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WEAKLY MIXING GROUP ACTIONS: A BRIEF SURVEY AND AN EXAMPLE

V. BERGELSON®, A. GORODNIK

Dedicated to Anatole Katok on the occasion of his 60th birthday.

1. INTRODUCTION

At its inception in the early 1930, ergodic theory concerned itself with continuous one-parameter
flows of measure preserving transformations ([Bi], [vN 1], [KvN], [Ho1], [Ho2]). Soon it was realized
that working with Z-actions rather than with R-actions, has certain advantages. On the one hand,
while the proofs become simpler, the results for R-actions can often be easily derived from those
for Z-actions (see, for example, [Ko]). On the other hand, dealing with Z-(or even with N-)actions
extends the range of applications to measure preserving transformations which are not necessarily
embeddable in a flow. Weakly mixing systems were introduced (under the name dynamical systems
of continuous spectra) in [KvN]. By the time of publishing in 1937 of Hopf’s book [Ho3], the equi-
valence of the following conditions (which, for convenience, we formulate for Z-actions) was
already known. It is perhaps worth noticing that, while in most books either (i) or (ii) below is
taken as the “official” definition of weak mixing, the original definition in [KvN] corresponds to the
condition (vi).

Theorem 1.1. Let T be an invertible measure-preserving transformation of a probability mea-
sure space (X, B, t). Let Ur denote the operator defined on the space of measurable functions by
(Ur f)(x) = f(Tx). The following conditions are equivalent:
(i) Forany A,B € B,
=, .
Jim = g) lW(ANT ™" B) — u(A)u(B)| = 0.

(ii) Forany A, B € B, there is a set P C N of density zero such that
lim (pHAN T="B) = u(A)u(B).

n—oo,n
(iii) T x T is ergodic on the Cartesian square of (X, B, u).
(iv) Forany ergodic probability measure preserving system (Y, D, v, §), the transformation T x S
is ergodicon X x Y.
(V) If f is a measurable function such that for some A € C, Ur f = Af a.e., then f = const a.e.
(vi) For f € L*(X,B, ) with Jx fdu =0, consider the representation of the positive definite
sequence (Ut f. f).n € Z, as a Fourier transform of a measure von T =R/Z:

(st ) =/e2”i"‘dv. nel
T
(this representation is guaranteed by Herglotz theorem, see [He)). Then v has no atoms.

Remark 1.2. It is not too hard to show that condition (i) can be replaced by the following more
general condition:

*The first author was supported by the NSF Grants DMS-0070566 and DMS-0345350.
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4 V. BERGELSON, A. GORODNIK

(i) Forany A4, B € B and any sequence of intervals Iy =[axy +1,ay +2,...,b8]CZ, N> 1,
with |Iy| = by —ay — 00, one has

by
1

lim — w(ANT"B)— u(A)u(B)] =0.

N—oo |Iy| <
n+1

Condition (i), in its turn, is equivalent to a still more general condition in which the sequence of
intervals {Iy} > is replaced by an arbitrary Falner sequence, i.e. a sequence of finite sets Fy C Z,
N = 1, such that forany a € Z,

|(Fy +a)N Fy|
|Fnl

This more general form of condition (i') makes sense for any (countably infinite) amenable group
and, as we shall see below (cf. Theorem 1.6), can be used to define the notion of weak mixing for
actions of amenable groups.

-1 as N - oo

Remark 1.3. If (X, B, ) is a separable space (which will be tacitly assumed from now on), the
condition (ii) can be replaced by the following condition (see Theorem I in [KvN]):

(ii") There exists a set P C N of density zero such that for any 4, B € B, one has
lim Pu(A NT™"B) = u(A)u(B).

n-so00,n¢

Condition (ii) in Theorem 1.1 indicates the subtle but significant difference between weak and
strong mixing: while for strong mixing one has u(ANT~"B) — u(A)u(B) as n — oo for any
pair of measurable sets, a weakly mixing system which is not strongly mixing is characterized by the
absence of mixing for some sets along some rarefied (i.e. having density zero) sequence of times. Al-
though the first examples of weakly but not strongly mixing measure preserving transformations
were quite complicated, numerous classes of measure preserving systems that satisfy this property
are known by now. For instance, one can show that the so-called interval exchange transformations
(IET) are often weakly mixing ([KS], [V]). On the other hand, A. Katok proved in {Ka] that the IET
are never strongly mixing. It should be also mentioned here that weakly mixing measure preserving
transformations are “typical”, whereas strongly mixing ones are not (see, for example, [H]). Before
moving our discussion to weak mixing of actions of general groups, we would like to formulate some
more recent results which exhibit new interesting facets of the notion of weak mixing.

Theorem 1.4. Let T be an invertible measure-preserving transformation of a probability measure
space (X, B, it). The following conditions are equivalent:

(i) The transformation T is weakly mixing.

(ii) Weakly independent sets are dense in B. (Here a set A € B is weakly independent if there

exists a sequence ny < ny < --- such that the sets T™" A, i > 1, are mutually independent).
(iii) Forany Ae Bandk € N, k> 2, one has

N-1
.1 —n ~2n —kn gy _ k+1
Nl-".’lozvnz WANT"ANT 240N T R 4) = (u()*+.

(iv) Foranyk e N, k=2, any fi, f2, ..., fi € L®(X, B, u), and any non-constant polynomials
pi(n), p2(n), ..., px(n) € Z[n] such that for all i # j, deg(p; — p;) > 0, one has

N-1

1
Jin 5 X AT AT < 100 = [ [ idua: [

in L-norm.
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Remark 1.5. Condition (ii) is due to U. Krengel (see [Kr] for this and related results). Condition (iii)
plays a crucial role in Furstenberg’s ergodic proof of Szemerédi's theorem on arithmetic progressions
(see [F1] and [F2]). Criterion (iv) was obtained in [Bel]. Similarly to the “linear” case (iii), the con-
dition (iv) (or, actually, some variations of it) plays an important role in proofs of polynomial
extensions of Szemerédi’s theorem (see [BeL1], [BeM1], [BeM2], [L]). Note that the assumption
k > 2 in (iit) and (iv) is essential. Indeed, for £ = 1 condition (ii) expresses just the ergodicity of
T, whereas for k = 1, condition (iv) is equivalent to the assertion that all non-zero powers of T are
ergodic. The following equivalent form of condition (iv) is, however, both true and nontrivial already
for k = 1 (cf. condition (ii") in Remark 1.3):
(iv') For any k > 1 and any nonconstant polynomials py(n)...., px(n) € Z[n] such that for all
i # j,deg(pi — pj) > 0, there exists a set P C N having zero density such that for any sets
Ag, ..., Ax € B, one has
lim = u(AoNTPW A0 NTPO 45) = p(Ao)u( A1) .. u(Ap).
n—so0.ng¢ P

Theorems 1.1, 1.4, and numerous appearances and applications of weakly mixing one-parameter
actions in ergodic theory hint that the notion of weak mixing could be of interest and of importance
for actions of more general groups. One wants, of course, not only to be able to come up with a def-
inition (this is not too hard: for example, condition (iii) in Theorem 1.1 makes sense for any group
action), but also to be able to have, similarly to the case of one-parameter actions, many diverse
equivalent forms of weak mixing including those which pertain to independence and higher degree
mixing properties of the type given in Theorem 1.4.

Let (Tg)geG be a measure preserving action of a locally compact group G on a probability measure
space (X, B, u). If G is amenable, one can replace condition (i) in Theorem 1.1 (or, rather, condition
(i’) in remark 1.2) by the assertion that the averages of the expressions {u(4 N TgB) — pn(A)u(B)|
taken along any Felner sequence in G converge to zero. If G is noncommutative, one also has to
replace condition (v) by the assertion that the only finite-dimensional subrepresentation of (Ug)geG
(where U, is defined by (U /)(x) = f(T, g“‘x), f € L3(X, B, 1)) is the restriction to the subspace of
constant functions. H. Dye has shown in [D] that under these modifications the conditions (i), (iii),
and (v) in Theorem 1.1 are equivalent. Dye’s results are summarized in the following theorem (cf.
[D], Corollary 1, p. 129). Again, for the sake of notational convenience, we state the theorem for the
case of a countable group G.

Theorem 1.6. Let (Tg)ecG be a measure preserving action of a countable amenable group G on a
probability measure space (X, B, it). Then the following conditions are equivalent:
(i) For every Folner sequence (F,);2, in G and any A, B € B, one has

Iim !
n—o0 | Fy|

> IM(ANTeB) — p(A)u(B)| = 0.
8€Fn
(ii) The only finite dimensional subrepresentation of (Ug)gcc is its restriction to the space of
constant functions.
(iii) The diagonal action of (Ty x Tg)eecc 0n the product space (X x X, B® B, u ® ) is ergodic
8 g X 1gle g
(i.e. has no nontrivial invariant sets).

Remark 1.7. As a matter of fact, it is not too hard to show that conditions (ii) and (iii) in Theorem
1.6 are equivalent for any locally compact noncompact second countable group. See, for instance,
{Moore], Proposition 1, p. 157.

A measure preserving system (X, B, i, T) is called a system with discrete spectrum if L*(X, B, u)
is spanned by the eigenfunctions of the induced unitary operator Ur. It is not hard to show that the
condition (v) in Theorem 1.1 implies that a measure preserving system (X, B, u, T') is weakly mixing
if and only if it does not have a nontrivial factor which is a system with discrete spectrum. Remark
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6 V. BERGELSON, A. GORODNIK

1.7 hints that a natural generalization of this fact to general group actions holds as well. (A measure
preserving action of a group G on a probability space (X, B, ) has discrete spectrum if L2(X, B, 1)
is representable as a direct sum of finite-dimensional invariant subspaces.)

In [vN2] and [H] von Neumann and Halmos have shown that an ergodic one-parameter measure
preserving action has discrete spectrum if and only if it is conjugate to an action by rotations on a
compact abelian group. Again, this result has a natural extension to general group actions. See [Mac]
for details and further discussion.

The duality between the notion of weak mixing and discrete spectrum extends to the relative
case, namely, to the situation where one studies the properties of a system relatively to its factors.
The theory of relative weak mixing is in the core of highly nontrivial structure theory developed
by H. Furstenberg in the course of his proof ([F1]) of Szemerédi theorem. See also [FK1] and [F2),
Chapter 6.

In [Z1] and [Z2] the duality between weak mixing and discrete spectrum is generalized to
extensions of general group actions. In particular, Zimmer established a far reaching “relative”
version of Mackey’s results on actions with discrete spectrum.

A useful interpretation of condition (i) in Theorem 1.6 is that if (T;)zec is a weakly mixing action
of an amenable group G, then for every A, B € B and ¢ > 0, the set

Rap=1{ge G:|u(ANTyB)—~ u(A)p(B)| < ¢}
is large in the sense that it has density 1 with respect to any Felner sequence (Fy,)p2,,:
. IRNF,|
lim

n—00 | Fy|

=1.

A natural] question that one is led to by this fact is whether there is a similar characterization of the
sets R4 g in the case when G is not necessarily amenable.

It turns out that for every locally compact group which acts in a weakly mixing fashion on
a probability space, the set R4 p is always “conull”, and in more than one sense. One approach,
undertaken in [BeRo], is to utilize the classical fact that functions of the form ¥/(g) = u(AN Ty 4) are
positive definite. This implies that such ¥(g), as well as a slightly more general functions of the form
¢(g) = u(AN T, B), are weakly almost periodic (see [Eb]). By a theorem of Ryll-Nardzewski (see
[R-N)), there is a unique invariant mean on the space WAP(G) of weakly almost periodic functions.
Denoting this mean by M and assuming that for every 4, B € B, the function g > u(4N T B) is
continuous on G, let us call the action (T )gec wWeakly mixing if for all

i fo € L3(X,Bou) " (f € L3(X, Bop) - fx fdy =0},

)=o.

Theorem 1.8. ([BeRo), Theorem 4.1) Let (Iz)eeG be a measure preserving action of a locally
compact second countable group G on a probability space (X, B, u). The following are equivalent:

)=o.

(iit) For every fo...., fn € L(Z,(X. B, n) and & > 0, there exists g € G with

one has

M(l / File) fa(Tg)dpa(x)
X

() (Ty)gec is weakly mixing.
(ii) Forevery fi, f» € LX(X,B, ),

M(I fx £ AT - [ fidu [ fdu

<g i=1,...,n.

fx Jole) fi(Tgx)dpatx)
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(iv) Foreveryg),....gn €G, [ € L%(X. B, ), and € > 0, there exists g € G such that

IAf(Tgx)f(Tg,xwu(x) <eg, i=1,...,n

(v) For all F € L*(X,B, ), F is not equivalent to a constant, the set { f (Tgx): g € G) is not
relatively compact in L*(X, B, p1).
(vi) Lg(X , B, 1) contains no nontrivial finite dimensional invariant subspaces of (Ug)zeG-
(vii) (Tg x Ty)geG is ergodic.
(viii) (T x Tg)gec is weakly mixing.

We shall describe now one more approach to weak mixing for general group actions (see [Be3],
Section 4, for more details and discussion). Let G be a countably infinite, not necessarily amenable
discrete group. For the purposes of the following discussion it will be convenient to view 8G, the
Stone-Cech compactification of G, as the space of ultrafilters on G, i.e. the space of {0, 1}-valued
finitely additive probability measures on the power set P(G) of G. Since elements of 8G are {0, 1}-
valued measures, it is natural to identify each p € G with the set of all subsets having p-measure
1, and so we shall write 4 € p instead of p(4) = 1. (This explains the terminology: ultrafiiters are
just maximal filters.) Given p,q € G, one defines the product p - g by

Aep-q@{x:Ax"ep}eq.

The operation defined above is nothing but convolution of measures, which, on the other hand, is an
extension of the group operation on G. (Note that elements of G are in one-to-one correspondence
with point masses, the so-called principal ultrafilters.) It is not hard to check that the operation
introduced above is associative and that (8G, ) is a left topological compact semigroup (which,
alas, is never a group for infinite G). For a comprehensive treatment of topological algebra in the
Stone-Cech compactification, the reader is referred to [HiS). By a theorem due to R. Eliis [El], any
compact semigroup with a left continuous operation has an idempotent. (There are, actually, plenty
of them since there are 2¢ disjoint compact semigroups in G.) Idempotent ultrafilters find numerous
applications in combinatorics (see, for example, [Hi] and [HiS], Part 3) and also are quite useful
in ergodic theory and topological dynamics (see, for example, [Be2], [Be3]). Given an ultrafilter
p € BG and a sequence (xg)gec in a compact HausdorfT space, one writes
p-limxg =y
geG

if for any neighborhood U of y, one has
{geG:xgeU}ep.

Note that in compact HausdorfT spaces p-limit always exists and is unique.
The following theorem, which is an ultrafilter analogue of Theorem 1.7 from [FK2), illustrates
the natural connection between idempotents in G and ergodic theory of unitary actions.

Theorem 1.9. Lef (Ug)geg be a unitary action of a countable group G on a Hilbert space H. For
any nonprincipal idempotent p € BG and any [ € H one has

p-limUg f=Pf (weakly)
g€eG
where P is the orthogonal projection on the subspace H, of p-rigid elements, that is, the space
defined by
H, ={f:p-limUyf = f}.
Theorem 1.9 has a strong resemblance to the classical von Neumann's ergodic theorem. In both

theorems a generalized limit of U f, g € G, (in case of von Neumann’s theorem this is the Cesdro
limit) is equal to an orthogonal projection of f on a subspace of H. But while von Neumann’s
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8 V. BERGELSON, A. GORODNIK

theorem extends via Cesaro averages over Folner sets to amenable groups only, Theorem 1.9 holds
for nonamenable groups as well.

Given an element p € 8G, it is easy to see that R = p- 8G is a right ideal in G (that is,
R-BG C R). By using Zorn’s lemma one can show that any right ideal contains a minimal ideal.
It is also not hard to prove that any minimal right ideal in a compact left topological semigroup is
closed (see [Be3], Theorem 2.1 and Exercise 6). Now, by Ellis’ theorem, any minimal ideal in 8G
contains an idempotent. Idempotents belonging to minimal ideals are called minimal. It is minimal
idempotents which allow one to introduce a new characterization of weak mixing for general groups.
Recall that a set 4 C Z is called syndetic if it has bounded gaps and piecewise-syndetic if it is an
intersection of a syndetic set with a union of arbitrarily long intervals. The following definition
extends these notions to general semigroups.

Definition 1.10. Let G be a (discrete) semigroup.
(i) A set A C G is called syndetic if for some finite set F C G, one has
J4rt=a.
teF
(ii) A set A € G is piecewise syndetic if for some finite set F C G, the family

((Yar)emece]

has the finite intersection property.

The following proposition establishes the connection between minimal idempotents and certain
notions of largeness for subsets of G. It will be used below to give a new sense to the fact that for a
weakly mixing action on a probability space (X, B, ), the set R4 p is large foralle > 0and 4, B € B.

Theorem 1.11. (see [Be3), Exercise 7) Let G be a discrete semigroup and p € (BG, -) a minimal
idempotent. Then
(i) Forany A € p, theset B={g: Ag~' € p} is syndetic.
(ii) Any A € p is piecewise syndetic.
(iii) For any A € p, the set
A7 'A={x € G:yx € Aforsomey € A}
is syndetic. (Note that if G is a group, then A" A = {gl"'gz 181,82 € A).)

Definition 1.12. 4 set A C G is called central if there exists a minimal idempotent p € BG such that
A€ p. Aset AC G iscalled a C*-set (or central* set) if A is a member of any minimal idempotent
in BG.

Remark 1.13. The original definition of central sets (in Z), which is due to Furstenberg (see [F2],
p- 161), was the following: a subset S C N is a central set if there exists a system (X, T), a
point x € X, a uniformly recurrent point y proximal to x, and a neighborhood U), of y such that
S={n: T"x € Uy}. The fact that central sets can be equivalently defined as members of minimal
idempotents was established in [BeH]. See also Theorem 3.6 in [Be3].

The following theorem gives yet another characterization of the notion of weak mixing.

Theorem 1.14. (see [Be3], Section 4) Let (T;)gec be a measure preserving action of a countable
group G on a probability space (X, B, u). Then the following are equivalent:

(1) (Tg)geG is weakly mixing.

(ii) For every f € L*(X, B, ) and any minimal idempotent p € BG, one has

p-limf(Tgx)=ffdu (weakly).
geG X
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(iii) There exists a minimal idempotent p € BG such that for any f € L*(X, B, i), one has

p'limgeG f(Tgx) = fx Sfdu (weakly).
(iv) Forany A, B € B and any € > 0, the set

{ge G:|u(ANTgB)— u(A)u(B)| < ¢}
is a C*-set.

Given a weakly mixing action of, say, a countable (but not necessarily amenable) group G, one
would like to know whether the action has higher order mixing properties along some massive and/or
well-organized subsets of G. For example, it is not hard to show that for any weakly mixing Z-action
and any nonconstant polynomial p(n) € Z[n], one can find an / P-set S such that for any 4, B € B,
one has

lim sp.(A NTP"™ B) = pu(A)u(B).
€

n-s»oC,n
(An I P-set generated by a sequence {n; : i > 1} is, by definition, any set of the form {n;, +---+n;; :
iy <---<iy; keN})

Another example of higher degree mixing along structured sets is provided by a theorem proved in
[BeRu]), according to which any weakly mixing action of a countable infinite direct sum G = @®,>1Zp,
where Z,, is the field of residues modulo p, has the property that the restriction of the action of G to an
infinite subgroup (which is isomorphic to G) is Bernoulli (see also [BeKM1], [BeKM2], (BeKLM],
[JRW], (J], (B1)).

In Section 2 below we give a detailed analysis of higher order mixing properties for a concrete
classical example — the standard action of SL(2, Z) on the 2-dimensional torus T2. Since SL(2,Z)
contains mixing automorphisms (namely, hyperbolic automorphisms), this action is weakly mixing.
On the other hand, this action is not strongly mixing because SL(2, Z) contains nontrivial unipotent
elements.

While many of the results obtained below hold (sometimes, after an appropriate modification)
for toral actions of SL(n,Z) and even in more general situations, we intentionally deal here with
SL(2, Z)-actions in order to make the paper more accessible and important issues more transparent.

Here is a sample of what is proved in the next section:

o (cf. Proposition 2.10) Let 7i,..., T; € SL(2, Z). Then the following assertions are equival-
ent:
(i) Forevery Ay,.... A € B,

wWAoNTV A N---NTF Ax) = u(Ao)---u(Ax) as n— oo.
(ii) Each T; is hyperbolic, T; # &T; for i # j, and for every p > 1, there are at most two
matrices among 7;,i = 1,...,k, having an eigenvalue A such that |A| = p.

e (cf. Proposition 2.20) Let 7;,..., Ty € SL(2, Z) be hyperbolic automorphisms. Denote by
A; the eigenvalue of 7; such that |A;| > 1. Putap, =0,n>1. Letk>1anda;, €Z,
i=1,...,k, be such that

min{|log|)..'|-a.-,,, —logl).jl-a,-.,,l :0<i<j<n}—>o00 as n— oo.
Then for every Ao, ..., Ax € B,
w(AoNT"" A N NT" Ax) — u(Ao)---u(4x) as n— 0.

This result generalizes Rokhlin’s theorem [R] in the case of 2-dimensional torus. See also
Proposition 2.24 for an analogue of this result for unipotent automorphisms.

o While every abelian group of automorphisms G which acts in a mixing fashion on T2 is mix-
ing of order k forevery k > |, (that is, for every k > 1 and sequences go.n =€, 81.n---+ 8k.n €
G such that

g gn—>00 as n—oo for 0<i<j<k,
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one has
u(AoNgynA1N---NgrnAi) > u(Ao) - u(4x) as n-— o0)

a nonabelian group of automorphisms of T is never mixing of order 3 (see Proposition 2.31).
Also, under an additional condition, a nonabelian group of automorphisms cannot be mixing
of order 2 (see Proposition 2.35). Note that there are nonabelian groups of automorphisms
that act in a mixing fashion on T? (see the discussion after Proposition 2.30).

2. SL(2, Z)-ACTION ON TORUS
Definition 2.1. A4 sequence T, € SL(2,Z), n > 1, is called mixing if for every f), f> € L®(T?),

M [ raonea~ ([ nea) ([ aeue) a 0.

A transformation T € S1(2, Z) is called mixing if the sequence T", n > 1, is mixing.

Note that this definition is different from the one given in [BBe].

Recall that a matrix T is called hyperbolic if its eigenvalues have absolute values different from 1,
and unipotent if all its eigenvalues are equal to 1. It is well-known that an automorphism T € SL(2, Z)
is mixing on the torus T2 if and only if it is hyperbolic. This implies that the action of SL(2, Z) on
T2 is weakly but not strongly mixing and motivates the following problem: give necessary and
sufficient conditions for a sequence T, € SL(2, Z), n > 1, to be mixing.

We start with a useful and straightforward lemma (cf. Theorem 3.1(1) in [B2]). For a matrix T,

denote by ‘T its transpose.

Lemma 2.2. 4 sequence T, € SL(2,Z), n > 1, is mixing if and only if for every (x,y) € (Z*)? -
{(0,0)}, the equality 'T,x + y = 0 holds for finitely many n only.

Proof. To prove that T, is mixing, it is sufficient to check (1) for f; and f in the dense subspace of
trigonometric polynomials. It follows that 7}, is mixing if and only if (1) holds for f; and f> that are
characters of the form

@ X&) =" xeZ’teT
For x, y € Z?, one has

0 if 'Tx+y#0,

.[P Xx(TnS)Xy(g)dE = .[l; Xlr,,.,.y(g)ds = {1 if "T,x+y=0.

It follows that for (x, ) € (Z2)? — {(0, 0)},

[ x@on e~ ([ x.az) ( [ %@u5) =0 a5 n— o0
T2 T2 T2
if and only if the equality ‘T,,x + y = 0 holds for finitely many n only. This proves the lemma. [

Denote by M(2, K) the set of 2 x 2-matrices over a field K. Using Lemma 2.2, we can now prove
the following proposition.

Proposition 2.3. Let T, € SL(2,Z), n = |, || - || be the max-norm on M(2,R), and D ¢ M(2,R)
denote the set of limit points of the sequence -n—;f-l- as n — oo. Then the sequence T, is not mixing
if and only if there exist A € M(2,Q) and B € M(2,Q) such that Be D and T,, = A+ ||T,|| B for
infinitely many n > 1.
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Proof. We may assume that |7, ]| = oo. (Indeed, if || 7, || - oo, then there exists a matrix Tp such
that T,, = Tp for infinitely many », and the statement is obvious.)
“&<" Let T, = A+ ||Tx||B. Since

. Ty ) . 1
det B = lim det = lim ——= =0,
n—00 (" Il a—oo || T, "2

B is degenerate. Thus, there exists x € Z2 — {0} such that ‘Bx = 0. Then for infinitely many n,
'Tax =‘Ax, and, by Lemma 2.2, T, is not mixing.

“=" By Lemma 2.2, there exists (x, y) € (Z%)? — {(0, 0)) such that ‘T,,x = —y for infinitely many
n. By passing, if needed, to a subsequence, we may assume that this equality holds foralln > 1. Itis
clear that gcd(x, x2) = gcd(y1, y2). Thus, we may assume that x and y are primitive (that is, the gcd
of their coordinates is 1). Take C, D € SL(2, Z) such that Ce; = x and De; = —y where ¢; =(1,0).

Then
’T,,=D( N )c-' =DC"+a,.D( S )c-‘
for somea, € Z. Put'F} = DC~' and 'F; = D( g (1) )C". We have
(3) Th=Fi+anFy,
and
) lanl-IF2ll = 1A S W Tull < laal - P20+ A

Hence, [|T,|| ~ la,|- | F2|| as n — co. Replacing, if necessary, /; by —~F; and a, by —a, we may

assume that a, > 0 for infinitely many ». Then B <o ll_gi € D. Passing to a subsequence, we get
that a, > 0 for n > 1. By triangle inequality and (4),

Fos P
an P — 1Tl —=
Y " "R

Thus, for infinitely many n, T, — | 7, || B = A4 for some A € M(2, Q). This proves the proposition. [

T = Tall SWTh—anf2ll + = Fill +lanll F2ll = 1 Tall) < 21 Fil.

We illustrate the usefulness of Proposition 2.3 by the following two propositions.

Proposition 2.4. Let U, V € SL(2, Z) be unipotent matrices. Then the sequence T, = U~"V" is
mixing ifand only if UV # VU.

Proof. If U and ¥ commute, one can show that they are powers of a single unipotent transformation.
Hence, in this case, the sequence 7,, = U~" V" is not mixing.
Conversely, suppose that UV # VU. There exist A, B € SL(2, Z) such that

T | 1 u _ pn~l 1 v
U=4 (0 I)A and V=28 (0 l)B

for some u,v € Z — {0}. It is sufficient to show that the sequence S, = AT,B~! is mixing. Let

AB™! =( ‘:_ Z ) We have

(1 —nu -1 1 nv\_ [ a—(cun b—(av+du)n —(cv)n?
S"—(o 1)'43 (0 1)‘( c d+(cv)n)'

Whenc =0,

_ 1 v - e 1 v - _ 1 v
V=B'(0 ])B=B'(AB ')'(0 l)(AB YB=4 '(0 I)A.

and it follows that U and ¥ commute. Thus, ¢ # 0.
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