¢ € C,(C,(X)), let ¢ = 8 o m. Then ¢ € C,(C,(vX)) and I'(¢) = ¢ ©
nl=6o0omnon ! =4 Thus C,C(X) C I'(CC, (X)) C v(CH(Cp(X))); since
C,Cp(vX) is a realcompact space (Problem 435), an easy application of 414
shows that I'(C,,(C),(vX))) = v(C,(C,(X))) and therefore I" is a homeomorphism
between C,(C,(vX)) and v(C,(C\(X))).

S.442. Give an example of a realcompact space which is not hereditarily realcom-
pact.

Solution. The space m; is not realcompact because it is a countably compact non-
compact space (see Problem 407). Besides, w(w;) = w; and hence w; can be
considered a subspace of I*! (Problem 209). The space I*' is compact and hence
realcompact. However, it is not hereditarily realcompact because it has a subspace
homeomorphic to w; which is not realcompact.
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S.443. Prove that a space X is hereditarily realcompact if and only if X \ {x} is
realcompact for any x € X.

Solution. Of course, if X is hereditarily realcompact then X \ {x} is realcompact
for all x € X. On the other hand, if X \ {x} is realcompact for all x € X then, for any
Y C X, we have Y = ({X\{x} : x € X\Y}. Therefore, Y is realcompact being the
intersection of realcompact subspaces of X (Problem 405).

S.444. Prove that any realcompact space of countable pseudocharacter is heredi-
tarily realcompact.

Solution. Let X be a realcompact space with /(X) < w. Every x € X is a Gs-set in X
so X \{x} is an F,-subset of X; apply Problem 408 to conclude that X \ {x} is
realcompact for all x € X. As a consequence, the space X is hereditarily realcompact
by Problem 443.

S.445. Give an example of a hereditarily realcompact space X with y(X) > o.

Solution. The space A(w;) has uncountable pseudocharacter at its unique non-
isolated point a. To prove that it is hereditarily realcompact take any point x € A
(w1). If x # a then A(w;)\ {x} is compact and hence realcompact. If x = a then D =
A(wy)\{x} is a discrete space of cardinality w,;. We proved that ext(R”') = w;
(Fact 3 of S.215) and this means exactly that D embeds in R®' as a closed subspace.
Hence the space D is also realcompact (Problem 401); we established that the space
A(w)\{x} is realcompact for every x € A(w;). Therefore, A(w;) is hereditarily
realcompact by Problem 443.

S.446. Prove that a space which condenses onto a second countable one is
hereditarily realcompact.

Solution. It follows from iw(X) < w that Y/(X) < w (Problem 156); observe also that
d(Cp(X)) = iw(X) < w (Problem 174). It is an immediate consequence of Problem
418 that #,,(Cp(X)) < d(Cp(X)) < w; now Problem 434 yields ¢(X) = 1,,(C,(X)) < w,
i.e., X is a realcompact space of countable pseudocharacter. Finally, apply Problem
444 to conclude that X is hereditarily realcompact.

S.447. Prove that C,(X) is hereditarily realcompact if and only if X is separable
(and hence Y(Cp(X)) = iw(Cp(X)) = w).

Solution. Suppose that C,,(X) is hereditarily realcompact. Given any f € C,(X) the
space Z = C,(X)\ {f} is dense in C,(X) and realcompact by our hypothesis. Since
C,(X) is a Moscow space (Problem 424), the set Z is w-placed in C,(X) (Problem
425). This means, there is a Gs-set H in the space C,,(X) such thatf € H C C,(X)\Z
= {f}. Thus H = {f} so {f} is a Gs-set in C,(X). This proves that d(X) = y(C,(X)) =
iw(Cp(X)) = w (Problem 173).

On the other hand, if X is separable then iw(C,,(X)) = w (Problem 173) so C,,(X)
is hereditarily realcompact by Problem 446.

S.448. Let D be a discrete space. Prove that D is realcompact if and only if every
w-complete ultrafilter on the set D has a non-empty intersection.
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Solution. Suppose that D is realcompact and & is an w-complete ultrafilter on
D with (& = (. Since D is compact, there is z € ({A : A € ¢} (the bar denotes
the closure in D). Since every A € & is closed in D, we have AND = A for
each A € ¢. This shows that z ¢ D for otherwise z¢ AND = A for each A € ¢
and therefore z € ({A : A € £} = () which is contradiction. Thus, z € fD\D; the
space D being realcompact, there is a Gs-set H in the space D such that z € H C
BD\D. Fix a sequence S = {U,,: n € o} C 7(fD) such that H = (S.LetV,=U,
N D for all n € w. Suppose that V,, ¢ ¢ for some n € w. Then A = D\V,, € &
(Problem 117), so A N U, =A N U, N D =A N V, = (0 which is a
contradiction because U, € 7(z, fZ) and z € A. As a consequence, V, € & for all
ne€ wand we have ({{V,:new}={U,ND:new}=HND =10, a con-
tradiction with the fact that ¢ is w;-complete. This contradiction shows that for
any realcompact discrete space D, any w;-complete ultrafilter on D has a non-
empty intersection.

Fact 1. An ultrafilter £ on a set D is w,-complete if and only if ()7 # @ for any
countable y C &.

Proof. Necessity is trivial. To prove sufficiency, take any ultrafilter & on the set D
such that ()7 # 0 for any countable y C &. If y C & is countable and A = () y¢ ¢
then B =D\ A € & (Problem 117) and hence y' = y U {B} is a countable subfamily
of ¢ with (7" = () which is a contradiction. Fact 1 is proved.

Now assume that any w;-complete ultrafilter on D has a non-empty intersection.
Given any z € fD\D, let us show that E = {U N D : U € 7(z, fZ)} is an ultrafilter
on D. Since any finite intersection of neighbourhoods of z is a neighbourhood of
zand D is dense in D, the family & is centered. Take any A C D such that A ¢ &. For
B =D\A wehave AN B = () (Fact 1 of S.382) and D = A U B. Therefore A and B
are complementary closed sets and hence they are both open. If z € A then
A =AND € ¢ which is a contradiction. Thus z € B and therefore D\A = B =
BN D € & We proved that ¢ is a centered family of subsets of D such that A € &
or D\A € & for every A C D. Thus ¢ is an ultrafilter by Problem 117. By our
hypothesis, £ cannot be w-complete so there is a sequence {U, : n € o} C 7(z, fZ)
such that {U,ND :n € w} =0 (Fact 1). Thus H =({U,:n € v} is a Gs-
subset of D and z € H C BD\D. This proves that D is w-placed in D and
hence D is realcompact by Problem 401.

S.449. Prove that any w,-complete ultrafilter on a set D has a non-empty intersec-
tion if and only if t,,(R”) = w.

Solution. Every w,-complete ultrafilter on D has a non-empty intersection if and
only if D is realcompact (Problem 448). The space D is realcompact if and only if
tu(C,(D)) = o (Problem 434). Since D is discrete, C,(D) = R” s0 ,,(R”) = w if
and only if every w,-complete ultrafilter on D has a non-empty intersection.

S.450. Let D be a set of cardinality < cc. Prove that every wi-complete ultrafilter
on the set D has a non-empty intersection.
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Solution. There exists a bijection of D onto a subset of R. Since the properties of
ultrafilters on a set are preserved by bijections, we can consider D to be a subset
of R. Give it the topology of a subspace of R; then D is a second countable and
hence Lindelof space. Let ¢ be an w;-complete ultrafilter on the set D. It is
immediate that any countable subfamily of the family F = {A : A € ¢} has a non-
empty intersection (the bar denotes the closure in D).

If N F = 0 then the family 2/ = {D\A : A € £} is an open cover of the Lindelof
space D. Consequently, there is a sequence {A, : n € w} C ¢ such that
U{D\A, :n € o} =D and hence ({A,:n€w}C({A,:n€ w}=0 which
contradicts @;-completeness of . Thus, we can choose x € (| F; let {W,, : n € w}
be a local base at x (we can find one because D is even second countable).

If W, ¢ & for some n € w then A = X\W,, € £ (Problem 117) and hence x¢ A which is
a contradiction. Thus, W, € & for all n € w and therefore {x} = [ {W,:n € w} € &
As a consequence, x € A for any A € ¢ because otherwise {x} NA = ) so & is not
even a centered family. This shows that x € N & and makes our solution complete.

S.451. Suppose that a non-empty space X, is realcompact for any t € T. Prove that
the space X = @{X, : t € T} is realcompact if and only if every w;-complete
ultrafilter on the set T has a non-empty intersection.

Solution. If X is realcompact choose a point x, € X, for every t € T. The set D = {x,
t € T} is realcompact being closed in X (Problem 403). Since D is discrete, every
w-complete ultrafilter on D has a non-empty intersection (Problem 448). Since
t—Xx, is a bijection between D and T, every w-complete ultrafilter on T also has a
non-empty intersection. This settles necessity.

Fact 1.If Z, is an arbitrary space for any ¢t € T, let Z = €p{Z, : t € T}. We consider
that each Z, is a clopen subset of Z (see Problem 113). For an arbitrary A C T, let Z4
= U {Z,:t € A}. Suppose that A, B C Tand A N B = (). Then clyAZ,) N clgAZsp)
= (). As a consequence, clzz(Z,) is open in fZ for any A C T.

Proof. Let f(x) = 1 forall x € Z, and f{x) = 0 if x € Z\ Z,. It is clear that the function
f:Z— {0, 1} is continuous, and hence there is ¢ € C(SZ, {0, 1}) with g|Z =f. The
sets g '(0) and g '(1) are closed in SZ and disjoint; since Z, C £ (1) and Zg C
f 1(O), we have

Clﬁz(ZA) N Clﬂz(ZB) C Cl/}z(f_l(l)) n Cl/}z(f_l(O)) C g_l(l) N g_l(()) = 0.

Finally, fZ = clg/(Za) U clgAZy\ 4) s0 BZ\clgAZa) = clpAZr 4) is a closed
set whence clg(Z,) € 1(BZ). Fact 1 is proved.

Fact 2. Let Z be an arbitrary space. If F is C*-embedded in Z then the space clgz( F)
is canonically homeomorphic to fF. In particular, if Z is a normal space and F is a
closed subset of Z then the space clg(F) is canonically homeomorphic to SF,
which we will write as clg(F) = fF.

Proof. Take any f € C(F, I); since F is C*-embedded in Z, there exists a function
g € C(Z, 1) such that g|F = f. There is h € C(Z, I) such that |Z = g. It is evident
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that f; = h|clgz( F') is a continuous extension of f over clgz( F ). Therefore clgz( F) is
a compact extension of F such that every function f € C(F, I) extends to f;
€ C(clgz( F), I). Applying Fact 1 of S.309, we conclude that clg(F) = BF.
Now, if Z is normal then every closed F C Z is even C-embedded in Z so again
clgz( F) = BF and Fact 2 is proved.

Now assume that every w;-complete ultrafilter on T has a non-empty intersec-
tion and take an arbitrary point z € fX \ X. For each index ¢ € T, we identify the set
X, with the respective open subspace of X (Problem 113). Givenany A C T, let X, =
U {X;:t€ A}. We claim that the family ¢ = {A CT:z € X4} is an ultrafilter on T
(the bar denotes the closure in 5X). To see that ¢ is centered, take A, ..., A, € ¢ and
letA=AN---NA, Clearly,z€ X =X, J Xr\as0ifz¢ X s thenz € X 7, 4.
However, Xp\y = X7\ 4, U --UXp4, which implies z € )_(T\AI- for some i < n. It
turns out that z € X7\ 4, N X4, which contradicts Fact 1. This shows that z € X4 so
A # () and hence ¢ is a centered family.

Givenany A C T, we have fX = X = X4 U Xp\4 s0 if z¢ X, then z € X7\ 4. This
proves that, forany A C T, we have A € £ or T\A € &. Thus & is an ultrafilter on T
(Problem 117). Suppose first that 75 € [ & if {tp} ¢ &, then A = T\ {p} € &
(Problem 117) and therefore 75 ¢ A € £ which is a contradiction. Thus {#} € &, i.e.,
z €X,, and zgﬁ)_(T\{,U} (Fact 1). Note that every clopen subspace of any space is
C-embedded in that space, so, in particular, X,, is C-embedded in X. Thus Fact 2 is
applicable to conclude that 8X;, = X,.

The space X,, is realcompact, so there is a Gs-set H in the space BX,, = X,, such
that z € H C on\Xfo (Problem 401). It is immediate that any Ggs-set in a clopen
subspace X, « (Fact 1) is a G-set in the whole space X so H is Gs-set in fX such that
z € HC X\X.

Now if (¢ = 0, then £ cannot be w;-complete by our hypothesis so there is a
sequence {A, : n € o} C & such that ({A, : n € o} = () (Fact 1 of S.448) which
implies ({X4, : n € @} =0 and hence | J{Xp\4, :n € ®} =X. Since z € X,,,
we have z¢ Xp\,, for each n € w (Fact 1). Thus U, = fX\Xp\4, € 7(z, fZ) for
each n and

H=),., U= BX\ (U{)_(T\A” ne co}) C BX\ (U{XT\A” ne w}) — BX\X.

Thus for any z € X\ X, we found a Gs-subset H of the space X such that z € H
C pX\X. Therefore X is realcompact by 401 so our solution is complete.

S.452. Prove that a paracompact space X is realcompact if and only if every
discrete closed subspace of X is realcompact. In particular, a metrizable space M
is realcompact if and only if every closed discrete subspace of M is realcompact.

Solution. If X is realcompact then any closed (not necessarily discrete) subspace of
X is realcompact (Problem 403) so necessity is clear.

Now assume that all closed discrete subspaces of X are realcompact. Fix a point
z € X\ X and consider the family & = {U € 7(X) : z ¢ clgx(U)}. It is clear that I/ is
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an open cover of X so take any o-discrete open refinement V' of the cover U
(Problem 230). Then V = |J{V, : n € w}, where V, is a discrete family for all
numbers 1 € w. For each n € w, the family F, = {U : U € V, } is also discrete (the
bar denotes the closure in X) and z ¢ clgx(F) for any F € F,,.

Observe that @, = |, is closed in X and homeomorphic to {F : F € F,} for
each n € w because every F € F, is clopen in @, (see Problem 113). Choose
some faithful indexing {F rite Tn} of the family F,;; we lose no generality assum-
ing that F # () for each ¢t € T,. If we take x” € F! for all 7 € T,,, then we obtain a
bijection ¢ — x} between the set T, and a closed discrete subset D, = {x;’ it e Tn}
of the space X. By our hypothesis, the space D,, is realcompact so every w-complete
ultrafilter on D,, has a non-empty intersection (Problem 448); since ultrafilter proper-
ties of a set are preserved by bijections, every w;-complete ultrafilter on T, also has a
non-empty intersection. Given any A C T, let @) = (J{F" : t € A}.

Any paracompact space is normal (Problem 231) so we can apply Fact 2 of S.451
to conclude that we have clgx(®,) = f(®,,) for all n € w. If z ¢ clgx(D,) then let H,,
= fX \clgx(®,); then H, is an open set (and hence a Gs-set) of the space fX such
that z € H, C pX\ D,

There is more job to do if z € clgx(®,) = f(P,); we claim that, in this case,
the family & = {A C T, : z € clgy(®})} is an ultrafilter on T,,. To establish first
that & is centered, take any A,,..., Ay € £ and let A = A;N---NA,. Clearly,
z € clpx(®,) = clpx (P U c1,;X(q>Tﬂ\A) so if z¢ clpx (@) then z € clpy(®I\Y).
However @M = @l U (I)T"\AA which 1mp11es z € clgx (®I\A) for some

< k. It turns out that z € cl,;x((I)T”\A ) Nclgx (@) which contradicts Fact 1 of
S 451 This shows that z € cl,;x((DA) so A # () and hence & is a centered family.

Given any A C T, we have f(®,) = clgx(®,) = clgx (D) U clpx (®I\*) so if
z2¢ clyx (@) then z € clgy(®I"\4). This proves that, for any A C T, we have A € ¢
orT,\ A € . Thus ¢ is an ultrafilter on T, (Problem 117). Since z ¢ clgx (F}') for any
t € T,, we have (¢ = () and therefore the ultrafilter & cannot be ,-complete.
Hence there is a sequence {A; : k € o} C & such that ({A; : k € o} = 0 (Fact 1 of
S.448) which implies N{®}:k€w} =0 and hence J{®"\*: ke w}=0,.
Since z € clgy (D), we have z ¢ clyx (®T"\4) for each k € @ (Fact 1 of S.451).
As a consequence, Uy = f(®,)\clgx (®1"\4) € 7(z, fZ) for each k € o and, for the
set H = ({Uy : k € w}, we have

H, = B@)\(| clpx (@) € B@)\(|J P5™) = B(@0)\ Dy

kew kew

Thus, we found a Gs-subset H/, of the space f(®,) such that z €eH!, C (D, )\ D,
It is an easy exercise that there exists a Gs-set H, in the space X such that
H, Nclgy(®,) = H,, ; thus z € H, C fX\ D,

Having constructed the sets H,, forall n € w, let H= () {H,,: n € w}. It is clear that
H is a Gs-set in the space fX; besides, z € H and H N ®,, = () for all numbers n € w. An
immediate consequence is that H N (|J,c,, ®») = 0; since |J,c,, » = X, wehavez €
HC pX\X.
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Summing up, we constructed, for an arbitrary z € fX\X, a Gs-set H in the space
pX suchthatz € H C fX \ X. Therefore, X is realcompact by Problem 401 and hence
sufficiency is proved. Finally observe that every metrizable space is paracompact
(Problem 218) so our solution is complete.

S.453. Let X be a realcompact space. Suppose that Y is a paracompact space and f :
X — Y is a continuous onto map. Prove that Y is realcompact.

Solution. Take any closed discrete D C Y; for each d € D pick a point x; € f~'(d).

It is immediate that the set D’ is closed and discrete in X and f |D' : D' — D is a
bijection. The space D’ is realcompact because it is closed in X (Problem 403).
Therefore, every w,-complete ultrafilter on the set D’ has a non-empty intersection
(see Problem 448). The ultrafilter properties on a set are preserved by bijections so
every w;-complete ultrafilter on D also has a non-empty intersection. Applying
Problem 448 again, we convince ourselves that D is realcompact. The set D has
been chosen arbitrarily, so we proved that all closed discrete subspaces of Y are
realcompact. By Problem 452 the space Y is realcompact.

S.454. Observe that any realcompact space is Dieudonné complete. Prove that a
Dieudonné complete space X is realcompact if and only if all closed discrete
subspaces of X are realcompact.

Solution. Any realcompact space X is homeomorphic to a closed subspace of a
product of real lines (Problem 401); since every factor of this product is metrizable,
the space X is Dieudonné complete. Now assume that X is Dieudonné complete and
all closed discrete subspaces of X are realcompact.

We can consider that X is a closed subspace of a space M = [1{M, : t € T} where
each M, is a metrizable space. Let ©, : M — M, be the natural projection; denote by
Y, the set m(X) for all # € T. Fix any ¢ € T and take any closed discrete D C Y;; for
each d € D pick a point x; € 7, ' (d) N X. It is immediate that the set D’ is closed
and discrete in X and 7, [D' : D' — D is a bijection. The space D’ is realcompact by
our hypothesis and therefore every w;-complete ultrafilter on the set D’ has a non-
empty intersection (see Problem 448). The ultrafilter properties on a set are pre-
served by bijections so every w;-complete ultrafilter on D also has a non-empty
intersection. Applying Problem 448 again, we convince ourselves that D is real-
compact. The set D has been chosen arbitrarily, so we proved that all closed discrete
subspaces of a metrizable space Y, are realcompact. By Problem 452 the space Y, is
realcompact for all € T. Evidently, X is a closed subspace of I1{Y,: t € T} so X is
realcompact by Problems 402 and 403.

S.455. Prove that any pseudocompact Dieudonné complete space is compact.

Solution. Let X be a pseudocompact Dieudonne complete space. We can consider
that X is a closed subspace of a space M = II{M, : t € T} where each M, is a
metrizable space. Given any ¢ € T, let n, : M — M, be the natural projection; denote
by Y, the set m,(X). The space Y, is compact for all € T (Problem 212) and X is a
closed subspace of a compact space Y = II{Y,: t € T}. Thus X is compact.
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S.456. Observe that any closed subspace of a Dieudonné complete space is a
Dieudonné complete space, prove that any product of Dieudonné complete spaces
is a Dieudonnée complete space. Show that an open subspace of a Dieudonne
complete space may fail to be Dieudonne complete.

Solution. If X is Dieudonné complete space then X is a closed subspace of a space
M =TI{M, : t € T} where each M, is a metrizable space. Of course, any closed
subspace X is a closed subspace of the same product so every closed subspace of a
Dieudonné complete space is Dieudonné complete.

Now assume that X, is a Dieudonné complete space for reach o < k. This means
that X, is a closed subset of a product M, = [[{M* : t € T,,} where M? is metriz-
able for all 7 € T,,. We lose no generality if we assume that T, N Ty = () when o # p.
The space [[, .M, =][{M!:a<k,t€T,} (Problem 103) is also a product of
metrizable spaces and X = [[{ X : « < k} is a closed subspace of M. Thus X is also
Dieudonné complete. This proves that any product of Dieudonné complete spaces is
Dieudonné complete.

Finally, observe that ) is an open subspace of a compact (and hence Dieudonné
complete) space w; + 1. However, @, is not Dieudonné complete being a pseudo-
compact non-compact space (Problem 455).

S.457. Let X be an arbitrary space. Suppose that X, is a Dieudonne complete
subspace of X for any t € T. Prove that N{X, : t € T} is a Dieudonné complete
subspace of X.

Solution. The space ¥ = N{X,; : ¢ € T} embeds in [[{X, : # € T} as a closed
subspace (Fact 7 of S.271) so the Dieudonné completeness of Y follows from
Problem 456.

S.458. Let Y be a Dieudonné complete space with the Souslin property. Prove that Y
is realcompact. Deduce from this fact that C,(X) is Dieudonne complete if and only
if it is realcompact.

Solution. Let Y be a Dieudonné complete space with ¢(Y) = w. We can consider
that Y is a closed subspace of a space M = [[{M, : t € T} where each M, is a
metrizable space. Given any ¢ € T, let n, : M — M, be the natural projection;
denote by Y, the set n(Y). We have c¢(Y¥;) = o for all ¢+ € T; thus the space Y,
is second countable (Problem 214) and hence realcompact (Problem 406). The
space Y is a closed subspace of a realcompact space Z = [[{Y;: ¢ € T} (Problem
402). As a consequence, Y is realcompact (Problem 403). Finally observe that
C,(X) has the Souslin property for any space X (Problem 111) so it is realcompact
if and only if it is Dieudonné complete by Problem 454 and the preceding
argument.

S.459. Prove that X is Dieudonne complete if and only if it embeds as a closed
subspace into a product of completely metrizable spaces.

Solution. If X embeds as a closed subspace into a product of complete metric
spaces, then it is trivially Dieudonné complete. Now assume that X is Dieudonné
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complete. We can consider that X is a closed subspace of M = [[{M, : t € T} where
each M, is a metrizable space.

For any ¢ € T we can assume that M, is a subspace of a complete metric space N,
(Problem 237); then M, = N{N\{z} : z € N\M,}. The space N,\{z} is open in N,
and hence completely metrizable for all z € N,\M, (see Problems 269 and 260).
Apply Fact 7 of S.271 to conclude that M, is homeomorphic to a closed subspace of
the space M, = [[{N/\{z} : z € N\M,}. As a consequence, the space M is homeo-
morphic to a closed subspace of the space M’ = [[{M, : t € T} which in turn is a
product of complete metric spaces. Since X is closed in M and M is closed in M’, the
set X is also closed in M’ which shows that any Dieudonné complete space is
homeomorphic to a closed subspace of a product of complete metric spaces.

S.460. Let X be a Dieudonnée complete space. Prove that any F ,-subspace of X is
also Dieudonné complete.

Solution. Call a set U C X functionally open in X, if there exists f € C(X) and V € 7
(R) such that U = £~ (V).

Fact 1. Let R be a Dieudonné complete space. Suppose that Z is an arbitrary space
and f: R — Z is a continuous map. Then f~'(B) is Dieudonné complete for any
Dieudonné complete B C Z.

Proof. Recall that the graph G(f) = {(y,f()) : y € R} of the mapping f'is closed in
the space R x Z (see Fact 4 of S.390). If fz = f|B : f~'(B) — B then, for the graph G
(fz) = {0, fO) : y €f1(B)} of the function fz we have the equality G( f) = G(f)
N (R x B). Since G( f) is closed in R x Z, the set G(f3) is closed in a Dieudonné
complete space R x B (Problem 456) so G(f3) is Dieudonné complete. Applying
Fact 4 of S.390 again we observe that G( f3) is homeomorphic to f ~ 'B)sof '(B)is
Dieudonné complete and Fact 1 is proved.

Returning to our solution observe that any V C R is realcompact and hence
Dieudonné complete. It follows from Fact 1 and this observation that any
functionally open subset of X is Dieudonné complete. Finally observe that any
F ,-subspace of X is an intersection of functionally open subsets of X (Fact 2 of
S.408) and apply Problem 457 to conclude that any F,-subspace of X is Dieu-
donné complete.

S.461. Suppose that a space X can be condensed onto a first countable Dieudonne
complete space. Prove that X is Dieudonne complete.

Solution. Suppose that f: X — Y is a condensation onto a first countable Dieudonné
complete space Y. Fix a continuous map g : fX — Y such that g|X = f (Problem
258). The space X is Dieudonné complete, so we can apply Fact 1 of S.460 to
conclude that the set ¥’ = g~ '(¥) is Dieudonné complete. It is evident that X C ¥';
given any z € Y'\ X, consider the set F, = gil(g(z)) C Y. The set {g(z)} is a Gs-set
in Y because y(Y) < w. Therefore, F. is a Gs-set in Y. Since f is a condensation,
F. N X consists of exactly one point x.. As a consequence, H. = F,\{x.} C Y'\X
is also a Gs-set in Y’ so the set G, = Y\ H. is Dieudonné complete (Problem 460).
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Since z € G, and X C G, we proved that, for any z € Y’ there exists a Dieudonné
complete space G, such that X C G. C Y'\{z}. Therefore X =N{G. : z € Y'\X}
s0 X is Dieudonné complete by Problem 457.

S.462. Prove that every paracompact space is Dieudonne complete.

Solution. Given spaces X and Y and a continuous map f: X — Y, denote by f the
unique continuous map from X to fY such that f |X = f (the existence of f follows
from Problem 257 and the uniqueness from Fact 0 of S.351).

Fact 1. For any paracompact space X and any p € fX\X there exists a metrizable
space M and a continuous map ¢ : X — M such that ¢(p) € fM\M.

Proof LetUd ={U € 7 (X): p & clgx(U)}; it is evident that { is an open cover of
X so there is a o-discrete open refinement )V of the cover U. We have
V ={V,:n € o} where V, is discrete for all n € w. For each n € w, the family
Fn=A{V:V €V,}isalsodiscrete and p & clgy(F) for any F € F,, (the bar denotes
the closure in X).

For every n € w, choose any faithful enumeration {F,: ¢ € T,,} of the family F,.
We can assume, without loss of generality, that T, N T,, = 0 if n # m. Any
paracompact space is collectionwise normal (Problem 231) so, for each n € o,
there exists a discrete family w, = {0, :t € T,,} C 7(X) such that F, C O, for each
index ¢ € T,. Making each set O, smaller if necessary, we can consider that p ¢
clgx(O) forallt € T,

Apply normality of X to find f; € C(X, [0, 1]) such that f,( F,) C {1} and f(X\O,)
C {0} foreacht € T = | J{T,, : n € w}.

We consider each T, a space with the discrete topology. Given f, g € C*(T,) let
d,(f, &) = sup{|f(t) — g(®)| : t € T,,}; then d,, is a metric on C*(T,) (see Problem 248)
so we will consider C* (T,,) to be a metric space with the metric d,,. For any function
feC(Ty)andr > 0,letB, (f,r)={ge CT,) :d,f g <r}.

Denote by u,, the function which is identically zero on T,. Define a map ¢, : X —
C*(T,) as follows: p,(x) = u, if x € X\ (|JW,) ; if x € O, for some s € T, then let
Pa(0)(s) = fi(x) and @, (x)(#) = O for all ¢ # s.

To see that ¢, is continuous, take any x € X and number ¢ > 0. Assume first that
x € X\ (UW,) and hence ¢,(x) = u,. There exists U € 7(x, X) such that U meets at
most one element of ®,, say O,. Since the map f; is continuous, the set P; = {y € X :
fi(y) = ¢} is closed in X and contained in Oy whence V = X\P is an open
neighbourhood of the point x. The set W = U N V can only meet O; so, for any
z € W, we have ¢,(2)(f) = 0 = u,(¢) for all ¢ # s. Since z ¢ Ps, we have ¢,(2)
(5) < & thus d,(p,(2), u,) = |f(2)| = fi(z) < & which shows that ¢, (W) C B, (u,,
¢), i.e., W witnesses continuity of ¢, at the point x.

Now if x € O, for some s € T then, by continuity of f;, there is U € 7(x, X) such
that |fi(z) — fi(x)| < eforallz € U. Let W = U N O,; then for any z € W we have
PO = 0if 1 # 5 and P,(2)(5) = £(2) 50 du(pu(2)s Pul®) = [fi®) — £i2)| < ¢
which shows that o, (W) C B, (¢,(x), €) so again the set W witnesses continuity of ¢,
at the point x.
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We proved that the map ¢, is continuous for each n € @ and therefore the map
0 =Ncopn : X — C =1, C*(T),) is also continuous. We claim that the space
M = ¢ (X) and the map ¢: X — M are as promised. Note first that M is metrizable
because any countable product of metrizable spaces is a metrizable space (Problem
207) and any subspace of a metrizable space is also metrizable (Problem 203). Let
7, : C — C*(T,) be the natural projection for each n € w.

Denote by u € I1,,,, C*(T,) the function with u(n) = u,, for each n € w; our first
observation is that u ¢ M. Indeed, if x € X then there is n € w such that x € | F,
because | J{F, : n € w} is a cover of the space X. This means that x € F, for some
t € T,, and therefore f,(x) = 1. As a consequence, p(x)(n) # u,, because w(x)(n)(f) =
1 # u,(f) = 0. Thus p(x) # uforall x € X, i.e., u ¢ p(X) =M.

To show that ¢(p) € fM\M suppose not. Then there is x € X such that
&(p) = p(x). As a consequence ¢’ = @|(X U {p}: XU {p} — M is a continuous
map. Take any n € o with x € |JF,; then x € F, for some ¢ € T,. We have
T (@p(p)) = ma((x)) = @,(x) so the map ¢, : X — M, = ¢, (X) extends to a
continuous map ¢ :XU{p} - M, in such a way that ¢'(p)(rf) =1 and
@' (p)(s) =0forall s #1t.

Let H={f € M, : f(¢t) = 0}; it is immediate that d,(f, ©'(p)) = 1 for any
function f € H and therefore ¢ (p) ¢ cly,(H). However, p ¢ clgy(Or) which implies
that p € clgy(X\O,); by continuity of ¢, we have ¢’ (p) € cly (¢'(X\0)). It is
evident that ' (X\O,) = ¢,(X\0,) C H so0 ¢'(p) € cly, (H) which is a contradiction.
Thus, @(p) ¢ M and Fact 1 is proved.

Returning to our solution take any paracompact space X; there exists a set A such
that X embeds in I (Problem 209) so we consider X to be a subspace of I*. For
every p € fX\X fix a metrizable space M,, and a continuous map ,, : X — M,, such
that ¢, (p) € pM,\M,, (see Fact 1). Then ¢ = A{y, : p € fX\X} maps X continu-
ously to the space M = [[{M,, : p € BX\X}. It is clear that the space K = [[{fM,, :
p € PX\X} is a compact extension of M and we have a continuous map @ : fX — K
defined by ® = A{p, : p € fX\X} ; it is immediate that ®|X = . For any point
p € BX\X, denote by 7, : M — M, the natural projection.

The graph G(®) = {(z, ®(2)) : z € X} is a closed subspace of fX x K (Fact 4
of S.390) so G(®) is compact. Therefore G(®) is closed in I* x K. We claim that
G(®) N I* x M) = G(p) = {(x, p(x)) : x € X}. Indeed, G(¢) C G(P) and G(p)
C X x M cI* x M which implies G(p) € G(®) N (I* x M). On the
other hand, if p € fX\ X then ¢,(p) € fM,\M,; as a consequence, 7,(D(p)) =
&p(p) € fM,\M,, which shows that ®(p) ¢ M so the point (p, O(p)) does not
belong to I* x M. Therefore, (p, ®(p)) ¢ G(®) N (I* x M) for all p € BX\ X
and hence G(®) N (]IA x M) C G(p), i.e., G(O) N (HA x M) = G(p). Thus, G(p)
is a closed subspace of I* x M which is a product of metric spaces. Observe
finally that G(y) is homeomorphic to X (Fact 4 of S.390) and hence X is
embeddable in I* x M which is a product of metric spaces. Our solution is
complete.

S.463. Prove that X is Dieudonné complete if and only if, for any z € X\ X, there
exists a paracompact Y C X such that X C Y C X \{z}.
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Solution. Assume that, for every z € X \ X there exists a paracompact Y, such that
X CY.C BX\X. Itisevident that X = N{Y, : z € fX\X}; each Y, is Dieudonné
complete (Problem 462) so we can apply Problem 457 to conclude that X is
Dieudonné complete. This proves sufficiency.

Fact 1. Letf: X — Y be aperfect map. If Y is paracompact, then X is also paracompact.

Proof. Take any open cover U of the space X. Given any y € Y, the set Y(y) is
compact so there is a finite U/ (y) C U such thatf~!(y) C [JU(y). By Fact 1 of S.226
there is V,, € 7(y, Y ) such that /' (V) C |JU(y). The family {V/,: y € Y} is an open
cover of Y so there exists a o-discrete refinement VV C 7(Y) of the cover {V, :y € Y}
(Problem 230). We have V = | J{V, : n € o} where each V), is discrete in Y. It is
clear that the family W, ={f"'(V):V €V,} is o-discrete in X and
W =J{W, : n € o} is an open cover of the space X. Let {W":7€T,} be a
faithful enumeration of the family W, for all n € w. For each t € T}, there isy, € Y
such that W' C JU(y,); let W, = {W'NU :t € T,,U € U(y,)}.

Given any point x € X there is U € 7(x, X) such that U meets at most one element
of W,, say W/ Since the family Z(y,) is finite, the set U meets at most the elements
of the family W(n,1) = {W' N U : U € U(y,)} which is finite. This shows that the
family W), is locally finite for every n € . Since W) = [ JW(n,t) forallt € T,,, we
have (JW, =W, and hence the family W = [J{W, : n € w} is a o-locally
finite refinement of the cover Y. Applying Problem 230 once more we conclude that
X is paracompact. Fact 1 is proved.

Returning to our solution, assume that X is Dieudonné complete and take any point
z € fX\X. We can consider that the space X is a closed subspace of a product M =
IT1{M, : t € T} where each M, is a metric space. We will need the space K = IT{M, :
t € T} which is compact and contains M; given any ¢ € T, let n, : K — fM, be the
natural projection. Evidently, cX = clg(X) is a compact extension of the space X.
There exists a continuous map f: fX — cX such that f(x) = x for all x € X (Problem
258). Then f(ifX \ X) C c¢X \ X (Fact 1 of S.259) and, in particular, f(z) € ¢X \ X. Since
cly(X) =X = clg(X) N M the point f(z) cannot belong to M for otherwise f(z) € cl,(X)
\X which is a contradiction. Thus there exists ¢ € T such that ©(f(z)) € PM\ M, We
have h = w, o f: pX — M, and h(z) € M\ M,. The map h is perfect (see Problem
122) and therefore the map 4, = h|h_1(M,) : h_l(M,) — M, is also perfect (Fact 2 of
S.261). The space M, is metric and hence paracompact; thus ¥ = h~'(M,) is also
paracompact by Fact 1. Finally observe that /(X)) C M, and h(z) € M\ M, whence X
C Y C X \{z}. This proves necessity and makes our solution complete.

S.464. Prove that any pseudocomplete space has the Baire property.

Solution. Let X be a pseudocomplete space and fix a pseudocomplete sequence
{B, : n € w} of n-bases in X. Suppose that some U € 7" (X) is of first category, i.e.,
there is a family {P, : n € w} of closed nowhere dense subsets of X such that
U C U, Pn- Since Py is nowhere dense, the open set U\P is non-empty, so there
is Wy € By such that W, C U\P,. Assume that we have sets W;, i < n with the
following properties:
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(1) Wigu CW, foralli=0,...n-1.
2) W, CUand W; € B; foralli < n.
3) Wi N P; = foreveryi < n.

The open set W, \ P,,,; C W, C U is non-empty because P, | is nowhere dense;
it follows easily from regularity of the space X and from the fact that 5, is a
n-base in X that there exists W,; € B,4 such that W, C W, \Pt1. It is straight-
forward that the sets W, ..., W,,W, | have the properties (1)—(3).

Thus, our inductive construction can be continued giving us a sequence {W;:i € w}
with the properties (1)—(3). Since our sequence of m-bases is pseudocomplete, we
have F = (\{W, : i € o} # 0. If x € F then x € U by (2); the property (3) implies x
¢ P, for all i € w. Thus, x € U\ |J,,, Pi which is a contradiction. Therefore, every
non-empty open U C X is of second category, i.e., X has the Baire property.

S.465. Prove that any Cvech—complete space is pseudocomplete.

Solution. Call a space Z strongly pseudocomplete if it has a pseudocomplete
sequence of bases. We are going to prove the following fact for future references.

Fact 1. Any Cvech-complete space is strongly pseudocomplete.

Proof. Take a éech-complete space X; we can choose {0, : n € o} C 7(X) such
that X = ({0, : n € w}. Observe that B, = {U € 7 (X) : clpx(U) C O,}is a base
in X for each n € w. Indeed, if x € X and V € 7(x, X) then take any W € 7(X) with
W N X =V and observe thatx € W N O, € 7(x, fX). Choose any W’ € 7(x, fX)
with clgy(W') CWNO,; then W NX e B,andxe WNXCV.

Therefore, each B, is a base in X so it suffices to prove that the sequence {5, :
n € w} is pseudocomplete. Take any family {U;:i € w} suchthat U; € B;and U, C
U, for all i € o (the bar denotes the closure in X). Since X is compact, there is
z € N{clpx(U;) : i € w}. Since clgx(U;) C O;, the point z belongs to O; for eachi € w
and therefore z € ({0; : i € } = X. As a consequence, z € clgx(U;) N X = U, for
alli € w. Thusz € ({U;:i € o} =N{U, :i € o} and hence ({U;:i € w} # 0.
The pseudocompleteness of the sequence {83, : n € w} being established, we proved
that X is strongly pseudocomplete so Fact 1 is proved.

Now, to finish our solution it suffices to apply Fact 1 and observe that any
strongly pseudocomplete space is pseudocomplete.

S.466. Prove that any non-empty open subspace of a pseudocomplete space is
pseudocomplete.

Solution. Let X be a pseudocomplete space; fix a sequence {8, : n € w} of n-bases
of X witnessing this. Given any U € 7" (X), let B, = {V N U :V € B,} for each
number n € w. It is immediate that the family {B; ‘ne a)} is a pseudocomplete
sequence of m-bases in U.

S.467. Suppose that X has a dense pseudocomplete subspace. Prove that X is
pseudocomplete. In particular, if X has a dense Cech-complete subspace then X
is pseudocomplete.



2 Solutions of Problems 001-500 397

Solution. Let Y be a dense pseudocomplete subspace of X; take any pseudocom-
plete sequence {55, : n € w} of n-bases of Y. For any U € 7* () fix U’ € 7(X) such
that U'NY =U. Let B, = {U': U € B,} foreach n € w.

Each B; is a m-base in X; to see this, take any W € 7" (X). Pick any set V € 7° (X)
with V C W; the family B, being a n-base in Y, there is U € B, suchthat U C V N Y.
Then U' cU =U CV C W so U CW and U’ € B, which shows that B, is a
n-base in X for all n € . Finally suppose that U; € B! and U, C U; foreachi € w.
Then V; = U; N Y € B; and Cly(V,‘+1) :V,‘Jrl ny :U,‘+1 nNycu,ny =YV,
for each i € w. Since {B; : i € w} is a pseudocomplete sequence, we
have ({V;:i € w} # () and therefore ({U;:i€w} D({Vi:i€w}#0soX
is pseudocomplete.

Finally suppose that X has a dense éech-complete subspace Y; then Y is
pseudocomplete (Problem 465). We proved that any space with a dense pseudo-
complete subspace is pseudocomplete so X is pseudocomplete.

S.468. Prove that a metrizable space is pseudocomplete if and only if it has a dense
Cech-complete subspace.

Solution. If any space has a dense Cvech—complete subspace then it is pseudocom-
plete (Problem 467) so sufficiency is clear.

Fact 1. Let (X, d) be a metric space. Suppose that we have a sequence {U,, : n € w}
of families of non-empty open subsets of X with the following properties:

(1) U, is disjoint and |JU, is dense in X for any n € .
(2) diam (U) < ﬁ forall U € U, and all n € .
(3) Forany U € U, there is V € U, such that U C V.
(4) The sequence {U, : n € w} is pseudocomplete.

Then D = N{JU, : n € w} is a dense Cech-complete subspace of X.

Proof. To see that D is dense, take any O € 7%(X); fix any x € O and r > 0 such that
B(x, r) C O. Pick any n € o with 1 < r/2 and observe that, by density of (JU,,
there is U € U, such that U N B(x,1/n) # (). Choose any z € U N B(x, 1/n) and
note that if y € U then

d(y,x) <d(y,z) +d(z,x) <diam(U) + 1/n < 1/n + 1/n=2/n < r.

This shows that U C B(x, 2/n) C B(x, r) C O. Apply (3) to find U; € U;,i<n such
that Uy D --- D U, = U.

By (1), there exists U,.; € U,+; suchthat U, ; N U, # 0; the properties (1) and
(3) imply U, C U,. This construction can be continued inductively giving us a
sequence {U; : i € w} such that U; € U;,U, = U and U;y; C U; for all i € w. The
property (4) says that there exists x € [{U; : i € w};itisclearthatxe D N U CD
N O soD N O # () which proves that D is dense in X.

To see that D is éech-complete, let V,={UND:Ue€U,} for all n € w.
Since D C |JU,,, we have D =]V, i.e., V, is an open cover of the space D for
each n € w.
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Assume that F is a filter on D dominated by the sequence {V, : n € w}, i.e., for
any n € w there is V,, € V), such that F,, C V,, for some F,, € F. Take U, € U, such
that U, N D=V, foralln € w. Wehave U, N U, DV, 1 NV, DF, .1 NF,#0
because F is a filter. Thus, U, N U, # 0 whence U,.,; C U, for all n € w by (1)
and (3). The property (4) implies that there is x € (\{U, : n € w}. Clearly, x € D;
we claim that x € (\{F : F € F}. Indeed, suppose that there is F € F such that
x ¢ F. There is a number r > 0 such that B(x, r) N F = {J; choose any number n € ®
with 1 <7 Pick any y € U,,; then d(y, x) < diam (U,) < 1/n < r (note that x, y € U,
so d(x, y) < diam(U,,))). Thus, U, C B(x, r) and therefore U,, N F = (). However,
there is F,, € F with F,, C V,, C U, and hence F,, N F = ) which is a contradiction
because F is a filter. An easy consequence is that x € (\{clp(F) : F € F}.

We proved that, for every filter F dominated by the sequence {V, : n € o}, we
have ({clp(F) : F € F} # 0. Applying Problem 268, we conclude that D is Cech-
complete so Fact 1 is proved.

Returning to our solution, suppose that (X, d) is a pseudocomplete metric space;
fix a pseudocomplete sequence {B, :n € w} of m-bases of X. For any n € w

consider the family B, = {U € B, : diam(U) <ﬁ} It is immediate that B, is

also a m-base in X for all n € w and the sequence {B; ‘ne a)} is pseudocomplete.
Therefore we lose no generality if we assume that diam(U) < ﬁ forevery U € B,
and n € w.

Let U, be a maximal disjoint subfamily of By ; it is an easy exercise that | U is
dense in X. Suppose that we have families Uy, . . . , U, with the following properties:

(a) U, is disjoint and U; C B; for all i < n.
(b) Foranyi < nand U € U, thereis V € U; such that U C V.
(c) The set |JU; is dense in X for all i < n.

For a fixed U € U, call a family C C B, strongly inscribed in U if V C U for
any V € C. Let Z/{,L;Ll be a maximal disjoint subfamily of 3, strongly inscribed in

U. It is straightforward that (JUY. , is dense in U; let U1 = U{Z/{fl]+1 U eU,}.
We skip an easy checking that the properties (a)—(c) are fulfilled for the families
Uy, ..., U,,U,y1. Thus our inductive construction can be continued to provide a
sequence {U, : n € w} with the properties (a)—(c). Recalling that diam(U) <15
for any U € U,,, we can convince ourselves that properties (1)—(4) from Fact 1 hold
for the sequence {U, : n € w}. Thus Fact 1 is applicable to conclude that we have a
dense éech—complete subspace D C X. This settles necessity so our solution is

complete.
S.469. Give an example

(a) Of a Baire space which is not pseudocomplete.

(b) Of a pseudocomplete space which has no dense Cvech-complete subspace.
Observe that it is an immediate consequence of (b) that there exist pseudocom-
plete non-Cech- complete spaces.

Solution. (a) Let N be a countably infinite set. Take an arbitrary ultrafilter ¢ on
N such that ()& = (). Denote by N¢ the set N U {¢} with the topology 7: = {A :
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ACN}U{B:¢eBand N\B¢£}. Then 7: is a Tychonoff topology on N: and
Cp(Ne) is a Baire space (Problem 279). Assume that C,(N¢) is pseudocomplete;
since it is metrizable (Problem 210), it has a dense éech—complete subspace
(Problem 468) so N: has to be discrete (Problem 265) which it is not. This
contradiction shows that C,(V;) is a Baire space that is not pseudocomplete.

(b) It is easy to see that any pseudocompact space Z is pseudocomplete (take
B, = 7"(X) for all n € w) so it suffices to give an example of a pseudocompact
space that has no dense éech—complete subspace. There exists an infinite pseudo-
compac space X such that Cp,(X, II) is pseudocompact and hence pseudocomplete
(see Problems 398 and 400). If C,,(X, ) has a dense Cech-complete subspace then X
has to be discrete (Problem 287) which it is not. Therefore C,,(X, I) is an example of
a pseudocomplete space that has no dense éech—complete subspace.

S.470. Prove that any product of pseudocomplete spaces is a pseudocomplete
space.

Solution. Given any space Z and any n-bases 13 and C in Z, let B[C] = {U € B : there
exists V € C such that U C V} C B. It is straightforward that B[C] is a n-base in Z.
We write B < C if for any U € B there is V € C such that U C V. This relation is
clearly transitive, i.e., for any 7n-bases A, B3, C in the space Z, if A < Band B < C,
then A < C. Another trivial observation is that A[B] < B for any n-bases .A and B in
the space Z.

Fact 1. Let Z be a pseudocomplete space. Then there exists a pseudocomplete
sequence {B,, : n € w} of n-bases in Z such that

(1) B,41 < B, for each n € .
(2) For each m € w, if we have a family {U; : i = m} such that U; € B; and
UH_] C U; for all I = m then ﬂ{U, > m} #* 0.

Proof. Let {C, : n € w} be a pseudocomplete sequence of n-bases of Z. Note first
that if we take any 7-base C,, C C, for all n € o then the sequence {C}, : n € w} is
also pseudocomplete. If we let By = Co and B, | = C,,1[5,] for each n € w then
we get a pseudocomplete sequence {5, : n € ®} of n-bases in Z such that 5, ; < B,
for all n € w so (1) is proved.

Suppose that {U; : i = m} is a family as in (2). Since B,, < B,,_, there exists
U, € B,._; such that U,, C U,,_;. Going “backwards” in this manner, we obtain
sets Uy,_1,. .., Uy, Upsuch that U; € B;and U;y; C U; for all i < m. Since we have
the same property for all i > m, we have obtained a sequence {55; : i € @} such that
U; € B;and U;, C U, for all i € w. The sequence {B; : i€m} being pseudocom-
plete, we have ({U; : i=zm} = ({U; : i € w} # 0 so Fact 1 is proved.

Returning to our solution let X, be a pseudocomplete non-empty space for each
t € T; fix a pseudocomplete sequence {B. : n € w} of n-bases in X, for each t € T.
Fact 1 shows that we can assume, without loss of generality, that the sequence
{B! : n € w} has the properties (1) and (2) forall 7 € T. If O,€7(X,) for all € T, the
set 1,7 O, is called standard if O, # X, for only finitely many ¢. The family of
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all standard sets is a base in the space X = II{X, : + € T} (see Problem 101).
If O = [[,cr O; is a standard set then supp (0) = {r € T : O, # X;}. Letp, : X — X,
be the natural projection for all ¢ € T.

Let B, ={0=[],.; 0, €S:0,€ B, for all t € supp(0) } for each n € .
We claim that 3, is a n-base in X for each n € w. Indeed, if U €7(X) then there
is O =[],.; O, € Swith O C U. Since B! is a n-base in X, for all # € supp(O), there
is V; € B! with V, C O, for each 7 € supp(0). Let V, = X, for all t € T\ supp(O); then
V=][{V::t€T} € B,and V C O C U which proves that each B, is a n-base in
the space X.

We show next that the sequence {B, : n € w} is pseudocomplete. Take any
family {U, : n € o} such that U, € B, and U, C U, for all n € @ We have
Uy = [,y U where U} € B!, for all n € o and ¢ € supp(U,). Fix any s € T; we
claim that ({U} : n € w} # 0. Indeed, if s¢ J{supp(U,) : n € w} then U’ = X;
for all n € w and hence ({U” :n € o} = X; # 0.

Observe that supp(U,,;.1) D supp(U,) for all n € w. Indeed, U,.; C U, implies
that U = p,(U,11) C pi(U,) = U for all t € T. Consequently, if U" # X, then
Urtl £ X,, ie., t € supp(U,) implies ¢ € supp(U,,1 ).

Now assume that s € supp(U,,) for some n € w and let m € w be the smallest of
the numbers n € w such that s € supp(U,,). Thus, U7} = X, forall n < m and s € supp
(U,) for all n = m by our previous remark. Therefore U? € ; for all n > m. Given
any n > m, observe that U, = [[{U/*! : t € T} and therefore U™ = py(U,1)
C ps(Uy) = U for all n = m (all closures are denoted by a bar; we hope there is no
confusion as to in which space the closure is taken). By property (2) for the
sequence {8 :n € w}, we have ({U?:n=m} # 0. However, U = X, for all
n<mso ({U!:necw}={U!:n=m} #0.

We proved that there is x, € (\{U : n € o} for each ¢ € T. Letting x(¢) = x, for
all # € T we obtain a point x € X such that x € ({U, : n € w} which shows that the
sequence {U, : n € w} of n-bases in X is pseudocomplete.

S.471. Prove that an open metrizable image of a pseudocomplete space is a
pseudocomplete space.

Solution. Call amap f: Y — Z almost open if, forany U € 7*(Y), there is V € 7°(Z)

such that f(U) C V C f(U). The map fis weakly open if for any U € 7*(Y) there is

V € 7*(Z) such that V = f(U). It is evident that any almost open map is weakly
open. A family I of subsets of Y is called strongly disjoint if U NV = () for any
distinct U,V € U. For further references, we will prove the following fact which
gives more than we need for this solution.

Fact 1. Letf: X — M be a weakly open continuous map of a pseudocomplete space
X onto a metrizable space M. Then M is pseudocomplete. As a consequence, an
almost open continuous metrizable image of a pseudocomplete space is pseudo-
complete.

Proof. Fix an arbitrary metric d on the space M such that 7(d) = 7(M). For any

U € m(X), let ®(U) = Int(f(U)); this gives us a map ® : 7*(X) — 7*(M). Since
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V=f(U) for some Ve7*(X), we have V CInt(f(U)) and therefore

®(U) C f(U) = ®(U) for any U € 7(X).

Let {B,:n € w} be a pseudocomplete sequence of zm-bases in X. It is
straightforward that the family C, = {®(U) : U € B,} is a n-base in M for all
n € . Let Uy be a maximal strongly disjoint subfamily of the family
{V € Cy : diam(V)<1}. For each V € Uy take any U € By such that ®(U) =V
and let go(V) = U. Since qo(V) Cf~'(V) for each V € Uy, the family
B, = qo(Uo) is also strongly disjoint.

It is easy to check that the set | JU is dense in M and gy : Uy — Bg is a bijection.
Suppose that we have constructed strongly disjoint families Uy, . .., Uy, By, . . ., B,
and bijections ¢; : U; — B:,i = 0,...,n with the following properties:

(1) U; C (M) and UUY; is dense in M for all i < n.

(2) For every i < n, we have B; C B; and ®(gi(V)) =V for each V € U;.

(3) diam (V)< forall V € U; and all i < n.

(4) Forany i€ {1,...,n} and any W € U, there is V € U;_| such that W C V.
(5) Foralli <n,if Vel, WeU;yy and W C Vthen g1 (W) C qi(V).

For any V €U, consider the family B, (V) ={U € B,.1:U C ¢,(V)};
then B,.1(V) is a n-base in ¢,(V). Take a maximal strongly disjoint subfamily
Uni1 (V) of the family {W € ®(B,;1(V)): W CV and diam (W)<-15}. It is
straightforward that | JU,11(V) is dense in V so if U1 = J{Uni1 (V) : V €U, }
then U, is strongly disjoint and | JU, is dense in M. For each W € U, (V)
take any U € B,41(V) such that ®(U) = W and let g, (W) = U. If B, then the
map ¢gnr1 : Uyr1 — B;H is a bijection; it is easy to see that the family B;H is also
strongly disjoint. It is immediate from our construction that the properties (1)—(4)
hold for the families Uy,... Uy, Uy1,By,...,B,,B,,,, and bijections
qos - - -, qn, qnr1. To see that (5) also holds it suffices to check it for i = n. Observe
that if Veld,,Wel,yy and W C V then W €U, (V) and therefore
Gn+1(W) € B,41(V) which implies g1 (W) C ¢,(V) so (5) is verified.

Thus, we can inductively construct sequences {U; : i € w} and {B}:i € w} as
well as a family {g; : i € w} of bijections such that the properties (1)—(5) hold for
all n € w. Observe that it is immediate that the sequence {U; : i € w} has the
properties (1)—(3) of Fact 1 of S.468. To see that (4) of the same Fact also holds,
i.e., the sequence {U; : i € w} is pseudocomplete, take any family {V;:i € w}
such that V;;y C V;and V; € Y; for all i € w. If U; = ¢;(V;) € B;, then it follows
from (5) that U,y C U; for all i € w. The sequence being {B; : i € w} pseudo-
complete, there is x € (J{U; : i € w}. We have f(U;) C V; for all i € o which
implies f(x) € N{V; :i € o} = {V; : i € w} so the sequence {U; : i € w} is pseu-
docomplete. Therefore, the property (4) of Fact 1 of S.468 holds as well for the
sequence {U; : i € o} and hence the conclusion of the same Fact can be applied
to this sequence to deduce that D = ({JU, : i € w} is a dense Cech-complete
subspace of M. Thus M is pseudocomplete by Problem 468 so Fact 1 is proved.
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To finish our solution observe that any open map is weakly open, so any open
metrizable image of a pseudocomplete space is pseudocomplete by Fact 1.

S.472. Prove that a space X is pseudocompact if and only if any continuous image of
X is pseudocomplete.

Solution. If a space X is pseudocompact then every continuous image of X is also
pseudocompact and hence pseudocomplete. Now assume that every continuous
image of X is pseudocomplete and X is not pseudocompact. Fix a discrete family
O = {0, : n € w} of non-empty open subsets of X (Problem 136) and take a point
x, € 0, forall n € w.

Fact 1. Given arbitrary spaces Y and Z, amap f: Y — Z is continuous if and only if,
for any y € Y, there is U€ 7(y, Y) such that f|U : U — Y is continuous.

Proof. If f is continuous then U = Y does for all y € Y. Now assume that the
hypothesis of our Fact holds and take any y € Y and any V € 7 (f(y), Z). There is a
set U € 7(y, Y) such that f]U is continuous and therefore there is W € 7(y, U) such
that W) C V. Itis clear that W is an open neighbourhood of y in Y so W witnesses
continuity of f at the point y. Fact 1 is proved.

Returning to our solution fix a dense set D = {f,, : n € w}, C,(I); define u € Cp,(I)
by u(f) =0forallt € Tand let], = {#f,: ¢t € [0, 1]} for all n € w. Then the map ¢, :
[0, 1] — I, defined by ,(f) = tf,, is a homeomorphism such that ¢,(0) = u and
(1) =f, forall n € w (Fact 1 of S.301). The Tychonoff property of X implies that
there is a continuous map p,, : X — I,, such that p(x,) = f,, and p(X\O,,) C {u} for all
n € w. We can consider that p,, : X — C,(I); then p,, is still continuous (Problem
023).

If x € X/ O then let p(x) = u; if x € O, for some n € w then let p(x) = p,(x).
This defines a map p : X — C,(I). Given any x € X there is U € 7(x, X) such that U
meets at most one element of O, say O,. It is immediate that p|U = p,|U is a
continuous map because p,|U is continuous. Applying Fact 1, we conclude that the
map p : X — Cp(I) is continuous. According to our hypothesis, the space Y = p(X) is
pseudocomplete. However, D C Y so Cp,(I) contains a dense pseudocomplete
subspace Y. This implies that C,(I) is pseudocomplete (Problem 467) and hence
Baire (Problem 464) which it is not by Problem 284. This contradiction shows that
X is pseudocompact so our solution is complete.

S.473. Prove that a dense Gs-subspace of a pseudocompact space is pseudocomplete.

Solution. Take an arbitrary pseudocompact space P and a dense Gs-set X of the
space P; fix any sequence {0, : n € w} C 7(P) such that X = N{0, : n € w}.
Observe that the family B, = {U € 7°(X) : clp(U) C 0,,} is abase in X for each n € w.
Indeed, if x € X and V € 7(x, X) then take any W € 7(P) with W N X = V and
observe that x € W N 0,, € 7(x, P). Choose any W’ € 7(x,P) with clo(W), W N O,;
then W NXeB,andxeW N X, V.

Therefore each B, is a base in X so it suffices to prove that the sequence
{B, : n € w} is pseudocomplete. Take any family {U; : i € w} such that U; € B;
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and U, C U; for all i € w (the bar denotes the closure in X). Choose any V; € 7(P)
such that V; N X = U, for all i € w; it is easy to check that the family {V;:i € o} is
centered.

Since P is pseudocompact, there is z€ [ \{clp(V;):icw}={clp(U;):i€w}
(Problem 136). Since clp(U;) C O,, the point z belongs to O; for each i € ®
and therefore z € ({0, : i € o} = X. As a consequence z € clp(U;) NX=U,, for
alli € w. Thus, z€ {U;:i€w}={U;:i€w} and hence ({U;:i€w} #0. The
pseudocompleteness of the sequence {55, : n € w} being established, we proved that
X is pseudocomplete.

S.474. Prove that a dense Ggs-subspace of a metrizable pseudocomplete space is
pseudocomplete.

Solution. Let M be a metrizable pseudocomplete space. Then there is a dense
éech—complete D C M (Problem 468). Suppose that X is a dense Gs-subset of
the space M; fix a family O = {0, : n € } C 7(M) such that X = () O. The
set U; = O; N D is dense and open in D for each i € w; therefore D' = ({U; :
i € w} is a dense Gs-subset of D because D has the Baire property (Problem
274). Besides, D' is Cech-complete (Problem 260). The set D’ is dense in D and
hence in M; since D' = (¢, U; C (i, Oi = X, the set D' is also dense in X. As
a consequence X has a dense Cech-complete subspace so X is pseudocomplete
by Problem 468.

S.475. Prove that, if C(X) is an open image of a pseudocomplete space then it is
pseudocomplete.

Solution. Call f: Y — Z almost open if, for any U € 7°(Y), there is V € 7°(Z) such
that f(U) C V Cm. Given points yi,...,y, € Yand sets Oy,..., 0, € T (R), let
Diseo s Y03 O1,..., 00l Y = {f € C,(Y) : f(y;) € O, for all i < n}. All possible sets
Dse s Y O1,...,0,] Y are called standard open subsets of C,(Y); they form a
base in C,(Y). If Z is a space and Y, Z then C,(Y |2) is the set my(C,(Z)) taken with

the topology of subspace it inherits from C,(Y).

Fact 1. For any space Z and any Y, Z, the restriction map nty : C,(Z2) — C,(Y |2) is
almost open.

Proof. Take any standard open set U = [zy,..., z,; Oy,..., O,] 7 of the
space C,(Z). Without loss of generality, we can assume that zy,..., zx € Y and
Ziits- s Zn €EZ\Y. IV =[z1,..., 25 O1,..., O]Y N C,(Y |Z) then V is open in
C(Y |Z) and my(U), V. To see that ny(U) is dense in V take any f € V and any
points r; € O; for all i = k + 1,..., n. Given any finite set K, Y, the set L = K U
{z1,..., z} is also finite so there exists g € C,(Z) such that g|L = f|L and g(z;) = r;
foralli =k + 1,..., n (Problem 034). We have g(z;) € O, for all i < n and hence
g € U, besides, my(g)|K = f|K. This shows that, for any finite K, ¥, there is g’ = my
(g) € my(U) such that ¢'|[K = f|K. An evident consequence is that f € ny(U). The
function f has been chosen arbitrarily so my(U) is dense in V. Therefore, for any
standard open U in C,(Z) there is an open Vy, in the space C,(Y |Z) such that mty(U)
C Vy C ny(U).
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Now, take any W € 7°(C,(2)); since the standard sets form a base in C,(2),
there exists a family U/ of standard sets such that W = | JU. For any U € U fix a set
Vy € 7(C,(Y |2)) such that ny(U) C Vy C ny(U) and let V = J{Vy : U € U}.
Then 7ty (W) = U{ny(U) : U e U} C |J{Vy : U € U} = V. Since my(V) is dense
in Vy, for each U € U, the set ny(W) is dense in V so Fact 1 is proved.

Fact 2. Suppose that f: Y — Z and g : Z — T are continuous almost open onto maps.
Then h = g of:Y — T is almost open. In other words, a composition of almost open
maps is an almost open map.

Proof. Given any U € 7°(Y) there is V € 7(Z) such that f(U) C V C f(U). Since g is
also almost open, there is W € 7(T) such that g(V) C W C g(V). It is evident that

h(U) C W C h(U) so Fact 2 is proved.

Fact 3. Suppose that every countable subset of a space Z is closed and C-embedded
in Z. Then C,(Z) is pseudocomplete.

Proof. Let Qg = Q; suppose that we have countable disjoint subsets Qy, ..., O,
which are dense in R. Since 0/, = Qy U - - - U Q,, is countable, the set R\Q/, is dense
in R so we can choose a countable dense subset 0,11 C R\Q,. It is clear that this
inductive procedure gives us a family {Q, : n € w} of disjoint dense subsets of R.
Let O, = {(a,b) ta,b € 0, and a<b<a + ﬁ} c 7(R).

Given an arbitrary n € ®, a finite set K, C Z and any map u : K — O,, let [u, K]
={fe Cp(2) :f(z) € u(z) for all z € K}. It is easy to see that the family B, ={[u, K] :
K is a finite subset of Z and u is a map from K to O, } is abase in C,,(Z) for alln € @
(see Problem 056). To prove that the sequence {3, : n € ®} is pseudocomplete we
will establish the following general property.

(*) Suppose that U = [u, K] € B, and V = [v, L] € B,, where m # n. If U C V then
L C K and u(z) C v(z) forevery z € L.

Suppose that there is r € L\K; choose r, € u(z) for all z € K and any r € R\ v(¢)
(this is possible because all intervals we consider are non-empty and not equal
to R). There exists f € C,,(Z) such that f(z) = r, for all z € K and f{(¢) = r (Problem
034). Then f € U\V ; this contradiction shows that L C K.

Now suppose that r € u(z) \ v(z) for some z € L; choose any r, € u(y) for all points
y € K\ {z}. There is a function g € C,(Z) such that f(z) = r and f{y) = r, forall y €
K\{z}. It is clear that g € U\V which again gives us a contradiction. As a
consequence, u(z), v(z) for all z € L. Given any z € L, observe that u(z) is an open
interval with its endpoints lying in Q, while the endpoints of v(z) belong to Q,,
which is disjoint from Q,,. As a consequence, the endpoints of u(z) have to be inside
v(z) and hence u(z) C v(z). The property (x) is proved.

Now take any family {U, : n € w} suchthat U, € B, and U, ;1 C U, foralln € w.
We have U,, = [u,, K,,]; the property (x) implies that K,, C K,,, | for all n € w. Fix any
point z € P = | J{K,, : n € w} and the minimal m €  such that z € K,,;; then z € K,,
for all n = m. Applying (x) again, we conclude that the family {u,(z) : n = m}
consists of decreasing intervals whose lengths tend to zero. By completeness of R
we have ({u,(z) : n=2m} = ({u.(2) : n=m} # 0 (the last equality holds because

Unt1(z) C uy(z) for all n = m by (x).
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Note that, for any countable A, Z any subset of A is countable and hence closed
in Z. This shows that any subset of A is closed in A, i.e., A is discrete. Consequently,
any countable subset of Z is closed and discrete.

Take r, € () {u,(2) : n = m}; we have a function & : P — R defined by k(z) = r,
for all z € P. Since P is discrete, the function £ is continuous so there is g € C,(Z)
such that g|P = h. For any n €  and any z € K,,, we have g(z) = h(z) = r, € u,(z)
and therefore g € [u,, K,] = U,. This shows that g € ({U, : n € w} so
(U, : n € o} # 0. Fact 3 is proved.

Returning to our solution, suppose that Z is a pseudocomplete space and we have
an open continuous onto map ¢ : Z — C,(X). Given any countable A, C X the map 74 :

C,(X) — C,(A|X) is almost open by Fact 1; hence the map 74 o ¢ is also almost open
by Fact 2. Since w(C,(A|X)) < w, we can apply Fact 1 of S.471 to conclude that

,,(A|X) is pseudocomplete and hence there is a Cech—complete D, CI,(A|X) that is
dense in C [,(A|X) and hence in C,(A) (Problem 152). Thus A is discrete by Problem
265; this proves that every countable subset of X is discrete. As a consequence, every
countable subset of X is also closed for if A, C X is countable and x € A\ A then the set
A U {x} is also countable and hence discrete which is a contradiction.

Finally, assume that C,,(A 1X) # RR* for some countable A, C X. We saw that there is
a dense Cech- -complete D C C,,(A |X). Observe first that C 1,(A|X) is an algebra and, in
particular, f— g € C,,(A|X) for any f, g € C,(A|X). Take any 1 € RA\CP(A\X); the map
T, : R* — R” defined by T)(g) = h + g, is a homeomorphism (Problem 079) and
Ti(C,(A|X)) N Cx(A|X) = (. Indeed, if g € C,(A|X) andf h+geCy(AlX)thenh=f
— g € C,(A|X) which is a contradiction. Therefore R* has two disjoint dense Cech—
complete subspaces D and T;,(D) which contradicts Problem 264. Thus C (A\X)
for any countable A C X. This means that every countable A, X is closed and
C-embedded in X. Applying Fact 3, we conclude that C,,(X) is pseudocomplete.

S.476. Prove that, if C,(X) is pseudocomplete then C,(X, II) is pseudocomplete.

Solution. The space C,(X) is homeomorphic to C,(X, (-1, 1)) (Fact 1 of S.295)
which is dense in C,(X, I). As a consequence, if C,(X) is pseudocomplete then
the set C,(X, (-1, 1)) is a dense pseudocomplete subspace of C,(X, I). Therefore
Cp(X, 1) is also pseudocomplete (Problem 467).

S.477. Give an example of a space X for which C (X, 1) is pseudocomplete but C,(X)
is not pseudocomplete.

Solution. In Fact 4 of S.286 it was proved that there exists a dense pseudocompact
subspace X of the space I such that C,,(X, I) is pseudocompact and hence pseudo-
complete. The space C,,(X) cannot be pseudocomplete because it does not have the
Baire property (see Problems 464 and 284).

S.478. Let X be a normal space. Prove that C,(X, 1) is pseudocomplete if and only if
it is pseudocompact.

Solution. Call a map f: Y — Z almost open if, for any U € 7(Y), there is V € 7%(2)
such that AU) C V C f(U). Given y,,..., y, € Y and sets O4,..., 0, € 7™ (),
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let [yi,..., ¥ O1,..., 0,1 Y ={f€ C,(Y, ) : f(y;) € O; forall i < n}. All possible
Sets [Yi,..., Yus O1,..., Oyl y are called standard open subsets of C,(Y, I); they
form a base in C,(Y, I). If Zis a space and Y C Z then C\,(Y |Z, T) is the set (Cp(Z,
ID) taken with the topology of subspace it inherits from C,(Y, I).

Fact 1. For an arbitrary space Z and any set Y, Z, the restriction mapping nty : C,(Z, I)
— Cy(Y |Z, 1) is almost open.

Proof. Take any standard openset U = [zy,. .., z,; Oy, . . ., O,]z of the space C,,(Z, I).
Without loss of generality, we can assume that z;,..., zz € Y and we have
Ziits- s Zp €EZNY. IV = [z1,..., 213 O1,..., Oy N C,(Y |Z, 1), then V is open
in C,(Y |Z, 1) and my(U) C V. To see that my(U) is dense in V take any f € V and any
points r; € O; foralli=k + 1, ..., n. Given any finite set K C Y, theset L=K U
{z1,..., 2z} is also finite so there exists g’ € C,(Z) such that g'|L = f|L and g'(z;) =r;
foralli=k+ 1, ..., n (Problem 034).

Define a function w : R — T as follows: w(f) =— 1 forall t < - 1; if t € [ then w
(1) =rand if t > 1 then w(¢) = 1. It is clear that w is continuous and hence g =wo g,
is also continuous. It is immediate that g € C,(Z, I); besides g|L = ¢'|L = f|L and
gizy=riforalli=k—+1,...,n

We have g(z;) € O; for all i < n and hence g € U; besides, ny(g)|K = f|K.
This shows that, for any finite set K C Y, there is 1 = my(g) € my(U) such that
h|K = f|K. An evident consequence is that f € ny(U). The function f has been
chosen arbitrarily so the set ty(U) is dense in V. Therefore, for any standard open U
in C,(Z, I) there is an open Vy in the space C,(Y |Z, I) such that ny(U) C Vy
C my (U )

Now take any W € T*(C,,(Z, ID); since the standard sets form a base in C,(Z, 1),
there exists a family I/ of standard sets such that W = | JU. For any U € U fix a set
Vy € 7(Cp(Y |Z, 1)) such that ny(U) C Vy C ny(U) and let V = J{Vy : U € U}.
Then ny(W) = J{ny(U) : U e U} C |U{Vy : U € U} = V. Since ny(U) is dense
in Vy, for each U € U, the set ny(W) is dense in V so Fact 1 is proved.

Returning to our solution, observe that if C,(X, I) is pseudocompact then it
is pseudocomplete because every pseudocompact space is pseudocomplete. Now
assume that C,(X, I) is pseudocomplete. Given any countable A C X, the restriction
map 14 : C,(X, ) — C,(A]X, I) is almost open by Fact 1. The space C,(A|X, I) being
second countable, it is pseudocomplete (Fact 1 of S.471); applying Problem 468 we
conclude that C,,(A|X , I) has a dense éech—complete subspace D. Since C,(A|X, I) is
dense in C,(A, I), the space C,(A, I) has a dense éech—complete subspace so A is
discrete by S.287. This proves that every countable subspace of X is discrete. As a
consequence, every countable subset of X is also closed for if A C X is countable and
X € Z\A then the set A < {x} is also countable and hence discrete which is a contradi-
ction. Therefore any countable subset of X is closed C-embedded in X by normality of
X. Thus C,(X, I) is pseudocompact by Problem 398 so our solution is complete.

S.479. Prove that, if C,(X, 1) is countably compact then the space C,(X) is
pseudocomplete.
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Solution. If C,(X, I) is countably compact then any Gs-subset of X is open in X
(Problem 397), i.e., X is a P-space.

Fact 1. For any P-space Z, any countable D C Z is closed and C-embedded in Z.

Proof. Since the complement of any subset of D is a Gs-subset of Z, every subset
of D is closed in Z. This proves that every countable subset of Z is closed and
discrete in Z.

Again, let D = {x,,: n € ®} be a countable subset of Z. We saw that D has to be
discrete; therefore there exists a disjoint family {U,,: n € o} C 7(Z) with x,, € U,, for
all n € w. By Fact 2 of S.328, for any n € o, there is a closed Gs-set H, such that x,,
€ H, C U,. Each H, is open in Z because Z is a P-space. It is clear that H =
Z\(UJ{H, : n € w}) is also open in Z being a Gs-subset of Z. As a consequence, the
family H = {H, : n € w} is discrete in Z.

Letf, : X — {0, 1} be defined by f,(x) = 1 for all x € H, and f,,(x) = 0 for all
points x € X \ H,,. Since H,, is a clopen subset of Z, the function f,, is continuous for
all n € . Now take any function f: D — R; we claim that g = > f(x,) - f is
continuous on Z. Indeed, if x € Z then there is U € 7(x, Z) which meets at most one
element of H, say, H. Then g|U = (f(xy) - f)|U is a continuous function. Therefore
g is continuous by Fact 1 of S.472; it is clear that g|D = f, i.e., the function f can be
continuously extended over the space Z. The function f : D — R has been chosen
arbitrarily, so we proved that any countable D C Z is closed and C-embedded in Z,
i.e., Fact 1 is proved.

Now apply Fact 1 of this solution and Fact 3 of S.475 to conclude that C,,(X) is
pseudocomplete.

S.480. Give an example of a space X such that C,(X) is pseudocomplete but C,(X, I)
is not countably compact.

Solution. A space X is called a P-space if every Gs-subset of X is open in X.
The space X is a P-space if and only if C,,(X, II) is countably compact (Problem 397).

Fact 1. There exists a disjoint family £ = {E, : a<c} of subsets of R such that
|E, N O] = ¢ for any O € 7" (R) and any o < c.

Proof. Let Qg = Q; assume that § < ¢ and we have a family {Q, : o« < f} of disjoint
countable dense subsets of R. The set Q) = (J{Q, : «<f} has cardinality strictly

less than c¢; since every O € 7" (R) has cardinality ¢, we have Int (Q;;) = () and

therefore R\Qj is dense in R. The space R\Qj being second countable, there exists
a countable dense Qp C R\Q;;. It is clear that the family {Q, : «<f} consists of
disjoint countable dense subsets of R. Thus, this inductive construction can be
carried out for all f < ¢ giving us a disjoint family {Q,, : & < ¢} of countable dense
subsets of R. It is easy to find a disjoint family {P,, : o < ¢} such that ¢ = [J{P, : o <
¢} and |P,| = ¢ for each a < ¢. Letting E, = (J{Qp : f € P,} for each o < ¢, we
obtain the promised family £ = {E, : o < c}. Fact 1 is proved.



408 2 Solutions of Problems 001-500

Fact 2. There exists a space X with the following properties:

(a) X can be condensed onto a P-space.
(b) X can be condensed onto R and any open subset of X has cardinality ¢. In
particular, X has no isolated points.

Proof. Take any set A of cardinality c; given an arbitrary point p € R, we let
T(p) = {x €R*: |{a € A : x(a) # p(a)} |< w}. Denote by C(A) the family of all
countable subsets of A. Given any x € X(p), let supp(x) = {a € A : x(a) # p(a)}; for
any B C A, denote by pg : R* —R? the natural projection onto the face R, Given
any B € C(A), consider the set Zz(p) = {x € Z(p) : supp(x) C B}. It is straightfor-
ward that the map pz|Z5(p) : Zg(p) —R? is a bijection and hence |Z5(p)| < |R?| =
¢. Observing that X(p) = [J{Zs(p) : B € C(A)}, we obtain |Z(p)|< ¢-|C(A)| =
¢ - ¢ = ¢. Thus, we have

(1) |[Z(p)| = ¢ for any p € R™.

Let 7 be a topology on R”* generated by all Gs-subsets of R*. We omit a simple
verification of the fact that R = (R*, 7) is a Tychonoff P-space. Let us show that
(2) The set X(p) is dense in R for any p € R*.

The family G of all Gs-subsets of R is a base in R so it suffices to show that every
non-empty H € G contains a point from X(p). Recall thataset U = [, U, is called
standard in R* if U, € 7 (R) for all @ € A and the set supplU) ={a € A:U,#R}is
finite. Standard sets form a base in R”* (Problem 101).

Take any point x € H; it is easy to see that there are standard sets U,, n € @
such thatx €e G = ({U,:n € w} C H. If B = |J{supp(U,) : n € w} then B is a
countable subset of A and hence the point y € R* defined by y|B = x|B and y(a) = p
(a) for all a € A\ B, belongs to X(p). It is immediate thaty c G CHsoy € Z(p) N H
which proves that Z(p) is dense in R, so (2) is established.

Our next important step is to prove that
B)wR) < c.

Given any B € C(A) and any z € R® let Oz, B) = {y € R : y|B =z}. It is
straightforward that O(pp(x), B) € 7(x, R) for any x € R* and any countable B C A.
If x € U € 7(R), then there is H € G such that x € H C U. Find standard sets U,,, n €
wsuchthatx € G=({U,:n€w} CH.If B=J{supp(U,) : n € w} then B € C(A)
and it is immediate that O(pg(x), B) C G C H C U which shows that the family
{O(pp(x),B) : B € C(A)} is a local base at x in the space R. As a consequence, the
family B = {O(z,B) : B € C(A),z € R®} is base in R. Since |B|<|C(A)] - |R?| = ¢,
we proved that w(R) < ¢, i.e., (3) holds.

Choose a family {A, : o < ¢} of disjoint subsets of A such that |A,| = ¢ for any
a < ¢ Letgya)=1ifa e A,and g,(a) =0 for all a € A\A,. Then
(4) Z(q2) N Z(qp) = 0 if o« # .

Indeed, if x € X(g,) then ps,(x) can take only countably many values distinct
from zero because pa,(q.) is identically zero on Ag. Since every y € X(gp) takes the
value 1 at all but countably many a € Ay, it is impossible that x = y. This settles (4).

Let ¥ =(J{Z(¢,) : @ < ¢} C R; it is immediate that |Y | = ¢. Choose an
enumeration {U, : 0 < o < ¢} of the base Y = {UNY : U € B} of the space Y.
It is easy to see that X(g,) N U has cardinality ¢ for any oo < ¢ and U € B. Thus the
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set S, = 2(q,) N U, has cardinality ¢ for all & < ¢. The set ¥ = ¥ \ Jo<n<c S also
has cardinality c¢; since the family {S, : 0 < o < ¢} is disjoint, we can construct a
bijection ¢ : ¥ — R such that o(Y") = Ey and (S,) = E, whenever 0 < o < ¢ (see
Fact 1 for the definition of the sets E,).

We finally have our space X = {(y, p(y)) :y €Y} CY x R. Letm; : X —» Y
and 7, : X —R be the restrictions of the respective natural projections. Since ¢ is
a bijection, both maps m; and n, are condensations. Thus X condenses onto R and
onto a P-space Y. Take any W € 7* (X) and any x = (y, p(y)) € W. There exist
Uecr(y,Y)and V € 7(p(y), R) such that (U x V) N X C W. There is o < ¢ such
that y € U, C U. Observe that S, C U, and E, = ¢(S,); besides, the set O =
E, NV has cardinality continuum (Fact 1) and hence Q' = <p7'(Q) cS,cU,also
has cardinality ¢. We have {(y,p(y)) : y € Q'} C (U x V) N X C W and therefore
[W| = |Q’| = ¢ so Fact 2 is proved.

Returning to our solution, let us show that the space X constructed in Fact 2 is as
promised. The space X condenses onto a P-space Y; since every countable subset of
Y is closed and C-embedded (Fact 1 of S.479), the space C,(Y) is pseudocomplete
(Fact 3 of S.475). If m; : X — Y is a condensation then the dual map 7} embeds C,(Y)
in C,(X) as a dense subspace (Problem 163). Therefore C,(X) is pseudocomplete
because it has a dense pseudocomplete subspace (Problem 467).

However, C,(X, ) is not countably compact because X is not a P-space. Indeed,
the map 7, condenses X onto R so the set {x} = 75 !(m2(x)) is G for each x € X.
If X were a P-space, then all points of X would be isolated which is false by Fact 2.
This contradiction shows that C,(X, I) is not countably compact (Problem 397) so
our solution is complete.

S.481. Prove that, if C,(X, I) is pseudocompact then the space(C,(X, )" is
pseudocompact for any cardinal k.

Solution. Let X, = X for all « < «; then C,,(X,, I) is pseudocompact and hence every
countable subset of X, is closed and C*-embedded in X, (Problem 398). The space
(Cp(X, I))* is homeomorphic to C,,(®{X, : @ < k},I) by Problem 114. This shows
that pseudocompactness of (C,(X, I))* is equivalent to pseudocompactness of
C,(¥, I), where Y = &{X, : « < x}. By Problem 398, the space C,(Y, I) is pseu-
docompact if and only if all countable subsets of Y are closed and C*-embedded in
Y. We identify each X, with the respective clopen subspace of Y (Problem 113).

Take any countable A C Y ; the set A, = A N X, is countable and hence closed in
X, for each o < x. By definition of the topology on Y, a set U is open in Y if and only
if U N X, € 7(X,) for all « < k (Problem 113). This is equivalent to saying that a set
F is closed in Y if and only if every F N X, is closed in X,,. Since A, = A N X, is
indeed closed in X,, the set A is closed in Y, i.e., every countable subset of Y is
closed in Y. This implies that all countable subsets of Y are discrete and hence every
function is continuous on any countable subset of Y.

To show that A is C*-embedded, take any bounded function ' : A — R. The
function f,, = f]A, can be extended to a continuous function g, : X, —R for each
o < K such that A, # 0. Now, if x € X, and A, # 0 then let g(x) = g,(x) and put
g(x)=0forall x € Y\(U{X, : A, # 0}).



410 2 Solutions of Problems 001-500

The function g is continuous on Y because, for each x € Y, we have x € X, for
some o < K 50 X, is an open neighbourhood of x on which g(x) is either constant or
coincides with a continuous function g, (see Fact 1 of S.472). We proved that every
countable subset of Y is closed and C*-embedded in ¥ so C (Y, ) is pseudocompact
(Problem 398). We already observed that C,(Y, I) is homeomorphic to (C,(X, 1))*
so (C,(X, I))" is also pseudocompact.

S.482. Prove that, if C(X, 1) is countably compact then so is(C(X, I))* for any
cardinal k.

Solution. Call a space Z a P-space if every Gs-subset is open in Z. Let X, = X for all
o < x; then the space C,,(X,, I) is countably compact and hence every X, is a P-space.
(Problem 397). The space (C,(X, I))" is homeomorphic to C,(&{X, : & < k},I) by
Problem 114. This shows that countable compactness of (Cp,(X, I))* is equivalent to
countable compactness of C,,(Y, I), where Y = ®{X,, : « < k}. By Problem 397, the
space Cp,(Y, ) is countably compact if and only if Y is a P-space. We identify each X,
with the respective clopen subspace of Y (Problem 113).

Take any Gs-set H is the space Y; then H N X, is a Gs-subset of X, and hence
H N X, is open in X,,. By definition of the topology on Y, the set H is open in Y. It
turns out that every Gs-subset of Y is open in Y, i.e., Y is a P-space. Applying
Problem 397 again we conclude that C,,(Y, I) is countably compact; therefore the
space (C,(X, )" is also countably compact being homeomorphic to C,(¥, I).

S.483. Give an example of a countably compact space X such that X x X is not
pseudocompact.

Solution. Given a set A, denote by C(A) the family of all countably infinite subsets
of A. We will construct our space using certain subspaces of fo.

Fact 1. If A is an infinite subset of fw then A = 2°.

Proof. It is clear that |Z | <|Bw| = 2¢ (Problem 368). There exists an infinite discrete
B C A (Fact 4 of S.382). The space K = B is a compact extension of B such that
DNE = {forallD,E C BwithD NE = () (Fact 2 of S.382). As a consequence, the
space K is homeomorphic to ffw (Fact 2 of S.286) and therefore |K| = 2¢. Thus
|A|>|B| = |K| = 2 so Fact 1 is proved.

Fact 2. There exist countably compact spaces Y and Z such that ¥ x Z is not
pseudocompact.

Proof. Given any A € C(fiw), denote by p(A) some accumulation point of A (which
always exists because o is compact). Let Yy = @ C fw; if we have subsets {Y, :
o < P} of the space fw for some ff < wy, let Y}; =U{Y,:a<f}and ¥y = Y};U
{p(A): A € C(Y}i)} This shows that we can define the sets Y, for all & < w;. The

space Y = |J {Y,: o < w;} is countably compact. Indeed, if A is a countably
infinite subset of Y then A C Y, for some o < ;. Therefore p(A) is an accumulation
point of A which belongs to Y,y C Y. Since every A € C(Y) has an accumulation
point in Y, the space Y is countably compact (Problem 132).
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Let us prove by transfinite induction that |Y,| < ¢ for all & < w;. First of all
|Yo| = o < ¢. If we assume that f < w; and |Y,| < ¢ for each o < f then

‘Y};’ = |U{Yx : <B}|< c. As a consequence, Y/g’<’Y;;‘ + }C(Y};)k c+c¢? =c¢;

thus |[Y | < c- o =c

We claim that the space Z=w U (f,,\Y) is also countably compact. Indeed, any
countably infinite A C Z has 2¢ accumulation points in fw by Fact 1; since we only
have ¢ < 2¢ points in Y, some accumulation point of A belongs to fw\Y C Z.

In the space Y x Z C fw X fw consider the set A = {(n, n) : n € w}. Observe
thatY N Z=wsoifx € fw and (x, x) €Y xZthenx € Y N Z= w. This shows that
A=® N (Y x Z) where ® = {(x, x) : x € fw}. The functionf: fo» — Pw defined by
fx) = x for all x € fw, is continuous, so its graph @ is closed in fw x fw (Fact 4
of S.390). Therefore the set A is closed in Y x Z. Each n € w is an isolated
point of fw, so every U, = {(n, n)} isopen in Y xZ; thus {U,, : n € w} is a discrete
family of non-empty open subsets of ¥ x Z. Hence Y x Z is not pseudocompact
(Problem 136) so Fact 2 is proved.

To finish our proof, let X = Y & Z, where Y and Z are the spaces constructed
in Fact 2. Any finite union of countably compact spaces is countably compact
so X is a countably compact space. If X x X is pseudocompact then ¥ x Z is a
non-pseudocompact clopen subspace of X x X which contradicts Observation
two of S.140. Therefore X x X is not pseudocompact so our solution is
complete.

S.484. Give an example of a space X such that C (X, 1) is not countably compact but
has a dense countably compact subspace.

Solution. In Fact 2 of S.480 we constructed a space X without isolated points which
can be condensed onto a P-space and onto R. The space C,(X, I) is not countably
compact because X is not a P-space. Indeed, if a map ¢ condenses X onto R then {x}
= ¢ '(p(x)) is a G4-set for each x € X. If X were a P-space, then all points of X
would be isolated which is false. This contradiction shows that C,(X, I) is not
countably compact (Problem 397).

Let Y be a P-space such that there exists a condensation p : X — Y. The dual map
p" embeds the space C,(Y) into C,(X) (Problem 163). It is evident that p*(C,(Y, I))
C CpX, I); we claim that p*(Cp(Y, ) is dense in C,(X, I). To see this take any
function f € C,(X, I) and any finite K C X; since p is a condensation, there exists
a function g € C,(Y) such that g|p(K) = (f o p H|p(K) (Problem 034). Define a
function w : R — T as follows: w(f) = —1 for all r < —1; if r € I then w(¢) = r and if
t > 1 then w(f) = 1. It is clear that w is continuous; besides, h = wo g € CP(Y, I)
and h|p(K) = glp(K) = (f op~")Ip(K).

For the function /' = p*(h) =hop € p*(C,(Y,I)), we have the equalities
H(x) = hipx)) = f(pfl(p(x))) = f(x) for any x € K. This shows that, for any finite
K C X, there is i' € p"(C,(Y, 1)) such that /'|K = f|K. An evident consequence
is that f is in the closure of the set p*(C,(Y, I)). The function f has been chosen
arbitrarily so p*(C,(Y, I)) is dense in C,(X, I). Finally observe that p*(C,(Y, I)) is
countably compact being homeomorphic to a countably compact space C,(Y, I).
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Thus C,(X, I) has a dense countably compact subspace without being countably
compact.

S.485. Prove that the following are equivalent:

(1)  The space C,(X) is pseudocomplete.
@) v(C,(X) = RY, i.e., R* is canonically homeomorphic to W(Cp(X)).
(iii) Any countable subset of X is closed and C-embedded in X.

Solution. Call a map f': Y — Z almost open if, for any U € 7°(Y), there is V € 7°(2)
such that f(U) CV Cm. Assume that C,(X) is pseudocomplete. Given a
countable A C X, the restriction map 1, : Cp(X) — ms(Cp(X)) C Cy(A) is almost
open (Fact 1 of S.475). Therefore, the second countable space ms(Cp(X)) is
pseudocomplete by Fact 1 of S.471. As a consequence, there is a dense
éechcomplete D C ms(Cy(X)) (Problem 468). The set C,(A|X) = ms(CH(X)) is
dense in C,(A) and hevnce in R* (Problem 152). Assume that Cy(AlX) #RA; we saw
that there is a dense Cech-complete D C CP(A|X). Observe first that C[,(A|X) is an
algebra and, in particular, f — g € C,(A|X) for any f, g € C,(A|X). Take any
function i € RA\CP(A |X); the map T, : R* — R” defined by T)(g) = h + g, is a
homeomorphism (Problem 079) and T,(C(A\X)) N C,(A\X) = 0. Indeed, if g €
CyA|X) and f = h + g € C,(A|X) then h = f — g € C,(A|X) which is a
contradiction. Therefore the space R* has two disjoint dense éech-complete
subspaces D and T,(D) which contradicts Problem 264. Thus C,(A|X) = R* for
any countable A C X. This means that every countable A C X is closed and
C-embedded in X so we proved that (i) = (iii); since (iii) = (i) by Fact 3 of S.475,
we showed that (i) < (iii).

Now, if (iii) holds then, for any f € R* and any countable A C X, there is a
function g € C,(X) such that g|[A = f|A. Therefore every f € RY is strictly
w-continuous on X; applying Problem 438 we conclude that R¥ is canonically
homeomorphic to v(C,(X)). This settles (iii) = (ii).

Finally, assume that (ii) holds. The set S of strictly w-continuous functions on
X is contained in R*; since S is realcompact (Problem 438), we have § = RX
(see Problem 414). Thus every f € R¥ is strictly w-continuous on X. Given any
countable A C X and any g : A — R, define ¢’ € R* by g'|A = g and g'(x) = 0 for all
x € X\A. Since g’ is strictly w-continuous, there is & € C,(X) such that h|/A = ¢'|A = g.
This proves that every countable A C X is C-embedded in X. If x € A\A then let
fix)=1andf(y) =0forally € A. Since A U {x} is C-embedded, there is g € C,,(X)
such that g[(A U {x}) = f. By continuity of g, we have 1 = g(x) EW:
m = {0} which is a contradiction. This shows that every countable A C X is
closed in X. Therefore (ii) = (iii) is established so our solution is complete.

S.486. Prove that X is discrete if and only if C,(X) is pseudocomplete and real-
compact.

Solution. If X is discrete then Cp(X) = R* is realcompact by Problem 401 and
pseudocomplete by Problem 470.
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Now assume that C,,(X) is realcompact and pseudocomplete. Then ¢,,(X) < w by
Problem 429. Suppose that some point x € X is not isolated in X; apply Fact 1 of
S.419 to find a countable set A C X\ {x} such that x € A. However, all countable
subsets of X are closed in X by Problem 485 which shows that x € A = A which is a
contradiction. Hence all points of X are isolated, i.e., the space X is discrete.

S.487. Prove that, if C(X) is homeomorphic to R* for some « then X is discrete.

Solution. Any R is realcompact by Problem 401 and pseudocomplete by Problem
470. Thus, if C,(X) is homeomorphic to R" then it is also realcompact and
pseudocomplete. As a consequence, X is discrete by Problem 486.

S.488. Suppose that there is an open subspace Y C C,(X) homeomorphic to R for
some K. Is it true that X is discrete?

Solution. Yes, it is true; we will need a couple of facts to prove this.

Fact 1. Suppose that Z, is a pseudocomplete space for every ¢ € T. Then the space Z =
@ {Z,:t € T} is also pseudocomplete.

Proof. We identify each Z, with the respective clopen subspace of the space Z. Let
{B;’ ‘ne co} be a pseudocomplete sequence of m-bases in Z, for each t € T. It is
straightforward that B, = U{Bf it e T} is a m-base in Z for each n € w. To see that
the sequence {B, : n € w} is pseudocomplete, take any family {Un : n € w} such
that U, C U, and U, € B, for all n € w. There is ¢ € T such that Uy € B/; we
claim that U, € B/ forall n € w. Indeed, if U, € B} for some s # ¢ then U,, C Z; and
therefore U, N Z; = () whence U, N Uy = () which is a contradiction with U,, C U,.
Since the sequence {B] : n € w} is pseudocomplete, we have ({U, : n € v} # )
so Fact 1 is proved.

Fact 2. Any locally pseudocomplete space is pseudocomplete. In other words, if Zis a
space and each z € Z has a pseudocomplete neighbourhood then Z is pseudocomplete.

Proof. Since any open subspace of a pseudocomplete space is pseudocomplete
(Problem 466), any z € Z has an open pseudocomplete neighbourhood. Consider the
family U = {U € 7%(Z) : Uis pseudocomplete}. We saw that | JU =Z ;let Vbe a
maximal disjoint subfamily of /. It is easy to see that |V is dense in Z; besides,
Y=V =a{V:V eV} because each V € V is a clopen subspace of ¥ (see
Problem 113). Apply Fact 1 to conclude that Y is pseudocomplete. Since Z has a
dense pseudocomplete subspace, it is pseudocomplete by Problem 467 so Fact 2 is
proved.

Returning to our solution assume that some open U C C,(X) is homeomorphic
to R*. Then U is pseudocomplete by Problem 470 and realcompact by Problem 401.
Apply Problem 428 to see that C,(X) is also realcompact. Given any f € C,(X),
the map Ty : Cp(X) — C,(X) defined by T(g) = f + g for all g € C,(X), is a
homeomorphism (Problem 079). Fix any & € U; if g € C\,(X) then V = T,_,(U) is
homeomorphic to U and g = g —h + h € V. Since U is pseudocomplete, so is V and
therefore every ¢ € C,(X) has a pseudocomplete open neighbourhood in C,(X).
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Finally, apply Fact 2 to conclude that C,(X) is pseudocomplete. Since C,(X) is
realcompact and pseudocomplete, the space X is discrete by Problem 486.

S.489. Given an arbitrary space X, suppose that, for some cardinal i, there exists a
continuous onto map ¢ : R* — C,(X) such that p(af + bg) = ap (f) + by(g) for all
f, g € R" and a, b € R (such maps are called linear). Prove that X is discrete.

Solution. To avoid going into a general theory, let us define a linear space as a
subspace L of some R’ such that f, g € L implies af + bg € L for any a, b € R.
The set T will be always clear from the context; we will also consider L to be a
topological space with the topology inherited from R”. Elements of a linear space
will be often called vectors. Observe that any linear space contains the function 0
which is identically zero on T. Given a linear space L and vectors f1,. .., f, € L, call
a vector f € L a linear combination of the vectors fi, ..., f, if there exist ay,.. .,
a, € Rsuchthatf=a,; fi + - -+ a,f

Call a set A C L linearly independent if, for any n € N, any distinct vectors
fi,-..,fu€Aandanyay,...,a, € R, ifa f; +--- 4+ a,f, = 0 then a; = 0 for all
i < n. A subspace L' C L is called a linear subspace of L if af + bg € L' for any f,
g € L' and a, b € R. Given an arbitrary set P in a linear space L, let (P) be the set of
all linear combinations of elements of P. The set (P) is called the linear hull of P; it
is easy to see that the linear hull of any set is a linear subspace.

For any linear space L, call a set B C L a Hamel basis of L if B is a linearly
independent set and (B) = L. A function p : L —R is called a linear functional if
plaf + bg) = ap(f) + bp(g) for any f, g € L and a, b € R. We denote by L* the set of
all continuous linear functionals on L with the topology and arithmetic operations
inherited from C,(L). It is evident that L™ is also a linear space. For any linear spaces
Land M, amap u : L — M is called linear if u(af + bg) = au(f) + bu(g) for any f, g
€Landa, b e R.

Fact 1.1f L is alinear space then, for any linearly independent set A C L, there exists
a Hamel basis B of the space L such that A C B.

Proof. Since linear independence of a set is defined in terms of finite subsets of this
set, the union of any increasing chain of linearly independent sets is a linearly
independent set. This makes it possible to apply Zorn’s lemma to find a maximal
linearly independent set B such that A C B. Let us establish that (B) = L.

To obtain contradiction suppose not and fix any vector f € L\ (B). We claim that
the set B U {f} is linearly independent. Indeed, take any distinct vectors f1,. .., f, €
L U {f} and suppose that we have a, f; + - - - + a,,f,, = 0 for some a,,...,a, € R. If
{fi,....fa} CBthena;=0fori < nbecause B is independent. If f € {f{,...,f,} we
can assume, without loss of generality, that f = f,. If a,, = O then a, f; + - + a,f,, =
aifi+--+a,1fi-1=0s0ay,...,a, 1 =0 because B is linearly independent
so again @; = 0 for all i < n. Finally, if a, # 0 then the equality f =
o= (=00 4+ (=*4)fu1 shows that f € (B) which is again a contra-

an

diction. We proved that B U {f} is linearly independent; since this contradicts
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maximality of B, we have L\(B) = (, i.e., L = (B) so B is a Hamel basis of L and
Fact 1 is proved.

Fact 2. Assume that L is a linear space and B is a Hamel basis in L. Fix any map
¢:B — Roand let R(L,B) =J{R" xB":n € N}. If (a, f) € R(L, B) where
a=(ay,...,a)and f=(fi,..., fo),lets(a, f) =afi + - + a,f, and Z(a, f)
= a;&(f) + -+ + a,&(f,). Then s(a, f) = 0 implies E(a, f) = 0 for any (q, f) €
R(L, B).

Proof. We use induction on n. If n = 1 then a; f; = 0 for some f| € Bsoa; =0
because B is linearly independent. Therefore E(a, f) = 0 - £(f;) = 0. Now assume

that we proved our fact for all £ < n and consider @ = (ay,..., a,1) € R""! and
f=(fir s far1) € B! such that s(a, f) = arfy + -+ + dys1 far1 = 0. If the
functions fy, . .., f,. are distinct then a; = - - - = a,,.; = 0 by linear independence

of B so E(a, /) = 0. If f; = f; for some i < j then O =af; + -+
a,,fn = alfl + .+ ((l,' +aj)f,~ —+ - —|—aj_1j}_1 —|—aj+1]j»+1 —+ .- —|—a,,fn SO W€ can
apply the induction hypothesis to the (n — 1)-tuples b=(ai,...,(a;i+q;),...,
aj_1,aj41,...,ay) andg=(fi,...,fi-1, fi+1,....fn) to conclude that ZE(a, f) =
arl(f) + - +a,l(f) = al(f) + - +a +apl(fp) + -+ a{(fi-) +
aj1E(fir1) + -+ + a,é(f) = E(b, g) = 0 s0 Fact 2 is proved.

Fact 3. Let L be a linear space. If B is a Hamel basis in L and & : B — R then there is
a unique linear functional E : L —R such that E|B = £.

Proof. Given any g € L there existfi,..., f, € Band ay,..., a, € Rsuchthat g =
aifi + -+ a,fy; let E(g) = a,&(f) + -+ +a,E(f,). Of course, we must prove
consistency of this definition, i.e., that we have the equality b,E(hy) + - - - bié(ly) =
all(f)+---+al(f)ifg=bihy+ -+ byhy forsome hy, ..., i €Band by, . ..,
b; € R. To do this, note that a; f1+ - - -+a,f,+(=b)h1+ - - - +(=bh; = 0, so we
have a;E(f1)+ -+ +a,E(f)—b1Eh)— - - - —bié(hy) = 0 by Fact 2 applied to the
(n + k)-tuples (ay,..., a,,—by,..., —by) and (fi,..., f, &1,--., Gp). Therefore
ail(f) + - + @, l(f) = biéhy) + -+ + bié(hy), ie., 2 is well defined. It is
immediate from the definition that Z is a linear functional and E|B = ¢.

To see the uniqueness, suppose that ¥ : L —R is any linear functional such that
W|B = &. The linearity of ¥ implies that if g € L and g = a, fi+ - - - +a,,f, for some
fiseoosfu € Banday,..., a, € R then W(g) = aié(f) + - + @,&(f,) = E(g) so
W(g) = E(g) forany g € L, i.e., ¥ = E and Fact 3 is proved.

Fact 4. Suppose that L and M are linear spaces and « : L — M is a continuous linear
onto map. Then the dual map u” : C,(M) — C,(L) restricted to M" is a linear
embedding of M™ in L*; in particular, u*(M™) is a linear subspace of L*.

Proof. It is evident that u™ is a linear map and it follows from Problem 163 that u™ is
an embedding. Given any p € M”, we have

u*(p)(af + bg) = plau(f) + bu(g)) = ap(u(F) + bp(u(e)) = au(£) + bu*(2)
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for any f, ¢ € L and a, b € R which proves that u*(p) is a linear functional. The
fact that u*(M™) is a linear subspace of L* is an immediate consequence of linearity
of u™ so Fact 4 is proved.

Given a space Z and z € Z, let e.(f) = f(z) for any f € C,(Z). Then e; is a
continuous linear functional on C,(Z) for any z € Z (Problem 196) and it follows
immediately from Problems 196 and 197 that (C,(2))* = L,(Z) = {Aje;; + -+ +
Mo n€N,z,...,z,€Zand A; € R, foralli = 1,..., n}. Observe also that the
space E(Z) = {e. : z € Z} C C,(Cy(Z)) is homeomorphic to Z (Problem 167).

Fact 5. For any space Z, the set E(Z) is a Hamel basis in L,(Z).

Proof. It is immediate from the definition of L,(Z) that (E(Z)) = L,(Z). To prove
that E(Z) is linearly independent, take any distinct zy,..., z, € Z such that w =
Aes + -+ + A,e., = 0 for some 4q,..., 4, € R. For each i < n fix a function
fi € C(Z) such that fi(z;) = 1 and fi(z;) = O for all i # j (034). Then 0 = 0(f) =
w(f;) = J, for each i < n so E(Z) is linearly independent. Fact 5 is proved.

Fact 6.1f Zis any space and f: E(Z) —R is a continuous function then there exists a
unique continuous linear functional f : L,(Z) — R such that f|E(Z) =f.

Proof. Sincg‘, E(Z) is a Hamel basis of L,(Z) (Fact 5), there exists a unique linpar
functional f : L,(Z) — R such that f|E(Z) =f (Fact 3). Let us prove that f is
continuous. It follows from linearity of f that

FO) =FOhnes 4 - dnes) = Mifle,) + - Auf(es,)

foreachw = die;, + - - Aye,, € L,(Z). The function e : Z — E(Z) defined by e(z) = e,
for all z € Z, is a homeomorphism (Problem 167) so the function g = fo e is
continuous on Z and hence the map i, : C,(C,(2)) — R defined by i (1) = u(g) for
all u € C,(C\(X)), is continuous (Problem 166). Finally, observe that

io(w) = w(g) =w(foe) = Aif(e(z1) + -+ Auf(e(z))
= Aif(es) + -+ Ao flez,) =f(w)

for each w= Aye,, +--- + Aye., € Ly(X). Thus the functional f is continuous
because it coincides with the restriction of a continuous function i, to L,(Z). Fact 6
is proved.

Returning to our solution observe that R* coincides with C,(D(x)); denote the
discrete space D(x) by D to simplify notation. We have a continuous linear onto
map ¢ : Cp(D) — Cp(X) so ©" embeds L,(X) in L,(D) as a linear subspace (Fact 4).
The set ©*(E(X)) is linearly independent because ¢* is a linear bijection between
L,(X) and ¢"(L,(X)). Therefore there exists a Hamel basis H in the linear space
L,(D) such that ¢"(E(X)) C H (see Facts 1 and 5). Given any map p : ¢"(E(X)) — R,
take a map ¢ : H — R defined by ¢(f) = p(f) for any f € ©"(E(X)) and g(h) = 0 for
any h € H\ " (E(X)). Then g : H — R so there is a linear functional u : L,D)—R
such that u|H = ¢ (Fact 3). The map v = u|E(D) is continuous because E(D) is a
discrete space (recall that E(D) is homeomorphic to D!). Therefore there is a unique
continuous functional o : L,(D) — R such that 5|E(D) = v. But u is also a linear
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functional on L,(D) with u|E(D) = v so the functional » = b is continuous. As a
consequence, the map p = u|p"(E(X)) is continuous.

We proved that any map p : ¢ (E(X)) — R is continuous and therefore ©*(E(X))
is a discrete space. Since X is homeomorphic to ¢*(E(X)), the space X is also
discrete so our solution is complete.

S.490. Prove that any open image of a projectively complete space is projectively
complete.

Solution. Suppose that X is projectively complete and f : X — Y is an open
continuous onto map. If M is second countable and g : ¥ — M is a continuous
open onto map then g o f is an open continuous map of X onto M. Since X is
projectively complete, the space M has to be éech—complete so Y is projectively
complete.

S.491. Prove that any product of Cvech—complete spaces is projectively complete.

Solution. Call a space X strongly pseudocomplete if it has a pseudocomplete
sequence of bases.

Fact 1. Let X be a éech—complete space. Suppose that f : X — Y is an open
continuous map of X onto a paracompact space Y. Then f is inductively perfect,
i.e., there exists a closed subset F C X such that (f) =Y and f|F : F — Yis a
perfect map.

Proof. There exists a continuous map g : f X — f Y such that g|X = f (Problem
257). 1t is clear that g(fX) = Y so the map g is perfect (Problem 122). As a
consequence, the map & = g|g*1(Y) : ¢ '(Y) — Y is also perfect (Fact 2 of S.261).
Let X' = g~ !(Y); we are going to prove that

(1) For any W € 7(X’) such that AW N X) = Y there is W er(X’) such that

W' C W and f(W N'W) =Y (the bar denotes the closure in X').

To prove (1), for any point y € Y, choose a set V(y) € 7(X’) such that V(y) N
f ') # 0 and V(y) C W. The family & = {f(V(y) N X) : y € Y} is an open cover
of Y so there is an open locally finite refinement {U; : s € S} of the family ¢/. For
any s € S choose y; € Y such that U; C fiV(y,)NX) and consider the family
V={V(y,) Nh~ 1 (Uy) : s € S}. Tt is locally finite in X because the family
{h~'(U,) : s € S} is locally finite and V(y;) N h~"(U;) € h™'(U,) for each s € S.
Every locally finite family is closure-preserving (Fact 2 of S.221), so we have

UV = U{V(ys) Nh1(Uy) : s € S} C W because V(y,) C W for every s € S. This
shows that W C W if W' = [J V. Besides, for any y € Y there is s € S such that y €
U, hence y € AV N X) where V =h"'(Uy)NV(y;) €V. As a consequence
yef(VNX) Cf(WnNX)so (1) is proved.

Since X is Cech-complete, there exists a family {0, : n € o} C 7(X') such that
X =)0, :n € w} (Problem 259). Apply property (1) to construct a sequence
{G, : n € o} C 7(X') such that G, N X) =Y and G,—; C G, N (", 0;) for
eachn € w. The set F = ()(G, :n € o} = ({G, : n € w) is closed in X’ so h|F :
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F — h(f) is a perfect map (it is an easy exercise that the restriction of a perfect map
to a closed subset is a perfect map). Since G,, C O,, for each n € o, the set F is
contained in X so h|F = g|F = f|[F. Given y € Y, we have g(G,) D f(G,NX) =Y
and hence P, = h~'(y) NG, # 0 for any n € w. Since the set &~ '(y) = g~ '(y) is
compact, the decreasing sequence {P, : n € w} consists of compact sets so
P =P, :n € w} # 0. It is clear that, for any x € P, we have x € F and f(x) =

h(x) = y which gives f(f) = Y showing that Fact 1 is proved.

Fact 2. Let Y and Z be any spaces. Suppose that ¢ : Y — Z is an onto map and, for
every y € Y there is a local base B, of Y at y such that C, = {¢(U) : U € B,} is a
local base of Z at (y). Then ¢ is an open continuous map.

Proof. Given any y € Y and any W € 7(¢(y), Z) there is V € B, such that ¢(y) € (V)
C W because Cy is a local base at ((y). This proves continuity of ¢ at every y € Y.
Now, if U € 7(Y) and z € p(U) then take any y € U such that ¢(y) = z. There is a set
V € B, such that V C U; it is clear that ¢(V) € 7(z,Z) and o(V) C (U), i.e.,eachz €
(U) has a neighbourhood contained in ¢(U). Thus ¢(U) is open in Z and therefore
the map ¢ is open. Fact 2 is proved.

To avoid confusion in what follows recall that we identify any ordinal with the
set of its predecessors; in particular, 0 = (), 1 = {0}, 2 = {0, 1} and, in general, n =
{0,...,n—1} for any n € N. It is convenient to consider that o’=1= {0};1let O =
{w":n € w}and O, = J{o* : k<n}. Given any s € O, let I(s) = nif s € »". In
other words, O is the set of all finite sequences of elements of w including the empty
sequence; clearly, /(s) is the length of the sequence s. Given a separable metrizable
space X, call a family U = {U, : s € O} C 7(X) an A-system in X if

(Al) Up=XandU,= |J{U,:t€ """ and tjn = s} forany n € w and s € ".
(A2) Ifs € Oandl(s) =n € N then diam(Uy) < %
(A3) Foranyf€ »”, we have ({Uy, :n € w}# 0.

Fact 3. A separable metrizable space X is éech-complete if and only if there exists
an A-system in X.

Proof. Assume that X is éech-complete and fix a complete metric d in X (see 269).
It follows from the Lindelof property of X that we can choose an open cover {W,, : n
€ w} of the space X such that diam(W,)) < 1 for all n € w. Letting Uy = X and U, =
W) for each s € o' we obtain a family {U;:s € O} C 7(X). Suppose that n € N
and we have a family {U; : s € O,} C 7(X) with the following properties:

(Bl Uy=X.

(B2) Ifk<nands € o then U, C U, for any t € """ with |k = s.
(B3) Ifk<nands € o then Uy={U,:t € o™ and t|k = s}.
B4) Ifse O,and l(s) =k = 1 then diam(Us) < %

Take any s € w" and find an open cover {W} : k € w} of the set U; such that

W;ﬁ C Uy and diam(W} ) < ﬁ foreach k € . Forany r € o let U, = W where

s = tln and k = t#(n). It is immediate that we also have the properties (B1)—(B4)
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for the family {U, : s € O, }. Therefore, we can continue this inductive construc-
tion which provides us with a family U = {U; : s € O} with the properties
(B1)—(B4) for all n € N. Observe that (B1) and (B3) imply (A1), and (A2) follows
from (B4). Let us show that U/ also has (A3). Indeed, if f : w — ® then
Upjp C Upj(n—1) and diam(Uy),) = diam(Uy,) <. for all n € N. This shows that
ﬂ{Uf‘n ‘ne w} = ﬂ{m in € w} # () (Problem 236) and therefore I/ is an A-
system in X so necessity is proved.

Now assume that a family U = {U; : s € O} is an A-system in X. For any
function f € ™, observe that the set P = () {Up, : n € w} consists of precisely
one point because Py 7 () by (A3) and the diameters of the sets Upn tend to zero. Let
@(f) = x where x € X is the point for which Py= {x}. We claim that ¢ : ®” — X isa
continuous open onto map.

Fix m € w and s € @™ and let Wy = {f € o : flm = s}. It is straightforward from
the definition of ¢ that o(Ws) C U,. Take any x € U, and let s,, = s. Assume that
m < n € w and we have constructed functions {s; : m < k < n} with the following
properties:

(i) sk e o*foreachk e {m,..., n).
(iiy xe€ U foreachk € {m,..., n}.
@iii) sppilk=spforallk € {m,...,n— 1}.

Since x € Uy, = | J{U, : t € """ and t|n = s,,}, there is 5,1 € »""" such that
Spt1|n = s, and x € Uy, . It is evident that (i)—(iii) hold for the sequence {s; : k <
n + 1} so our inductive construction can be continued giving us a sequence {s, :
m < n < w} with the properties (i)—(iii). It follows from (iii) that there exists f € »®
such that f|n = s,, for each n > m. Condition (ii) implies that x € ({Uy), : n € w}
and therefore p(f) = x so p(Ws) = U,. Since s € O has been chosen arbitrarily, we
proved that

(x) (Wy) = U, for any s € O.

If we take s = () then we obtain p(w®) = X, i.e., the map ¢ is onto. For any point x
€ X take any f € »” such that ¢(f) = x. Observe that the family C, = {Uy), : n € o}
is a local base of X at x. Indeed, all elements of C, are open in X and contain x. Given
any ¢ > 0, choose n € N with % < ¢ and note that, for any y € Uy,, we have d(x, y) <
diam(Uy),,) < % sox € Uy, C B(x, &) which proves that C, is a local base at x. Besides,
the family By = {{g € 0” : g|n = f|n} : n € w} is a local base of ®” at f and
{p(U) : U € Bs} = C, by (%), so we can apply Fact 2 to conclude that the map ¢ is
continuous and open.

Since the space w” is éech-complete (see Problems 204 and 207) and X is
paracompact, we can apply Fact 1 to conclude that there is a closed F C @ such
that (f) = X and |F is a perfect map. The set F is Cech- -complete (Problem 260)
and a perfect image of a Cech- complete space is Cech- complete (Problem 261) so
X is Cech- complete and Fact 3 is proved.

Fact 4. Any strongly pseudocomplete space is projectively complete.
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Proof. Let Z be a strongly pseudocomplete space; fix a pseudocomplete sequence
{B, : n € N} of bases in Z. Take any open map ¢ : Z — M onto a separable metric
space (M, d). Let Vy = Z, Uy = M and suppose that n € w and we constructed sets
U and V for all s € O, such that the following properties are fulfilled:

(C1) Vy=X,Uy=Mand o(V,) = U, forall s € O,
(C2) VyeByiflis)=ke{l,...,n}.

(C3) Ifk<nands € o thenV, C V, for any r € " with 7|k = s.
(C4) Ifk<nands € o then Uy= J{U,: 1€ o*" " and tlk = s).
(C5) Ifse Opandk € {1,..., n} then diam(U,) < L

Take any s € »"; for any point z € U, = ¢(V) choose y. € V with ©(y.) = z.
Since the mapping ¢ is open and continuous, we can find W, € B, such that
y. €W, C W, C Vs, diam(p(W,)) <ﬁ and p(W,) C U,. If G, = p(W.) for each
z € Uy then {G, : z € Uy} is an open cover of the second countable (and hence
Lindelof) space U;. We can choose a subfamily W, = {W? : n € w} of the family
{W, : z € U} such that G, = {G5 = (W) : n € o} covers U,. After we have
families W, and G, for all s € 0", let U, = W;lz forall 7 € ",

Its is straightforward to verify that (C1)—(C5) are fulfilled for the families { U;
25 € O, 1} and {Vi: s € O, 1} so our inductive construction can go on giving
us families {U, : s € O} and {V, : s € O} with (C1)—(C5) for all n € w. Observe
that (A1) and (A2) are fulfilled for the family U = {U; : s € O by (C1), (C4) and
(C5). To see (A3) also holds, take any f € w®. If 5, = f]n then cl;(V,,,) C V,, by
(C3) and V;, € B, for all n € N by (C2). Since the sequence {B, : n € N} is
pseudocomplete, there is y € (\{V;, : n € w}; if follows from Uy, = (V) for
all n € w that ¢(y) € ({ Uy, : n € »} so the property (A3) is proved for . As a
consequence, U is an A-system in M and hence M is Cech-complete by Fact 3.
Fact 4 is proved.

Given any space Z and any bases 55 and C in Z, let B|C| = {U € B : there exists
V € suchthat U C V } C B. Itis straightforward that B[C] is a base in Z. We write
B < Cif, for any U € B, there is V € C such that U C V. This relation is clearly
transitive, i.e., for any bases A, B, C in the space Z, if A < Band B <Cthen A < C.
Another trivial observation is that A[B] < B for any bases .4 and B in the space Z.

Fact 5. Let Z be a strongly pseudocomplete space. Then there exists a pseudocom-
plete sequence {55, : n € ®} of bases in Z such that

P1) B,.1 < B,foreachn € w;
(P2) for each m € w, if we have a family {U; : i = m} such that U; € B; and
Uiy CU;foralli > mthen {U;:i>m} #0.

Proof. Let {C,, : n € w} be a pseudocomplete sequence of bases of Z. Note first that
if we take any base C,, C C, for all n € w then the sequence {C, : n € w} is also
pseudocomplete. If we let By = Cy and B,,+1 = C,,1[B,] for each n € w then we get
a pseudocomplete sequence {B, : n € o} of bases in Z such that B,,,; < B, for all

n € o so (P1) is proved.
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Suppose that {U; : i = m} is a family as in (P2). Since B,, < B,,_1, there exists
U,,_1 € B,,_; such that U,, C U,,,_;. Going “backwards” in this manner, we obtain
sets Uy,_1,. .., Uy, Uy such that U; € B; and U;; C U, for all i < m. Since we have
the same property for all i > m, we have obtained a sequence {U; : i € w} such that
U; € B;and U;y| C U, for all i € w. The sequence {B; : i € w} being pseudocom-
plete, we have (J{U;:i = m} = ({U;:i € m} # () so Fact 5 is proved.

Fact 6. Any product of strongly pseudocomplete spaces is strongly pseudo-
complete.

Proof. Let X, be a strongly pseudocomplete non-empty space for each r € T; fix a
pseudocomplete sequence {B; ne w} of bases in X, for each ¢t € T. Fact 5 shows
that we can assume, without loss of generality, that the sequence {BL ne w} has
the properties (P1) and (P2) forall t € T.If O, € 7(X,) for all r € T, the set [[,.; O is
called standard if O, # X, for only finitely many ¢. The family of all standard sets is
a base in the space X = [[{X,: 7€ T} (see Problem 101). If O =[[,.; O; is a
standard set then supp(O) = {tr € T : O, # X,}. Let pt : X — X, be the natural
projection for all r € T.

Let B, = {O =,y O, € §: 0, € B, for all 1 € supp(0) } foreach n € w. We
claim that B, is a base in X for each n € w. Indeed, if x € U € 7%(X) then there is
O =[],y O: € Swithx € O C U. Since B! is a base in X, for all 7 € supp(O), there
is V, € B, with x(r) € V, C O, for each r € supp(0). Let V, =X, for all r € T\ supp
(O);thenV =[]{V,:t €T} € B,andx € V C O C U which proves that each B, is
a base in the space X.

We show next that the sequence {B, : n € w} is pseudocomplete. Take any
family {U, : n € w} such that U, € B, and U, C U, for all n € w. We have
U, = [I,er U/ where U} € B, for all n € w and ¢ € supp(U,). Fix any s € T; we
claim that (J{U" : n € w} # 0. Indeed, if s ¢ | J{supp(U,):n € »} then U" = X,
for all n € @ and hence {U" :n € w} =X, # 0.

Observe that supp(U,,;1) D supp(U,,) for all n € w. Indeed, U, C U, implies
that U = p,(U,11) C pi(U,) = U for all t € T. Consequently, if U” # X, then
Urtl £ X,, ie., t € supp(U,) implies ¢ € supp(U,,1 ).

Now assume that s € supp(U,,) for some n € w and let m € ® be the smallest of
the numbers n € w such that s € supp(U,,). Thus, U} = X, forall n < m and s € supp
(U,) for all n = m by our previous remark. Therefore U € 3; for all n > m. Given
any n > m, observe that U, = [[{ U™ : t € T ¢ and therefore U = py(U,1)
C ps(U,) = U7 for all n = m (all closures are denoted by a bar; we hope there is no
confusion as to in which space the closure is taken). By property (P2) for the
sequence {B) :n € w}, we have ({U": n=m} # (). However, U" = X, for all
n<mso (WU":new}=N{U":n=m} #0.

We proved that there is x, € ﬂ{Uf ‘n € a)} for each r € T. Letting x(f) = x, f or
all r € T we obtain a point x € X such that x € (){U,, : n € @} which shows that the
sequence {U, : n € w} of bases in X is pseudocomplete. Fact 6 is proved.

To finish our solution apply Fact 1 of S.465 to see that any éech—complete space
is strongly pseudocomplete. By Fact 6, any product of éech-complete spaces is
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strongly pseudocomplete. Finally, it follows from Fact 4 that any product of Cech-
complete spaces is projectively complete.

S.492. Prove that a separable metrizable space is projectively complete if and only
if it is Cech-complete. Give an example of a pseudocomplete space which is not
projectively complete.

Solution. If X is separable metrizable and projectively complete then the identity
map of X onto itself is an open map of X onto a second countable space, so the
image of X under this map, which is X, must be Cech-complete. This proves
necessity.

Sufficiency follows from the fact that any éech—complete space is projectively
complete (see Problem 491; observe that second countability is not needed here).

LetP = {(x,y) € Rzzy >0} and Q = Q x {0}. The space X = P U Q with the
topology inherited from R? is pseudocomplete because P is a éech-complete dense
subspace of X (Problem 468). Observe that X is not éech-complete because Q is a
closed subspace of X which is not Cech-complete (Problem 260). Thus X is not
projectively complete because every projectively complete second countable space
must be éech—complete.

S.493. Give an example of a projectively complete space which is not pseudocom-
plete.

Solution. Recall that a space X is called a P-space if every Gs-subset of X is open
in X. A space is zero-dimensional if it has a base which consists of clopen sets.

Fact 1. Every P-space is projectively complete.

Proof. Let X be a P-space; take any open map f: X — M onto a second countable
space M. Since {y} is a Gs-set in M for any y € M, the set f ' (y) is a Gs-set in X so
() is open in X. The map f being open, the set {y} is open in M for any y € M.
Hence all points of M are isolated, i.e., M is discrete. Since any discrete space is
Cech-complete (Problem 204) the space M is Cech-complete so Fact 1 is proved.

Fact 2. Given any space Z and an infinite cardinal «, let (Z),. be the set Z with the
topology generated by the family of all G,-subsets of Z. Then (2),. is a Tychonoff
zero-dimensional space in which every G,-set is open. The space (2),. is called «-
modification of the space Z. In particular, the w-modification of any space is a
Tychonoff P-space.

Proof. If G(x) is the family of all G.-subsets of Z then |JG(x) =Z and the
intersection of any two elements from G(i) belongs to G(x). Thus G(x) is a base
for the topology of the space Z' = (Z),. (Problem 006). For each z € Z, the set {z} is
closed in Z and hence in Z' because every closed subspace of Z is closed in Z’,
Therefore Z' is a T;-space. Besides, closed G,-subsets of Z form a base in Z' by
Fact 2 of S.328. Recalling again that any closed subset of Z is closed in Z', we
conclude that Z’ has a base which consists of clopen subsets of Z', i.e., the space
7' is zero-dimensional; Fact 1 of S.232 implies that Z' is Tychonoff. To see
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that any G,-subset of the space Z’ is open in Z', take any family & = {U,, : o <}
C 7(Z'). Since G(k) is a base for Z', for every z € (U and every o < k, there exists
Vy, € G(k) such that z € V, C U, It is easy to see that V =[{V,:
o<k} € G(x) and z € V C (U. Thus every point from (| has a neighbourhood
contained in (| which shows that (| { is open in Z' so Fact 2 is proved.

If X is the w-modification of g(w;) = {x € R”" : |x"(R\{0})| < w}, then X is a
P-space by Fact 2. Let X, = {x € X : \x‘l(R\ {OP| < n). Tt is clear that
X = U{Xy : n € w}; besides, each X,, is closed in X. Indeed, if x € a(w)\X,
then take o, . .., o, < o; such that x(o;) # O for all i < n+1. It is evident that the
setV={y€a(w):y)#0foralli=1,...,n+ 1}isopeninao(w;)andx € V C
a(w)\ X,,. This shows that X,, is closed in ¢(w;) and hence in X.

We show next that the set X,, is nowhere dense in X for all n € w; it suffices to
prove that every X,, has empty interior. Suppose that U € 7°(X) and U C X, for
some m € . Take any x € U, since Gs-subsets of a(w;) form a base in X, there is a
Gs-set H in the space a(w;) such that x € H C U. It is easy to find a Gs-set H' in the
space R”! such that H' N o(w;) = H. There exists a countable set A C w; such that
G(x,A) = {y e R : y|A = x|A} C H' (see Fact 1 of S.426 applied to the discrete
space D(w)). Consequently, G(x, A) N ag(w;) C X,,; since the set A is countable,
we can take distinct fi1,. .., f§,,,1 € w;\A. Define a point y € X by y|A = x|A, y(f;)
=1foralli <m+ 1and y(o) =0 for all « € o;\(A U {f1,..., Pms1}) It is
immediate that y € (X\X,,) N G(x, A) which is a contradiction. This shows that
each X, is nowhere dense in X and therefore X is of first category in itself. As a
consequence, X is a projectively complete space (Fact 1) that is not pseudocomplete
because each pseudocomplete space has the Baire property by Problem 464.

S.494. Suppose that C,(X) is projectively complete. Prove that any open subspace
of C,(X) is also projectively complete.

Solution. If X is finite then C,,(X) = R¥ is éech—complete as well as any of its open
subspaces. As any éech—complete space is projectively complete (Problem 491),
there is nothing more to prove in this case. In what follows we assume that the space
X is infinite. The expression Y ~ Z says that the spaces Y and Z are homeomorphic.

Given a space Z, distinct points zy, ..., z, € Zand Oy, ..., 0, € T°(R), let [z, . . .,
Zw O1,..., Olz={f € Cp(D) : fiz;) € O;forall i < n}. The family Cz = {[zy,. .., z,;
04,...,0,]z:neN,zy,...,z, € Zand Oy, . . ., O, are non-trivial rational intervals }
is a base in the space C,(Z) (Problem 056).

Fact 1. Given an arbitrary space Z, for any distinct {zy, ..., z,,} C Z and any rational
non-empty intervals Oq,..., O, the space W = [zy,..., z,;; O1,..., O,lz is
homeomorphic to the space I,Z< X 01 X ---x0,, where K = {z,..., z,,} and

12 =1{f € C,(2) : fIK = 0}.

Proof. Fix U; € 7(z;, Z),i = 1, ..., m such that the family {U,,..., U,,} is disjoint.
There exists f; € C(Z) such that f(z;) = 1 and f}|(X \U;) = 0 for all i < m. Given an
arbitrary function f € W, let r(f) =f(z1) fi + - + f(z,) - frw and () = (f = r(f),
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fIK). 1t is immediate that r(f)(z;) = f(z;) for all i < m so f — r(f) € IZ. It follows
from f(z;) € O; foralli < mthatf|K € O = O;x--- xO,,so we have ¢(f) € IZ x O
for each f € W, i.e., o : W — IZ x O. Given any i < m, the map e.:C)(2) =R
defined by e, (f) = f(z;), is continuous (Problem 166). Therefore the map f —
f(z) - f; is continuous for any i < m (Problem 116). This shows that the map r is
continuous and hence so is the map f — f— r(f); an immediate consequence is that
the map ¢ is continuous.

Now, if g € IZ and h € O then letting f = (g,h) = g + Y1, h(z;) - f; we obtain
f € W such that o(f) = (g, h), i.e., the map ¢ is onto. Now, suppose that f, f' € W
and f # f'. If fIK # f'|K then ¢(f) # ¢(f’) because the second coordinates of
o(f) and o(f") are distinct. If fIK =f'|K then r(f) =r(f’) and therefore
F=r(f) #f —r(f’) so again ¢(f) # ©(f"). Thus the map ¢ is a bijection and
d 1 IZ x O — W is the inverse of ¢. To see that J is a continuous map, observe that
it maps IZ x O into a product, namely RZ, so it suffices to verify that, for any z € Z,
the map 0, = m{z} o J is continuous. Note first that the map (g, h) — g — g(2) is
continuous being a composition of two natural projections. Since f}(z) is a constant,
the map h — h(z;) - f(z) is a natural projection multiplied by a constant; hence the map
d is continuous being a composition of arithmetical operations with natural projec-
tions. This shows that ¢ : W — I% x O is a homeomorphism so Fact 1 is proved.

Take any W = [xy,..., X,; Oy,..., O,lx € x. We know that the space C,(X)
is homeomorphic to ll)g x RX where K = {x,...,x,} C X (Fact 1 of S.409). Since
O; ~ R for each i < m, we can apply Fact 1 to conclude that W ~ I x O,
X - % O, = I x RX ~ C,(X). This proves that

(*) Every element of x is homeomorphic to C,(X).

Now take any open U C C,(X); suppose that M is second countable and ¢ : U — M
is an open continuous onto map. For any y € M, choose any f € U with ¢(f) =y and
V € Cx such that f € V C U. The map ¢|V is open; since V is homeomorphic to C,,(X)
by (), it is projectively complete so W, = ¢(V) is an open éech—complete subspace
of M with y € W,.

Consider the space L = ©{W, : y € M}. We will identify each W, with the
respective clopen subset of L. Since each W, is éech—complete, the space L is also
éech—complete (Problem 262). Any W, is also a subset of M so if x € W, C L, we
denote by x’ is twin in M. This makes it possible to define a map £ : L — M by
&(x) = x’ for each x € L. Given any y € M, note that y € W, so if we consider that
W, C L then the point y has a twin z in W,, considered as a subspace of L. Of course,
we have &(z) = y so the map ¢ is onto.

To see that & is continuous, take any x € L and y € Y withx € W, C L. It is clear
that £|W, : W, — £(W,) is a homeomorphism and hence the map &|W, : W, — M is
continuous. Since W, is open in L, the map & is continuous by Fact 1 of S.472.

To show that £ is open, take any open W C L. Then W N W, is open in W, for
every y € M. Since £|W, is a homeomorphism of W, onto an open subset of M, the
set (W N W,) is open in M and therefore &(W) = (J{&(W NW,) : y € M} is open
in X so the map ¢ is open.
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Finally, apply Fact 1 of S.491 to conclude that there is a closed set F C L such
that (f) =M and ¢|F : F — M is a perfect map. Since the space F is éech-complete
by Problem 260, the space M is also Cech-complete by Problem 261. This shows
that U is projectively complete.

S.495. Suppose that C(X) is projectively complete. Prove that any countable closed
A C X is discrete and C-embedded in X.

Solution. Recall that, since the set A is closed in the space X, the restriction map
s Cp(X) — C,(A 1X) = TA(Cp(X)) C Cp(A) is open by Pvroblem 152. As Cp(X) is
projectively complete, the space C,(A|X) has to be Cech-complete. The set
C,(A]X) is dense in C,(A) and hence in R* (Problem 152). Since C,(A) has a
dense éechcomplete subspace, the space A is discrete (Problem 265). Assume
that C,(A|X) # R4; note that C,(A|X) is an algebra and, in particular we have,
f—8 € C,(A|X) for any f, g € C,(A|X). Take any h € RA \C,(A|X); the map T}, :
R — R* defined by T)(¢) = h + g, is a homeomorphism (Problem 079) and
TW(Cy(A|X)) N Cy(A|X) = 0. Indeed, if g € C,(A|X) and f = h+g € C,(A|X)
then h = f — g € C,(A|X) which is a contradiction. Therefore R* has two
disjoint dense éech—complete subspaces C,(A|X) and T,(C,(A|X)) which contra-
dicts Problem 264. Thus C,(A|X) = R* and this means that A is discrete and
C-embedded in X.

S.496. Prove that C,(Bw) is not projectively complete.

Solution. To avoid going into a general theory, let us define a linear space as a
subspace L of some R such that f, g € L implies af + bg € L for any a, b € R. The
set T will be always clear from the context; we will also consider L to be a
topological space with the topology inherited from R”. For example, any C »(X) is
a linear space with T = X. Observe that any linear space L C R’ contains the
function 0, which is identically zero on 7. For any linear spaces L and M, a map u :
L — M s called linear if u(af + bg) = au(f) + bu(g) forany f,g € Landa, b e R. It
is easy to see that u(0;) = 0,, for any linear map u : L — M.

Fact 1. If L is a linear space and z € L then the map Q% : L — L defined by
Q% (x) = x + z for all x € L, is a homeomorphism for any z € L.

Proof. Indeed, if L C R” then let P.(y) = y + z for any y € R’. The map P. :
R” — R” is a homeomorphism (Problem 079). We have P.(L) = L because L is a
linear space; besides, P.|L = Q_f so Fact 1 is proved.

Fact 2. Given linear spaces L and M, a linear map u : L — M is continuous if and
only if it is continuous at 0;.

Proof. 1t is clear that we only must prove sufficiency so assume that u is continuous
at 0; and take any x € L. Let y = u(x); for any W € 7(y, M), the set W' = Q’K’),(W) is
an open neighbourhood of 0y, by Fact 1. Since u is continuous at 0, there is
V' € (0, L) such that u(V') C W'. Applying Fact 1 again, we convince ourselves
that V = Q(V’) is an open neighbourhood of x.
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For any z € V there is 2/ € V' such that 7 + x = z. We have the equalities
u(z) =u(x+z2) = u(x) + u(z') = y + u(z) ; in addition, ¢ = u(z’) € W’ because
u(V") C W'. This shows that there exists € W such that 7 + (—y) = . Therefore
u(z) =y+u(z)=y+1 =y+ (t+ (—y) =t € W. The point z € V has been cho-
sen arbitrarily so #(V) C W and hence we established continuity of # at an arbitrary
point x € L. Fact 2 is proved.

Fact 3. Given linear spaces L and M, a continuous linear onto map u# : L — M is
open if and only if it is open at 0, i.e., for any W € 7(0;, L) there is V € 7(0y;, M)
such that u(W) D V.

Proof. We must only prove that #(G) is an open set for any G € 7(L). It suffices to
show that, for every z € u(G), there is V, € 7(z, M) such that V, C u(G).

Take any y € G with u(y) = z; the map ny : L — L is a homeomorphism by
Fact 1 so W = QF y(G) is an open neighbourhood of 0,. Since u is open at 0, there
is V € 7(0), M) such that u(W) D V. The set V, = Q¥ (V) is an open neighbourhood
of z by Fact 1 so it suffices to show that V, C u(G).

Take any 2’ € V,; then 2/ = z + ¢ for some 7 € V. Since V, u(W), there exists X' € W
with u(x’) = ¢. In addition, ¥ = g — y for some g € G so we have 7/ =z + =
z+u() =z4u(g—y) =z+ug) —uly) =z+u(g) —z=u(g) € u(G), which
proves that V, u(G) and hence u(G) is open in M. Fact 3 is proved.

Let M = C*(D(w)) = {f € R” : fis bounded} C R®; clearly, M is a linear space
which is dense in the space R”. We have M = |J{[—n, n]” : n € N}; observe that
M, =[—n, n]” is nowhere dense in M for each n € N. Indeed, if U € 7*(M) and U C
[—n, n]” for some n € N then there is V € 7(R”) with V. N M = U, therefore
V = U C M, (the closure is taken in R®) because M,, is compact. It turns out that V
C M, and hence each point of V is a point of local compactness of R”. Take any f' €
V ; since there are homeomorphisms of R” onto itself which send f onto any given
element of R” (Problem 079), the space R” is locally compact which contradicts
Problem 186. This proves that each M,, is nowhere dense so M is of first category in
itself and, in particular, M is not éech—complete.

It is easy to find a disjoint family {A, : n € w} C exp(w) such that |A,| =n + 1
for all » € w and w =|J{A, : n € w}. Given any function f € C,(fw), let
o(f)(n) = {1 - f(k) : k € An} for each n € w. In other words, ¢( f) (n) is the

n+1

arithmetic mean of the values of f on the set A,.. It is clear that o(f) € R® for any
f € Cy(pow);thus ¢ : Cp(fw) — R?. In fact, p maps C,(fw) to M; to see this, take
any f € C,(fw). There is r € R such that | f(k)| < r for any k € . Given any n € w,
we have [o(f)(n)|< Y {1 [f(k)] k€ An}< Y {;5-r:k€An} =r, so the
function ¢(f) is bounded by r and hence ¢(f) € M.

We claim that the map ¢ : C,,(fw) — M is open, continuous and onto. Given any
g € M, there is r € R such that |g(n)| < rforall n € w. For all n € w, let fik) = g(n)
for each k € A,,. This determines a function f: w — R; for each k € w there isn €
such that | f(k)| = |g(n)|<r so |f(k)|r for each k € w, i.e., fis bounded. Since the
function f is continuous on D(®), there exists a continuous / : fo — R such that
hlw = f. It is easy to see that ©(h) = g so we established that ¢ is surjective.
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It is straightforward that the map ¢ is linear so, by Fact 2, to prove continuity of
it is sufficient to establish that ¢ is continuous at the point 0 € C,(fw) that is
identically zero on . Given any n € w and ¢ > 0, let H(n, &) = {y e M : |[y(})| < ¢
for all i < n}. It is evident that the family {H(n, ¢) : n € w and ¢ > 0} is a local
base of M at 0,,. Given an arbitrary n € o, ¢ > 0 and a finite set C C fw\ m, the set
Gn, C, &) = {f € Cp(fw) : [f(x)] < eforall x € Ag U --- UA, UC} is an open
neighbourhood of 0. It is clear that the family {G(n, C,¢) :n € w, ¢ > 0and C C
Pw\w is finite} is a local base of C,(fw) at 0. Let us show that
(%) @(G(n, C, &)) = H(n, ¢) for any n € w, ¢ > 0 and any finite set C C fo\®.

Take an arbitrary function f € G(n, C, ¢); then, for every i < n, we have
lo(H) D<o Az7- f(k)] ke A< {z5-¢: k€ A} =& which shows that
w(f) € H(n, ¢). Therefore o(G(n, C, ¢)) C H(n, ¢).

Now, let & € H(n, ¢); denote by m the number of elements of C and take r € R for
which |a(k)| < rforall k € . Foreach! > m + 1, wehavel + 1 =k(m + 1)+ 1,
where k;, r; € Nand 0 < r, < m. Foreach / = m + 1, choose an arbitrary partition
{Al:i€{0,...,m}} of the set A; such that |A?| =k, +r; and |A}| =k for i €
{1,...,m}. If B; = U{Ai:1=m+ 1} forall i < m, then By,..., B, are infinite

7|A‘/AI:WII|3-\ < 2m+ 1 foreachi < m and | > m+1. Indeed,

A;NB; = Al and therefore tl<%:m+1+%<m+l+m:2m+ 1. The sets

By, . ..,B,, are disjoint by Fact 2 of S.369; this implies B; N C = () for some k < m
(the bar denotes the closure in Sw). Define a function g’: @ — R as follows: g'(x) =
h)if xe Ajand [ < m; if x € A; for some [ = m + 1 then g'(x) = r;a(]) if x € A; N By,
and g'(x) = O for all x € A)\By.

For every x € w we have |¢g'(x)| = |h(D)| or |g'(x)| = |t;a(])| for some [ € w.
Therefore, |g'(x)| < t|h())| < tyr < (2m + 1)r which shows that g’ is bounded on
o. As a consequence, there is g € C(fw) with glow = g’. Observe that g(x) = 0 for
all x € w\By; since ByNC = (), we have C C ®\By whence g(C) = {0}. It is
easy to check that ¢(g) = h; besides, g(C) = {0} and, forallx € AgU --- UA,,
there is i < n such that |g(x)| = |h(i)| < ¢, i.e.,|g(x)| < eforallx e AgU---UA,
which implies ¢ € G(n, C, ¢) and therefore ¢(G(n, C, ¢)) D H(n, ¢) so (x) is
proved.

Now, take an arbitrary W € 7(0y, M). There exist n € w and ¢ > 0 such that
H(n,e) C W. As a consequence, V = G(n,0,¢) € 7(0,C,(fw)) and it follows from
(x) that (V) = H(n, &) C W which proves continuity at 0. Therefore ¢ is a
continuous map by Fact 2.

Now, assume that V € 7(0, C,(fw)) ; there are n € w, ¢ > 0 and a finite set C C
pw\w such that G(n, C, ¢) C V. It is an immediate consequence of (x) that
©(V) D ¢(G(n,C,¢)) = H(n,e) € 7(0y, M) which shows that ¢ is open at the
point 0. Hence the map ¢ is open by Factv3. Thus ¢ is an open map of C,(fw)
onto a second countable space M that is not Cech-complete and hence C,(fw) is not
projectively complete.

disjoint sets such that #; =

S.497. Suppose that A has a countable network for each countable A C X. Prove
that, if C,(X) is projectively complete, then it is pseudocomplete.
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Solution. Take any countable A C X; if the set A is countable then A is
discrete and C-embedded in X by 495. This implies that A is also discrete and
C-embedded in X.

Fact 1. Every uncountable space with a countable network has a non-trivial
convergent sequence.

Proof. Take any uncountable Z with nw(Z) < w; let A/ be a countable network in
the space Z. The set B = {z € Z: the set {z} is a finite intersection of some elements
of N} is countable so there exists y € Z\ B. Since N' = {N € N :y €N} is
also countable, we can choose an enumeration {N; : i € w} of the family N ",
Given any k € w, the set M; = N {N; :i < k} cannot be finite. Indeed, if M} is finite,
then P = M;\{y} is also finite so there is N € A such thaty € N C Z \ P; therefore
{y} = M; N N is a finite intersection of elements of N which contradicts the
choice of y. Thus M, is infinite and hence it is possible to choose y;, € M;\{y} for
each k € w. Observe that the sequence {y, : n € w} converges to y. Indeed, given
any U € 7(y,Z) there is N € N such that y € N C U. We have enumerated
all elements of A/ that contain y and therefore N = N, for some k € w. It is clear
that y, € M; C M; C N, = N C U for all i = k which shows that y, — y. The
sequence {y, : n € w} has to be non-trivial because y, # y for each n € w so Fact 1
is proved.

Now, assume that A is uncountable for some countable set A C X. Since
nw(A) = w, we can apply Fact 1 to observe that there is a non-trivial convergent
sequence C C A. If x is the limit of C then C U {x} is a non-discrete countable
closed subspace of X which contradicts Problem 495. This contradiction shows that
the closure of every countable A C X is countable; hence A is discrete and C-
embedded in X by 495. This implies that A is also discrete and C-embedded in X.
Therefore each countable subset of X is closed and C-embedded in X so we can
apply Problem 485 to conclude that C\,(X) is pseudocomplete.

S.498. Let X be any space. Prove that, if C,(X) is pseudocomplete then it is
projectively complete.

Solution. Take any open continuous map ¢ : C,(X) — M of C,(X) onto a second
countable space M. Apply Problem 300 to find a countable A C X and a continuous
map p : 14(Cp(X)) — M such that p o m4 = . Since C,(X) is pseudocomplete, we
have C,,(A|X) = ma(C,(X)) = R” by Problem 485 so C,,(A|X) is Cech-complete (see
Problems 205, 207 and 269).

Given any open U C C,(A|X), the set p(U) = o(n;'(U)) is open in M because
the map ¢ is open. Thus we have an open map p of a éech-complete space C,(A|X)
onto a metrizable (and hence paracompact) space M. By Fact 1 of S.491 there is a
closed F' C C(A|X) such that p(f) = M and the map p|F is perfect. Apply Problem
260 to conclude that F is Cech- -complete. Any perfect image of a Cech- -complete
space is Cech- -complete (Problem 261) so M is also Cech- -complete. This proves
that C,(X) is projectively complete.
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S.499. Prove that C(X) and C(Y) are isomorphic as algebraic rings if and only if vX
is homeomorphic to vY.

Solution. Given a space T, call aset A C T a zero-set in T if there is f € C(T) such
that A = f~1(0). It is evident that each zero-set is closed in T. Denote by 7 the
family of all zero-sets of 7. A non-empty family 7 C Zr is called a z-filter on T if it
has the following properties:

(ZF1) 0¢ F.
(ZF2) A,B € F impliesA N B € F.
(ZF3) IfAe FandA CBe€ ZrthenB € F.

A z-filter U on T is called a z-ultrafilter on T if it is a maximal z-filter, i.e., if is a
z-filter on T and U C F then U = F. A family C exp(T) is countably centered if
(F' # 0 for any countable F' C F.

Given r € R, let ¢(x) = r for any x € T, i.e., ¢, is a function on T which
is identically r at all points of 7. A non-empty set/ C C(7) is called an ideal in C(T) if

(I1) af+bgelforanyf,gclanda, b cR.
(I12) 1+#C(T)andfg €I forany fe€ I and g € C(T).

An ideal I in C(T) is maximal if it is maximal with respect to inclusion, i.e., for
any ideal I' C C(T), if I C I' then I' = I. A maximal ideal I C C(T) is called a real
ideal if, for any f € C(T), there is r € R such that f 4 ¢, € I.

Let us state some simple facts on zero-sets.

Fact 1. Given an arbitrary space T, we have

(1) Any finite union of zero-sets in T is a zero-set in 7.

(2) If A is a zero-set in T then there is g € C(T, [0,1]) such that A = g~'(0).

(3) Any countable intersection of zero-sets in T is a zero-set in 7.

(4) Iff: T — T’ is a continuous map and P is a zero-set in T’ then f~ '(P) is a zero-set
inT.

(5) If P is a closed subset of R and f € C(T) then f~'(P) is a zero-set in T.

Proof. ) If fi,..., f, € C(T) and P; = f;"(0) for all i < n then the function f =
fise. ., fais continuouson Tand P =P, U ---UP,=f'(0)soP,U---UP,isa
zero-set in 7.

(2) Fix a function f € C(T) such that A = f~ 1(O). The function i = | f| defined by
h(x) = |f(x)| for any x € T, is continuous, non-negative and A = hil(O). The
function ¢ = min(A, c;) is continuous on T (Problem 028); it is clear that we have
g€ C(T, [0,1]) and A = g~ (0).

(3)if A; is a zero-set in T for all i € w then we can apply (2) to find a function f; €
C(T, [0, 1]) with A; = f71(0) foralli € w. If g, = >, 27" f; then the sequence
{g, :n € o} converges uniformly to a function g € C(T, [0, c0)) (see Problem 030)
and it is immediate that g~ '(0) = N{A, : n € w}.

(4) Take any h € C(T') with P = h~'(0); then g = h o f € C(T) and we have
ffl(P) :ffl(hfl(O)) = gil(O) which proves thatfl(P) is a zero-set in 7.
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(5) Any closed subset of R is a Gs-set in R; since R is normal, any closed subset
of R is a zero-set in R by Fact 1 of S.358. Hence P is a zero-set in R so we can apply
(4) to conclude that f~ Y(P) is a zero-set in T. Fact 1 is proved.

Fact 2. Given an arbitrary space T, we have

(1) Any z-filter is a centered family.
(2) For any centered family C C Z7, there exists a z-ultrafilter // D C.

In particular, any z-filter on T is contained in a z-ultrafilter on 7.

Proof. (1) if F is a z-filter and Fy,...,F, € F then an evident consequence of
(ZF2) is that F=F;N---NF, € F so F # () by (ZF1). This shows that F is a
centered family.

(2) Let P be the family of all z-filters that contain C. Observe first that P # () ;
indeed, let F = {F € Zr : there exists a finite C' C C such that (\C' C F} : The
axiom (ZF1) holds for F because each element of F contains a finite intersection of
elements of C and no such intersection is empty due to the fact that C is centered.

Now, if Fy,F, € F then there are finite C; C C and C, C C such that F; D [ C;
and F; D(Cy. It is clear that the family C'=C,UC, C C is finite and
FiNnF, D ﬂC’. Since F{ N F, is a z-set y Fact 1, we have F1 N F, € F, ie.,
(ZF2) is proved for F. Finally, if F € F and G is a z-set with ' C G then take any
finite C' C C such that (\C' C F; it is immediate that (\C' C G so G € F and we
proved that F is a z-filter that contains C. As a consequence, P # ().

Now assume that P’ is a chain of elements of P; we claim that F = [JP' is a
z-filter. Indeed, if ) € F then there is G € P’ such that () € G which contradicts the
fact that G is a z-filter. Now, assume that F,G € F; there exist G,G € P such that
F €Gand G € G. Since P is a chain, we can assume, without loss of generality, that
G C G.Thus F, G € G and therefore F NG € G because G is a z-filter. This proves
that F N G € F so the axiom (ZF2) is checked for . Finally, if G is a z-set in T and
G DF € Fthenthereis G € P suchthat F € G. Since G is a z-filter, we have G € G
and therefore G € F which proves that F is a z-filter.

This shows that we can apply the Zorn’s lemma to conclude that there is a
maximal z-filter &/ € P. It is clear that I/ is a z-ultrafilter that contains C so Fact
2 is proved.

Fact 3. Let F be a z-filter on a space T.If P € Zy and PN F # ( for all F € F then
the family F U {P} is centered. In particular, if F is a z-ultrafilter then P € F.

Proof. Take any F1,. .., F, € F U{P}. We can consider that P = F; for some i < n
for otherwise (., F; # 0 because Fy,..., F, € F and F is centered by Fact 2.
Thus we do not lose generality supposing that P = F,,. An immediate consequence
of (ZF2) is that F=F; N---NF, € FsoFiN---NF,=FNP#0 by our
hypothesis. This shows that 7' = F U {P} is a centered family.

Now, if the family F is a z-ultrafilter then apply Fact 2 to observe that there is a
z-ultrafilter U D F' D F. Since every z-ultrafilter is a z-filter and JF is maximal, we
have F = F' =Uso P € F' = F and Fact 3 is proved.
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Fact4.If T is a realcompact space then any countably centered z-ultrafilter on T has
a non-empty intersection.

Proof. Let F be a countably centered z-ultrafilter on the space T. There exists a
point g € (\{clgr (f) : F € F}. Assume first that ¢ € fT\T. Since T is realcompact,
there is a closed Gs-set H in the space T such that g € H C fT\T (see Problem 401
and Fact 2 of S.328). Now apply Fact 1 of S.358 and Fact 1 of this Solution to
conclude that there is f € C(BT, [0, 1]) such that f '(0) = H.If g =f|T then g(x) >0
for all x € T. Observe also that g € clgr (f) impliesf~'([0,1)) N F # () forany F € F.
Since F C T, we obtain § # FNf~'([0,4])NT =Fng="([0,1]) for eachn € N
and F € F.

The set F, = g~'([0,1]) is zero-set in T for all n € N by Fact 1. In addition,
F,NF # (orall F € F and therefore F,, € F for all n € N because the family F is a
z-ultrafilter (see Fact 3). Since g(x) > 0 for all x € T, we obtain ({F,:n € N} =0
which is contradictory because F is countably centered. This contradiction shows that
g € T;thus g € clgr (f) N T =F foreach F € F because F is closed in T. This proves
that g € NF and hence (| F # 0 so Fact 4 is proved.

Fact 5. Let T be an arbitrary space.

() If I € C(T) is an ideal in C(T) then the family Z(/) = (FUO :fellisa
z-filter in T.

(2) If F is a z-filter on T then the set I(F) = {f € C(T) : f '(0) € F} is an ideal
in C(T).

(3) If I C C(T) is a maximal ideal then Z(/) is a z-ultrafilter on T and /(Z(/)) = I. In
particular, if f € C(T) and f~'(0) € Z(I) then f € I.

(4) If F is a z-ultrafilter on T then I(F) is a maximal ideal in C(T).

Proof. (1) If O € Z(I) then there is a function f € I such that f{x) # 0 for all x € T.
Then g zj% € C(T) and therefore ¢, = g - f € I; this implies f = f - ¢, € I for any
function f € C(T), i.e., I = C(T) which is a contradiction with (I2). This proves that
£71(0) # 0 for any f € I and hence () ¢ Z(I) so (ZF1) holds for Z(I).

Given any A, B € Z(I) we have A =7"%0), B =g '(0) for some f, g € I. Then, for
the function 4 :f2 + gz, we have h e Tand i '(0)=A N BsoA N B € Z(I) and
(ZF2) is also fulfilled for Z(I).

To check (ZF3), take any A € Z(I) and any B € Z7 with A C B. There is f € [ and
g € C(T) such that A :fl(O) and B = gil(O). We have h = f- g € I by (I2) and
hfl(O) = B so B € Z(I) and hence Z(I) is a z-filter in T.

(2) To prove (I1) for I(F), observe that f~ '0)e Fand g '(0) e F imply that
H=7"'0) N g '(0) € F. Now, if h = af + bg then H C h™'(0); since F is a
z-filter, we have 4~ '(0) € F and hence h € I(F) so (I1) is established for I(F).

Since C71(0) = 0 ¢ F, we have ¢, ¢ I(F) and hence I(F) # C(T). Finally, take
anyfel(l),any g € C(T)andlet h =f- g. It is clear thatfl(O) C h1(0); since F is
a z-filter and £~ '(0) € F, we have h~'(0) € F, i.e., h € I(F). This proves (12) for
I(F) and shows that I(F) is indeed an ideal in C(T).
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(3) The set I(Z(])) is an ideal in C(T) by (2); it is immediate that / C I(Z(])). Since
I is maximal, we have I = I(Z(I)). Suppose that F is a z-filter and Z(I) C F. Then /
(F)is anideal in C(T) by (2) and it is immediate that I C I(Z(I)) C I(F). The ideal I
being maximal, we have I = I(F) so, for any F' € F there is f € I such that F =
£71(0). But f~'(0) € Z(I) by the definition of Z(I) so F € Z(I). The set F € F has been
chosen arbitrarily, so we have F C Z(I) which proves that 7 = Z(I) and therefore
Z(I) is a z-ultrafilter.

(4) Suppose that I C C(T) is an ideal and I(F)C I. The family Z(]) is z-filter on T
by (1) and F = Z(I(F)) C Z(I). Since F is a z-ultrafilter, we have F = Z(I) and
hence f~ Y(0) € F for any f € I so we have f € I(F) by the definition of I(F). The
function f € I has been chosen arbitrarily, so we proved that / C I(F) whence [ =
I(F) and hence I(F) is a maximal ideal. Fact 5 is proved.

Fact 6. For any space T and any real ideal I C C(T), the family Z(I) is countably
centered.

Proof. Any real ideal is maximal so Z(/) is a z-ultrafilter in T by Fact 5. Take any
sequence {F;:i € N} C Z(I) and fix a family of functions {f; : i € N} C I such that
F; =f71(0) forall i € N. It is clear that g; = f*> € [ and g; ' (0) = F; for all i € N.
Furthermore, if 4, = min(g;, 1) then h; € C(T, [0, 1]) and we have h;'(0) =
¢7'(0) = F; for all i € N. Thus h;'(0) € Z(I) and hence h; € I(Z(I)) = I for all
i € Nby Fact5.If w, = Y1, 2. h; forall n € N then w,, € I for all n € N and the
sequence {w, : n € N} converges uniformly to a function w € C(T) (see Problem
030). It is immediate that w='(0) = {/71(0) : i € N} ; the ideal / is real so there
isr € Rsuchthatu =w +c, € . If w, =w, —uthenw), € [ for all » € N and the
sequence {w/, : n € N} converges uniformly to w — u = —c, (see Problem 035).
If ¢ = || # O then there is n € N such that [w/,(x) + r|< ¢ for every x € T which
shows that w/(x) #0 for all x € T. Consequently, (w')~'(0) =0 which is
a contradiction with (w/))”'(0) € Z(I) and the fact that no element of Z(I) can be
empty by (ZF1). This contradiction shows that » = 0 and hence w = u € I. We
established that w™'(0) = (WF;: i€ N} e Z({) so Fact 6 is proved.

Fact 7. For any space T and any x € T, the set [, = IT = {f € C(T) : f(x) =0} is a
real ideal of C(T). If T is realcompact then an ideal I C C(T) is real if and only if
there is x € T such that I = Ix.

Proof. 1t is easy to check that the set [, is an ideal; to see that /, is maximal,
assume that J is an ideal in C(T) with I, C J. If there exists f € J\ Ix then x §Efl(0)
and therefore we can find g € C(T) for which g(x) = 0 and g(f 1(O)) = {1}.
The function g belongs to I, and hence to J. Therefore h = f* 4+ ¢* € J and h(z) > 0
for any z € T. It follows from h € J that ¢c; = h % € J. Therefore g =g - c; €J
for each g € C(T). It turns out that J/ = C(T) which is a contradiction. This shows
that /, is a maximal ideal. Finally, the ideal I, is real because, for any f € C(T) we
have f — Cfx) € I

Now assume that T is realcompact and / is a real ideal in C(T). The family Z(/) is
a countably centered z-ultrafilter by Facts 5 and 6. Therefore () Z(I) # () by Fact 4.
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It is evident that I C I, for any x € (\Z(I); thus I = I, by maximality of /. Fact 7
is proved.

Returning to our solution, assume that C(X) is isomorphic to C(Y). It is easy to
check that the restriction map my : C(vX) — C(X) is an isomorphism. Analogously,
C(Y) is isomorphic to C(vY). This shows that there is an isomorphism ¢ : C(bX) — C
(vY). Observe that the notion of a real ideal is defined in algebraic terms and hence
(I is areal ideal in C(vY) for any real ideal I C C(vX). For any x € vX, the set I}Y’X X
is a real ideal of C(vX) by Fact 7; hence ¢(I'Y) is a real ideal of C(vY). Since vY is
realcompact, we can apply Fact 7 again to conclude that there is y € vY such that
@(IX) = I . Letting y = f(x), we obtain a function f : vX — vY. Since ¢ is an
isomorphism, the map I"* — p(I;) is a bijection between the families of all real
ideals in C(vX) and in C(vY). Applying Fact 7 we see that f is also a bijection.
Finally, let A C vX. Given x € A, we have I'"* D ({I’¥ : z € (A)} by Fact 3 of
S.183. Since ¢ is a bijection, we have [;Z*‘) O N{I":z€f(A)} and hence

f(x) €f(A) by Fact 3 of S.183. This proves that f(A) C f(A) and hence f is a
continuous map. The same reasoning is applicable to /' so /! is also continuous
which proves that f'is a homeomorphism and settles necessity.

Finally, if & : vX — oY is a homeomorphism then 4™ : C(vY) — C(vX) is an
isomorphism: this is an easy exercise (see the first paragraph of S.183). We
mentioned already that C(X) is isomorphic to C(vX) and C(Y) is isomorphic to
C(vY) so C(X) is isomorphic to C(Y) and hence our solution is complete.

S.500. Prove that C* (X) and C* (Y) are isomorphic as algebraic rings if and only if
BX is homeomorphic to Y.

Solution. Observe that the restriction map wty : C(X) — C*(X) is an isomorphism.
Analogously, nty : C(Y) — C*(Y) is an isomorphism so if C*(X) is isomorphic to
C*(Y) then C(BX) is isomorphic to C(fY). As a consequence, X is homeomorphic
to Y by Problem 183.

On the other hand, if a map /4 : fX — BY is a homeomorphism then the dual map
h* : C(BY) — C(pX) is an isomorphism: this is an easy exercise (see the first
paragraph of S.183). We mentioned already that C*X) is isomorphic to C(X) and
C*Y) is isomorphic to C(BY) so C*(X) is isomorphic to C*(Y) and hence our solution
is complete.
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