
2
Analytical Models for Microstrip
Antennas

2.1 Introduction

Various types of microstrip radiators, their applications, radiation mechanisms,
models for various types of feeds, and the basic antenna characteristics were
discussed in Chapter 1. Analysis of the antenna is carried out in this chapter.
Antenna analysis is important for several reasons, including these:

• It can reduce the number of costly cut-and-try cycles by aiding the
design process.

• Analysis can be used to ascertain the advantages as well as limitations
of the antenna by carrying out parametric studies.

• Analysis can provide an understanding of the operating principles that
could be useful for a new design, for modifications to an existing
design, and for the development of new antenna configurations.

The objectives of antenna analysis are to predict the radiation characteris-
tics such as radiation patterns, gain, and polarization as well as near-field
characteristics such as input impedance, impedance bandwidth, mutual cou-
pling, and antenna efficiency. The analysis of microstrip antennas is complicated
by the presence of dielectric inhomogeneity, inhomogeneous boundary condi-
tions, narrow frequency band characteristics, and a wide variety of feed, patch
shape, and substrate configurations. Thus, a balance is reached between the
complexity of the method and the accuracy of solution by compromising one
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or more of the features listed above. The resulting model is said to be a good
model if it has the following characteristics [1]:

• It can be used to calculate all impedance and radiation characteristics
of the antenna under discussion.

• Its results are accurate enough for the intended purpose.
• It is as simple as possible, while providing the proposed accuracy for

the impedance and radiation properties.
• It lends itself to interpretation in terms of known physical

phenomena.

Many elaborate techniques have been proposed and used to determine
microstrip antenna characteristics. The analytical techniques include the trans-
mission line model, generalized transmission line model, cavity model, and
multiport network model. These techniques maintain simplicity at the expense
of accuracy. Full-wave methods have received increasing attention due to their
rigor and higher accuracy. These are, in general, based on Sommerfeld-type
integral equations, and the solution of Maxwell’s equations in the time domain.
Prominent numerical methods include integral equation analysis in the spectral
domain, integral equation analysis in the space domain, and the finite-difference
time-domain (FDTD) approach. The methods based on integral equation make
one important assumption: The dielectric substrate and the ground plane are
infinite in extent. The solutions are therefore more accurate when the substrate
and ground plane are several wavelengths long. The FDTD technique is more
efficient for finite-sized antennas. The effect of finite size is less severe on
impedance behavior because microstrip antennas are inherently resonant struc-
tures and their impedance characteristics are primarily determined by the patch.
The radiation behavior, on the other hand, is considerably influenced by the
finite size of the substrate primarily due to the launching of surface waves and
their diffraction at the edge of the substrate. Consequently, the theory of
diffraction is occasionally used in conjunction with other methods to improve
the prediction of radiation pattern.

The analytical models were the first to be developed for microstrip anten-
nas. They use simplifying assumptions, but generally offer simple and analytical
solutions, well suited for an understanding of the physical phenomena and for
antenna CAD. In the analytical methods or models, the fields associated with
the antenna are divided into an interior region and an exterior region [2], as
shown in Figure 2.1.

The interior region is formed by the patch conductor, the portion of the
ground plane under the patch, and the walls formed by the projection of the
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Figure 2.1 Division of fields associated with an antenna into an interior region and an exterior region. (From [2].  1979 New Mexico State
University. Reprinted with permission.)
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patch periphery onto the ground plane. The fields in this region can be
modeled as a transmission line section or a cavity giving rise to the designations
transmission line model and cavity model. The exterior region is the rest of the
space. This includes the remainder of the ground plane, the remainder of the
dielectric, and the top of the patch conducting surface. The fields in the exterior
region comprise the radiation field, surface waves, and fringing field. These
are characterized in the form of load admittances in some of the models. In
simpler models, the effect of these fields is described in the form of increased
dielectric loss tangent and equivalent dimensions of the antenna.

Aperture Model for the Fields in the Exterior Region
The mechanism of radiation from a microstrip antenna was described in Section
1.1.2, where it was shown that the radiating edges could be modeled as slots/
apertures in the interface plane. The width of the slots in principle should be
infinite, but the analysis shows that the electric field decays rapidly away from
the edge. In support of this, computed electric and magnetic surface currents
on the patch antenna are presented next. Kishk and Shafai carried out such
an analysis for a circular patch antenna with finite ground plane [3]. The
geometry of the patch is shown in the inset of Figure 2.2. Computed magnetic
and electric surface current distributions for the TM11 mode are shown in
Figures 2.2 and 2.3, respectively. The x axis shows the radial position on the
outer boundary of the microstrip surface. Only one-half of the surface contour
is shown since the geometry is rotationally symmetric. Points A to B correspond
to the position on the ground plane, points B to C represent the dielectric
substrate that supports both electric and magnetic surface currents, and points
C to D correspond to the patch surface.

The distribution of magnetic current M , that is, the tangential electric
field on the substrate, is shown in Figure 2.2. The magnetic current decreases
progressively from C to B, indicating a strong fringing field near C. Figure
2.3 shows that the electric current is strongest on the patch surface and is
minimum on the ground plane. The contributions to the radiation field,
therefore, are mainly from Jf from the patch and from Mf on the substrate.

Carver and Coffey have plotted dc fringing field distribution near the
edge of a microstrip line [2]. They have suggested that a slot width equal to
the substrate thickness h with uniform electric field therein can effectively
account for the fringing field effect. The length of the apertures is taken to
be slightly longer than the physical length of the edge. The increase takes into
account the fringing fields at the corners of the patch. For rectangular and
circular patches, the width of the aperture can be determined using well-known
magnetic wall models. For a rectangular patch, the effective dimensions can
be determined from the planar waveguide model of the microstrip (see Appendix
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Figure 2.2 Variation of surface magnetic current for the TM11 mode of a circular patch.
(From [3].  1986 IEEE. Reprinted with permission.)

B). For better accuracy, the aperture model has been extended to the nonradiat-
ing edges. Therefore, the electric field at the edges of the patch can be modeled
as shown in Figure 2.4(a). Extensive calculations show that the outer corners,
as modified in Figure 2.4(b), give better agreement with measured antenna
characteristics [4]. For ease of implementation, however, most of the analytical
models employ the aperture model of Figure 2.4(a). The aperture model is
further simplified by assuming that the apertures or slots can be on the ground
plane instead of at the interface plane. This approximation does not sacrifice
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Figure 2.3 Variation of surface electric current for the TM11 mode of a circular patch.
(From [3].  1986 IEEE. Reprinted with permission.)

much of the accuracy if the substrate is thin. The transmission line model
based on radiation from apertures is discussed next.

2.2 Transmission Line Model

Rectangular and square patches have a physical shape derived from microstrip
transmission lines. Therefore, these antennas can be modeled as sections of
transmission lines. Similarly, circular patches, annular rings, and sectors of
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Figure 2.4 Four-slot radiation models: (a) Four-slot model. (b) Four-slot model with corners. (From [1].  1992 IEEE. Reprinted with
permission.)
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circular patches and annular rings can be modeled in terms of sections of radial
transmission lines [5–7]. Therefore, the transmission line model is one of the
most intuitively appealing models for a microstrip antenna.

2.2.1 Simple Transmission Line Model

This transmission line model [8–10] was the first technique employed to
analyze a rectangular microstrip antenna by Munson in 1974 [8]. In this model,
the interior region of the patch antenna is modeled as a section of transmission
line. The characteristic impedance, Z0, and propagation constant, b , for the
line are determined by the patch size and substrate parameters. Consider a
rectangular patch of dimensions L × W as shown in Figure 2.4. The periphery
of this patch is described by four walls/edges at x = 0, L and y = 0, W. The
four edges of the patch are classified as radiating type or nonradiating type
depending on the field variation along their length. The classification is based
on the observation that a radiating edge is associated with slow field variations
along its length. The nonradiating edge, on the other hand, should have an
integral multiple of half-wave variations along the edge, such that there is an
almost complete cancellation of the radiated power from the edge. For the
TM10 mode in the patch, the edges at x = 0, L are radiating types because the
electric field is uniform along these edges. The walls at y = 0, W are nonradiating
types because of half-wave variation of the field along these edges. The edges
at x = 0, L radiate most of the power and are characterized by load admittances
Ys = Gs + jB s . Here, Gs is the conductance associated with the power radiated
from the edge or wall, and Bs is the susceptance due to the energy stored in
the fringing field near the edge. The effect of the fringing fields at nonradiating
edges at y = 0 and W is included in the determination of phase constant b .
Based on this identification, the equivalent circuit of the rectangular patch
antenna is shown in Figure 2.5(a).

The radiation patterns of the patch antenna are assumed to be the same
as that of an array of two narrow slots separated by a distance equal to the
length of the patch. The input admittance of the antenna at the feed port is
obtained by transforming the edge admittances to the feed point. The resulting
expression from the equivalent circuit of Figure 2.5(a) is obtained as

Yin = Y0SY0 + jYs tan(bL1)
Ys + jY0 tan(bL1)

+
Y0 + jYs tan(bL2)
Ys + jY0 tan(bL2)D + jX f , L1 + L2 = L

(2.1)

where g = jb , Y0 is the characteristic admittance of the patch fed at x = L1
and Xf is the feed reactance, described in Section 2.9. Derneryd [9, 10]
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Figure 2.5 (a) Simple transmission line model and (b) transmission line model with mutual
coupling.
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introduced some modifications in the simple model. Mutual conductance
between the radiating edges was calculated by integrating the interference
component of the radiation pattern of two magnetic current sources of the
patch antenna. It is given by [10]

Gm =
1

60p2 E
p /2

0

sin2Sk0
W
2

cosuD tan2u sinu J0(k0L sinu )du (2.2)

The edge admittance Ys is now modified to include Gm , that is,
Ys = Gs − Gm + jB s . This modification provided some improvement in the
input impedance of the antenna.

Simplification of (2.1) for the resonant patch, b (L1 + L2) ≈ p , shows
that input resistance at resonance is given by [10]

R in =
1

2G Hcos2(bL1) +
G2 + B2

s

Y 2
0

sin2(bL1) −
Bs
Y0

sin(2bL1)J (2.3)

≈
1

2G
cos2(bL1) since G , Bs << Y0 (2.4)

where G = Gs − Gm . The simple model shows that input resistance varies as
cos2(bL1), and can be used to select the feed position so that impedance match
with the source impedance is obtained. In addition to mutual conductance,
there is mutual susceptance between the radiating edges. Inclusion of mutual
susceptance Bm would give rise to further improvement in input impedance,
but in a rectangular patch the two sources are separated such that bL ≈ p
and the effect of mutual susceptance on the input resistance may not be much.
It is likely to affect the resonant frequency slightly.

In the model discussed above the input impedance of the antenna is not
a function of feed position along the y direction. Lier has modified the model
due to Derneryd by considering an additional transmission line along the y
direction and represented its effect in the form of a reactance [11].

The above transmission line model is conceptually very simple. However,
it is very approximate and the model is applicable for a rectangular patch only.
The effects of substrate on radiation and input impedance are not considered.

2.2.2 Transmission Line Model With Mutual Coupling

In the improved transmission line model [12], mutual coupling between the
radiating edges, is included through a mutual admittance Ym connected between
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the two ends of the transmission line. The feed, microstrip line, or coaxial
line, can be represented by an ideal current source at the feed point along the
transmission line. The resulting equivalent circuit is shown in Figure 2.5(b).
This network can be solved in two different ways for determining the voltage
across the feed, and therefore input impedance Z in. In one of the approaches,
the mutual admittance is included through voltage-dependent current sources
across the self-admittances [12]. This approach requires the equivalent circuit
to be a three-port network [see Figure 2.6(a)]. The admittance matrix for this
equivalent circuit is obtained as

[Y ] = 3
Ys + Y0 coth(gL 1) −Ym −Y0 csch(gL 1)

−Ym Ys + Y0 coth(gL 2) −Y0 csch(gL 2)
−Y0 csch(gL 1) −Y0 csch(gL 2) Y0 (coth(gL 1) + coth(gL 2))

4
(2.5)

where g = a + jb is the complex propagation constant of the line, a accounting
for the dielectric and conductor losses of the antenna. For the feed at port
number 3 and feed current I3, the input admittance obtained from (2.5) (with
I1 = I2 = 0) is [12]

Yin =
I3
V3

= 2Y0F Y 2
0 + Y 2

s − Y 2
m + 2Y0Ys coth(gL ) − 2Y0Ym csch(gL )

(Y 2
0 − Y 2

s + Y 2
m )csc(gL ) + (Y 2

0 − Y 2
s + Y 2

m )csch(gL )cosh(2gD) + 2Y0Ys
G

(2.6)

where

D = |L /2 − L1 | = |L2 − L /2 | (2.7)

and L1 and L2 are defined in Figure 2.5. For an edge-fed microstrip antenna
one can use I2 = I3 = 0, and the input admittance is obtained as [12]

Yin =
Y 2

0 + Y 2
s − Y 2

m + 2Y0Ys coth(gL ) − 2Y0Ym csch(gL )
Ys + Y0 coth(gL )

(2.8)

The effect of aperture blocking by the microstrip feed line should be
included in the calculation of Ys [12].

The above transmission line model has been used in the analysis of a
microstrip-fed rectangular patch antenna [12], for the design of a matched
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Figure 2.6 (a) Three-port equivalent network for the transmission line model of Figure 2.5(b). (From [12].  1984 IEE. Reprinted with
permission.) (b) GTLM equivalent network for the transmission line model of Figure 2.5(b). (From [15].)
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broadband rectangular patch antenna [4], for the calculation of mutual coupling
between rectangular patches [13], and to predict wide-band performance [14].
For mutual coupling analysis, the effect of coupling between the various slots/
edges is included by means of voltage-dependent current sources as in the case
of a single patch. Because there are four radiating slots (side slots are assumed
nonradiating), each slot is characterized by a self-admittance Ys and three
mutual admittances, the latter being defined in terms of voltage dependent
current sources.

The equivalent circuits of Figures 2.5 and 2.6 contain the transmission
line parameters Y0 and g , self-admittance Ys , and mutual admittance Ym . The
line parameters are defined in Appendix B, and the self- and mutual admittances
are described in Sections 2.7 and 2.8, respectively.

The improved transmission line model can be applied to rectangular and
square microstrip patches only. Moreover, the variation of fields along the
width of the patch is not accounted for. This model can be used for microstrip
and coaxial feeds only. Proximity-coupled and aperture-coupled microstrip fed
antennas cannot be analyzed. Some of these limitations are overcome in the
next model.

2.2.3 Generalized Transmission Line Model

The equivalent circuit of Figure 2.5(b) has been solved differently in an approach
called the generalized transmission line model (GTLM) [5, 15, 16]. In this
approach, the transmission line sections, which may be nonuniform, on either
side of the current source are converted into p -network equivalents. The
resulting equivalent circuit is shown in Figure 2.6(b). This equivalent circuit
is then simplified using the star-delta and delta-star transformations to obtain
the voltage across the current source [6].

The application of GTLM is not restricted to the rectangular patch.
Instead it can be applied to any separable geometry of the microstrip antenna.
The majority of the practically used patches comes under this category. The
patch shapes studied using this model include rectangular patch [15, 16],
circular patch [5], circular ring [6], annular and circular sectors [7], and
concentric array of circular rings [17] for linear polarization. Elliptical ring
[18] and circular ring with a stub [19] have been studied as circularly polarized
antennas.

The major difference between the transmission line model and GTLM
is that a patch in GTLM is modeled in the form of transmission lines in
orthogonal directions. Consequently, variation of fields along the transverse
direction is included in GTLM. For application to nonrectangular geometries,
the transmission lines are generally nonuniform in nature. Also, the definition
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of wall admittance in GTLM is different from that employed in other models.
The theoretical background of GTLM is described in detail in Appendix 2A
at the end of this chapter. Next we apply this technique to a circular ring
microstrip antenna.

Application of GTLM to a Circular Ring Microstrip Antenna

The geometry of a circular ring is shown in Figure 2.7. The separability criteria,
(2A.6) of Appendix 2A, is satisfied for a circular geometry. The GTLM can,
therefore, be employed to determine the characteristics of a circular ring micro-
strip antenna [6]. The other transmission line models [8–12], on the other hand,
are not applicable for circular geometries. The scale factors in the cylindrical
coordinate system are: h1 = 1, h2 = u = r ; and the variables u-v are represented
by r-f . The general solutions for u dependence of Ez are

x1(u ) = Jn (ku ) = Jn (kr ), x2(u ) = Yn (ku ) = Yn (kr ) (2.9)

Figure 2.7 Geometry of a circular ring microstrip antenna.
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where Jn (?) and Yn (?) are the Bessel and Neumann functions, respectively, of
order n , and k is the wave number in the substrate medium. The v dependence
(v = f ) of the field Ez is

f2(v ) = cosnf (2.10)

Using (2A.27), (2A.28), and (2A.29) of Appendix 2A, the lumped ele-
ments of the circuit in Figure 2.6(b) are obtained. These are given by (in the
region c < r < b ):

g1 = Y11 + Y12 =
−j

vmD(b , c )
[kbD1(b , c ) + 2/p ] (2.11)

g2 = −Y12 =
−2j

pvmD(c , b )
(2.12)

g3 = Y22 + Y12 =
j

vmD(c , b )
[kcD1(c , b ) + 2/p ] (2.13)

with

D(b , c ) = Jn (kb )Yn (kc ) − Yn (kb ) Jn (kc ) (2.14a)

and

D1(b , c ) = Jn′(kb )Yn (kc ) − Yn′(kb ) Jn (kc ) (2.14b)

where a prime indicates a derivative with respect to the argument. Expressions
for the lumped elements in the region a < r < c can be obtained by replacing
c with a and b with c in (2.11), (2.12), and (2.13). The expression for mutual
wall admittance is derived as [16, 20]

ym
12 =

jabh
2pvmE

2p

0

cosa
e −jk0r

r3 F2(1 + jk0r ) cosa (2.15)

+
(bcosa − a )(b − acosa )

r2 (k2
0 r2 − 3jk0r − 3)Gda

with
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r2 = a2 + b2 − 2abcosa

The self-conductance can be obtained from (2.15) by setting b = a and
retaining the real part. The self-susceptance should be obtained from the
equivalent extension formula for the circular ring [21]. We should point out
that the definition of wall admittance in this model is different from the definitions
used in other models.

The equivalent network of Figure 2.6(b) was simplified in [6] using the
delta-to-star and star-to-delta transformations and the input impedance was
obtained. Computed results for the input impedance for the TM12 mode are
plotted against frequency in Figure 2.8. Also given in this figure are the
measured values. The agreement between the computed and measured results is
good. In calculating the total input reactance, the reactances for the neighboring
modes (TM02 and TM51) are also added to that of the TM12 mode. The input
resistance, however, was estimated from the TM12 mode alone [6]. The accuracy
of GTLM can be improved by including the effect of substrate parameters on
Gs and ym

12 [15].
The GTLM can be applied to a host of separable geometries, some of

which are shown in Figure 2.9 [5]. Application of GTLM to an arbitrary patch
shape is not possible. Also, some of the feeding techniques such as proximity-
coupled and aperture-coupled microstrip feeds cannot be modeled. The stacked
patch using GTLM has not been analyzed.

2.2.4 Lossy Transmission Line Model
Another variation of the transmission line model has been suggested by Dubost
and coworkers [22–26]. A TEM mode approximation along the symmetry axis

Figure 2.8 Input impedance of a circular ring microstrip antenna seen by a coaxial feed
near the TM12 mode (a = 3 cm, b = 6 cm, c = 3.4 cm, er = 2.2); _____, R
computed; - - - -, X computed; ooo, R measured; xxx, X measured. (From [6].
 1985 IEEE. Reprinted with permission.)
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Figure 2.9 Some microstrip patch configurations that can be analyzed using GTLM. (From
[5].  1985 IEE. Reprinted with permission.)
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of the patch is assumed. In this model, various losses such as radiation loss,
dielectric loss, and copper loss are combined and assumed distributed along
the length of the transmission line in the form of increased dielectric loss.
The transmission line section, which may be nonuniform for application to
nonrectangular shapes, is divided into a number of small-sized sections. Each
section with a particular strip width is characterized by the effective dielectric
constant and characteristic impedance. The radiation admittance as a function
of strip width is obtained from the solution of the Ricatti equation, which
results from the constraint that power delivered to the lossy transmission line
equals the power radiated. An analytical or numerical solution for a set of N
cascaded sections is obtained to yield input admittance. This model has been
applied to a number of geometries including rectangular patch, circular patch,
stacked antenna geometry [23, 24], microstrip fed radiating slot, and folded
dipoles [25, 26].

The accuracy of transmission line models can be improved by taking
into account the effect of surface wave power loss. This may be achieved by
including the surface wave conductance in the loads. The effect of multilayered
substrate can be incorporated through the effective dielectric constant. Because
of the add-on approach adopted for including the effects of radiated power,
fringing field, and mutual coupling, these models suffer from limited accuracy
in the resonant frequency and input impedance for substrates that are not very
thin [27]. Extension of this model to large arrays may make the equivalent
circuit unwieldy.

The cavity model described next is an improvement over the transmission
line model in the sense that the variation of the field along the transverse
direction is accounted for.

2.3 Cavity Model

Microstrip patch antennas are narrow-band resonant antennas. They can be
termed lossy cavities. Therefore, the cavity model [28] becomes a natural choice
to analyze patch antennas. A cavity model was advanced by Lo et al. [28–30].
In this model, the interior region of the patch is modeled as a cavity bounded
by electric walls on the top and bottom, and a magnetic wall all along the
periphery. The bases for this assumption are the following observations for
thin substrates (h << l0):

• The fields in the interior region do not vary with z (that is,
∂/∂z ≡ 0) because the substrate is very thin, h << l0.
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• The electric field is z directed only, and the magnetic field has only
the transverse components in the region bounded by the patch metaliza-
tion and the ground plane. This observation provides for the electric
walls at the top and bottom.

• The electric current in the patch has no component normal to the
edge of the patch metalization, which implies that the tangential com-
ponent of H along the edge is negligible, and a magnetic wall can be
placed along the periphery. Mathematically, ∂Ez /∂n = 0.

The field distribution in the patch can be divided into two regions: the
interior fields and the exterior fields. The interior fields are determined next.

Consider the interior region of the cavity, as shown in Figure 2.1. Since
the dielectric is thin, the field distribution in the interior region can be described
by TM to z modes with ∂/∂z ≡ 0. As a result, there are only three components
of fields Ez , Hx , and Hy . The interior electric field E i must satisfy the
inhomogeneous wave equation

= × = × E i − k2E i = −jvm0 J (2.16)

or

=2
t E z + k2Ez = jvm0 ẑ ? J (2.17)

where k2 = v2m0e0er , J is the excitation electric current density either due
to the coaxial feed or the microstrip feed, ẑ is a unit vector normal to the
plane of the patch, and =t is the transverse del operator with respect to the z
axis.

In addition to satisfying the wave equation (2.16), the fields must also
satisfy the following boundary conditions:

n̂ × E i = 0 on the top and bottom conductors (2.18)

n̂ × E i = n̂ × E e

n̂ × H i = n̂ × H eJ on the walls (2.19)

Here n̂ is the unit outward normal to the walls, E e and H e are the fields
in the exterior region.

The fields on the walls, required to enforce (2.19), depend on the substrate
parameters er and h , the patch configuration and the size of the ground plane,



92 Microstrip Antenna Design Handbook

respectively. It is very difficult to determine these fields accurately even for the
simplest patch shape. One of the assumptions that appears to work very well
for almost all patch shapes is to assume a magnetic wall all around the periphery
of the patch. The magnetic wall is placed at a distance D away from the edges
of the patch (see Figure 2.10). The outward extension D takes into account
the energy stored in the fringing fields. It is similar in nature to the effective
width of a microstrip line (see Appendix B). Although for simple patch shapes
D has been found to be a function of substrate parameters and patch shape,
it is found to be approximately equal to h , the substrate thickness, for thin
low dielectric constant substrates used in microstrip antennas. Equivalent
dimensions for well-known antennas are given in Appendix 2B at the end of
this chapter.

Under the magnetic wall assumption, (2.19) reduces to

n̂ × H = 0 on the magnetic walls (2.20)

It is now easy to determine the interior fields. However, these fields are
correct only to the first order because the loading effect produced by the
exterior fields has not been included in the determination of interior fields.
The interior electric field distribution is now obtained in terms of eigenfunctions
of the cavity.

The electric field in the patch cavity can be written as

Figure 2.10 Magnetic wall model of a microstrip patch antenna.
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Ez (x , y ) = ∑
m

∑
n

Amncmn (x , y ) (2.21)

where Amn are the amplitude coefficients corresponding to the electric field
mode vectors or eigenfunctions cmn . The eigenfunctions are solutions of

(=2
t + k2

mn )cmn = 0 (2.22)

with

∂cmn
∂n

= 0 on the magnetic walls (2.23)

Note here that the eigenfunctions depend on the shape and size of patch
metalization, and not on substrate parameters.

Now substitute (2.21) for Ez in (2.17), multiply both sides by c *mn and
integrate over the area of the patch. The amplitude coefficients are obtained
as

Amn =
jvm0

k2 − k2
mn

EE Jzc *mnds

EEcmnc *mnds
(2.24)

Therefore,

Ez = jvm0∑
m

∑
n

1

k2 − k2
mn

EE Jzc *mnds

EEcmnc *mnds
cmn (2.25)

and

›
H =

1
jvm o

ẑ × =Ez (2.26)

Alternatively, Green’s function for the geometry can be employed to
determine the electric field under the patch metalization. The solution for Ez
then becomes
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Ez = EEG (s | s ′ ) Jzds ′ (2.27)

The interior fields are now used to determine the input impedance of
the antenna. Input impedance, in the cavity model, is defined as

Z in =
Vin
Iin

(2.28)

where Vin is the RF voltage at the feed point, and is calculated as

Vin = −Ez (at the feed point)h (2.29)

and the feed current

Iin = EE Jzds (2.30)

The preceding procedure will yield the input impedance as purely reactive
because all the quantities under the summation sign in (2.25) are real. The
effect of radiation and other losses on the input impedance can be included
either in the form of an artificially increased substrate loss tangent [28–30] or
by an impedance boundary condition at the radiating walls [2, 31]. We describe
the first approach here. The other approach is used in the multiport network
model described in Section 2.5.

In the cavity model, various types of losses, such as dielectric loss, conduc-
tor loss, and radiation loss, are taken into account by defining an effective loss
tangent as

d eff = I /Q (2.31)

where the Q factor of the lossy cavity is defined as

Q =
v rWT

Pd + Pc + Pr
(2.32)

Therefore,

d eff =
Pd + Pc + Pr

v rWT
(2.33)
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Here, Pd is the power lost in the imperfect dielectric, Pc is the power
lost in the imperfect conductors, and Pr is the power radiated by the antenna.
Surface wave loss can be neglected for thin substrates; otherwise, the surface
power loss should also be included in (2.33). WT is the total energy stored in
the patch at resonance vr . The energy stored is determined by the fields under
the patch, and is expressed as

WT = We + 2Wm =
e0er

2 EEE |Ez |2dV (2.34)

The dielectric loss is calculated from the electric field under the patch,

Pd =
veoer tand

2 EEE |Ez |2dV = v ? tand ? WT (2.35)

where tand is the loss tangent of the dielectric. The conductor loss Pc is
calculated from the magnetic field on the patch metalization and ground plane,

Pc = 2
Rs
2 EE |Hs |2ds ≈

vWT

h√p fm0s
(2.36)

where Rs is the surface resistivity of the conductors given by √p fm0s and s
is the conductivity of the conductor. The power radiated from the patch Pr
can be determined by integrating the radiation field over the hemisphere above
the patch, that is,

Pr =
1

2h0
E
2p

0

E
p /2

0

( |Eu |2 + |Ef |2)r2 sinududf (2.37)

The expressions for Eu and Ef are, in general, very complicated functions
of u and f and substrate parameters. Therefore, a numerical integration is
performed.

Alternatively, d eff can be described in terms of various quality factors.
Defining,

Dielectric Q ; Qd =
v rWT

Pd

= 1/tand from (2.34) and (2.35) (2.38a)
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Conductor Q ; Qc =
v rWT

Pc

= h√p fm0s from (2.36)

= h/D (D is the skin depth for the conductor) (2.38b)

Radiation Q ; Qr =
v rWT

Pr
(2.38c)

one obtains total Q , QT , as

1
QT

=
Pd + Pc + Pr

v rWT
=

1
Qd

+
1

Qc
+

1
Qr

(2.39)

Use of (2.38) in (2.33) gives the following expression for d eff:

d eff = tand +
D

h
+

Pr
v rWT

(2.40)

With the losses described in terms of d eff, the expression for k2 in (2.25)
is now modified as

k2 = k2
0er (1 − jd eff ) (2.41)

to yield the following expression for Ez :

Ez = jvm0∑
m

∑
n

1

k2
0er (1 − jd eff ) − k2

mn

EE Jzc *mnds

EEcmnc *mnds
cmn (2.42)

By varying the frequency, the input impedance is calculated at and near
the resonant frequency using (2.42) and (2.28). Resonance is indicated by a
real input impedance.

The cavity model, as described above, has been applied to a number of
patch shapes, including rectangular patches [29, 32, 33], circular patches [28,
29, 34, 35], equilateral triangles [36], circular rings [37–39], and annular and
circular sectors [39]. Circular polarization can be predicted using the cavity
model [4, 29, 30; Chapter 4]. The cavity model has been modified to include
the variation of fields along the substrate thickness [40]. Stacked patch antennas
[41] have also been analyzed.
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The mutual coupling between the apertures is included in an implicit
manner in the cavity model. It is included through the power radiated, which
essentially accounts for Gm only, and not mutual susceptance Bm . Moreover,
the cavity model does not estimate the ratio of aperture fields correctly in
microstrip antennas with more than one aperture, since the fields at the apertures
are estimated from a standing wave distribution, in which all the points are
in phase [7]. In fact, due to power radiation, the field inside the patch will
be progressive in nature, and therefore a phase difference between the aperture
fields will occur. It is confirmed by the calculations carried out for a circular
ring antenna in a later chapter (see Section 5.6.3). Therefore, the cavity model
as such is not suitable for array applications. However, the cavity model has
been extended to determine the mutual coupling between rectangular patches
[42]. For this, the electric field at the radiating edges is replaced by an equivalent
magnetic current and the space wave coupling coefficient can be calculated.
The cavity model has also been used to analyze an aperture-coupled patch
antenna [43, 44]. In this analysis, the aperture is replaced by an equivalent
magnetic current on a conductor surface.

The eigenfunctions required for the cavity model analysis of various
geometries are given in Appendix 2B at the end of the chapter. The equivalent
dimensions are also given there. The details of the cavity model analysis are
given in Chapter 4 for the rectangular patch; in Chapter 5 for the disk,
semicircular disk, and circular ring; and in Chapter 6 for the triangular patch
antenna.

2.4 Generalized Cavity Model

The cavity model has also been generalized to analyze nonseparable geometries
[45, 46]. For this purpose, the given geometry is first converted into an
equivalent geometry with magnetic walls at the peripheries as shown in Figure
2.10. The outward extension D is based on an educated guess. For regular
shaped geometries, the equivalent dimensions are given in Appendix 2B. For
other geometries, an extension equal to the substrate thickness h appears to
work well for thin, low dielectric constant substrates. Next, the geometry with
the magnetic wall is segmented into regular geometries for which eigenfunctions
are available. The planar circuit approach [47] is then applied to determine
the electric and magnetic fields under the patch. The Q of the patch cavity is
next calculated using the procedure given for the cavity model. Finally, the
input impedance can be obtained from the ratio of the voltage and current at
the feed point. This approach has been used to analyze a rectangular ring [48],
a cross-shaped patch [49], an H-shaped patch [48], a square ring microstrip
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antenna [49], and a two-port circular patch [50]. A summary of this approach
is given next.

In the generalized cavity model, the electric field in the patch is determined
first by segmenting the given patch shape into a number of regular shapes for
which the Green’s functions can be determined. The Green’s functions for
rectangles, circles, triangles, circular sectors, annular rings, and annular sectors
are available [51]. For example, segmentation of the cross-shaped patch into
three rectangular segments is shown in Figure 2.11(a). Most of the useful
practical patch shapes can be decomposed into regular shapes, and the available
Green’s functions can be used. A completely arbitrary shape with no plane of
symmetry, in general, will give higher levels of cross-polarization in the radiation
patterns.

Segmentation
It is possible to determine the fields in a separable geometry by expanding the
fields in various segments in terms of their natural modes, and then matching
fields along the interconnection lengths. Next, the continuous interconnections
between the segments are discretized by interconnections only at a finite number
of points. A port is associated with each interconnection point. This is shown
in Figure 2.11(a) for the cross-shaped geometry. While approximating the
continuous interconnections by a finite number of ports, each port width is
kept less than or equal to l /20 to optimize the discretization error and efficiency.
Here, l denotes the intrinsic wavelength in the patch. The small size of the
port width allows the assumption that the current density is uniform over the
width of the port.

The individual segments are now treated as multiport planar networks,
and the Z matrices for the same are evaluated using the corresponding imped-
ance Green’s function. For a rectangular segment it is defined as [51],

Z s
ij =

1
WiWj

E
PWi

E
PWj

G s(x i , y i |x j , y j )d si d sj (2.43)

where Z s
ij is the ij th element of the Z matrix of the segment, Wi , Wj and

PWi , PWj are the effective and the physical width of the i th and the j th ports,
respectively. For ports entirely within the patch metalization, physical widths
and effective widths are equal. The Green’s function G s is of the following
form for the rectangular geometry of dimensions a × b [51]:

Gs(x , y |x ′, y ′ ) =
jvm oh

ab ∑
∞

m=−∞
∑
∞

n=−∞

c s
mn (x , y )c s*

mn (x ′, y ′ )
k2

mn − k2 (2.44)
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Figure 2.11 (a) Segmentation of a cross-shaped patch into three rectangular segments for the generalized cavity model. (From [49].  1986
IEEE. Reprinted with permission.) (b) Multiport network model of the cross-shaped patch antenna. (From [4].  1989 Peter
Peregrinus. Reprinted with permission.)
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Here c s
mn (x , y ) is the eigenfunction for the mn th mode of the segment,

kmn is the corresponding eigenvalue, h is the substrate thickness, and
k2 = v2m0e0e r .

Note that for calculating the impedance matrix of a segment, the local
coordinate system can be oriented independent of the coordinate systems chosen
for other segments. It should be oriented in such a way that the maximum
number of ports lies on the coordinate axis. The integrals in (2.43) are simple
and can be obtained in closed form. The input feed is also considered a port
(or several ports if the width is more than l /20) and can be treated like other
port/ports of the segment in the Z-matrix evaluations. For a microstrip feed,
the effective width of the feed is used for this purpose.

Multiport Connection Method
The multiport Z matrices for the various segments are now combined by using
the multiport connection method [51] to obtain the overall Z matrix of the
given structure. For this, the ports of the segments (to be combined) are
separated into external (p ) ports and connected (c ) ports. The connected ports
are equally divided into two groups labeled q and r ports such that q ports
are the connected ports of one segment and r ports are the corresponding
connected ports of the other segment, to be combined [see Figure 2.11(b)].
Based on this labeling, the Z matrix of the combination can now be written
as

3
›

Vp
›

Vq
›

Vr
4 = 3

Zpp Zpq Zpr

Zqp Zqq Zqr

Zrp Zrq Zrr
43

›
i p
›
i q
›
i r
4 (2.45)

where
›

Vp ,
›

Vq ,
›

Vr , and
›
ip ,

›
iq ,

›
i r , are the vectors corresponding to RF port

voltages and port currents, respectively, and the Zpp and so on values are the
impedance submatrices. Because ports q and ports r are respective ports of two
physically separate segments (that are being connected together), submatrices
Zqr and Zrq are identically equal to zero. The boundary condition, that is, the
continuity of the tangential components of the electric and magnetic fields at
the boundary plane between the two combining segments, is expressed in terms
of the continuity of port voltages and port currents. These are known as
interconnection constraints [51] and are expressed as

›
Vq =

›
Vr and

›
iq +

›
i r = 0 (2.46)

Upon substituting (2.46) in (2.45), one obtains the RF currents at the
interconnecting q ports

›
iq and the impedance matrix of the combination as
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›
iq = [Zqq + Zrr ]−1[Zrp − Zqp ]

›
ip (2.47a)

[Zp ] = [Zpp ] + [Zpq − Zpr ][Zqq + Zrr ]−1[Zrp − Zqp ] (2.47b)

Resonant Frequency
The input impedance evaluated from (2.47b) gives the input reactance of the
lossless cavity since the radiation, conductor, dielectric, and surface wave losses
have not yet been accounted for. The variation of input reactance with frequency
is determined. A very large value of the input reactance indicates resonance
because of the antiresonant nature of the patch antenna.

While evaluating the Z matrices of various segments using (2.43), the
various combinations of m and n in the evaluation of the Green’s function
represent the contribution of higher order modes. Because the series is converg-
ing, the values of m and n can be limited to m = M and n = N, as discussed
next. The values of M and N depend on the dimensions of the segment,
frequency of operation, and the permittivity of the substrate through kMN and
k . They (M and N ) should be selected such that the contribution of the
[(M + 1), (N + 1)]th mode to the Z matrix is insignificant. The values of M
and N can be different for different segments depending on their shape and
size.

Next, the electric field distribution in the patch is determined. This is
required to determine the radiation characteristics and the input impedance.

The electric field Ez
s distribution in terms of the eigenfunctions of the

segment is determined in a manner identical to that described in the cavity
model (see Section 2.3). The only difference here is that the excitation current
lies along the interconnection interfaces of the segment. The details can be
found in [46, 51]. The calculation of the electric field in terms of the Green’s
function of the segment follows.

The excitation current density Js for a segment is related to the tangential
component of the magnetic field on its periphery through the relation›
J s = n̂ ×

›
H . In the present case, Js can be determined from the port currents.

For this, the current density along the interconnections of the segment is
expanded in terms of P modes of the segment. For a rectangular segment, it
is given by [46]

Js (s0) =
−1
w ∑

P

k=1
akcosH(k − 1)p

L
s0J (2.48)

where w is the port width, L is the length of the segment along the interconnec-
tion, ak is the expansion coefficient for the k th mode, and s0 is the running
coordinate on the interconnection. The subscript k = 1 corresponds to the
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TEM mode and P represents the number of modes in the segment that should
be taken equal to the number of ports q or r. The coefficients ak are determined
by equating the port current ik determined in (2.47a) at the k th port to
i (s0) = wJs (s0) evaluated at the middle of k th port, and solving the resultant
set of simultaneous equations. Equation (2.48) is repeated for all the intercon-
nections of a segment.

The electric field Ez
s in the segment can be obtained using the definition

of Green’s function as

E s
z =

1
h∑E

Sm

Gs(x , y /s0) Js (s0)ds0 (2.49)

The summation is carried out over all the interconnections of a segment.
Use of either eigenfunctions (2.21) or Green’s functions (2.49) (both lead to
the same result) gives the expression for the electric field distribution in the
segment. Similarly, the electric field distribution in other segments can be
evaluated. The electric field for the segmented structure is evaluated and plotted
at the resonant frequency. From the nature of the variation, the mode of
operation can be identified.

Input Impedance

Knowing the electric field distribution at the periphery of the antenna structure,
one can calculate the radiation patterns using the magnetic current model
described in Section 2.6. From the power radiated and the electric energy
stored, the cavity total Q can be evaluated. This is then used to determine the
input impedance of the antenna by writing d eff = 1/QT as in the cavity model.
Then replace k2 by k2

0ere (1 − jd eff ) in the Green’s function for a segment
to obtain

Gs(x , y |x ′, y ′ ) =
jvm0h

ab ∑
∞

m=−∞
∑
∞

n=−∞

c s
mn (x , y )c s*

mn (x ′, y ′ )
k2

mn − k2
0ere (1 − jd eff )

(2.50)

The Z matrices for the individual segments are again evaluated using the
modified Green’s function (2.50) and combined as described earlier to give
the input impedance of the antenna. By varying the frequency, the input
impedance can be evaluated at and near the resonant frequency. It is corrected
for feed reactance if a probe feed is used. Resonance is indicated by a real
input impedance.



103Analytical Models for Microstrip Antennas

2.5 Multiport Network Model

The multiport network model (MNM) [4] can be considered an extension of
the cavity model in which the impedance boundary condition at the periphery
is enforced explicitly. This model also takes into account the mutual coupling
between various edges. The model makes use of the planar circuit approach
[47] and the edge admittances of the patch. Extensive details of MNM are
available in [4, Chapter 9]. Below we give a summary of this approach.

In the MNM, the fields in the interior region and the exterior region
are modeled separately. The interior region is modeled as a multiport planar
circuit, with the ports located all along the periphery, as shown in Figure
2.11(b) for a cross-shaped patch antenna. The fields in the exterior region,
which include the fringing fields, radiation fields, and surface wave fields, are
represented by the load admittances. Unlike the transmission line model, all
of the edges, radiating and nonradiating, qualify to be represented as load
admittances in the MNM. Moreover, the load admittance corresponding to a
given edge is equally divided into a number of ports. These loads are then
connected to the corresponding ports on the planar circuit. Therefore, for a
given edge, the number of ports on the multiport network and the load network
are identical. The representation of a rectangular patch antenna (fed by a probe
current) in the form of a multiport network model is shown in Figure 2.12.

Figure 2.12 Multiport network model, without mutual coupling, of a rectangular patch
antenna. (From [4].  1989 Peter Peregrinus. Reprinted with permission.)
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In the figure, R-EAN stands for the radiating edge admittance network, and
NR-EAN denotes the nonradiating edge admittance network. Next, the
multiport impedance matrix [Z M ] is obtained using the planar circuit approach,
which makes use of the impedance Green’s function available for regular/
separable geometries [4, 51]. The admittance matrix for the load network [Y L ]
can be obtained using the known closed-form expressions for the self-admittance
and mutual admittance. The matrices [Y M ] and [Y L ] are now combined in
the network analysis [51] to obtain the input impedance of the patch. The
matrices [Z M ] and [Y L ] are determined next.

To arrive at the multiport impedance matrix for the planar circuit of the
patch, the periphery of the patch is first divided into a number of edges,
each of which is then classified as radiating type or nonradiating type. The
classification is based on the observation that a radiating edge is associated
with slow field variation along its length. The nonradiating edge, on the other
hand, should have an integral multiple of half-wave variations along the edge,
such that there is almost complete cancellation of the radiated power from the
edge. A simple example of this nature of field variation is found in the resonant
rectangular patch operated in the TMmo mode or the TMon mode. The edge
length is next divided into a number of equal parts, to each of which is assigned
a port. The port terminals are located at the middle of the port width, with
one terminal on the patch side and the other ground. For the radiating edge,
the physical port width Wi is typically chosen to be about l /10, while for the
nonradiating edge, the port width is decreased to about l /20, because of the
rapid field variation. Assuming that the port voltages vi and the port currents
Ij are constant over the port widths, the impedance matrix element for [Z M ]
is defined as

Z M
ij =

1
WiWj

E
Wi

E
Wj

G (x i , y i |x j , y j )d si d sj (2.51)

where (x i ,j ; y i ,j ) the values denote the location of the two ports of widths Wi
and Wj , respectively. The impedance Green’s function G(•|•) for the patches
of regular shapes like rectangles, circles, rings, sectors of circles and rings, and
three types of triangles are available [4, 51]. These Green’s functions usually
employ a doubly infinite series with each term representing a particular mode
of the planar resonator with magnetic walls along the periphery.

The fields in the exterior region of the patch are represented by a load
admittance matrix [Y L ]. It is a square matrix of the same size as the multiport
matrix [Z M ]. Each element of [Y L ] is a complex number, the real part represent-
ing the power loss and the imaginary part the energy stored in the fringing
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field. The port self-admittances are placed at the diagonal locations in the
matrix, while the off-diagonal entries represent the mutual coupling between
various ports. The matrix [Y L ] is a diagonal matrix for patches with a single
edge. For simplicity, the self terms for the nonradiating edges are taken to be
purely imaginary, assuming that the associated power loss is negligible although
the surface wave loss may be significant for thicker substrates. The load admit-
tance values are calculated separately for each edge. Then, this edge admittance
is divided equally among the various ports constituting the edge. The load at
each of the ports on the radiating edge is a parallel combination of G and C ,
and on the nonradiating edge it is simply the fringing field capacitance C .
The edge admittance networks are shown in Figure 2.13.

The MNM of a rectangular patch antenna incorporating the effect of
mutual coupling between the radiating edges is shown in Figure 2.14. The
patch is fed a nonradiating edge. Here, the mutual coupling effect is described
by a separate block labeled MCN (mutual coupling network). Similar MCNs
can be included between a nonradiating edge and a radiating edge, and between
two nonradiating edges, or between the edges of different patches in an array.

Edge-Admittance Network and Mutual Coupling Network

The edge-admittance networks are shown in Figure 2.13. The values of G and
C can be obtained from the closed-form expressions for radiation conductance
and fringing field susceptance given in Section 2.7. These expressions can be
used straightaway if the voltage distribution along the edge is uniform. However,
for a nonuniform distribution of voltage, some correction is needed, as described
next.

Let the edge length be W, and the power radiated from it for a uniform
voltage distribution be Pr. Then using Pr = 1/2V 2Gr , one obtains the radiation
conductance per unit length as 2Pr /W for V = 1V. But when the normalized

Figure 2.13 Edge admittance networks (EAN) for (a) radiating edge and (b) nonradiating
edge. (From [4].  1989 Peter Peregrinus. Reprinted with permission.)



106 Microstrip Antenna Design Handbook

Figure 2.14 Multiport network model of a rectangular patch antenna incorporating mutual
coupling between the radiating edges. (From [4].  1989 Peter Peregrinus.
Reprinted with permission.)

voltage distribution along the edge is V (s ) = f (s ), the radiation conductance
per unit length is obtained as [4, Chapter 9]

Gr =
2Pr

E
W

0

f 2(s )ds

(2.52)

where s denotes the position along the radiating edge. If we divide the edge
length W into n ports of equal width W /n , the conductance shunting each
of the ports is GrW /n . The voltage distribution f (s ) for the regular shaped
patches is known a priori from their eigenfunctions. However, for nonregular
shaped patches and patches with discontinuities, for example, the MNM can
be used to determine an accurate f (s ) in an iterative fashion. Similar to the
radiation conductance, the surface conductance Gs can be expressed as [4,
Chapter 9]

Gs =
2Psur

E
W

0

f 2(s )ds

(2.53)
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It was pointed out in Chapter 1 that Gs << Gr for thin substrates without
any cover layer on the patch. The edge susceptance is also distributed uniformly
over the n ports.

The multiport network model has been used to determine mutual cou-
pling between two rectangular patches. For this, the mutual coupling between
any two ports is determined by first converting the electric field on one of the
ports into the equivalent magnetic current Mi = −n̂ × Eih , the unit vector n̂
is taken normal to the ground plane, and the electric vector Ei across a slot
over the ground plane. The ground plane can be removed by imaging Mi to
give the current 2Mi radiating in free space. Next, the magnetic field Hj ,
radiated by the magnetic current 2Mi , is determined at the location of port
j. The current density Jj = n̂ × Hj induced on port j is then calculated. The
mutual admittance between the ports i and j is then given by [4, Chapter 9]

Yij = JjWj /Mi (2.54)

In this way the mutual admittance matrix between two radiating edges
and therefore the mutual coupling network (MCN) between two adjacent
patches can be determined. The MCN between two patches is shown in Figure
2.15. Here, MCN accounts for coupling between all four radiating edges.
Comparison of mutual coupling |S21 | based on MNM with the transmission
line model and experimental results is shown in Figures 2.16 and 2.17 for the
E-plane and H-plane mutual coupling, respectively [52]. The agreement with
the experimental values is found to be better for MNM.

Figure 2.15 A mutual coupling network (MCN) representing the coupling between two
adjacent patches in an array. (From [52].  1989 IEEE. Reprinted with
permission.)
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Figure 2.16 Comparison between theoretical and experimental results for E-plane mutual
coupling between two rectangular microstrip patches. (From [52].  1989
IEEE. Reprinted with permission.)

The MNM has been applied to analyze a variety of microstrip antennas
[50, 53–59], including rectangular patches, circular polarization from truncated
square patches [55], square patches with diagonal slots [55], pentagonal shaped
patches [54], broadband gap-coupled multiresonator rectangular patches [56,
57], direct coupled rectangular patches [58], and two-port rectangular patches
[59]. Recently, MNM has been used to model proximity-coupled rectangular
microstrip antennas [60]. One of the major advantages of MNM is that any
discontinuity in the patch is also included in the analysis. The discontinuity
effect is not calculated separately and added in the form of a lumped reactance.

2.6 Radiation Fields

The radiation pattern of an antenna is one of the most important characteristics
and easiest to determine for patch antennas. The calculation of the radiation
patterns from a patch antenna follows the same approach irrespective of the
analytical models discussed earlier. It is assumed that the electric field at the
perimeter of the patch is known. The equivalent source concept [61] is then
used to determine the radiation fields. The equivalent magnetic current is
defined as
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Figure 2.17 Comparison between theoretical and experimental results for H-plane mutual
coupling between two rectangular microstrip patches. (From [52].  1989
IEEE. Reprinted with permission.)

›
M =

›
E × n̂ (2.55)

If the substrate thickness h is much less than the wavelength l0, its effect
on the radiation patterns is small and M can be assumed to radiate in free
space. One can then use the vector potential approach described in Section
1.5.1 to determine the radiation patterns. Let us consider an aperture of
dimensions h × W with Ex = −V0 /h V/m, and Ey = 0. For this case,
Mx = 0 and

My = 5V0 /h −
W
2

≤ y ≤
W
2

, −
h
2

≤ x ≤
h
2

0 elsewhere
(2.56)

It has been derived in Chapter 1, (1.29), that

Eu = −jk0V0W
e −jk0r

4p r
sinc (k0h sinu cosf /2) sinc (k0W sinu sinf /2)cosf

(2.57)
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Ef = jk0V0W
e −jk0r

4p r
sinc (k0h sinu cosf /2) sinc (k0W sinu sinf /2)cosu sinf

(2.58)

The effect of the ground plane and substrate on the radiation patterns
can be included in a simple manner by imaging the slot at an electrical distance
kh from the ground plane, k = k0√er [31]. This approach results in an array
factor 2cos(kh cosu ) if the patch lies in the x-y plane. A better and rigorous
approach is based on the reciprocity theorem applied to two infinitesimal
dipoles, one located on the surface of the substrate and the other in free space
at a very large distance away from it [62]. It yields the following factors for
the E-plane and H-plane radiation patterns:

F3(u ) =
2cosu√er − sin2u

√er − sin2u − jercosu cot(koh√er − sin2u )
for E-plane pattern (f = 0°)

(2.59a)

and

F4(u ) =
2cosu

cosu − j√er − sin2u cot(koh√er − sin2u )
for H-plane pattern (f = 90°)

(2.59b)

The radiation patterns for a substrate loaded patch are obtained by
multiplying (2.58) and (2.59).

The analysis for the radiation field of a rectangular slot can be used to
determine the radiation patterns of a rectangular patch antenna by multiplying
the radiation fields of a slot with the array factor (see Chapter 4). Radiation
patterns for other microstrip antennas can be similarly derived.

2.7 Aperture Admittance

In the (aperture) models discussed earlier, the effect of fields in the exterior
region on the input impedance is represented by a load admittance. The load
conductance is associated with the power radiated from the aperture, whereas
the load susceptance is due to the energy stored in the near field. The load
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conductance or radiation conductance Gr is defined as an ohmic conductance
(distributed or lumped), which will dissipate a power equal to that radiated
by the aperture. The power radiated and the energy stored can be calculated
if the aperture field distribution is known exactly. It is difficult to determine
the exact aperture field. However, the ideal open-circuit field behavior is
found to give a fairly accurate description of the radiated power. The aperture
susceptance is determined from the near-field analysis.

Radiation from an open end of a microstrip line has been determined
by many investigators [63–67]. The approaches include current flowing on
the conducting surface, and the aperture method. The two formulations are
found to be equivalent [68] provided no approximations are made. We discuss
the aperture field approach. The details of electric current formulation can be
found in [63] and Chapter 3.

2.7.1 Aperture Conductance, Gs

Consider a radiating aperture or slot in the plane of the patch as shown in
Figure 2.18. The aperture conductance of this slot has been calculated by a
number of authors using different approximations [4, Chapter 10]. The simplest
approach is to assume that the field distribution in a finite length slot of width
h is similar to that in an infinitely long uniformly excited slot of width h in
a ground plane. The admittance per unit length of the slot y s is then calculated.
The admittance for a slot of length W is then given by

Ys = Wy s (2.60)

To determine y s , the slot is analyzed as a one-dimensional problem with
a uniform aperture field distribution

›
E a = HŷE0 for | y | ≤ h/2

0 elsewhere
(2.61)

Figure 2.18 An equivalent slot radiator in an infinite, perfectly conducting plane.
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The Fourier transform of the aperture field with respect to y is taken to
describe the fields in the aperture in terms of plane waves. One obtains

Ẽ y (k y ) = E0 E
h/2

−h/2

e jky ydy = E0h
sin(k yh/2)

k yh/2
(2.62)

The complex power radiated per unit slot length (p + jq ) is given by
[61, Chapter 4]

p =
ko

4ph0
E
+k0

−k0

| Ẽ y |2
dky

√k2
0 − k2

y

(2.63a)

q = −
k0

4ph0
SE

−k0

−∞

+ E
+∞

+k0

| Ẽ y |2
dky

√k2
y − k2

0
D (2.63b)

where k0 = 2p /l0 and h0 = 120p . The equivalent aperture admittance
corresponding to the radiated power is defined as

p + jq =
1
2

y s* |E0h |2 =
1
2

(g s − jb s ) |E0h |2 (2.64)

Comparison of (2.63) and (2.64) gives

g s =
k0

ph0
E
+k0

0

sin2(k yh/2)

(k yh/2)2

dky

√k2
0 − k2

y

(2.65a)

b s =
k0

ph0
E
∞

k0

sin2(k yh/2)

(k yh/2)2

dky

√k2
y − k2

0

(2.65b)

The integrals in (2.65) can be approximated to yield the following closed-
form expressions [4, Chapter 10]:
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g s ≈
k0

2h0
S1 −

s2

24D (2.66)

b s ≈ −
k0

ph0
HSln

s
2

+ g −
3
2DS1 −

s2

24D +
s2

288J (2.67)

where s = k0h is the normalized slot width, and g = 0.577216. The maximum
truncation error in (2.66) and (2.67) is less than 0.1% for s ≤ 1.

Equation (2.67) gives very approximate values for the aperture susceptance
because it is found to be a sensitive function of the field distribution in the
aperture, which is governed by the charge density distribution at the metal
edge. Therefore, a static analysis of the open-end behavior of the microstrip
edge yields more accurate values for the susceptance. We will use closed-form
expressions based on the static analysis as well as full-wave analysis.

The next best approximation for the calculation of the aperture admittance
is to analyze radiation from a finite length slot of width h in a ground plane
as shown in Figure 2.18. Again the electric field distribution is assumed to be
uniform along the length and width of the slot, that is,

›
E a = HŷE0 for | y | ≤ h/2, |x | ≤ W /2

0 elsewhere
(2.68)

The analysis problem is now a two-dimensional one. Therefore, double
Fourier transform of the aperture field is taken to give

Ẽ y = E0 E
h/2

−h/2

E
W /2

−W /2

e jkx xdxdy (2.69)

= E0Wh
sin(kxW /2)

kxW /2

sin(k yh/2)

k yh/2

The complex power radiated by the slot in Figure 2.18 is found by
integrating the complex Poynting vector over the aperture area. One obtains

P + jQ =
1
2 EE

aperture

(
›

E a ×
›

Ha* ) ? ẑ dxdy (2.70)

where
›

Ha is the aperture magnetic field. Expressed in terms of the Fourier
transformed aperture field, (2.70) becomes [4, Chapter 10]
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P + jQ =
1

8p2h0k0
E
+∞

−∞

E
+∞

−∞

Sk2
z | Ẽ y |2 + |k y Ẽ y |2Ddkxdk y

k z*
(2.71)

where

kz = H+√k2
0 − k2

x − k2
y for k2

0 ≥ k2
x + k2

y

−j√k2
x + k2

y − k2
0 for k2

0 < k2
x + k2

y
(2.72)

The radiated power can also be written in terms of network parameters
as

P + jQ =
1
2

(Gs − jB s ) |E0h |2 (2.73)

Comparison of (2.71) and (2.73) yields the following equation:

Gs =
1

p2h0k0 |E0h |2E
k0

0
5 E

√k2
0 − k2

x

0

| Ẽ y |2(k2
0 − k2

x )
dky

√k2
0 − k2

x − k2
y6dkx

(2.74)

Use of (2.69) for Ẽ y in (2.74) gives

Gs =
4

p2h0k0
E
k0

0

k2
0 − k2

x

k2
x

sin2(kxW /2) (2.75)

× 5 E
√k2

0 − k2
x

0

sin2(k yh/2)

(k yh/2)2

dky

√k2
0 − k2

x − k2
y6dkx

The inner integral of (2.75) can be expressed as a double integral of
J0(?). Expanding the Bessel function in a Maclaurin’s series, carrying out the
integration term by term, and retaining only the first two terms of the series
gives [4, Chapter 10]
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G s ≈
1

ph0
HSwSi (w ) +

sinw
w

+ cosw − 2DS1 −
s2

24D (2.76)

+
s2

12S1
3

+
cosw

w 2 −
sinw

w 3 DJ
where w = k0W, s = k0h , and

Si (x ) = E
x

0

sinu
u

du

In a simpler approach for radiation conductance, the radiation fields due
to a slot of length W are calculated. Integration of the radiation fields yields the
power radiated. Use of (2.73) then gives the value of the radiation conductance.
Approximations in the integration yield the following expression [63]:

Gs = 5
W 2/(90l2

0 ) for W ≤ 0.35l0

W /(120l0 ) − 1/(60p2 ) for 0.35l0 ≤ W ≤ 2l0

W /(120l0 ) for 2l0 < W
(2.77)

Another approach is based on the Wiener-Hopf technique [69, 70]. It
is applicable to an infinitely long microstrip edge, but the effect of substrate
dielectric constant is included in the analysis. A closed-form expression due to
Gogoi and Gupta [69] is given:

Gs = W
7.75 + 2.2k0h + 4.8(k0h)2

1000l0
H1 +

(er − 2.45)(k0h)3

1.3 J (2.78)

The accuracy of (2.78) is 1.1% for 0.05 ≤ k0h ≤ 0.6 and 2.45 < er <
2.65. Bhattacharyya and Garg [71] have analyzed radiation from a rectangular
slot on a grounded dielectric substrate. The analysis, as before, is carried out
in the spectral domain. However, a closed-form expression is not available.
The effect of substrate on the radiation conductance is plotted in Figure 2.19
[15]. The length of the slot is 10.6 cm and the width is taken to be equal to
the substrate thickness. It is observed from here that the radiation conductance
decreases with an increase in the dielectric constant of the substrate.

The values of Gs obtained from (2.76), (2.77), and (2.78) have been
compared in [4, Chapter 9]. It is found that (2.76) and (2.77) compare very
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Figure 2.19 Radiation conductance Gs for a slot on a grounded substrate, W = 10.6 cm,
h = 0.159 cm. (From [15].  1985 Indian Institute of Technology. Reprinted
with permission.)

well for W /l0 ≤ 2, whereas (2.77) and (2.78) agree for W /l0 ≥ 2. Therefore,
it is recommended that (2.77) be used for Gs for thin substrates with
h /l0 ≤ 0.02.

There is a need for improvement in the expression for Gs . This should
include the effect of er and should be valid for thicker substrates also.

2.7.2 Edge Susceptance, Bs

Full-wave analysis of the assumed aperture field does not give accurate results
for the aperture susceptance. For this we invoke the idea of open-end effect
to model the susceptance of a radiating edge. Both quasi-static as well as full-
wave analyses have been reported.

One of the formulas for Bs is based on the concept of the edge effect in
a microstrip line [72]. The rectangular patch of dimensions L × W has four
edges at x = 0, L and y = 0, W. To determine the end capacitances at the
y = 0 and y = W planes, the patch is modeled as a microstrip line of width L
and length We . The capacitance of this line can be calculated from the character-
istic impedance and effective dielectric constant values for the microstrip line.
It is given by



117Analytical Models for Microstrip Antennas

C =
√ere (L , h, er )

cZ0 (L , h, er )
We (2.79)

Here, We is the effective width of the microstrip line [see (B.13) in Appendix
B]. If we now subtract the parallel plate capacitance from (2.79), we obtain
the edge capacitances for the above microstrip line at the edges y = 0 and
y = W. This edge capacitance for the microstrip line is the end capacitance
for the patch. Thus,

DC =
1
2H√ere (L , h, er )

cZ0 (L , h, er )
−

e0erL
h JWe (2.80)

and

Bs = vDC = p f H√ere (L , h, er )

cZ0 (L , h, er )
−

e0erL
h JWe (2.81)

The value of We as a function of W, h , and er for a microstrip line can
be obtained as demonstrated in Appendix B.

Wide patch approximation, based on the Wiener-Hopf approach, yields
the following expression for the end susceptance [68]:

Bs = Y0 tan(bD, ) (2.82a)

= 0.01668
D,
h

We
l0

ere

where

D,
h

=
0.95

1 + 0.85k0h
−

0.075(er − 2.45)
1 + 10k0h

(2.82b)

The accuracy of (2.82b) is 2% for 0.1 < k0h < 0.6 and 2.45 < er < 2.65.
Comparison of values obtained from (2.81) with (2.82) shows that the
value of the edge susceptance is very similar in the two cases for
0.25l0 < W < 0.6l0. However, (2.81) may be preferred because there is no
restriction on the value of the patch width for this formula. More rigorous
characterization of the open-edge susceptance has been reported in [73–77].
The closed-form expression reported in [76] for the open-end extension of the
radiating edge is given as follows:
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D,
h

=
z1z3z5

z4
(2.83)

where z1, z3, z4, z5, and so on are defined in Appendix B. Equation (2.83)
is very accurate and is normally used for the open-end extension and the open-
end susceptance.

2.8 Mutual Admittance, Ym

It is known from the analysis of microstrip patch antennas that mutual coupling
between the edges plays an important role in the accurate determination of
input impedance. This information is also needed in determining the mutual
coupling between the patches for antenna array design. The mutual admittance
between the radiating edges is included explicitly in the equivalent circuits for
the transmission line model and the multiport network model. In the cavity
model, the mutual conductance effect is included implicitly in the calculation
of the effective loss tangent through the power radiated. Closed-form expressions
for the mutual admittance between the apertures are very few. The expressions
available in [4, Chapter 9] are given next.

2.8.1 Mutual Conductance, Gm

The mutual conductance Gm between finite length slots has been derived from
a knowledge of the mutual conductance between infinite slots. Therefore,
mutual conductance is defined as [4, Chapter 9]

Gm = GsFg (2.84)

Here, Gs is the self-conductance of a finite length slot. The factor Fg
accounts for mutual coupling between the slots. Its value is assigned to be the
same as would exist in infinitely long slots, and is therefore defined as

Fg = gm /g s (2.85)

where g s and gm are the per unit length self-conductance and mutual conduc-
tance, respectively, of two infinitely long TE excited slots in a perfectly conduct-
ing plane. The slots are shown in Figure 2.20. The expression for g s was derived
in Section 2.7.1 and is given by (2.66). The expression for gm can also be
derived in an analogous manner. For this, the mutual power between the
coupled slots is determined by taking the Fourier transform of the slot fields,
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Figure 2.20 Geometry to determine mutual coupling between two infinitely long slots.

similar to (2.63a). By virtue of the separation Le between the slots, the expression
for gm gets modified to

gm =
k0

ph0
E
+k0

0

sin2(k yh/2)

(k yh/2)2 cos(k yL e )
dky

√k2
0 − k2

y

(2.86)

where Le is the center distance between the two slots. The integral in (2.86)
is approximated to yield

gm ≈
k0

2h0
HS1 −

s2

24D J0 (, ) +
s2

24
J2 (, )J (2.87)

where s = k0h and , = k0Le . Using (2.66) for g s and (2.87) for gm in (2.85),
one obtains

Fg ≈ J0 (, ) +
s2

24 − s2 J2 (, ) (2.88)

Mutual conductance obtained from (2.84) has been compared with the
mutual conductance of the four-slot arrangement, as shown in Figure 2.4(b).
The agreement is found to be reasonable justifying the above model for mutual
conductance.
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2.8.2 Mutual Susceptance, B m

The modeling for Bm is similar to that for Gm , except for another correction
factor, that is,

Bm = BsFbKb (2.89)

The factor Fb is defined as

Fb =
bm
b s

=
p
2

Y0 (, ) +
s2

24 − s2Y2 (, )

lnSs
2D + g − 1.5 +

s2/12

24 − s2

, s = k0h , = k0Le

(2.90)

where g = 0.577216. The correction factor Kb is given by

Kb = 1 − exp(−0.21k0W ) (2.91)

where W is the slot width.
The expressions for mutual conductance and mutual susceptance, (2.84)

and (2.89), respectively, are applicable to any pair of radiating slots belonging
to the same patch or different patches.

The calculation of a mutual coupling network for use in MNM is carried
out numerically. In this case, the aperture fields at the edges are first converted
into equivalent magnetic currents as

›
M = −n̂ ×

›
E 0h

Now each line source of magnetic current is divided into a number of
small sections, of length d, . The number of sections is equal to the number
of ports. The magnetic field produced by each section of line source 1 at any
section of line source 1 or 2 can be written by using the fields of a magnetic
current dipole in free space. This magnetic field yields the induced current
density

›
J j = n̂ ×

›
Hj (2.92)

Finally, the mutual admittance between sections i and j is given by [4,
Chapter 9]



121Analytical Models for Microstrip Antennas

Yji = Jjd, j /Mi (2.93)

Note that in all the expressions given above for self- and mutual admittances,
the effective slot length We should be used in place of physical length W. The
relationship between We and W for a microstrip line is given in (B.13) of
Appendix B.

2.9 Model for Coaxial Probe in Microstrip Antennas

Coaxial probe feed of microstrip antennas is a convenient and useful excitation
mechanism. In the full-wave techniques of antenna analysis, the excitation is
treated as an integral part of the antenna and the input impedance is calculated.
The probe reactance can be extracted from these data as described later in
Figure 2.23. The analytical models, on the other hand, employ an ideal feed.
The feed is modeled separately and its reactance calculated and added to the
input impedance of the patch antenna. In the cavity model analysis of patch
antennas in Section 2.3, however, the entire coaxial feeding structure is modeled
as a thin strip of finite width of uniformly distributed electric current flowing
vertically from the ground plane to the patch. The probe reactance in the
model appears as an inductance associated with the nonresonant modes of the
cavity. For a rectangular patch antenna, the probe reactance obtained from
(4.19) is

Xp = vm0h∑
∞

m
∑
∞

n=0

c 2
mn (x0, y0)

k2
mn − k2 Gmn (2.94)

where m = 1, n = 0 mode is excluded, and

Gmn = sinc (mpDx /(2L )) sinc (npDy /(2W ))

cmn (x , y ) = √emen
LW

cos(kmx ) cos(kny )

Here ep = 1 for p = 0 and ep = 0 for p not equal to zero.
In this model the probe is modeled as a strip of dimensions Dx × Dy

carrying a uniform current. Equation (2.94) includes the effect of feed position
(x0, y0) substrate parameters, patch size and shape, and the probe dimensions.
This model is shown to predict feed inductance that track the measured result
reasonably well at all feed locations not too close to the edge of the patch. For
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feed locations on or near the edge, the model is found to predict inductances
that are too high due to the image produced by the magnetic wall [78].

A number of models have been advanced to model the probe reactance.
In these models, a canonical problem of a probe inside a parallel plate waveguide
is solved. By image theory, it is easily seen that the constant cylindrical current
between two infinite parallel plates is equivalent to an infinite cylinder with
a constant current density. The impedance per unit length of the infinite
cylinder can be obtained in a straightforward manner [79]. This leads to the
following expression for the probe impedance in the presence of two infinite
plates [61]:

Zp =
vm0h

4
H (2)

0 (kp ) J0(kp ) for k = k0√er (2.95a)

Here, p is the probe radius. For small kp values (kp < 1), this formula
reduces to [80, 81]

Zp =
vm0h

4
+ j

vm0h
2p FlnS 2

kpD − gG (2.95b)

where g = 0.57721 is the Euler constant. When the substrate thickness increases,
the current distribution is no longer constant. An integral equation approach
leads to the following expression [82, 83]:

Zp =
60p

√er

tan2(kh/2)
kh/2

+ j
120

√er
tan(kh/2) lnS1.125

kp D (2.95c)

An actual coaxial feed produces a radial electric field in the coaxial aperture.
The equivalent current in this excitation model is a ring of magnetic current
on the ground plane acting in the presence of the probe [78]. The magnetic
current induces current on the probe. In a more rigorous approach an incident
TEM wave in the coaxial aperture is assumed [80]. This approach is described
next.

Consider the geometry of a coaxial line with a truncated outer conductor
flush mounted to the lower conducting plate of a parallel plate waveguide as
shown in Figure 2.21(a). The inner conductor passes through the parallel plate
region and is attached to the upper conducting plane. The magnetic current
model of the aperture is used here. The radial transmission line mode and all
higher order modes in the parallel plate region are determined from the excita-
tion. The probe admittance is obtained by enforcing the continuity of complex
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(b) Equivalent circuit for the probe impedance in part (a).
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power flow at the coaxial aperture. Under the assumption of (kh )2 << p and
(kd )4 << 1, the probe admittance can be expressed as [80]

Yprobe = [Rp + jv (Lp + L0)]−1 + jvC0 (2.96)

where

Rp = vm0h/4 (2.97)

Lp =
m0h
2p FlnS 2

kpD − gG (2.98)

C0 =
e0er

6hg2H3p [d 2 − p 2 − 2d 2g ] + 4ph2g (2.99)

−
12h3

p2d S1.202 − ∑
∞

n=1
n −3exp[−2np (d − p )/h ]DJ

L0 =
−m0hk2

4pg
[g (d 2 + p2 ) − d 2 + p2 ]FlnSkp

2 D + gG (2.100)

g = ln (d /p )

where d is the radius of the relief hole as shown in Figure 2.21(a). The
equivalent circuit for the probe, based on the probe admittance (2.96), is shown
in Figure 2.21(b). It has been suggested that this equivalent circuit can be used
even when the infinite parallel plate is replaced by a finite sized patch and the
probe is not located very close to the edge of the patch. According to (2.96), the
probe impedance is not a function of probe position. Experience, however,
indicates that probe reactance varies with feed location. The measured feed
reactance is compared with the computed value in Figure 2.22 [78]. For
unloaded patch antennas, this variation may not be a very significant design
consideration because the resonant reactance often strongly dominates the feed
reactance near the resonant frequency. In such cases, the feed reactance from
(2.96) can be used. However, in a patch loaded with slots, shorts, or varactor
diodes, the resonant frequency is different from the unloaded patch and the
resonant reactance [78] may no longer dominate the feed reactance. Equation
(2.96), therefore, should not be used for a loaded patch. One can use numerical
techniques to calculate the antenna performance or measure the feed reactance
in such a situation. A typical plot of input impedance versus frequency is
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Figure 2.22 Measured feed reactance at 1400 MHz for a rectangular patch. (From [78].
 1983 Electromagnetics. Reprinted with permission.)

shown in Figure 2.23 for a rectangular patch. From the Xmin and Xmax values,
the probe reactance or feed reactance is given by

Xp =
1
2

(Xmin + Xmax) (2.101)

Figure 2.23 Figure illustrating the extraction of feed reactance from a typical impedance
curve for a resonant microstrip antenna.
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2.10 Comparison of Analytical Models

The various models discussed so far can be grouped into two categories:
transmission line models and cavity models. The transmission line model
(Section 2.2.1) is easy to implement and the effect of mutual coupling between
radiating edges is included explicitly through loads. The effect of surface wave
power loss can be included through additional load conductance. The major
drawback of this model is that the fields along the width of the patch and the
substrate thickness are assumed to be uniform. Therefore, this model is restricted
to the rectangular patch geometry, thin substrate, single-layer, linearly polarized
antennas, and to probe feed and microstrip edge feed. Array antennas of
rectangular patches can be analyzed. However, GTLM (Section 2.2.3) is general-
ized to include variation of fields in the transverse direction also. Therefore,
it can be used to analyze almost all of the useful practical microstrip antennas,
circularly polarized antennas, and array antennas. However, its application is
limited to thin substrate, nonstacked antennas and to probe feed and microstrip
edge feed. The lossy transmission line model (Section 2.2.4) is generalized to
analyze arbitrarily shaped patches, stacked geometry, and proximity coupling.
The mutual coupling in this model is included implicitly. Therefore, it is not
accurate for array antennas.

The cavity models of Sections 2.3 and 2.4 are basically lossy cavity models.
The mutual coupling between the radiating edges is included implicitly in the
form of radiated power, which accounts for the effect of mutual conductance
only. The mutual susceptance is not accounted for. Surface wave power loss
can also be included as a general loss term. The cavity model has been generalized
to include the variation of fields along the substrate thickness, aperture coupling
to microstrip line, and stacked patch configuration. Mutual coupling between
rectangular patches has been determined from the magnetic current model as
in the case of the transmission line model. However, application of this approach
to arrays is limited because in this model, fields from various apertures are
assumed to be in phase. The radiation and mutual coupling effects are incorpo-
rated explicitly through the lumped loads in the multiport network model
(MNM). Variation of the fields along the width of the patch is also included
as in the cavity model. Its main limitation is that the variation of fields along
the substrate thickness is not included. It has not been applied to a multilayered
geometry or aperture coupling. Based on this discussion, a comparison of the
various analytical models appears in Table 2.1.

A major drawback of the analytical models is the limited accuracy in
resonant frequency and input impedance for the substrates that are not thin.
Also, they have a limited capacity to handle problems such as mutual coupling,
large arrays, surface wave effects, and different substrate configurations [1].
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Table 2.1
Comparison of Various Analytical Models

Model
Transmission Lossy Transmission Generalized

Application Line Model GTLM Line Model Cavity Model Cavity Model MNM

Patch shapes Rectangular only Separable Arbitrary shapes Regular shapes Separable Separable
analyzed geometries geometries geometries

Substrate thickness Thin Thin Thin Thick Thin Thin

Feed types used Microstrip edge Microstrip edge Possibly all types Microstrip edge Microstrip edge Microstrip edge
feed, probe feed feed, probe feed feed, probe feed, feed, probe feed feed, probe feed,

aperture coupling proximity coupling

Circularly polarized No Yes No Yes Yes Yes
antenna

Stacked antennas No No Yes Yes No No

Mutual coupling Explicitly included Explicitly included Implicitly included Implicitly included Implicitly included Explicitly included
between edges

Application to Yes Yes No No No Yes
arrays
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Full-wave numerical techniques can provide analysis of the microstrip antenna
in which all effects, such as space wave radiation, surface wave loss and coupling,
mutual coupling between the edges, fringing fields, and so on, do not have to
be modeled. These features are all integrated in the analysis technique through
an accurate Green’s function. These techniques are very accurate and powerful,
and are discussed in the next chapter. The FDTD technique is also discussed
there, and can be used to include the effect of finite substrate size and ground
plane.

Appendix 2A: Theoretical Background of the Generalized
Transmission Line Model

The generalized transmission line model (GTLM) [5, 14], in principle, can
be applied to any microstrip antenna that has a separable geometry. A large
number of practically used patches comes under this category. The theoretical
background of this model is presented in this appendix.

2A.1 Introduction

Two different types of possible microstrip patch configurations with separable
geometries are shown in Figure 2.24. The patch in Figure 2.24(a) has two
radiating edges defined by u = u1 and u = u2 in the curvilinear coordinate
(u-v ) system. On the other hand, the patch in Figure 2.24(b) has four edges
defined by u = u1, u = u2, v =v1, and v =v2. The circular ring is an example
of the first kind [see Figure 2.24(a)] and a rectangular patch is an example of
the second kind [see Figure 2.24(b)]. The circular patch has only one radiating
edge and comes under the first kind when the inner radiating contour
(u = u1) has a vanishingly small area (converges to a point).

To develop the model, we start with the field configuration under the
patch metalization. The longitudinal component (z component) of the electric
field underneath the patch is a solution of the following wave equation (a time
dependence e jvt is assumed):

=2Ez + k2Ez = 0 (2A.1)

where =2 is the Laplacian operator and k is the wave number in the substrate
on which the patch is etched. In a practical microstrip antenna, the substrate
thickness h is very small compared to the wavelength in the dielectric medium
(typically h√er /l0 < 0.04). The electric field Ez , therefore, can be regarded
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Figure 2.24 Two possible microstrip patch configurations with separable geometry. (From
[5].  1985 IEE. Reprinted with permission.) (a) Geometry with two edges and
(b) geometry with four edges.

as constant along z . Equation (2A.1) can then be written in the curvilinear
coordinate system as [77]

1
h1h2

F ∂
∂uSh2

h1

∂Ez
∂u D +

∂
∂vSh1

h2

∂Ez
∂v DG + k2Ez = 0 (2A.2)
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where h1 and h2 are scale factors along the u and v directions, respectively,
and are defined as

h1 = | ∂
›
r

∂u |, h2 = | ∂
›
r

∂v |
where

›
r is the position vector. It is assumed in this model that the patch

configurations under consideration are separable, that is, the solution for Ez
in (2A.2) can be expressed as

Ez(u , v ) = f1(u ) f2(v ) (2A.3)

Substituting (2A.3) in (2A.2) and dividing the resulting equation by
f1(u ) f2(v ), one obtains

1
h1h2

F 1
f1

∂
∂uSh2

h1

∂ f1
∂uD +

1
f2

∂
∂vSh1

h2

∂ f2
∂v DG + k2 = 0 (2A.4)

Let h2 /h1 = p (u , v ) and h1h2 = q (u , v ). Then (2A.4) becomes

p
f1

∂2f1

∂u2 +
1
f1

∂p
∂u

∂ f1
∂u

+
1

f2p
∂2 f2

∂v2 −
1
f2

1

p2
∂p
∂v

∂ f2
∂v

+ k2q = 0 (2A.5)

The above bivariate equation can be separated into two single variable
differential equations if either

p (u , v ) = g (u ) f (v ) and p (u , v )q (u , v ) = [m1(u ) + m2(v )] f 2(v )
(2A.6a)

or

p (u , v ) = g (u )/f (v ) and q (u , v )/p (u , v ) = [m1(u ) + m2(v )]/g2(u )
(2A.6b)

Apparently, (2A.6a) and (2A.6b) appear to be two distinct criteria for
the separability of (2A.5). However, if one solves for either from (2A.6a) or
from (2A.6b), one can see that they assume similar forms. Therefore, without
loss of generality, one can consider that (2A.6a) holds. Equation (2A.5) can
then be separated as
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g2

f1

∂2f1

∂u2 +
g
f1

∂g
∂u

∂ f1
∂u

+ k2m1(u ) = a2 (2A.7a)

and

1

f 2
1
f2

∂2f2

∂v2 −
1

f 3
1
f2

∂ f
∂v

∂ f2
∂v

+ k2m2(u ) = −a2 (2A.7b)

where a is a constant, independent of u and v . Equations (2A.7a) and (2A.7b)
can be rewritten as

∂2f1

∂u2 +
1
g

∂g
∂u

∂ f1
∂u

+
k2m1 − a2

g2 f1 = 0 (2A.8)

and

∂2f2

∂v2 −
1
f

∂ f
∂v

∂ f2
∂v

+ (k2m2 + a2) f 2f2 = 0 (2A.9)

Equations (2A.8) and (2A.9) are second-order nonlinear (in general)
differential equations. Each of them will have two independent solutions. Let
x1(u ) and x2(u ) be the two solutions of (2A.8). The general solution for Ez
will be then

Ez (u , v ) = Hx1(u )
x2(u )J f2(v ) (2A.10)

Having determined Ez as above, the magnetic field components are
obtained through the Maxwell’s equation = ×

›
E = −jvm

›
H . One obtains

Hu =
1

−jvmh2

∂Ez
∂v

=
1

−jvmh2
f1(u ) f2′(v ) (2A.11)

and

Hv =
1

jvmh1

∂Ez
∂u

=
1

jvmh1
f1′(u ) f2(v ) (2A.12)

where a prime indicates the derivative of the function with respect to the
argument.
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2A.2 Transmission Line Equations

We stated earlier that a patch can be modeled as a transmission line section.
The transmission line voltage and the transmission line current are defined
next.

In the GTLM, the transmission line is taken along the line joining two
radiating apertures. The direction of the transmission line in the case of a
patch with two edges, as in Figure 2.24(a), is unique (along the u direction).
However, for the patch configuration shown in Figure 2.24(b), two directions
may be possible for the transmission line: along the v = constant contour (join-
ing two apertures at u = u1 and u = u2) and along u = constant contour
(joining two apertures at v = v1 and v = v2). In principle, one can select any
one of the above two directions. The effect of radiation from two connecting
apertures will appear in the equivalent circuit through terminating loads. The
effect of the other two apertures can be included by considering the transmission
line to be lossy. However, to simplify the analysis, one should take the transmis-
sion line joining the two apertures that radiate a major portion of the power.
From the aperture field distribution one can ascertain which of the apertures
is radiating more power. The aperture on which the variation of field is slower
will radiate more power.

2A.2.1 Transmission Line in u Direction

To characterize a transmission line, the transmission line voltage and the
transmission line current should be defined. The definitions of these quantities
should be such that they obey the transmission line equation pair (telegraphist
equations). For a transmission line in the u direction, the line voltage is defined
as

V = Ez (u , v ) = f1(u ) f2(v ) (2A.13)

and the line current is defined as

I = −h2Hv (along the positive u direction) (2A.14)

or, using (2A.12)

I =
−h2

jvmh1
f1′(u ) f2(v ) (2A.15)

Differentiating (2A.13) with respect to u, one gets
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∂V
∂u

= f1′(u ) f2(v ) = −jvm
h1
h2

I on using (2A.15)

or, using the definition of p (= h2 /h1)

∂V
∂u

= −jvm
I
p

=
−jvm

g (u ) f (v )
I (2A.16)

Combining (2A.8) and (2A.13), we have

∂2V

∂u2 +
1
g

∂g
∂u

∂V
∂u

+
k2m1 − a2

g2 V = 0

or

∂
∂uFg

∂V
∂u G +

k2m1 − a2

g
V = 0 (2A.17)

Substituting the expression for ∂V /∂u from (2A.16) into (2A.17) gives

∂I
∂u

−
f (v )(k2m1 − a2)

jvmg (u )
V = 0 (2A.18)

Equations (2A.16) and (2A.18) are the transmission line equations. The
transmission line parameters obtained from these equations are:

Shunt admittance/length =
−f (v )(k2m1 − a2)

jvmg (u )
(2A.19)

Series impedance/length =
jvm

g (u ) f (v )
(2A.20)

The line parameters being functions of u , the equivalent circuit of the
patch is a nonuniform transmission line. Expressions for f (v ), g (u ), and m1(u )
are dictated by the geometry of the separable patch. The constant a , however,
depends on the mode of operation. The value of a is obtained from the solution
of (2A.9) with appropriate boundary conditions. When the radiating contours
are closed as in Figure 2.24(a), the function f2(v ) must be a periodic function
of v and the a values are discrete in nature. Each value of a is associated with
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a mode. Therefore, a transmission line mode is designated by a single index
(corresponding to the value of a ). When the radiating contours are not closed
[as in Figure 2.24(b)], the value of a , in general, will be complex due to
leakage of power through the apertures at v = v1 and v = v2. The line voltage
and the line current of a transmission line in the v direction are considered
next.

2A.2.2 Transmission Line in v Direction

For the transmission line in the v direction, the line voltage is defined as

V = Ez (u , v ) (2A.21a)

and the line current is defined as

I =
−h2Hu

f (v )
(along the positive v direction) (2A.21b)

Combining (2A.9), (2A.11), and (2A.21), we have

∂V
∂v

= jvm f (v )I (2A.22)

and

∂I
∂v

=
−f (v )
jvm

(k2m2(v ) + a2)V (2A.23)

Because the line voltage and the line current again satisfy the transmission
line equations, (2A.22) and (2A.23), the line parameters of the nonuniform
transmission line can be obtained from these equations.

In the preceding sections, the line voltages and the line currents for two
possible transmission lines were defined. The equivalent circuit of a nonuniform
transmission line section is obtained in the following section.

2A.3 Equivalent Circuit of a Nonuniform Transmission Line
Section

In this section, the equivalent P network of a transmission line section is
obtained. We concentrate on the u-directed transmission line here. The equiva-
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lent P network of a transmission line in the v direction can be obtained in a
similar manner.

A transmission line section confined in the region u1 < u < u2 (nonuni-
form in general) and its equivalent P network are shown in Figure 2.25.
Elements of the equivalent P network are obtained from the Y matrix of the
transmission line section. The Y matrix is defined as

FI1

I2
G = FY11 Y12

Y21 Y22
GFV1

V2
G (2A.24)

The port currents I1, I2 and the port voltages V1, V2 are shown in Figure
2.25. The elements of the Y matrix are obtained from the following equations:

Y11 = I1 /V1 (when V2 = 0)

Y12 = I1 /V2 (when V1 = 0)

Y21 = I2 /V1 (when V2 = 0) and

Y22 = I2 /V2 (when V1 = 0)

Here, V is the line voltage and is given by

V = Ez = {Ax 1
(u ) + Bx 2

(u )} f2(v ) (2A.25)

and the line current along the u direction is given by (2A.15), that is,

I =
−1
jvm

h2
h1

{A x 1′
(u ) + B x 2′

(u )} f2(v ) (2A.26)

where A and B are constants, and x1(u ) and x2(u ) are the independent solutions
of (2A.8). Now, V2 = V (u = u2) = 0 is satisfied if

B /A = −x1(u2)/x2(u2)

The expression for Y11 thus becomes

Y11 =
I1
V1

=
I (u = u1)
V (u = u1)

=
−h2

jvmh1
Hx2(u2)x1′(u1) − x1(u2)x2′(u1)

x2(u2)x1(u1) − x1(u2)x2(u1)J
(2A.27)

Similarly,
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Figure 2.25 A nonuniform transmission line section and the equivalent P network. (From [5].  1985 IEE. Reprinted with permission.)
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Y22 =
−I (u = u2)
V (u = u2)

(when V (u = u1) = 0) (2A.28)

=
h2

jvmh1
Hx2(u1)x1′(u2) − x1(u1)x2′(u2)

x2(u1)x1(u2) − x1(u1)x2(u2)J
Note that the ratio h2 /h1 in (2A.27) should be evaluated at u = u1,

whereas this ratio should be evaluated at u = u2 for (2A.28). The expression
for Y12 is given by

Y12 =
1

jvm
h2
h1
Hx2(u1)x1′(u1) − x1(u1)x2′(u1)

x2(u1)x1(u2) − x1(u1)x2(u2)J (2A.29)

In a similar manner one can derive the expression for Y21 and can verify
that

Y21 = Y12 (2A.30)

The relationship just given confirms the transmission line section to be
a reciprocal device, and therefore a P-network model of the device is possible.
This relationship also justifies the definition of the line voltage and line current
used in (2A.13) and (2A.14), respectively. When a patch is excited by a source
placed at u = u s , the patch can be modeled as a combination of two transmission
line sections defined by u1 < u < u s and u s < u < u2. Each of these transmis-
sion line sections can be represented by a P network as shown in Figure 2.25.
The elements of the Y matrix for the section defined by u1 < u < u s can be
obtained by replacing u2 by u s in (2A.27), (2A.28), and (2A.29). Similarly,
for the section defined by u s < u < u2, the matrix elements are obtained by
replacing u1 with u s in these equations. The equivalent circuit of the patch
with source is shown in Figure 2.26. This network accounts for the energy
stored under the patch metalization and the dielectric loss for an imperfect
dielectric substrate and the loss of power due to the leakage through the side
walls at v = v1 and v = v2. To incorporate the effects of radiated power through
the main radiating apertures, the circuit should be terminated with appropriate
radiation admittances. This is considered next.

2A.4 Radiation Admittance

A radiating aperture can be characterized by an equivalent admittance, the
susceptance being due to the stored energy in the fringing fields and the
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Figure 2.26 Equivalent circuit representation of the patch in terms of equivalent P

networks. (From [16].  1991 Elsevier Science Publishing. Reprinted with
permission.)

conductance being due to the power loss from radiation. To determine the
wall admittance, the magnetic current model can be used. In this model, an
aperture is replaced by its equivalent magnetic current. The electromagnetic
fields radiated by the equivalent magnetic current are the same as that of the
aperture. Because we have two apertures, in general, there should be two
equivalent magnetic current sources. The active wall admittance at u = u1 is
defined as

y a
1 =

−It (u1)
V (u1)

(2A.31)

where It (u1) is the total induced line current on the aperture at u = u1 due
to the magnetic current sources at u = u1 and u = u2. According to the
definition of line current in (2A.14), we have

It (u1) = −h2Hvt (u1)

where Hvt (u1) is the total induced magnetic field along v on the aperture at
u = u1. This field is the sum of the self magnetic field, Hvs (u1), which is
generated by the source at u = u1 and the coupled field, Hvm (u1, u2), which
is generated by the aperture source at u = u2 on the aperture at u = u1.
Therefore,

Hvt (u1) = Hvs (u1) + Hvm (u1, u2) (2A.32)

The active wall admittance thus becomes

y a
1 =

h2Hvs (u1)
Ez (u1)

+
h2Hvm (u1, u2)

Ez (u1)
(2A.33)
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Let us define the self-admittance of the radiating wall at u = u1 as

y s
1 =

h2Hvs (u1)
Ez (u1)

(2A.34)

and the mutual admittance between the two walls as

ym
21 =

−h2Hvm (u1, u2)
Ez (u2)

(2A.35)

The negative sign in (2A.35) is taken since the equivalent magnetic
currents at u = u1 and u = u2 are oppositely directed. One can obtain self-
admittance as a special case (when u2 approaches u1) from this definition of
mutual admittance. Using (2A.34) and (2A.35) in (2A.33), we get

y a
1 = y s

1 − ym
21

Ez (u2)
Ez (u1)

= y s
1 − ym

21
V2
V1

(2A.36)

where V1 and V2 are the line voltages at ports 1 and 2, respectively. Rearranging
(2A.36), we obtain

y a
1 = (y s

1 − ym
21) +

V1 − V2
V1

ym
21 (2A.37)

Similarly, for the aperture at u = u2 we have

y a
2 = (y s

2 − ym
12) +

V2 − V1
V2

ym
12 (2A.38)

Reciprocity demands that ym
12 = ym

21. Therefore, (2A.37) and (2A.38) lead
to an equivalent circuit, like that shown in Figure 2.27. This circuit can be
used to determine the input impedance seen by the source current Is . It can
also be used to determine the aperture voltages from which the radiation
characteristics of a patch can be obtained. Note that the equivalent circuit in
Figure 2.27 represents a single mode [for a given value of a in (2A.8)]. Each
mode will have a circuit similar to that shown in Figure 2.27. The source
current Is is related to the feed current and the mode of operation. The input
impedance seen by the feed is proportional to the impedance seen by Is for a
given mode of operation.

To determine the input impedance seen by Is , the circuit of Figure 2.27
can be simplified using the star-delta and delta-star transformations [6]. The



140 Microstrip Antenna Design Handbook

Figure 2.27 GTLM equivalent circuit of the patch antenna for a given transmission line
mode. (From [5].  1985 IEE. Reprinted with permission.)

impedance seen by the feed current will be obtained if the relation between
Is and the feed current is known. This relationship is derived in the following
section. Expressions for the input impedance will also be derived.

2A.5 Input Impedance

Suppose ẑI0(v ) is the feed current distribution (assumed to be a surface current
lying on the fictitious surface defined by u = u s ). The magnetic field is discon-
tinuous at u = u s due to the presence of feed current. For a given mode, let
the magnetic fields at u = u s+ and at u = u s− be

H (a )
v (u s+) = A+

a f (a )
2 (v ) (2A.39)

H (a )
v (u s−) = A−

a f (a )
2 (v ) (2A.40)

where f (a )
2 (v ) is a solution of (2A.9) for a given a . The discontinuity of the

magnetic fields yields

∑
a

[H (a )
v (u s+) − H (a )

v (u s−)] = I0(v ) (2A.41)

Now, −h2H (a )
v (u s+) is the line current supplied by the source to the

region u > u s , and h2H (a )
v (u s−) is the line current supplied by the source to

the region u < u s . Therefore,
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Is = −h2H (a )
v (u s+) + h2H (a )

v (u s−) (2A.42)

= −h2[A+
a − A−

a ] f (a )
2 (v ) = −h2Ba f (a )

2 (v ) (say)

The total current supplied for all the a values should be equal to the
feed current I0(v ). Therefore,

−∑
a

B a f (a )
2 (v ) = I0(v ) (2A.43)

It can be proved that the set of functions f (a )
2 (v ) for various a form an

orthogonal set and

E
v2

v1

f (v ) f (a )
2 (v ) f (a ′ )

2 (v )dv = 0 when a ≠ a ′ (2A.44)

Using this orthogonality property, one has from (2A.43)

−B aE
v2

v1

f (v )[ f (a )
2 (v )]2dv = E

v2

v1

f (v ) f (a )
2 (v )I0(v )dv

or

B a =

−E
v2

v1

f (v ) f (a )
2 (v )I0(v )dv

E
v2

v1

f (v )[ f (a )
2 (v )]2dv

(2A.45)

Substituting for B a in (2A.42), we get the relationship between the source
current Is and the feed current I0(v ). In particular, when the patch is excited
by a probe, the function I0(v ) can be approximated as

I0(v ) = I0d (v − v s )/h2(v )
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where (u s , v s ) is the feed location. For this case, the expression for B a reduces
to

Ba =
−I0

f (vs )
h2

f (a )
2 (vs )

E
v2

v1

f (v )[ f (a )
2 (v )]2dv

and (2A.42) gives

Is =
f (a )
2 (v )I0 f (vs ) f (a )

2 (vs )

E
v2

v1

f (v )[ f (a )
2 (v )]2dv

(2A.46)

The input impedance seen by the feed is then given by

Zin =
−hEz (u s , v )

I0
=

Ez
Is
S−hIs

I0
D =

−hIs
I0

Zs (2A.47)

where Zs is the impedance seen by Is (Figure 2.27). The expression for Is /I0
can be substituted from (2A.46) to (2A.47) to obtain the impedance seen by
the feed current I0.

Equation (2A.47) yields the input impedance when only one transmission
line mode is present. To obtain the total input impedance, individual imped-
ances for all possible modes should be added. However, if the resonant frequen-
cies are not very close to each other as compared to the bandwidth of the
operating mode, the contribution of the off-resonant modes will be negligible
near the resonance of the operating mode. On the other hand, if some other
modes are very close to the operating mode, those mode impedances are to
be added. A typical example of this kind is described in Section 2.4.

To determine the impedance seen by Is in the equivalent circuit of Figure
2.27, the self- and mutual admittances should be known. General expressions
for these admittances are provided in the following section.

2A.6 Self- and Mutual Wall Admittances

The magnetic current model can be used to determine the wall admittances
of a patch antenna. In this model, the patch is replaced by the equivalent
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magnetic current source at its periphery. The wall admittances of the patch
are equivalent to the radiation admittances of the corresponding magnetic
currents.

The mutual admittance between two edges at u = u1 and u = u2 is
defined by (2A.35), that is,

ym
12 =

−h2Hvm (u1, u2)
Ez (u2)

=
h2Hvm (u2, u1)

Ez (u1)
(2A.48)

where Ez (u1) f2(v ) and Ez (u2) f2(v ) are the aperture electric fields at
u = u1 and u = u2, respectively. Hvm (u1, u2) f2(v ) is the magnetic field at
u = u1 produced by the source at u = u2. The magnetic field Hvm (u1, u2)
can be determined using the Green’s function technique and is given by

›
H m (u2, u1) = EE

S1

›
M 1 ? G (r2 /r1)dS1 (2A.49)

where
›

M1 is the equivalent magnetic current on the aperture at u = u1 and
is equal to Ez (u1)(ẑ × û1), G is the dyadic Green’s function that relates the
magnetic current to the magnetic field, and s1 is the surface area of the aperture
at u = u1. One can use the free-space Green’s function in (2A.49) to determine
the mutual admittance. However, to include the effect of substrate, Green’s
function of a stratified media should be used. For a thin substrate with low
dielectric constant (h√er /l0 < 0.02), the effect of substrate is negligibly small
and the free-space Green’s function yields a good approximation to the mutual
admittance.

Although mutual admittance can be calculated using (2A.48), an accurate
result is provided by the stationary expression. A stationary expression for the
mutual admittance is

ym
12 =

〈u1, u2〉
hPEz (u1)Ez (u2)

with P = E
v2

v1

[ f2 (v )]2dv (2A.50)

In (2A.50), h is the substrate thickness and 〈u1, u2〉 is the mutual reaction
between the sources at u = u1 and u = u2. Because 〈u1, u2〉 = 〈u2, u1〉, it

follows that ym
12 = ym

21. If the apertures at v = v1 and v = v2 are considered,
the stationary expression for the mutual admittance becomes
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ym
12 =

〈v1, v2〉
hQEz (v1)Ez (v2)

with Q = E
u2

u1

f 2
1 (u )
g (u )

du (2A.51)

where Ez (v1) f1(u ) and Ez (v2) f1(u ) are the aperture electric fields at
v = v1 and v = v2, respectively. Equation (2A.50) should be used when the
transmission line is along the u direction, and (2A.51) should be used when
the transmission line is along the v direction. For the self-admittance, one
should use a self-reaction in place of mutual reactions in (2A.50) and (2A.51).

Appendix 2B: Eigenfunctions, Equivalent Dimensions,
and Effective Permittivities for Some Patch Shapes
With Separable Geometries

The eigenfunctions required for the cavity model analysis of various geometries
are given next. We assume that the dimensions of the patch are not the physical
dimensions but the equivalent dimensions, which include the effect of energy stored
in the fringing fields. The equivalent dimensions are also determined.

Rectangle

The eigenfunctions for the rectangle shown in Figure 2.28(a) are given as

cmn (x , y ) = cos(kmx ) cos(kny ) for m , n = 0, 1, 2, . . . (2B.1)

where

km = mp /L and kn = np /W

Equilateral Triangle

The eigenfunctions for the triangle shown in Figure 2.28(b) are given as

cm,n,, (x , y ) = cosS2px ′

√3a
,D sinS2p (m − n )y

3a D
+ cosS2px ′

√3a
mD sinS2p (n − , )y

3a D (2B.2)

+ cosS2px ′

√3a
nD sinS2p (, − m )y

3a D
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Figure 2.28 Various separable geometries for which eigenfunctions are listed:
(a) rectangle, (b) equilateral triangle, (c) 30° and 60° triangles, (d) right-angle
isosceles triangle, (e) disk, (f) circular sector, (g) circular ring, and
(h) annular sector or circular ring segment.
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where

x ′ = x + a /√3, , = −(m + n )

Thirty- and Sixty-Degree Triangles
The triangle shown in Figure 2.28(c) can be obtained from that of Figure
2.28(b) by placing a magnetic wall at the plane of symmetry. The eigenfunctions
for the triangle of Figure 2.28(c) are then obtained as

cm,n,, (x , y ) = cosS2px ′

√3a
,DcosS2p (m − n )y

3a D
+ cosS2px ′

√3a
mDcosS2p (n − , )y

3a D (2B.3)

+ cosS2px ′

√3a
nDcosS2p (, − m )y

3a D
where

x ′ = x + a /√3, , = −(m + n )

Right-Angle Isosceles Triangle
The eigenfunctions for the triangle shown in Figure 2.28(d) are given as

cmn (x , y ) = cos
mpx

a
− cos

mpy
a

(2B.4)

or

cmn (x , y ) = cos
mpx

a
? cos

mpy
a

Disk
The eigenfunctions for the disk shown in Figure 2.28(e) are given as

cmn = Jn (kmnr ) cosnf n = 0, 1, 2, . . . m = 1, 2, 3, . . . (2B.5)

where kmn are the roots of

Jn′(kmna ) = 0
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Circular Sector
The eigenfunctions for circular sectors are available only when the sector angle
a is a submultiple of p . For the circular sector shown in Figure 2.28(f ), the
eigenfunctions are given as

cmv = Jv (kmvr ) cosvf (2B.6)

where v = np /a , and kmv satisfy

Jv′(kmva ) = 0

Circular Ring
The eigenfunctions for the circular ring shown in Figure 2.28(g) are given as

cmn (r , f ) = [ Jn (kmnr )Yn′(kmna ) − Jn′(kmna )Yn (kmnr )] cosnf (2B.7)

n = 0, 1, 2, . . . m = 1, 2, 3, . . .

where kmn are solutions of

Jn′(kmna )Yn′(kmnb ) − Jn′(kmnb )Yn′(kmna ) = 0

Annular Sector or Circular Ring Segment
As in the case of circular sectors, the eigenfunctions for annular sectors are
available only when the sector angle a is a submultiple of p. For the annular
sector shown in Figure 2.28(h), the eigenfunctions are given as

cmn (r , f ) = [ Jv (kmvr )Yv′(kmva ) − Jv′(kmva )Yv (kmvr )] cosvf
(2B.8)

where v = np /a , and kmv are solutions of

Jv′(kmva )Yv′(kmvb ) − Jv′(kmvb )Yv′(kmva ) = 0

Disk With Narrow Slot
The geometry of this antenna is very similar to that of a disk [Figure 2.28(e)],
but a narrow slot is cut. However, it is analyzed like a circular sector with
a ≈ 2p and n = n /2. Therefore, the eigenfunctions for a disk with a narrow
slot can be written as

cmn = Jn /2(kmnr ) cos(nf /2) (2B.9)
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where kmn satisfy

Jn′/2(kmna ) = 0 (2B.10)

Effective Dielectric Constant and Equivalent Dimensions
The cavity model of the antenna assumes a magnetic wall along the boundary.
This involves an outward extension of the physical boundary as shown in
Figure 2.10. It implies that the physical dimensions of the patch are replaced
by the equivalent dimensions so that the cavity model can predict the resonant
frequency accurately. For some of the geometries, the same effect is realized
by replacing the permittivity of the substrate by the effective permittivity,
whereas in some cases both the effective permittivity and equivalent dimensions
are used. In this connection, several methods have been reported in the literature
to calculate accurately the resonant frequencies of rectangular patch, circular
disk, equilateral triangular patch, and elliptical disk antennas [84–91]. A gener-
alized approach has also been reported for these microstrip antenna geometries
[92]. The effective permittivity and equivalent dimensions used in this approach
are given next.

Effective Permittivity
The effective relative permittivity of a patch antenna according to [92] is
defined as

ere =
er + 1

2
+

er − 1
2

F for 0 < F < 1 (2B.11)

The function F is empirically derived from the area occupied by the
fringing fields and the area of the patch. It is given by

F = 1 −
c rer

er − 1
fringing field area
area of the patch

(2B.12)

where c r (0) is a coefficient to be determined. To determine the area occupied
by the fringing fields, they are assumed to extend uniformly over a distance
equal to the substrate thickness h. Thus, for an elliptical disk with semi-major
axis a and semi-minor axis b , the area occupied by the fringing fields is obtained
as

p (a + h )(b + h ) − pab = ph (a + b + h ) (2B.13)

Therefore,
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F = 1 −
c rer

er − 1Sh
a

+
h
b

+
h2

abD (2B.14)

Use of (2B.14) in (2B.11) gives

ere = er −
c rer

2 Sh
a

+
h
b

+
h2

abD for an elliptical disk (2B.15)

ere = er −
c rer

2 S2h
a

+
h2

a2D for a circular disk or radius a (2B.16)

ere = er − 2c rerS√3
h
a

+ 3
h2

a2D
for an equilateral triangular patch of side length a

(2B.17)

For a rectangular patch antenna one can use the well-known expression
for the effective relative permittivity, (B.4) or (B.12) of Appendix B at the end
of the book.

Equivalent Dimensions
The equivalent dimensions of a patch antenna are always larger than the physical
dimensions. In the model discussed above for the effective permittivity, the
dimensions of the patch antenna are also modified to equivalent dimensions.
For a rectangular patch, the equivalent length is obtained by adding the end
effect extension D,~ on either ends of the patch. An accurate expression for
D,~ is given in Appendix B in (B.71). The physical width W is replaced by
the effective width of the corresponding microstrip line (see Appendix B at
the end of the book). For a circular disk of radius a, the equivalent radius is
given by

aeq = aF1 +
2h

pere aHln
a

2h
+ (1.41ere + 1.77) +

h
a

(0.268ere + 1.65)JG1/2

(2B.18)

For an equilateral triangular patch, the expression for the equivalent side
length is obtained by first converting the triangular patch into a circular disk
of equal area. The equivalent radius of this disk is then used to define the
effective side length of the triangle. One obtains [92]
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aeff = aF1 +
2h

pere aeq
Hln

aeq

2h
+ (1.41ere + 1.77) +

h
aeq

(0.268ere + 1.65)JG1/2

(2B.19)

where

aeq = √A /p , where A is the area of the triangular patch

The elliptical disk can be modeled as a circular disk of equal area. For
this, the area of an elliptical disk is defined as the geometric mean of the areas

of two circular disks with radii a and b, that is, pab = √pa2 ? pb2. Here,
a is the semi-major axis and b is the semi-minor axis of the elliptical disk. The
equivalent semi-major axis and semi-minor axis of this disk are obtained from
the circular disk of the corresponding radius. The expression for the equivalent
semi-major axis aeq for the elliptic disk is therefore given by (2B.18), and the
equivalent semi-minor axis beq is obtained by replacing a and aeq by b and
beq , respectively, in (2B.18).

The value of the constant c r in (2B.12) is obtained by curve fitting the
calculated resonant frequency from the formulas given above with the measured
value and/or computed numerical value. An assigned value of 0.7 for c r for
all the patch shapes investigated gives a good match for thin substrates with
h√er /l0 ≤ 0.02 [92].
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