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Chapter 1

Preliminaries

1.1

List of symbols

Let G C R™, n > 2 be a bounded domain with boundary G that is a smooth
surface everywhere except at the origin O € O0G and near the point O it is a
conical surface with vertex at 0. We assume that G = G4 U G_ U X is divided
into two subdomains G and G_ by a ¥y = G N {x,, = 0}, where O € %y. Let us
fix some notation used throughout the work:

[[] — the integral part of I (if [ is not integer);

R — the set of real numbers;

R, — the set of positive numbers;

R™ — the n-dimensional Euclidean space, n > 2;
N — the set of natural numbers;

Ny = NU {0} — the set of non-negative integers;
Sm=1 — a unit sphere in R™ centered at O;

(ryw),w = (w1,wa,...,wn_1) — spherical coordinates of z € R™ with pole O:
T1 = TCOSwi, Toa = rcoSwsSiNwWi,...,Tp_1 = TCOSWy,_1SINWy_9...Si0w,
Ty, =TrSinw,_1Sinwy,_9...sinwr;

C — a rotational cone {z; > rcos %’} with the vertex at O;
JC — the lateral surface of C : {x1 = rcos % };

Q) — a domain on the unit sphere S"~! with smooth boundary 652 obtained
by the intersection of the cone C with the sphere S™~!;

00 = aC N S
Gl ={(rw)|0<a<r<bwecQ}NG - alayer in R™;
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6 Chapter 1. Preliminaries

e I ={(rw)|0<a<r<bwedN}NAIG - the lateral surface of layer G%;
e Gu=G\GY Ty=0G\T¢, d> 0;

e X =G N{x, =0} CXp; Ta=%0\X¢ d>0;

¢ Q,=Gin{lz|=p}; 0<p<d

¢ O =N {z, >0}, Q. = QN {z, <0} = Q =0, UQ_ Uoy;

e 0g=XoNY; 0:Q =01 NAC; 00+ = 0+Q U oy;

o GW =G2 i, . k=0,1,2,..
° u(x) — U+(1‘), HAS G+7 f(l') — f+(l'), HAS G+7 ete.:
u_(x), ze€G_; fo(x), zeG_ v

e [u]x, denotes the saltus of the function u(x) on crossing Xo, i.e.,
[u]s, = u+(:c)’20 —u_(x)’EO, where ui(:c)lzoz Giazl;linreEo ut(y);

o n; = cos(ﬁ}, 7;),i=1,...,n, where 7 denotes the unit outward vector with
respect to G4 (or G) normal to 3y (respectively 0G \ O).

1.2 Operators and formulae related to spherical
coordinates

Let us recall first some well-known formulae related to the spherical coordinates
(rywi,...,wn_1) centered at the conical point O:

dr = r""tdrdQ, dQ, = p" tdQ, (1.2.1)

dQ = J(w)dw denotes the (n — 1)-dimensional area element of the unit sphere,
where

J(w) =sin" 2wy sin" P wy ... sinw, g,

dw=dwi...dw, 1,
ds = r"~2drdo denotes the (n—1)-dimensional area element on OC and do denotes

the (n — 2)-dimensional area element on 99);

2 ou 2 1 2
|Vu|” = oy +7‘2 |Voul™, (1.2.4)
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O

Figure 1

where |V,u| denotes the projection of the vector Vu onto the tangent plane to
the unit sphere at the point w:

ku:{ L ouw 1 ou } (1.2.5)
Va1 0wy Van—1 Own—1

n—1 2
1 [/ 0Ou
Voul* = , where g1 = 1, ¢; = (sinws - -sinwi 1), i > 2,
|Voul ; 0 (8%) where ¢ ¢ = (sinwy -+ -sinw;—1)%, @ >
2 -1 1
Au = Ou —|— Ou —|— , Awu, denotes the Laplace operator,
or? r Or
n—1 n—1
0 J Ou 1 0 (. _i.1 Ou
g 8wz qi Wi) B ; gjsin™ " w; Ow; (Sm i 8wi>
(1.2.6)
denotes the Beltrami-Laplace operator,
1 S0 (W)
div,u = U |, u=(Ur,...,Up_1). 1.2.7
T(w) 2= B, (Talw) u= b 20



8 Chapter 1. Preliminaries

Lemma 1.1. Assume for some d > 0 that G¢ is the rotational cone with the vertex
at O and the aperture wy, and let

rd = {(r,w)‘xf = cot? a;O ;xf, lwi| = C;O, wo € (O,27r)}. (1.2.8)
Then w
@i cos(i, @) |pg = 0, and cos(7i, x1)[pa = —sin 20. (1.2.9)
Proof. By virtue of (1.2.8) we can rewrite the equation of T'¢d in the form F(z) =
n OF
x} — cot> P 3" x7 = 0. We use the formula cos(7, z;) = ‘%’”}‘, Vi =1,...,n.
i=2
Because of gfl =2x, gf = —2cot? Dy, Vi=2,...,n, we obtain
. 1 OF 2 ) 5 W0 N o
x; cos(n,acl)|Fg = |VF‘:U16I7; e |V (ml — cot 5 ;xl » =0.
Furthermore from
oF 2 - OF 2 wo -
VF|? = = 4( 2% + cot* ?
|VF| <8x1> +§<8xi) <x1+co 5 ;xl
COS2 wo Ag?
= |VF|? d:4x‘f‘<1+ ) 2;‘;) = L,
g sm” 7, sm” 5,
we get
sin “°
cos(7i, x1) y = —2x; 2:512 = —sin u;()’ since Z(7,x1) > 72r O

1.3 The quasi-distance function r. and its properties

Let us assume that the cone K is contained in a rotational cone C with the
opening angle wg. Furthermore, let us suppose that the axis of C coincides with
{(%1,0,...,0) : &1 > 0}. In this case we define the quasi-distance r.(z) as follows.
We fix the point Q = (—1,0,...,0) € S"~1\ Q and consider the unit radius-vector
[=0Q = {-1,0,...,0}. We denote by 7 the radius-vector of the point = € G
and introduce the vector 7. = 7 — el for each ¢ > 0. Since e[ ¢ G2 for all € €]0,d],
it follows that r.(z) = |F — el] # 0 for all 2 € G. It is easy to verify that r.(z) has
the following properties (see in detail §1.4 [14]):

1. there exists h > 0 such that: r-(x) > hr and r.(x) > he, Yz € G, where

h—{l’ folzoa

C W . )
sin <, if w1 < 0;
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2. if v € Gq, then ro(z) > 4 for all £ €]0, [;

3. lim r.(z) =7, for all z € G;
e—0t

4. |Vrel2 =1, and Ar. = "1,

Te

1.4 Function spaces

We use the standard function spaces:
e C*(G) with the norm |ug
e the Lebesgue space Ly(G4+),p > 1 with the norm |Ju||p.qy;
e the Sobolev space W*?(G 1) with the norm ||ug

k,G43

|P7k§Gi
and introduce their direct sums
o CFG)=CkGy)+ CF(G) with the norm |ulp.g = |ug
e L,(G)=L,(Gy)+ Ly(G-) with the norm

1 1

P P

lullL, @) = (/ U+pdx> + (/ U—pd$> ;
el el

o WEP(G)=WFkrP(G,)+WHFP(G_) with the norm

k » k >
[llpwsc = (/ > IDﬁuﬂdaz) + (/ > |Dﬁu_|de> :

&, 181=0 & 11=0

kGy + |u—|kc_;

For any integer k£ > 0 and real o we define the weighted Sobolev space V’;a (@)
as the space of distributions u € D’(G) with the finite norm

1
k P
lullvs @ = ( / S et U810 Dy dx>

G, 1PI1=0

1
k P
+ (/ Z Ta-i-p(\ﬁl—’f)‘Dﬁu_‘p dx)

G_ 181=0

[

and V,,"(0G) as the space of functions ¢, given on 9G, with the norm

loll - = inf[|®[lvx (g), where the infimum is taken over all functions ®
v o

D,

such that ® oo © in the sense of traces. We write
G

o k o k—13
WH(G) = WR2(G), WL(G)=VE,(G), W 5

(0G) = VE2(0G).

[e3
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1.5 Some inequalities

In this section we recall some elementary inequalities (see e.g. [2, 30]) which will
be frequently used throughout this book.
Lemma 1.2 (Cauchy’s Inequality). For any a,b > 0 and ¢ > 0, we have
€ 1
b< _a? b2. 1.5.1
W= Ty, (15.1)
Lemma 1.3 (Young’s Inequality). For any a,b > 0, € > 0 and p,q > 1 with

1 1 -1
=1, we have
p+q ’

ab < Zl)(sa)p + ; (g)q (1.5.2)

Lemma 1.4 (Holder’s Inequality). For any non-negative real numbers a;, b;, i =
1,...,n, and p,qg € R with;—i— ; =1, we have

n n /p s pn 1/q
> aib; < (Z ag%’) (Z b§> . (1.5.3)
=1 =1 =1

Lemma 1.5. (Theorem 41 [30]). For any non-negative real numbers a, b and m > 1

we have
ma™ a —b) > a™ —b™ >mb™ (a —b). (1.5.4)

Lemma 1.6 (Jensen’s Inequality (Theorem 65 [30])). Let a;, i = 1,...,n, be any
non-negative real numbers and p > 0. Then

n n P n
)\Zaf < (Zm) SAZa?, (1.5.5)
i=1 i=1 i=1

where A = min(1,n?~ 1) and A = max(1,nP~1).
Lemma 1.7. For any a, b € R and m > 1 we have
1b]™ > |a|™ 4+ ml|a|™ %a(b — a). (1.5.6)
Proof. By the Young inequality (1.5.2) with e =1, p=m, ¢ =™, we obtain
mla|™ 2ab < mlb| - la|™" < [B|™ + (m — 1)|a|™ = (1.5.6). O
Theorem 1.8 (Hélder’s Inequality, see Theorem 189 [30]).
Let p,q > 1 with 11] + ; =1 and u € LP(G), v € LI(G). Then

[ 1wt < Jullosiey lolzece (157)
G

If p=1, then (1.5.7) is valid with ¢ = oo.



1.6. Sobolev embedding theorems 11

Corollary 1.9. Let 1 <p < gq and u € LYG). Then
[ull Loy < (meas G)YP7Y 9 |u|| Lo, (1.5.8)

Corollary 1.10 (Interpolation inequality).
Let 1<p<q<randl/q=Xp+ (1 —X\)/r. Then the inequality

HuHLq(G < HUHLP(G ||U||Lr (G) (159)

holds for all u € L"(G).

Theorem 1.11 (Clarkson’s Inequality, see §3.2, Chapter I [68]). Let u,v € L?(G).
Then

u4ol|P uw—uvllP 1
< (Il + 10150 ) 2 < p < o0
2 L?(G) 2 L»(G) 2 & Lr(@)
P
utolpm | u—or ( o1
< (Gl + ,I0lBae) " 1<p<2.
H 2 Lr(G) 2 L0 (G) ” ” (Q) H ”L (@)

Theorem 1.12 (Fatou’s Theorem, sece Theorem 19 §6, Chapter III [25]). Let {fr} €
LY(G), k €N, be a sequence of non-negative functions which is convergent almost
everywhere in G to the function f. Then

/fdxgsup/fkdx. (1.5.10)
el G

We need also the following well-known inequalities:

Theorem 1.13. (See e.g. (6.23), (6.24) Chapter I [42] or Lemma 6.36 [49]). Let G
be piecewise smooth and u € WHL(G). Then there is a constant ¢ > 0 that depends
only on G such that

/ lulds < c/ (lu] + |Vul)dz  for each T C 08 (1.5.11)
G
/vzds < /(5|V1}\2 + csv?)dx, Yo(z) € WH(G), V8 > 0. (1.5.12)
oG G

1.6 Sobolev embedding theorems

We now recall the well-known Sobolev inequalities and Kondrashov compactness
results which are frequently referred as the embedding theorems (see [68], §§1.4.5—
1.4.6 [52], §7.7[29]).
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Theorem 1.14 (Sobolev inequalities (see e.g. [70, Theorem 2.4.1], [29, Theorem
7.10])). Let G be a bounded open domain in R™ and p > 1. Then

WP (@G) — {L"npp (@) forp<n, (1.6.1)
C°(G) forp>mn.

Furthermore, there exists a constant ¢ = ¢(n, p) such that for all u € Wy (G) we
have

1l Ly (e < ellVullL, ) (1.6.2)
forp <n and
sup |u| < ¢(meas G)l/"_l/pHVuHLP(G) (1.6.3)
G
forp>n.

The following Embedding Theorems 1.15-1.20 were proved first by Sobolev
[68] and can be found with complete proofs in [52, Section 1.4]. Let G be a C%!
bounded domain in R™.

Theorem 1.15. Let k € N and p € R with p > 1, kp < n. Then the embedding
WEP(GQ) — Ly(G) (1.6.4)

is continuous for 1 < g < np/(n — kp) and compact for 1 < q < np/(n — kp). If
kp = n, then the embedding (1.6.4) is continuous and compact for any q > 1.

Theorem 1.16. (For the proof see, for example, (2.19) §2, chapter II [43]). Let
u € WYQ). Then

lullg, ., () < 0IVullg, @) +c@d,p,n meas G)lullf ). »>n, ¥5>0. (1.6.5)

p—2

Theorem 1.17. Let k € Ny, m € N and let p,q € R with p,q > 1. If kp < n, then
the embedding
WmHrP(GQ) — W™(Q) (1.6.6)

is continuous for any q € R satisfying 1 < ¢ < np/(n — kp). If k = np, then the
embedding (1.6.6) is continuous for any q > 1.

Theorem 1.18. Let k,m € Ny and p > 1. Then the embedding WP (G) —
C™+P(G) is continuous if

(k—m—-1p<n<(k—m)p and 0<B<k—m—n/p, (1.6.7)

and compact if the inequality for B in (1.6.7) is sharp. If (k —m — 1)p = n, then
the embedding is continuous for any 3 € (0,1).



1.7. The Cauchy problem for a differential inequality 13

Theorem 1.19. Let u € W*P(G) with k € N, p € R, kp > n and p > 1. Then
u € C™(Q) for 0 <m < k —n/p and there exists a constant ¢, independent of u,
such that

sup [D%u(z)| < cllullwrr(q)
zeG

for all o] <k —n/p.

Theorem 1.20. Let G be a lipschitzian domain and Ty C G be a piecewise C*-
smooth s-dimensional manifold. Let k > 1, p > 1, kp < n, n—kp < s < n,
1< q < q*=sp/(n—kp). Then the embedding WP (G) — Lq(T5) is continuous
and the inequality

lullL 1) < cllullwesa) (1.6.8)

holds. If q < gx, then the above embedding is compact.

1.7 The Cauchy problem for a differential inequality

Theorem 1.21. (See Theorem 1.57 [14]). Let V(p) be a monotonically increasing,
non-negative differentiable function defined on [0,2d] and satisfying the problem

{ V'(p) = P()V(0) + N(p)V(2p) + Q(p) 20, 0<p<d, (CP)

V(d) <V,

where P(0),N (o), Q(0) are non-negative continuous functions defined on [0, 2d]
and Vy is a constant. Then we have

V(o) < eXp(/d B(T)dT) {%exp(—/dP(T)dT) +/dQ(T) exp (—]P(a)da> dT}

(1.7.1)
with

B(o) = N(p)exp (?P(U)do’) . (1.7.2)

1.8 Additional auxiliary results

1.8.1 Stampacchia’s Lemma

Lemma 1.22. (See Lemma 3.11 of [57]). Let ¢ : [kg,00) — R be a non-negative
and non-increasing function which satisfies

C

(h— k) [p(k))? for h>k > ko, (1.8.1)

p(h) <
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where C, a, B are positive constants with 3 > 1. Then (ko + d) = 0, where d* =
C liplko)|”~ 208/(=1),

Proof. For each s = 1,2,... we let ks = ko +d — é‘ls and consider the sequence
{¢(ks)}. From (1.8.1) we obtain

02(s+1)a

o(ksr1) < Jo (k)P s=1,2,.... (1.8.2)

We now prove by induction that

k
olks) < S;(_S(L), where y = 1 fﬁ < 0. (1.8.3)

For s = 0 the claim is evident. Let us suppose that (1.8.3) is valid up to s. By
(1.8.2) and the definition of d* if follows that

26D [o(kol® _ p(ko)

g pop S ge(eria- (1.8.4)

@(kS—H) <C

Since the right-hand side of (1.8.4) tends to zero as s — o0, we obtain 0 <
o(ko +d) < p(ks) — 0. O

1.8.2 Other assertions
Lemma 1.23. (See Lemma 2.1 [20]). Let us consider the function

(@) e —1, x>0,
xTr) =
K —e 7" 4+1, x<0,

where 3 > 0. Let a,b be positive constants, m > 1. If ¢ > (2b/a) + m, then we
have

anf (@) = ()| 2 Ge”, Vo 2 0; (1.8.5)

n(z) > [n(

;)}m Vi > 0. (1.8.6)

Moreover, there exist some d > 0 and M > 0 such that

n(x) SM[W(:;)]m, o (z) SM[n(;)}m, Vo > d, (1.8.7)
In(z)] >z, VzeR. (1.8.8)

Proof. We refer to Lemma 1.60 [14] for the proof. O
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Lemma 1.24. (See Lemma 4.1 in Chapter 2 [18]). Let t(s) be a bounded non-
negative function defined on the interval [0, ]. Suppose that for any 0 <o < s < p
the function ¢¥(s) satisfies

A

(s — o)

Y(o) < 5Y(s) + + B,

where 6 € (0,1), A, B and « are non-negative constants. Then

w(r)gc{ Q+B}, 0<r<R<op (1.8.9)

(R—r)
where C' depends only on «, 6.

Theorem 1.25 (S. Bernstein [4]). If y is a bounded analytic solution of the equation
y// = f(x>y7y/)7 ap <x < b0> where ‘f(%y’y/” < Ay/Z + B7

then y' is also bounded:

B
/ 4AM _
y<\/2Ae , M= sup |y(z).

xz€(ao,bo)



