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2

Fourier Analysis and Analytic Functions

2.1 Trigonometric Series

One of the most important tools for the investigation of linear systems is
Fourier analysis. Let f € L' be a complex-valued Lebesgue-integrable func-
tion on the unit circle T. Then the Fourier coefficients of f are the complex
numbers

o 1 4 . .

fn)==—1[ fe™ds, n=0+1,42,.... (2.1)

T o o

Let B be an arbitrary subspace of L'. Then we define by
By:={feB:f(n)=0foralln<0}

the subspace of all functions in B for which all Fourier coefficients with nega-
tive index are equal to zero.

Definition 2.1 (Conjugate function). Let B C L' and f € B. The function
f € B is called the conjugate function of f in B if it satisfies the conditions

f+if € By and =" fle®)do=0.

In general, a function f € B need not possess a conjugate function according
to the above definition. However, for every f € B C L' it is always possible
to define a conjugate functions f which exists almost everywhere on T but
which does not necessarily belong to B (see e.g. [41] and also the discussion
in Section 5). The second condition on f in the above definition is only a
normalization of fensuring that fis unique if it exists.

The importance of the Fourier coefficients (2.1) originates from the fact
that they determine the function f uniquely. In saying this, f is considered as
an element of L' and functions which differ only on a set of Lebesgue measure
zero are identified as equivalent. The interesting question is now, how can we
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16 2 Fourier Analysis and Analytic Functions

recapture f and its conjugate function f from the Fourier coefficients f (n).
This is usually done by partial sums of the form

N

(SN A = 3 w(n) f(n) e (2:2)

n=—N

in which the sequence {w(n)}2__ of complex numbers is an arbitrary window
function which weights the Fourier coefficients. The series

N
SV HE) = > —isgn(m)w(n) f(n)e™ (23)
n=—N
with the sign function
1, k>0
sgn(k) = 0, k=0
-1, k<O

and with the same window {w(n)})__, and the same degree N is called the

series conjugate to SZ(GU) f- The usage of the name conjugate series is justified
by Definition 2.1 and by the fact that series

(S D) +1 (S () = w(0) f(0) + 23 w(n) f(n)e™  (2.4)

-

has only nonnegative Fourier coefficients.

The question is whether the series (2.2) and (2.3) converge as N tends to
infinity, and if they do converge, do they converge to f and f, respectively?
The answer depends on the window {w(n)}Y__\ and on the actual topology,
i.e. one may ask whether (2.2) and (2.3) converge pointwise, uniformly, or in

some type of norm to f and f, respectively. Here, we discuss only some of the
most important windows {w(n)}Y__\ which are needed in this book. All of
these windows will be symmetric, in the sense that w(—n) = w(n) for all n.
To investigate the convergence behavior of (2.2) and (2.3), it is sometimes
more convenient to write those series in closed form by inserting the Fourier
coefficients (2.1) into (2.2) and (2.3). This gives the following integral repre-

sentations
1 U

(SN 1)) = 5= | FE)E (6 —7)dr (2.5)
and L g
EDEn = 5= [ fen R0 -r)ar. (26)

with the kernels
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N
KV (r) = w(0) + 23" w(n) cos(nr) (2.7)
n=1
N
KJ(\I,U)(T) =2 Z w(n) sin(nr) (2.8)

Of course, these kernels depend on the (symmetric) window {w(n)}\__

which is indicated by the superscript (w). It is immediately clear that the
kernels (2.7) and (2.8) are 2m-periodic. Next, three special windows and the
corresponding series are discussed.

2.1.1 Fourier Series

The most simple and best known window is the rectangular window given by
w(n) =1, n=0,£1,4+2 ..., £N . (2.9)

In this case, the partial sums (2.2) and (2.3) are just the truncated Fourier
and the conjugate Fourier series of f, and will be denoted by sy and Sy
respectively. The kernel (2.7) of this particular series is called the Dirichlet
kernel given by

sin ([N + %]7')

N
Dy(T)=1+2 Z cos(nt) = sin(r/2)

n=1

(2.10)

Similarly, the kernel (2.8) of the conjugate series is called conjugate Dirichlet
kernel given by

N 1 cos ([N + 1]7)
m)=2) sin(nr) = tan(r/2) sin(7/2§ '

Therewith the partial Fourier series are given by

N

=Y fmyen = % @) Dyo-nydr (21
n=—N

and likewise for sy.

If the function f belongs to L? then it is well known that the partial
sums sy and sy of the Fourier series converge to f and f in the L?-norm,
respectively (cf. Example 1.9). However, if f belongs only to L', the partial
sums sy and sy do not converge to f and f in the L'-norm, in general.
Moreover if f is a continuous function on T, one might require that sy and
sy converge uniformly to f and f, respectively, i.e. that

Jm = sn (e =0 and  Jim [|F = 3w (f: ) =0
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for all f € C(T). However, the partial sums sy and sy do not show such nice
behavior. It even happens that for some continuous functions f, the truncated
Fourier series s, (f;-) does not even converge pointwise. More precisely, one
has the following result.

Theorem 2.2. To every 0 € [—m,m), there corresponds a set E(0) C C(T) of
second category which is dense in C(T) such that

sup [si (f3e'”)] = oo
NeN

for every f € E(6).

Proof. Let 6 € [—m, ) be arbitrary but fixed. Then for every N (2.11) defines
a linear functional sy (f;e'?) = D f on C(T), for which holds

Onfl < flloo 5= [ PN (DT = [|flloo 1D l2

which shows that |Dn| < |[Dnl1. Actually, equality holds. To see this, we
define the function

o 1 for all 7 for which Dy(0 —7) >0
gn(eT) = .
—1  for all 7 for which Dy (6 —7) <0

for which certainly holds ||gn|leo = 1 and |Dn gn| = [Py for all N € N.
Moreover, by Lusin’s Theorem (see e.g. [70, §2.24]), for every e > 0 there
exists an fn € C(T) with ||fn]|cc < 1 such that

/v = gnllee = esssup [fn(C) — g (C)] <€
CeT

Therewith, one obtains

DN N = 1PN gy —Dn(gn — fN)] = DN gn| — D n(gy — fn)]
> | Dnlli — €l|Dnll1

such that
DNl = sup [Onf] = [Onfn] = (1 =€) Pn]a
fec(T)
Ifllee<1
which shows that [|[Dn|| = ||Dn||1- Next, it is shown that |Dy||; diverges as

N — oo. Since the kernel Dy, given by (2.10), is an even function and since
sin(7/2) < 7/2 for all 0 < 7 < 7, one obtains

o [IN+1/2m ar
oals = 2 [Msin 17200 =2 [ ping)
0

™

> 2 Z/ ‘Sm Z* > = log(N+1) (2.12)
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which shows that [|Dy|| = ||Dn|l1 — oo as N — oo. This divergence of the
operator norm ||® || implies by the Banach-Steinhaus theorem (see e.g. [70,
§5.8]) that there exists a dense subset E(6) C C(T) of second category such
that sup ey [On f| = o0 forall f € E(f). O

The previous proof showed that the divergence of the Fourier series
sn(f;e?) at some points § € [—m,m) is caused by the slow decay of the
envelope of the Dirichlet kernel Dy (7) as 7 — oo. It decreases only propor-
tional to 1/7 which causes the divergence of ||Dy |1 as N — oo (cf. (2.12) and
Fig. 2.2). Thus, to obtain an approximation series (2.2) which converges uni-
formly, one needs a window w(n) such that the corresponding kernel KJ(\}”)(T)
(2.7) decreases faster than 1/7 as 7 — co. Two such methods will be discussed
in the next subsections.

2.1.2 First arithmetic means — Fejér series

The unfavorable convergence behavior of the partial sums (2.11) is resolved if
one considers the (first) arithmetic means of the partial sums (2.11)

fie): stk fielf) . (2.13)

If (2.11) is inserted into this arithmetic mean, a straight forward calculation
gives the representations

N

. ~ . 1 ™ .

W= 30 wimitme =5 [ s Fvo-mar 21

with the window function
wn)y=1-B1"" n=0+41,42... £ N. (2.15)

and with the kernel
N—-1 )
1 1 sin*(N7/2)

n () N~ k(7) N sin?(r/2) (2.16)

This first arithmetic mean (2.14) will be called the Fejér series of f with
the Fejér kernel (2.16). For illustration, the window function (2.15) and the
corresponding kernel (2.16) are plotted in Fig. 2.1 and 2.2, respectively. Sim-
ilarly, forming the arithmetic mean of the conjugate partial sums sy (f;el?),
one obtains the conjugate Fejér mean &y (f;e'?) with the same window (2.15)
and with the conjugate Fejér kernel

= 1 1 sin(NT)
=N Z D) = Gt T N zem(r)2)
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It turns out that the Fejér series posses a much better convergence be-
havior with respect to continuous functions than the Fourier series. This will
follow immediately from the observation that the Fejér kernel is a so called
approximate identity:

Proposition 2.3. The Fejér kernel (2.16) is an approximate identity, i.e. it
satisfies for all N € N the following three properties

(a) Fn(r)>0 for all T € [—m,m)
(b) % f:rﬂ]-'N(T) dr=1
(¢) lmy_oFn(T)=0 foralO<|r|<m

Proof. Property (a) is obvious from (2.16) and (b) follows at once from (2.16)
and (2.10). To verify (c¢) choose an arbitrary but fixed 0 < ¢ < 7. Then one
obtains from (2.16) that

1 1 1

1
OIS N el = N k(o)

foralle <|r| <7

where the right had side goes to zero as N — oo. O

Remark. Sometimes, kernels with the three properties (a), (b), and (c¢) are also
called positive kernels. However, the proof of the following theorem will show
that the definition of an approximate identity seems to be more appropriate.
Moreover, we will call a kernel positive if it satisfies only property (a). With
this definitions, a positive kernel need not be an approximate identity, in
general, but an approximate identity is always positive.

Theorem 2.4. Let f € C(T) be a continuous function on T. Then its Fejér
series (2.14) converges uniformly to f, i.e.

Jim flox(f5) ~ fllae =0

Proof. Since f is given on the unit circle, the integral representation on the
right hand side of (2.14) may be written as

UN(f;eig) N 7T]‘(ei(e_T)).7-']\;(7')dT.

:27r

Therewith and using Properties (a) and (b) of the Fejér kernel, one gets

lon(f:6%) — F()] < — / ) — () Fy(rydr . (2.17)

I

We have to show that to every e > 0 there exists an Ny € N such that
lon(f;e?) — f(el?)] < e for all N > Ny and for all § € [—7, 7). To this end,
we fix € > 0 and choose § > 0 such that
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sup  |f(077) — f(e9)] < 5 for each 6 € [—m,7) . (2.18)
—6<71<6

This is always possible since f is continuous at every 6. Next we split up the
integral in (2.17) into an integration over the interval [—d,d] and over the
interval § < |7] < 7. Using (2.18) to upper bound the integral over [—4, ],
one obtains for an arbitrary 6 € [—m, )

lon (f5e) — f()]

)
%/ Fn(r)dr + 2Hf||ooi7T Fn(r)dr . (2.19)

<
-5 2T i 1>s

| ™

By properties (a) and (b) of the Fejér kernel, the first term on the right hand
side is certainly smaller than €/2. Since || f||o < 0o, Property (c¢) of the Fejér
kernel shows that there exists an Ny such that Fn(7) < €/(4 | f|loo) for all
N > Ny and all § < |7| < 7. Therewith also the second term in (2.19) is
upper bounded by ¢/2 such that

lon(f;e?) — f(el9)] < e for all N > Ny and all § € [—m, 7).
This is what we wanted to show. 0O

Since C(T) is dense in every LP with 1 < p < oo, the previous theorem
implies that for every f € L the Fejér series on(f;-) converges to f in LP.

2.1.3 Delayed first arithmetic means — de-la-Vallée-Poussin Series

As we will see, it is favorable in some sense, to introduce a delay K in
the first arithmetic mean (2.13) and to take the mean of the partial sums

SK,SK+1, --+>Sk+N—1- Lhis gives the so-called delayed first arithmetic mean
1 KEN-t
UN,K(f§ele) = N ];( Sk(ﬁele) . (2.20)

wherein sg(f;-) is again the partial Fourier series (2.11) of f. For K = 0,
one obtains again the first arithmetic mean (2.13), i.e. oy, = on. It is clear
that the delayed arithmetic mean can be expressed as the difference of the
two (not-delayed) arithmetic means ox4n and og. Since Nog y = (K +
N)oki+n — K ok one has the representation

onx(fie?) =1+ %) oxin(f;e?) — % ox(f;e?) (2.21)

for the delayed arithmetic means. Subsequently we consider mainly the par-
ticular case where K = N. Then the delayed arithmetic mean becomes

on N (fi€?) =20an(fie?) —on(f;e?) . (2.22)
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For the particular case (K = N), we insert the partial sums (2.11) into (2.20).
A straight forward calculation gives the representations

2N ™
ow(fie®) = S win) fn)é = — [ (@) Va0 - 1) dr (2.23)
n=—2N -

with the trapezoid window function

w(n) =

1 0<|n| <N
(2.24)

2(1— %) N+1<|n|<2N

and with the kernel

W (r) = 2Fan(r) = Fr) = 5 SIS o)

This particular (K = N) delayed first arithmetic mean (2.23) is called the
de-la-Vallée-Poussin series of f and (2.25) is the de-la- Vallée-Poussin kernel.

Similarly, forming the delayed arithmetic mean of the conjugate par-
tial sums sn(f;el?), one obtains the conjugate de-la-Vallée-Poussin series
an.n(f;e?) with the same window (2.24) and with the conjugate de-la-Vallée-
Poussin kernel

B 1 1 sin(N1) —sin(2N7)
~ tan(r/2) N 2 sin?(7/2)

Vn(7) = 2Fon (1) — Fn (1)

It should be noted, that the de-la-Vallée-Poussin series on n(f;-) of a function
f involves 4N — 1 Fourier coefficients of f whereas the Fejér series on(f;-)
uses only 2N — 1 Fourier coefficients of f.

The Fejér series oy (f;-) of a continuous function f converges uniformly to
f. Since by (2.22) the de-la-Vallée-Possin series oy n(f;-) is just the difference
of two Fejér series one has immediately the following corollary of Theorem 2.4.

Corollary 2.5. Let f € C(T) be a continuous function on T. Then its de-la-
Vallée-Poussin series (2.23) converges uniformly to f, i.e.

dimfon v (Fi) ~ Flle =0
Proof. By Theorem 2.4, the Fejér series oy (f;e'?) converges to f(e'?), uni-

formly in 6 and therefore, it is a Cauchy sequence (uniformly in #). Using the
representation (2.22) of the de-la-Vallée-Poussin series, one obtains

lon v (f;€9) = f(e)] < |oan(f;€%) — ()] + oan (f;€') — on(f;e!)]

where the right hand side goes to zero as N — oo, uniformly in §. O
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Fig. 2.1. Window functions corresponding to the Fourier series, the first arithmetic
means, and the delayed first arithmetic mean for the order N = 100.
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Fig. 2.2. Dirichlet, Fejér, and de-la-Vallée-Poussin kernel for the order N = 20.
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Figures 2.1 and 2.2 show the window functions and the kernels, respec-
tively, of the three weighted trigonometric series discussed above. The window
function w(n) determines primarily the convergence behavior of the partial
sums (2.2) and (2.3) as N — oo. In the next subsection, for example, we will
show that the de-la-Vallée-Poussin mean possesses the property that the ap-
proximation error decreases almost as fast as possible as N — oco. However, in
applications other properties of the approximation series may also be of some
importance. Therefore there does not exist an "optimal" window function,
in general, but for different applications, different window functions may be
favorable. Consequently, there exists many more possible window functions.
In Section 10.5 we will discuss the optimal kernel for the approximation of
spectral densities in some detail.

2.1.4 Best approximation by trigonometric polynomials

In what follows, P(N) denotes the set of all trigonometric polynomials with
degree at most N, i.e. the set of all functions of the form

N
F(e?) = % + Zak cos(k 0) + by sin(k ), 0 e [—m,m
k=1

with real coefficients {ay }_, and {by }#_,. The subset of all f € P(N) with a
zero constant term ag i.e. all f € P(N) for which [7_ f(e?)df = 0 is denoted
by Po (N)

Theorem 2.4 and Corollary 2.5 imply that every continuous function f €
C(T) can be uniformly approximated by a trigonometric polynomial, e.g. by
the Fejér or de-la-Vallée-Poussin mean. Thus given an € > 0 one always finds
a polynomial p € P(N) of sufficiently large degree N such that || f — plle < €.
Of course, for practical reasons, it is desirable to find the polynomial with the
smallest degree IV which satisfies the error requirement. We want to show that
in a sense the de-la-Vallée-Poussin means are such approximation polynomials
with an almost minimal degree.

Given a continuous function f € C(T) and a fixed degree N > 0, the best
approxzimation of f of degree N is defined as the number

By[f] == pNg;)f(N) Ilf = pnlloo - (2.26)

It is clear that By[f] tends to zero as N — oo. This follows from letting
on(f;-) be the Fejér series of f. Then By[f] < ||f — on(f;*)||oo and the
right hand side converges to zero by Theorem 2.4. Next we observe that the
infimum in (2.26) is attained in P(N).

Proposition 2.6. To every f € C(T) there exists a polynomial py € P(N)
such that |f — py e = Bylf].
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Proof. Let f € C(T) be arbitrary and fix a degree N. Then by definition (2.26)

of By[f], there exists a sequence {pg\];)}zozl of polynomials in P(N) such that
to every € > 0 there exists a K such that

1f =05 lloe < Bulf] +e. (2.27)

for all kK > K. In particular, all trigonometric polynomials p( ) are uniformly
bounded which implies that all Fourier coefficients p( )( ),n=0,+£1,4+2, ...
of these polynomials are uniformly bounded. By the theorem of Bolzano-

Weierstrass, for every n there exists a subsequence of p( 7)( ) which converges
to a limit p% (n). The corresponding subsequence of trigonometric polynomials
converges uniformly to the polynomial

pi (@) =0 pnvn) e, fe[-mm)

for which (2.27) gives ||f — pillcc < Bn|[f]. Since the reverse inequality is
obvious, one gets the desired statement. O

Even though we know that the best approximation is attained, it will be
difficult, in general, to determine the optimal polynomial pj,. However, the
next theorem will show that the de-la-Vallée-Poussin mean oy n(f;-) of f is
always near the optimal polynomial, in the sense that the approximation error
|f —onn(f;)|leo is upper bounded by four times the best approximation.

Theorem 2.7. Let f € C(T) and let on k(f;-) with K > N > 0 be its delayed
arithmetic mean. Then

If —onux(fi ) <21+ ) Bylf]
and in particular ||f —on n(f;*)|lo < 4BnI[f]-

Proof. Fix the degree N and denote by py € P(N) the trigonometric poly-
nomial which attains the best approximation according to Proposition 2.6.
Write f as

(%) = pn(el) 4 r(e?) fel|-mm). (2.28)

It follows for the rest term that
(@) = 1£ () = pn ()] < |If = plloo = Byl[f]

for all § € [—m, ), which implies for the Fejér mean of r that

1 g :
ru(rse)] < 3= [ eI 0 =) dr < Bl
for all § € [—m, 7) and for every arbitrary k > 0, using that F}, is an approx-
imate identity. Applying (2.21) one obtains for the delayed arithmetic mean
of r that
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o, i (r; @) < (1+ ) loxyn (F;€9)] + X |ox (f;€)]
< (1+2%)Bylf] (2:29)

for all § € [—m,7) and arbitrary K, N > 0.

Consider the partial Fourier series (2.11) of the polynomial py and assume
that k& > N. Then sp(pn;e'?) = pn(e'?) for all 6. Therefore, it follows from
(2.28) for the partial Fourier series of f that

sk(f;eie) :pN(eie) + sk(r;eie) , 0 € |—mm)

for all £k > N, and for an arbitrary K > N. The delayed first arithmetic mean
of f becomes

| KiN-1 | KiN-1
LS ) =one 4 25 e
k=K k=K
which is equivalent to
O'N,K(fQGiG) :PN(GW) +0N,K(T5ei0) ) 0 €[-mm). (2.30)

Finally, one obtains for all K > N

1£(e?) —on i (f;€9)] < |f(e¥) = pn ()| + Ipn(e) — on i (f;€¥)]
< By[f] + lon i (r;€9))]
<2(1+ %) Bylf]

where the second inequality follows from the definition of px and from (2.30),
whereas the last inequality is a consequence of (2.29). O

We already saw that the best approximation By[f] of every continuous
function f € C(T) converges to zero as N — oo. However, one would expect
that it is easier to approximate a "simple" function than a "complicated"
functions. Thus, the best approximation By[f] of a "simple" function should
converge more rapidly than for a complicated function. The following theorem
will show that this is indeed the case, and that in this context a "simple
function" is a smooth function, i.e. the smoother the function f, the faster
By|[f] converges to zero.

Theorem 2.8. Let [ be a k-times differentiable function on the unit circle T
whose k-th deriative f*) has a modulus of continuity of w. Then there exists
a constant Cy, which depends only on k, such that

BN[f} <Crw (%) N=F.

For functions from the Holder-Zygmund class A, (T) (cf. Section 1.3), we
obtain immediately the following corollary as a special case of Theorem 2.8.
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Corollary 2.9. If f € A,(T) for a > 0, then there exists a constant C,, such
that

BN[f] <C, N~ «.

Proof (Theorem 2.8). The proof consists of several steps. Each considers a
special case of Theorem 2.8.

1) First it is shown that if f € C(T) and has modulus of continuity w, then
Bn[f] < 12w(1/N). To this end, we use the following approximation

fn(e?) = % /_T; feM) In( —7)dr (2.31)
with the so-called Jackson kernel
B 3 sin(N¢/2)\*
Iv) = NN ( sin(t/2) ) ' (2.32)

This approximation method has the following three properties’ which are used
throughout the rest of the proof.

(a) fn € P(2N —2),1e. fy is a trigonometric polynomial of degree 2 N — 2.
(b) fn € Po(2N —2) whenever ["_ f(e?)df = 0.
(¢) The kernel (2.32) satisfies the relation

37/ In(r)dr = 1. (2.33)

Replacing 6 — 7 by s and splitting up the integral in (2.31) gives

0 T
) = o [ @) ) s+ o [ @) s as

1 (™ . .

= o= [ [ + (0] Tn(s) as

2T 0

where the second line follows after the change variable s — —s in the first
integral. Next we use property (2.33) of the kernel Jx. This yields

169 = @] = |5 [ [24) = 70 = 9] ) ds
<o [ () = 1@ ) - H0D]) Tl
< %/ﬂw(s) JIn(s)ds for every 6 € [—m, ) .
0

! For a proof of these properties, we refer e.g. to [61, vol. 1, Chap. TV], or just note
that Jn is a normalized square of the Fejér kernel (2.16).
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By the properties of the modulus of continuity (cf. Section 1.3), it holds w(s) =
w(Ns+) < (Ns+1)w(l/N) such that

1)~ x| < @) |3 [Csamas1] e

™

for every 6 € [—m,m). Next, we derive an upper bound for the integral on
the right hand side. To do this, the integration interval is divided into two
intervals as follows

T w/N T
/ SJN(s)dSZ/ SJN(s)der/ sIn(s)ds
0 0 7/N

Now, in the first integral we use that |sin(N s/2)] < N sin(s/2) and in the
second integral we apply the inequalities |sin(z)| < 1 and sin(s/2) > s/ for
all s € [0, 7). Therewith, one obtains

g 3 /N T
sJ _ N4/ sds+7r4/ s 3ds
[ s < e { ; .

- 3 7r2N2+7r2N2 B 312N
~ N(2N2+1) 2 2 [ 2N241°

Using this upper bound in (2.34), one obtains that
i i 37
F(e) = fn(e?)] < { 3 +1} (%) <6w(x)

for every 6 € [—m, 7). Since fy is a trigonometric polynomial of degree 2N —2,
it follows that Bay_2[f] < 6w(1/N). Assume first that N = 2 M is an even
natural number. Then

Similarly, if N =2 M — 1 is an odd natural number, one obtains
By[f] = Bam—1lf] < Bam—2[f] < 6w(1/M) = 6w(2/[N +1]) < 12w(1/N).

This is what we wanted to show. Moreover, this already proves the theorem
for the case k = 0.

2) As a consequence of the first part, one obtains for the special case of
Lipschitz continuous functions f € Lipy that By[f] < 12 K/N.

3) Assume now that the given function f satisfies the condition

J7 f@®)do=0. (2.35)

Then fy € Po(2 N —2) by property (b) of the approximation polynomial fy.
Denote by by[f] the best approximation of f by polynomials in Py (NV), i.e.
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bnlf] = infy epo iy If — PN lloo -

Following the derivation under point 1) of this proof, one obtains that by[f] <
12w(1/N) for all f € C(T) which satisfy (2.35). Moreover, as under point 2),
for all f € Lip, which satisfy (2.35), one obtains

bylf] <12K/N . (2.36)

4) Assume now that f possesses a bounded derivative f’ and denote by
by = bn[f'] the best approximation of f’ in the class Py(N). Then there
exists a trigonometric polynomial u € Py(N) such that

| (') —u(e®)| <y, for all 0 € [—m,7) . (2.37)

Integrating u gives a trigonometric polynomial v € Py(N) such that v’(el?) =
u(e?). With the definition ¢(el?) := f(e?) — v(e!?) relation (2.37) can be
written as |¢’(e'?)| < bly for all 6 € [—, 7). This shows in particular that ¢ €
Lipy, . Using point 2) of this proof, we get By[p] < 12y [f]/N. Therefore,
by the definition of the By[p], there exists a w € P(N) such that

i i i i i 12
‘(p(e N —we ‘9)| = ’f(ee) — [v(e O+ w(ee)} ’ < ~ by
for all 0 € [—m, 7). Setting uy = v+w € P(N), the last inequality shows that
12
Balfl < 2y (2.38)

5) Assume now that f satisfies the conditions of the theorem. Then ac-
cording to 4), relation (2.38) holds. Moreover, the first derivative f’ has again
a continuous and bounded derivative f”. Thus [’ € Lipy, where b, denotes
the best approximation of f” in Py(IN). Moreover, since f is continuous on
the unit circle T, we have that [ f'(e'’)dd = f(r) — f(—n) = 0. Thus,
1 satisfies also the assumption (2.35) under point 3) of this proof. Applying
(2.36) to f’ one obtains by = by [f"] < 120%;/N. Now one applies the same
arguments to f”, f3), and so forth, up to f(*~1). This gives the relations

n) _ 12 (n
b&’gﬁbgﬁl) n=1,2, ... k—1. (2.39)
Finally, it follows from point 3) of this proof that bs\];) =by[f®] < 12w(1/N).
Combining this with the inequalities (2.39) and with (2.38), one obtains the
statement of the theorem with Cj, = 12F+1. O

2.2 Hardy Spaces on the Unit Disk

This section gives a short introduction to a class of function spaces which
contain analytic functions in the unit disk. Their importance for system theory
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results from the fact that their elements can be interpreted as causal transfer
functions of linear systems which are bounded in a certain LP-norm. After
a short introduction of these so called Hardy spaces, we will present some
results which will be needed in later parts of this book.

2.2.1 Basic definitions

Denote by H the set of all functions that are analytic (i.e. holomorphic) inside
the unit disk D. Then, it is clear that every f(z) in H is bounded for all z € D.
However, as |z| approaches 1, the modulus |f(z)| may go to infinity. Hardy
spaces are subsets of H whose elements satisfy a certain growth condition
toward the boundary of the unit disk.

Definition 2.10 (Hardy spaces). Let f € H be an analytic function inside
the unit disk D. For 0 < p < oo, we set

1 ™ 0 1/17
Il i= s (5= [ Istrey as)
0<r<1 T J_n

and for p = oo, we define
[flloc :=sup|f(2)] .
z€D

Then for 0 < p < oo the Hardy class H? is defined as the set of all functions
[ analytic in D for which |||, < oco.

It is not hard to verify that H>* C H? C H? for all 0 < p < ¢ < co. The Hardy
spaces were defined by their behavior inside the unit disk . The following
theorem? characterizes the radial limits of functions in HP.

Theorem 2.11. Let f € HP with 1 < p < oo. Then the radial limit

fle”) i= lim f(re’)

exists for almost all § € [—m, 7). Moreover f € LP with || f|ze = ||f| ae-

Thus, the radial limit of every f € HP exists. From now on, this radial limit
will also be denoted by f. As a consequence HP can be considered as a closed
subspace of LP and therefore every H? with 1 < p < co is a Banach space by
itself. Moreover, since H? is a closed subspace of the Hilbert space L2, it is
also Hilbert space with the inner product
(f.y=1tim = [ e grema0 = = [ ) g an.
’ ro12m ) 27 J_ .

2 For a proof, we refer e.g. to [70, § 17.11], [30, § 3.2|
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Conversely, let f € HP. Then Cauchy’s theorem implies that all Fourier co-
efficients f(n) with negative index n vanish, because f is analytic inside the
unit disk D and therefore

f(n) = Qim]{rf(o ¢ Q=0 foralln <0

where the integration over T has to be done counter-clockwise. Consequently,
H? could be defined as the subspace of those LP functions for which all neg-
ative Fourier coefficients are equal to zero:

HY ={feL?: f(n)=0foralln <0} .

Therefore every f € LP with the Fourier series f(el’) = Y7 f(n)e? can
be identified with the HP-function

fz) =020 f(n) 2"

which is analytic for every z € D.

As explained in Example 1.9, there is a natural isometric isomorphism
between L? and (?(Z), given by associating every f € L? with the sequence
{f(n)}>__ of its Fourier coefficients. In the same way, the Hardy space H>
is isometricly isomorphic to the sequence space ¢?(Z, ) because ¢*(Z,) may
be considered as the subspace of all sequences {a}32___ in £%(Z) for which
oy, =0 for k < 0.

The next theorem gives a useful characterization of the Fourier coefficients
of H' functions, which will be used frequently in the following. The proof is
omitted but may be found in [30] or [41], for example.

— 00

Theorem 2.12 (Hardy’s inequality). Let f € H' with Fourier expansion
f(z) =302, f(k) 2*. Then its Fourier coefficients satisfy the inequality

Il = 5= [ Irejas= 23 0L (2.40

2T
- k=0

2.2.2 Zeros of HP-functions
Let f € H? be an arbitrary function in a certain Hardy space HP. Define by

Z(f):={z€T: f(z) =0}

the zero set of f, i.e. the set of all those points in D where f is zero. For
every function f holomorhic in the unit disk D, it is well known that either
Z(f) =D, or Z(f) has no limit point in D. In the first case f is identically zero
which is of little interest. Thus, the zeros of a non-zero holomorphic function
f in D are isolated points in T, and if the number of zeros is infinite, the limit
points of the zeros have to lie outside of D, i.e. on the boundary T of D. If we
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only assume that f is holomorphic in D, this is all we can say about the zeros
of f, by the Theorem of Weierstrass (see e.g. [70, Chapter 15]). However, if we
consider functions in the Hardy spaces HP which are not only holomorphic in
D but satisfy a certain growth behavior toward the boundary of D, more can
be said about the distribution of the zeros in D, namely that the zeros have to
converge with a certain rate toward the limit points on T (if they exist). The
basis of deriving these conditions on the zeros of HP functions is the following
Jensen’s formula.

Theorem 2.13 (Jensen’s formula). Let f € H(D) be a holomorphic func-
tion in D with f(0) # 0, let 0 < r < 1, and let ay,...,any be the zeros
of f in the closed disk D,.(0) = {z € C : |z| < r} listed according to their
multiplicities. Then

1£(0)] ﬁ L —exp (;ﬂ/: log | f(rel®)| d6‘) . (2.41)

Remark 2.14. Since f is considered in the disk D,(0) C D with 7 < 1 and
since f is holomorphic in D, the zeros of f have no limit point in D,-(0).
Consequently, the number N of zeros in D,.(0) is finite.

Remark 2.15. The assumption f(0) # 0 is no real limitation. Because if f
has a zero of order m at 0, one can apply Jensen’s formula to the function

f(z)/zm.

Proof. One orders the zeros {a,, }_; of f in D,.(0) according to their location
in D,.(0) and on the boundary of D,.(0), i.e. such that |aq| < -+ < |aym]| <7
and |apr41] = -+ = |an| = r. Define the function

N

9(2) = f(=) [] il 4 [N 2. :eD. (2.42)

n=1 T(Oén B Z) n=M+1 Un — 2

It is clear that g has no zeros in D,(0) and since f € H(D), also g € H(D).
Thus, there exists a p > r such that g has no zeros in the open disk D, (0)
and is holomorphic in D, (0). It follows that log|g| is a harmonic function in
D,(0) (see e.g. [70, § 13.12]). Consequently, log |g| possesses the mean value
property

log|g(0)] = % /j log |g(reig)’ deé . (2.43)

To determine the right hand side of (2.43), one easily verifies that the factors
in (2.42) for 1 < n < M have modulus 1. For the remaining factors with
M +1<n <N holds

o, 1

an—z 1—el0-)
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if we write o, = rel™ and z = re'?. Therewith (2.43) becomes

dé

togl(0) = 5 [ 1og|7(re)] a0 - Z o [ o o=

M+1

(2.44)

It is a consequence of Cauchy’s theorem that

= " log|l—e| d§ =0

2

(see e.g. [70, § 15.17]) which implies that the second term on the right hand
side of (2.44) is zero. The definition (2.42) of the function g gives at once

M
9O = 1£(O)[ TT,=1 35 -
Taking the exponential function of (2.43) shows finally (2.41). O

The next theorem proves a necessary condition on the zeros of a function f
in order that f € HP for some 1 < p < oc.

Theorem 2.16. Let [ € HP with 1 < p < oo be an analytic function in D
with f(0) # 0, and let {a,}52 be the zeros of f, listed according to their
multiplicities. Then these zeros satisfy the Blaschke condition

S (1 foul) <. (2.45)

Proof. If f has only finitely many zeros condition (2.45) is satisfied. Therefore,
we assume that there are infinitely many zeros. Denote by N(r) the number
of zeros of f in the closed disk D,.(0) for a radius r < 1. Fix K € N and choose
r < 1 such that N(r) > K. Then Jensen’s formula gives

1O T o < 101 T s = (5 [ toultre)| a0 ) <o

where the right hand side is bounded since f € HP ¢ H'. Thus there exists a
constant Cy < oo such that H _ lan| = 75| £(0)|/Co. Since this inequality
holds for arbitrary K, it is still valid for K — oo, i.e.

= £ 0)]

Now we define u,, := 1 — |a,| for all n € N and notice that the power series
expansion of the exponential function implies 1 — x < exp(—=x) for all x € R.
Replacing by u,, and multiplying the resulting inequalities gives
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0< [ laml =[]0 = un) <[] exp(—un)

n=1 n=1 n=1

o (5] oS0

n=1
which implies (2.45). O

Remark 2.17. Let {a,} be a sequence in D with |ay,| = (n — 1)/n. This se-
quence does not satisfy the Blaschke condition (2.45) and therefore there
exists no function f in any HP-space (1 < p < co) with zeros at «,,. However,
by the Weierstrass factorization theorem there exists a holomorphic function
f € H(D) with zeros at a,, but with || f||, = oo for all 1 < p < co. Conversely,
if a function f € HP is known to have zeros at {ay }nen, then this function
has to be identically zero in D.

So the Blaschke condition (2.45) is a necessary condition on the zeros of a
holomorphic function f in order that f belongs to a Hardy space H?. It even
turns out that (2.45) is also a sufficient condition for the existence of a function
f € HP, 1 < p < oo which has zeros only at the prescribed points {a, }22 ;.
The form of such a function is characterized in the following theorem.

Theorem 2.18 (Blaschke product). Let {«,}22, be a sequence of non-
zero complex numbers in D such that {a, }°2, satisfies the Blaschke condition
(2.45). Let k > 0 be a nonnegative integer, and define the Blaschke product

o lon| an —
D. 2.46
nl_[l e *€ (2.46)
Then B € H*® C HP, 1 < p < oo, and B has zeros only at the points o, and
a zero of order k at 0. Moreover, |B(2)| < 1 for all z € D and |B(e'?)| = 1
almost everywhere.

Remark 2.19. The term "Blaschke product" will be used for all functions of
the form (2.46) even if the product contains only a finite number of factors
and even if it contains no factor, i.e. even if B(z) =1 for all z € D.

The function B(z) in the above theorem is the product of z* and of the factors
bp(z) = — ———, z€D. (2.47)

Each factor b, has a zero at z = «, inside the unit disk D, and a pole at
2z = @, ' outside the closed unit disk D. Thus, each factor b, € H(D) is
a holomorphic function in D with precisely one zero at «,,. Moreover, it is
easily verified that each factor has the properties that |b,(z)] < 1 for all
z € D and that |b,| = 1 for all |z|] = 1. The Blaschke product is given by
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the infinite product B(z) = 2% [[°", b, () of holomorphic functions. To prove
Theorem 2.18, we basically have to show that this product converges uniformly
to a holomorphic function. Therefore, as a preparation, the following Lemma
studies conditions for the uniform convergence of infinite products.

Lemma 2.20. Let {u,}22, be a sequence of bounded complex functions on
a subset S C D of the unit disk such that the sum > .| |u,(z)| converges
uniformly on S. Then the product

=1L+t

converges uniformly on S. Moreover f(z) = 0 at some z € S if and only if
un(z) = =1 for some n € N.

Proof. The assumption on {u, } implies that there exists a constant Cy < 00
such that Y 0% |un(z)] < Cp for all z € S. The power series expansion
of the exponential function shows that 1 + = < exp(z). Replacing x by

|ui(2)], |ua(2)], ... and multiplying the inequalities yields
H (14 |unp(2)]) <exp (Z |un(z)> <exp(Cy) =:Cy <o (2.48)
n=1 n=1
for all z € S. Next, we define the partial products
N N
z2) = [[ [+ un(2)] and  qn(2) = [] L+ ua(2)]]
n=1 n=1
and show that for every N € N
lpn(2) = 1] < an(z) — 1. (2.49)

For N =1 this inequality is certainly satisfied. For N > 1, the statement is
proved by induction. For py1(z) holds obviously

pnt1(2) =1 =pn(2) 1 +unyi(2)] =1
= [pn(2) =1 [T+ unt1(2)] + un41(2) -
Therewith, it follows for the modulus
lpnv41(2) = 1] < [pn(2) = 1 [1 + un41(2)] + [un+1(2)]
< (gn(2) = 1) (1 + [unt1(2)]) + [un+1(2)]
=qn+1(2) — 1

where for the second line we used that (2.49) holds for py.
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Now we apply (2.49) to (2.48). This shows that |py(z) — 1] < gn(z) —1 <
Cy—1forall N € Nand all z € S. Taking Cy = C1, one obtains |[py(z)| < Cs
forall N € Nand z € S. Since Y~ | |u,(2)] is assumed to converge uniformly,
for every 0 < € < 1/2 there exists an Ny € N such that

YN [un(2)] <€ (2.50)

for all N > Ny and for all z € S. Now, for M > N > Ny holds

M
par(z) = pn (@) = o () | [T [+ ua(z)] -1
n=N+1
M
< |pn(2)] ( II [0+ jua(2)] - 1)
n=N-+1

< ()] (€ —1) <2 [py(2) e <2Che  (251)

where the first inequality follows from (2.49), whereas the last line from (2.48),
(2.50), and from the uniform boundedness of py. This last result shows that
pn is a Cauchy sequence in S which converges uniformly to a limit function
fonS.

Finally (2.51) implies |[pas(2)] > (1 —2€)|pn, (2)| for all M > Ny. It follows
for the limit function f that

[F ()| = (1 = 2€)[pn, (2)]

for all z € S. This shows that f(z) = 0 if and only if py,(z) = 0, i.e. if and
only if u,(z) = —1 for some n. O

With this we are able to prove Theorem 2.18.

Proof (Theorem 2.18). Without loss of generality, we assume that & = 0.
Again, we define the individual factors b,, of the Blaschke product by (2.47),
and consider the term 1 — b, inside the unit disk. Adding the term 1/|c,| —
1/|ay,| followed by a straight forward rearranging yields

2 _ & _
1~ by (2) 1 <1|an| anz>1 lan |

- |y | 1—apz

lan| + @z

= 1 — n — .
(1—lanl) (= an2) o]

Remembering that all zeros «,, are inside the unit disk I gives

1
1= bn(2)] < (1 — o) 17“ , forall [z]<r<1
—r

and consequently
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00 1+Too
1-0b, < 1—|ayl) .
n;l (Z>|_1—r;( lan])

This shows that >~ ; |1 — b, (2)| converges uniformly on compact subsets of
D since the zeros v, satisfy the Blaschke condition (2.45).

Setting u,(z) = b,(z) — 1, Lemma 2.20 implies that B(z) = [[,—, bn(2)
converges uniformly on compact subsets of D and that B(z) = 0 if and only
if B,(z) = 0 for some n € N. Since every b, is holomorphic in D and since
B converges uniformly on compact subsets of I, B(z) is also holomorphic in
D (see e.g. [70, Theorem 10.28]). Moreover, since each factor b,, has absolute
value less than 1 in D, it follows that |B(z)| < 1 for all z € D, and consequently
that B € H*> with ||B|- < 1.

Since B € H*, the boundary function B(el?) exists almost everywhere for
0 € [—m,m) , and since B(z) has absolute value smaller that 1 for all z € D,
the boundary function has to satisfy |B(e!?)| < 1 almost everywhere. Now, let
By(z) = ngl bn(z) the partial product of B. Then B(z)/Bpn(z) is again a
Blaschke product, and thus holomorphic in D. Consequently, it satisfies the
mean value property. Together with the triangle inequality, one has

BO) 1 ["|B@®|., 1 [T .
Br(0) = =/ By(en)| 1= o LRI

where the last equality is a consequence of |By(e!?)| = 1 for all § € [—7, ).
Now, letting N — oo, we obtain that 1 < 5= [ |B(e'?)| df. Consequently,

since |B(e'?)| < 1, one gets |B(e'?)| = 1 almost everywhere. O

Thus, given a function f € HP with 1 < p < oo with zeros at {a, }nen
(which will satisfy the Blaschke condition (2.45)), we can form the Blaschke
product B € H* with the zeros of f. Now we can try to divide out the zeros
of f by dividing f by the corresponding Blaschke product B. Of course, the
resulting quotient g := f/B is again a holomorphic function in I, and since
B has absolute value 1 almost everywhere on the unit circle, we even expect
that g may have the same HP-norm as the original f. That this reasoning is
indeed true is shown by the next theorem.

Theorem 2.21. Let f € HP with 1 < p < oo, let B be the Blaschke product
(2.46) formed with the zeros of f, and set g(z) := f(z)/B(z), z € D. Then
g € H? with ||gll, = [ fl,-

Proof. Let {a,}52, be the sequence of zeros of f in D, and let b, (z) be the
factor of the Blaschke product corresponding to the zero «, as defined in
(2.47). Moreover, let

BN(Z) = Hfj:l bn(z), zeD

be the partial Blaschke product formed by the first N zeros of f, and let
gy = f/Bny. For every fixed N, By(re'?) — 1 uniformly as r — 1. It follows
that gn(re'?) — f(el?) and consequently that
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lgnllp = 1£1lp - (2.52)

Since [b,(z)| < 1 for all z € D and all n, we have that
0<|g1(z)] < lga(2)| <--- <00 and |gn(2)] = |9(2)]

for every z € D. Fixing 0 < r < 1, set g,(z) := g(r z) and (gn)r(2) := gn (7 2),
and applying Lebesgue’s monotone convergence theorem, one gets

- S i0 L[ i0
Jim_[aw)elp = Jim o= [ lan(re®)pao = 5= [ latre®) a0 = oI
Since gy is analytic in D and because of (2.52), the left hand side is upper
bounded by || f[| for every 0 < r < 1. Leting » — 1, we obtain [|g[[, < || f[,-
However, since |B(z)| < 1 for all z € D, we also have that |g(z)| > |f(z)] for
all z € D, which shows that we even have equality, i.e. that ||g[|, = || f|l,- O

2.2.3 Inner-Outer factorization

The last theorem showed that every function f € H? can be factorized into a
Blaschke product and a function without zeros in the unit disk. This section
considers a somewhat different factorization of functions in H? into so called
inner and outer functions.

Definition 2.22 (Inner and Outer functions). An inner function is an
analytic function f € H™ such that |f(2)| < 1 in the unit disk and such that
|f(e')| = 1 almost everywhere on the unit circle.

An outer function is an analytic function O in the unit disk D of the form

O(z) = cexp (;ﬂ /7r log gb(eiT) el” i’ j dT) . (2.53)

iT
— S
Here ¢ is a constant with |c| = 1, and ¢ is a positive measurable function on

T such that log ¢ € L*.

Every Blaschke product is an inner function by Theorem 2.18. However, there
exist other inner functions. The following theorem characterizes all inner func-
tions as the product of a Blaschke product and a so-called singular function.

Theorem 2.23. Let f € HP be an inner function and let B be the Blaschke
product formed with the zeros of f. Then there exists a positive Borel measure
w on T which is singular with respect to Lebesgue measure and a complex
constant ¢ with |c| = 1 such that

f(z) = B(2)S(2) , zeD (2.54)

with

S(z) = ¢ exp (- /W e +2 du(T)) ,  zeD. (2.55)
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We will call the function S in the factorization (2.54) a singular function.
Thus, an inner factor is the product of a Blaschke product B and of a singular
function S, in general. Nevertheless, it may happen that B, or S, or even both
factors are identically 1.

Example 2.24. Probably the simplest singular function is obtained by taking
i in (2.55) to be the unit mass at 7 = 0 and by letting ¢ = 1. This yields the
singular function

1
S(z):exp<zj1>, zeD.

It is a holomorphic function in D with an essential singularity at z = 1.

Proof (Theorem 2.23). Let g := f/B, then g is a holomorphic function with-
out any zeros in D, from which follows that log|g| is a harmonic function in D
(see e.g. |70, Theorem 13.12]). By Theorem 2.21 it follows that |g(z)| < 1 for
z € D and that |g(e!?)| = 1 almost everywhere, which implies that log |g| < 0
in D and log|g(e'?)| = 0 a.e. on T. It is known that every bounded harmonic
function in D can be represented by the Poisson integral of a unique Borel
measure on T (see e.g. [70, Theorem 11.30]). We conclude for our case that
log|g| is the Poisson integral of —du with some positive Borel measure 1 on
D. However, since log |g(e'?)| = 0 a.e. on T the measure p has to be singular
(with respect to Lebesgue measure). Now log |g|, as the Poisson integral of
—dy, is the real part of the function

6= [ S

€T =z

(see e.g. Section 5.1) which implies that S has the form (2.55). O

The previous theorem clarified the general form of an inner function
whereas the general form of an outer function is given by (2.53). The next the-

orem studies basic properties of outer functions needed frequently throughout
this book.

Theorem 2.25. Let Oy be an outer function related to a positive (real valued)
measurable function ¢ as in Definition 2.22. Then

(a) log|Oy| is the Poisson integral of log ¢.
(b) lim,_1 |Og(rel?)| = ¢(el?) for almost all § € [—7, ).
(c) Op € HY if and only if 6 € L? and [ Ogl, = 161l

Proof. Statement (a) follows from the definition of the outer function (2.53)
since the exponent of Oy can be written as

*/ log (") & ”e S d7 = (Plog ¢)(re’”) +i(Qlog ¢) (re)
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with the Poisson integral B log ¢ and the conjugate Poisson integral Qlog ¢
of log ¢ (cf. Section 5.1). It follows that |Oy4| = exp(Plog ¢) which proves (a).
The Poisson integral (Bf)(re'?) of a function f € L' converges to f in the
L'-norm as 7 — 1 (see e.g. Theorem 5.3 for a proof). By this property of the
Poisson integral (a) implies (b).
Applying statement (b), we have

s s

1 : 1 _ i
ol = 5= [ loe)Pas =5 [ tim Oy(re)p ds

—T

1 [" ;
<l oo [ 104(re) a0 = 0,1

r—1 27

where the inequality follows from Fatou’s Lemma (see e.g. [70, § 1.28]). Thus
o], < [|06]|,. For the converse assume that ¢ € LP. Then Jensen’s inequality
(cf. [70, §3.3]) gives

|O¢(reig)\p = exp (217r /7r log gsz(e”) Pr(0—1) dr)

< % /: ¢ () Pr(6 — 1) dr

in which the left hand side of the inequality is just the Poisson integral ‘3 log ¢
with the Poisson kernel P, (cf. also (5.5) and (5.4) for the definition). Inte-
gration of the last inequality with respect to 6 and using that the Poisson
kernel P, satisfies [* P,(0)df = 1 (cf. Section 5.2) gives [|[Og4, < [0,
This finishes the proof of (¢). O

Finally, the following theorem will give the desired factorization result
under point (¢). It shows that every function f € H? can always be factorized
into an inner and an outer function.

Theorem 2.26. For 1 <p < oo let f € HP be a nonzero function. Then

(a) logl|f| € L*.
(b) the outer function defined by

1 /7 iy €7+ 2

Of(z):exp<27r/_ﬂlog’f(e )| eiTsz> , zeD
1s an element of HP.

(¢c) there exists an inner function Iy such that f = Oy Iy.

Proof. We consider first the case p = 1. Assume that f € H!, let B be
the Blaschke product (2.46) formed with the zeros of f, and set g = f/B.
By Theorem 2.21 g € H! and [g(e!?)| = |f(e!?)| for almost all § € [—m, 7).
Therefore, it is sufficient to prove the theorem for g instead of f. Since g is
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holomorphic without any zero in I the function log |g| is harmonic in D (see
e.g. [70, § 13.12]) and therefore it satisfies (2.43). Since g(0) # 0 we assume,
without loss of generality, that g(0) = 1 and define the two functions

0 r<l1 _ log(1/x) <1
+ ... ) L 5
log x'_{logw, > 1 and log m.—{o a1

on the positive real axis, such that obviously logz = log™ z — log™ x. There-

with, it follows from (2.43) that

o= [ tos a0 = o= [ tog* gt a0 < o= [ lg(e)]a0 = gl
27 - o7 '

27 —r - -

This shows that log™ |g| and log™ |g| are in L', such that log|g| € L, which
proves (a). It follows that Oy is a well defined outer function, and Theo-
rem 2.25 (c) implies that Oy € H', proving (b).

It remains to show (c). To this end we show next that |g(z)| < |O4(2)|
for all z € D. Since we know from Theorem 2.25 that log|Oy| is equal to the
Poisson integral of log |g|, we have to show

log|g(2)| <log|Oy(2)| = (PBloglg))(2) - (2.56)

For 0 < r <1 and z € D we define g,(z) := g(r z). Since g is a holomorphic
function without zeros in D, log|g,| is harmonic in D (see e.g. [70, Theo-
rem 13.12]) and can be represented as a Poisson integral. We therefore have

log |g-(2)] = P [log lg:[] (2) = P [log™ |g:|] (2) — B [log™ |g,|] (2) . (2.57)

We know from Theorem 2.11 that g,(e'?) — g(e'?) as r — 1. Tt follows that
the left hand side of (2.57) converges to log |g| and that the first term on the
right hand side converges to P [log™ |g|] (z) as r — 1. This last statement
follows from

B [log™ [gr]] (pe) — B [log™ |g]] (pe'®)]

K

1 . .
< o ‘10g+ lgr-(eT)] — log™ |g(e”)|| Py(0 —71)dr

s

< o | ||9r(ei7)|_|g(ei7)” P60 —7)dr

and from the fact that g,.(e'?) — g(el?). Here P, denotes the Poisson kernel
(see (5.5) and (5.4) for the definition), and the last line was obtained using
the relation |log™ u — log™ v| < |u — v] for all real numbers u, v, which may
easily be verified. Therewith, letting » — 1 in (2.57), one obtains

P [log™ [g] (=) < lim % [log™ |g.] (=) =B [log™ [ ] (=) — logg(=)|
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where the first inequality follows from Fatou’s Lemma (see e.g. [70, § 1.28]).
Combining log™ and log™ to log, one obtains the desired relation (2.56), which
proves that |g(z)| < |O4(z)| for all z € D.

Now we define the function

I,(2) = 9(2) zeD.

Obviously, I, is analytic in D, |I,(z)| < 1 for all z € D and |I,(e')| = 1 almost
everywhere. Thus I, is an inner function. O

By Theorem 2.23, every inner function can be written as the product of
a Blaschke product and an singular function. Consequently, it follows form
point (¢) of the previous theorem that every f € HP may be written as

f(2) =O0(2) By(2) S(2), 2€D

with an outer function Oy, the Blaschke product By formed with the zeros of
f, and a singular function S;.

2.3 Vector-valued Hardy Spaces

The previous section introduced the Hardy space of complex valued functions.
In general, it is possible to extend the concept of Hardy spaces to functions
taking values in arbitrary Banach spaces. To give a completely satisfactory
definition of such spaces, one needs some results from the integration theory
of functions with values in Banach spaces. Although this is a straight for-
ward generalization of the standard integration of complex valued Lebesgue
measurable functions, it would be out of the scope of our intentions here.
However, for the case of functions with values in a separable or even a finite
dimensional Hilbert spaces, almost the whole theory can be led back to the
scalar case of the previous section. Therefore, we shall restrict ourselves to
these cases. Later, we will be especially interested in the finite dimensional
case, since this is the suitable framework for modeling linear systems with a
finite number of inputs and outputs. Nevertheless, the basic definitions are
given for the slightly more general case of separable Hilbert spaces.

We start with a formal extension of /7 and LP spaces to the case of vector
valued functions. To emphasize the difference to the scalar case, vector valued
functions will be denoted by bold face letters.

Definition 2.27 (Vector-valued (? spaces). Let H be a separable Hilbert
space and let f = {f(k)}72_. be a double infinite sequence of elements from
H. For 1 <p < oo and p= oo define

oo 1/p
I Fller = ( > |f(k)%> and || flle= = zlégllf(k)lln

k=—oc0
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respectively.

Then, for 1 < p < oo the set (P(H) denotes the set of all double infinite
sequences f = {f(k)}32_ . with values in H for which || f||ew < 0o and 2 (H)
denotes the set of all infinite sequences f = { f(k)}32, in H with || fllew < 0.

Of course, £ (H) my be considered as the subspace of £°(H) in which for all

elements f holds that f (k) = 0 for all k£ < 0. Moreover, it is clear that for the
special case H = C, one obtains again the usual ¢P spaces. As in the scalar
case, £2(H) is a Hilbert space with the inner product

o0

<f7g>gz(7.t): Z <f(k)7g(k)>7-¢

k=—o00

Definition 2.28 (Vector-valued LP spaces). Let H be a separable Hilbert
space and let f be a measurable function with values in H. For 1 < p < oo

define
1 g ) 1/p
11l = (2ﬁ/_ f(e19)||5;d9)

and for p = oo define

[Flloo := esssup | F(C)]I -
CeT

Then for 1 < p < oo the set LP(H) denotes the set of all measurable functions
I with values in H for which ||f]|, < cc.

Of course, if the dimension of the Hilbert space H is one, the above definition
of LP(H) coincides with the usual LP-spaces on the unit circle, and L?(H) is
a Hilbert space with the inner product

(f:9) 1200 = %/j (£(€),g(e?)),, 0 .

Since ‘H is assumed to be separable there exists a complete orthonormal
basis {e,}>2, in H such that every f € H can be written as f = fie; +
foes+ -+ fne, +--- where f, := (f,e,),;, are the components of f with
respect to the basis {e, }22; and the norm of f in M is just the ¢?>-norm of
the sequence (f1, f2,---) of its components: ||f||3, = Y>>, |fn|>. Moreover,
given a sequence f = {f(k)}2>___ with values in the Hilbert space H, we can

define its coordinate sequences f, = {fn(k)}ii_oo withn =1,2, ... by
fn(k):<f(k)ven>717 keZ,neN.

Similarly, given a function f on the unit circle with values in H, its coordinate
functions f,, n=1,2, ... are defined by
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Q) = (f(C),en)n s (eT,neN.

The following proposition gives a characterization of the spaces ¢P(H) and
LP(H) in terms of the individual coordinates. It will be show that ¢P(H) is
equivalent to the set of all sequences f = {f,}°, whose individual entries
fo = {fu(k)}3>__ belong to 7 and it will be show that LP(H) is precisely
the set of all sequences f = {f,}52,; whose individual components f,, are
elements of LP.

Proposition 2.29. Let H be a separable Hilbert space with an arbitrary or-
thonormal basis {€,}52 1 and let 1 < p < oco.

A sequence f of elements in H belongs to £P(H) if and only if all coordinate
sequences fn = (f, en)r, n € N belong to (P.

A function f on the unit circle T and with values in H belongs to LP(H) if
and only if all coordinate functions f, = (f,en), n € N belong to LP.

Proof. We prove the statement for LP(H). By the identification of H with ¢2
and with the triangle inequality, one has

£l = (o fa(QIP) " < 005, 1O forevery €T

and provided that the right hand side exists. Therewith one gets at once
1 flloo <307 I fnlloo- For p < oo we take both sides to the power p, integrate
over the unit circle T, and apply Minkowski’s inequality to the right hand
side integral. This gives ||f|l, < >~ || fx |, which proves the “if” part of the
proposition.

To verify the “only if” part, note that by the identification of H with ¢2 one
has that ||f(O)||%, > [fn(C)P for all ¢ € T and for all n = N. This gives
immediately ||f|lco > ||fnlleo and for p < oo, the integration of both sides,
gives || fll, > || fullp for every 1 <n < N.

The analogous proof for ¢7(H) is left as an exercise. O

1/2

As in the scalar case, we want to consider the Fourier series expansion of
functions in LP (H). To avoid the introduction of the integration over functions
with values in Hilbert spaces, the Fourier series are introduced in the weak
sense, as follows: Let f € L'(H), we want to write f in the form

FE) =" flk)e* (2.58)
k=—o

where {f(k)}32___ is a sequence of elements from the Hilbert space H. We
call this expansion Fourier series of f if for every g € H

(£(e),9),,= Y. (F(k),g), "

k=—o0
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is an ordinary Fourier series of the complex valued function < F(el?), g>H. The
coefficients of the scalar Fourier series are of course given by (2.1), thus

. 1 [7 . »
(f(k), @), = g/ (£(e), g), e "0 a0 . (2.59)
It may not be immediately clear whether there exists such a sequence
{f(k)}32_ ., of vectors in H such that (2.59) is satisfied for all g € H. How-
ever, for a fixed f € L'(H) and k € Z the right hand side of (2.59) defines
a conjugate-linear functional ®; on H which is also continuous, since by the

Cauchy-Schwarz inequality

1 (7 .
[®x(g)l < 5 [ [(FE).g)y,] dr
<o [ 15 ellglidr = 171 gl

But this implies by the Riesz representation theorem (for Hilbert spaces) that
there exists a unique f(k) € H such that (2.59) holds for all g € H. To
determine the coefficient vectors f(k) in the Fourier series (2.58), one may
choose an orthonormal basis {e,} in H and write every coefficient vector in
this basis as f(k) = ZleNfl(k) e;. Plugging this representation into (2.59)
together with a g = e,, gives

N 1 [ . )

fn(k) = % . fn(e”—) e kT dr
where f, (') = (f(e'7), e”>7—c is the n-th coordinate of f(e'?) with respect to
the orthonormal basis {e;}. Thus, if an orthonormal basis in H is fixed, the
Fourier coefficients f(k) of the series (2.58) can be determined component-
wise. Therefore, we will simply write

™
fk) = S fleMe *Tdr,  k=0,41,+2 ... (2.60)
2r J_,
where the integration on the right hand side means a component wise in-
tegration of every coordinate with respect to the chosen orthonormal ba-
sis. The above discussion holds in particular for the case H = CV with
the usual orthonormal basis e; = {1,0,0,---,0}, es = {0,1,0,---,0}, ...
ey ={0,0,0,---,1}.
Due to the separation of the Fourier series into its components, it is not
hard to verify that the Parseval theorem

)

o0

IFIE=">" IF®)I3

k=—o00

holds for L?(H) because Parseval’s equality holds for every single component

Jo-

With these preparations, we can introduce vector valued Hardy spaces.
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Definition 2.30 (Vector valued Hardy spaces). Let H be a separable
Hilbert space, and let 1 < p < co. Then H?(H) denotes the subset of LP(H) of
all f € LP(H) whose Fourier coefficients (2.60) with negative indices vanish,
thus

HP(H) :={f € LP(H) : f(k) =0 for all k <0} .

Let {e,};2, be an arbitrary orthonormal basis in H, then the above discus-
sions on the Fourier series expansion make it clear that the definition of the
Hardy spaces HP(H) is equivalent to the following statement

Proposition 2.31. A function f € LP(H) belongs to HP(H) if and only if all
of its coordinate functions f, = (f,en),, are elements of HP.

Similar to the case of scalar functions, every f € HP(H) can be associated
with a function

F(z):=)Y f(k)z* (2€D) (2.61)

k=0

which is analytic for all z € D, where f (k) are the Fourier coefficients (2.60)
of f. As in the case of scalar functions, we need to show that the function
F(re'%) converges to f(el?) in LP(H) as r — 1. However, since the general
proof can be simply reduced to the scalar case, we just state the result, which
is completely analog to the scalar case, but omit the lengthy and technical
proof.

Theorem 2.32. Let H be a separable Hilbert space, let 1 < p < oo and let
f € HP(H). Define F,(e') = F(re?) with F given by (2.61). Then it holds
that

lim || F, — £, =0

2.4 Operator-valued Analytic Functions

Next we consider analytic functions with values in the space of bounded lin-
ear operators. Let H; and Hy be separable Hilbert spaces and denote by
PB(H1, Ha) the set of all bounded linear operators H from H; to Ha. It is
known that Z(H;,Hs) is a Banach space with respect to the usual operator
norm

[Hll#, 2, = sup  [[HF[|p, . (2.62)
FeHL | Fllr, <1

Therewith, we define operator valued bounded analytic functions.
Definition 2.33 (Bounded analytic functions). Let H; and Hs be two

separable Hilbert spaces, and let {I:I(k)}zczo be a sequence of elements in
PB(H1,Hs). Therewith, we define the function
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o0

H(z) =Y H(k)z*, zeD. (2.63)
k=0

Now H*(Hi,Hza) denotes the set of all bounded analytic functions with val-
ues in B(Hi1,Ha), that is the set of all functions of the form (2.63) which are
uniformly bounded in D, i.e. for which

[Hl|oo := sup [[H(2)||#, -1, < oo.
zeD

Equation (2.63) means that the power series on the right hand side is assumed
to converge in #(Hi,Hsz) for every z € D. It shows that H is holomorphic in
D. Since #(H1,Hz) is a Banach space, the usual differentiation is defined on
H>(H1,H2) (cf. Def. 1.16). Then, as in the scalar case, it follows from the
power series representation (2.63) that H is analytic (complex differentiable)
for all z € D. For the particular case H; = Hs = C, one obtains the usual
Hardy space H°.

Given a bounded analytic function H with values in (H;, Hz), we will be
particularly interested in multiplication operators Og : LP(H1) — LP(Ha),
with a certain p € (1,00), defined by

Ouf)(Q)=H(Q) f(O), (T
and Of; : HP(H1) — HP(Hs) given by

(OIJfIf)(z) =H(z) f(2), zeD.

The bounded analytic function H € H>°(H1,Ha) will be called the symbol of
On and Oy;. The norm of these operators is defined as usual by

10w fllLr (1 10515 || 17 (34,)
|Ou| = ) and O] = B )
serr(ny) I Fllzeen) serr (i) N Fllar

The following proposition will formally prove that the norm of these two
operators are given by the norm ||H||» of the symbol H.

Proposition 2.34. Let H € H>*(H1,Hz2) be a bounded analytic function.
Then for the norms of the multiplication operators Oy and OI‘; with symbol
H it holds that

10wu|| = esssup [H(C)|l, —1, = sup [H(2)[lr, . = |0l -
CET z€D

Proof. First consider Ogg

1 " i0 0 1
100 Flzre = (5 [ 11715, )

—T

1 /7 y y p
< (5 [ IO o 1715, )

—T

< esssup [H(Q) |4, —1, | Fll e )
CeT
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which shows that ||On|| < ||H|l. To prove the reverse inequality, we choose
an arbitrary € > 0 and define the set

M(e):= {0 € [-mm) : [H(E)llr, -2 > [Hloo —€/2}

and denote by xjs(¢) the indicator function of M (e). The Lebesgue measure
of M(e) will be denoted by p. := % ffﬂ XM(E)(eiG)dG. Moreover, to every
0 € M (e) there exists a g(el’) € H; such that

IH(e”) g(e)l7, > ([Hlloo — €) lg(e”)l|, - (2.64)
Now, we define the function
fe(e?):= ,%XM(E) () g(e)

where every g(e'?) is chosen such that (2.64) holds for all § € M(e). For this
function, one obtains

1
O € P == - i
108 fell e (% /M(e)

1 (1 e
H| —¢) — —/ g(e?)|?, deo
(|[H]| )/xe (27 o llg(e™)l5,

= ([Hlleo =) [[fell oy -

Since € was chosen arbitrary, this shows that |Ognl > ||H||« and together
with the first part of this proof, one has ||Ox| = |H|| -

It remains to show that ||Of; || = ||Ow||. Since HP(H;) C LP(Hy), it is clear
that ||Of|| < ||Oml|. To prove the reverse inequality, we consider polynomials
in LP(H;y) of the form

1/p
H(c) g()[[,, d9>

Y

N2 N1+N2
p(eie) _ Z i)(k) eikG _ efiN10 Z i)(k - Nl)eilce _ efiNlepc(eiO)
k=—N; k=0

with p(k) € H; and Ny, No > 0. However, the polynomial p.(el?), obtained
from p(e'?) by factoring out e "M% belongs to HP(H1), and it is easily verified
that ||Of; Pellmr(2,) = |Ou Pl e (3,). Moreover, the polynomials P(H;) of
the above form are dense in L?(H;). Therefore, to every H € H*(Hy, H>)
there exist a polynomials p € LP(H;) with ||p||zr(3,) = 1 so that

1081 Pellr12(341) = 10m Pll o (312) > |Om] €. (2.65)

In turn this implies that

[05ll= sup  [|OFFfllur s = Of Pellr(y) > [Omll — ¢
FEH? (H,
1l e () <1

which shows that ||Of;| > |H||o and altogether that [|O% = [|[H|s. O
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Since every symbol H € H®(H;,Hs) is analytic in D it is clear that
(Ouf)(z) = H(z) f(2) belongs to HP(Hs) provided that f € HP(H;). For
this reason and because HP(H;) and HP?(Hz) are subspaces of LP(H;) and
LP?(Hs2), respectively, the operator OE can be considered as the restriction of
Oy to the subspace HP(H1) of LP(Hy).

The most important case is p = 2. Then the operators Oy and OIJfI are
mappings from the Hilbert space L?(H;) into the Hilbert space L?(Hsz). In
this case, it is easily verified that the adjoint of the operator Oy is given by
Oj; = Op- where H*(z) = [H(z)]* is the adjoint of H(z) : H; — Hz for
every z € D.

Example 2.35. Assume that the Hilbert spaces H; and Hs both have finite
dimension. Then, without any loss of generality, we may assume that H; = CV
and He = CM with the dimensions N, M > 1 and with the usual Euclidean
norm in CV and CM. It is well known that every bounded linear operator
H ¢ #(CN,CM) can be identified with a complex M x N matrix H with
M rows and N columns. Therefore, (CY,CM) can be identified with the
set CM*N of all complex M x N matrices, and the norm of any matrix H €
CM>N “induced by the Euclidean vector norm in CV and C, is known to be

H
|H||caxn = sup m =/ Amax {H*H}

secn || Fllew

wherein Ayax (H*H) is the largest singular value of the matrix H. This norm
is also known as the spectral norm of H.

Moreover, every H € H>(CY,CM) has the general form (2.63) in which
all I:I(k) € CM*N are complex M x N matrices. To shorten the notation, the
space H>(CN,CM) of all matrix valued bounded analytic functions will be
denoted by H>°(CM>*N) and the norm in this space is given by

[ Hl oo = esssup Amax {H"(Q)H(C)} = sup Amax {H"(2)H(2)} .
CeT z€D

Notes

Still the classical reference for trigonometric series is the volume of Zygmund
[92]. Theorem 2.8 is due to Jackson [51]. Detailed proofs can also be found
in [92, Chap. III] or [61, vol. 1, Chap. IV]. There are numerous text books
containing the basic theory of Hardy spaces in different detail and various
forms. The scalar case can be found for example in [30, 41, 45, 48, 70]. The
exposition here and the given proofs are primarily taken from |70] where also
most of the omitted proofs and auxiliary results can be found. The vector val-
ued case is considered in detail in [44, 62, 83]. The notion of inner and outer
functions was introduced by Beurling in his seminal paper on shift-invariant
subspaces [7]. It seems be worthwhile to consider this original approach to
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the inner-outer factorization since it gives somewhat more descriptive i.e ge-
ometrical proofs of the theorems in Section 2.2.3. We also refer the reader to
[43, 44, 45, 57, 62, 83].
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