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§0. Introduction

Our emphasis is on closed orientable surfaces, usually denoted by
F, with the genus of F, the number of torus summands, dencted by g.
An automorphism of a surface F we take to be a homeomorphism
h:F = F, ususlly orientation-preserving. The Nielsen-Thurston theory
generalizes the well-known classification of torsl automorphisms to
the automorphisms of an arbitrary orientable surface. We begin by
briefly recailing this claessification.

Regard the torus as the quotient of the Euclidean plane R2 by the
integer lattice 22, endowed with a fixed orientation. Hence
1,(T2) = 2e2. The homeomorphisms of T2 correspond to the elements
of the general linear group GL,(2) as any element x in GLp(2) maps 22
to itself and so induces 8 continuous map h“: T2 — T2, The

homeomorphism h  has inverse h ~1 and (hu)*: 1(T2) = 1(T2) has
matrix «. The map ho: preserves orientation if and only if det(x) = 1.
i.e. x is an element of the special linear group SL,(2).

If « in SLp(2) is represented by the 2x2 metrix [2 :], the

characteristic polynomial of x, t2—-(p+s)t+(ps—-rq), cen be written as
t2—(trace(x))t+1. The eigenvelues k,k" of x are either

1) complex, i.e. trece(x) = 0, 1, or -1
or 2) both 1, i.e. trace(x) = 22
or 3) distinct reals, i.e. Itrace(u)l > 2.

Consider each of these cases in turn.

In case 1) en easy exercise in the Cayley~Hemilton theorem shows
that x is of finite order and (hm)12 = 1. The mep h  is seid to be

periodic.
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In cese 2) x has an integral eigenvector which prejects to an
essentiel simple closed curve C under the quotient mep R2 - T2, The
curve C is invariant under the map h,, but possibly with reversed

string orientation. In this case the map hu is a power of a Dehn twist

in C. More precisely, the curve C has a regular neighborhood A
homeomorphic to an annulus; which we consider parameterized as
{lr,8] | 1<r<2}. The Dehn twist in C is defined to be the
homeomorphism given by the identity off A and by the map [r,68] —
{r,0+21r] on A, see Figure 0.1,

Dehn twist
—e
on A

Figure 0.1

In this cese the map h, is seid to be reducible.

For case 3) suppose thet I A l >1 > | A" 'I and thet x and x’ ere
the corresponding real eigenvectors. The map h  has infinite order and

leaves no simple closed curve inveriant. Translating the vectors x,x’
yields vector fields & ,F’ which are cerried by h, to vector fields A¥F

end A~ '’ respectively. That is, hy 18 0 linear homeomorphism which

stretches by & factor A in one direction and shrinks by the seme factor
in a complementery direction. Whén this occurs h, 1s called Anosov.
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§1. The Hyperbolic Plane H?2

This chapter contains all the necessary background material en
hyperbolic plene geometry. Much of the work generalizes to higher
dimensions. We use the Poincare disk model which identifies the
hyperbolic plane with the interior of the unit disk DZ in the Euclidean
plane R2. The boundary of D2 is the circle at infinity S' ; notice that

H2n s'  is empty.

Figure 1.1

It is convenient to regerd R2 as embedded in its one-—point
compactification R2U{w), so that Euclidean lines can be regarded as
circles through . A geodesic (or straight line) in H2 is CNH2, where
C is a circle in R2U{e} meeting S'“ orthogonally. There is 8 unique
geodesic joining eny two points in H2. The angle between two

intersecting geodesics is the Euclidean angle between their defining
circles.
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Next, the operation of reflection in a geodesic of H2 will be
defined in terms of Euclidean inversion. If C is a circle in R? with
center 0 and radius r, inversion in C cerries a point P € R2-{0) to the
unigue point P’ on the ray OP such that OP-OP’=r?, and interchanges 0
with oo, If C is @ line in R2, inversion in C is just Euclidean
reflection in C. In either caese, inversion in C defines an involution of
R2U({co}.

Figure 1.2
Lemma 1.1: lhversions preserve angles (but reverse orientation),
Lemma 1.2: Inversions carry circles in R2U{w} to circles in R2U{w},
The proofs are (well—known) exercises in Euclidean geometry.
If CNH2 is 8 geodesic in H2 then inversion in C induces an
involution of H2, called reflection in CNH2, An isometry of H2 is
defined to be a product of reflections. By 1.1, isometries preserve

angles.

Lemme 1.3: The group of isometries acts transitively on H2, and the
stabilizer of any point in H? is isomorphic to 0(2).
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Proof: Let O be the center of D, A any point of H2, Then A con be
carried to O by a single reflection in a geodesic CNHZ2, C having center
on the ray OA. So eny two points of H2 ere "connected” by an isometry
that is the product of st most two reflections.

Figure 1.3

In light of this it follows that the stabilizers of any two points
in H? are isomorphic via conjugstion. Thus we only need determine
Stab(0). This group contains the reflections in the lines through 0. A
rotation about O can be expressed as the product of two refiections
and these generate 0(2).

A

D'

Figure 1.4
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To see that 0(2) is the entire stabilizer-of 0, notice that
isometries extend in & unique manner to S'_. So it fs enough to show

thst any isometry extending to the identity on S'“ is actually the

tdentity. But for any point P in H2 which is the intersection of
geodesics ¥,¥’, the "ends” of ¥,¥’ ere fixed, hence ¥,¥’ are fixed, and

™
>

Figure 1.5

Lemma 1.4: Isometries leave ds/(1~r2) invarient where r denotes
Euclidean distance from the center of D and ds=d(Euclidean distance).

Proof: We must show that if P’ = f(P) and Q' = 1(Q), where f is an
isometry of H2, then

Plal Pu
* .
1-r2 1-r2
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It follows from Lemma 1.3 that it is enough to check this when P
is the center of the Poincare disk and f is a reflection in CAH2 (where
C is a Euclidean circle with center 0-and radius k).

Plul OPJ
By properties of inversion, r % v when Q is near P,

opP’ k2

From Figure 1.6 = = 1-r'g,
oP (oP)?

Figure 1.6

P'Q’ PQ
% .
1-r2 1-02

Hence
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Exercise: Show that geodesics with respect to this metric reelly are
geodesics.

Remark: It suffices to prove that lines through the center of the
Poincare disk minimize hyperbelic arc length.

Definition: The hyperbolic metric on H2? is given by 2ds/(1~-r2).

Convention: Greek letters denote hyperbolic distance, Roman letters
denote Euclidean distance.

Examples:

1. Hyperbolic distance

r 2dx -1
OP=p= Io ——— = 2temh=lr
Therefore, r = tenh p/2.

2, The circle centered at O of hyperbolic radius p has
circumference

2r 4nr

2n = = 27 tanh p/2 cosh? p/2 = 2tsinhp.
1-rz  -r2
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Figure 1.7

3. The circle of the previous example has area

r 4mux 1 2r2
J .

o (s 2o = 4T G -1) = 2,

)

r2

In terms of hyperbolic distence, this is

J‘%ﬂsinhtdt’ = 21(coshp-1).
0

Theorem 1.5: (Gauss—Bonnet) A geodesic triangle in H2 with angles
x,8,8 has eres —(x+§+¥).

Proof: Without loss of generality the « vertex is at the center of the
Poincare disk, and as we cen subdivide our triengles into right
triangles we may assume ¥ = /2. First note

de r 2r 2r2

ksing d6 = rde =» — = = =
dx  ksing \/r - r 1-r2
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ksinp
Figure 1.8
dA 2re
Further note: ~— =

dox 1-r2

Figure 1.9

Thus A = @ + constent = /2 - x - § + constant. When x=0
then $=0, so the constant is zero.

Corotlary 1.5.1: An n-gon with angles o, . . ., x,, has ares
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