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CONSTRAINTS AND LAGRANGIAN
COORDINATES

1 Constrained Trajectories

Constraints are limitations imposed on the geometrical or kinematic
configuration of a mechanical system. For example, in a rigid motion any
two points are required to be at constant mutual distance. This is a rigidity
constraint. A system with one of its points constrained on a surface is an
example of a constrained mechanical system. Assume that a point P moves,
being constrained to a surface S ⊂ R

3. Such a surface can be represented,
at least locally, as the level set of a regular function f defined in a domain
G ⊂ R

3, i.e.,

S = {P ∣
∣ [f(P ) = 0] and ‖∇f(P )‖ > 0}, P ∈ G. (1.1)

By the implicit function theorem, one of the coordinates, say for example x3,

P (t)

[f = 0]

Fig. 1.1.

may be represented explicitly in terms of the remaining two. This provides a
local parameterization of S in terms of (x1, x2). Such a parameterization is
not unique. Indeed, choosing any pair of parameters q = (q1, q2), the surface
S can be represented, at least locally, by

S =

⎧

⎨

⎩

x1 = x1(q1, q2),
x2 = x2(q1, q2),
x3 = x3

(

x1(q), x2(q)
)

,
provided det

(
∂(x1, x2)
∂(q1, q2)

)

�= 0.
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If P moves on S, the Cartesian representation of its motion is determined by
the function of time t→ q(t) =

(

q1(t), q2(t)
)

, through the composition

P (q) =
(

x1(q), x2(q), x3(q)
)

.

Conversely, the Cartesian representation t → P (t) of the motion of P permits
one, by inversion, to determine t→ q(t). The velocity of P is given by

Ṗ =
dP

∂qh
q̇h = ∇qP · q̇.

The parameters q = (q1, q2) are the Lagrangian coordinates, whereas q̇ =
(q̇1, q̇2) are the Lagrangian velocities of P [101]. The system has two degrees
of freedom. Assume now that P is constrained on a regular curve γ ⊂ R

3.

P (t)

[f1 = 0]

[f2 = 0]

Fig. 1.2.

Such a curve can be represented, at least locally, as the intersection of the
level sets of two smooth functions f1 and f2 defined in a domain G ⊂ R

3, i.e.,

γ =
{

P
∣
∣ [f1(P ) = 0] ∩ [f2(P ) = 0]
(∇f1,∇f2) of rank 2

}

, P ∈ G. (1.2)

Then, at least locally, two of the coordinate variables, say for example x2

and x3, can be represented explicitly in terms of x1. This provides a local
parametric representation of γ in terms of the parameter x1. At times it might
be more convenient to introduce directly a parameter q and parameterize γ
as q → P (q). Such a parameterization can be recast, at least locally, in terms
of x1, or any other parameter, provided ‖P ′(q)‖ > 0, which we assume. The
geometric trajectory of P is γ, and the motion is determined by the function
of time t → q(t). The velocity is Ṗ = (dP/dq)q̇. The parameter q is the
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Lagrangian coordinate of P , whereas q̇ is its Lagrangian velocity. A moving
point P constrained on γ has one degree of freedom.

The choice of the Lagrangian coordinates is not unique. In the applica-
tions it often occurs that one may introduce them directly, as suggested by
the mechanical problem at hand, with no reference to the Cartesian repre-
sentations of the constraints. The constraints in (1.1)–(1.2) are independent
of time and are called fixed or workless. It is conceivable that P might move
on a surface, or a curve, itself depending on time. As an example consider a
point P moving in a horizontal plane x3 = 0 and constrained by

x1 sinωt− x2 cosωt = 0, ω ∈ R.

This is a time-dependent restriction on the configurations of P . For a fixed t,
the constraint is a straight line. As t changes, the constraint contributes to the
determination of the geometric trajectory and the time-law of motion. Taking
q = ‖P −O‖ as Lagrangian coordinate, we have

P (q; t) = (q cosωt, q sinωt).

Therefore the position of P depends on q, and explicitly also on time. By
differentiation,

Ṗ =
dP

dq
q̇ +

∂P

∂t
.

The first of these vectors is the velocity of P on the constraint as if the
constraint were independent of time. The second is the transport velocity due
to the movement of the constraint. Constraints of this kind are moving.

2 Constrained Mechanical Systems

Consider n points P� = (x�,1, x�,2, x�,3), � = 1, . . . , n, subject to m constraints

fj(P1, . . . , Pn; t) = 0, j = 1, . . . ,m, (2.1)

where fj are m smooth functions of their arguments. They are defined in
G× I, where G is an open subset of R

3n and I is an interval of R. We assume
that

S(t) =
m⋂

j=1

[fj(·; t) = 0] �= ∅ for all t ∈ I

and that for all P ∈ S(t), the Jacobian matrix
(
∂fj(P ; t)
∂x�,1

∂fj(P ; t)
∂x�,2

∂fj(P ; t)
∂x�,3

)

(2.2)

has maximum rank for all t ∈ I. For example, if m < 3n, such a matrix has
rank m and the system has 3n−m degrees of freedom. This defines, at least
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locally, a (3n − m)-dimensional moving manifold S(t). Such a manifold can
be parameterized, for all t ∈ I, in terms of 3n − m Lagrangian coordinates
q ∈ R

3n−m, i.e.,

S(t) 
 P� = P�(q; t) rank of
(∂P�
∂q

)

= 3n−m ∀t ∈ I.

If the points P� move on their constraints, their motion is determined by the
3n−m functions t→ q(t). Their velocity is

Ṗ� =
∂P�
∂qh

q̇h +
∂P�
∂t

.

The first is the instantaneous velocity of P� as moving on S(t), as if this
surface were instantaneously fixed. The second is the velocity of transport of
the constraint S(t). The constraints in (2.1) are in general moving constraints.
If they do not depend on time, they are fixed, or workless. In such a case S
and its parameterization, in terms of Lagrangian coordinates, are independent
of t. The points P� = P�(q) are represented only in terms of q and have no
explicit dependence on time. Therefore

∂P�
∂t

= 0 and Ṗ� =
∂P�
∂qh

q̇h (fixed constraints).

2.1 Actual and Virtual Displacements

An elemental displacement of the n points P�,
(

P1, . . . , Pn; t
) −→ (

P1 + dP1, . . . , Pn + dPn; t+ dt
)

,

is said to be actual or admissible if it is compatible with the constraints in
(2.1) along their time evolutions, i.e.,

fj(P1, . . . , Pn; t) = 0,

fj(P1 + dP1, . . . , Pn + dPn; t+ dt
)

= 0,
j = 1, . . . ,m.

From these we obtain

dfj =
∂fj
∂P�

dP� +
∂fj
∂t

dt = 0, j = 1, . . . ,m. (2.3)

An elemental displacement of the n points P� of the form

(P1, . . . , Pn; t) −→ (P1 + δP1, . . . , Pn + δPn; t)

is said to be virtual if it is compatible with the constraints (2.1) regarded as
fixed at time t, i.e.,

fj(P1, . . . , Pn; t) = 0,
fj(P1 + δP1, . . . , Pn + δPn; t) = 0,

j = 1, . . . ,m.
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These imply

∂fj
∂P�

· δP� = ∇P�
fj · δP� = 0, j = 1, . . . ,m, (2.4)

where the symbol δ denotes an elemental virtual differential. If the constraints
in (2.1) are fixed, then virtual and actual displacements coincide.

2.2 Holonomic Constraints

A constraint, fixed or moving, is holonomic if it imposes restrictions only on
the geometrical configuration of the points P�, and imposes no restriction
on their time variations Ṗ�, P̈�, etc. The constraints in (2.1) are holonomic.
Consider two configurations E = (P1, . . . , Pn; t) and E ′ = (P ′

1, . . . , P
′
n; t′) of

the n points P�. These are compatible with the constraints (2.1) if they both
satisfy the equations of the constraints. However, no restriction is placed on
the displacements of the system needed to move E into E ′. For this reason,
constraints of the type of (2.1), moving or fixed, are called also configura-
tional constraints. A constraint that would impose restrictions on how E has
to move into E ′ is not holonomic. For example, a constraint that would im-
pose restrictions of the curvature of the trajectories of the points P� is not
holonomic.

2.3 Unilateral Constraints

A point P = (x1, x2, x3) subject to the limitation x3 ≥ x2
1 + x2

2 is constrained
to move within a paraboloid, possibly up to its boundary. Similarly, the con-
straint ‖P‖ ≤ 1 forces P to move within the unit ball about the origin of R

3,
possibly up to its boundary.

Let f ∈ C1(G) be such that ‖∇f‖ > 0 in G. A point P is said to be
subject to a unilateral constraint if it is required to satisfy f(P ) ≤ 0. If P
is in the open set [f < 0], its elemental displacements δP , starting at P ,
are unrestricted. Suppose now that P ∈ [f = 0] and undergoes an elemental
displacement δP , starting from this configuration. Since ∇f(P ) points outside
the set [f ≤ 0], the displacement δP will be compatible with the constraint
only if the angle between ∇f and δP is right or obtuse. Therefore elemental
displacements δP from boundary configurations P ∈ [f = 0] are admissible
only if ∇f(P ) · δP ≤ 0. It follows that elemental displacements of a point P
subject to a unilateral constraint are, in general, not reversible.

A system of n points P� is subject to a unilateral constraint if

{P1, . . . , Pn} ∈
m⋂

j=1

[

fj ≤ 0
]

, fj ∈ C1(G× I).

It is assumed that such an intersection is not empty and that (2.2) is in force.
If a point P� is in the interior of its constraint then its elemental displacements
δP� are unrestricted. If P� belongs to one of the surfaces [fj = 0], its virtual
displacements δP� must satisfy ∇fj · δP� ≤ 0.
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3 Intrinsic Metrics and First Fundamental Form

A surface S ⊂ R
3 is the image of a smooth vector-valued function

G 
 (u, v) −→ P (u, v) =
(

x1(u, v), x2(u, v), x3(u, v)
)

,

defined in a connected open set G ⊂ R
2, such that the matrix

⎛

⎜
⎜
⎜
⎝

∂P

∂u

∂P

∂v

⎞

⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎝

∂x1

∂u

∂x2

∂u

∂x3

∂u

∂x1

∂v

∂x2

∂v

∂x3

∂v

⎞

⎟
⎟
⎟
⎠

has maximum rank. Set

A =
(
∂P

∂u

)2

=
∂P

∂u
· ∂P
∂u

=
3∑

i=1

(
∂xi
∂u

)2

,

B =
∂P

∂u
· ∂P
∂v

=
3∑

i=1

∂xi
∂u

∂xi
∂v

,

C =
(
∂P

∂v

)2

=
∂P

∂v
· ∂P
∂v

=
3∑

i=1

(
∂xi
∂v

)2

,

and consider the quadratic form

(

ξ η
)
(
A B
B C

)(
ξ
η

)

= Aξ2 + 2Bξη + Cη2

=
1
A

[

(Aξ +Bη)2 + (AC −B2)η2
]

,

(3.1)

where (ξ, η) ∈ R
2 is arbitrary. By the Cauchy inequality, AC − B2 ≥ 0.

Therefore the quadratic form in (3.1) is positive definite. It is called the first
fundamental form of the surface S. An elemental variation (du, dv) of the
parameters (u, v) induces an infinitesimal variation dP on S, whose modulus is

(ds)2 = dP · dP =
(
∂P

∂u
du+

∂P

∂v
dv

)2

= A(du)2 + 2Bdudv + C(dv)2.
(3.2)

This is the intrinsic metric on S. It is intrinsic, since it depends only on
the geometry of S, and it is independent of its parameterization (see §3c
of the Complements). To a regular curve γ ⊂ G, parameterized by t, there
corresponds a curve Γγ ⊂ S by the correspondence

γ =
{

t → (

u(t), v(t)
)} ⇐⇒ Γγ =

{

t→ P
(

u(t), v(t)
)}

. (3.3)
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If the elemental variation (du, dv) occurs along γ, (3.2) gives an elemental arc
length on the corresponding Γγ . If γ is parameterized by v or respectively by
u, the elemental arc length of Γγ is computed from (3.2) as

u
x1

x3

x2

Γ°

P (u;v)

°

v

Fig. 3.1.

ds =
√

A(du)2 + 2Bdudv + C(dv)2

=

√

A

(
du

dv

)2

+ 2B
(
du

dv

)

+ C dv

=

√

A+ 2B
(
dv

du

)

+ C

(
dv

du

)2

du.

(3.4)

4 Geodesics

Consider now those curves in G for which one of the two parameters is fixed:

γu = {u→ (u, vo), vo = const} ⇐⇒ Γu = {u→ P (u, vo)} ,
γv = {v → (uo, v), uo = const} ⇐⇒ Γv = {v → P (uo, v)} .

The vector ∂P/∂u is tangent to Γu and ∂P/∂v is tangent to Γv. These two
vectors are linearly independent, since the matrix (∂P/∂u, ∂P/∂v) has maxi-
mum rank. They permit one to compute the elemental area dσ on S and its
normal unit vector ν by the formulas

dσ =
∥
∥
∥
∥

∂P

∂u
∧ ∂P

∂v

∥
∥
∥
∥
du dv, ν =

∂P

∂u
∧ ∂P

∂v∥
∥
∥
∥

∂P

∂u
∧ ∂P

∂v

∥
∥
∥
∥

.

A curve Γγ ⊂ S is a geodesic if its normal n is parallel to ν at any of its
points, i.e., if n ∧ ν = 0. This occurs if

n · ∂P
∂u

= 0 and n · ∂P
∂v

= 0.
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If Γγ is parameterized as in (3.3), set

Δ = Au̇2 + 2Bu̇v̇ + Cv̇2 = ṡ2.

Then the unit tangent t and the unit normal n to Γγ are

t =
1√
Δ

(
∂P

∂u
u̇+

∂P

∂v
v̇

)

, κn =
d

dt

[
1√
Δ

(
∂P

∂u
u̇+

∂P

∂v
v̇

)]
dt

ds
.

Imposing now that n be normal to ∂P/∂u and discarding the factor dt/ds
gives

0 =
∂P

∂u

d

dt

[
1√
Δ

(
∂P

∂u
u̇+

∂P

∂v
v̇

)]

=
d

dt

[

1√
Δ

(
∂P

∂u

)2

u̇+
∂P

∂u

∂P

∂v
v̇

]

− 1√
Δ

(
∂P

∂u
u̇+

∂P

∂v
v̇

)
d

dt

∂P

∂u

=
d

dt

[
1√
Δ

(Au̇+Bv̇)
]

− 1√
Δ

(
∂P

∂u

∂2P

∂u2
u̇2 +

∂P

∂v

∂2P

∂u2
u̇v̇

)

− 1√
Δ

(
∂P

∂u

∂2P

∂u∂v
u̇v̇ +

∂P

∂v

∂2P

∂u∂v
v̇2

)

=
d

dt

∂

∂u̇

√
Δ− 1

2
√
Δ

(
∂A

∂u
u̇2 + 2

∂B

∂u
u̇v̇ +

∂C

∂u
v̇2

)

=
d

dt

∂

∂u̇

√
Δ− ∂

∂u

√
Δ.

Proposition 4.1 A curve Γγ ⊂ S parameterized as in (3.3) is a geodesic
if and only if the functions t→ u(t), v(t) are solutions of the system of second-
order differential equations

d

dt

∂

∂u̇

√
Δ− ∂

∂u

√
Δ = 0,

d

dt

∂

∂v̇

√
Δ− ∂

∂v

√
Δ = 0. (4.1)

These may be rewritten in terms of u or v taken as local parameters. For
example, taking u as local parameter, one may express locally v = v(u) as a
function of u. Then the second equality of (4.1) takes the form

d

du

∂

∂v′
√
Δ− ∂

∂v

√
Δ = 0. (4.2)

Remark 4.1 The same equations arise by regarding the geodesics as the
curves of least path on S between any two of its points (§1.4c of Chapter 9).
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5 Examples of Geodesics

5.1 Geodesics in a Plane

Let S be the plane of equation aixi = b. Assuming a3 �= 0, we may take
u = x1 and v = x2 and compute

A =
a2
1 + a2

3

a2
3

, B =
a1a2

a2
3

, C =
a2
2 + a2

3

a2
3

.

In view of (4.2), the problem reduces to solving

d

du

Cv′ +B√
A+ 2Bv′ + Cv′2

= 0,

which implies v′′ = 0. Therefore the geodesics in a plane are line segments.

5.2 Geodesics on a Sphere

From the parameterization of the sphere of radius R in terms of polar coor-
dinates, we have

A = R2 sin2 v, B = 0, C = R2; Δ = R2
(

sin2 v + v′2
)

.

Therefore, by (4.2), the geodesics v = v(u) on a sphere are solutions of

d

du

v′
√

sin2 v + v′2
− sin v cos v
√

sin2 v + v′2
= 0.

Multiplying by v′ and performing elementary manipulations yields

d

du

(

v′2
√

sin2 v + v′2
−
√

sin2 v + v′2
)

= 0.

It follows that for a constant c ∈ (0, 1),

u(v) = c

∫
dv

√

sin4 v − c2 sin2 v
=
∫

1
sin2 v

dv
√
(

1−c2
c2

)− cot2 v

= − arcsin
(

c√
1 − c2

cot v
)

+ c̄.

This finally implies

(sin c̄)R sin v cosu− (cos c̄)R sin v sinu =
c√

1 − c2
R cos v.

Therefore the geodesics are the intersection of the sphere with the planes
through the origin,

(sin c̄)x1 − (cos c̄)x2 =
c√

1 − c2
x3.

The meridians on a sphere are geodesics, whereas none of the parallels, except
the equator, is a geodesic.
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5.3 Geodesics on Surfaces of Revolution

If S is a surface of revolution, after a possible rotation and relabeling of the
coordinate axes, it can be parameterized as

x1 = u cos v, x2 = u sin v, x3 = f(u). (5.1)

Here f is a smooth function of the variable u, and S is interpreted as a surface
obtained by rotating the graph of x3 = f(x1) about the x3 axis. From such a

u
v

x1

x2

x3

f(u)

Fig. 5.1.

parametric representation, we compute

A = 1 + f ′2(u), B = 0, C = u2; Δ = 1 + f ′2(u) + u2v′2.

If Γγ ⊂ S is a geodesic parameterized by u, then by (4.2),

d

du

∂

∂v′
√

1 + f ′2(u) + u2v′2 =
d

du

u2v′
√

1 + f ′2(u) + u2v′2
= 0.

Therefore, for a constant c ∈ R and u > c,

u4v′2 = c2
[

1 + f ′2(u) + u2v′2
]

=⇒ v′ = ±c
√

1 + f ′2(u)
u
√
u2 − c2

.

From these one finds the implicit equation of the geodesics in the form

v − vo = ±c
∫ u

uo

√

1 + f ′2(η)

η
√

η2 − c2
dη.

Recalling the geometric meaning of Δ, we obtain

du

ds
=

1
√

1 + f ′2(u) + u2v′2
,



1c Constrained Trajectories 43

where ds is the elemental arc length on the geodesic. With this symbolism,
the previous differential equations of a geodesic can be rewritten in the form

d

ds

(

u2 dv

ds

)

= 0,
dv

ds
= ±c

√

1 + f ′2(u)
u
√
u2 − c2

du

ds
. (5.2)

If c = 0, then dv/ds = 0 and therefore the curves v = const are geodesics.
These are the meridians traced on S. The parallels, i.e., the curves u = const
on S, in general are not geodesics. From (5.2) it follows that for a parallel to
be a geodesic, we must have dv/ds = const �= 0, and moreover,

c
du

ds
= ± u

√
u2 − c2

√

1 + f ′2(u)
dv

ds
, i.e., f ′2(u) = ∞.

Geometrically, a parallel P ⊂ S is a geodesic if S is tangent along P to a right
circular cylinder with vertical axis. Thus for a sphere, only the equatorial
parallel is a geodesic. For a cylinder the geodesics are curves normal to a
generator at each of their points.

Problems and Complements

1c Constrained Trajectories

A class of Lagrangian coordinates arises by a change of variables in R
3 as

indicated by the following examples.

1.1c Elliptic Coordinates

Let � be a fixed positive parameter and define
⎧

⎨

⎩

x1 = � sinhu cosϕ sin θ, u ∈ R
+,

x2 = � sinhu sinϕ sin θ, ϕ ∈ [0, 2π),
x3 = � coshu cos θ, θ ∈ [0, π].

(1.1c)

From these we obtain

x2
1 + x2

2

�2 sinh2 u
+

x2
3

�2 cosh2 u
= 1,

x2
3

�2 cos2 θ
− x2

1 + x2
2

�2 sin2 θ
= 1.

Therefore the surfaces u = const > 0 are ellipsoids of revolution about the
x2-axis. The semiaxes are a1 = a2 = � sinhu and a3 = � coshu. The surfaces
θ = const are hyperboloids of two sheets. They are of revolution about the
x3-axis. Determine the “coordinate planes” ϕ = const.
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The velocity of a moving point P expressed in elliptic coordinates is

Ṗ = �

⎛

⎝

u̇ cosh u cos ϕ sin θ − ϕ̇ sinh u sin ϕ sin θ + θ̇ sinh u cos ϕ cos θ

u̇ cosh u sin ϕ sin θ + ϕ̇ sinh u cos ϕ sin θ + θ̇ sinh u sin ϕ cos θ

u̇ sinhu cos θ − θ̇ cosh u sin θ

⎞

⎠ ,

and its modulus squared is

‖Ṗ‖2 = �2
(

u̇2 + θ̇2
)(

sinh2 u+ sin2 θ
)

+ 2�2ϕ̇2 sinh2 u sin2 θ.

If u = const > 0, one obtains from these the expressions of the velocity and
its modulus for a point constrained on an ellipsoid of revolution about the
x3-axis. Set

A(u, θ) = sinh2 u+ sin2 θ

and compute from (1.1c)

ux1 =
coshu cosϕ sin θ

�A(u, θ)
,

ux2 =
coshu sinϕ sin θ

�A(u, θ)
,

ux3 =
sinhu cos θ
�A(u, θ)

,

θx1 =
sinhu cosϕ cos θ

�A(u, θ)
,

θx2 =
sinhu sinϕ cos θ

�A(u, θ)
,

θx3 =
− coshu sin θ
�A(u, θ)

,

ϕx1 =
− sinϕ

� sinhu sin θ
, ϕx2 =

cosϕ
� sinhu sin θ

, ϕx3 = 0.

From these, the Jacobian of the transformation from Cartesian coordinates
into elliptic coordinates is

JCart→ell = �3A(u, θ) sinhu sin θ.

Let x→ f(x) be a smooth function in a domain G ⊂ R
3. Set

F (u, ϕ, θ) = f
(

� sinhu cosϕ sin θ, � sinhu sinϕ sin θ, � coshu cos θ
)

and verify that

‖∇xf‖2 =
F 2
u

�2A(u, θ)
+

F 2
θ

�2A(u, θ)
+

F 2
ϕ

�2 sinh2 u sin2 θ
.

1.2c Parabolic Coordinates

Set ⎧

⎪⎨

⎪⎩

x1 =
√
uv cosϕ, u, v ≥ 0,

x2 =
√
uv sinϕ, ϕ ∈ [0, 2π),

x3 =
u− v

2
.

(1.2c)
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For u > 0 fixed, compute v from the first two equalities and put it in the last
to get

x3 =
u2 − r2

2u
, r =

√

x2
1 + x2

2.

For u = const > 0 these are paraboloids with vertex at (0, 0, 1
2u). Analogously,

keeping v constant, a similar calculation gives the paraboloids

x3 =
r2 − v2

2v
, v > 0.

Therefore the generalized coordinate surfaces u = const or v = const are
paraboloids. For this reason the variables (u, v, ϕ) are called parabolic coordi-
nates. Describe the surfaces ϕ = const.

The velocity of a point P in terms of parabolic coordinates is

Ṗ =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
2
u̇

√
v

u
cosϕ+

1
2
v̇

√
u

v
cosϕ− ϕ̇

√
uv sinϕ

1
2
u̇

√
v

u
sinϕ+

1
2
v̇

√
u

v
sinϕ+ ϕ̇

√
uv cosϕ

1
2
(u̇− v̇)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

and its modulus squared is

‖Ṗ‖2 =
u+ v

4

(
u̇2

u
+
v̇2

v

)

+ ϕ̇2uv.

From the first two equalities of (1.2c) we have uv = r2. From this and the
third equality of (1.2c),

uxi =
2xi
u+ v

, vxi =
2xi
u+ v

, i = 1, 2,

ux3 =
2u
u+ v

, vx3 =
−2v
u+ v

,

ϕx1 = −x2

x2
1

cos2 ϕ, ϕx2 =
1
x1

cos2 ϕ.

From these the Jacobian of the transformation from Cartesian coordinates to
parabolic coordinates is

JCart→parab = 1
4 (u + v).

Let x→ f(x) be a smooth function in a domain G ⊂ R
3. Set

F (u, v, ϕ) = f
(√
uv cosϕ,

√
uv sinϕ, 1

2uv
)

and verify that

‖∇xf‖2 =
4

u+ v

(

F 2
uu+ F 2

v v
)

+
1
uv
F 2
ϕ.
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1.3c Spherical Coordinates

Compute the velocity of a point P ∈ R
3 in terms of spherical coordinates

⎧

⎨

⎩

x1 = ρ cosϕ sin θ, ρ ≥ 0,
x2 = ρ sinϕ sin θ, ϕ ∈ [0, 2π),
x3 = ρ cos θ, θ ∈ [0, π].

(1.3c)

Verify that

Ṗ =

⎛

⎝

ρ̇ cosϕ sin θ − ϕ̇ρ sinϕ sin θ + θ̇ρ cosϕ cos θ
ρ̇ sinϕ sin θ + ϕ̇ρ cosϕ sin θ + θ̇ρ sinϕ cos θ

ρ̇ cos θ − θ̇ρ sin θ

⎞

⎠

and
‖Ṗ‖2 = ρ̇2 + ϕ̇2ρ2 sin2 θ + θ̇2ρ2.

Compute the expressions of the velocity of a point constrained to move in the
cavity of a sphere (spherical pendulum).

1.4c Cylindrical Coordinates

Compute the velocity of a moving point P ∈ R
3 in terms of cylindrical coor-

dinates ⎧

⎨

⎩

x1 = r cosϕ, r ≥ 0,
x2 = r sinϕ, ϕ ∈ [0, 2π),
x3 = x3, y3 ∈ R.

(1.4c)

Verify that

Ṗ =

⎛

⎝

ṙ cosϕ− ϕ̇r sinϕ
ṙ sinϕ+ ϕ̇r cosϕ

ẋ3

⎞

⎠ , ‖Ṗ‖2 = ṙ2 + ϕ̇2r2 + ẋ2
3.

Compute the expression of the velocity of a point moving on a right circular
cylinder with vertical axis.

2c Constrained Mechanical Systems

2.1c Holonomic and Nonholonomic Constraints

Let a mechanical system be described by N independent Lagrangian param-
eters q = (q1, . . . , qN ). A holonomic constraint on the system is of the form
f(q; t) = const, or by taking derivatives in t,

fqh
q̇h + ft = 0 along the motion.
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On the other hand, a constraint of the type

Ah(q; t)q̇h +Ao(q; t) = 0

is in general not holonomic, since it imposes limitations on the Lagrangian
configurations q and the Lagrangian velocities q̇. However, if there exists a
smooth function f(q; t) such that

Ah(q; t) = fqh
(q; t), i = 1, . . . , N, Ao(q; t) = ft(q; t),

then such a constraint can be rewritten as ḟ(q; t) = 0 or f(q; t) = const and is
therefore holonomic. As an example consider a point P constrained by Ṗ = u,
where u is a fixed vector. Such a constraint is holonomic, since it requires only
that the trajectory be a straight line.

The constraint ‖Ṗ‖ = c, where c is a given positive constant, restricts the
modulus of the velocity, and it cannot be reduced to a holonomic constraint by
integration. Notice that, in contrast to the previous example, such a constraint
does not restrict the configurations of P . In particular, P might go from P1

to P2 along an arbitrary path, provided the motion occurs at constant speed.

e1

e2

Ω

O

C

R

'

y1

Fig. 2.1c.

2.2c Disk Rolling without Slipping on a Line

A disk of center O and radius R is constrained to move on a linear horizontal
guide while remaining in a fixed vertical plane, as in Figure 2.1c. The system
has two degrees of freedom, and we may choose as Lagrangian coordinates the
angle ϕ between C−O and a fixed radius. Requiring that the disk roll without
slipping means to impose on the contact point C, regarded as part of the rigid
motion of the disk, to have zero velocity,

Ċ = Ȯ − ϕ̇e3 ∧ (C −O) = 0.

This can be written in the form ẏ1 −Rϕ̇ = 0, which is equivalent to

y1 −Rϕ = const.

Therefore for a disk on a guide, the constraint of “rolling without slipping” is
holonomic. Assume that the disk moves on a parabola, an ellipse, or a cycloid,
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remaining on a fixed vertical plane. Write down the analytical expression of
the constraint “rolling without slipping” and conclude that in all cases, the
constraint is holonomic.

2.3c Sphere Rolling without Slipping in a Plane

A sphere of center O and radius R is required to roll without slipping in
a horizontal plane, as in Figure 2.2c. As Lagrangian coordinates take the
Cartesian coordinates y1, y2 of the center O and the Euler angles ϕ, ψ, θ,
formed by a moving triad S with origin O and fixed with the sphere, with a
fixed triad Σ. The constraint of “rolling without slipping” translates into

Ċ = ẏ1e1 + ẏ2e2 + ω ∧ (C −O) = 0.

Using the expression of the vector ω in terms of the Euler angles (formula

y1

y2

y3

O

C

R

Fig. 2.2c.

(9.5) of Chapter 1), this can be rewritten as

ẏ1 +R(ψ̇ sin θ cosϕ− θ̇ sinϕ) = 0,

ẏ2 +R(ψ̇ sin θ sinϕ+ θ̇ cosϕ) = 0.

Such a constraint cannot be integrated, that is, cannot be expressed as

f
(

y1, y2, θ, ϕ, ψ; t
)

= const

for some smooth function f . If such an f were to exist, it would have to satisfy

fy1 ẏ1 + fy2 ẏ2 + fθθ̇ + fϕϕ̇+ fψψ̇ + ft = 0. (∗)

Put into this the previous expressions of ẏ1 and ẏ2 to get

−fy1R(ψ̇ sin θ cosϕ− θ̇ sinϕ) − fy2R(ψ̇ sin θ sinϕ+ θ̇ cosϕ)

+ fθ θ̇ + fϕϕ̇+ fψψ̇ + ft = 0.
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Taking the derivative with respect to ϕ̇ gives ∂f/∂ϕ = 0. Therefore f is
independent of ϕ. Taking now the derivative with respect to ϕ, and keeping
in mind that f is independent of ϕ, yields

sin θ(fy1 sinϕ− fy2 cosϕ)ψ̇ + (fy1 cosϕ+ fy2 sinϕ)θ̇ = 0.

Since the displacements dθ and dϕ are arbitrary, this generates the algebraic
homogeneous linear system

fy1 sinϕ− fy2 cosϕ = 0,

fy1 cosϕ+ fy2 sinϕ = 0,

in the unknowns fyi. The system admits only the trivial solution fyi = 0,
i = 1, 2. Therefore f is independent of y1 and y2. The independence of ϕ, y1, y2
permits one to rewrite (∗) as

fθθ̇ + fψψ̇ + ft = 0.

Taking now the derivative with respect to θ̇ gives fθ = 0, and analogously
we also have fψ = 0. Therefore f is independent of θ and ψ. Finally, it
is also independent of t. The contradiction implies that no such f exists.
Therefore for a sphere moving in a plane, the constraint of “rolling without
slipping” is not holonomic. The nonexistence of f means that the Lagrangian
parameters (y1, y2, θ, ϕ, ψ) are not restricted, i.e., the sphere might take any
configuration in the plane. Thus the constraints must act by limiting the
Lagrangian velocities.

2.4c Rigid Rod with Constrained Extremities

The extremities A and B of a rigid rod of length h are constrained to move in
two orthogonal planes π1 and π2 as in Figure 2.3c. One of the extremities,
say B, is connected to a point C ∈ π2 through a rigid rod BC of length �. The
other extremity, A, is connected to a point O ∈ π1 ∩ π2 by a rigid rod OA, of
length �. The point C is at distance � from π1 ∩ π2. Take a Cartesian system
with origin in O, and x-axis as π1 ∩ π2, oriented so that C = (−�, 0, �).
(a). Determine the number of degrees of freedom of the system. Write down

the equations of the constraints and form their Jacobian matrix.
(b). Compute the determinant of all minors of maximum rank and find con-

ditions on h and � for the Jacobian matrix to have maximum rank.

The system has one degree of freedom and the constraints are

zA = 0, yB = 0, x2
A + y2

A = �2, (xB + �)2 + (zB − �)2 = �2,
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y

z

O

A
B

C

¼2

Fig. 2.3c.

and in addition, |B − A| = h. Using the third and fourth equations of the
constraints, this can be rewritten as

2xAxB + 2� (xB − zB) + h2 = 0.

From these one computes the Jacobian matrix

J =

⎛

⎜
⎜
⎜
⎜
⎝

0 0 1/2 0 0 0
0 0 0 0 1/2 0
xA yA 0 0 0 0
0 0 0 xB + � 0 zB − �
xB 0 0 xA + � 0 −�

⎞

⎟
⎟
⎟
⎟
⎠

.

The minors of order 5 with nonzero determinant must contain the third and
fifth columns. Therefore the problem reduces to extracting the nontrivial non
minors of order three out of the last three rows. These are

D1 =

⎛

⎝

xA yA 0
0 0 xA + �
xB 0 xA + �

⎞

⎠ ,

D3 =

⎛

⎝

xA 0 0
0 xB + � zB − �
xB xA + � −�

⎞

⎠ ,

D2 =

⎛

⎝

xA yA 0
0 0 zB − �
xB 0 −�

⎞

⎠ ,

D4 =

⎛

⎝

yA 0 0
0 xB + � zB − �
0 xA + � −�

⎞

⎠ .

By direct calculation,

detD1 = yAxB(xB + �),
detD2 = yAxB(zB − �),
detD3 = −xA[(xB + �)�+ (zB − �)(xA + �)] ,
detD4 = −yA [(xB + �)�+ (zB − �)(xA + �)] .

For J to have maximum rank we must have
∑4

i=1 det2Di > 0. Using the last
two equations of the constraints, we obtain

4∑

i=1

det2Di = y2
Ax

2
B�

2 + [(xB + �)�+ (zB − �)(xA + �)]2 �2.
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Therefore J is not of maximum rank if

yAxB = 0 and (xB + �)� = −(zB − �)(xA + �). (∗)
If xB = 0, then zB = � = 0 and h2 = 2�2. If xB �= 0 and yA = 0, then xA = ±�.
If xA = −�, then also xB = −� and h2 = 2�2. Examine the remaining cases.

3c Intrinsic Metrics and First Fundamental Form

A new parameterization of S is a smooth invertible transformation

G 
 (u, v)
{

u = u(u′, v′) v = v(u′, v′)
u′ = u′(u, v) v′ = v′(u, v)

}

, (u′, v′) ∈ G′,

from G into a domain G′ ⊂ R
2. The matrix is invertible if the Jacobian

determinant is nonzero, i.e., if

J =

⎛

⎜
⎜
⎜
⎝

∂u

∂u′
∂u

∂v′

∂v

∂u′
∂v

∂v′

⎞

⎟
⎟
⎟
⎠
, detJ �= 0.

The surface may be then parameterized by

G′ 
 (u′, v′) −→ Q(u′, v′) = P
(

u(u′, v′), v(u′, v′)
)

,

and one computes (du, dv) = (du′, dv′)J t. From these,

ds2 = (du, dv)
(

A B
B C

)(

du
dv

)

= (du′, dv′)J t
(

A B
B C

)

J

(

du′

dv′

)

= (du′, dv′)
(
A′ B′

B′ C′

)(
du′

dv′

)

= ds′2,

where A′, B′, C′ are the coefficients of the first fundamental form, relative to
the new parameterization of S.

3.1c A Parameterization of the Torus

A torus is the surface obtained by a rigid revolution about the x3-axis of a
circumference of center (xo, 0, 0) and radius R ∈ (0, xo). A parameterization
of the torus is

x1(u, v) = (xo +R cosu) cos v, u ∈ [0, 2π],
x2(u, v) = (xo +R cosu) sin v, v ∈ [0, 2π],
x3(u, v) = R sinu.

Prove that the surface is nondegenerate, i.e., its first fundamental form is
positive definite at each of its points.
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4c Geodesics

Let Γγ ⊂ S be as in (3.3). The condition for Γγ to be a geodesic may be
expressed using the intrinsic parameterization in terms of the arc length.
Denoting by κ the curvature of Γγ , we have

t =
dP

ds
=
∂P

∂u

du

ds
+
∂P

∂v

dv

ds
,

κn =
d2P

ds2
=
∂2P

∂u2

(
du

ds

)2

+ 2
∂2P

∂u∂v

du

ds

dv

ds
+
∂2P

∂v2

(
dv

ds

)2

+
∂P

∂u

d2u

ds2
+
∂P

∂v

d2v

ds2
.

Imposing the condition that Γγ be a geodesic yields the differential system

1
2
∂A

∂u

(
du

ds

)2

+
∂A

∂v

du

ds

dv

ds
+
∂P

∂u

∂2P

∂v2

(
dv

ds

)2

+A
d2u

ds2
+B

d2v

ds2
= 0,

∂P

∂v

∂2P

∂u2

(
du

ds

)2

+
∂A

∂u

du

ds

dv

ds
+

1
2
∂C

∂v

(
dv

ds

)2

+B
d2u

ds2
+ C

d2v

ds2
= 0.

Observing that

∂P

∂u

∂2P

∂v2
=
∂B

∂v
− 1

2
∂C

∂u
,

∂P

∂v

∂2P

∂u2
=
∂B

∂u
− 1

2
∂A

∂v
,

this system can be rewritten as

Au′′ +Bv′′ = − 1
2 [Auu′2 + 2Avu′v′ + (2Bv − Cu)v′2],

Bu′′ + Cv′′ = − 1
2 [(2Bu −Av)u′2 + 2Auu′v′ + Cvv

′2].
(4.1c)

Solving it, we arrive at the system in normal form:

u′′ = − (

c111u
′2 + 2c112u

′v′ + c122v
′2) ,

v′′ = − (

c211u
′2 + 2c212u

′v′ + c222v
′2) . (4.2c)

The coefficients ckij , i, j, k = 1, 2, are called the Christoffel symbols, and can
be computed explicitly from (4.1c).

Prove that (4.1c) is equivalent to (4.1). Compute the Christoffel symbols
in the case that S is a plane, a sphere, or a surface of revolution.

5c Examples of Geodesics

5.1c The Clairaut Theorem [29]

Assume that the constant c in (5.2) is not zero, thereby excluding that the
geodesic is a meridian. From the parametric representation (5.1) it follows
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that the unit vector tangent to a parallel (u = const) is u = (− sin v, cos v, 0).
Given now a geodesic that is not a meridian, compute its unit tangent at the
generic point of curvilinear coordinate s. From (5.1), written in terms of the
parameter s,

geodesicmeridian

circular section
of radius co

x1

x2

µ

Fig. 5.1c.

t =
(

cos v
du

ds
− u sin v

dv

ds
, sin v

du

ds
+ u cos v

dv

ds
, f ′(u)

du

ds

)

.

Let θ(s) be the angle formed by the geodesic at s, with the meridian passing
through the same point. From the expression of u and t,

u · t = sin θ = u
dv

ds
.

Combining this with the first equality of (5.2) gives the Clairaut theorem [29]

u sin θ = const,

along geodesics that are not meridians. Give a geometric interpretation of this
fact in the particular case when f(u) ↗ ∞ as u↘ 0.
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