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2 Aaronson

Abstract. We review the basic ergodic theory of non-singular transformations
placing special emphasis on those transformations admitting o-finite, infinite
invariant measures. The topics to be discussed include invariant measures,
recurrence, ergodic theorems, pointwise dual ergodicity, distributional limits,
structure and intrinsic normalizing constants.

0 Introduction

Infinite ergodic theory is the study of measure preserving transformations of
infinite measure spaces. It is part of the more general study of non-singular
transformations (since a measure preserving transformation is also a non-
singular transformation).

This paper is an attempt at an introductory overview of the subject, and
is necessarily incomplete. More information on most topics discussed here
can be found in [1]. Other references are also given in the text.

Before discussing the special properties of infinite measure preserving
transformations, we need to review some basic non-singular ergodic theory
first.

Let (X, B, m) be a standard o-finite measure space. A non-singular trans-
formation of X is only defined modulo nullsets, and is a map T : Xg — X
(where Xo C X has full measure), which is measurable and has the non-
singularity property that for A € B, m(T~'A) = 0 if and only if m(A) = 0.
A measure preserving transformation of X is a non-singular transformation
T with the additional property that m(T'A) = m(A) V A € B.

If T is a non-singular transformation of a o-finite measure space (X, B, m),
and p is another measure on (X, B) equivalent to m (denoted p ~ m and
meaning that p and m have the same nullsets), then T is a non-singular
transformation of (X, B, p).

Thus, a non-singular transformation of a o-finite measure space is actually
a non-singular transformation of a probability space.

Considering a non-singular transformation (X,B,m,T) of a probability
space as a dynamical system (see [23], [29]), the measure space X represents
the set of ”configurations” of the system, and T represents the change under
"passage of time”. The non-singularity of T reflects the assumed property of
the system that configuration sets that are impossible sometimes are always
impossible. A probability preserving transformation would describe a system
in a "steady state”, where configuration sets occur with the same likelihood
at all times.
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An Overview of Infinite Ergodic Theory 3

1 Invariant Measures

Given a particular non-singular transformation, one of the first tasks is to
ascertain whether it could have been obtained by starting with a measure
preserving transformation, and then "passing” to some equivalent measure.
If T:X — X is non-singular then f — f o T defines a linear isometry of
L>(m). There is a predual called the Frobenius-Perron or transfer operator,
T : L'(m) — L*(m), which is defined by
~, dypoT!
= Vel-) = dm — T = ——
frovy() = [ famom T = L2
and satisfies

/ff.gdm:/ f.goTdm f € L'(m), g € L®(m).
X bs

Note that the domain of definition of T can be extended to all non-negative
measurable functions. This definition can be made when m is infinite, but
o-finite.

Evidently the density A > 0 of an absolutely continuous invariant measure
i satisfies Th = h, since for any g > 0 measurable,

/’f’hgdm:/hgonm:/gonu:/gdu:/hgdm.
X X X X X

Clearly, if T is invertible, then

dmdon’{"1 foT™t

and if the non-singular transformation T of X is locally invertible in the sense
that there are disjoint measurable sets {A; : j € J} (J finite or countable)
such that m(X \ U,¢; 4;) =0, and T is invertible on each A;, then

~ dm o,
Tf= Zlm, 2f ov;

dm
jeJ

Tf =

where v; : TA; — Aj is measurable and satisfies T o v; = Id.

Boole’s transformations I

For some locally invertible non-singular transformations 7' and measur-
able functions f, T f can be computed explicitly. For example, consider the
transformations T : R — R defined by

Tr=oar+ 03+ Pk (1.1)
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where n > 1, a, p1,...,pn > 0 (not all zero) and G, ¢y, ...,t, € R.

These transformations (called Boole’s transformations) were considered
by G. Boole in [15]. They are non-singular transformations of R equipped
with Lebesgue measure mg, and for h : R — R a non-negative measurable
function,

= h(y)
yER, Ty=z y
Note that the 1 — 1 Boole’s transformations are the real Mobius transforma-
tions.

1.1 Boole’s Formula [15] For T as above, € R andw € C, Tw # z,

1 1
2 —w)T'(y) z-Tw)

y€R, Ty=z

If w € R?*, the upper half plane, and w = a + b, a,b € R, b > 0 then

Im 1 _ b = mp, (1)
T-w (z—a)2+b pulT

where p,, is the well known Cauchy density and Boole’s formula has the
immediate corollary:

f‘/’w = Pr(w), O F,o T = Pr, (12)
where dP, := ¢, dmg.
The original proof of Boole’s formula in [15] uses the

1.2 Proposition [15] Suppose that F : C — C is rational, and E : C - C
is a polynomial. Then

Z F(z) = - Z Res(F(log E)'; a) + Res(F(log E)'; 0).

zeC: B(z)=0 e a pole of F

Modern proofs of (1.2) use the fact that Boole’s transformations are R-
restrictions of analytic endomorphisms of R** (inner functions). Many of the
results given here for Boole’s transformations remain valid for arbitrary inner
functions ([4], (38]).

Bounded analytic functions on R?* are Cauchy integrals of their restric-
tions to R and writing dP, := ¢,dmg, one sees ([36]) that for ¢ > 0,

P oT1(t) = / e T@dP, (1) = €T = Pro)(t),
R

whence (1.2).

© Cambridge University Press www.cambridge.org




Cambridge University Press

978-0-521-78644-7 - Descriptive Set Theory and Dynamical Systems
Edited by M. Foreman, A. S. Kechris, A. Louveau and B. Weiss
Excerpt

More information

An Overview of Infinite Ergodic Theory 5

As a consequence of (1.2), we see that the Boole transformation T has an
absolutely continuous invariant probability if 3 w € R?* with T(w) = w (in
which case P, is T-invariant). It turns out that this is the only way it can
admit an absolutely continuous invariant probability ([38]).

If a > 0in (1.1), then ([36]) using the fact that mbwesy — 1 as b —
00, 3 — 0 we see that mg o T~! = a~'mg, whence T preserves mg if o = 1
n (1.1). By considering other analogous limits, one also sees that:

Tz = tanx preserves the measure dyug(x) := % (see [4]);

and

if flw) = Jz ‘i':(:)) (the complex Hilbert transform of v) where v 1 mg, and
T(z) := limyo f(z + 1iy) a.e. (the Hilbert transform of v), then mg o T~! =
v(R) o (see {22]).

CONDITIONS FOR EXISTENCE OF INVARIANT MEASURES

Unfortunately, one cannot expect always to be able to identify absolutely
continuous invariant measures by explicit computation. To help remedy this
situation, there are many conditions for existence of such (see [35]). Some
conditions for existence of absolutely continuous invariant probabilities de-
pend on the following:

1.3 Proposition Let T be a non-singular transformation of (X, B,m). If
3fe€L'(m), f>0, [, fdm > 0 such that {3} T*f: n>1}isa
uniformly integrable family, then 3 a T-invariant probability P << m.

The invariant probability’s density h € L}(m), h > 0 is found as a weak
limit point of {1 Y"3_, T*f : n > 1} which is weakly sequentially precompact
in L'(m) owing to the assumed uniform integrability.

Expanding interval maps I
Let I = [0,1], m; be Lebesgue measure on I, and a be a collection of
disjoint open subintervals of I such that

m(I \ Uy) = 0 where U, = U a.

a€a

A piecewise onto, C? interval map with basic partitionaisamap T : 1 — I
is such that

For each a € a, T|, extends to a C? diffeomorphism T:@ — I.  (1.3)
Note that if ai,...,a, € a then a = (;_, T-%*-Yg, is an open interval,

and 7" : @ — I is a C? diffeomorphism. Hence, if T is a piecewise onto, C?
interval map with basic partition a then, for n > 1, T™ is an interval map
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with basic partition
n—1 n
ag™! = V T *a = {ﬂ T-% Vg, : ay,...,a, € a}.
k=0 k=1

The piecewise onto, C? interval map T is called ezpanding if
IA>1 > |T'z|>AVzel (1.4)

The following condition limits the multiplicative variation (or distortion)
of v/, (a € a). It is known as Adler’s condition or bounded distortion. It
follows from (1.3) and (1.4) in case « is finite.

|TIII'
IM>1 5 ——<MVzel
Tz SM VTS
Given a piecewise onto, C? interval map T with basic partition a, and a €
a§™!; denote by v, the C? diffeomorphism v, : I — @ satisfying T"ov,(z) = z.
The basic result concerning piecewise onto, C? expanding interval maps
satisfying Adler’s condition is that Adler’s condition holds uniformly for all
powers of T ([12]):
[TV z| M

— < = — re ] >
|me|2_K )‘_1\7’3‘6 , n>1,

whence Renyi's distortion property (see [41]):

[vi(x)| = e¥¥mi(a)Vz €, ac U ag™t. (1.5)

n=1

As a consequence of Renyi’s distortion property, we have that

and so by proposition 1.3 (a uniformly bounded sequence being uniformly
integrable) 3 an absolutely continuous, invariant probability with density h
satisfying h = Th = e*K.

It is shown in [27] that h is Lipschitz continuous. To see this using [21]
note that for f Lipschitz continuous (hence differentiable a.e.),

(T fy = > vifovat Y. v2fou,

n-1
a€ay

a€ay
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whence

T Y lloo < 5711 Moo + €1 f oo
and it follows from [21] that 3 hg Lipschitz continuous and M > 0, r € (0,1)
such that Thy = ho and [|[T™f — ho [, fdm|l, < Mr||f||l, V f Lipschitz
continuous where || f||L := || flloc + |f'|lco- In particular, h = hy mod m.

The assumption that the interval map is expanding is not crucial. Gauss’
continued fraction map Tz = {1} is not expanding, but (T?)' > 4 and the
above applies.

However the piecewise onto, C? interval map Tz = {1} satisfies Adler’s
condition, and no power is expanding, as T7(0) = 0, T'(0) = 1. In fact T
admits no absolutely continuous, invariant probability, the infinite measure
dv(zx) := % being T-invariant.

Conditions for the existence of absolutely continuous, infinite, invariant
measures depend on recurrence properties.

2 Recurrence and Conservativity

There are non-singular transformations T of (X, B, m) which are recurrent in
the sense that

liminf|[hoT" —h| =0 ae. V h: X — R measurable.

One extreme form of non-recurrent (or transient) behaviour is exhibited
by wandering sets.

Let T be a non-singular transformation of the standard measure space
(X,B,m).

A set W C X is called a wandering set (for T') if the sets {T""W}32, are
disjoint. Let W = W(T') denote the collection of measurable wandering sets.

Evidently, the collection of measurable wandering sets is a hereditary col-
lection (any subset of a wandering set is also wandering), and T-invariant (W
a wandering set => T~!W a wandering set).

Using a standard exhaustion argument it can be shown that 3 a countable
union of wandering sets D(T') € B with the property that any wandering set
W € B is contained in ®(T) mod m (i.e. m(W \ D(T)) = 0). Evidently
D(T) is unique mod m and T-!D C D mod m. It is called the dissipative
part of the non-singular transformation T'. In case T is invertible, it can be
shown that 3 a wandering set W € B such that D(T) = |J,,., T"W, whence
T'D =D.

The conservative part of T is defined to be €(T) := X \ D(T) and the
partition {€(T), D(T)} is called the Hopf decomposition of T.

© Cambridge University Press www.cambridge.org




Cambridge University Press

978-0-521-78644-7 - Descriptive Set Theory and Dynamical Systems
Edited by M. Foreman, A. S. Kechris, A. Louveau and B. Weiss
Excerpt

More information

8 Aaronson

The non-singular transformation T is called conservative if €(T) = X mod
m, and (totally) dissipative if D(T) = X mod m.
Using

Halmos’ recurrence theorem [26] If T is conservative, then

o0
ZlBoT"zoo a.e. on B, VB € B.

n=1

one can show that a non-singular transformation is recurrent if and only if it
is conservative.

CONDITIONS FOR CONSERVATIVITY

If there exists a finite, T-invariant measure ¢ << m, then clearly there can
be no wandering sets with positive ¢-measure, whence ¢(D) = 0 and [d%q,; >
0] € € mod m. In particular ([40]) any probability preserving transformation
is conservative.

A measure preserving transformation of a o-finite, infinite measure space
is not necessarily conservative. For example r + r+1 is a measure preserving
transformation of R equipped with Borel sets, and Lebesgue measure, which
is totally dissipative.

2.1 Proposition
1) If T : X — X is non-singular, then
¢(T)=[> Tf=00] mod m, ¥ feLl(m),f>0.
n=1

2) If T : X — X is a measure preserving transformation, then T~'¢(T) =
€(T) mod m. Indeed

e(T) = [ifOT" =oo] modm, VY f € L'(m),f>0a.e.
n=1

Boole’s transformations I1
If

Tx=ax+ﬂ+z Pi

n
th — T
k=1 k

wheren > 1, >0, py,...,pn = 0 and B, t5,...,t, € R then (as deduced
from Boole’s formula) mg o T~ = o~ !mg.
When a > 1,

if’"f <ocae V feL'(m)NL®m), f>0ae,

n=1
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whence by proposition 2.1(1), T is totally dissipative.
Now let

Tz=x+0+
k=1
where n > 1, py,...,pn > 0 (not all zero) and 3, t;,...,f, € R. As above,
mpR © T-!= mg.
To see when T is conservative, we use proposition 2.1. For T defined by
(2.1) and w € R?**, T*(w) — oo. Write T"(w) := u, + v, — oo, whence
7T, () =Im I_T],,(U) = (I_u':')‘,w',‘ ~ ;z‘i:;z and T is conservative iff

Pk
fk—l‘

(2.1)

[e]

U,
Lo
We see (as in 4], [5]) that when 8 # 0,
Up 1 Vo < 00, Up = fn — %logn + O(1) as n — oc; (2.2)
and when 3 =0,
51;;1) [un| < 00, ¥ ~V2Unasn — oo (2.3)

where v := Y}, ps.

It follows that T is conservative when 8 = 0 (3} oo, i = 00); and
totally dissipative when 8 # 0 (3 oo, T < 00).

INDUCED TRANSFORMATIONS, CONSERVATIVITY AND INVARIANT
MEASURES

Suppose T is conservative and non-singular, and let A € B,, then m-a.e.
point of A returns infinitely often to A under iterations of T', and in particular
the return time function to A, defined for z € A by wa(z) := min{n > 1:
Tz € A} is finite m-a.e. on A.

The induced transformation ([33]) on A is defined by Tyr = T¥Al)z,
and can be defined whenever the return time function is finite m-a.e. on A
(whether T is conservative, or not).

The first key observation is that m|4 0 T;' << m|4. This is because

o0
T;'B=|Jlp=nnT"B.
n=1
It follows that @4 0 T4 is defined a.e. on A and an induction now shows that
all powers {T%}1en are defined a.e. on A, and satisfy

k-1
Tha = TOOG)z where (04)1 = wa, (pak = > wao T

=0
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2.2 Proposition (c.f. [33]) Let T be a non-singular transformation of
(X, B,m), and suppose that A € B, m(A) > 0 satisfies p4 < 00 a.e. on A.
1) If T is conservative, then the induced transformation Ty is a conserva-
tive, non-singular transformation of (A,BN A, m}4).
2) If T is a measure preserving transformation, then T4 is a measure
preserving transformation of (A,B N A,m|a), and in case | J;_,T"A = X
mod m, T4 a conservative iff T is conservative.

2.3 Proposition (c.f. [32]) Let T be a non-singular transformation of
(X,B,m), and suppose that the return time function to A € B, m(A) > 0 is
finite m-a.e. on A.

Let A € B, and suppose that ¢ << m|4 is a Ta-invariant measure. Set,

for B € B,
o0 k
wWB)=> gANT*B\| JT7A).
k=0 j=1

Then 1 << m is a T-invariant measure.

Non-expanding interval maps I
Let T be a piecewise onto, C? interval map with basic partition a =
{(0,4)} U aq satisfying Adler’s condition. Suppose that

Tz =z +cx'*? + o(x'*?) asz — 0
where ¢ >0, p>1, T(u)=1, T” > 0 on [0,u] and 3 k > 1 such that
Tr>k VT € a€

(eg. Tz ={;£} wherep=c=1).

Evidently the return time function to [u, 1] is finite on [u, 1}, and T, 1) is
an expanding, piecewise onto, C? interval map of [u, 1].

It turns out that T}, ) also satisfies Adler’s condition. We sketch a way to
see this (the full proof is in [45]). Let x € [u, 1], then T}, 3z = vy™ o (x) for
some n > 0, where vy : [ — [0,u], T ovp = Id. It follows that

Tiyel 5™ (Ta)
@@ = 0" (T2)?

L2

+ 1.

Adler’s condition for Tj, ;) will now follow from

nit
sp B

ve (w1), n21 Vg (Y)

To show this, calculate first that

Y 'Uk
) =g ) Y Oy,
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