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Laws of Large Numbers

When measuring a physical quantity such as the mass of an object, it
is commonly believed that the average of several measurements is more
reliable than a single one. Similarly, in applications of statistical inference
when estimating a population mean p, a random sample {X1, Xo,..., X}
of size n is drawn from the population, and the sample average X, =
%Z?Zl X; is used as an estimator for the parameter p. This is based on
the idea that as n gets large, X, will be close to x in some suitable sense. In
many time-evolving physical systems {f(¢) : 0 < ¢ < oo}, where f(t) is an
element in the phase space S, “time averages” of the form + fOT h(f(t))dt
(where h is a bounded function on S) converge, as T gets large, to the
“space average” of the form fS h(z)m(dzx) for some appropriate measure m
on S. The above three are examples of a general phenomenon known as the
law of large numbers. This chapter is devoted to a systematic development
of this topic for sequences of independent random variables and also to
some important refinements of the law of large numbers.

8.1 Weak laws of large numbers

Let {Z,}n>1 be a sequence of random variables on a probability space
(Q, F, P). Recall that the sequence {Z,},>1 is said to converge in proba-
bility to a random variable Z if for each € > 0,

lim P(|Z, — Z| > ¢) = 0. (1.1)
n—oo
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This is written as Z, —? Z. The sequence {Z,},>1 is said to converge
with probability one or almost surely (a.s.) to Z if there exists a set A in F
such that

P(A)=1 and forall w in A, lim Z,(w)=Z(w). (1.2)

n—oo
This is written as Z,, - Z w.p. L or Z,, — Z a.s.
Definition 8.1.1: A sequence {X,, },,>1 of random variables on a probabil-

ity space (Q, F, P) is said to obey the weak law of large numbers (WLLN)
with normalizing sequences of real numbers {a, },>1 and {b, },>1 if

Sn_ n
Ta—ﬂ’o as n — oo (1.3)

where S, =" | X, for n > 1.

The following theorem says that if {X,,},>1 is a sequence of iid random
variables with EX? < oo, then it obeys the weak law of large numbers with
a, = nFEX; and b,, = n.

Theorem 8.1.1: Let {X,,},>1 be a sequence of iid random variables such
that EX? < co. Then

= Xi+...+X,

X,= 2ttt A ppy (1.4)

Proof: By Chebychev’s inequality, for any € > 0,

Var(X,) 1 o2
cYurlk) 1.2 (15)

P(X, — EX1| > ¢)
where 02 = Var(X;). Since T‘L’—; — 0 as n — o0, (1.4) follows. O

Corollary 8.1.2: Let {X,},>1 be a sequence of id Bernoulli (p) random
variables, i.e., P(X1 =1)=p=1— P(X; =0). Let

#{i:1<i<n X, =1}
n )

n>1

Pn = y (16)
where for a finite set A, #A denotes the number of elements in A. Then
ﬁn —P p-

Proof: Check that EX; = p and p,, = X,,. O

This says that one can estimate the probability p of getting a “head” of
a coin by tossing it n times and calculating the proportion of “heads.” This
is also the basis of public opinion polls. Since the proof of Theorem 8.1.1
depended only on Chebychev’s inequality, the following generalization is
immediate (Problem 8.1).
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Theorem 8.1.3: Let {X,,}n,>1 be a sequence of random variables on a
probability space such that
(i) EX2 <oo forall n>1,

(i.e., {Xn}n>1 are uncorrelated),

(iii) =531 02 — 0 as n — oo, where 02 = Var(X;), i > 1.

Then

X — fin —7 0 (1.7)
where [i, = = 3" | EX;.

Corollary 8.1.4: Let {X,},>1 satisfy (i) and (i) of the above theorem
and let the sequence {07 }n>1 be bounded. Let fi, = %Z?:l EX; = pu as
n — oco. Then X,, —7? pu.

An Application to Real Analysis

Let f:[0,1] — R be a continuous function. K. Weierstrass showed that
f can be approximated uniformly over [0, 1] by polynomials. S.N. Bernstein
constructed a special class of such polynomials. A proof of Bernstein’s result
using the WLLN (Theorem 8.1.1) is given below.

Theorem 8.1.5: Let f:[0,1] — R be a continuous function. Let

" r\ (n
= - (1 —x)™ " <z< .
By 4(z) ;_Of(n) (T):c 1—2)"", 0<z<1 (1.8)
be the Bernstein polynomial of order n for the function f. Then

nhHH;O sup{|f($) — B, j(z)]:0<z < 1} =0.

Proof: Since f is continuous on the closed and bounded interval [0, 1], it
is uniformly continuous and hence for any € > 0, there exists a J¢ > 0 such
that

[z —yl <de = |f(x) = fy)l <e. (1.9)

Fix x in [0,1]. Let {X,}n>1 be a sequence of iid Bernoulli (z) random
variables. Let p,, be as in (1.6). Then B, ¢(z) = Ef(pn). Hence,

@) = Bug(@)] < Elf(on) - f(2)]
E{|£(pn) = f@)|1(|pn — o] < 5 |

+ B{17(bn) = f@)1(1pn — 2| > 5)}
e+ 2 fIP(lpn — 7| 2 0.

IN
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where || f|| = sup{|f(z)| : 0 <2 < 1}. But by Chebychev’s inequality,

. 1 .
P(|pn — 2] 2 de) < ﬁvar(pn)
z(1—x) 1
= o2 §4n6€2 forall 0<z<I1.

Thus, sup{|f(a:) — B, f(z):0<z < 1} < e+2|f|l ;52 Letting n — oo
first and then € | 0 completes the proof. a

8.2 Strong laws of large numbers

Definition 8.2.1: A sequence {X,, },,>1 of random variables on a probabil-
ity space (2, F, P) is said to obey the strong law of large numbers (SLLN)
with normalizing sequences of real numbers {ay, },>1 and {by },>1 if

—0 as n—oo0 w.p. 1, (2.1)

where S, =Y " | X; for n > 1.

The following theorem says that if {X,,},>1 is a sequence of iid random
variables with EX{ < oo, then the strong law of large numbers holds with
a, = nEX; and b,, = n. This result is referred to as Borel’s SLLN.

Theorem 8.2.1: (Borel’s SLLN). Let {X,},>1 be a sequence of iid ran-
dom wvariables such that EX{ < co. Then

_ X1+ X +... .+ X,
X 1+ X2+ +

n

— FEX1 w.p. 1. (2.2)
n

Proof: Fix ¢ > 0 and let A, = {|X,, — EX;| > €}, n > 1. To establish
(2.2), by Proposition 7.2.3 (a), it suffices to show that

i P(A,) < . (2.3)

By Markov’s inequality

E|X, — EX,|*
< Zem — 7l

P(An) 1

(2.4)

€

Let Y; = X; — EX; for i > 1. Since the X;’s are independent, it is easy to
check that

n 4
. 1
E|X, - EX{|* = ME((ZE))
=1
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1
= 5 (nEyl4 +3n(n — 1)(EY12)2)
= O(n?).
By (2.4) this implies (2.3). O
The following two results are easy consequences of the above theorem.

Corollary 8.2.2: Let {X,,},>1 be a sequence of iid random variables that
are bounded, i.e., there exists a C < oo such that P(|X1| < C) =1. Then

X, —> EX; wp. 1

Corollary 8.2.3: Let {X,},>1 be a sequence of iid Bernoulli(p) random
variables. Then

#i:1<i<n X, =1}

(2.5)

Il

1
S

g
]

~

Pn

An application of the above result yields the following theorem on the
uniform convergence of the empirical cdf to the true cdf.

Theorem 8.2.4: (Glivenko-Cantelli). Let {X,,}n>1 be a sequence of iid
random variables with a common cdf F(-). Let F,,(-), the empirical cdf based
on {X1,Xo,..., X, }, be defined by

1
F, = — E I(X: < R. 2.
n(x) nj:1 ( J = l‘), US ( 6)
Then, R
A, =sup|F,(z) — F(z)| =0 w.p. 1. (2.7)

Remark 8.2.1: Note that by applying Corollary 8.2.3 to the sequence of
Bernoulli random variables {Y,, = I(X,, < z)},>1, one may conclude that
F,(z) — F(x) w.p. 1 for each fized z. So the main thrust of this theorem
is the uniform convergence on R of F,, to F' w.p. 1. It can be shown that
(2.7) holds for sequences { X, },>1 that are identically distributed and only
pairwise independent. The proof is based on Etemadi’s SLLN (Theorem
8.2.7) below.

The proof of Theorem 8.2.4 makes use of the following two lemmas.

Lemma 8.2.5: (Scheffe’s theorem: A generalized version). Let (Q, F, 1) be
a measure space and {fn}n>1 and f be nonnegative p-integrable functions
such that as n — oo, (i) fn — [ a.e. (1) and (i) [ fndpw — [ fdp. Then
JIf = fuldp — 0 as n — oo.



242 8. Laws of Large Numbers

Proof: See Theorem 2.5.4. O

For any bounded monotone function H: R — R, define

H(oo) = lim H(x), H(—o0)= lim H(x).

zToo zl—o0

Lemma 8.2.6: (Polya’s theorem). Let {Gy}n>1 and G be a collection of
bounded nondecreasing functions on R — R such that G(-) is continuous
on R and

Gn(x) = G(x) for all x in DU {—o00,+00},

where D is dense in R. Then A, = sup{|G,(z)—G(z)|: x € R} — 0. That
is, Gy, — G uniformly on R.

Proof: Fix € > 0. By the definitions of G(c0) and G(—o0), there exist Cy
and Cs in D such that

G(C1) — G(—x) <€, and G(x0)—G(Cs) <e. (2.8)

Since G(+) is continuous, it is uniformly continuous on [Cy, C2] and so there
exists a § > 0 such that

2,y € [C1, Co], [ —y| <0 = |G(z) - Gy)| <e (2.9)

Also, there exist points a1 = C1; < as < ... <ap =05, 1 <k < o0, in D
such that

max{(a;41 —a;): 1 <i<k—1} <4

Let ag = —o0, agy1 = oo. By the convergence of G,(-) to G(-), on D U
{—OO, 00}7

Ap = max{|Gp(a;) —G(a;)]:0<i<k+1} =0 (2.10)

as n — o0o. Now note that for any z in [a;,a;41], 1 < i < k — 1, by the
monotonicity of Gy (-) and G(-), and by (2.9) and (2.10),

Gn(z) —G(z) < Gulaitr) — Gla)
< Ga(ait) — G(aitr) + Glaipr) — G(as)
< Anl + €,
and similarly,
Gp(x) —G(z) > —Ap — €

Thus
sup{|Gn(z) —G(z)|: a1 <x < ap} < App+e (2.11)
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For z < ay, by (2.8) and (2.10),

|Gu(z) — G(2)] < |Gn(z) — Gp(—00)| + |Gr(—00) — G(—00)|
+[G(—00) — G(2)|
< (Gplar) — Gp(—00)) + |Gp(—0) — G(—o0)| + €
< |Gu(ar) = G(ar)| + |G(a1) — G(—o0)|
+2|Gp(—0) — G(—0)| + €
< 3A,1 + 2e.

Similarly, for = > ag,
Ga() — G(x)] < 301 + 2.
Combining the above with (2.11) yields

An S 3An1 + 2e.

By (2.10),
limsup A, < 2¢,
n— oo
and € > 0 being arbitrary, the proof is complete. O

Proof of Theorem 8.2.4: First note that A, = SUp,cq |[Fn(x) — F(z)]
and hence, it is a random variable. Let B = {b; : j € J} be the set of jump
discontinuity points of F' with the corresponding jump sizes {p; : j € J},
where J is a subset of N. Let p = Zjerj'

Note that
1n
F,(z) = ﬁz (X; <x)
1 n n
= EZ (X; <z X, €B)+ nZI(Xi<zX¢B)

=1 =1

= Fha(z) + Fc(x), say. (2.12)
Then, Fpa(z) =3 ¢ Pnjl(bj < x), where

ﬁnj = n
Let p,, = ngjﬁnj = % -#{i:1<i<n,X; € B}. By Corollary 8.2.3, for
each 5 € J,
Dnj =+ p; w.p.1l and p, - p w.p. 1l
Since B is countable, there exists a set Ag in F such that P(A4y) =1 and
for all w in Ag, pn; — p; for all j € J and Ejejﬁnj =P, > p= Zjejpj.
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By Lemma 8.2.5 (applied with p being the counting measure on the set .J),
it follows that for w in Ay,

> " Ipnj —psl = 0. (2.13)
jeJ

Let Fu(z) =3¢ ;pI(bj <), x € R. Then,

Sup|Fnd(x) 7Fd(x)| < Z'ﬁnj 7pj|a (214)
z€R jeJ

which — 0 as n — oo for all w in Ay, by (2.13).
Next let,

F.(x) = F(x) — Fy(z), =z €R.

Then, it is easy to check that, F.(-) is continuous and nondecreasing on R,
Fo(—o00) =0 and Fy(c0) =1—p.

Again, by Corollary 8.2.3, there exists a set A; in F such that P(4;) =1
and for all w in Ay,

F,.(z) = F.(x)

for all rational z in R and
Fre(o0)=1=p, = 1 —p= F.(oc0).

Also, Fyc(—00) =0 = F.(—00). So by Lemma 8.2.6, with D = Q, for w in
A17
sup |Fre(z) — Fe(z)l = 0 as n — oo. (2.15)
Tz€eR
Since P(Ag N Ay) = 1, the theorem follows from (2.12)—(2.15). |

Borel’s SLLN for iid random variables requires that E|X;|* < co. Kol-
mogorov (1956) improved on this significantly by using his “3-series”
theorem and reduced the moment condition to E|X;| < oo. More re-
cently, Etemadi (1981) N. improved this further by assuming only that
the {X,,}n>1 are pairwise independent and identically distributed with
E|X;| < co. More precisely, he proved the following.

Theorem 8.2.7: (Etemadi’s SLLN). Let {X,}n>1 be a sequence of
pairwise independent and identically distributed random variables with
E|X,| < co. Then

X, — EX; wp. 1 (2.16)

Proof: The main steps in the proof are

(I) reduction to the nonnegative case,
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(IT) proof of convergence of Y;, along a geometrically growing subsequence
using the Borel-Cantelli lemma and Chebychev’s inequality, where
Y,, is the average of certain truncated versions of Xi,...,X,, and
extending the convergence from the geometric subsequence to the
full sequence.

STEP I: Since the {X,,},>1 are pairwise independent and identically dis-
tributed with E|X;| < oo, it follows that {X;F},>1 and {X,, },>1 are both
sequences of pairwise independent and identically distributed nonnegative
random variables with EX;" < oo and EX; < oo. Also, since

I 1 I
X, == X;=(=) X)-|[-= -
2= () - (Gn)
i=1 i=1 i=1
it is enough to prove the theorem under the assumption that the X;’s are
nonnegative.
STEP II: Now let X;’s be nonnegative and let
Y, =X, I(X; <i), i >1.

Then,

PP #Y) = 3 P(Xi>i)

Hence, by the Borel-Cantelli lemma,
P(X; #Y;, infinitely often) = 0.

This implies that w.p. 1, X; = Y; for all but finitely many i’s and hence, it
suffices to show that

1 n
Y, =~ Y, - EX p. 1. 2.17
nz; — 1 W.p ( )
Next, EY; = BE(X;I(X; < i) = E(X1I(X; < 1)) = EX; (by the MCT)
and hence

_ 1 <&
EY, =~ > EY; —» EX) as n— oo, (2.18)

i=1
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Suppose for the moment that for each fixed 1 < p < oo, it is shown that
Y, = EX;ask— oo wp. 1 (2.19)

where ny = |p*| = the greatest integer less than or equal to p*, k € N.
Then, since the Y;’s are nonnegative, for any n and k satisfying p¥ < n <

pFT1, one gets
ng 1 n 1 Ng41
S YisVa=o3 V<Y Y
=1 Jj=1 =1
— My <y, <y
n nE > I'n > n Nt1
1 - _ _

From (2.19), it follows that

1 _ _
- FEX; <liminfY, <limsupY,, < pEX w.p. 1.

p n—oo n—o00

)

Since this is true for each 1 < p < oo, by taking p =1+ % forr=1,2,..
it follows that

EX; <liminf¥, <limsupY, < EX; w.p.1,

n—00 n—00

establishing (2.17).
It now remains to prove (2.19). By (2.18), it is enough to show that

Y,, —EY, —0 as k— oo, wp.l. (2.20)

By Chebychev’s inequality and the pairwise independence of the variables
{Yy}n>1, for any € > 0,

_ _ 1 _ 11
P(\Yo, = EYn| > ) < = Var(Yy,) = ?nfi;var(yi)
11 &,
< Ly
k=1
Thus,

P(‘Ynk _EYnk| > 6) <

M

?.
Il
_

=~
|
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Since ny = [p¥| > pF~1 for 1 < p < oo,

1 1 &
Z nZ = Z (k—1)2 S (222)
k

(3
kng>i kipk—1>4 P

for some constant Cq, 0 < C7 < oo.
Next, since the X;’s are identically distributed,

> EBY? L EX?I(0< X <14)
Z 2 Z 32
=1 =1

iz EX%I(jfi12< X, <j)

i1 =1
= i (EX?I(j—1< X1 <j)) irz
j=1 i=j
< i (GEX1I(j—1< X1 <) Coj™"
- jc:;EXI < o0, (2.23)

for some constant Co, 0 < (s < .
Now (2.21)—(2.23) imply that

o0

> PV, — EY,,|>¢) < oo
k=1

for each ¢ > 0. By the Borel-Cantelli lemma and Proposition 7.2.3 (a),
(2.20) follows and the proof is complete. O

The following corollary is immediate from the above theorem.

Corollary 8.2.8:  (Extension to the vector case). Let {X, =
(Xn1s--, Xnk)tn>1 be a sequence of k-dimensional random wvectors de-
fined on a probability space (2, F,P) such that for each i, 1 < i < k,
the sequence {Xpn;}n>1 are pairwise independent and identically distributed
with E|Xy;| < co. Let p = (EX11, EXy2,...,EX ;) and f : R¥ — R be
continuous at w. Then

(i) X0 = (X1, Xno,. o Xpx) — p w.p. 1, where X,; = %22:1 X,; for
1<i<k.

(i) f(Xn) = f(p) w.p. 1.

Example 8.2.1: Let (X,,Y,), n =1,2,... be a sequence of bivariate iid
random vectors with EX? < co, EY? < oo. Then the sample correlation
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coefficient py,, defined by,
V&S - X)) (35, (- Vo)

is a strongly consistent estimator of the population correlation coefficient p,

defined by,

COV(Xl, Yl)

V/Var(X,)Var(Y;)’

ie., pp, — p w.p. 1. This follows from the above corollary by taking f :
R — R to be

ts — tits
for t3 > t2, ty > 3
) 1» 2
Ftr to,ty tats) = 4V (ts —1])(ta —13)
0, otherwise,

and the vector (X1, Xn2,...,Xns5) to be

X1 = Xny Xp2 =Y, Xpz3=X2, Xpa=Y2, Xps = X, Y,

Corollary 8.2.9: (Eztension to the pairwise m-dependent case). Let
{Xn}n>1 be a sequence of random variables on a probability space (2, F, P)
such that for an integer m, 1 < m < oo, and for each i, 1 <1i < m, the ran-
dom wvariables {X;, Xitm, Xitom, ...} are identically distributed and pair-
wise independent with E|X;| < co. Then

m

X, — o ZEXi w.p. 1.

i=1

The proof is left as an exercise (Problem 8.2). For an application of the
above result to a discussion on normal numbers, see Problem 8.15.

Example 8.2.2: (IID Monte Carlo). Let (S,S,m) be a probability space,
f e LYS,8,7) and A\ = [, fdm. Let {X,}n>1 be a sequence of iid S-
valued random variables with distribution 7. Then, the IID Monte Carlo
approximation to A is defined as

Note that by the SLLN, A, — A w.p. 1.

An extension of this to the case where {X;};>1 is a Markov chain, known
as Markov chain Monte Carlo (MCMC), is discussed in Chapter 14.
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8.3 Series of independent random variables

Let {X,,}»>1 be a sequence of independent random variables on a proba-
bility space (2, F, P). The goal of this section is to investigate the conver-
gence of the infinite series Y_°- | X,,, i.e., that of the partial sum sequence,
Sp=>1 Xi,n>1

The main result of this section is Kolmogorov’s 3-series theorem (The-
orem 8.3.5). The following two inequalities play a fundamental role in the
proof of this theorem and also have other important applications.

n=1

Theorem 8.3.1: Let {X; : 1 < j < n} be a collection of independent
random variables. Let S; = 23:1 X; for1 <i<n.

(i) (Kolmogorov’s first inequality). Suppose that EX; = Ov and EX} <
00, 1 <5< n. Then, for 0 < A < o0,
) Var(Sy,)

P( max |S;| > A 32

1<i<n

(3.1)

(ii) (Kolmogorov’s second inequality). Suppose that there exists a constant
C € (0,00) such that P(|X; — EX;| < C) =1 for 1 <j <n. Then,
for any 0 < X\ < o0,

) (2C +4))?

P( wax [Si] < A) < st

1<i<
Proof: Let A= {maxj<i<p |5;| > A} and let
Ar = {511 = A}
Aj = {|51|<)\,|SQ|<)\,...,|Sj,1|<)\7|5j|2)\}
for j = 2,...,n. Then Ay,..., A, are disjoint, J;_,; A; = A and P(A) =
ZJ 1 P(A ) Since EX; =0 for all j,

Var(S,) = ESy > E(SpIa) =Y E(Sila,)

_ ZEK(S — )2+ 82 +2(S, — Sj>5j)IAj]

n—1

ZESQIA +22 ( SIA) (3.2)

Note that since {X1, ..., X, } are independent, (S, —S;) = > - — ;1 Xi and
SjIAj are independent for 1 < 7 < n — 1. Hence,

v

B((S, = 87)S;14,) = E(Sn — S;)E(S;1a,) = 0.
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Also on Aj, SJ2- > A2, Therefore, by (3.2),
Var(S,) > > A*P(A;) = N’ P(A).
j=1

This establishes (i). For a proof of (ii), see Chung (1974), p. 117. |

Remark 8.3.1: Recall that Chebychev’s inequality asserts that for A > 0,
P(S,] = A) < % and thus Kolmogorov’s first inequality is signifi-
cantly stronger. Kolmogorov’s first inequality has an extension known as
Doob’s maximal inequality to a class of dependent random variables, called
martingales (see Chapter 13). The next inequality is due to P. Levy.

Definition 8.3.1: For any random variable X, a real number c¢ is called
a median of X if

P(X <c¢)< = < P(X <o). (3.3)

N

Such a c always exists. It can be verified that ¢y = inf{z : P(X < z) > 1}
is a median. Note that if ¢ is a median of X and « is a real number, then ac
is a median of X and a+c is a median of a+X. Further, if P(|X| > a) < 1
for some o > 0, then any median ¢ of X satisfies |¢| < a (Problem 8.4).

Theorem 8.3.2: (Levy’s inequality). Let X;, j =1,...,n be independent
random variables. Let S; = Z?Zl X, and ¢; ., be a median of (S, —S;) for
1 < j < n, where ¢y, is set equal to 0. Then, for any 0 < X < oo,

(i) P(lgljagn(sj — Cjn) 2 A) S2P(Sp 2 A) 5

(it) P( max |S; — sl > X) < 2P(|S0] 2 V).

Proof: Let
Aj = {S;—S,<cjn} for 1<j<n,
B = {lfél]aél(sj —Cjn) > )\},
By = {Si—cn.>)\}
B = {Si—cin<A for 1<i<j—1,85;—cjn> A},

for j = 2,...,n. Then By,..., B, are disjoint and |J_, B; = B. Since
Xi1,...,X, are independent, A; and B; are independent for each j =
1,2,...,n. Also for each j, A; = {S; — ¢j» < Sp}, and hence on A; N B,
S, > A holds. Thus,

P(S, >\ > zn:P(Aijj)

Jj=1
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= Y P(4;))P(By)
j=1

1 n
= 37(U”)
Jj=1
1
- _P(B
S P(B).
proving part (i). Now part (ii) follows by applying part (i) to both {X;}?
and {—X; ;. O

Recall that if {Y},},>1 is a sequence of random variables, then {Y},},>1
converges w.p. 1 implies that {Y},},>1 converges in probability as well. A
remarkable result of P. Levy is that if {S,},>1 is the sequence of partial
sums of independent random variables and {S,},>1 converges in proba-
bility, then {S,},>1 must converge w.p. 1 as well. The proof of this uses
Levy’s inequality proved above.

Theorem 8.3.3: Let {X, },>1 be a sequence of independent random vari-
ables. Let S, = Z?=1 X; for 1 < n < oo and let {Sp}n>1 converge in
probability to a random variable S. Then S, — S w.p. 1.

Proof: Recall that a sequence {x,,},>1 of real numbers converges iff it is
Cauchy iff 6,, = sup{|ax — x¢| : k,£ > n} — 0 as n — co. Let

A, = sup{|Sk— S¢|:k,£>n} and
A, = sup{|Sk— Sn|:k>n}.

Then, A, <2A, and A, is decreasing in n. Suppose it is shown that
A, —P0. (3.4)

Then, A,, —? 0 and hence there is a subsequence {n}r>1 such that
Ap, — 0as k — oo w.p. 1. Since A,, is decreasing in n, this implies that
A, — 0 w.p. 1. Thus it suffices to establish (3.4). Fix 0 < € < 1. Let

Spne = Sppe— S, for £>1,
Apr = max{|S,¢:1<l<Ek}, k>1

Note that for each n > 1, {A, r}r>1 is a nondecreasing sequence,

lim A, r = A, and hence, for any n > 1,
k—o0

P(A, >¢€) = klim P(Ay x> ¢). (3.5)
— 00

Levy’s inequality (Theorem 8.3.2) will now be used to bound P(A,, ; > €)
uniformly in k. Since S,, —P S, for any 1 > 0, there exists an ng > 1 such
that for all n > ng,

P(|Sn — S| >n) <n.
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This implies that for all £ > £ > ng,
P(|Sk - Sg| > 2’17) < 2. (3.6)
fo<n< i, then the medians of S — Sy for k > £ > ng are bounded

by 2n. Hence, for n > ng and k > 1, applying Levy’s inequality (i.e., the
above theorem) to {X; :n+1 <i<n+k},

P(An)k > 6)

P( max |S, ;| > 6)

1<5<k

IN

P(maXS S — Cpai >e—2)
1§j§k| n,j n+J,n+k|_ n

< 2P(|Sukl > e~ 2).

Now, choosing 0 < 1 < ¢, (3.6) yields P(Apx > €) < 4n < ¢ for all n > ny,
k > 1. Then, by (3.5), P(A,, > ¢) < € for all n > ng. Hence, (3.4) holds. O

The following result on convergence of infinite series of independent ran-
dom variables is an immediate consequence of the above theorem.

Theorem 8.3.4: (Khinchine-Kolmogorov’s 1-series theorem).  Let
{X,}n>1 be a sequence of independent random wvariables on a probability
space (2, F, P) such that EX,, = 0 for alln > 1 and Y ., EX2 < oc.
Then S, = Z?:l X; converges in mean square and almost surely, as
n — 00.

Proof: For any n, k € N,

n+k n—+k
E(Sp — Spyn)? = Var(S, — Sui) = Y Var(X;)= Y EX7,
j=n+1 j=k4+1

by independence. Since Y > | EX2 < 00, {S, }n>1 is a Cauchy sequence in
L?(Q, F, P) and hence converges in mean square to some S in L?(Q, F, P).
This implies that S,, —? S, and by the above theorem S,, = S w.p. 1. O

Remark 8.3.2: It is possible to give another proof of the above theorem
using Kolmogorov’s inequality. See Problem 8.5.

Theorem 8.3.5: (Kolmogorov’s 3-series theorem). Let {Xp}n>1 be a
sequence of independent random variables on a probability space (Q, F, P)
and let S, = > | X;, n > 1. Then the sequence {Sy}n>1 converges w.p.
1 iff the following 3-series converge for some 0 < ¢ < 0o:

(i) 3221 P(1Xi] > ¢) < oo,
(ii) >0, E(Y;) converges,
(iti) > ooy Var(Y;) < oo,



8.3 Series of independent random variables 253

where Y; = X;I(|1X;| <¢), i >1.

Proof: (Sufficiency). By (i) and the Borel-Cantelli lemma, P(X; #
Y; i.0.) = P(|X;| > ¢ i.0.) = 0. Hence {S,, },,>1 converges w.p. 1 iff {T},},,>1
converges w.p. 1, where T}, = Y7 | ¥;, n > 1. By (iii) and the 1-series the-
orem, the sequence {>."" ,(Y; — EY;)},>1 converges w.p. 1. Hence, by (ii),
{T},}n>1 converges w.p. 1 and hence {5, },>1 converges w.p. 1.

(Necessity). Suppose {Sy }n>1 converges w.p. 1. Fix 0 < ¢ < 0o and let
Y = XiI(|X,| <c¢), 7> 1. Since {S,}n>1 converges w.p. 1, X,, = 0 w.p.
1. Hence, w.p. 1, |X;| < ¢ for all but a finite number of ¢’s. If 4; = {X; #
Y:} = {|Xi| > ¢}, then by the second Borel-Cantelli lemma,

> " P(4;) < o0, establishing (i).
i=1

To establish (ii) and (iii), the following construction and the second in-
equality of Kolmogorov will be used. Without loss of generality, assume
that there is another sequence {)N(n}nzl of random variables on the same
probability space (€, F, P) such that (a) {X,},>1 are independent, (b)

{X,}n>1 is independent of {X,,},>1, and (c) for each n > 1, X,, =4 X,,,
i.e., X, and X,, have the same distribution. Let

i

N =

= XJI(|Xi| <o),

1l 1l
M=1IM
& =

and

3

Ry,

ZZ', n 2 1.

i=1
Since {S, = > i~ Xi}n>1 converges w.p. 1, and X; = Y; for all but a
finite number of ¢, {T),},>1 converges w.p. 1. Since {Y;},>1 and {f@}nzl
have the same distribution on R, {Tn}nzl converges w.p. 1. Thus the
difference sequence {Ry,},>1 converges w.p. 1.

Next, note that {Z,},>1 are independent random variables with mean 0
and {Z,, },>1 are uniformly bounded by 2c. Applying Kolmogorov’s second
inequality (Theorem 8.3.1 (b)) to {Z; : m < j < m+ n} yields

2 + 4e)?
P( max |Rj—Rm|§e> < nf+2+ 2 (3.7)
m<yEmen S Var(Z)

forallm>1,n>1,0<c¢€< o0.
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Let A, = max;<j |[Rj — Ry|. Let n — 0o in (3.7) to conclude that

2
PAn <0 < ettt

Zi:m-{-l Var(Z;)
Now suppose (iii) does not hold. Then, since Y; and Y; are iid, Var(Z;) =
2Var(Y;) for all i > 1, and thus Y 7° . Var(Z;) = co and hence P(A,, <
€) = 0 for each m > 1, 0 < € < co. This implies that P(A,, > ¢€) =1 for
each € > 0 and hence that A,, = co w.p. 1 for all m > 1. This contradicts
the convergence w.p. 1 of the sequence {R,, },,>1. Hence (iii) holds.

By the 1-series theorem, {}.; ,(Y; — EY;)},>1 converges w.p. 1. Since
{3 Yi}n>1 converges w.p. 1, > >°  EY; converges, establishing (ii). This
completes the proof of necessity part and of the theorem. m|

Remark 8.3.3: To go from the convergence w.p. 1 of {R,,},>1 to (iii), it
suffices to show that if (iii) fails, then for each 0 < A < o0, P(|R,| < 4) —
0 as n — oo. This can be established without the use of (3.7) but using the
central limit theorem (to be proved later in Chapter 11), which shows that
if Var(R,,) — oo, then

P(R" < :c) — ®(z) = L e 2t
Var(R,,) V2r J oo

for all « in R. (Also see Billingsley (1995), p. 290.)

8.4 Kolmogorov and Marcinkiewz-Zygmund SLLNs

For a sequence of independent and identically distributed random variables
{Xn}n>1, Kolmogorov showed that {X,,},,>1 obeys the SLLN with b, = n
iff F|X1| < oo. Marcinkiewz and Zygmund generalized this result and
proved a class of SLLNs for {X,, },>1 when E|X|P < oo for some p € (0, 2).
The proof uses Kolmogorov’s 3-series theorem and some results from real
analysis. This approach is to be contrasted with Etemadi’s proof of the
SLLN, which uses a decomposition of the random variables {X,,},>1 into
positive and negative parts and uses monotonicity of the sum to establish
almost sure convergence along a subsequence by an application of the Borel-
Cantelli lemma. The alternative approach presented in this section is also
useful for proving SLLNs for sums of independent random variables that
are not necessarily identically distributed.
The next three are preparatory results for Theorem 8.4.4.

Lemma 8.4.1: (Abel’s summation formula). Let {ay}n>1 and {by}n>1
be two sequences of real numbers. Then, for all n > 2,

n n—1
> ajby = Anby — Y Aj(bjs1 — b)) (4.1)
j=1 j=1
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where Ay = °*

jzlaj,k > 1.

Proof: Let Ay =0. Then, a; = A; — A;_1, j > 1. Hence,

n

dah; = > (Aj—Aj)by =Y Ajbj— > Ajb;
j=1 j= j=1

j=1 j=1
n n—1

= D A=) Ajbjia,
=1 i=1

yielding (4.1).

255

O

Lemma 8.4.2: (Kronecker’s lemma). Let {an}n>1 and {by}n>1 be se-
quences of real numbers such that 0 < b, 1 00 as n — oo and Z;’;l aj

converges. Then,

1 n
b—Zajbj — 0 as n — oo.

(4.2)

Proof: Let A = Zle aj, A= Zj’;l a; = limy_,o0 Ay and Ry, = A — Ay,

k > 1. Then, by Lemma 8.4.1 for n > 2,

n n—1
Yoashy = Auby— Y Aj(bi —bj)
j=1 j=1

n—1
= Auby— Y (A= R;)(bj41— b))
j=1
n—1 n—1
= Anby =AY (b1 — b)) + Y Ry(bj1 — b))
j=1 j=1
n—1
= Apby, — Aby + Aby + > Rj(bj1 — bj)
j=1
n—1
= —Rpbn+ Aby + Y Rj(bj1 — b)).
j=1

(4.3)

Since >"°7 | a,, converges, R, — 0 as n — co. Hence, given any € > 0, there
exists N = N, > 1 such that |R,| < € for all n > N. Since 0 < b,, 1 oo, for

alln > N,
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N— n—1
< Z |Rj||bj+1*bj|+fbﬁlZ(bﬁl*bj)
J=1 j=N

N—-1
= 0, S IRy by — byl + e
1

Jj=

Now letting n — oo and then letting € | 0, yields

n—1
limsup b;l Z Rj(bj+1 — bj) =0.
Hence, (4.2) follows from (4.3). O
Lemma 8.4.3: For any random variable X,
o0 (o)
> P(X|>n) <E[X| <Y P(X|>n). (4.4)

n=1 n=0

Proof: Forn > 1, let A, = {n — 1 < |X| < n}. Define the random

variables
o0 o0
§:n—1‘un and Z=Y nly,

n=1

Then, it is clear that ¥ < |X| < Z, so that
EY < E|X| < EZ. (4.5)

Note that

Similarly, one can show that £Z = Z;io P(|X| > j). Hence, (4.4) follows.
O

Theorem 8.4.4: (Marcinkiewz-Zygmund SLLNs). Let {X,}n>1 be a se-
quence of identically distributed random variables and let p € (0,2). Write
Sn = Z?:l Xi7 n Z 1.



8.4 Kolmogorov and Marcinkiewz-Zygmund SLLNs 257

(i) If {Xy}n>1 are pairwise independent and

S, —ne

T/ converges w.p. 1 (4.6)

for some ¢ € R, then E|X1|P < co.

(i1) Conversely, if E|X1|P < oo and {X,,}n>1 are independent, then (4.6)
holds with ¢ = EX; for p € [1,2) and with any ¢ € R for p € (0,1).

Corollary 8.4.5: (Kolmogorov’s SLLN). Let {X,,}n>1 be a sequence of
1id random variables. Then,
S, —nc

—-0 wp. 1
n

for some ¢ € R iff E|X1| < oo, in which case, c = EX;.

Thus, Kolmogorov’s SLLN corresponds with the special case p = 1 of
Theorem 8.4.4. Note that compared with the WLLN and Borel’s SLLN
of Sections 8.1 and 8.2, Kolmogorov’s SLLN presents a significant im-
provement in the moment condition, i.e., it assumes the finiteness of only
the first absolute moment. Further, both the Kolmogorov’s SLLN and the
Marcinkiewz-Zygmund SLLN are proved under minimal moment condi-
tions, since the corresponding moment conditions are shown to be neces-
sary.

Proof of Theorem 8.4.4: (i) Suppose that (4.6) holds for some ¢ € R.
Then,

Xn Sn - Sn—l
nl/l’) - nl/P
Sp—nc  Sp—1—(n—1)c c
- nl/P N nl/p T nl/])

—0 as n—o00, as.

Hence, P(|X,,/n'/?| > 1 i.0.) = 0. By the second Borel-Cantelli lemma
and by the pairwise independence of {X,,},>1, this implies

o X,
ZP(' - | >1) < 00,
ot n/P

i.e.,

> P(IX1P > n) < o
n=1

Hence, by Lemma 8.4.3, E|X;|P < cc.
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To prove (ii), suppose that E|X;|P < oo for some p € (0,2). For 1 <
p < 2, w.l.o.g. assume that £EX; = 0. Next, define the variables Z, =
XpI(|X,|P <n),n > 1. Then, by Lemma 8.4.3,

(1Xn? >n) =Y " P(IX1|” > n) < E|X; [P < 0.

n=1

i

Hence, by the Borel-Cantelli lemma,
P(X, # Z, i0.)=0. (4.7)
Note that, in view of (4.7), (4.6) holds with ¢ = 0 if and only if
nt/P Z Z; -0 as n—oo, w.p. L (4.8)
i=1

Note that for any j € N, § > 1 and 8 € (—o0,0)\{—1},

Zn_9 < 70+ Z/ z%dx
n=j n=j+17/n-1
- 40 . 5—(6-1)
J +0_1 J
< L.j*“’*l) (4.9)
- 0-1
and similarly,
J
Sonf < [B+0]/(B+1)
n=1
Jé] ]BH
< —IB< -1 I(-1< 3 <0). 4.10
< FIG <D+ II-1<a<0. (@10)
Now,
ZVar(Zn/nl/p)

3
Il
_

EXZ?I(|X1|P <n) -n~2P

M8

3
Il
-

EXPI(G—1<|Xi|P <j)-n?7

I
M8
NE

=1

3
I

—

<

Il
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= > (Zn‘%’) CEXTI(—1< X7 <)

j=1 n=j
2 (2 , ’
= f_pzﬂ GVEXTI((G—1) < X1 <j) (by (4.9)
j=1
2 2
— (G-, P N 1/py2—
= przj EXyPIG -1 <[Xa|" <j)-(G/7)7"

2
= —Z E|Xi]P < .
2—p

Hence, by Theorem 8.3.4, Y°° (Z, — EZ,)/n'/P converges w.p. 1. By
Kronecker’s lemma (viz. Lemma 8.4.2),

n~1/p Z(Zj —EZ;) -0 as n—o0, w.p. Ll (4.11)
j=1

Now consider the case p = 1. In this case, E|X;| < co and by the DCT,
EZ,=EXI(|X1] <n) - EX; =0 asn — oo. Hence, n ™' Y0 | EZ; —
0. Part (ii) of the theorem now follows from (4.8) and (4.11) for p = 1.

Next consider the case p € (0,2), p # 1. Using (4.9) and (4.10), one can
show (cf. Problem 8.12) that

n~1/P ZEZj —0 as n— oo. (4.12)
j=1

Hence, by (4.8), (4.11), and (4.12), one gets (4.6) with ¢ = 0 for p €
(0,2)\{1}. Finally, note that for p € (0,1), and for any ¢ € R,

Sy —nc S ne

nl/p o nl/P N nl/P
—0 as n—o00, a.s.,

whenever S,,/n'/? — 0 as n — oo, w.p. 1. Hence, (4.6) holds with an
arbitrary ¢ € R for p € (0,1). This completes the proof of part (ii) for
p € (0,2)\{1} and hence of the theorem. O

The next result gives a SLLN for independent random variables that are
not necessarily identically distributed.

Theorem 8.4.6: Let {X,},>1 be a sequence of independent random vari-
ables. If Y07 | E|X,|*" /n®" < oo for some a,, € [1,2], n > 1, then

n_lz(Xj—EXj)%O as m—oo, w.p. l (4.13)
j=1
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Proof: W.l.o.g. suppose that £X,, = 0 for all n > 1. Let Y, =
X, I(|X,| < n)/n. Note that |EY,| = [n Y (EX,, — EX,I(|X,]| > n))|
nEX,I(|X,] >n)|,n > 1. Since 1 < a,, <2,

Z{POXH‘ >n)+ |EYa|}

n=1

< 2) nTE|XI(|X] > n)

n=1

(o)
23 E|X,|*" /n®" < oo

n=1

IA

and

oo
> nPEXZI(|X,| < n)

n=1

IA

i Var(Y;,)
n=1

oo
< Zn*a"EXg" < oo.

n=1

Hence, by Kolmogorov’s 3-series theorem, Y (X,,/n) converges w.p. 1.
Now the theorem follows from Lemma 8.4.2. O

Corollary 8.4.7: Let {X,,},>1 be a sequence of independent random vari-
ables such that for some o € [1,2], 327 | (n"*E|X,|*) < co. Then (4.13)
holds.

8.5 Renewal theory

8.5.1 Definitions and basic properties

Let {X,}n>0 be a sequence of nonnegative random variables that are in-
dependent and, for ¢ > 1, identically distributed with cdf F. Let S, =
Z?:o X; for n > 0. Imagine a system where a component in operation at
time ¢t = 0 lasts X units of time and then is replaced by a new one that
lasts X7 units of time, which, at failure, is replaced by yet another new one
that lasts Xo units of time and so on. The sequence {S,},>¢ represents
the sequence of epochs when ‘renewal’ takes place and is called a renewal
sequence. Assume that P(X; = 0) < 1. Then, since P(X; < o0) = 1, it fol-
lows that for each n, P(S, < co) =1 and lim, o Sy, = 00 w.p. 1 (Problem
8.16). Now define the counting process {N(¢) : t > 0} by the relation

N{t)=k if Sp_1<t<S, for k=0,1,2,... (5.1)

where S_1 = 0. Thus N(t) counts the number of renewals up to time t.
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Definition 8.5.1: The stochastic process {N(t) : t > 0} is called a renewal
process with lifetime distribution F'. The renewal sequence {5, }»>0 and the
renewal process {N(t) : t > 0} are called nondelayed or standard if X has
the same distribution as X; and are called delayed otherwise.

Since P(X; > 0) =1, {Sy }n>0 is nondecreasing in n and for each t > 0,
the event {N(t) = k} = {Sk_1 <t < S} belongs to the o-algebra o({X; :
0 < j <k}) and hence N(t) is a random variable. Using the nontriviality
hypothesis that P(X; = 0) < 1, it is shown below that for each ¢ > 0, the
random variable N (¢) has finite moments of all order.

Proposition 8.5.1: Let P(X; = 0) < 1. Then there exists 0 < X\ < 1 (not
depending on t) and a constant C(t) € (0,00) such that

P(N(t) > k) < Ct)N* forall k> 0. (5.2)

Proof: Fort >0, k€N,

P(N({)>k) = P(Sg<t)
= P(e*GS’“ > efet) for >0
eetE(e_QS’“) (by Markov’s inequality)

eetE(efexo) (E(efeXl))k.

IN

By BCT, limgreo E(e79%1) = P(X; = 0) < 1. Hence, there exists a ¢ large
such that A = E(e~%%1) is less than one, thus, completing the proof. O

Corollary 8.5.2: There exists an so > 0 such that the moment generating
function (m.g.f.) E(esN®) < 0o for all s < s and t > 0.

Proof: From (5.2), for any t > 0, it follows that P(N(t) = k) = O(\¥) as
k — oo for some 0 < A < 1 and hence E(esV®)) = 37 (e%)*P(N(t)

ol

k) < oo for any s such that e’X < 1, i.e, for all s < sp = —logA.
From (5.1), it follows that for ¢ > 0,
Sn—1 <t < Sy
N(t)—1\ Snvu- t S
( (t) ) N(t)—1 < S( N(t))_ (5.3)
N(t) /(N(@)—1) = N(@) = \ N(t)

Let A be the event that % — EFX; as n — oo and let B be the event
that N(t) — oo as t — oo. Since S,, — co w.p. 1, it follows that P(B) = 1.
Also, by the SLLN, P(A) = 1. On the event C = AN B, it holds that

SN(t)
N(1)

— FEFX; as t— oo.
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This together with (5.3) yields the following result.
Proposition 8.5.3: Suppose that P(X; =0) < 1. Then,
N(it) 1

Jim — T EX,

w.p. 1. (5.4)

Definition 8.5.2: The function U(t) = EN(t) for the nondelayed process
is called the remewal function.

An explicit expression for U(-) is given by (5.13) below.
Next consider the convergence of EN(t)/t. By (5.4) and Fatou’s lemma,
one gets

.. .EN() 1
> .
lninf = 2 7y, )
It turns out that the liminf; , in (5.5) can be replaced by lim;_,~, and
> by equality. To do this it suffices to show that the family {w it >k}

is uniformly integrable for some k < oo. This can be done by showing
E(@)2 is bounded in ¢ (see Chung (1974), Chapter 5). An alternate
approach is to bound the lim sup. For this one can use an identity known
as Wald’s equation (see also Chapter 13).

8.5.2 Wald’s equation

Let {X;},;>1 be independent random variables with EX; = 0 for all j > 1.
Also, let Sy =0, S, = 2;21 X, n>1.

Definition 8.5.3: A positive integer valued random variable N is called
a stopping time with respect to {X,};>1 if for every j > 1, the event
{N =j}eo({X1,...,X,}). A stopping time N is called bounded if there
exists a K < oo such that P(N < K) = 1.

Example 8.5.1: N = min{n : 2?21 X; > 25} is a stopping time w.r.t.
{X;}j>1, but M = max{n:>>7_, X; > 25} is not.

Proposition 8.5.4: Let {X,};>1 be independent random variables with
EX; =0. Let N be a bounded stopping time w.r.t. {X;};>1. Then

E(]Sn]) <0 and ESN =0.

Proof: Let K € N be such that P(N < K) = 1. Then |Sy| < 30, |X;|
and hence E|Sy| < co. Next, Sy = Zszl X,;I(N > j) and hence
K

ESy =Y E(X;I(N > j)).

Jj=1
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But the event {N > j} = {N < j—1}° € o({X1,X2,...,X;_1}). Since
X; is independent of (X1, Xo,..., X;_1),

E(X;I(N >j))=0 for 1<j<K.
Thus ESy = 0. O

Corollary 8.5.5: Let {X;};>1 be iid random variables with E|X,| < co.
Let N be a bounded stopping time w.r.t. {X;};>1. Then

ESy = (EN)EX;.
Corollary 8.5.6: Let {X;};>1 be iid nonnegative random variable with
E|X,| < 00. Let N be a stopping time w.r.t. {X;};>1. Then
ESy = (EN)EX;.
Proof: Let N, = N Ak, k=1,2,.... Then Nj is a bounded stopping
time. By Corollary 8.5.5,
E(Sn,) = (ENL)EX;.

Let k 1 oco. Then 0 < Sy, T Sy and Ny T N. By the MCT, ESn, T ESN
and EN, 1T EN. O

Theorem 8.5.7: (Wald’s equation). Let {X;};>1 be iid random variables
with E|X1| < co. Let N be a stopping time w.r.t. {X;};>1 such that EN <
0o. Then

ESy = (EN)EX;.

Proof: Let T, = Y7, |Xj|, n > 1. Let Ny = N Ak, k =1,2,.... Then
by Corollary 8.5.5,
E(Sx,) = (EN,)EX.

Also, |Sn, | < T, and
ETy, = (ENg)E|X1].
Further, as k — oo, N, = N, Sy, = Sn, T, = TN, and
ETy, — ETx = (EN)E|X;| < co.
So, by the extended DCT (Theorem 2.3.11)
ESNn, = ESN

i.e., (ENk)EXl — ESN
i.e.7 ESN = (EN)EX1
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8.5.3 The renewal theorems

In this section, two versions of the renewal theorem will be proved. For this,
the notation and concepts introduced in Sections 8.5.1 and 8.5.2 will be used
without further explanation. Note that for each ¢ > 0 and 5 = 0,1,2,...,
the event {N(t) = j} = {S;-1 < t < S;} belongs to o({Xo,...,X;}).
Thus, by Wald’s equation (Theorem 8.5.7 above)

E(Snw) = (EN(t))EXy + EXo.
Let m € (0,00) and X, = min{X;, m}, i > 0. Let {S'n}nzo and {Z\Nf(t)}tzo
be the associated remewal sequence and renewal process, respectively.
Again, by Wald’s equation,

E(Sg) = (EN(t))EX, + EXo.

But since S'Mt)_l <t< SN(t)’ it follows that gﬁ(t) < t+ m and hence

(EN(t))EX, + EXo <t+m.
This yields ~
EN(%) 1
< —=.
EX,
Clearly, for all ¢ > 0, N(t) > N(t) and hence

N(t 1
limsupEL < —.
t—o0 t EX1

lim sup
t—o00

~+

(5.6)

Since this is true for each m € (0,00) and by the MCT, EX, — EX as
m — oo, it follows that
EN({) 1

lim su < .
el Tt T EX,

Combining this with (5.5) leads to the following result.

Theorem 8.5.8: (The weak renewal theorem). Let {N(t) : t > 0} be a
renewal process with distribution F. Let i = f[o 00) xdF(x) € (0,00). Then,

lim 20 _ 1 (5.7)
t—o0 t 7

The above result is also valid when y = co when i is interpreted as zero.

Definition 8.5.4: A random variable X (and its probability distribution)

is called arithmetic (or lattice) if there exists a € R and d > 0 such that X;a
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is integer valued. The largest such d is called the span of (the distribution
of) X.

Definition 8.5.5: A random variable X (and its distribution distribution)
is called nonarithmetic (or nonlattice) if it is not arithmetic.

The weak renewal theorem (Theorem 8.5.8) implies that EN () =¢/u+
o(t) as t — oo. This suggests that E(N(t+h) — N(t)) = (t+h)/u—t/p+
o(t) = h/u+ o(t). A strengthening of the above result is as follows.

Theorem 8.5.9: (The strong renewal theorem). Let {N(t) :t > 0} be a
renewal process with a nonarithmetic distribution F with a finite positive
mean p. Then, for each h > 0,

lim E(N(t+h) = N(1)) = = (5.8)

Remark 8.5.1: Since

f—
N(t) =

—

(N(t—j)—N({t—j—1)+N(t—k)
j=0
where k < t < k4 1, the weak renewal theorem follows from the strong

renewal theorem.

The following are the “arithmetic versions” of Theorems 8.5.8 and 8.5.9.
Let {X;}i>0 be independent positive integer valued random variables such
that {X;};>1 are iid with distribution {p;};>1. Let S, = >>7_( X;, n >0,
S 1=0.Let Ny =k if Sp_1 <n< Sk, k=0,1,2,.... Let

u, = P(there is a renewal at time n)
= P(Sk =n for some k > 0).

Theorem 8.5.10: Let p =377, jp; € (0,00). Then

1 1
quj—>f as n— oo. (5.9)
n = @

Theorem 8.5.11: Let = Z;‘;l Jjp; € (0,00) and g.c.d. {k : px, >0} =1.
Then

1
Up — — as n — oo. (5.10)
o

For proofs of Theorems 8.5.9 and 8.5.11, see Feller (1966) for an analytic
proof or Lindvall (1992) for a proof using the coupling method. The proof
of Theorem 8.5.10 is similar to that of Theorem 8.5.8.
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8.5.4 Renewal equations

The above strong renewal theorems have many applications. These are via
what are known as renewal equations.

Let F(-) be a cdf such that F'(0) = 0. Let Bo = {f | f : [0,00) = R, f
is Borel measurable and bounded on bounded intervals}.

Definition 8.5.6: A function a(-) is said to satisfy the renewal equation
with distribution F(-) and forcing function b(-) € By if a € By and

a(t) = b(t) + /(0 ) a(t —uw)dF(u) for t>0. (5.11)

Theorem 8.5.12: Let F' be a cdf such that F(0) = 0 and let b(-) € By.
Then there is a unique solution ao(-) € Bg to (5.11) given by

ap(t) = o b(t — w)U(du) (5.12)

where U(-) is the Lebesque-Stieltjes measure induced by the nondecreasing
function

U(t) = i FM (1), (5.13)
n=0

with F™(-), n > 0 being defined by the relations

FM(t) = / F=U(t —u)dF(u), t R, n>1,
(0,1]
1 if ¢t>0
FO@W = {o t<0.

It will be shown below that the function U(-) defined in (5.13) is the
renewal function EN(t) as in Definition 8.5.2.

Proof: For any function b € By and any nondecreasing right continuous
function G : [0,00) — R, let

(b+G)(t) = / b(t — w)dG (w).

[0,2]
Then since F'(0) = 0, the equation (5.11) can be rewritten as
a=b+axF. (5.14)

Let {X,;}:;>1 be iid random variables with cdf F. Then it is easy to verify
that (™ (t) = P(S,, < t), where Sy =0, and S,, = > | X, for n > 1. Let
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{N(t) : t > 0} be as defined by (5.1). Then, for ¢ € (0, c0),

o0 oo

EN(t)=> P(N(t)>j) =Y P(S;1<t)= i FM (1) = U(t).
J=1 j=1 n=0

By Proposition 8.5.1, U(t) < oo for all ¢ > 0 and is nondecreasing.
Since b € By for each 0 < t < 00, ag defined by (5.12) is well-defined. By
definition ag = b* U and by (5.13), ag satisfies (5.14) and hence (5.11). If
ay and as from By are two solutions to (5.14) then a = a; — ay satisfies

x I

N

a =
and hence
a=a*xF™ forall n>1.
This implies
M(t) = sup{|a(u)| : 0 <u <t} < M(H)F™M(1).

But F(™(t) — 0 as n — oo. Hence |a] = 0 on (0,t] for each t. Thus
ap = b* U is the unique solution to (5.11). m|

The discrete or arithmetic analog of the renewal equation (5.11) is as
follows. Let {X;}i>1 be iid positive integer valued random variables with
distribution {p;};>1. Let Sop =0, and S, = Y.~ , X; for n > 1. Let u,, =
P(S; = n for some j > 0). Then, up = 1 and w,, satisfies u,, = Z?Zl PjlUn—;
for n > 1. For any sequence {b;},>0, the equation

4 =by+ Y an_;pj, n="0,1,2,... (5.15)

j=1

is called the discrete renewal equation. As in the general case, it can be
shown (Problem 8.17 (a)) that the unique solution to (5.15) is given by

Ay = an_juj. (516)
7=0

The following convergence results are easy to establish from Theorem 8.5.11
(Problem 8.17 (b)).

Theorem 8.5.13: (The key renewal theorem, discrete case). Let {p;}j>1
be aperiodic, i.e., g.c.d. {k :pr >0} =1 and p = Z;’;l Jpj € (0,00). Let
{un}n>0 be the renewal sequence associated with {p;};>1. That is, ug =1
and up, = Y77 pjun—j forn > 1. Let {b;};>0 be such that 3777, |bj| < oo.
Let {an}n>0 satisfy ap = by and

ap = b, + Zan_jpj n>1. (5.17)

Jj=1
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n—oo

1 oo
Then a, = Z;‘io bjtp—j, n>0 and lim a, = — E b;.
L
3=0

The nonarithmetic analog of the above is as follows.

Definition 8.5.7: A function b(-) € By is directly Riemann integrable (dri)
on [0,00) iff (i) for all & > 0, >0 sup{|b(u)| : nh < u < (n+ 1)k} < oo,
and (ii) limp—0 Y pe o M(Mn (k) — m, (h)) = 0 where

mp(h) = sup{b(u):nh <u<(n+1)h}
m,(h) = inf{b(u):nh <u < (n+1)h}.

Theorem 8.5.14: (The key renewal theorem, nonarithmetic case).
Let F(-) be a nonarithmetic distribution with F(0) = 0 and p =
Jio.00y wdF (u) < 0o. Let U() =327, F™)(.) be the renewal function asso-
ciated with F. Let b(-) € By be directly Riemann integrable.

Then the unique solution to the renewal equation

a=b+axF (5.18)
s given by a =bx U and

lim a(t) = c’(ub) (5.19)

t—o0

(o)
h =1 m .
where ¢(b) ilng%) Z him, (h)
n=0
Remark 8.5.2: A sufficient condition for b(-) to be dri is that it is Rie-
mann integrable on bounded intervals and that there exists a nonincreasing

integrable function A(-) on [0, 00) and a constant C such that |b(-)| < Ch(-)
(Problem 8.18 (b)).

8.5.5 Applications

Here are two important applications of the above two theorems to a class
of stochastic processes known as regenerative processes.

Definition 8.5.8:

(a) A sequence of random variables {Y,, },>0 is called regenerative if there
exists a renewal sequence {7} };>¢ such that the random cycles and
cycle length variables n; = ({V; : Tj < i < Tj41},Tj11 — 1j) for
7 =0,1,2,... are iid.

(b) A stochastic process {Y(t) : t > 0} is called regenerative if there
exists a renewal sequence {7}};>¢o such that the random cycles and
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cycle length variables n; = {Y(t) : T; < t < Tj41,Tj41 — T;} for
7 =0,1,2,... are iid.
(c) In both (a) and (b), the sequence {7} };>¢ are called the regeneration
times.
Example 8.5.2: Let {Y,},>0 be a countable state space Markov chain
(see Chapter 14) that is irreducible and recurrent. Fix a state A. Let
To = min{n:n>0, Y, =A}
Tjt1 = min{n:n>T;, Y, =A}, n>0.
Then {Y,, }n>0 is regenerative (Problem 8.19).

Example 8.5.3: Let {Y(¢) : t > 0} be a continuous time Markov chain (see
Chapter 14) with a countable state space that is irreducible and recurrent.
Fix a state A. Let

To = inf{t:t>0, Y(t)=A}
7}'_},.1 = mf{t > Tj, Y(t) = A}

Then {Y(t) : t > 0} is regenerative (Problem 8.19).

Theorem 8.5.15: Let {Y,, },,>0 be a regenerative sequence of random vari-
ables with some state space (S,S) where S is a o-algebra on S with regener-
ation times {T;};>0. Let f : S — R be bounded and (S, B(R))-measurable.
Let

an = Ef(YnJrTo)a
b, = Ef(YTo+n)I(T1>T0—|—n). (520)

Let p = E(Ty —Tp) € (0,00) and g.c.d. {j:p; = P(Th —To = j) >0} = 1.
Then

(i) an = /S F@)m(dy)

where w(A) = 5E(zf;;§ IA(Y;-)), A€S.
(i) In particular,
|IPYp€)—7m()|| =0 as n— oo, (5.21)

where || - || denotes the total variation norm.

Proof: By the regenerative property, {a,}»>1 satisfies the renewal equa-
tion

n
ap = bn + Zan—jpj
=0
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and hence, part (i) of the theorem follows from Theorem 8.5.13 and the
fact D07 o by = pm(A).

To prove (ii) note that a, = Ef(Y,) = E(f(Y.)I(Ty > n)) +
Z?:o an—; P(Ty = j) and by DCT lim,,—,o0 Gy, = limy, 00 .

It is not difficult to show that for any two probability measures p and v
on (S,S), the total variation norm

= vl =sup{| [ fau— [ 1] : € BER)

where B(S,R) = {f : f: S — R, F measurable, sup{|f(s)| : s € S} < 1}
(Problem 4.10 (b)). Thus,

|P(Yotr, € ) —m()|l
< sup{’Ef(Yn0+T) f/fdw‘ L fe B(S,R)}. (5.22)

Now, for any f € B(S,R) and any integer K > 1, from Theorem 8.5.13,

B (Vair) [ sin
< ibj
=0

where {b;} is defined in (5.20). Since E(Ty —Ty) < oo, given € > 0, there
exists a K such that

1 o0
Up—j — 7‘ +9 Z P(Ty — Ty > j) = 6,, say (5.23)
U =t

o

Y P(T—Tp > j) <e¢/2.
J=(K+1)

By Theorem (8.5.11), u, — % Thus, in (5.23), limé, < € and so from
(5.22), (ii) follows. O

Theorem 8.5.16: Let {Y(¢) : t > 0} be a regenerative stochastic process
with state space (S,S) where S is a o-algebra on S. Let f : S — R be
bounded and (S, B(R))-measurable. Let

a(t) = Ef(YTo-‘rt)v t >0,
b(t) = Ef(YT0+t)I(T1 > TO + t), t Z 0.

Let p = E(Th — Tp) € (0,00) and the distribution of Ty — Ty be nonarith-
metic. Then

(i) alt) - /S f(y)m(dy)

where m(A) = iE(f;o IA(Y(u))du>, AeS.
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(i) In particular,
|IPYie:)—n()]| >0 as t— o0 (5.24)

where || - || is the total variation norm.

The proof of this is similar to that of the previous theorem but uses
Theorem 8.5.14. O

8.6 FErgodic theorems

8.6.1 Basic definitions and examples

The law of large numbers proved in Section 8.2 states that if {X,};>1
are pairwise independent and identically distributed and if h(-) is a Borel
measurable function, then

1 n
the ti yle, = ) h(X;
e time average, i.e., — ; (X))
— FEh(X,), i.e., space average w.p. 1 (6.1)

as n — oo, provided E|h(X1)| < oco.
The goal of this section is to investigate how far the independence as-
sumption can be relaxed.

Definition 8.6.1: (Stationary sequences). A sequence of random variables
{Xi}i>1 on a probability space (2, F, P) is called strictly stationary if for
each k > 1 the joint distribution of (X;y; : j =1,2,...,k) is the same for
all 2 > 0.

Example 8.6.1: {X,};>; iid.

Example 8.6.2: Let {X;};>1 beiid. Fix 1 < ¢ < co. Let h : R — R be
a Borel function and Y; = h(X;, Xi41,..., Xite—1), ¢ > 1. Then {Y;};>1 is
strictly stationary.

Example 8.6.3: Let {X;};>1 be a Markov chain with a stationary dis-
tribution 7. If X7 ~ 7 then {X;};>1 is strictly stationary (see Chapter
14).

It will be shown that if {X;};>1 is a strictly stationary sequence that is
not a mixture of two other strictly stationary sequences, then (6.1) holds.
This is known as the ergodic theorem (Theorem 8.6.1 below).

Definition 8.6.2: (Measure preserving transformations). Let (,F, P)
be a probability space and T :  — Q be (F,F) measurable. Then, T is
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called P-preserving (or simply measure preserving on (2, F, P)) if for all
AeF, P(T71(A)) = P(A). That is, the random point T'(w) has the same
distribution as w.

Let X be a real valued random variable on (Q,F,P). Let X; =
X (T (w)) where TO(w) = w, TW(w) = T(TED(w)), i > 1. Then
{X;}i>1 is a strictly stationary sequence.

It turns out that every strictly stationary sequence arises this way. Let
{Xi}i>1 be a strictly stationary sequence defined on some probability space
(Q,F, P). Let P be the probability measure induced by X = {X;(w)}i>1
on (Q = R>®.F = B(RDO)) where R*° is the space of all sequences of
real numbers and B(R*) is the o-algebra generated by finite dimensional
cylinder sets of the form {z : (z; : j=1,2,...,k) € Ax}, 1 <k < o0, Ay €
B(RF). Let T': R™® — R> be the unilateral (one sided) shift to the right,
i.e., T((2i)i>1) = (#;)i>2. Then T is measure preserving on (Q,F, P). Let
Y1(©) = 21, and Y;(@) = Y1(T710) = a; for i > 2if @ = (21, 22,23, ...).
Then {Y;};>1 is a strictly stationary sequence on (Q, F, P) and has the
same distribution as {X;};>1.

Example 8.6.4: Let 2 = [0,1], F = B([0,1]), P = Lebesgue measure.
Let Tw = 2w mod 1, i.e.,

-
=

2w

<3
Tw={ 2w—1 if <1

g o= O
A IA

w
w
1.

Then T is measure preserving since P({w : a < Tw < b}) = (b — a) for all
0 <a<b<1 (Problem 8.20).

This example is an equivalent version of the iid sequence {d;};>1 of

Bernoulli (1/2) random variables. To see this, let w = > "7, 61-2(19) be the bi-

nary expansion of w. Then {d;};>1 is iid Bernoulli (1/2) and Tw = 2w mod
1=>7, ‘;Z(fjl) (cf. Problem 7.4). Thus T corresponds with the unilateral
shift to right on the iid sequence {d;};>1. For this reason, T is called the
Bernoulli shift.

Example 8.6.5: (Rotation). Let Q = {(x,y) : 22 + y? = 1} be the unit
circle. Fix 6 in [0,27). If w = (cos6,sin6), 6 in [0,27) set Tw = (cos(6 +
60),sin(0 + 6p)). That is, T rotates any point w on € counterclockwise
through an angle 3. Then T is measure preserving w.r.t. the Uniform
distribution on [0, 27].

Definition 8.6.3: Let (2, F, P) be a probability space and T : Q — Q
be a (F,F) measurable map. A set A € F is T-invariant if A = T~1A.
A set A € F is almost T-invariant w.r.t. P if P(A A T~'A) = 0 where
AL AN Ay = (A1 NAS)U(ASN Ay) is the symmetric difference of A; and As.
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It can be shown that A is almost T-invariant w.r.t. P iff there exists a
set A’ that is T-invariant and P(A A A") = 0 (Problem 8.21).

Examples of T-invariant sets are A; = {w : T9w € Ay for infinitely many
i > 1} where Ag € F; Ay = {w: + Y7, h(T’w) converges as n — oo}
where h : 2 — R is a F measurable function. On the other hand, the event
{z : 21 < 0} is not shift invariant in (R°, B(R*>)) nor is it almost shift
invariant if P corresponds to the iid case with a nondegenerate distribution.

The collection Z of T-invariant sets is a o-algebra and is called the in-
variant o-algebra. A function h : Q@ — R is Z-measurable iff h(w) = h(Tw)
for all w (Problem 8.22).

Definition 8.6.4: A measure preserving transformation 7" on a probability
space (2, F, P) is ergodic or irreducible (w.r.t. P) if A is T-invariant implies
P(A)=0or 1.

Definition 8.6.5: A stationary sequence of random variables {X;};>1
is ergodic if the unilateral shift 7' is ergodic on the sequence space
(R>°, B(R*?), P) where P is the measure on R* induced by {X;}i>1.

Example 8.6.6: Consider the above sequence space. Then A € F is in-
variant with respect to the unilateral shift implies that A is in the tail
o-algebra T = (02, 0(X;(w), > n) (Problem 8.23). If {X,};>1 are inde-
pendent then by the Kolmogorov’s zero-one law, A € 7 implies P(A) = 0

or 1. Thus, if {X;};>1 are iid then it is ergodic.

On the other hand, mixtures of iid sequences are not ergodic as seen
below.

Example 8.6.7: Let {X;};,>1 and {Y;};>1 be two iid sequences with dif-
ferent distributions. Let § be Bernoulli (p), 0 < p < 1 and independent of
both {Xi}i21 and {}/i}zZl- Let Z;, =6X; + (1 — 5)}/1, 1 > 1. Then {Zi}izl
is a stationary sequence and is not ergodic (Problem 8.24).

The above example can be extended to mixtures of irreducible positive
recurrent discrete state space Markov chains (Problem 8.25 (a)). Another
example is Example 8.6.5, i.e., rotation of the circle when 6 is rational
(Problem 8.25 (b)).

Remark 8.6.1: There is a simple example of a measure preserving trans-
formation T that is ergodic but 72 is not. Let Q = {wy,ws}, wi # wo. Let
Twy = ws, Twy = w1, P be the distribution P({w;}) = P({w2}) = 1. Then
T is ergodic but T2 is not (Problem 8.26).
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8.6.2 Birkhoff’s ergodic theorem

Theorem 8.6.1: Let (Q,F, P) be a probability space, T : @ — Q be a
measure preserving ergodic map on (Q, F, P) and X € L*(Q, F, P). Then

n—1

> X(T'w) —» EX = / XdP (6.2)

1
n

w.p. 1 and in L' as n — oo.

Remark 8.6.2: A more general version is without the assumption of
T being ergodic. In this case, the right side of (6.2) is a random vari-
able Y (w) that is T-invariant, i.e., Y(w) = Y(T(w)) w.p. 1 and satisfies
[, XdP = [,YdP for all T-invariant sets A. This Y is called the condi-
tional expectation of X given Z, the o-algebra of invariant sets (Chapter
13).

For a proof of this version, see Durrett (2004).
The proof of Theorem 8.6.1 depends on the following inequality.

Lemma 8.6.2: (Mazimal ergodic inequality). Let T be measure preserving
on a probability space (Q, F,P) and X € L*(Q,F,P). Let So(w) = 0,
Sp(w) = Z;:()l X(T'w), n > 1, M, (w) = max{S;(w) : 0 < j <n}. Then

E(X(w)I(My(w) >0)) > 0.

Proof: By definition of M, (w), Sj(w) < My(w) for 1 < j < n. Thus
X (@) + Mo(Tw) = X(@) + 85(Tw) = 11 ().
Also, since M, (Tw) > 0,
X(w) > X(w) — My(Tw) = 81() — My(Tw).
max {S;(w) : 1 < j < n} — My(Tw). For w such
2(w) = max{Sj(w) : 1 < j < n} and hence

M,
X(w) > My(w) — M, (Tw). Also, since X € L'(Q,F,P) it follows that
M, € L*(Q, F, P) for all n > 1. Taking expectations yields

E(X (w)I(M,(w) > 0))
> E(M,(w) — My (Tw)I(M,(w) > 0))
> E(My(w) — Mp(Tw)I (M, (w) > 0)) (since M, (Tw) > 0)
= E(M,(w)— M,(Tw)) =0,

since 1" is measure preserving. m|
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Remark 8.6.3: Note that the measure preserving property of 7' is used
only at the last step.

Proof of Theorem 8.6.1: W.l.o.g. assume that EX = 0. Let Z(w) =
lim sup,,_, S"(w) .Fix e > 0 and set A, = {w: Z(w) > €}. It will be shown
that P(A;) = 0. Clearly, A¢ is T invariant. Since T is ergodic, P(A¢) = 0 or
1. Suppose P(A.) = 1. Let Y(w) = X (w )—e Let Mn y( ) = max{S;y(w) :
0 < j <n} where Spy(w) =0, Sjy(w) =Y49_,Y(T*w), j > 1. Then by
Lemma 8.6.2 applied to Y (w)

E(Y (w)I(M,y(w)>0)) > 0.

But B, = {w : M, y(w) > 0} = {w : sup;<j<, %Sj,y(w) > 0}. Clearly,
B, T B ={w:supjcjceo %Sjﬁ/(tﬁ) > 0}. Since %Sj7y(w) = %Sj(w) -

for j > 1, B D A, and since P(A.) = 1, it follows that P(B) = 1. Also
Y| < |X]+e€ € LYQ,F,P). So by the bounded convergence theorem,
0 < E(YIp,) - E(YIg) = EY = 0 — € < 0, which is a contradic-
tion. Thus P(A.) = 0. This being true for every ¢ > 0 it follows that

P(limy, o0 22 < 0) = 1. Applying this to —X (w) yields

Sn
P( 1im @) 0) =1
n—o0 n
and hence P(lim, o S"éw) =0) =
To prove L'-convergence, note that applying the above to X+ and X~
yields

falw) = = ZX+ (T'w) - EXt(w) wp. 1.

Since T is measure preserving [ fo(w)dP = EXT(w) for
all n. So by Scheffe’s theorem (Lemma 8.2.5), [|fu(w) —
EXT(w)|dP — 0, ie, E[LY " XT(T'w)— EX*| — 0. Similarly,
B3 X~ (Tw) — EX” — 0. This yields L' convergence. O

Corollary 8.6.3: Let {X;}i>1 be a stationary ergodic sequence of R*
valued random variables on some probability space (Q, F, P). Let h: RF —
R be Borel measurable and let E|h(X1,Xs, ..., X)| < co. Then

n

1
Zh(Xi7Xi+1a-~-aXi+k—l) — Eh(X1, X, ..., Xg) wp. I

n -
1=1

Proof: Consider the probability space Q = (RF)®, F = B((R¥)>°) and
P the probability measure induced by the  map w — (Xi(w))i>1 and the
unilateral shift map 7' on § defined by ($1)1>1 = (x;)i>2. Then T is
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measure preserving and ergodic. So the corollary follows from Theorem
8.6.1. O

Remark 8.6.4: This corollary is useful in statistical time series analysis.
If {X;}i>1 is a real valued stationary ergodic sequence, then the mean m =
E X, variance Var(X;), and covariance Cov(X1, X2) can all be estimated
consistently by the corresponding sample functions

n n n 2
%in, ;ZX?—(iZXz) ,and
=1 =1 =1
1 n 1 n 2
E;XiXiJrl - <n ;Xi) .

Further, the joint distribution of (X1, Xa,...,X) for any k > 1, can
be estimated consistently by the corresponding empirical measure, i.e.,
Ln(Ay, Ag, .o Ay) = 2570 I(Xiw € Ay, j = 1,2,...,k), which con-
verges to

P(X1 €A17X2 EAQ,...,Xk EAk) w.p. 1

where A; € B(R),i=1,2,...,k.

The next three results (Theorems 8.6.4-8.6.6) are consequences and ex-
tensions of the ergodic theorem, Theorem 8.6.1. For proofs, see Durrett
(2004).

The first one is the following result on the behavior of the log-likelihood
function of a stationary ergodic sequence of random variables with a finite
range.

Theorem 8.6.4: (Shannon-McMillan-Breiman theorem). Let {X;}i>1 be
a stationary ergodic sequence of random variables with values in a finite
set S ={a1,az,...,ar}. For each n, x1,xa,...,x, in S, let

P(@n | Tpo1,Tp-2,...,21) =P(X,, =2, | X; =2;,1<j<n—1)
P(Xj=z;:1<j<n)
C PX;j=z;:1<j<n-1)

whenever the denominator is positive and let p(x1,%a,...,2,) = P(X] =
x1,Xo = 22,...,X,, = x,). Then

1
lim —logp(Xy,Xo,...,Xn) =—H exists w.p. 1

n—o00 N

where H = limn_,ooE( —logp(X, | Xno1,Xn—2,... ,Xl)) 1s called the
entropy rate of {X;}i>1.

Remark 8.6.5: In the iid case this is a consequence of the strong law of
large numbers, and H can be identified as Zle(—logpj)pj where p; =
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P(X1 =a;),1<j <k This is called the Kolmogorov-Shannon entropy of
the distribution {p; : 1 < j < k}.

If {X,}i>1 is a stationary ergodic Markov chain, then again it is a con-
sequence of the strong law of large numbers, and H can be identified with

k k
( logp X2 | Xl Zﬂ'zz logplj Dij
=1 =1

where m = {m; : 1 < i < k} is the stationary distribution and P = ((p;;)) is
the transition probability matrix of the Markov chain {X;};>1. See Problem
8.27.

A more general version of the ergodic Theorem 8.6.1 is the following.

Theorem 8.6.5: (Kingman’s subadditive ergodic theorem). Let {X,, p :
0 <m < n}p>1 be a collection of random variables such that

(i) Xom + Xmn > Xon for all0 <m <n, n>1.
(it) For all k > 1, { Xk (n+1)kn>1 @5 a stationary sequence.

(i1i) The sequence {Xm m+k,k > 1} has a distribution that does not de-
pend on m > 0.

(iv) EXOf1 < oo and for all n, E)io > 70, where g > —o0.

Then

. . EXo,n . EXon —
(i) lim On — jpf Z20n = A,
n—oo n>1 n

(i) lim % = X emists w.p. 1 and in L', and EX = 7.

n— oo

(i45) If { Xnk,(n+1)k fn>1 is ergodic for each k > 1, then X = w.p. 1.

A nice application of this is a result on products of random matrices.

Theorem 8.6.6: Let {A;}i>1 be a stationary sequence of k x k random
matrices with nonnegative entries. Let ouy, n(i,5) be the (i,7)th entry in
Aty -+, An. Suppose E|logaq 2(i,7)| < oo for all i,j. Then

(i) nli_)rréoilogao’n(i,j) =n exists w.p. 1.

(i) For anym, ILm Llog ||Ami1 -+, Anll = n w.p. 1, where for any kxk
matriz B = ((b;;)), || Bll = max { S5, [b;| : 1 < <k}
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Remark 8.6.6: A concept related to ergodicity is that of mixing. A mea-
sure preserving transformation 7' on a probability space (2, F, P) is mizing
if forall A, Be B

lim |[P(ANT "B)— P(A)P(T""B)| =0.

n—oo
A stationary sequence of random variables {X;},>1 is mizing if the unilat-
eral shift on the sequence space R* induced by {X;};>1 is mixing. If T is
mixing and A is T-invariant, then taking B = A in the above yields

P(A) = P%(A)

ie., P(A) =0 or 1. Thus, if T is mixing, then T is ergodic. Conversely, if
T is ergodic, then by Theorem 8.6.1, for any B in B

%ZIB(TJ@) — P(B) w.p. L

j=1

Integrating both sides over A w.r.t. P yields " | P(ANT/B) —
P(A)P(B), i.e.,, T is mixing in an average sense, i.e., the Cesaro sense. A
sufficient condition for a stationary sequence to be mixing is that the tail
o-algebra be trivial. If {X;};>1 is a stationary irreducible Markov chain
with a countable state space, then it is mizing iff it is aperiodic.

For proofs of the above results, see Durrett (2004).

8.7 Law of the iterated logarithm

Let {X,,},>1 be a sequence of iid random variables with EX; = 0, EX? =
1. The SLLN asserts that the sample mean X,, = %Z?:l X; = 0w.p. L
The central limit theorem (to be proved later) asserts that for all —oo <
a<b<oo, Pla<ynX, <b) — &) — ®(a) where ®(-) is the standard
Normal cdf. This suggests that S,, = >_"" ; X is of the order magnitude v/n
for large n. This raises the question of how large does % get as a function
of m. It turns out that it is of the order v/2nloglogn. More precisely, the
following holds:

Theorem 8.7.1: (Law of the iterated logarithm). Let {X;(w)}i>1 be iid
random variables on a probability space (0, F, P) with mean zero and vari-
ance one. Let So(w) = 0, Sp(w) = Y1, Xi(w), n > 1. For each w, let

A(w) be the set of limit points of {%} oy Then P{w : A(w) =
n 1o, ogn ”7471
[-1,+1]} = 1.

For a proof, see Durrett (2004).
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A deep generalization of the above was obtained by Strassen (1964).

Theorem 8.7.2: Under the setup of Theorem 8.7.1, the following holds:
i Si(w . .

Let Yo (Z;w) = ﬁ, 7 =0,1,2,...,n and Y, (t,w) be the function

obtained by linearly interpolating the above values on [0,1]. For each w, let

B(w) be the set of limit points of {Y,,(-,w)}n>1 in the function space C[0, 1]
of all continuous functions on [0, 1] with the supnorm. Then

Plw:Bw)=K} =1

where K = {f : f :[0,1] = R, [ is continuously differentiable, f(0) = 0
and L [1(f/(t)2dt < 1}.

8.8 Problems

8.1 Prove Theorem 8.1.3 and Corollary 8.1.4.
(Hint: Use Chebychev’s inequality.)

8.2 Let {X,}n>1 be a sequence of random variables on a probability
space (€, F, P) such that for some m € N and for each i = 1,...,m,
{Xi, Xitm, Xitom, ...+ are identically distributed and pairwise inde-
pendent. Furthermore, suppose that E(|X1|+---+|X|) < co. Show
that

_ 1 &
X, — —Y EX;, wp. Ll

(Hint: Reduce the problem to nonnegative X,,’s and apply Theorem
8.2.7 foreachi=1,...,m.)

8.3 Let f be a bounded measurable function on [0,1] that is continuous
at 1. Evaluate nl;rr;o fol fol e fol f(%)dmldm .. dz,.

8.4 Show that if P(|X| > a) < % for some real number «, then any
median of X must lie in the interval [—a, a].

8.5 Prove Theorem 8.3.4 using Kolmogorov’s first inequality (Theorem
8.3.1 (a)).

(Hint: Apply Theorem 8.3.1 to A,, ;, defined in the proof of Theorem
8.3.3 to establish (3.4).)

8.6 Let {X,,}n>1 be a sequence of iid random variables with E|X;|* < oo
for some a > 0. Derive a necessary and sufficient condition on «
for almost sure convergence of the series Y 7 | X, sin27nt for all
t € (0,1).
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8.7

8.8

8.9

8.10

8.11

8.12

8.13

8. Laws of Large Numbers

Show that for any given sequence of random variables {X,, },,>1, there
exists a sequence of real numbers {a, }n,>1 C (0, 00) such that 2= — 0
w.p. 1.

Let {X, }n>1 be a sequence of independent random variables with
P(X,=2)=P(X,=71")=a,, P(X,=a,)=1-2a,

for some a,, € (0, 3) and 3 € R. Show that >, X,, converges if and
only if > | a, < occ.

Let {X,, }n>1 be a sequence of iid random variables with E|X; [P = oo
for some p € (0,2). Then P(limsup |n~1/? Yo Xi|=00)=1.
n—00

For any random variable X and any r € (0,00), E|X|" < oo iff
S>> n""(logn)"P(|X| > nlogn) < oco.

(Hint: Check that 3", n""!(logn)” ~ r~tm"(logm)" as m — oc.)

Let {X,},>1 be a sequence of independent random variables with
EX, =0, EX} =0, 55, = >.,_, 07 — oc. Then, show that for any
1
a > 9
n
s 2(logs2) ™ ZXi -0 w.p. L
i=1

Show that for p € (0,2), p # 1, (4.12) holds.
(Hint: For p € (1,2), 300, |EZ,/n'/?P| < S E|Xq|I(| X4

nnte = S S VP EIXG TG < Xl < G+ 1)
SELE[X [P < oo, by (4.10). For p € (0,1), 307, [EZ,/n'/7|
S (LT PEIXG I -1 < [P < 5) < S EXP,

(4.9).)

Let Y; = x;8 + €;, @ > 1 where {€,},>1 is a sequence of iid random

vectors, {Zn}nzl is a sequence of constants, and § € R is a constant
n

(the regression parameter). Let 3, = S0, #;Y;i/ 31, 22 denote (the
least squares) estimator of 8. Let n=!>"" 2?7 — ¢ € (0,00) and
EEl =0.

Z ANV

(a) If Eler|' T < oo for some 6 € (0,00), then show that
By — B as n-—o00, wp. Ll (8.1)

(b) Suppose sup{|x;| : i > 1} < 0o and Ele;| < oo. Show that (8.1)
holds.
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(Strongly consistent estimation.) Let {X;};>1 be random variables on
some probability space (£, F, P) such that (i) for some integer m > 1
the collections {X; : ¢ < n} and {X; : i > n + m} are independent
for each n > 1, and (ii) the distribution of {X;4;;0 < j < k} is
independent of ¢, for all k£ > 0.

(a) Show that for every ¢ > 1 and h : R’ — R with
E|\h(X1,Xa,...,X¢)| < oo, there are functions {f, : R* —
R}nzl such that fn(X17X2, - 7Xn) — A= Eh(Xl,X27 - 7Xg)
w.p. 1. In this case, one says A is estimable from {X;};>1 in a
strongly consistent manner.

(b) Now suppose the distribution wp(-) of X; is a mixture of the
form p = Zle a; ;. Suppose there exist disjoint Borel sets
{Ai}lgigk in R such that ,uz(Az) = 1 for each 7. Show that
all the a;’s as well as \; = fhi(x)dui where h; € Lq(p;) are
estimable from {X;};>1 in a strongly consistent manner.

(Normal numbers). Recall that in Section 4.5 it was shown that for
any positive integer p > 1 and for any 0 < w < 1, it is possible to

write w as
o0
Xz(w)
w= Z i
-1 P

where for each i, X;(w) € {0,1,2,...,p—1}. Recall also that such an
expansion is unique except for w of the form ¢/p™, ¢ =1,2,...,p"—1,
n > 1 in which case there are exactly two expansions, one of which is
recurring. In what follows, for such w’s the recurrent expansion will
be the one used in (8.2). A number w in [0,1] is called normal w.r.t.
the integer p if for every finite pattern ajas...ar where k > 1 is a
positive integer and a; € {0,1,2,...,p— 1} for 1 < i < k the relative
frequency = 37" | 6;(w) where

(8.2)

) o 1 if Xi+j(w):aj+1,j=0,1,2,...7]€—1
0i(w) = { 0 otherwise

converges to p~* as n — 0o. A number w in [0,1] is called absolutely

normal if it is normal w.r.t. p for every integer p > 1. Show that
the set A of all numbers w in [0,1] that are absolutely normal has
Lebesgue measure one.

(Hint: Note that in (8.2), the function {X;(w)};>1 are iid random
variables. Now use Problem 8.14 repeatedly.)

Show that for the renewal sequence {S,}5°, if P(X; > 0) > 0, then

lim S, = oo w.p. 1.
n—oo
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8.17

8.18

8.19

8.20

8.21

8.22

8.23

8.24

8. Laws of Large Numbers

(a) Show that {an}n>0 of (5.16) is the unique solution to (5.15) by
using generating functions (cf. Section 5.5).

(b) Deduce Theorems 8.5.13 and 8.5.14 from Theorems 8.5.11 and
8.5.12, respectively.

(Hint: For Theorems 8.5.13 use the DCT, and for Theorem
8.5.14, show first that

< a(kh)
k
< Y ma(h)(U((n+1)h) — U(nh)).)

(a) Let b(:) : [0,00) — R be dri. Show that b(-) is Riemann inte-
grable on every bounded interval. Conclude that if b(-) is dri it
must be continuous almost everywhere w.r.t. Lebesgue measure.

(b) Let b(:) : [0,00) — R be Riemann integrable on [0, K] for each
K < oo. Let h(-) : [0,00) = R be nonincreasing and integrable
w.r.t. Lebesgue measure and |b(-)| < h(-) on [0,00). Show that
b(-) is dri.

Verify that the sequence {Y,,},>0 in Example 8.5.2 and the process
{Y(¢) : t > 0} in Example 8.5.3 are both regenerative.

Show that the map T in Example 8.6.4 in Section 8.6 is measure
preserving.

(Hint: Show that for 0 <a <b <1, P(w:Tw € (a,b)) = (b—a).)

Let T be a measure preserving map on a probability space (€2, F, P).
Show that A is almost T-invariant w.r.t. P iff there exists a set A;
such that A; = T71A; and P(AA A;) = 0.

(Hint: Consider A, =, , T "A.)

n

Show that a function h : £ — R is Z-measurable iff h(w) = h(Tw)
for all w where 7 is the g-algebra of T-invariant sets.

Consider the sequence space (R>, B(R>)). Show that A € B(R™)
is invariant w.r.t. the unilateral shift 7" implies that A is in the tail
o-algebra.

In Example 8.6.7 of Section 8.6, show that {Z;};>1 is a stationary
sequence that is not ergodic.

(Hint: Assuming it is ergodic, derive a contradiction using the er-
godic Theorem 8.6.1.)
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8.25 (a) Extend Example 8.6.7 to the Markov chain case with two disjoint
irreducible positive recurrent subsets.

(b) Show that in Example 8.6.5, if 6y is rational, then T is not
ergodic.
8.26 (a) Verify that in Remark 8.6.1, T is ergodic but 72 is not.

(b) Construct a Markov chain with four states for which T is ergodic
but T2 is not.

8.27 In Remark 8.6.5, prove the Shannon-McMillan-Breiman theorem di-
rectly for the Markov chain case.

n—1

_1:[1 pXiXi+1)p(X1)')

1=

(Hint: Express p(X1, Xo,...,X,) as (

8.28 Let {X;};>1 be iid Bernoulli (1/2) random variables. Let

> 2Xo;
mio= 3 =5
=1
o0
KXo
wWe = YA
=1

(a) Show that W and Wy are independent.

(b) Let 41 = {w : w € (0,1) such that in the expansion of w in
base 4 only the digits 0 and 2 appear} and Ay = {w : w €
(0,1) such that in the expansion of w in base 4 only the digits
0 and 1 appear}. Show that m(A;) = m(Az) = 0 where m(-)
is Lebesgue measure and hence that the distribution of W; and
Wy are singular w.r.t. m(-).

(c¢) Let W = W7 4+ Wa. Then show that W has uniform (0,1) distri-
bution.

(Hint: For (b) use the SLLN.)

Remark: This example shows that the convolution of two singular
probability measures can be absolutely continuous w.r.t. Lebesgue
measure.

8.29 Let {X,,}n>1 be a sequence of pairwise independent and identically
distributed random variables with P(X; < z) = F(x), ¢ € R. Fix
0 < p < 1. Suppose that F'((, +€) > p for all € > 0 where

(= F~'(p) = inf{z: F(x) > p}.

Show that ¢, = F1(p) = inf{xz : F,(z) > p} converges to Cp w.p. 1
where F,,(z) =n~'>" | I(X; <z), 2 € R is the empirical distribu-

=1
tion function of Xi,..., X,,.
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8.30

8.31

8.32

8.33

8.34

8. Laws of Large Numbers

Let {X;}i>1 be random variables such that EX? < oo for all i > 1.

Suppose 1 3" | EX; — 0 and a, = 5> _o(n — j)v(j) = 0 as

n n2 3=0
n — oo where v(j) = sup; |Cov(X;, Xi1;)|.
(a) Show that X,, —P 0.
(b) Suppose further that Y 2 a, < co. Show that X,, — 0 w.p. 1.
(¢) Show that as n — oo, v(n) — 0 implies a,, — 0 but the converse
need not hold.

Let {X;};>1 be iid random variables with cdf F(-). Let F,(z) =
%Z?:l I(X; < x) be the empirical cdf. Suppose z,, — ¢ and F(-)
is continuous at xg. Show that F,(z,) — F(x¢) w.p. 1.

Let p be a positive integer > 1. Let {d;};>1 be iid random variable
with distribution P(8; = j) =p;,0<j <p—1,p; > 0,50 " p; = 1.
Let X =Y °°, %. Show that
i=1p
(a) P(X €(0,1)) =1.
(b) Fx(z) = P(X < ) is continuous and strictly increasing in (0,1)
if0<pj<lforany0<j<p-—1.
(c) Fx(-) is absolutely continuous iff p; = > forall 0 < j <p—1in
which case Fx(z) =z, 0 <z < 1.

(Random AR-series). Let {X,, }n>0 be a sequence of random variables
such that

XnJrl = pn+1Xn + €nt1, M >0

where the sequence {(pn, €,)}n>1 are iid and independent of Xj.

(a) Show that if E(log|p1]) < 0 and E(logle1|)T < oo then
. n
X, = Zplpg ...pj,€j41 converges w.p. 1.
§=0
(b) Show that under the hypothesis of (a), for any bounded contin-
uous function h : R — R and for any distribution of X
Eh(X,) = Eh(X.).

(Hint: Show by SLLN that there is a 0 < A < 1 such that
P1,02,---,p; = 0(N) w.p. 1 as j — oo and by Borel-Cantelli
lej| = 0(N7) for some ' > 03 N < 1.)

(Iterated random functions). Let (S, p) be a complete separable met-
ric space. Let (G,G) be a measurable space. Let f : G xS — S be



8.8 Problems 285

(G x B(S),B(S)) measurable function. Let (2, F, P) be a probabil-
ity space and {6;};>1 be iid G-valued random variables on (Q, F, P).
Let Xy be an S-valued random variable on (€, F, P) independent of
{6;}i>1. Define {X,, },,>0 by the random iteration scheme,

Xo(z,w) ==z
Xnyi(z,w) = f(0n+1(w),Xn(:r,w)) n > 0.
(a) Show that for each n > 0, the map X, =S x Q — S is (B(S) x

F,B(S)) measurable.

(b) Let fu(z) = folw,w) = f(lu(w),2). Let X,(v,w) =
fi(fa,..., fo(z)). Show that for each z and n, X, (z,w) and
X, (z,w) have the same distribution.

(¢) Now assume that for all w, f(61(w),x) is Lipschitz from S to S,

ie.,

ei(w) = sup d(f(az(w)7x)7 f(ei(w)a y))
Show that ¢;(w) is a random variable on (€2, F, P), i.e. that £;(-) :
Q — Rt is (F, B(R)) measurable.

(d) Suppose that FE|logli(w)] < oo and FElogli(w) < 0,
Ellogd(f(01,7),x)| < oo for all . Show that lim,, X,(z,w) =
Xoo(w) exists w.p. 1 and is independent of z w.p. 1.

< Q0.

(Hint: Use Borel-Cantelli to show that for each =,
{Xn(x7w)}n21 is Cauchy in (Sa ,0))

(e) Under the hypothesis in (d) show that for any bounded contin-
uous b : S — R and for any z € S, lim, o0 EA(X,(z,w)) =

Eh(Xe ().

(f) Deduce the results in Problems 7.15 and 8.33 as special cases.

8.35 (Extension of Gilvenko-Cantelli (Theorem 8.2.4) to the multivari-
ate case). Let {X,},>1 be a sequence of pairwise independent
and identically distributed random vectors taking values in R* with
cdf F(x) = P(X11 < 21, X192 < 29,..., X1 < mk) where X; =
(X11,X12,...,X4%) and ¢ = (z1,22,...,2,) € R. Let F,(z) =
LS L I(X; < x) be the empirical cdf based on {X;}1<i<pn. Show
that sup{|F,(z) — F(z)| : « € R} — 0 w.p. 1.

(Hint: First prove an extension of Polya’s theorem (Lemma 8.2.6) to
the multivariate case.)



