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C h a p t e r II

NONHOLONOMIC SYSTEMS

From the analog of Newton’s law, Maggi’s equations are deduced which are
the most convenient equations of the nonholonomic mechanics. From Mag-
gi’s equations the most useful forms of equations of motion of nonholonom-
ic systems are obtained. The connection between Maggi’s equations and the
Suslov–Jourdain principle is considered. The notion of ideal nonholonomic
constraints is discussed. In studying nonholonomic systems the approach, ap-
plied in Chapter I to analysis of the motion of holonomic systems, is employed.
The role of of Chetaev’s type constraints for the development of nonholonom-
ic mechanics is considered. For the solution of a number of nonholonomic
problems, the different methods are applied.

§ 1. Nonholonomic constraint reaction

Consider the Cartesian coordinates Ox1x2x3 with the unit vectors i1,
i2, i3. If on the motion of material point of the mass m it is imposed the
nonholonomic constraint

ϕ(t, x, ẋ) = 0 , x = (x1, x2, x3) , (1.1)

then the second Newton’s law can be represented as

mw = F + R′ , (1.2)

where F = (X1,X2,X3) is an active force, acting on the point, and R′ =
(R′

1, R
′
2, R

′
3) is constraint reaction (1.1).

Consider the vector R′. We differentiate equation of constraint (1.1) with
respect to time:

ϕ̇ ≡ ∂ϕ

∂t
+

∂ϕ

∂xk
ẋk +

∂ϕ

∂ẋk
ẍk = 0 , k = 1, 2, 3 . (1.3)

Together with the usual vector ∇∇∇ϕ =
∂ϕ

∂xk
ik we introduce the new vector

∇∇∇′ϕ proposed by N.N.Polyakhov [185]:

∇∇∇′ϕ =
∂ϕ

∂ẋk
ik .

Then equation (1.3) can be rewritten as

∂ϕ

∂t
+∇∇∇ϕ · v +∇∇∇′ϕ · w = 0 . (1.4)
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26 II. Nonholonomic Systems

Multiplying scalarly equation (1.2) by∇∇∇′ϕ and equation (1.4) by m, we obtain

R′ · ∇∇∇′ϕ = −m
(∂ϕ

∂t
+∇∇∇ϕ · v

)
− F · ∇∇∇′ϕ .

This implies that the vector R′ can be represented in the form

R′ = Λ∇∇∇′ϕ + T0 = N + T0 ,

Λ = −
m

∂ϕ

∂t
+ m∇∇∇ϕ · v + F · ∇∇∇′ϕ

|∇∇∇′ϕ|2 , T0 · N = 0 .

(1.5)

Note that the only component N of constraint reaction depends on (1.1),
in which case by formulas (1.5) it is defined as a certain function of t, x, ẋ.
In particular, equations (1.1) and (1.2) are also valid for T0 = 0. The non-
holonomic constraints of such type we shall called ideal. If T0 �= 0, then the
construction of the vector T0 should be described separately, based on the
additional characteristics of the physical realization of constraint (1.1). As a
rule, T0 essentially depends on the quantities |N| and, in lesser degree, on
t, x, ẋ.

Consider the partial case of holonomic constraint, namely

f(t, x) = 0 . (1.6)

Represent it in the form of (1.1):

ϕ ≡ ḟ =
∂f

∂t
+

∂f

∂xk
ẋk = 0 .

Then we have
∂ϕ

∂ẋk
=

∂f

∂xk
,

and therefore for holonomic constraint (1.6) the vector∇∇∇′ϕ, introduced above,
coincides with the usual vector ∇∇∇f . Here, as is shown in Chapter I, the vec-
tor N is directed along a normal to the surface, given by equation (1.6),
and the vector T0 lies in the plane tangential to this surface. In particular,
if equation (1.6) gives a certain material surface, on which the point must
move, then for the ideally burnished surface (for ideal holonomic constraint)
we have T0 = 0. Otherwise we need to point out a rule for construction of
the vector T0, for example, to give Coulomb’s law (1.12) from Chapter I.

Assume now that on the motion of material point it is imposed two non-
holonomic constraints

ϕκ(t, x, ẋ) = 0 , x = (x1, x2, x3) , κ = 1, 2 .

Arguing as above, we obtain

∂ϕκ

∂t
+∇∇∇ϕκ · v +∇∇∇′ϕκ · w = 0 , κ = 1, 2 .
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The differential equation of motion has, as before, the form of (1.2). This law
permits us to eliminate the vector w from the previous relations and to write
them as

R′ · ∇∇∇′ϕκ ≡ R′κ = −
(
m

∂ϕκ

∂t
+ m∇∇∇ϕκ · v + F · ∇∇∇′ϕκ

)
, κ = 1, 2 .

This implies that if we represent the vector R′ as the sum

R′ = Λκ∇∇∇′ϕκ + T0 , (1.7)

where T0 is a certain unknown vector orthogonal to the vectors ∇∇∇′ϕκ , then
the coefficients Λκ can be found from the following system of equations

Λ1|∇∇∇′ϕ1|2 + Λ2∇∇∇′ϕ1 · ∇∇∇′ϕ2 = R′1 ,

Λ1∇∇∇′ϕ1 · ∇∇∇′ϕ2 + Λ2|∇∇∇′ϕ2|2 = R′2 .

Thus, the components Λκ∇∇∇′ϕκ of the vector R′ are uniquely defined by
equations of constraints and the force F.

We remark that a similar reasoning can also be used for two holonomic
constraints since in this case we have ∇∇∇′ϕκ = ∇∇∇fκ . Therefore if there are
the two holonomic constraints, then the reaction can be represented as

R′ = Λκ∇∇∇fκ + T0 , κ = 1, 2 .

We consider now the motion of representation point under the condition
that there exist k nonholonomic constraints:

ϕκ(t, y, ẏ) = 0 , κ = 1, k . (1.8)

Then like the motion of one material point we can write

MW = Y + R , (1.9)

which has the form of the second Newton’s law in the vector form. In the
sequel relation (1.9) is called the second Newton’s law just as in Chapter I.

Using formula (1.7) in the case of representation point, we have

R = N + T0 , N = Λκ∇∇∇′ϕκ , ∇∇∇′ϕκ =
∂ϕκ

∂ẏμ
jμ , T0 · N = 0 . (1.10)

In Chapter IV the notion of a tangent space to the manifold of all pos-
sible configurations of a mechanical system will be introduced. The set of
the Lagrange equations of the second kind describing a motion of the uncon-
strained mechanical system is written in this space as a single vector-valued
equality which has a form of the second Newton law. This makes it possible
to generalize formulas (1.5), (1.7) not only to mechanical systems, consisting
of the finite number of particles, but also to arbitrary mechanical systems
with the finite number of degrees of freedom.
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Thus, the conclusion on the structure of the constraint reaction obtained
for a single particle is of general nature. It is fundamental. Expressions (1.5),
(1.7), (1.10) for the reaction force were obtained by N.N.Polyakhov in 1974
[185]. Later these results were included into the treatise (manual for univer-
sities) [189]. In 2001 O.M.O’Reilly and A.R. Srinivasa [416] devoted their
work to deriving and discussion of expressions (1.5).

§ 2. Equations of motion of nonholonomic systems.
Maggi’s equations

Assume that the nonlinear nonholonomic constraints, imposed on a mo-
tion of system, in the curvilinear coordinates q = (q1, . . . , qs) have the form

ϕκ(t, q, q̇) = 0 , κ = 1, k . (2.1)

In the case of the motion of system of N material points s = 3N .
Now we pass from the variables q̇ = (q̇1, . . . , q̇s) to the new nonholonomic

variables v∗ = (v1
∗, . . . , v

s
∗) by formulas

vρ
∗ = vρ

∗(t, q, q̇) , ρ = 1, s . (2.2)

If the solvability conditions are satisfied, then we can write the inverse trans-
formation

q̇σ = q̇σ(t, q, v∗) , σ = 1, s . (2.3)

Assuming that the derivatives of functions (2.2), (2.3) are continuous, we can
introduce the two systems of linearly independent vectors:

εεετ =
∂q̇σ

∂vτ
∗
eσ , εεερ =

∂vρ
∗

∂q̇τ
eτ , ρ, τ = 1, s . (2.4)

Since the product is as follows

εεερ · εεετ =
∂vρ

∗
∂q̇σ

∂q̇σ

∂vτ
∗

= δρ
τ =

{
0 , ρ �= τ ,

1 , ρ = τ ,

vectors (2.4) can be regarded as the vectors of the fundamental and reciprocal
bases. We shall say that bases (2.4) are nonholonomic.

By assumption, the equations of constrains (2.1) are such that

|∇∇∇′ϕκ · ∇∇∇′ϕκ
∗ | �= 0 , κ, κ∗ = 1, k .

In this case in transition formulas (2.2) the last functions can be given in the
following way

vl+κ

∗ = ϕκ(t, q, q̇) , l = s − k , κ = 1, k . (2.5)
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Therefore if constraint (2.1) is satisfied, then we have vl+κ

∗ = 0. Then by
formulas (2.4) we have

εεεl+κ =
∂ϕκ

∂q̇τ
eτ ≡∇∇∇′ϕκ , κ = 1, k .

We introduce two subspaces orthogonal to each other with the nonholo-
nomic bases {εεε1, . . . , εεεl} and {εεεl+1, . . . , εεεs} and call them L-space and K-
space, respectively. Decompose the acceleration vector into the following two
components

W = WL + WK , WL = W̃λεεελ , WK = W̃l+κεεεl+κ , WL · WK = 0 .

Here the wavy sign denotes that the components of acceleration vector are
taken for nonholonomic bases (2.4) but not for the usual fundamental and
reciprocal bases.

The second Newton’s law (1.9) is replaced then by the following two
equations:

MWL = YL + RL , (2.6)

MWK = YK + RK . (2.7)

Differentiating the equations of constraints (2.1) with respect to time and
taking into account that the vector W can be represented as

W = (q̈σ + Γσ
αβ q̇αq̇β)eσ , σ = 1, s , α, β = 0, s ,

we obtain
εεεl+κ · W = χκ

1 (t, q, q̇) ,

χκ

1 (t, q, q̇) = −∂ϕκ

∂t
− ∂ϕκ

∂qσ
q̇σ +

∂ϕκ

∂q̇σ
Γσ

αβ q̇αq̇β ,

κ = 1, k , α, β = 0, s .

These equations are similar to equations (2.14) of Chapter I. This implies
that the vector WK as the function of t, qσ, q̇σ, σ = 1, s is uniquely de-
termined by constraints equations. By equation (2.7) for the given force
YK the vector WK can be obtained by means of the constraint reaction
RK = N = Λκ∇∇∇′ϕκ . Unlike the above the component WL is independent of
the mathematical definition of the equations of constraints. It can be deter-
mined from equation (2.6) for any vector RL, in particular, for RL ≡ T0 = 0
if in L-space the equation of properly motion has the form

MWL = YL .

It is naturally to call nonholonomic constraints (2.1), which do not influence
the vector WL, ideal. For these constraints the vector of reaction is as follows

R = RK = N = Λκ∇∇∇′ϕκ . (2.8)
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By formulas (1.9) and (2.8) the second Newton’s law for ideal nonholonomic
constraints has the form

MW = Y + Λκ∇∇∇′ϕκ . (2.9)

Multiplying this equation by the vectors εεελ, λ = 1, l, we obtain Maggi’s
equations

(
MWσ − Qσ

)∂q̇σ

∂vλ
∗

= 0 , λ = 1, l , (2.10)

where
MWσ − Qσ =

d

dt

∂T

∂q̇σ
− ∂T

∂qσ
− Qσ , σ = 1, s .

For linear nonholonomic constraints these equations have been obtained by
Maggi in 1896 [355]. Later for nonlinear nonholonomic constraints, by means
of the generalized principle of D’Alembert–Lagrange they have been generat-
ed by A.Przeborski [375]. Integrating equations (2.1), (2.10) with the given
initial data, we can find the law of motion of the system

qσ = qσ(t) , σ = 1, s . (2.11)

Multiplying equation (2.9) by the vectors εεεl+κ , κ = 1, k, we obtain the second
group of Maggi’s equations

(
MWσ − Qσ

) ∂q̇σ

∂vl+κ

∗
= Λκ , κ = 1, k . (2.12)

For the given law of motion of system (2.11), the generalized reactions of
nonholonomic constraints (2.1) can be determined as the time functions from
the above equations. Formulas (2.12) do not give directly the quantities Λκ

as the functions of t, q, q̇. They can be found from the following equations

εεεl+κ · W = χκ

1 (t, q, q̇), WK =
1
M

(YK + Λκ∇∇∇′ϕκ) .

Thus, for nonholonomic constraints the introduction of nonholonomic
bases (2.4) permits us to obtain the two subspaces K and L. These sub-
spaces turn out orthogonal to each other and in studying the problems in
these subspaces it is convenient to make use of Maggi’s equations (2.10)
and (2.12).

Maggi’s equations are highly convenient to consider the motion of non-
holonomic systems. It is to be noted that they are valid for any nonholonom-
ic constraints, including the nonlinear ones. Most of the well-known forms
of equations, describing the motion of nonholonomic systems, can be ob-
tained from these equations (for detail, see the next section), for example,
Chaplygin’s equations

d

dt

∂(T )
∂q̇λ

− ∂(T )
∂qλ

+
∂T

∂q̇l+κ

(
∂bl+κ

λ∗

∂qλ
− ∂bl+κ

λ

∂qλ∗

)
q̇λ∗

= Qλ ,

λ, λ∗ = 1, l , κ = 1, k ,

(2.13)
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if the equations of constraints (2.1) are represented as

q̇l+κ = bl+κ

λ (q1, . . . , ql)q̇λ , λ = 1, l , κ = 1, k , (2.14)

or the Hamel–Boltzmann equations

d

dt

∂T ∗

∂π̇λ
− ∂T ∗

∂πλ
+

∂T ∗

∂π̇l+κ

γλ(l+κ)λ∗ π̇λ∗
= Q̃λ ,

λ, λ∗ = 1, l, , κ = 1, k , l = s − k ,
(2.15)

for the nonholonomic constraints of the form

ϕκ(t, q, q̇) ≡ al+κ

σ (q)q̇σ = 0, κ = 1, k , σ = 1, s , (2.16)

if in place of formulas (2.2), (2.3) there are introduced the following relations
between the time derivatives of the generalized coordinates q1, . . . , qs and of
the quasicoordinates π1, . . . , πs:

π̇ρ = aρ
σ(q)q̇σ , q̇σ = bσ

ρ (q)π̇ρ , ρ, σ = 1, s . (2.17)

In Chaplygin’s equations the symbol (T ) denotes, as usual [59], the kinetic
energy in which the generalized velocities q̇l+κ , κ = 1, k, are replaced by
relations (2.14). Similarly, in the Hamel–Boltzmann equations T ∗ denotes
the kinetic energy if in it the quantities q̇σ, σ = 1, s, are replaced by their
relations in unknowns π̇ρ, ρ = 1, s. Recall that the analytic representations
of nonholonomic constraints (2.16) give k last quasivelocities π̇l+1, . . . , π̇s in
formulas (2.17). Besides, equations (2.15) involves the generalized forces Q̃λ,
which correspond to the quasivelocities π̇λ(λ = 1, l) :

Q̃λ = Qσ
∂q̇σ

∂π̇λ
, λ = 1, l , σ = 1, s , (2.18)

and the objects of nonholonomicity γλ(l+κ)λ∗

γλ(l+κ)λ∗ = bσ
λbτ

λ∗

(
∂al+κ

σ

∂qτ
− ∂al+κ

τ

∂qσ

)
,

λ, λ∗ = 1, l , κ = 1, k , σ, τ = 1, s .

(2.19)

The derivatives ∂T ∗/∂πλ are computed by formulas

∂T ∗

∂πλ
=

∂T ∗

∂qσ

∂q̇σ

∂π̇λ
, λ = 1, l , σ = 1, s . (2.20)

The following equations [169, 314]

d

dt

∂T ∗

∂vλ
∗
− ∂T ∗

∂πλ
− ∂T

∂q̇σ

(
d

dt

∂q̇σ

∂vλ
∗
− ∂q̇σ

∂πλ

)
= Q̃λ , λ = 1, l

are more general than Chaplygin’s equations. Whence it follows that in the
case of linear stationary transformations (2.17) with respect to quasivelocities
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and generalized velocities we can obtain Chaplygin’s equations. Therefore
V. S.Novoselov calls the above equations the equations of Chaplygin’s type.

Similarly, the equations more general than the Hamel–Boltzmann ones
are the equations of Hamel–Novoselov [169, 314]

d

dt

∂T ∗

∂vλ
∗
− ∂T ∗

∂πλ
+

∂T ∗

∂vρ
∗

∂q̇σ

∂vλ
∗

(
d

dt

∂vρ
∗

∂q̇σ
− ∂vρ

∗
∂qσ

)
= Q̃λ , λ = 1, l ,

which are obtained also for nonlinear constraints (2.1). V. S.Novoselov calls
these equations the equations of the Voronets–Hamel type (for detail, see § 1
ChapterVII).

In the equations of Chaplygin, Hamel–Boltzmann, and those similar to
them, the authors have made an attempt to discriminate the Lagrange oper-
ator. Then the rest of addends in the left-hand sides of equations characterize
the nonholonomicity of system. Therefore in the case of the integrability of
constraints the differential equations become usual Lagrange’s equations of
the second kind of holonomic mechanics. Equations (2.13), (2.15), and the
similar ones are generated for the concrete forms of usually linear nonholo-
nomic constraints of the type (2.14), (2.16) and therefore they are useful
for solving the corresponding problems. As a rule, such equations make it
possible to obtain the minimal number of equations of motion. For example,
the left-hand sides of Chaplygin’s equations (2.13) involve only the unknown
q1, . . . , ql and after integration of these equations the rest of the coordinates
ql+1, . . . , qs can be found from equations of constraints (2.14).

As distinct from this, Maggi’s equations are valid, as is mentioned above,
for any of nonholonomic constraints, including the constraints nonlinear in
generalized velocities. An important point is that for generating differential
equations of motion (2.10) we need to apply a single equitype technique
to all problems: after the choice of the generalized coordinates q1, . . . , qs

the expressions for the left-hand sides of usual Lagrange’s equations of the
second kind are generated; the transition formulas (2.2) to nonholonomic
variables are introduced, in which case the last of them take account of the
relations of nonholonomic constraints by means of formulas (2.5); the inverse
transformation (2.3) is found and after differentiating it with respect to new
nonholonomic variables, the equations of motion (2.10) are generated. Here
two remarks can be given which are useful from the computational point of
view.

Firstly, for numerical integrating system (2.10) together with constraints
(2.1) it is necessary previously to differentiate the latter with respect to time
and to obtain the equations linear in generalized accelerations. These equa-
tions and Maggi’s ones are the system of linear nonuniform algebraic equa-
tions in unknown q̈1, . . . , q̈s. Solving them, we obtain the system of differential
equations convenient for numerical integration.

Secondly, in the case of nonlinear nonholonomic constraints (2.1) the ob-
taining of inverse transformations (2.3) from formulas (2.2) may turn out diffi-
cult. To avoid this we need to to compile the matrix of derivatives (∂vρ

∗/∂q̇σ),
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ρ, σ = 1, s, using formulas (2.2), and to find then the inverse matrix (∂q̇σ/∂vρ
∗),

ρ, σ = 1, s, the elements of which are used for generating Maggi’s equations.
Consider one more type of equations of nonholonomic mechanics. In the

case of ideal constraints (2.1) equation (2.9) can be represented as

MW = Y + Λκ

∂ϕκ

∂q̇τ
eτ . (2.21)

Multiplying scalarly equation (2.21) by the vectors of fundamental basis eσ,
σ = 1, s, of the original system of curvilinear coordinates, we obtain the
following relation

MWσ = Qσ + Λκ

∂ϕκ

∂q̇σ
, σ = 1, s ,

which can be rearranged in the form

d

dt

∂T

∂q̇σ
− ∂T

∂qσ
= Qσ + Λκ

∂ϕκ

∂q̇σ
, σ = 1, s . (2.22)

These equations are usually called Lagrange’s equations of the second kind
with undetermined multipliers [59]. Together with the equations of nonholo-
nomic constraints (2.1) they give a system of s + k differential equations in
s + k unknowns qσ, σ = 1, s, Λκ , κ = 1, k. This is the reason why, like
equations (2.22) of Chapter I, they can be called Lagrange’s equations of the
first kind in generalized coordinates for nonholonomic systems [28].

If the original system of coordinates are Cartesian, then we have

qσ = yσ , eσ = eσ = jσ , σ = 1, s ,

ϕκ(t, y, ẏ) = 0 , κ = 1, k ,

and equations (2.22) take the form

Mÿσ = Yσ + Λκ

∂ϕκ

∂ẏσ
, σ = 1, s . (2.23)

Equations (2.23) are usual Lagrange’s equations of the first kind for nonholo-
nomic constraints rearranged for representation point.

F.Udwadia and R.Kalaba [394. 1992] derived the equations of dynamics
in the matrix form taking into consideration the presence of nonholonomic
constraints up to the second order with the help of the Moore and Penrose
generalized inverse. In their opinion "the equations of motion obtained in this
paper appear to be the simplest and most comprehensive so far discovered".

Note that the partition of the whole s-dimensional space into the di-
rect sum of the K-space and L-space by means of constraint equations (2.1)
actually corresponds to the application of Moore and Penrose generalized in-
verse. (A more general case for the constraints that are linear in generalized
accelerations is considered in Chapter IV). This partition led to expressions
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(2.12) for generalized reactions. Substituting them into equations (2.22),
we obtain

Aστ (t, q, q̇) q̈τ = Bσ(t, q, q̇) ,

Aστ = M

(
gστ − gσ∗τ

∂q̇σ∗

∂vl+κ

∗

∂ϕκ

∂q̇σ

)
,

Bσ = Qσ − Qσ∗
∂q̇σ∗

∂vl+κ

∗

∂ϕκ

∂q̇σ
+ M Γσ∗,αβ q̇αq̇β ∂q̇σ∗

∂vl+κ

∗

∂ϕκ

∂q̇σ
−

−M Γσ,αβ q̇αq̇β , σ, σ∗, τ = 1, s , α, β = 0, s , κ = 1, k .

These formulae do imply the Udwadia–Kalaba equations

q̈τ = Aτσ(t, q, q̇)Bσ(t, q, q̇) , σ, τ = 1, s ,

where Aτσ are elements of the matrix inverse to the matrix (Aστ ). We note
that these equations can be also derived with the help of the linear force
transformation, which will be introduced in the next chapter, and elimination
of generalized reaction forces Λκ, κ = 1, k, from equations (2.22) in a simillar
way as it was described for holonomic systems in § 2 of Chapter I.

V.V.Rumyantsev [203] thinks that the most general equations of nonholo-
nomic mechanics are the Poincaré–Chetaev equations. They were introduced
by H.Poincaré [373] and N.G.Chetaev [247, 248, 292] for holonomic sys-
tems. The mathematical problems, concerning their structure, and their place
in the new theory of Hamiltonian systems were considered by V. I. Arnol’d,
V.V.Kozlov, A. I. Neishtadt [7], L.M.Markhashov [149], and others. In the
sequel they were generalized to nonholonomic systems due to the works of
L.M.Markhashov [149], V.V.Rumyantsev [203], and Fam Guen [229]. As is
shown by V.V.Rumyantsev [203], all the rest of types of the equations of mo-
tion for nonholonomic mechanics with the linear nonholonomic constraints
of the first kind can be obtained from the Poincaré–Chetaev equations. We
assume that these constraints have the form

vl+κ

∗ = al+κ

σ (t, q)q̇σ + al+κ

0 (t, q) = 0 , κ = 1, k , σ = 1, s . (2.24)

Arguing as in the work [203], we supplement equations (2.24) with the fol-
lowing relations

vλ
∗ = aλ

σ(t, q)q̇σ + aλ
0 (t, q) , λ = 1, l , l = s − k , σ = 1, s ,

which implies that the generalized velocities can uniquely be represented as

q̇σ = bσ
τ (t, q)vτ

∗ + bσ
0 (t, q) , σ, τ = 1, s .

Introducing, for short, the notions [203]

q0 = t , q̇0 = 1 , v0
∗ = 1 , a0

α = b0
α = δ0

α , α = 0, s ,
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we have
vα
∗ = aα

β q̇β , q̇β = bβ
αvα

∗ , α, β = 0, s .

Denote the Lagrange function L = T − Π, which was found as the function
of variables t, qσ, vσ

∗ , σ = 1, s, by L∗(t, q, v∗). In these notions the Poincaré–
Chetaev equations for nonholonomic systems with constraints (2.24) are the
following [203]:

d

dt

∂L∗

∂vλ
∗

= cρ
μλvμ

∗
∂L∗

∂vρ
∗

+ cρ
0λ

∂L∗

∂vρ
∗

+ bσ
λ

∂L∗

∂qσ
+ Q̃λ ,

λ, μ = 1, l, , ρ, σ = 1, s .

(2.25)

Here Q̃λ = bσ
λQσ are generalized nonpotentional forces, corresponding to the

quasivelocities vλ
∗ , λ = 1, l, and cρ

μα and cρ
0λ are the coefficients, given in the

form

cρ
αβ = aρ

γ

(
∂bγ

β

∂qδ
bδ
α − ∂bγ

α

∂qδ
bδ
β

)
=

(
∂aρ

γ

∂qδ
− ∂aρ

δ

∂qγ

)
bγ
αbδ

β ,

α, β, γ, δ = 0, s , ρ = 1, s .

(2.26)

As V.V.Rumyantsev emphasizes [203], the function L∗, entering into equa-
tions (2.25), depends, generally speaking, on all quasivelocities vρ

∗ , ρ = 1, s,
and therefore the equations of constraints (2.24) vl+κ

∗ = 0, κ = 1, k, should
be used only after the generation of equations (2.25). By (2.26) for holonomic
constraints we have cl+κ

αβ =0, κ = 1, k, α, β = 0, s, and in this case the above
remark does not refer to holonomic systems.

Equations (2.25), supplemented with the equations

q̇σ = bσ
λ(t, q)vλ

∗ + bσ
0 (t, q) , λ = 1, l , σ = 1, s ,

are the closed system of equations in unknowns qσ, σ = 1, s, and vλ
∗ , λ = 1, l.

The number of sought independent variables is minimal and the differential
equations in unknowns as qσ as vλ

∗ are of the first kind. This is the advantage
of equations (2.25) in contrast with Maggi’s equations.

The Hamel–Novoselov and Poincaré–Chetaev equations are also consid-
ered in ChapterVII, where they are obtained by three different approaches.

Finally, we give some important remarks.
In studying the motion of rigid body linear nonholonomic constraint (2.24)

occurs, in particular, in the case when the projection of the velocity v of
the point M of rigid body on the direction of the unit vector j of body is
equal to zero by virtue of its interaction with another body. This example
of nonholonomic constraint is the most routine one. Therefore we consider
it in more detail. We shall show that the assumption that the considered
constraint is ideal means that the force, applied to the point M of body in
the result of its interaction with another body, is equal to Λj if the equation
of constraint is as follows

ϕ = v · j = aσ(t, q)q̇σ + a0(t, q) = 0 , σ = 1, s , s � 6 .
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Here v is the velocity of the point M and qσ,σ = 1, s, are generalized coordi-
nates of rigid body. By assumption, the constraint is linear and therefore the
unit vector j can only depend on the time t and on the generalized coordinates
qσ, σ = 1, s, but not on the generalized velocities q̇σ, σ = 1, s.

Equations (2.22) implies that for the proof of such assertion it is sufficient
to show that the generalized forces Rσ, corresponding to the force Λj, can be
represented in the form

Rσ = Λ
∂ϕ

∂q̇σ
.

Really, by definition, we have

Rσ = Λj · ∂r
∂qσ

,

where r = r(t, q) is the radius vector of the point M . The velocity v of the
point M is as follows

v =
∂r
∂t

+
∂r
∂qσ

q̇σ .

Hence
∂r
∂qσ

=
∂v
∂q̇σ

, σ = 1, s ,

and we have
Rσ = Λj · ∂v

∂q̇σ
, σ = 1, s .

The vector j is independent of the variables q̇σ, σ = 1, s. In this case the
quantities Rσ, σ = 1, s, can be represented as

Rσ = Λ
∂(v · j)

∂q̇σ
= Λ

∂ϕ

∂q̇σ
, σ = 1, s ,

which was to be proved.
Consider another example from the dynamics of rigid body, related to the

problem on the controllable motion of rigid body but not the problem on its
rolling or sliding motion. We assume that it is necessary to realize the free
motion, of rigid body, such that the projection of the vector of instantaneous
angular velocity ωωω on the fixed axis j is a given function of time t and the
generalized coordinates qσ, σ = 1, 6. Thus equation of linear nonholonomic
constraint (2.24) is assumed to be given in the form

ϕ = ωωω · j + a0(t, q) = 0 . (2.27)

We shall show that from equations (2.22) it follows that the "ideal"realization
of such program of motion is possible by means of an additional system of
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forces such that its force resultant is equal to zero and the resultant moment
about the center of mass is equal to Λj.

Suppose, ρρρν are the radius-vectors of the points of application of the
additional forces Fν , the number of which is equal to n. By definition, we
have

Rσ =
n∑

ν=1

Fν · ∂ρρρν

∂qσ
=

n∑

ν=1

Fν · ∂vν

∂q̇σ
=

n∑

ν=1

Fν · ∂

∂q̇σ
(vC + ωωω × rν) . (2.28)

Here vC is a velocity of the center of mass and rν is a radius vector of the
point of application of the additional force Fν relative to the center of mass.

By virtue of the problem setting we have

n∑

ν=1

Fν = 0 ,

n∑

ν=1

rν × Fν = Λj . (2.29)

Therefore relations (2.27) and (2.28) yield

Rσ =
n∑

ν=1

Fν · ∂(ωωω × rν)
∂q̇σ

=
n∑

ν=1

Fν · ∂ωωω

∂q̇σ
× rν =

=
n∑

ν=1

(rν × Fν) · ∂ωωω

∂q̇σ
= Λj · ∂ωωω

∂q̇σ
= Λ

∂ϕ

∂q̇σ
.

In the above proof the fact that the unit vector j is that of fixed frame
is not used. We need only in the fact that this vector is independent of the
generalized velocities q̇σ, σ = 1, 6. It can be a vector, which is of a given
dependence of time and generalized coordinates, and therefore it can, in par-
ticular, be the unit vector, rigidly connected with body.

The essential distinction between the considered problem and the problem
on the rolling or sliding motion of rigid body is that the validity of constraint
(2.27) can be provided by different families of the additional forces Fν ,ν =
1, n, satisfying condition (2.29) while in the problem on the rolling or sliding
motion the validity of constraint is provided by the one additional force Λj,
applied to the contact point M . It is also important that the generation of this
force as the function of the variables t, q, q̇σ, σ = 1, s, is given by the contact
interaction of two bodies. This force can be eliminated and the motion can
be found from the equations of constraints and, for example, from Maggi’s
equations, which do not involve the Lagrange multipliers. For controllable
motion, the generation of the moment Λj is realized by the control system
and only after applying the found control moment Λj the motion can satisfy
equation (2.27).
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§ 3. The generation of the most usual
forms of equations of motion
of nonholonomic systems from Maggi’s equations

We obtain now the mentioned above forms of equations of motion of
nonholonomic systems from Maggi’s equations.

Chaplygin’s and Voronets’ equations. Suppose that on the system
are imposed the stationary linear nonholonomic constraints, the equations of
which take the form

q̇l+κ = βl+κ

λ (q)q̇λ, λ = 1, l, κ = 1, k . (3.1)

Then, assuming

vλ
∗ = q̇λ, λ = 1, l,

vl+κ

∗ = q̇l+κ − βl+κ

λ (q)q̇λ, κ = 1, k ,

we have
∂q̇μ

∂vλ
∗

= δμ
λ =

{
1, μ = λ ,

0, μ �= λ ,
λ, μ = 1, l ,

∂q̇l+κ

∂vλ
∗

= βl+κ

λ , λ = 1, l, κ = 1, k .

From these relations it follows that for nonholonomic constraints, given
by (3.1), Maggi’s equations (2.10) can be represented as

Mwλ + Mwl+κβl+κ

λ = Qλ + Ql+κβl+κ

λ ,

λ = 1, l, κ = 1, k .
(3.2)

Suppose that the kinetic energy T is independent of the generalized co-
ordinates ql+κ and Ql+κ = 0 (κ = 1, k). Then equations (3.2) have the
form

d

dt

∂T

∂q̇λ
− ∂T

∂qλ
+ βl+κ

λ

d

dt

∂T

∂q̇l+κ

= Qλ, λ = 1, l . (3.3)

Transform equation (3.3). By means of equation of constraints (3.1), we elim-
inate all velocities q̇l+κ from the relation for the kinetic energy T , and denote
by T∗ the obtained expression for kinetic energy. In this case the relations
hold

∂T∗
∂q̇λ

=
∂T

∂q̇λ
+

∂T

∂q̇l+κ

∂q̇l+κ

∂q̇λ
=

∂T

∂q̇λ
+

∂T

∂q̇l+κ

βl+κ

λ , (3.4)

∂T∗
∂qλ

=
∂T

∂qλ
+

∂T

∂q̇l+κ

∂q̇l+κ

∂qλ
=

∂T

∂qλ
+

∂T

∂q̇l+κ

∂βl+κ

μ

∂qλ
q̇μ ,

λ, μ = 1, l .

(3.5)
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We assume that the coefficients βl+κ

λ are independent of ql+κ, κ = 1, k.
Then, differentiating in time relation (3.4), we obtain

d

dt

∂T∗
∂q̇λ

=
d

dt

∂T

∂q̇λ
+ βl+κ

λ

d

dt

∂T

∂q̇l+κ

+
∂T

∂q̇l+κ

dβl+κ

λ

dt
=

=
d

dt

∂T

∂q̇λ
+ βl+κ

λ

d

dt

∂T

∂q̇l+κ

+
∂T

∂q̇l+κ

∂βl+κ

λ

∂qμ
q̇μ ,

λ, μ = 1, l .

(3.6)

Computing the quantities d(∂T/∂q̇λ)/dt and ∂T/∂qλ by formulas (3.6) and
(3.5) and substituting them into equations (3.3), we get

d

dt

∂T∗
∂q̇λ

− ∂T∗
∂qλ

− ∂T

∂q̇l+κ

(
∂βl+κ

λ

∂qμ
−

∂βl+κ

μ

∂qλ

)
q̇μ = Qλ ,

κ = 1, k , λ, μ = 1, l .

(3.7)

These equations were obtained by S.A.Chaplygin [239].
Now we eliminate the dependent velocities q̇l+1, q̇l+2, ..., q̇l+k from the ex-

pressions ∂T/∂q̇l+κ in equations (3.7), using equations of constraints (3.1).
Then we get the system of l equations in unknown functions q1, q2, ..., ql.
Thus, Chaplygin’s equations permit us to determine q1(t), q2(t), ..., ql(t) in-
dependently of constraints (3.1) and to find then the rest of ql+1(t), ql+2(t), ...,
ql+k(t) from equations (3.1).

Suppose, the coefficients βl+κ

λ satisfy the following conditions

∂βl+κ

μ

∂qλ
− ∂βl+κ

λ

∂qμ
= 0 , κ = 1, k , λ, μ = 1, l . (3.8)

According to the assumption that the coefficients βl+κ

λ are independent of
ql+κ (κ = 1, k) this implies that they take the form

βl+κ

λ =
∂U l+κ

∂qλ
, λ = 1, l , κ = 1, k . (3.9)

Here U l+κ are the functions of coordinates q1, q2, ..., ql. Substituting relations
(3.9) into equations (3.1), we obtain

ql+κ = U l+κ(q1, q2, ..., ql) , κ = 1, k .

Thus, the coordinates ql+κ result from the rest. Therefore if conditions
(3.8) are satisfied the motion is described by usual Lagrange’s equations.

Now we generate the equations of motion, obtained by P.V.Voronets [41.
1901]. Consider a mechanical system with constraints given in the form (3.1)
without the additional assumptions, which arrive to Chaplygin’s equations.
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In the case when the kinetic energy T depends on all coordinates Maggi’s
equations (3.2) are the following

d

dt

∂T

∂q̇λ
− ∂T

∂qλ
+

(
d

dt

∂T

∂q̇l+κ

− ∂T

∂ql+κ

)
βl+κ

λ = Qλ + Ql+κβl+κ

λ ,

κ = 1, k , λ = 1, l .

(3.10)

Arguing as above, we reduce these equations to the Voronets ones. Relations
(3.5) preserve their form. In accordance with that the coefficients βl+κ

λ depend
now on all qσ, relations (3.6) take the form

d

dt

∂T∗
∂q̇λ

=
d

dt

∂T

∂q̇λ
+ βl+κ

λ

d

dt

∂T

∂q̇l+κ

+
∂T

∂q̇l+κ

∂βl+κ

λ

∂qμ
q̇μ+

+
∂T

∂q̇l+κ

∂βl+κ

λ

∂ql+ν
βl+ν

μ q̇μ , κ, ν = 1, k , λ, μ = 1, l .

(3.11)

In the considered case, together with (3.5) and (3.11) we need to account
for the following relations

βl+κ

λ

∂T∗
∂ql+κ

= βl+κ

λ

(
∂T

∂ql+κ

+
∂T

∂q̇l+ν

∂βl+ν
μ

∂ql+κ

q̇μ

)
.

This relation, together with relations (3.5) and (3.11), permits us to represent
equations (3.10) as

d

dt

∂T∗
∂q̇λ

− ∂T∗
∂qλ

− βl+κ

λ

∂T∗
∂ql+κ

− ∂T

∂q̇l+κ

βl+κ

λμ q̇μ =

= Qλ + Ql+κβl+κ

λ , λ, μ = 1, l , κ = 1, k ,

(3.12)

where

βl+κ

λμ =
∂βl+κ

λ

∂qμ
−

∂βl+κ

μ

∂qλ
+

∂βl+κ

λ

∂ql+ν
βl+ν

μ −
∂βl+κ

μ

∂ql+ν
βl+ν

λ .

Equations (3.12) are called Voronets’ equations. The equations of motion
(3.12) together with equations of constraints (3.1) are the system of differen-
tial equations for obtaining the functions qσ(t), σ = 1, s.

In the case of constrained motion of system acted by forces, which have
a potential, equations (3.12) take the form

d

dt

∂T∗
∂q̇λ

− ∂(T∗ + U)
∂qλ

− βl+κ

λ

∂(T∗ + U)
∂ql+κ

− ∂T

∂q̇l+κ

βl+κ

λμ q̇μ = 0 ,

λ, μ = 1, l , κ = 1, k .

In the partial case when the coordinates ql+1, ql+2, ..., ql+k, corresponding
to the eliminated velocities, do not enter into the relations for kinetic and
potential energies in explicit form and also into the equations of constraints,
Voronets’ equations (3.12) coincide with Chaplygin’s equations (3.7).
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The equations in quasicoordinates (the Hamel–Novoselov,
Voronets–Hamel, and Poincaré–Chetaev equations). As is known, the
projections of the vector of instantaneous angular velocity ωωω on the fixed ax-
es cannot be regarded as the derivatives with respect to certain new angles,
which uniquely determine the position of rigid body. Similarly, it may turn
out that the quantities vρ

∗ , which are a one-to-one function of the generalized
velocities q̇σ, cannot be regarded as derivatives with respect to the certain
new coordinates qρ

∗ . Therefore the quantities vρ
∗ are called quasivelocities and

the variables πρ, given by formulas

πρ =
∫ t0

t

vρ
∗dt ,

are called quasicoordinates.
In the relation for the kinetic energy T the generalized velocities q̇σ are

changed by the quasivelocities vρ
∗ . The function thus obtained is denoted by

T ∗. Consider, which form can have Maggi’s equations, represented as
(

d

dt

∂T

∂q̇σ
− ∂T

∂qσ
− Qσ

)
∂q̇σ

∂vλ
∗

= 0 , σ = 1, s , λ = 1, l , (3.13)

when used the function T ∗.
Taking into account the relations

∂T ∗

∂vλ
∗

=
∂T

∂q̇σ

∂q̇σ

∂vλ
∗

,
∂T ∗

∂qσ
=

∂T

∂qσ
+

∂T

∂q̇ρ

∂q̇ρ

∂qσ
,

ρ, σ = 1, s , λ = 1, l ,

we have (
d

dt

∂T

∂q̇σ

)
∂q̇σ

∂vλ
∗

=
d

dt

(
∂T

∂q̇σ

∂q̇σ

∂vλ
∗

)
−

− ∂T

∂q̇σ

d

dt

∂q̇σ

∂vλ
∗

=
d

dt

∂T ∗

∂vλ
∗
− ∂T

∂q̇σ

d

dt

∂q̇σ

∂vλ
∗

,

(3.14)

∂T

∂qσ

∂q̇σ

∂vλ
∗

=
∂q̇σ

∂vλ
∗

(
∂T ∗

∂qσ
− ∂T

∂q̇ρ

∂q̇ρ

∂qσ

)
=

=
∂q̇σ

∂vλ
∗

∂T ∗

∂qσ
− ∂T

∂q̇ρ

∂q̇ρ

∂qσ

∂q̇σ

∂vλ
∗

.

(3.15)

In the double sum in the right-hand side of relation (3.15) we exchange the
indices of summing ρ and σ. As a result we have

∂T

∂qσ

∂q̇σ

∂vλ
∗

=
∂q̇σ

∂vλ
∗

∂T ∗

∂qσ
− ∂T

∂q̇σ

∂q̇σ

∂qρ

∂q̇ρ

∂vλ
∗

. (3.16)

Consider the operator

∂

∂πρ
=

∂q̇σ

∂vρ
∗

∂

∂qσ
, ρ, σ = 1, s . (3.17)
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Under the assumption vρ
∗ = π̇ρ = q̇ρ

∗ it passes into the operator of partial
derivative with respect to the new coordinate qρ

∗ since we have

∂q̇σ

∂vρ
∗

∂

∂qσ
=

∂q̇σ

∂q̇ρ
∗

∂

∂qσ
=

∂qσ

∂qρ
∗

∂

∂qσ
=

∂

∂qρ
∗

.

By (3.17) relation (3.16) takes the form

∂T

∂qσ

∂q̇σ

∂vλ
∗

=
∂T ∗

∂πλ
− ∂T

∂q̇σ

∂q̇σ

∂πλ
.

According to relation (3.14) this implies that Maggi’s equations (3.13) take
the form

d

dt

∂T ∗

∂vλ
∗
− ∂T ∗

∂πλ
− ∂T

∂q̇σ

(
d

dt

∂q̇σ

∂vλ
∗
− ∂q̇σ

∂πλ

)
= Q∗

λ ,

σ = 1, s , λ = 1, l .

(3.18)

Here
Q∗

λ = Qσ
∂q̇σ

∂vλ
∗

. (3.19)

Equations (3.18) are called, sometimes, Chaplygin’s type equations [169].
Consider the partial case when the generalized velocities q̇σ and the qua-

sivelocities vρ
∗ are related by the following linear uniform stationary relations

vρ
∗ = αρ

σ(q)q̇σ , q̇σ = βσ
ρ (q)vρ

∗ ,

ρ, σ = 1, s ,
(3.20)

and the equations of constraints are the following

vl+κ

∗ ≡ αl+κ

σ (q)q̇σ = 0 , κ = 1, k . (3.21)

In this case, using relations (3.20) and operator (3.17) and taking into account
that after performing the operations of differentiation it can be assumed that
vl+κ

∗ = 0 (κ = 1, k), we have

d

dt

∂q̇σ

∂vλ
∗

=
d

dt
βσ

λ(q) =
∂βσ

λ

∂qρ
q̇ρ =

∂βσ
λ

∂qρ
βρ

μvμ
∗ =

= vμ
∗

∂q̇ρ

∂vμ
∗

∂βσ
λ

∂qρ
= vμ

∗
∂βσ

λ

∂πμ
, ρ, σ = 1, s , λ, μ = 1, l ;

∂q̇σ

∂πλ
=

∂q̇ρ

∂vλ
∗

∂q̇σ

∂qρ
=

∂q̇ρ

∂vλ
∗

∂βσ
μ

∂qρ
vμ
∗ =

= vμ
∗

∂βσ
μ

∂πλ
, ρ, σ = 1, s , λ, μ = 1, l .

Then equations (3.18) take the form

d

dt

∂T ∗

∂vλ
∗
− ∂T ∗

∂πλ
− ∂T

∂q̇σ

(
∂βσ

λ

∂πμ
−

∂βσ
μ

∂πλ

)
vμ
∗ = Q∗

λ ,

σ = 1, s , λ, μ = 1, l .

(3.22)
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These equations are usually called Chaplygin’s equations in quasicoordinates
[166, 169]. Note that equations (3.18) and (3.22) should be considered to-
gether with the equations of nonholonomic constraints.

Equations (3.18) and (3.22) involve as the function T ∗ as the function
T . We reduce now Maggi’s equations (3.13) to the form that involves the
function T ∗ only. The following relations

∂T

∂q̇σ
=

∂T ∗

∂vρ
∗

∂vρ
∗

∂q̇σ
, ρ, σ = 1, s ,

yield the relation
(

d

dt

∂T

∂q̇σ

)
∂q̇σ

∂vλ
∗

=
∂q̇σ

∂vλ
∗

d

dt

(
∂T ∗

∂vρ
∗

∂vρ
∗

∂q̇σ

)
=

=
(

d

dt

∂T ∗

∂vρ
∗

)
∂vρ

∗
∂q̇σ

∂q̇σ

∂vλ
∗

+
∂T ∗

∂vρ
∗

∂q̇σ

∂vλ
∗

d

dt

∂vρ
∗

∂q̇σ
.

Since
∂vρ

∗
∂q̇σ

∂q̇σ

∂vλ
∗

= δρ
λ =

{
1 , ρ = λ ,

0 , ρ �= λ ,

we have (
d

dt

∂T

∂q̇σ

)
∂q̇σ

∂vλ
∗

=
d

dt

∂T ∗

∂vλ
∗

+
∂T ∗

∂vρ
∗

∂q̇σ

∂vλ
∗

d

dt

∂vρ
∗

∂q̇σ
. (3.23)

Taking into account the relations

∂T

∂qσ
=

∂T ∗

∂qσ
+

∂T ∗

∂vρ
∗

∂vρ
∗

∂qσ

and operator (3.17), we obtain

∂T

∂qσ

∂q̇σ

∂vλ
∗

=
∂T ∗

∂πλ
+

∂T ∗

∂vρ
∗

∂q̇σ

∂vλ
∗

∂vρ
∗

∂qσ
.

Then from the above and formulas (3.19) and (3.23) it follows that Maggi’s
equations (3.13) can be represented in the form

d

dt

∂T ∗

∂vλ
∗
− ∂T ∗

∂πλ
+

∂T ∗

∂vρ
∗

∂q̇σ

∂vλ
∗

(
d

dt

∂vρ
∗

∂q̇σ
− ∂vρ

∗
∂qσ

)
= Q∗

λ ,

ρ, σ = 1, s , λ = 1, l .

(3.24)

Equations (3.18) and (3.24) can be applied to both holonomic and non-
holonomic systems with as the linear with respect to velocities ideal con-
straints as the nonlinear ones. In the case when the time does not enter into
the kinetic energy and the equations of constraints in explicit form, equations
(3.18) and (3.24) were obtained by G.Hamel [314] and in the general case
by V. S.Novoselov [169]. Therefore we shall call these equations the Hamel–
Novoselov ones.
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In the case when the quasivelocities are defined by formulas (3.20) and
the constraints are given by equations (3.21) we have

∂q̇σ

∂vλ
∗

d

dt

∂vρ
∗

∂q̇σ
= βσ

λ

dαρ
σ

dt
= βσ

λ

∂αρ
σ

∂qτ
q̇τ = βσ

λβτ
μ

∂αρ
σ

∂qτ
vμ
∗ ,

∂q̇σ

∂vλ
∗

∂vρ
∗

∂qσ
= βσ

λ

∂αρ
τ

∂qσ
q̇τ = βσ

λβτ
μ

∂αρ
τ

∂qσ
vμ
∗ ,

ρ, σ, τ = 1, s , λ, μ = 1, l .

Then (3.24) takes the form

d

dt

∂T ∗

∂vλ
∗
− ∂T ∗

∂πλ
+ cρ

λμvμ
∗

∂T ∗

∂vρ
∗

= Q∗
λ ,

cρ
λμ =

(
∂αρ

σ

∂qτ
− ∂αρ

τ

∂qσ

)
βσ

λβτ
μ ,

ρ, σ, τ = 1, s , λ, μ = 1, l .

(3.25)

In the case l = s these equations and the relations for the coefficients
cρ
στ were obtained first by P.V.Voronets in 1901 [41]. In 1904 for l < s these

results were obtained once more by G.Hamel [313]. Therefore these equations
are usually called the Voronets–Hamel equations but G.Hamel itself called
them the Euler–Lagrange equations. We remark that in the literature they
are also called the Hamel–Boltzmann equations.

Together with the works of P.V.Voronets, H. Poincaré obtains [373] the
equations, which are highly close to equations (3.25). Poincaré’s equations
correspond to the case when in equations (3.25) for l = s the coefficients cρ

στ

are constant and the forces are expressed via the forcing function U :

Q∗
τ = βσ

τ

∂U

∂qσ
, σ, τ = 1, s .

In this case equations (3.25) can be represented in the form, suggested by
H.Poincaré:

d

dt

∂L∗

∂vτ
∗

= cρ
στvσ

∗
∂L∗

∂vρ
∗

+ βσ
τ

∂L∗

∂qσ
, L∗(q, v∗) = T ∗ + U ,

ρ, σ, τ = 1, s .

(3.26)

When generated equations of motion (3.26) H.Poincaré made use of the
group theory. The approach of Poincaré was developed then in the works of
N.G.Chetaev, L.M.Markhashov, V.V.Rumyantsev, and Fam Guen. They
generalized Poincaré’s equations to the case when the coefficients cρ

στ are not
constant and the motion is acted by as potential as nonpotential forces. Be-
sides, V.V.Rumyantsev considered the case of nonlinear first-order nonholo-
nomic constraints. These equations, describing the motion of nonholonomic
systems, are called the Poincaré–Chetaev–Rumyantsev equations. For detail,
see ChapterVII.
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§ 4. The examples of applications
of different kinds equations
of nonholonomic mechanics

E x a m p l e II .1 . The motion of a double-mass system with holonomic
and nonholonomic constraints (the application of Maggi’s equations). Con-
sider in the horizontal plane Oxy the motion of two points M1(x1, y1) and
M2(x2, y2) with masses m. They are connected by a rigid rod whose mass is
ignored and length is 2l (Fig. II. 1,a). The other similar examples of the sys-
tems of finite numbers of material particles with nonholonomic constraints
are considered in the work [84]. The short runner with clinches (a skate) is
horizontally fixed at the middle point C of the rod at right angles. The run-
ner has a knife-edge and therefore it allows the displacement without friction
along the knife-edge but it does not allow the motion in perpendicular direc-
tion. We assume that since the runner is of sufficiently small length and has
clinches, the system can freely rotate about its center.

The following holonomic constraint

(x2 − x1)2 + (y2 − y1)2 = (2l)2

is imposed on the motion of points. Then the position of system is uniquely
defined by three parameters. As the generalized coordinates we shall regard
the Cartesian coordinates x, y of the middle point of rod and the angle θ
between the direction of the rod and the axis Oz:

q1 = x , q2 = θ , q3 = y . (4.1)

Then we have
ẋ1 = ẋ + θ̇l sin θ , ẏ1 = ẏ − θ̇l cos θ ,

ẋ2 = ẋ − θ̇l sin θ , ẏ2 = ẏ + θ̇l cos θ .
(4.2)

Now we obtain the equation of nonholonomic constraint. Since the runner
is at the point C of the middle of rod, this point may have only the velocity
perpendicular to the axis of rod. The projections of velocity of any of two
points of rigid body on the straight line, passing through these points, are
equal. Since there exists a skate, the velocity of middle point of rod v has
no a projection on the axis of rod and therefore the velocities v1 and v2 of
the points M1 and M2 also have no this projection. This condition can be
represented as

ẋ1

ẋ2
=

ẏ1

ẏ2
.

With (4.2) this implies that

θ̇(ẋ cos θ + ẏ sin θ) = 0 .

The above equation is satisfied for θ̇ = 0 or under the condition

ẋ cos θ + ẏ sin θ = 0 . (4.3)
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In the case θ̇ = 0 the angle θ is constant and therefore we have a translational
motion for the linear displacement of the point C. Such a motion is realized
for a long runner, which opposes the rotation of system round the point
C. Since we consider the case of short runner, the nonholonomic constraint
is given by (4.3). The represented in Fig. II. 1,a system with nonholonomic
constraint (4.3) may explain, in particular, the motion, on one skate, of the
vertically standing figure-skater and in the case θ̇ = 0 the motion of the skater
on racing skates.

Note that constraint (4.3) is satisfied for θ̇ = 0 and for θ̇ �= 0. In this case
we cannot assume that the equation θ̇(ẋ cos θ + ẏ sin θ) = 0 is more general
than equation (4.3) and therefore we cannot treat its as the example of non-
linear nonholonomic constraint. Similarly, the functional relations, obtained
in the other examples of the work [84], cannot also be regarded as nonlinear
nonholonomic constraints.

For generation of equations of motion we obtain first the relation for the
kinetic energy T . By (4.2) we have

T =
m

2
(
ẋ2

1 + ẏ2
1 + ẋ2

2 + ẏ2
2

)
= m

(
ẋ2 + ẏ2 + θ̇2l2

)
.

This implies the relation

MW1 = 2mẍ , MW2 = 2ml2θ̈ , MW3 = 2mÿ , (4.4)

where M = 2m is a mass of representation point.
In accordance with the general theory the new velocities v1

∗, v
2
∗, v

3
∗ are

introduced by formulas v1
∗ = q̇1 ≡ ẋ, v2

∗ = q̇2 ≡ θ̇, v3
∗ = ẋ cos θ + ẏ sin θ.

Then we obtain

ẋ ≡ q̇1 = v1
∗ , θ̇ ≡ q̇2 = v2

∗ , ẏ ≡ q̇3 =
v3
∗ − v1

∗ cos θ

sin θ
. (4.5)

By (4.4), (4.5) Maggi’s equations (2.10) take the form

2mẍ − Q1 + (2mÿ − Q3)(− ctg θ) = 0 ,

2ml2θ̈ − Q2 = 0 .
(4.6)

We remark that the second equation coincides with usual Lagrange’s equation
of the second kind, which corresponds to the generalized coordinate θ since
in the equation of nonholonomic constraint (4.3) is lacking the velocity θ̇.

System of equations (4.6) must be supplemented by the equation of con-
straint (4.3). Differentiating it in time, we obtain

ẍ cos θ − ẋθ̇ sin θ + ÿ sin θ + ẏθ̇ cos θ = 0 . (4.7)

Solving the system of equations (4.6) and (4.7) as the system of algebraic
linear nonhomogeneous equations in unknowns ẍ, ÿ, θ̈ and representing the
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obtained results as the system of six first-order differential equations, we
have

ẋ = vx , ẏ = vy , θ̇ = ωz ,

v̇x = ωz(vx sin θ − vy cos θ) cos θ + (Q1 sin θ − Q3 cos θ) sin θ/(2m) ,

v̇y = ωz(vx sin θ − vy cos θ) sin θ − (Q1 sin θ − Q3 cos θ) cos θ/(2m) ,

ω̇z = Q2/(2ml2) .

This normal form of the system of differential equations is convenient to use
the numerical integration methods.

For the computation of generalized reaction of nonholonomic constraint
by formula (2.12) we have now the following relation

Λ = (2mÿ − Q3)/ sin θ .

Consider the motion of system acted by the force F = Fxi+Fyj, imposed
at the point C, and when there exists the moment N = Nzk. Besides, we
also take into account the resistance forces Fresist

1 = −μv1, Fresist
2 = −μv2

(μ = const), applied at the points M1,M2 (Fig. II. 1,a), in which case to
generalized coordinates (4.1) correspond the following generalized forces:

Q1 ≡ Qx = Fx − 2μẋ , Q2 ≡ Qθ = Nz − 2μl2θ̇ , Q3 ≡ Qy = Fy − 2μẏ .

For concrete computation we assumed that m = 7 kg, l = 1 m, μ =
0.6 N·s/m, Fx = Fy = 2 N. In Fig. II. 1,b are given three trajectories, which
the point C traces in the time 15 s for Nz1 = 1 N·m, Nz2 = 0.65 N·m,
Nz3 = 0.3 N·m. The initial data are zero.

E x a m p l e II .2 . The motion of figure-skater (the application of Chap-
lygin’s equations). Now we apply Chaplygin’s equations to the solution of the

Fig. II. 1
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Fig. II. 2

following problem: find the motion of lop-sided figure-skater on the short skate
A (Fig. II. 2).

We introduce the moving and stationary coordinates; Axyz and Oξηζ,
respectively,. The motion is acted by the resistance force Fresist = −κ1vC

and the drag torque Nresist = −κ2ωωω, C is a center of mass of figure-skater.
Since the figure-skater can move only along a skate going round at a time,

the constraint, imposed on the system considered, consists in that the velocity
of the point A is always directed along the moving axis Ax, i. e. its projection
vAy on the axis Ay is equal to zero at each moment of time. Denote the unit
vectors of stationary coordinates Oξηζ by i1, j1, k1 and the coordinates of
a center of gravity in the stationary coordinates by ξC , ηC . The coordinates
of a center of gravity in the moving coordinates Axyz are assumed to be the
following: xC = α, yC = β.

As the generalized coordinates of system we regard the coordinates of the
point A and the angle between the axes Ax and Oξ, namely

q1 = ξ , q3 = η , q2 = θ .

We obtain now the equation of constraint. Represent the constraint in terms
of projections of the vector vA on the fixed axis Oξη, taking into account
that

vA = vAξi1 + vAηj1 = ξ̇i1 + η̇j1 .

The projection of the vector vA on the axis Ay has the form

vAy = −ξ̇ sin θ + η̇ cos θ .

Then the equation of constraint vAy = 0 can be written as

ϕ(t, q1, q2, q3, q̇1, q̇2, q̇3) ≡ −ξ̇ sin θ + η̇ cos θ = 0 . (4.8)

The kinetic energy is determined by the König theorem:

T =
1
2
M

[
(ξ̇− θ̇(α sin θ+β cos θ))2 +(η̇+ θ̇(α cos θ−β sin θ))2 +k2

C θ̇2
]
, (4.9)
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where kC is a radius of inertia of body relative to the axis, passing through
the center of gravity and perpendicularly to the plane of motion, M is a mass
of system.

After the transformation in accordance with the equation of constraint,
the relation for kinetic energy takes the form

(T )=
1
2
M

[
(ξ̇−θ̇(α sin θ + β cos θ))2+(ξ̇ tg θ+θ̇(α cos θ−β sin θ))2+k2

C θ̇2
]
.

Now we write Chaplygin’s equation in unknown coordinate ξ:

d

dt

∂(T )
∂ξ̇

− ∂(T )
∂ξ

+
∂T

∂η̇

[(
∂b3

1

∂ξ
− ∂b3

1

∂ξ

)
ξ̇ +

(
∂b3

2

∂ξ
− ∂b3

1

∂θ

)
θ̇

]
= Qξ . (4.10)

By the above notions Chaplygin’s equation for constraint takes the form

q̇3 = b3
1q̇

1 + b3
2q̇

2 , b3
1 = tg θ , b3

2 = 0 .

In this case equation (4.10) can be represented as

d

dt

∂(T )
∂ξ̇

+
∂T

∂η̇

(
− ∂b3

1

∂θ

)
θ̇ = Qξ .

Using the relation for kinetic energy, we obtain

ξ̈ + ξ̇θ̇ tg θ − θ̈β cos θ − θ̇2α cos θ =
Qξ cos2 θ

M
.

We generate now the equation of motion over the coordinate θ. Performing
similar numerical computation, we obtain

γ2 cos2 θθ̈ − β cos θξ̈ + (α cos θ − β sin θ)ξ̇θ̇ =
Qθ cos2 θ

M
,

where γ2 = α2 + β2 + k2
C .

The generalized forces, acting on the system, are the following

Qξ = −κ1ξ̇ , Qη = −κ1η̇ , Qθ = −κ2θ̇ . (4.11)

Finally, we obtain a system of differential equations in Chaplygin’s form,
describing the motion of a figure-skater in the case when its center of mass
lies not above the skate:

ξ̈ + ξ̇θ̇ tg θ − θ̈β cos θ − θ̇2α cos θ = −κ1ξ̇ cos2 θ/M ,

γ2 cos2 θθ̈ − β cos θξ̈ + (α cos θ − β sin θ)ξ̇θ̇ = −κ2θ̇ cos2 θ/M ,

η̇ = ξ̇ tg θ .

(4.12)

Note that the considered motion of a figure-skater is one of possible in-
terpretations of the motion of Chaplygin’s sledge. One more problem, related
to Chaplygin’s sledge, is considered in Appendix D.
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E x a m p l e II .3 . The motion of figure-skater (application of Maggi’s
equations). We generate Maggi’s equations for the problem considered in
Example II. 2. The frames of reference and the generalized coordinates are
introduced as above. Then the relations for the kinetic energy T and the
covariant components of generalized forces Qξ, Qθ, Qη are given by formulas
(4.9) and (4.11). The equation of constraint (4.8) has the form

ξ̇ tg θ − η̇ = 0 . (4.13)

We introduce the new nonholonomic variables in the following way:

v1
∗ = ξ̇ , v2

∗ = θ̇ , v3
∗ = ξ̇ tg θ − η̇ .

Having performed the change of the old variables to the new ones, we obtain
the following inverse transformation

ξ̇ = v1
∗ , θ̇ = v2

∗ , η̇ = v1
∗ tg θ − v3

∗ .

Using these formulas, we can compute the derivatives:

∂q̇1

∂v1
∗

= 1 ,
∂q̇2

∂v1
∗

= 0 ,
∂q̇3

∂v1
∗

= tg θ ,

∂q̇1

∂v2
∗

= 0 ,
∂q̇2

∂v2
∗

= 1 ,
∂q̇3

∂v2
∗

= 0 ,

∂q̇1

∂v3
∗

= 0 ,
∂q̇2

∂v3
∗

= 0 ,
∂q̇3

∂v3
∗

= 1 .

Using the computed coefficients in Maggi’s equations (2.10) and performing
some simplifications, we obtain the differential equations of motion for the
system

ξ̈ + η̈ tg θ − θ̈
β

cos θ
− θ̇2 α

cos θ
= −κ1

M
(ξ̇ + η̇ tg θ) ,

γ2θ̈ + η̈(α tg θ − β sin θ) − ξ̈(α sin θ + β cos θ) = −κ2

M
θ̇ .

(4.14)

These equations should be integrated together with equation of constraint
(4.13).

Compare the obtained results with those, get in Example II. 2. Using the
method of Chaplygin, we change in system (4.14) the quantities η̇ and η̈ to
their expressions from the equation of nonholonomic constraint (4.13). Then
we have

ξ̈ + tg θ

(
ξ̈ tg θ + ξ̇θ̇

1
cos2 θ

)
− θ̈

β

cos θ
− θ̇2 α

cos θ
= −κ1

M
(ξ̇ + ξ̇ tg2 θ) ,

γ2θ̈ +
(

ξ̈ tg θ + ξ̇θ̇
1

cos2 θ

)
(α cos θ − β sin θ)−

−ξ̈(α sin θ + β cos θ) = −κ2

M
θ̇ .
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After the transformations we arrive at the system

ξ̈
1

cos2 θ
+ ξ̇θ̇

tg θ

cos2 θ
− θ̈

β

cos θ
− θ̇2 α

cos θ
= −κ1

M
ξ̇ ,

γ2θ̈ − ξ̈
β

cos θ
+ ξ̇θ̇

(α cos θ − β sin θ)
cos2 θ

= −κ2

M
θ̇ .

It is easily remarked that multiplying these equations by cos2 θ, we obtain
Chaplygin’s equations (4.12), generated in Example II. 2.

Thus, Maggi’s equations give a more simple method to find the equations
of motion than Chaplygin’s equations, in which case it is not required that
the mechanical system satisfies additional conditions. It is sufficient only to
generate the relations for the kinetic energy and generalized forces, to choice
rationally new nonholonomic variables, to find the derivatives of inverse trans-
formation, and to construct the linear combinations of the Lagrange opera-
tors. Besides, by equation (2.12) we can easily write the relations for gener-
alized reactions of nonholonomic constraints. For the considered problem we
obtain

Λ
M

= ξ̈ tg θ + ξ̇θ̇
1

cos2 θ
+ θ̈(α cos θ− β sin θ)− θ̇2(α sin θ + β cos θ) +

κ1

M
ξ̇ tg θ .

In Fig. II. 3 are given the results of numerical integrating the system of
differential equations for 10 s. Here we assumed that

γ2 = 0.07 m2 , κ1/M = 1 s−1 , κ2/M = 0.02 m2 · s−1 ,

ξ(0) = 0 , ξ̇(0) = 5 m · s−1 , η(0) = 0 , η̇(0) = 0 ,

θ(0) = 0 , θ̇(0) = 12.5 s−1 , α = 0 , β = 0 .

Fig. II. 3
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Fig. II. 4

E x a m p l e II .4 . The motion of car in a sweep (the application of the
Hamel–Boltzmann equations). Consider a motion of car (Fig. II. 4), consisting
of a body of the mass M1 and a front axis with the mass M2. Suppose, they
have the moments of inertia J1 and J2 about the vertical axes through their
centers of mass, respectively. The front axis can rotate about their vertical
axis through its center of mass. The masses of wheels and backward axis,
regarded as separate parts, are assumed to be negligible. The motion of car
is subject to the force F1(t), acting along its longitudinal axis Cx, and to
the moment L1(t), rotating the front axis. In this case F1(t), L1(t) are the
given functions of time. In addition, we take into account the resistance force
F2(vC), acting in the direction opposite to the direction of the velocity vC

of the center of mass C of body, the drag torque L2(θ̇), which is applied to
the front axis and is opposite to the angular velocity of its rotating, and the
righting moment L3(θ). A similar scheme was considered in the work [132] as
the simplified mathematical model for the car motion on a sweep. At present
it can be of interest when studying wheeled robot vehicles [146-148, 423].

We generate the Hamel–Boltzmann equations for the study of the motion
of this system.

The motion of car in the horizontal plane is considered in the fixed coordi-
nates Oξηζ. The car position is given by the following generalized coordinates:
q1 = ϕ is an angle between the longitudinal axis of car Cx and the axis Oξ,
q2 = θ is an angle between the front axis and the perpendicular to the axis
Cx, and q3 = ξC , q4 = ηC are coordinates of the point C.

On the motion of car the two nonholonomic constraints are imposed which
express that the sideways sliding motion of the backward and front axes of
car is missed. Their equations can be written similarly to formula (4.8) from
Example II. 2:

−ξ̇B sin ϕ + η̇B cos ϕ = 0 ,

−ξ̇A sin(ϕ + θ) + η̇A cos(ϕ + θ) = 0 .
(4.15)
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Here ξA,ηA,ξB ,ηB are the coordinates of the centers of mass for the front and
backward axes of car. We assume that the distances between the centers of
mass of these axes and the center of gravity of the body of car are equal to l1
and l2, respectively. Then the equations of nonholonomic constraints (4.15)
take the form

ϕ1 ≡ −ξ̇C sin ϕ + η̇C cos ϕ − l2ϕ̇ = 0 ,

ϕ2 ≡ −ξ̇C sin(ϕ + θ) + η̇C cos(ϕ + θ) + l1ϕ̇ cos θ = 0 .
(4.16)

We introduce the quasivelocities by formulas

π̇1 = ϕ̇ , π̇2 = θ̇ ,

π̇3 = −ξ̇C sin ϕ + η̇C cos ϕ − l2ϕ̇ ,

π̇4 = −ξ̇C sin(ϕ + θ) + η̇C cos(ϕ + θ) + l1ϕ̇ cos θ ,

(4.17)

i. e. in formulas (2.17) the coefficients aρ
σ(q), ρ, σ = 1, 4, have the form

a1
1 = 1 , a2

2 = 1 , a3
1 = −l2 , a3

3 = − sin ϕ , a3
4 = cos ϕ ,

a4
2 = l1 cos θ , a4

3 = − sin(ϕ + θ) , a4
4 = cos(ϕ + θ) .

To formulas (4.17) corresponds the inverse transformation

q̇1 ≡ ϕ̇ = π̇1 , q̇2 ≡ θ̇ = π̇2 ,

q̇3 ≡ ξ̇C = b3
1π̇

1 + b3
3π̇

3 + b3
4π̇

4 ,

q̇4 ≡ η̇C = b4
1π̇

1 + b4
3π̇

3 + b4
4π̇

4 ,

(4.18)

where
b3
1 = (l1 cos ϕ cos θ + l2 cos(ϕ + θ)/ sin θ ,

b3
3 = cos(ϕ + θ)/ sin θ , b3

4 = − cos ϕ/ sin θ ,

b4
1 = (l1 sin ϕ cos θ + l2 sin(ϕ + θ))/ sin θ ,

b4
3 = sin(ϕ + θ)/ sin θ , b4

4 = − sin ϕ/ sin θ .

The rest of coefficients aρ
σ and bσ

ρ , are equal to zero.
Thus, in transformation (2.17) the matrices (aρ

σ) and (bσ
ρ ) are obtained.

Now we can compute the coefficients of nonholonomicity by formulas (2.19).
We have

γ133 = −γ331 = b3
3 cos ϕ + b4

3 sinϕ ,

γ134 = −γ431 = b3
4 cos ϕ + b4

4 sinϕ ,

γ241 = −γ142 = l1 sin θ + b3
1 cos(ϕ + θ) + b4

1 sin(ϕ + θ) ,

γ143 = −γ341 = γ243 = −γ342 = b3
3 cos(ϕ + θ) + b4

3 sin(ϕ + θ) ,

γ144 = −γ441 = γ244 = −γ442 = b3
4 cos(ϕ + θ) + b4

4 sin(ϕ + θ) .

(4.19)

The rest of quantities γλ(l+κ)λ∗ , are equal to zero.
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The kinetic energy of system consists of the kinetic energies of the body
and the front axis and is computed by formula

2T = M∗(ξ̇2
C + η̇2

C) + J∗ϕ̇2 + J2θ̇
2 + 2J2ϕ̇θ̇ + 2M2l1ϕ̇(−ξ̇C sinϕ + η̇C cos ϕ) ,

M∗ = M1 + M2 , J∗ = J1 + J2 + M2l
2
1 .

(4.20)
The generalized forces, acting on the car, can be represented as

Q1 ≡ Qϕ = 0 ,

Q2 ≡ Qθ = L1(t) − L2(θ̇) − L3(θ) ,

Q3 ≡ QξC
= F1(t) cos ϕ − F2(vC)ξ̇C/vC ,

Q4 ≡ QηC
= F1(t) sin ϕ − F2(vC)η̇C/vC , vC =

√
ξ̇2
C + η̇2

C .

(4.21)

Then by (2.18) we have

Q̃1 = (F1(t) cos ϕ − F2(vC)ξ̇C/vC)b3
1 + (F1(t) sin ϕ − F2(vC)η̇C/vC)b4

1 ,

Q̃2 = L1 − L2 − L3 ,

Q̃3 = (F1(t) cos ϕ − F2(vC)ξ̇C/vC)b3
3 + (F1(t) sin ϕ − F2(vC)η̇C/vC)b4

3 ,

Q̃4 = (F1(t) cos ϕ − F2(vC)ξ̇C/vC)b3
4 + (F1(t) sin ϕ − F2(vC)η̇C/vC)b4

4 .
(4.22)

Using formulas (4.18) and (4.20) we can construct the relation for T ∗:

2T ∗ = π̇2
1

(
M∗((β3

1)2 + (β4
1)2

)
+

+ J∗ + M2l
2
1 + 2M2l1

(
β4

1 cos ϕ − β3
1 sin ϕ

))
+

+ π̇2
2J2 + π̇2

3

(
M∗((β3

3)2 + (β4
3)2

))
+ π̇2

4

(
M∗((β3

4)2 + (β4
4)2

))
+

+ π̇1π̇22J2 + π̇1π̇3

(
2M∗(β3

1β3
3 + β4

1β4
3

)
+ 2M2l1

(
β4

3 cos ϕ − β3
3 sin ϕ

))
+

+ π̇1π̇4

(
2M∗(β3

1β3
4 + β4

1β4
4

)
+ 2M2l1

(
β4

4 cos ϕ − β3
4 sin ϕ

))
+

+ π̇3π̇4

(
2M∗(β3

3β3
4 − β4

3β4
4

))
.

Omitting some tedious calculations and using formulas (2.20), (4.19), and
(4.22), we obtain the Hamel–Boltzmann equations (2.15) for the problem
considered:
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[
J∗ + M2l

2
1 + 2M2l1l2 + M∗

(
l22 + l21 cos2 θ + 2l1l2 cos2 θ

sin2 θ

)]
ϕ̈ + J2θ̈−

− (l1 + l2)2M∗ cos θ

sin3 θ
ϕ̇θ̇ =

=
(

F1(t) cos ϕ − F2(vC)ξ̇C

vC

)
b3
1 +

(
F1(t) sin ϕ − F2(vC)η̇C

vC

)
b4
1 ,

J2(ϕ̈ + θ̈) = L1(t) − L2(θ̇) − L3(θ) .
(4.23)

Note that we need to solve this system together with equations of con-
straints (4.16).

As an example, we consider the motion of the hypothetical compact motor
car with

M1 = 1000 kg , M2 = 110 kg , J1 = 1500 kg · m2 ,

J2 = 30 kg · m2 , l1 = 0.75 m , l2 = 1.65 m

and with the following power characteristics:

F1(t) = 2500 N , F2(vC) = κ2vC , κ2 = 100 N · s · m−1 ,

L1(t) = 15 N · m , L2(θ̇) = κ1θ̇ , κ1 = 0.5 N · m · s ,

L3(θ) = κ3θ , κ3 = 100 N · m .

The results of the numerical solution of nonlinear system of differential
equations (4.16), (4.23) are given in Fig. II. 5. In computing we make use of
the following initial data

ϕ(0) = 0 , ϕ̇(0) = 0 , θ(0) = π/180 rad , θ̇(0) = 0 , ξC(0) = 0 ,

ξ̇C(0) = 0.00176856 m · s−1, ηC(0) = 0 , η̇C(0) = 0.000018008 m · s−1 .

Fig. II. 5
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E x a m p l e II .5 . The turning movement of a car (the application of
Maggi’s equations and the Lagrange equations of the first kind). Consider
now the motion of car from Example II. 4 by means of Maggi’s equations.
We make use of the same curvilinear coordinates. Then the equations of
constraints take the form (4.16) and the kinetic energy and the generalized
forces are given by formulas (4.20) and (4.21), respectively.

We introduce the following new nonholonomic variables

v1
∗ = ϕ̇ , v2

∗ = θ̇ ,

v3
∗ = −l2ϕ̇ − ξ̇C sin ϕ + η̇C cos ϕ ,

v4
∗ = l1ϕ̇ cos θ − ξ̇C sin(ϕ + θ) + η̇C cos(ϕ + θ)

and write the inverse transformation

q̇1 ≡ ϕ̇ = v1
∗ , q̇2 ≡ θ̇ = v2

∗ ,

q̇3 ≡ ξ̇C = β3
1v1

∗ + β3
3v3

∗ + β3
4v4

∗ ,

q̇4 ≡ η̇C = β4
1v1

∗ + β4
3v3

∗ + β4
4v4

∗ ,

(4.24)

where
β3

1 = (l1 cos ϕ cos θ + l2 cos(ϕ + θ)/ sin θ ,

β3
3 = cos(ϕ + θ)/ sin θ , β3

4 = − cos ϕ/ sin θ ,

β4
1 = (l1 sin ϕ cos θ + l2 sin(ϕ + θ))/ sin θ ,

β4
3 = sin(ϕ + θ)/ sin θ , β4

4 = − sin ϕ/ sin θ .

(4.25)

In this case the first Maggi’s equation has the form

(MW1 − Q1)
∂q̇1

∂v1
∗

+ (MW3 − Q3)
∂q̇3

∂v1
∗

+ (MW4 − Q4)
∂q̇4

∂v1
∗

= 0 . (4.26)

Since the equations of constraints do not involve the velocity θ̇, the second
Maggi’s equation is Lagrange’s equation of the second kind:

MW2 − Q2 = 0 . (4.27)

The relations MWσ can be computed in terms of the kinetic energy by
formulas

MWσ =
d

dt

∂T

∂q̇σ
− ∂T

∂qσ
, σ = 1, 4 .

Then by (4.20), (4.21), (4.24), (4.25) equations of motion of car (4.26), (4.27)
can be represented as

[
J∗+M2l1(l1−β3

1 sin ϕ+β4
1 cos ϕ)

]
ϕ̈+J2θ̈ + (M∗β3

1−M2l1 sinϕ)ξ̈C+

+(M∗β4
1 + M2l1 cos ϕ)η̈C = M2l1ϕ̇

2(β3
1 cos ϕ + β4

1 sin ϕ)+

+
[
F1(t) cos ϕ − F2(vC)ξ̇C/vC

]
β3

1 +
[
F1(t) sin ϕ − F2(vC)η̇C/vC

]
β4

1 ,

J2(θ̈ + ϕ̈) = L1(t) − L2(θ̇) − L3(θ) .
(4.28)
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If the initial data and the analytic representations of the functions F1(t),
F2(vC), L1(t), L2(θ̇), L3(θ) are given, then after numerical integrating non-
linear system of differential equations (4.16), (4.28), we find the law of motion
of car

ϕ = ϕ(t) , θ = θ(t) , ξC = ξC(t), ηC = ηC(t) . (4.29)

Now we can determine generalized reactions. For the second group of
Maggi’s equations we have

Λ1 = (MW3 − Q3)
∂q̇3

∂v3
∗

+ (MW4 − Q4)
∂q̇4

∂v3
∗

,

Λ2 = (MW3 − Q3)
∂q̇3

∂v4
∗

+ (MW4 − Q4)
∂q̇4

∂v4
∗

,

or the same in the expanded form:

Λ1 =[M∗ξ̈C−M2l1(ϕ̈ sinϕ+ϕ̇2 cos ϕ)−F1(t) cos ϕ+F2(vC)ξ̇C/vC ]β3
3+

+[M∗η̈C +M2l1(ϕ̈ cos ϕ−ϕ̇2 sin ϕ)−F1(t) sin ϕ+F2(vC)η̇C/vC ]β4
3 ,

Λ2 =[M∗ξ̈C−M2l1(ϕ̈ sinϕ+ϕ̇2 cos ϕ)−F1(t) cos ϕ+F2(vC)ξ̇C/vC ]β3
4+

+[M∗η̈C +M2l1(ϕ̈ cos ϕ−ϕ̇2 sin ϕ)−F1(t) sin ϕ+F2(vC)η̇C/vC ]β4
4 .

Taking into account (4.29), we obtain the law of variation of the general-
ized reactions Λi = Λi(t), i = 1, 2. Using these functions we can study the
conditions, under which nonholonomic constraints (4.16) are satisfied. If the
reaction forces are equal to the Coulomb friction forces, then these constraints
need not be satisfied and the car can begin to slide along their axes. Note
that in Appendix D the motion of nonholonomic systems in the absence of
reaction forces of nonholonomic constraints is considered, and in Appendix
E the turning movement of a car with possible side slipping of its wheels is
studied.

Thus, Maggi’s equations can be generated in the same easy manner as
Lagrange’s equations of the second kind. For ideal nonholonomic constraints,
Maggi’s equations decompose into two groups. The first group, together with
the equations of constraints, permits one to find the law of motion of a non-
holonomic system and then the generalized reactions can be determined from
the second group. We notice that for generating the Hamel–Boltzmann equa-
tions it is required much greater calculations than for Maggi’s equations.

It is of interest to compare the obtained Maggi’s equations (4.28) with the
Hamel–Boltzmann equations (4.23). The second equations of these systems
are coincide. If we obtain the relations ξ̈C and η̈C from the equations of
constraints and substitute them into the first equation of system (4.28), then
we obtain the first equation of system (4.23).

We could also write the Lagrange equations of the first kind in curvilinear
coordinates (see equations (2.22) of the present Chapter). In the problem
considered they have a form:
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J∗ϕ̈ + J2θ̈ − M2l1ξ̈C sin ϕ + M2l1η̈C cos ϕ = −Λ1l2 + Λ2l1 cos θ ,

J2(θ̈ + ϕ̈) = L1(t) − L2(θ̇) − L3(θ) ,

M∗ξ̈C − M2l1ϕ̈ sin ϕ − M2l1ϕ̇
2 cos ϕ =

= F1 cos ϕ − L2(θ̇) − Λ1 sin ϕ − Λ2 sin(ϕ + θ) ,

M∗η̈C + M2l1ϕ̈ cos ϕ − M2l1ϕ̇
2 sin ϕ =

= F1 sin ϕ − k2η̇C + Λ1 cos ϕ + Λ2 cos(ϕ + θ) .

The four equations given include four unknown generalized coordinates and
two unknown Lagrange multipliers, so they have to be solved together with
the equations of constraints (4.16). This is characteristic (peculiar) for the
Lagrange equations of the first kind. If we differentiate in time the equa-
tions of constraints and with the help of them eliminate generalized reaction
forces, then we get Maggi’s equations of motion (4.28), as well as formulas
for defining Λ1 и Λ2.

E x a m p l e II .6 . The rolling of ellipsoid on a rough plane (the genera-
tion of Maggi’s equations). It is to be noted that the specific form of Maggi’s
equations depends essentially on the choice of the variables vρ

∗ . By successful
choice we can considerably simplify calculations, concerning the reduction of
the problem to the system of differential equations, represented in normal
form.

As an example, consider the rolling of homogeneous rigid body of ellip-
soidal form on the fixed plane. The center of ellipsoid coincident with centroid
is taken as the origin of the moving coordinates Cxyz, the axes of which are
rigidly fixed with the axes of body (Fig. II. 6). We assume that the plane π,
on which the ellipsoid rolls, coincides with the plane Oξη of the fixed sys-
tem of coordinates Oξηζ. Denote by ξ, η, ζ the coordinates of the center of

Fig. II. 6
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ellipsoid relative in the fixed frame. The velocity of the contact point p can
be computed by formula

vp = vC + ωωω ×−−→
CP.

For the rolling without sliding the velocity of the point p is equal to zero
and therefore the equation of constraint can be represented as

vC + ωωω ×−−→
CP = ξ̇iξ + η̇iη + ζ̇iζ +

∣∣∣∣∣∣

iξ iη iζ
ωξ ωη ωζ

ξ0 η0 ζ0

∣∣∣∣∣∣
= 0 . (4.30)

Here ξ0, η0, ζ0 are the coordinates of the points P in the frame with ξ1η1ζ1,
the axes of which ξ1, η1, ζ1 are parallel to the axes ξ, η, ζ of the fixed coordi-
nates, respectively. It can be shown that the quantities ξ0, η0, ζ0 are computed
by formulas

− ξ0ζ = (a2 − b2) sin θ cos ψ sin ϕ cos ϕ+

+ (c2 − a2 sin2 ϕ − b2 cos2 ϕ) sin ψ cos θ sin θ ,

− η0ζ = (a2 − b2) sin ψ sin θ sin ϕ cos ϕ+

+ (a2 sin2 ϕ + b2 cos2 ϕ − c2) cos ψ cos θ sin θ ,

ζ0 = −ζ = −
√

a2 sin2 θ sin2 ϕ + b2 sin2 θ cos2 ϕ + c2 cos2 θ .

Here a, b, c are the semiaxis of ellipsoid; ψ, θ, ϕ are the Euler angles, giving
the orientation of the system of coordinates Cxyz with respect to the frame
with ξ1η1ζ1.

Vector equation (4.30) is equivalent to three scalar equations for nonholo-
nomic constraints:

ϕ1 ≡ ξ̇ + ωηζ0 − ωζη0 = 0 ,

ϕ2 ≡ η̇ + ωζξ0 − ωξζ0 = 0 ,

ϕ3 ≡ ζ̇ + ωξη0 − ωηξ0 = 0 .

(4.31)

As generalized Lagrangian coordinates we regard the coordinates ξ, η, ζ of
the center of mass and the Euler angles ψ, θ, ϕ. The numerical computation
of the kinetic energy of ellipsoid in these coordinates is based on applying
the König theorem. Then we have

T =
M

2
(ξ̇2 + η̇2 + ζ̇2) +

Jωω2

2
.

The quantity Jωω2 can be represented as

Jωω2 = Aω2
x + Bω2

y + Cω2
z ,

where A,B,C are the moments of inertia of the ellipsoid about the axes x, y, z,
respectively. Since the ellipsoid, by assumption, is a homogeneous rigid body,
we get

A =
M(b2 + c2)

5
, B =

M(c2 + a2)
5

, C =
M(a2 + b2)

5
.
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The projections ωx, ωy, ωz of the vector ωωω on the axes of moving coordinates
Cxyz are the following:

ωx = ψ̇ sin θ sinϕ + θ̇ cos ϕ ,

ωy = ψ̇ sin θ cos ϕ − θ̇ sin ϕ ,

ωz = ψ̇ cos θ + ϕ̇ .

These formulas allow one to compute the covariant components of the
vector MW

MWξ = Mξ̈ , MWη = Mη̈ , MWζ = Mζ̈ ,

MWϕ =
d

dt

∂T

∂ϕ̇
− ∂T

∂ϕ
, MWψ =

d

dt

∂T

∂ψ̇
− ∂T

∂ψ
, MWθ =

d

dt

∂T

∂θ̇
− ∂T

∂θ
.

Since the explicit relations for Wϕ, Wψ and Wθ are lengthy, they are omitted.
The quantities ωξ, ωη, ωζ , entering into the equations of constraints (4.31),

take the form
ωξ = ϕ̇ sinψ sin θ + θ̇ cos ψ ,

ωη = −ϕ̇ cos ψ sin θ + θ̇ sin ψ ,

ωζ = ϕ̇ cos θ + ψ̇ .

In this case if we assume that v1
∗ = ξ̇, v2

∗ = η̇, v3
∗ = ζ̇, v3+κ

∗ = ϕκ , κ = 1, 3,
then by reason of the complicated dependence of the functions ϕκ on the
velocities q̇σ the relations ∂q̇σ/∂vλ

∗ turn out highly awkward and therefore
final Maggi’s equations are also complicated. The task turn out more simple
if as the free variables vλ

∗ we choose the angular velocities ωξ, ωη, ωζ . It can
be shown that if the quasivelocities vρ

∗ are given by formulas

v1
∗ = ωξ , v2

∗ = ωη , v3
∗ = ωζ ,

v4
∗ = ξ̇ + ωηζ0 − ωζη0 , v5

∗ = η̇ + ωζξ0 − ωξζ0 , v6
∗ = ζ̇ + ωξη0 − ωηξ0 ,

then we get
∂ξ̇

∂ωξ
= 0 ,

∂η̇

∂ωξ
= ζ0 ,

∂ζ̇

∂ωξ
= −η0 ,

∂ϕ̇

∂ωξ
=

sin ψ

sin θ
,

∂ψ̇

∂ωξ
= − sinψ cos θ

sin θ
,

∂θ̇

∂ωξ
= cos ψ ,

∂ξ̇

∂ωη
= −ζ0 ,

∂η̇

∂ωη
= 0 ,

∂ζ̇

∂ωη
= ξ0 ,

∂ϕ̇

∂ωη
= −cos ψ

sin θ
,

∂ψ̇

∂ωη
=

cos ψ cos θ

sin θ
,

∂θ̇

∂ωη
= sin ψ ,

∂ξ̇

∂ωζ
= η0 ,

∂η̇

∂ωζ
= −ξ0 ,

∂ζ̇

∂ωζ
= 0 ,
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∂ϕ̇

∂ωζ
= 0 ,

∂ψ̇

∂ωζ
= 1 ,

∂θ̇

∂ωζ
= 0 .

Substituting these relations into Maggi’s equations, we obtain them in explicit
form.

This example demonstrates that the problems on the rolling of one body
on the surface of the other are complicated even under the assumption that
the constraint, given by equation (4.30), is ideal. The dynamics of the rigid
body, contacting with a rigid surface, is considered in the treatise of
A. P.Markeev [143]. The new theory of the interaction of a rolling rigid body
with a deformable surface is supposed by V.F. Zhuravlev [70].

E x a m p l e II .7 . Equations of motion and the technical realization
of the Appell–Hamel problem (the generation of Maggi’s equations and La-
grange’s equations of the first kind in the case of nonlinear nonholonomic
constraints).

The example of P.Appell [270, 271] on the motion of a special nonholo-
nomic system (Fig. II. 7, a) was of fundamental importance for the develop-
ment of Analytic mechanics. This problem has intensively been considered,
especially in journal "Rendiconti del circolo matematico di palermo"(1911–
1912). Some works were due to E.Delassus. He considered the example of
Appell in more detail in the work [298] and in his book [299]. This problem
was also studied by G.Hamel [315, p. 502–505]. Until the present time the
problem of Appell–Hamel is of interest for scientists (see, for example, the
works [274, 376, 408]).

In the example of Appell–Hamel the motion of a disk with knife-edge on
the horizontal plane Oξη is considered. The horizontal axis of disk through
its center C is fixed in a weightless frame, the stubs of which can slide on
the plane without friction (Fig. II. 7, a). The frame prevents the overturn of
disk. The disk is rigidly fixed with a coaxial cylinder. The nonstretchable
thread, which is turned over the two blocks fixed with the frame, is winded
on the cylinder. To the end of thread the mass m is hung, the descent of
which results in the rolling of disk. The axis of the mass descend is spaced at
ρ from the contact point B of the disk with horizontal plane. We also assume
that the frame is fixed with the parallel to BC smooth rail, preventing the
swinging of mass. The disk and cylinder have the radii a and b, respectively.

Denote the angle between the plane of the rolling of disk and the axis Oξ
by θ, the angle of rotation of the wheel about its axis by ϕ, the coordinates
of the mass m by x, y, z, the coordinates of the point B by ξ, η. Obviously,
the coordinates are related as

x = ξ + ρ cos θ , y = η + ρ sin θ . (4.32)

On the motion of system it is imposed the linear nonholonomic constraints

ξ̇ = aϕ̇ cos θ , η̇ = aϕ̇ sin θ , (4.33)

ż = −bϕ̇ . (4.34)
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Fig. II. 7

Taking into account constraints (4.33) and (4.34), G.Hamel generates the
equations of motion for the considered system [315]. Further, he analyzes the
limiting case as ρ → 0. In this case it is necessary to consider only the change
of the coordinates x, y, z of the mass m, in which case the following nonlinear
nonholonomic constraint occurs:

ϕ1 ≡ ẋ2 + ẏ2 − a2

b2
ż2 = 0 . (4.35)

P.Appell also considered a similar passage to the limit, introducing the pa-
rameter α, which is the quotient of the moment of inertia of the disk about
its diameter to the quantity ρ.

The problem of Appell–Hamel was considered most completely and in
more detail by Yu. I. Neimark and N.A. Fufaev in the paper [164] entering into
the book [166], which became the classical monograph on the nonholonomic
mechanics. They notice [166, p. 227, 228] that ". . . the system, considered
by P.Appell and G.Hamel, with nonlinear nonholonomic constraints can be
obtained from the nonholonomic system with linear constraints by means
of the passage to the limit as ρ → 0. However in this case we have the
depression of the system of differential equations, i. e. their degeneracy and
therefore it is not known in advance wether the motions of the limit system
(ρ = 0) coincide with the limit motions of nondegenerate system as ρ → 0.
Therefore the question remains open: to what extent the equations of motion
for degenerated system describe properly the motion of the original system
with the vanishingly small ρ?". The authors performed the "investigation,
which was based on the study of the motions of nondegenerate system for
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Fig. II. 8

ρ > 0 and ρ < 0, the limit motions of nondegenerate system as |ρ| → 0,
and the motions of degenerated system. This investigation implies that the
motions of degenerated system differs essentially from the limit motions and
therefore the example of nonholonomic system with nonlinear nonholonomic
constraints is incorrect".

Thus, when used the mentioned above passage to the limit, P.Appell and
G.Hamel in place of the study of the original system investigated the degen-
erated system. We regard the motion of the obtained degenerated system as
the separate problem of mechanics: there is the mass m with the coordinates
x, y, z, on the motion of which is imposed nonlinear nonholonomic constraint
(4.35). Note that in the model of P. Appell and in the corresponding model
of V. S.Novoselov [171] when the mass is connected with the disk by the set
of inertialess pinions (Fig. II. 7, b) the case ρ = 0 can easily be carried out
technically (Fig. II. 8, a, b). However for ρ = 0 in the mentioned above models
the satisfaction of constraints (4.33) remains essential. In this case the con-
straints yield the following relation, imposed on the projections of velocities
of the mass m:

ẏ = ẋ tg θ . (4.36)

Here we take into account that for ρ = 0 by virtue of formulas (4.32) we have
ẋ = ξ̇, ẏ = η̇. In studying the degenerated system constraint (4.36) is not
accounted and constraint (4.35) is only introduced such that, by assumption,
the velocity of the center of disk can have any direction. This means that, by
using constraints (4.35) only, we replace the motion of disk by the motion of
ball.
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Thus, in studying the degenerated system it should be required that con-
straint (4.36) is satisfied, i. e., together with the coordinates x, y, z, it is nec-
essary to look to the change of the variable θ. The neglect of the masses of
disk, frame, and blocks results in the degeneracy of system and therefore the
variable θ turns out to be the “massless” coordinate. If this coordinate is ig-
nored, then it is impossible to describe the motion of massless ball by means
of the motion of massless disk.

The technical realization is obviously hard in the case when the connec-
tion between the velocity of descending the load and the velocity of the center
of ball is provided by means of the nonstretchable thread or the system of
pinions. However it is possible to study the motion of the mass m with the
coordinates x, y, z under the condition that constraint (4.35) is satisfied only.
For this purpose we consider the following control problem: the motion of ma-
terial point with the mass m is realized in such a way that by virtue of (4.35)
its vertical velocity is varied proportionally to the velocity of the motion of
its trace in horizontal plane. The realization of such problem can be provided
by means of the new technical means. We generate Maggi’s equations and
Lagrange’s equations of the first kind, using exactly such problem setting.

So, we consider the problem on the space motion of material point with
nonlinear nonholonomic constraint (4.35). In this case the generalized coor-
dinates are the following

q1 = x , q2 = y , q3 = z . (4.37)

We introduce the following new nonholonomic variables:

v1
∗ = ẋ , v2

∗ = ẏ , v3
∗ = ẋ2 + ẏ2 − a2

b2
ż2 . (4.38)

In the Appell–Hamel problem Maggi’s equations take the form

(MW1 − Q1)
∂q̇1

∂v1
∗

+ (MW2 − Q2)
∂q̇2

∂v1
∗

+ (MW3 − Q3)
∂q̇3

∂v1
∗

= 0 ,

(MW1 − Q1)
∂q̇1

∂v2
∗

+ (MW2 − Q2)
∂q̇2

∂v2
∗

+ (MW3 − Q3)
∂q̇3

∂v2
∗

= 0 ,

(MW1 − Q1)
∂q̇1

∂v3
∗

+ (MW2 − Q2)
∂q̇2

∂v3
∗

+ (MW3 − Q3)
∂q̇3

∂v3
∗

= Λ .

(4.39)

These relations involve the derivatives
∂q̇σ

∂vρ
∗
, σ, ρ = 1, 3, for numerical com-

putation of which it is required the transformation inverse to transforma-
tion (4.38). However, the obtaining of such transformation is a difficult task
since nonholonomic constraint (4.35) is nonlinear. Therefore we obtain these
derivatives in the following way. Compute the matrix

(αρ
σ) =

(
∂vρ

∗
∂q̇σ

)
, σ, ρ = 1, 3 .
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By (4.38) we have

α1
1 = 1 , α1

2 = 0 , α1
3 = 0 ,

α2
1 = 0 , α2

2 = 1 , α2
3 = 0 ,

α3
1 = 2ẋ , α3

2 = 2ẏ , α3
3 = −2a2b−2ż .

Find the matrix (βσ
ρ ) inverse to the matrix (αρ

σ). Then we obtain

β1
1 = 1 , β1

2 = 0 , β1
3 = 0 ,

β2
1 = 0 , β2

2 = 1 , β2
3 = 0 ,

β3
1 = h2ẋ/ż , β3

2 = h2ẏ/ż , β3
3 = −h2/(2ż) , h2 = b2/a2 .

(4.40)

It is important for us that (βσ
ρ ) =

(∂q̇σ

∂vρ
∗

)
.

For the considered problem we have

T = m(ẋ2 + ẏ2 + ż2)/2 , Π = mgz .

Then, using formulas (4.40), we can generate Maggi’s equations (4.39):

ẍ + (mz̈ + mg)(h2ẋ/ż) = 0 , (4.41)

mÿ + (mz̈ + mg)(h2ẏ/ż) = 0 , (4.42)

(mz̈ + mg)(−h2/(2ż)) = Λ . (4.43)

If we now consider Lagrange’s equations of the first kind

mẍ = Λ2ẋ , mÿ = Λ2ẏ , mz̈ = −mg + Λ(−2ż/h2) , (4.44)

then it is easily seen that they are the linear combination of equations (4.41)–
(4.43).

We need to solve Lagrange’s equations of the first kind (4.44) together
with the equation of constraint (4.35), in which case the fact that the un-
knowns involve the reaction Λ makes to be rather sophisticate the solution.
At the same time the determining of the motion itself from equations (4.35),
(4.41), (4.42) turns out more simple since the reaction can be found from
equation (4.43). In addition, using Maggi’s equation, the form of reaction
can be obtained also in original curvilinear coordinates (4.37).

In fact, in the case of ideal nonholonomic constraint (4.35) we have

R = N = Λ∇∇∇′ϕ1 = Λ
∂ϕ1

∂q̇τ
eτ = (mz̈ +mg)(−h2/ż)(ẋi+ ẏj−h−2żk) . (4.45)

By (4.45) the direction of horizontal constraint (4.35) is opposed to the hor-
izontal component of velocity of the mass m, what is distinctive feature of
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the motion of ball. Consider also nonholonomic constraint (4.36), which is
convenient to rewrite as

ϕ2 ≡ ẏ − ẋ tg θ = 0 . (4.46)

Then, by reason of the existence of constraint (4.46), together with the reac-
tion R given by (4.45), we also need to consider the reaction

R∗ = Λ∗∇∇∇′ϕ2 = Λ∗(− tg θi + j) .

The latter provides the satisfaction of constraint (4.46) and is distinctive
feature of the motion of disk.

In the case of the massless coordinate θ the value of this angle for ρ = 0
does not enter into the system of equations of motion and therefore it is
natural to consider the rolling of the ball in place of the disk. For ρ = 0 we
might consider the rolling of the massless disk but in this case there must
exists the mechanism for the disk to be oriented in the corresponding way.
The indefiniteness, which occur in determining the angle θ, can be put out
if either ρ �= 0 is satisfied for the massless disk, frame, and blocks, either for
ρ = 0 with due regard any of these masses. In place of the account of their
masses we can evidently consider not the material point of the mass m but
the body of the same mass, which, descending in the rail mentioned above,
rotates together with the frame about the axis BC.

The examples of employing the Hamel–Novoselov equations are given,
in particular, in the work [65] and the examples of the application of the
Poincaré–Chetaev equations in the works [149, 203, 229].

§ 5. The Suslov–Jourdain principle

Consider the vector

V̂ = v̂σeσ , v̂σ ≡ q̇σ , σ = 1, s . (5.1)

In the general case this vector V̂ differs from the velocity of representation
point since

V =
∂y
∂t

+
∂y
∂qσ

q̇σ =
∂y
∂t

+ v̂σeσ .

Above the new variables vρ
∗ were introduced by formulas (2.2) in place of the

variables v̂σ ≡ q̇σ. By assumption, there is also inverse transformation (2.3).
We emphasize that in the mentioned above transformations the time t and
the coordinates qσ are regarded as parameters. Introduce the variations δ′v̂σ

and δ′vρ
∗ of the variables v̂σ and vρ

∗ , defining them as the partial differentials
of these functions, related as

δ′v̂σ =
∂v̂σ

∂vρ
∗
δ′vρ

∗ , δ′vρ
∗ =

∂vρ
∗

∂v̂σ
δ′v̂σ , ρ, σ = 1, s . (5.2)
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Recall that in formulas (2.2) we make use of relations (2.5) and therefore

δ′vl+κ

∗ =
∂ϕκ

∂v̂σ
δ′v̂σ = 0 , σ = 1, s , κ = 1, k , (5.3)

and formulas (5.2) take the form

δ′v̂σ =
∂v̂σ

∂vλ
∗

δ′vλ
∗ , δ′vλ

∗ =
∂vλ

∗
∂v̂σ

δ′v̂σ , σ = 1, s , λ = 1, l . (5.4)

Consider the vector

δ′V̂ = δ′v̂σeσ =
∂v̂σ

∂vλ
∗

δ′vλ
∗eσ = δ′vλ

∗εεελ , (5.5)

and construct together with the vector V̂, given by relation (5.1), the new
vector

Ṽ = V̂ + δ′V̂ = (v̂σ + δ′v̂σ)eσ = (q̇σ + δ′v̂σ)eσ .

We substitute the coordinates q̇σ +δ′v̂σ of the generalized velocity Ṽ into the
equations of constraints (2.1) and expand the functions ϕκ (as the function
of the variables q̇σ only) in the Taylor series in the neighborhood of the point
with the coordinates (q1, . . . , qs), corresponding to time t:

ϕκ(t, q, q̇ + δ′v̂) = ϕκ(t, q, q̇) +∇∇∇′ϕκ · δ′V̂ + o(|δ′V̂|) , κ = 1, k . (5.6)

These relations imply that if for the point with the coordinates (q1, . . . , qs)
at time t the generalized velocity V̂ is kinematically possible, then with an
accuracy to the first order the velocity Ṽ = V̂ + δ′V̂ is also kinematically
possible under the condition

∇∇∇′ϕκ · δ′V̂ = 0 , κ = 1, k . (5.7)

Thus, a set of the vectors δ′V̂, satisfying equation (5.7), describes the
kinematically possible changes, of the generalized velocity V̂, allowed by
constraints at time t when the system is in the position (q1, . . . , qs). The
arbitrary vector δ′V̂, satisfying relations (5.7), is called a variation of the
generalized velocity V̂.

Since the variations δ′vλ
∗ are linear independent, the family of Maggi’s

equations (2.10) is equivalent to one equation

(
MWσ − Qσ

)∂q̇σ

∂vλ
∗

δ′vλ
∗ = 0 ,

which by virtue of formulas (5.4) can be represented as
(
MWσ − Qσ

)
δ′v̂σ = 0 (5.8)
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or by (5.5) in the vector form:
(
MW − Y

)
· δ′V̂ = 0 . (5.9)

It is important for us that these equations are independent of the choice of free
variables vλ

∗ . They are obtained as a sequence of equations of motion (2.10)
and therefore as a sequence of Newton’s equation (2.9), written for ideal
nonholonomic constraints with reaction (2.8). We remark that by formulas
(5.9), (2.8), (2.9) we have

R · δ′V̂ = 0 , (5.10)

i. e. the reaction of ideal nonholonomic constraints is orthogonal to the vector
of variation of generalized velocity.

We obtain now Maggi’s equations from relation (5.9) being regarded as
the initial one. Since the vector δ′V̂ has the form (5.5), then scalar product
(5.9) is as follows

(
MWσ − Qσ

)∂q̇σ

∂vλ
∗

δ′vλ
∗ = 0 ,

which implies in accordance with linear independence of variations that δ′vλ
∗ ,

λ = 1, l. So, we arrive at Maggi’s equations (2.10).
Thus, relation (5.9) can be regarded as a differential variational principle

of mechanics, according to which for systems with ideal retaining nonholo-
nomic constraints the scalar product of the vector of constraint reaction by
the variation of generalized velocity is equal to zero. This principle has been
formulated in 1908–1909 by P. Jourdain [326] and in 1900 by G.K. Suslov [218],
who named it a universal equation of mechanics. That is why it is reasonable
to refer this principle as the Suslov–Jourdain principle.

E x a m p l e II .8 . The equations of motion for Novoselov’s reducer (the
generation of equations of motion by means of the Suslov–Jourdain princi-
ple). We generate the equations of motion for friction reducer, which was
considered first by V. S.Novoselov [170]. The reducer (Fig. II. 9) transmits
the rotation from shaft 1 to shaft 2 and consists of disk A, rigidly fixed with
shaft 1, wheel B, freely rotating on shaft 3, shaft 2 with cylinder C, and a
centrifugal regulator by the masses K and N and a spring with the deflection
rate c1. The motion of muff D of regulator with the help of a cable, turned
over fixed blocks O1 and O2, and a spring with the deflection rate c2 results
in the displacement of shaft 3 with wheel B and changes the distance ρ
between the average circle of wheel B and the axis of shaft 1. Wheel B has
the radius a. The sizes given are the following: PN = NL = LK = KP = l.

The position of the friction reducer is given by the following generalized
coordinates: the rotation angles of shafts q1 =ϕ1 and q2 =ϕ2 and the distance
q3 =x of muff D from joint L. As is shown in Fig. II. 9, the distance ρ is related
to x as

x − ρ = c ≡ const .
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Fig. II. 9

We consider a system with the nonholonomic constraint

ϕ(t, q1, q2, q3, q̇1, q̇2, q̇3) ≡ (x − c)ϕ̇1 − Rϕ̇2 = 0. (5.11)

If the sliding is missed, then constraint (5.11) gives the condition that the
rotational velocities of the points of contact of wheel B with disk A and
cylinder C are equal.

The kinetic and potential energies are defined as

T =
1
2

[
JAϕ̇2

2+JC ϕ̇2
2+mDẋ2+mB ρ̇2+JB

R2

a2
ϕ̇2

2+

+2mN

((
l2− x2

4

)
ϕ̇2

2+
l2ẋ2

4l2−x2

)]
,

Π =
1
2
c1(δ1 + x − x0)2 +

1
2
c2(δ2 + x0 − x)2 .

Here δ1, δ2 are the static deformations of springs with the deflection rates c1

and c2, respectively, x0 is the static declination of muff D from joint L.
For this system the Suslov–Jourdain principle is as follows

(MW1 − Q1)δ′ϕ̇1 + (MW2 − Q2)δ′ϕ̇2 + (MW3 − Q3)δ′ẋ = 0 . (5.12)

The relation between the variations of velocities have the form

∂ϕ

∂ϕ̇1
δ′ϕ̇1 +

∂ϕ

∂ϕ̇2
δ′ϕ̇2 = 0 . (5.13)

Therefore in equation (5.12) the variations δ′ϕ̇2 and δ′ẋ are independent.
Express from relation (5.13) the variation δ′ϕ̇1 in terms of δ′ϕ̇2 and then
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from equation (5.12) we obtain

(MW1 − Q1)
R

x − c
+ (MW2 − Q2) = 0 , (5.14)

MW3 − Q3 = 0 . (5.15)

Here Q1 = M1, Q2 = −M2 are the moments of forces, impressed upon shafts
1 and 2, respectively, and Q3 = −∂Π/∂x.

From the general theory it follows that the equations obtained coin-
cide with Maggi’s equations. We remark that the second of them is usual
Lagrange’s equation of the second kind since the coordinate x is holonomic.

Since
MWσ =

d

dt

∂T

∂q̇σ
− ∂T

∂qσ
, σ = 1, 3 ,

then equations (5.14) and (5.15) can be rewritten as

JA
R

x − c
ϕ̈1 + J(x)ϕ̈2 − mNxẋϕ̇2 = M1

R

x − c
− M2 ,

m(x)ẍ+
1
2
mNxϕ̇2

2++
2l2x

(4l2+x2)2
mN ẋ2 = c1(−δ1−x+x0)+c2(−x+x0+δ2) .

(5.16)
Here

J(x) = JC + JB
R2

a2
+

1
2
mN (4l2 − x2) ,

m(x) = mB + mD +
2mN l2

4l2 − x2
.

The equations of motion (5.16) together with equation of constraint (5.11)
give a closed system for determining the functions ϕ1(t), ϕ2(t), x(t).

It is to be noted that if we substitute equation of constraint (5.11), dif-
ferentiated with respect to time, into the first equation of system (5.16),
then the equations can be written in the Appell form. Such equations were
also generated by A. I. Lur’e [135]. This example was also considered by
Ya. L.Geronimus [47]. His results coincide with equations (5.16).

E x a m p l e II .9 . The motion of mechanical system with a fluid fly-
wheel (the generation of the equations of motion for nonholonomic systems
with the help of the Suslov–Jourdain principle and Lagrange’s equation of
the first kind in generalized coordinates). The fluid flywheel consists of two
centrifugal wheels filled by oil: a driving torus and a turbine. The driving
torus is fixed with the motor shaft and while rotating, by means of blades
and centrifugal force, it speeds up the oil, which falls with a great velocity on
the blades of turbine, setting the latter in motion. The turbine is placed on
the shaft of consumer and therefore by means of the fluid flywheel the rota-
tion is imparted from the leading shaft to the driven one, in which case the
connection between them turns out nonrigid. At present the fluid flywheels
gain a wide application in different powerful transmissions, in the starters of



5. The Suslov–Jourdain principle 71

Fig. II. 10

gas turbines, the drives of pumps, the conveyors of hoisting machines, and so
on. The study of transient processes in similar arrangements is of importance
since the transient regime averages about sixty percents of their operation
time.

Consider one of possible approaches to the study of transient processes
in systems with fluid flywheel or with fluid converter, which differs from the
fluid flywheel by an additional wheel (of reactor). We shall regard mechanical
systems with hydrotransmissions as first-order nonholonomic systems. This
permits us to eliminate the reaction and to obtain the equation of motion,
which is to be integrated together with the equation of constraint.

Denote by ω1 and L1 an angle velocity and a moment generated by a
motor, respectively, by J1 a moment of inertia of impeller and driving parts
of motor, by ω2 and L2 an angle velocity and a drag torque produced by
customer, respectively, by J2 a moment of inertia of a turbine and driven
parts of device.

Suppose that for the racing of system the following characteristics of the
motor L1 = L1(ω1) and the customer L2 = L2(ω2) hold which taken off
for the regimes being steady-state (see. Fig. II. 10; these and all subsequent
numerical data are taken from the work [106]). The quantities L1, L2 are
given in Newton-meters, (N·m), ω1, and ω2 in the seconds in the minus first
degree (s−1), t in seconds (s).

The process of the racing of system can be partitioned into three stage. At
the first stage after a starting of motor its moment L1, applied to the driving
parts of device, is used for their racing and for the racing of fluid in the fluid
flywheel. When the flow occurs in the work chamber of fluid flywheel the
moment L occurs on its fixed driving torus. At the end of the first stage the
value of the moment L becomes sufficient for the initiation of driven parts
(L2 for ω2 = 0) and we have the second stage when the turbine begins to
rotate with the ascending angle velocity ω2.

The racing of system at the third stage is characterized by increasing the
angle velocity ω2 with deacceleration of flow, in which case the moment L,
generated by the turbine, is greater than the moment, which the driving torus
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Fig. II. 11

imparts to a flow. At this stage the moment L generally decreases. When
its value for the certain angle velocity ω2 becomes equal to the moment of
customer L2, the racing is ended and the system operates in the steady-state
regime for L1 = L = L2.

The analysis of experimental and computed investigations of racing pro-
cesses for the systems with different relative moments of inertia J = J1/J2

and with different characteristics of a motor and a customer shows that in
view of a great power of motor the angle velocity of driving shaft varies
slightly and the angle velocity of driven shaft varies essentially at the initial
period and tends asymptotically to a certain constant value as the mode of
operation tends to the steady-state regime when we have ω1 = ω2 + const.
For the racing of system with hydrotransmission the graphs of the functions
ω1 = ω1(t) and ω2 = ω2(t) have a specific form shown in Fig. II. 11. These
graphs demonstrate that for as nonstationary as stationary regimes we have
ω1 �= ω2. Therefore between the angle velocities of the driving and driven
shafts there exists a certain functional relation, which can be regarded as a
nonholonomic constraint. Since from the graphs of the functions ω1 = ω1(t)
and ω2 = ω2(t) we can obtain the relation for the angle velocities as a function
of time, then the equation of nonholonomic constraint can be represented as

ϕ(t, ω1, ω2) ≡ ω2 − i(t)ω1 = 0 . (5.17)

The kinetic energy of system is defined by the following relation

T =
J1ω

2
1

2
+

J2ω
2
2

2
.

Let us generate the equations of motion.
The Suslov–Jourdain principle for this system takes the form

(MW1 − Q1)δ′ω1 + (MW2 − Q2)δ′ω2 = 0 . (5.18)

The relation between the variations of angle velocities is given by the following
formula

∂ϕ

∂ω1
δ′ω1 +

∂ϕ

∂ω2
δ′ω2 = 0 . (5.19)
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Hence from equation (5.18) with relations (5.17) and (5.19) we have

J1
dω1

dt
+ i(t)J2

dω2

dt
= L1 − i(t)L2 . (5.20)

Equation (5.20) together with equation of constraint (5.17) give the closed
system for determining the functions ω1(t) and ω2(t).

Equation of motion (5.20) can also be obtained in a different way. We
write Lagrange’s equations of the first kind in generalized coordinates for
nonholonomic system (2.22):

d

dt

∂T

∂ω1
− ∂T

∂ϕ1
= L1 + R1 ,

d

dt

∂T

∂ω2
− ∂T

∂ϕ2
= −L2 + R2 .

(5.21)

Here the generalized reactions are defined as

R1 = Λ
∂ϕ

∂ω1
= −i(t)Λ , R2 = Λ

∂ϕ

∂ω2
= Λ .

Eliminating Λ from system (5.21), we obtain equation of motion (5.20).
When passing to the stationary regime, the relation ω1 = ω2 + const is

satisfied, in which case we have

R1|ω1=ω2+const = −Λ
∂ϕ

∂ω1

∣∣∣
ω1=ω2+const

= −Λ ,

i. e. −R1 = R2. The model suggested coincides with the model considered in
the work [106] since in the equations of this work

L1 = (J1 + J∗)
dω1

dt
+ L , L = J2

dω2

dt
+ L2 ,

the correction J∗ε1, which accounts for the moment, initiating the racing of
flow in rotor blades, is equal to zero. In the above equations R1 = −R2 = −L.
In the work [106] the quantity J∗ and the moment L, transmitted by a fluid
flywheel, are accounted empirically.

Having solved the system of equations (5.17), (5.20), we can find the
reaction and, by that, the moment developed by the fluid flywheel.

The system of equations (5.17), (5.20) was numerically integrated by com-
puter. The computing permits us to obtain the following relations: the behav-
ior of the angle velocities of the driving and driven shafts in time, the change
of the moments on the driving and driven shafts, the behavior of the moment,
transmitted by fluid flywheel, in time. The certain results of computing are
represented in Fig. II. 12.

Thus, the method suggested permits us, using the experimental data
ω1 = ω1(t), ω2 = ω2(t), to describe nonstationary processes in systems with



74 II. Nonholonomic Systems

Fig. II. 12

hydrotransmission. In this case we take into account an error of experiment
only while in the other methods, moreover, the additional inaccuracy occurs
by reason of using the approximate theory for the account of hydrodynamic
processes.

§ 6. The definitions of virtual
displacements by Chetaev

As is noted in the review of the main stages of the development of non-
holonomic mechanics, the definition of nonholonomic system was introduced
first by Hertz [317] in 1894. He was the first to pay attention to the pos-
sible existence of such kinematical constraints, which do not impose some
restrictions on the possibility of the passing of system from one position to
another. The development of nonholonomic mechanics was essentially due
to the work of E. Lindelöf [352], in which with the help of usual methods of
holonomic mechanics there were obtained the incorrect equations of motion
of nonholonomic system. In particular, S.A.Chaplygin points to this error
and suggests his own method [239] to obtain the equations of motion. The
error similar to Lindelöf’s error was also made by C.Neumann [366], what
was repeatedly remarked in the literature (see, for example, [41]). Further, in
1899, C.Neumann gives already the certainly valid equations of motion [366].

For the description of motions of nonholonomic systems, P.Appell,
L. Boltzmann, V.Volterra, P.V.Voronets, G.Hamel, J.Gibbs,
Bl.Dolaptschiew, G.A.Maggi, L.M.Markhashov, J.Nielsen, V. S.Novoselov,
G. S. Pogosov, A. Przeborski, V.V.Rumyantsev, J. Schouten, Fam Guen,
N. Ferrers, J. Tzénoff, S.A.Chaplygin, M.F. Shul’gin, and another authors
suggest a number of different methods to generate the differential equations
of motion. Some of them are considered, for example, in the treatises [59,
166]. At the time of intensive development of nonholonomic mechanics many
scholars often obtained similar results and therefore the same forms of equa-
tions of motion have different names. The investigations, connected with the
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possible applications of these equations to more wide classes of nonholonomic
constraints, are being continued to the present (see, for example, [370]).

In generating the equations of motion of nonholonomic systems, most au-
thors made use of the D’Alembert–Lagrange principle that they extended to
the case of the system under consideration. In this case they need to clari-
fy what should be regarded as a virtual displacement for the given type of
constraint. V.V.Kozlov [114, p. 60, 61] notes that ". . . for such method for
constructing the dynamics, the hypotheses must involve the definition of vir-
tual displacements"and "even in the simplest case of stationary integralable
constraint the definition of virtual displacements is the independent hypoth-
esis of dynamics". Exactly such hypothesis (see below (6.3)) was brightly
formulated by N.G.Chetaev. He aims [245, p. 68] ". . . at the introduction of
the notion of virtual displacement for nonlinear constraints in such a way
that to save as D’Alembert’s, as Gaussian principles . . . ".

For the sake of generality, we consider an arbitrary mechanical system,
the position of which is given by the generalized coordinates qσ, σ = 1, s.
Suppose that on this system is imposed the following nonlinear nonholonomic
constraints

ϕκ(t, q, q̇) = 0 , κ = 1, k , k < s . (6.1)

We remark that the nonholonomicity of these constraints makes itself
evident in the fact that in spite of their existence the passage of system
from any its position with the coordinates qσ

0 , σ = 1, s, to another with the
coordinates qσ

1 , σ = 1, s, is kinematically possible.
According to N.G.Chetaev for the real motion of the system considered

the D’Alembert–Lagrange principle
(

d

dt

∂T

∂q̇σ
− ∂T

∂qσ
− Qσ

)
δqσ = 0 (6.2)

must be satisfied. We assume that the kinetic energy T has the form

T =
M

2
gαβ(t, q)q̇αq̇β , α, β = 0, s , q0 = t , q̇0 = 1

and the generalized forces Qσ are given in terms of the functions of the time t,
the coordinates qσ, and the generalized velocities q̇σ (σ = 1, s).

N.G.Chetaev also assume that the quantities δqσ, entering into the
D’Alembert–Lagrange principle (6.2), satisfy the following conditions

∂ϕκ

∂q̇σ
δqσ = 0 , κ = 1, k . (6.3)

Nonlinear nonholonomic constraints (6.1) such that conditions (6.3) are as-
sumed to be valid, were named the constraints of the Chetaev type.

As is shown in the previous section, the general principle of nonholo-
nomic mechanics is the Suslov–Jourdain principle (5.9) or (5.8) in which the
variations of velocity must satisfy conditions (5.3). The virtual displacements,
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allowed by the constraints of the Chetaev type, are satisfied exactly such con-
ditions (6.3). Therefore the generalized principle of D’Alembert–Lagrange,
which in the case of Chetaev’s postulate permits us to apply the usual
D’Alembert–Lagrange principle (6.2) to the study of nonholonomic systems,
coincides with the Suslov–Jourdain principle. The comparison of formulas
(6.3) and (5.3) implies, in turn, that the virtual displacements (δq1, . . . , δqs),
introduced by Chetaev for nonlinear nonholonomic constraints, coincide with
the variations of the generalized velocity (δ′v̂1, . . . , δ′v̂s). Like the holonomic
problems from formula (5.10) it follows that the reaction of constraints of
the Chetaev type is orthogonal to the virtual displacements satisfying condi-
tions (6.3).

Differential forms (6.3) show that the scalar products of the vectors δy =
δqσeσ by the vectors ∇∇∇′ϕκ ≡ εεεl+κ , κ = 1, k, are equal to zero. Formulas (5.7)
stress even this orthogonality.

Thus, conditions (6.3) suggested by N.G.Chetaev, which give the ax-
iomatic definition of virtual displacements with nonlinear nonholonomic con-
straints, show the possibility of the transition, in the nonholonomic mechan-
ics, from the vectors given on the manifold of possible positions of mechanical
system to the vectors given on the manifold of possible velocities of system.

Relations (6.3) have played an important role in the development of non-
holonomic mechanics. The different forms of conditions of type (6.3) were
also introduced by the other famous scholars, for example, by J.W.Gibbs
[309], P.Appell [265], and A.Przeborski [375]. J. Papastavridis [370. 1997,
2002] refers to conditions (6.3) as the Maurer–Appell–Chetaev–Hamel defi-
nition. Note, that much attention to this definition of virtual displacements
with nonlinear nonholonomic constraints is paid in the works of Norwegian
scientist L. Johnsen [324], which are not too famous.

We shall repeatedly remark further the role of Chetaev’s type constraints
for obtaining the cited results.


