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On the Defense Work of
A. N. Kolmogorov during World War 11

ALBERT N. SHIRYAEV*

In the paper we give a short description of the defense work of Andrei N. Kol-
mogorov on the Theory of Firing during World War II.

Similarly to his great predecessors P. L. Tschebyshev and A. M. Lyapunov, the
academician A. N. Kolmogorov (25.04.1903-20.10.1987) was not only a universal
mathematician, proposing and developing fruitful ideas, he also readily answered
challenges presented to him in his capacity as an applied mathematician. He had
an amazing ability to get to the root of a problem, to determine fundamental
issues, and to clarify debatable situations.

A typical example of such work by Kolmogorov are his investigations on firing
dispersion theory that he performed during World War I1.

His paper Estimation of the center and spread of dispersion for a bounded
sample, [Kolmogorov 1942], was dated September 15th, 1941, i.e., three months
after the war began on the Soviet territory. It was published in response to a request
from the appropriate military agencies to “give his conclusion on the subject of dis-
crepancies among the existing methods to estimate precision from experimental
data.” Kolmogorov remarked that this paper presents primarily methodological
interest due to critical comparison of distinct approaches. Nevertheless, Kol-
mogorov and his colleagues from the Mathematical Institute of the Academy of
Sciences, Department of Mechanics and Mathematics at Moscow State Univer-
sity, as well as the immediate practitioners from the Institute of Marine Artillery
Research, developed largescale theoretical and computational efforts toward
measuring the efficiency of firing strategies. Simultaneously, he taught a course
at the university on firing dispersion theory. He made it compulsory for students
majoring in probability.

This work concluded in the publication of a separate volume of “Proceedings
of the Steklov Mathematical Institute” (1945), nicknamed by Kolmogorov himself
Collection of Articles on the Theory of Firing, [Kolmogorov 1945]. It included two
of his articles, On the number of hits among several shots and general principles
of characterizing efficiency of firing strategies and Artificial dispersion in case
of single shot kill and onedimensional dispersion, as well as two articles by his

* Steklov Mathematical Institute, Gubkina St. 8, 119991 Moscow, Russia.
Email: shiryaev@mi.ras.ru

Translated from the Russian by Galina Shubina.
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N3BECTNSA AKAJEMHWHU HAYK CCCP
BULLETIN DE L'ACADEMIE DES SCIENCES DE L'URSS

A. H. HOJMOI'0OPOB

II0 OTPAHNYEHHOMY YHCJIY HABJIOAEHHN

Hacroaman craTbA 06GAsaHa CBOMM NOABJICHUEM ABYM OGCTOSTENbCTBAM:

1° Ilpeanosaras B HeCKOJbKUX HaJbHEHIIMX CTATHAX ony6JInKOBaTH
H3JI0KeHue CBOMX TOYEeK BpeHuA u uccienoBaHuii no BOTIpOCY TEOPEeTUKO-
BEPOATHOCTHOrO O6OCIOBaHUA MaTeMaTHYeCKON CTATHCTUKH, aBTOP CYHTAET
LeNecoo0pasHbM NPEANociaTh 2TUM CTATbAM NETAJbHBIY KPUTHYeCKHH bas-
60p CyueCTBYIOIMX METONOB, NpOBENeHHHH MHa MaTepuajle Kakoi-au6o
AOCTAaTOYHO MNPOCTOM KJIACCHYECKON 3ajaull MaTeMaTHYeCKOH CTAaTHCTHKH.
lIJIH 9TOro GbIJIO BMNOJIHE €CTeCTBEHHO OCTAHOBMTLCA HA Bajaye OlleHKHW mnapa-
MeTpoB T'ayCCcOBCKOro BaKOHA pacnpefesieHHA NO AaHHBIM 7 HE3ABUCHMBIX
HabaoneHuli.

2° K aBropy 0GpaTHaMChL C MpOCHGOl HaTh CBOE 3aKJO4eHHE 7O NOBO-
Ay pasHOrjacuif, MMeEIOIUXCA CPelH aPTHIIEPHCTOB, OTHOCHTENLHO NPIEMOB
OLEHKH MepHl TOYHOCTH MO ONHLITHHM JAHHHM (CM., Hanpumep, (11, (111, [12]),
B cBABM C paccMOTpeHMeM 9TMX PasHOIJIaCHii aBTOpY CTaja ACHOIN eja-
TeJIbHOCTDb MO3HAKOMUTE aPTHJJIEPUCTOB C peayJbraramu Student’a u ®uinepa,
OTHOCALIMMMUCA K MaJlbiM BBHIGODKaM. JTHMHU 3aNpOCaMH W ONpefeuica
OKOHYATEJIbHO KOHHpeTHHﬁ maTepua HaCTOAIEH CT3TbH.

s crasaHHOro ACHO, YTO CTAaThA MpETEHXyeT NO NPEeUMYLIECTBY JMIIbL
Ha MEeTO[0JIorMYecKui uHrepec. HoBHMM C (aKTHYECKOH CTOPOHH aBTOPY
TpPEeACTaBAAIOTCA B Heil onpepesieHue MCYePNBIBAIOWEH CTATUCTHKM M MCuep-
npiBaiomedl CUCTeMbl CTATHCTMK B § 2 M YTOYHEHMH OCTATOYHHX WYJEHOB
B NpefieJIbHBIX TeopeMax B § 4.

Heo6Xx0mMMOCTL KPUTHYECKOTO CONOCTABIEHMA PA3JIMUHBIX MOAXONOB
K paaﬁﬂpaemuu 3afladyaM MNpusesa Hen3berHO K TOMY, 4YTO CTaThfA NOJYy4YM-
JacCh [10BOJIbHO 06bEMHCTOM 10 CPAaBHEHMIO C BIIEMEHTaPHOCTHIO PasOHpPaeMbHX
B Hell BONPOCOB.

Baenenne
JlonyeTum, 4T0 CIyYaiiHHE BeJINIAHH

Zys Tyy o0y Ty

l(zn Lgy <oy In‘a:h)=i:'exp(_hisi)7

“2

Gut-zu-Druck: 29.7.2003

Albert N. Shiryaev
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ONPEJAEJEHME NEHTPA PACCEMBAHMA M MEPHI TOUYHOCTH

HE3aBUCHME ¥ HONYMHEHH Kamjad I'ayccoBckoMy 3aKOHY -pacipefiejleHMs
¢ ofmmM WM BCceM HEHTPOM pacceuBaHUA a W Mepoit Tousoctn /i. KHak ma-
BECTHO, B DTOM CJIyYae n-MEPHEIA 3aKOH pacupejelleH:s BeIHUNR Z; OIpe-
JlenseTcsa clefylomed IIOTHOCTHIO BepPOSATHOCTH:
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Kolmogorov‘s Theory of Firing, four front pages
1942 (opposite page), 1945 (above left),
1948 (above right), 2002 (left).

The work by Kolmogorov and collaborators

on Firing Theory was interesting enough to be
translated by the RAND Corporation in 1948 and
is still regarded as fundamental in quite recent
US military education. It is one of the apparent
paradoxes of the relation between mathematics
and warfare that an earlier paper by Kolmogorov
on the same topic was published in 1942 for
everybody to read (including the enemy). Could
it be that this early paper (in contrast to the 1945
book) was too mathematical and too general to
inform military practice directly?

Kolmogorov himself modestly remarked that

the article does not claim anything more than a
certain methodological value. On the other hand:
was the 1945 work after all too closely linked to
a specific problem to inspire further mathemati-
cal development? [Editor’s note]
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collaborators, A. A. Sveshnikov (Optimal artificial dispersion of firing for some
cases) and 1. A. Gubler (Solution of the firing problem with artificial dis persion
for some cases). Kolmogorov was both its editor and the author of the preface.

The paper On the number of hits among several shots and general principles
of characterizing efficiency of firing strategies considers the number of hits ¢ in a
group of n shots (u=0, 1, ..., n). Let P, = P(u=k) and E, be the expectation of
the number of hits. Kolmogorov defines a new term

“efficiency criterion of a firing strategy.”

He notes that the “thoughts accepted in the literature on comparative pros and
cons of ‘expectation criterion’ and ‘probability criterion’ do not provide suffcient

clarity.” He formulates a problem: can the probabilities Py, Py, . . ., P, that char-
acterize the firing strategy by the hit probability distribution, “be replaced by a
single quantity W =f(P,, Py, . . ., P,) that depends on them all, and which could

then be declared the efficiency criterion of a firing strategy.” Following discussion
of this question, A. N. Kolmogorov derives several exact formulas for probabilities
Py, as well as their practical approximations.

The next batch of problems this paper touched upon concerns two issues. The
first one is the classification of factors that affect firing in order to determine a
practical firing strategy. The second is the problem of artificial dispersion (the
term itself is discussed in detail also), and is defined as follows.

Let p; = p; (a;, B;) be the probability that the i-th shot is a hit, depending on azi-
muth a; and elevation f;. Let (@;, B;) be a pair (usually unique) of values of a; and
Bi that maximizes the hit probability:

max p; (e, B;) = pi(%;, B;)
and

(7:(&1’ "'?&TZ)’ B:(ﬁ_l) ceey Bn)

The question under consideration is whether maxW = W(a, B), i.e., is it suffcient
to maximize the hit probability of each individual shot in order to maximize our
overall firing efficiency? B

It is noted in the paper that the property maxW = W(«, B) holds in two special
cases. The first is when W = E, (where u is the number of hits out of # shots). In
the second case, W=c; Py + --- + ¢,,P,, (c; 2 0) and the events of hitting the target
are independent. Thus in those particular cases, the most practical firing strategy
is to maximize the hit probability for each individual shot.

However this is not true for some other firing efficiency criteria. In other words,
in order to maximize a given criterion, one sometimes has to deliberately choose
settings (azimuth and elevation) on a per-shot basis that deviate from the values
maximizing the individual hit probability. This is called firing with artificial dis-
persion. It is practical, for example, in the case when it is “imperative to achieve
at least a few hits, the number of hits being possibly much smaller than the total
number of shots n.”
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In the second paper Artificial dispersion in the case of a single shot kill and
onedimensional dispersion from the Collection of Articles on the Theory of Firing,
Kolmogorov considers the question of artificial dispersion when firing at “small”
targets. In an earlier draft of this paper, he sets out the following visual justifica-
tion for dispersion: “Occasionally, when firing repeatedly at the same target, it is
beneficial to artificially increase the dispersion of projectiles in order to maximize
the hit probability; similarly a hunter prefers to use pellets with sufficiently wide
dispersion cone when aiming at a flying bird. The most dramatic example of this is
when it is sufficient to hit once in order to destroy a target.”

In considering this very case, Kolmogorov simplifies the problem further by
allowing dispersion only in one dimension. A typical example of such a situation
would be: bombardment of a narrow stretch (say, a bridge), located perpendicu-
larly to the plane of bombardment (in this case, errors in azimuth are immaterial,
and the hit probability depends only on the elevation) or mine shelling at sea
(where only the choice of azimuth is essential). Kolmogorov remarks that the for-
mulas derived in this case, “belonging to such a ‘onedimensional’ case allow for
direct practical applications.”
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