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Bernstein Polynomials

7.1 Introduction

This chapter is concerned with sequences of polynomials named after their
creator S. N. Bernstein. Given a function f on [0, 1], we define the Bernstein
polynomial

Bn(f ;x) =
n∑

r=0

f
( r
n

)(
n
r

)
xr(1 − x)n−r (7.1)

for each positive integer n. Thus there is a sequence of Bernstein polynomi-
als corresponding to each function f . As we will see later in this chapter, if f
is continuous on [0, 1], its sequence of Bernstein polynomials converges uni-
formly to f on [0, 1], thus giving a constructive proof of Weierstrass’s The-
orem 2.4.1, which we stated in Chapter 2. There are several proofs of this
fundamental theorem, beginning with that given by K. Weierstrass [55] in
1885. (See the Notes in E. W. Cheney’s text [7]. This contains a large num-
ber of historical references in approximation theory.) Bernstein’s proof [3]
was published in 1912. One might wonder why Bernstein created “new”
polynomials for this purpose, instead of using polynomials that were al-
ready known to mathematics. Taylor polynomials are not appropriate; for
even setting aside questions of convergence, they are applicable only to
functions that are infinitely differentiable, and not to all continuous func-
tions. We can also dismiss another obvious candidate, the interpolating
polynomials for f constructed at equally spaced points. For the latter se-
quence of polynomials does not converge uniformly to f for all f ∈ C[0, 1],
and the same is true of interpolation on any other fixed sequence of abscis-
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sas. However, L. Fejér [19] used a method based on Hermite interpolation
in a proof published in 1930, which we will discuss in the next section.

Later in this section we will consider how Bernstein discovered his poly-
nomials, for this is not immediately obvious. We will also see that although
the convergence of the Bernstein polynomials is slow, they have compensat-
ing “shape-preserving” properties. For example, the Bernstein polynomial
of a convex function is itself convex.

It is clear from (7.1) that for all n ≥ 1,

Bn(f ; 0) = f(0) and Bn(f ; 1) = f(1), (7.2)

so that a Bernstein polynomial for f interpolates f at both endpoints of
the interval [0, 1].

Example 7.1.1 It follows from the binomial expansion that

Bn(1;x) =
n∑

r=0

(
n
r

)
xr(1 − x)n−r = (x+ (1 − x))n = 1, (7.3)

so that the Bernstein polynomial for the constant function 1 is also 1. Since

r

n

(
n
r

)
=
(
n− 1
r − 1

)

for 1 ≤ r ≤ n, the Bernstein polynomial for the function x is

Bn(x;x) =
n∑

r=0

r

n

(
n
r

)
xr(1 − x)n−r = x

n∑
r=1

(
n− 1
r − 1

)
xr−1(1 − x)n−r.

Note that the term corresponding to r = 0 in the first of the above two
sums is zero. On putting s = r − 1 in the second summation, we obtain

Bn(x;x) = x

n−1∑
s=0

(
n− 1
s

)
xs(1 − x)n−1−s = x, (7.4)

the last step following from (7.3) with n replaced by n− 1. Thus the Bern-
stein polynomial for the function x is also x. ■

We call Bn the Bernstein operator ; it maps a function f , defined on [0, 1],
to Bnf , where the function Bnf evaluated at x is denoted by Bn(f ;x).
The Bernstein operator is obviously linear, since it follows from (7.1) that

Bn(λf + µg) = λBnf + µBng, (7.5)

for all functions f and g defined on [0, 1], and all real λ and µ. We now
require the following definition.
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Definition 7.1.1 Let L denote a linear operator that maps a function f
defined on [a, b] to a function Lf defined on [c, d]. Then L is said to be a
monotone operator or, equivalently, a positive operator if

f(x) ≥ g(x), x ∈ [a, b] ⇒ (Lf)(x) ≥ (Lg)(x), x ∈ [c, d], (7.6)

where we have written (Lf)(x) to denote the value of the function Lf at
the point x ∈ [a, b]. ■

We can see from (7.1) that Bn is a monotone operator. It then follows from
the monotonicity of Bn and (7.3) that

m ≤ f(x) ≤ M, x ∈ [0, 1] ⇒ m ≤ Bn(f ;x) ≤ M, x ∈ [0, 1]. (7.7)

In particular, if we choose m = 0 in (7.7), we obtain

f(x) ≥ 0, x ∈ [0, 1] ⇒ Bn(f ;x) ≥ 0, x ∈ [0, 1]. (7.8)

It follows from (7.3), (7.4), and the linear property (7.5) that

Bn(ax+ b;x) = ax+ b, (7.9)

for all real a and b. We therefore say that the Bernstein operator repro-
duces linear polynomials. We can deduce from the following result that the
Bernstein operator does not reproduce any polynomial of degree greater
than one.

Theorem 7.1.1 The Bernstein polynomial may be expressed in the form

Bn(f ;x) =
n∑

r=0

(
n
r

)
∆rf(0)xr, (7.10)

where ∆ is the forward difference operator, defined in (1.67), with step size
h = 1/n.

Proof. Beginning with (7.1), and expanding the term (1 − x)n−r, we have

Bn(f ;x) =
n∑

r=0

f
( r
n

)( n
r

)
xr

n−r∑
s=0

(−1)s

(
n− r
s

)
xs.

Let us put t = r + s. We may write

n∑
r=0

n−r∑
s=0

=
n∑

t=0

t∑
r=0

, (7.11)

since both double summations in (7.11) are over all lattice points (r, s)
lying in the triangle shown in Figure 7.1. We also have(

n
r

)(
n− r
s

)
=
(
n
t

)(
t
r

)
,
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FIGURE 7.1. A triangular array of 1
2 (n + 1)(n + 2) lattice points.

and so we may write the double summation as
n∑

t=0

(
n
t

)
xt

t∑
r=0

(−1)t−r

(
t
r

)
f
( r
n

)
=

n∑
t=0

(
n
t

)
∆tf(0)xt,

on using the expansion for a higher-order forward difference, as in Problem
1.3.7. This completes the proof. ■

In (1.80) we saw how differences are related to derivatives, showing that

∆mf(x0)
hm

= f (m)(ξ), (7.12)

where ξ ∈ (x0, xm) and xm = x0 + mh. Let us put h = 1/n, x0 = 0, and
f(x) = xk, where n ≥ k. Then we have

nr∆rf(0) = 0 for r > k

and
nk∆kf(0) = f (k)(ξ) = k! . (7.13)

Thus we see from (7.10) with f(x) = xk and n ≥ k that

Bn(xk;x) = a0x
k + a1x

k−1 + · · · + ak−1x+ ak,

say, where a0 = 1 for k = 0 and k = 1, and

a0 =
(
n
k

)
k!
nk

=
(

1 − 1
n

)(
1 − 2

n

)
· · ·
(

1 − k − 1
n

)

for k ≥ 2. Since a0 �= 1 when n ≥ k ≥ 2, this justifies our above statement
that the Bernstein operator does not reproduce any polynomial of degree
greater than one.
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Example 7.1.2 With f(x) = x2, we have

f(0) = 0, ∆f(0) = f

(
1
n

)
− f(0) =

1
n2 ,

and we see from (7.13) that n2∆2f(0) = 2! for n ≥ 2. Thus it follows from
(7.10) that

Bn(x2;x) =
(
n
1

)
x

n2 +
(
n
2

)
2x2

n2 =
x

n
+
(

1 − 1
n

)
x2,

which may be written in the form

Bn(x2;x) = x2 +
1
n
x(1 − x). (7.14)

Thus the Bernstein polynomials for x2 converge uniformly to x2 like 1/n,
very slowly. We will see from Voronovskaya’s Theorem 7.1.10 that this rate
of convergence holds for all functions that are twice differentiable. ■

We have already seen in (7.7) that if f(x) is positive on [0, 1], so is
Bn(f ;x). We now show that if f(x) is monotonically increasing, so is
Bn(f ;x).

Theorem 7.1.2 The derivative of the Bernstein polynomial Bn+1(f ;x)
may be expressed in the form

B′
n+1(f ;x) = (n+ 1)

n∑
r=0

∆f
(

r

n+ 1

)(
n
r

)
xr(1 − x)n−r (7.15)

for n ≥ 0, where ∆ is applied with step size h = 1/(n+ 1). Furthermore, if
f is monotonically increasing or monotonically decreasing on [0, 1], so are
all its Bernstein polynomials.

Proof. The verification of (7.15) is omitted because it is a special case of
(7.16), concerning higher-order derivatives of the Bernstein polynomials,
which we prove in the next theorem. To justify the above remark on mono-
tonicity, we note that if f is monotonically increasing, its forward differences
are nonnegative. It then follows from (7.15) that B′

n+1(f ;x) is nonnegative
on [0, 1], and so Bn+1(f ;x) is monotonically increasing. Similarly, we see
that if f is monotonically decreasing, so is Bn+1(f ;x). ■

Theorem 7.1.3 For any integer k ≥ 0, the kth derivative of Bn+k(f ;x)
may be expressed in terms of kth differences of f as

B
(k)
n+k(f ;x) =

(n+ k)!
n!

n∑
r=0

∆kf

(
r

n+ k

)(
n
r

)
xr(1 − x)n−r (7.16)

for all n ≥ 0, where ∆ is applied with step size h = 1/(n+ k).
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Proof. We write

Bn+k(f ;x) =
n+k∑
r=0

f

(
r

n+ k

)(
n+ k
r

)
xr(1 − x)n+k−r

and differentiate k times, giving

B
(k)
n+k(f ;x) =

n+k∑
r=0

f

(
r

n+ k

)(
n+ k
r

)
p(x), (7.17)

where

p(x) =
dk

dxk
xr(1 − x)n+k−r.

We now use the Leibniz rule (1.83) to differentiate the product of xr and
(1 − x)n+k−r. First we find that

ds

dxs
xr =




r!
(r − s)!

xr−s, r − s ≥ 0,

0, r − s < 0,

and

dk−s

dxk−s
(1 − x)n+k−r =




(−1)k−s (n+ k − r)!
(n+ s− r)!

(1 − x)n+s−r, r − s ≤ n,

0, r − s > n.

Thus the kth derivative of xr(1 − x)n+k−r is

p(x) =
∑

s

(−1)k−s

(
k
s

)
r!

(r − s)!
(n+ k − r)!
(n+ s− r)!

xr−s(1 − x)n+s−r, (7.18)

where the latter summation is over all s from 0 to k, subject to the con-
straints 0 ≤ r − s ≤ n. We make the substitution t = r − s, so that

n+k∑
r=0

∑
s

=
n∑

t=0

k∑
s=0

. (7.19)

A diagram may be helpful here. The double summations in (7.19) are over
all lattice points (r, s) lying in the parallelogram depicted in Figure 7.2.
The parallelogram is bounded by the lines s = 0, s = k, t = 0, and t = n,
where t = r − s. We also note that(

n+ k
r

)
r!

(r − s)!
(n+ k − r)!
(n+ s− r)!

=
(n+ k)!
n!

(
n

r − s

)
. (7.20)
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FIGURE 7.2. A parallelogram of (n + 1)(k + 1) lattice points.

It then follows from (7.17), (7.18), (7.19), and (7.20) that the kth derivative
of Bn+k(f ;x) is

(n+ k)!
n!

n∑
t=0

k∑
s=0

(−1)k−s

(
k
s

)
f

(
t+ s

n+ k

)(
n
t

)
xt(1 − x)n−t.

Finally, we note from Problem 1.3.7 that

k∑
s=0

(−1)k−s

(
k
s

)
f

(
t+ s

n+ k

)
= ∆kf

(
t

n+ k

)
,

where the operator ∆ is applied with step size h = 1/(n+k). This completes
the proof. ■

By using the connection between differences and derivatives, we can de-
duce the following valuable result from Theorem 7.1.3.

Theorem 7.1.4 If f ∈ Ck[0, 1], for some k ≥ 0, then

m ≤ f (k)(x) ≤ M, x ∈ [0, 1] ⇒ ckm ≤ B(k)
n (f ;x) ≤ ckM, x ∈ [0, 1],

for all n ≥ k, where c0 = c1 = 1 and

ck =
(

1 − 1
n

)(
1 − 2

n

)
· · ·
(

1 − k − 1
n

)
, 2 ≤ k ≤ n.

Proof. We have already seen in (7.7) that this result holds for k = 0. For
k ≥ 1 we begin with (7.16) and replace n by n−k. Then, using (7.12) with
h = 1/n, we write

∆kf
( r
n

)
=
f (k)(ξr)
nk

, (7.21)

where r/n < ξr < (r + k)/n. Thus

B(k)
n (f ;x) =

n−k∑
r=0

ckf
(k)(ξr)xr(1 − x)n−k−r,
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and the theorem follows easily from the latter equation. One consequence
of this result is that if f (k)(x) is of fixed sign on [0, 1], then B(k)

n (f ;x) also
has this sign on [0, 1]. For example, if f ′′(x) exists and is nonnegative on
[0, 1], so that f is convex, then B′′

n(f ;x) is also nonnegative and Bn(f ;x)
is convex. ■

Bernstein’s discovery of his polynomials was based on an ingenious prob-
abilistic argument. Suppose we have an event that can be repeated and has
only two possible outcomes, A and B. One of the simplest examples is the
tossing of an unbiased coin, where the two possible outcomes, heads and
tails, both occur with probability 0.5. More generally, consider an event
where the outcome A happens with probability x ∈ [0, 1], and thus the
outcome B happens with probability 1−x. Then the probability of A hap-
pening precisely r times followed by B happening n−r times is xr(1−x)n−r.

Since there are
(

n
r

)
ways of choosing the order of r outcomes out of n,

the probability of obtaining r outcomes A and n − r outcomes B in any
order is given by

pn,r(x) =
(
n
r

)
xr(1 − x)n−r.

Thus we have

pn,r(x) =
(
n− r + 1

r

)(
x

1 − x

)
pn,r−1(x),

and it follows that

pn,r(x) > pn,r−1(x) if and only if r < (n+ 1)x.

We deduce that pn,r(x), regarded as a function of r, with x and n fixed,
has a peak when r = rx ≈ nx, for large n, and is monotonically increasing
for r < rx and monotonically decreasing for r > rx. We already know that

n∑
r=0

pn,r(x) = Bn(1;x) = 1,

and in the sum
n∑

r=0

pn,r(x)f
( r
n

)
= Bn(f ;x),

where f ∈ C[0, 1] and n is large, the contributions to the sum from values
of r sufficiently remote from rx will be negligible, and the significant part
of the sum will come from values of r close to rx. Thus, for n large,

Bn(f ;x) ≈ f
(rx
n

)
≈ f(x),

and so Bn(f ;x) → f(x) as n → ∞. While this is by no means a rigorous
argument, and is thus not a proof, it gives some insight into how Bernstein
was motivated in his search for a proof of the Weierstrass theorem.
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Example 7.1.3 To illustrate Bernstein’s argument concerning the poly-
nomials pn,r, let us evaluate these polynomials when n = 8 and x = 0.4.
The resulting values of pn,r(x) are given in the following table:

r 0 1 2 3 4 5 6 7 8

pn,r(x) 0.02 0.09 0.21 0.28 0.23 0.12 0.04 0.01 0.00

In this case, the largest value of pn,r is attained for r = rx = 3, consistent
with our above analysis, which shows that rx ≈ nx = 3.2. ■

Theorem 7.1.5 Given a function f ∈ C[0, 1] and any ε > 0, there exists
an integer N such that

|f(x) −Bn(f ;x)| < ε, 0 ≤ x ≤ 1,

for all n ≥ N .

Proof. In other words, the above statement says that the Bernstein poly-
nomials for a function f that is continuous on [0, 1] converge uniformly to
f on [0, 1]. The following proof is motivated by the plausible argument that
we gave above.

We begin with the identity

( r
n

− x
)2

=
( r
n

)2
− 2
( r
n

)
x+ x2,

multiply each term by
(

n
r

)
xr(1 − x)n−r, and sum from r = 0 to n, to

give

n∑
r=0

( r
n

− x
)2
(
n
r

)
xr(1 − x)n−r = Bn(x2;x) − 2xBn(x;x) + x2Bn(1;x).

It then follows from (7.3), (7.4), and (7.14) that

n∑
r=0

( r
n

− x
)2
(
n
r

)
xr(1 − x)n−r =

1
n
x(1 − x). (7.22)

For any fixed x ∈ [0, 1], let us estimate the sum of the polynomials pn,r(x)
over all values of r for which r/n is not close to x. To make this notion
precise, we choose a number δ > 0 and let Sδ denote the set of all values
of r satisfying

∣∣ r
n − x

∣∣ ≥ δ. We now consider the sum of the polynomials
pn,r(x) over all r ∈ Sδ. Note that

∣∣ r
n − x

∣∣ ≥ δ implies that

1
δ2

( r
n

− x
)2

≥ 1. (7.23)
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Then, using (7.23), we have

∑
r∈Sδ

(
n
r

)
xr(1 − x)n−r ≤ 1

δ2

∑
r∈Sδ

( r
n

− x
)2
(
n
r

)
xr(1 − x)n−r.

The latter sum is not greater that the sum of the same expression over all
r, and using (7.22), we have

1
δ2

n∑
r=0

( r
n

− x
)2
(
n
r

)
xr(1 − x)n−r =

x(1 − x)
nδ2

.

Since 0 ≤ x(1 − x) ≤ 1
4 on [0, 1], we have

∑
r∈Sδ

(
n
r

)
xr(1 − x)n−r ≤ 1

4nδ2
. (7.24)

Let us write
n∑

r=0

=
∑
r∈Sδ

+
∑
r/∈Sδ

,

where the latter sum is therefore over all r such that | r
n − x| < δ. Having

split the summation into these two parts, which depend on a choice of δ
that we still have to make, we are now ready to estimate the difference
between f(x) and its Bernstein polynomial. Using (7.3), we have

f(x) −Bn(f ;x) =
n∑

r=0

(
f(x) − f

( r
n

))(
n
r

)
xr(1 − x)n−r,

and hence

f(x) −Bn(f ;x) =
∑
r∈Sδ

(
f(x) − f

( r
n

))(
n
r

)
xr(1 − x)n−r

+
∑
r/∈Sδ

(
f(x) − f

( r
n

))( n
r

)
xr(1 − x)n−r.

We thus obtain the inequality

|f(x) −Bn(f ;x)| ≤
∑
r∈Sδ

∣∣∣f(x) − f
( r
n

)∣∣∣ ( n
r

)
xr(1 − x)n−r

+
∑
r/∈Sδ

∣∣∣f(x) − f
( r
n

)∣∣∣ ( n
r

)
xr(1 − x)n−r.
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Since f ∈ C[0, 1], it is bounded on [0, 1], and we have |f(x)| ≤ M , for some
M > 0. We can therefore write∣∣∣f(x) − f

( r
n

)∣∣∣ ≤ 2M

for all r and all x ∈ [0, 1], and so

∑
r∈Sδ

∣∣∣f(x) − f
( r
n

)∣∣∣ ( n
r

)
xr(1 − x)n−r ≤ 2M

∑
r∈Sδ

(
n
r

)
xr(1 − x)n−r.

On using (7.24) we obtain

∑
r∈Sδ

∣∣∣f(x) − f
( r
n

)∣∣∣ ( n
r

)
xr(1 − x)n−r ≤ M

2nδ2
. (7.25)

Since f is continuous, it is also uniformly continuous, on [0, 1]. Thus, cor-
responding to any choice of ε > 0 there is a number δ > 0, depending on ε
and f , such that

|x− x′| < δ ⇒ |f(x) − f(x′)| < ε

2
,

for all x, x′ ∈ [0, 1]. Thus, for the sum over r /∈ Sδ, we have

∑
r/∈Sδ

∣∣∣f(x) − f
( r
n

)∣∣∣ ( n
r

)
xr(1 − x)n−r <

ε

2

∑
r/∈Sδ

(
n
r

)
xr(1 − x)n−r

<
ε

2

n∑
r=0

(
n
r

)
xr(1 − x)n−r,

and hence, again using (7.3), we find that

∑
r/∈Sδ

∣∣∣f(x) − f
( r
n

)∣∣∣ ( n
r

)
xr(1 − x)n−r <

ε

2
. (7.26)

On combining (7.25) and (7.26), we obtain

|f(x) −Bn(f ;x)| < M

2nδ2
+
ε

2
.

It follows from the line above that if we choose N > M/(εδ2), then

|f(x) −Bn(f ;x)| < ε

for all n ≥ N , and this completes the proof. ■

Using the methods employed in the above proof, we can show, with a
little greater generality, that if f is merely bounded on [0, 1], the sequence
(Bn(f ;x))∞

n=1 converges to f(x) at any point x where f is continuous. We
will now discuss some further properties of the Bernstein polynomials.
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Theorem 7.1.6 If f ∈ Ck[0, 1], for some integer k ≥ 0, then B
(k)
n (f ;x)

converges uniformly to f (k)(x) on [0, 1].

Proof. We know from Theorem 7.1.5 that the above result holds for k = 0.
For k ≥ 1 we begin with the expression for B(k)

n+k(f ;x) given in (7.16), and
write

∆kf

(
r

n+ k

)
=

f (k)(ξr)
(n+ k)k

,

where r/(n+ k) < ξr < (r + k)/(n+ k), as we did similarly in (7.21). We
then approximate f (k)(ξr), writing

f (k)(ξr) = f (k)
( r
n

)
+
(
f (k)(ξr) − f (k)

( r
n

))
.

We thus obtain

n!(n+ k)k

(n+ k)!
B

(k)
n+k(f ;x) = S1(x) + S2(x), (7.27)

say, where

S1(x) =
n∑

r=0

f (k)
( r
n

)(
n
r

)
xr(1 − x)n−r

and

S2(x) =
n∑

r=0

(
f (k)(ξr) − f (k)

( r
n

))(
n
r

)
xr(1 − x)n−r.

In S2(x), we can make |ξr − r
n | < δ for all r, for any choice of δ > 0, by

taking n sufficiently large. Also, given any ε > 0, we can choose a positive
value of δ such that ∣∣∣f (k)(ξr) − f (k)

( r
n

)∣∣∣ < ε,

for all r, because of the uniform continuity of f (k). Thus S2(x) → 0 uni-
formly on [0, 1] as n → ∞. We can easily verify that

n!(n+ k)k

(n+ k)!
→ 1 as n → ∞,

and we see from Theorem 7.1.5 with f (k) in place of f that S1(x) converges
uniformly to f (k)(x) on [0, 1]. This completes the proof. ■

As we have just seen, not only does the Bernstein polynomial for f
converge to f , but derivatives converge to derivatives. This is a most re-
markable property. In contrast, consider again the sequence of interpolating
polynomials (p∗

n) for ex that appear in Example 2.4.4. Although this se-
quence of polynomials converges uniformly to ex on [−1, 1], this does not
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hold for their derivatives, because of the oscillatory nature of the error of
interpolation.

On comparing the complexity of the proofs of Theorems 7.1.5 and 7.1.6,
it may seem surprising that the additional work required to complete the
proof of Theorem 7.1.6 for k ≥ 1 is so little compared to that needed to
prove Theorem 7.1.5.
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FIGURE 7.3. A and B are the points on the chord CD and on the graph of the
convex function y = f(x), respectively, with abscissa x3 = λx1 + (1 − λ)x2.

We now state results concerning the Bernstein polynomials for a convex
function f . First we define convexity and show its connection with second-
order divided differences.

Definition 7.1.2 A function f is said to be convex on [a, b] if for any
x1, x2 ∈ [a, b],

λf(x1) + (1 − λ)f(x2) ≥ f(λx1 + (1 − λ)x2) (7.28)

for any λ ∈ [0, 1]. Geometrically, this is just saying that a chord connecting
any two points on the convex curve y = f(x) is never below the curve. This
is illustrated in Figure 7.3, where CD is such a chord, and the points A
and B have y-coordinates λf(x1) + (1 − λ)f(x2) and f(λx1 + (1 − λ)x2),
respectively. ■

If f is twice differentiable, f being convex is equivalent to f ′′ being non-
negative. Of course, functions can be convex without being differentiable.
For example, we can have a convex polygonal arc.

Theorem 7.1.7 A function f is convex on [a, b] if and only if all second-
order divided differences of f are nonnegative.

Proof. Since a divided difference is unchanged if we alter the order of its
arguments, as we see from the symmetric form (1.21), it suffices to consider
the divided difference f [x0, x1, x2] where a ≤ x0 < x1 < x2 ≤ b. Then we
obtain from the recurrence relation (1.22) that

f [x0, x1, x2] ≥ 0 ⇔ f [x1, x2] ≥ f [x0, x1]. (7.29)
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On multiplying the last inequality throughout by (x2 −x1)(x1 −x0), which
is positive, we find that both inequalities in (7.29) are equivalent to

(x1 − x0)(f(x2) − f(x1)) ≥ (x2 − x1)(f(x1) − f(x0)),

which is equivalent to

(x1 − x0)f(x2) + (x2 − x1)f(x0) ≥ (x2 − x0)f(x1). (7.30)

If we now divide throughout by x2 −x0 and write λ = (x2 −x1)/(x2 −x0),
we see that x1 = λx0 + (1 − λ)x2, and it follows from (7.30) that

λf(x0) + (1 − λ)f(x2) ≥ f(λx0 + (1 − λ)x2),

thus completing the proof. ■

The proofs of the following two theorems are held over until Section 7.3,
where we will state and prove generalizations of both results.

Theorem 7.1.8 If f(x) is convex on [0, 1], then

Bn(f ;x) ≥ f(x), 0 ≤ x ≤ 1, (7.31)

for all n ≥ 1. ■

Theorem 7.1.9 If f(x) is convex on [0, 1],

Bn−1(f ;x) ≥ Bn(f ;x), 0 ≤ x ≤ 1, (7.32)

for all n ≥ 2. The Bernstein polynomials are equal at x = 0 and x = 1,
since they interpolate f at these points. If f ∈ C[0, 1], the inequality in
(7.32) is strict for 0 < x < 1, for a given value of n, unless f is linear in
each of the intervals

[
r−1
n−1 ,

r
n−1

]
, for 1 ≤ r ≤ n − 1, when we have simply

Bn−1(f ;x) = Bn(f ;x). ■

Note that we have from Theorem 7.1.4 with k = 2 that if f ′′(x) ≥ 0, and
thus f is convex on [0, 1], then Bn(f ;x) is also convex on [0, 1]. In Section
7.3 we will establish the stronger result that Bn(f ;x) is convex on [0, 1],
provided that f is convex on [0, 1].

We conclude this section by stating two theorems concerned with esti-
mating the error f(x) − Bn(f ;x). The first of these is the theorem due to
Elizaveta V. Voronovskaya (1898–1972), which gives an asymptotic error
term for the Bernstein polynomials for functions that are twice differen-
tiable.

Theorem 7.1.10 Let f(x) be bounded on [0, 1]. Then, for any x ∈ [0, 1]
at which f ′′(x) exists,

lim
n→∞n(Bn(f ;x) − f(x)) =

1
2
x(1 − x)f ′′(x). ■ (7.33)
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See Davis [10] for a proof of Voronovskaya’s theorem.

Finally, there is the following result that gives an upper bound for the
error f(x)−Bn(f ;x) in terms of the modulus of continuity, which we defined
in Section 2.6.

Theorem 7.1.11 If f is bounded on [0, 1], then

‖f −Bnf‖ ≤ 3
2
ω

(
1√
n

)
, (7.34)

where ‖ · ‖ denotes the maximum norm on [0, 1]. ■

See Rivlin [48] for a proof of this theorem.

Example 7.1.4 Consider the Bernstein polynomial for f(x) = |x− 1
2 |,

Bn(f ;x) =
n∑

r=0

∣∣∣∣ rn − 1
2

∣∣∣∣
(
n
r

)
xr(1 − x)n−r.

The difference between Bn(f ;x) and f(x) at x = 1
2 is

1
2n

n∑
r=0

∣∣∣∣ rn − 1
2

∣∣∣∣
(
n
r

)
= en,

say. Let us now choose n to be even. We note that(
1
2

− r

n

)(
n
r

)
=
(
n− r

n
− 1

2

)(
n

n− r

)

for all r, and that the quantities on each side of the above equation are
zero when r = n/2. It follows that

2nen =
n∑

r=0

∣∣∣∣ rn − 1
2

∣∣∣∣
(
n
r

)
= 2

n/2∑
r=0

(
1
2

− r

n

)(
n
r

)
. (7.35)
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FIGURE 7.4. The function f(x) = |x − 1
2 | on [0, 1].
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Let us split the last summation into two. We obtain
n/2∑
r=0

(
n
r

)
=

1
2

((
n
n/2

)
+

n∑
r=0

(
n
r

))
=

1
2

(
n
n/2

)
+ 2n−1,

and since
r

n

(
n
r

)
=
(
n− 1
r − 1

)
, r ≥ 1,

we find that

2
n/2∑
r=0

r

n

(
n
r

)
= 2

n/2∑
r=1

(
n− 1
r − 1

)
=

n∑
r=1

(
n− 1
r − 1

)
= 2n−1.

It then follows from (7.35) that

en =
1

2n+1

(
n
n/2

)
∼ 1√

2πn
for n large. The last step follows on using Stirling’s formula for estimating
n! (see Problem 2.1.12). This shows that ‖f −Bnf‖ → 0 at least as slowly
as 1/

√
n for the function f(x) = |x− 1

2 |, where ‖ · ‖ denotes the maximum
norm on [0, 1]. ■

Problem 7.1.1 Show that

Bn(x3;x) = x3 +
1
n2x(1 − x)(1 + (3n− 2)x),

for all n ≥ 3.

Problem 7.1.2 Show that

Bn(eαx;x) = (xeα/n + (1 − x))n

for all integers n ≥ 1 and all real α.

Problem 7.1.3 Deduce from Definition 7.1.2, using induction on n, that
a function f is convex on [a, b] if and only if

n∑
r=0

λrf(xr) ≥ f

(
n∑

r=0

λrxr

)
,

for all n ≥ 0, for all xr ∈ [a, b], and for all λr ≥ 0 such that

λ0 + λ1 + · · · + λn = 1.

Problem 7.1.4 Find a function f and a real number λ such that f is a
polynomial of degree two and Bnf = λf . Also find a function f and a real
number λ such that f is a polynomial of degree three and Bnf = λf .

Problem 7.1.5 Verify Voronovskaya’s Theorem 7.1.10 directly for the two
functions x2 and x3.
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7.2 The Monotone Operator Theorem

In the 1950s, H. Bohman [5] and P. P. Korovkin [31] obtained an amazing
generalization of Bernstein’s Theorem 7.1.5. They found that as far as
convergence is concerned, the crucial properties of the Bernstein operator
Bn are that Bnf → f uniformly on [0, 1] for f = 1, x, and x2, and that
Bn is a monotone linear operator. (See Definition 7.1.1.) We now state the
Bohman–Korovkin theorem, followed by a proof based on that given by
Cheney [7].

Theorem 7.2.1 Let (Ln) denote a sequence of monotone linear operators
that map a function f ∈ C[a, b] to a function Lnf ∈ C[a, b], and let Lnf →
f uniformly on [a, b] for f = 1, x, and x2. Then Lnf → f uniformly on
[a, b] for all f ∈ C[a, b].

Proof. Let us define φt(x) = (t − x)2, and consider (Lnφt)(t). Thus we
apply the linear operator Ln to φt, regarded as a function of x, and then
evaluate Lnφt (which is also a function of x) at x = t. Since Ln is linear,
we obtain

(Lnφt)(t) = t2(Lng0)(t) − 2t(Lng1)(t) + (Lng2)(t),

where
g0(x) = 1, g1(x) = x, g2(x) = x2.

Hence

(Lnφt)(t) = t2[(Lng0)(t) − 1] − 2t[(Lng1)(t) − t] + [(Lng2)(t) − t2].

On writing ‖ · ‖ to denote the maximum norm on [a, b], we deduce that

‖Lnφt‖ ≤ M2‖Lng0 − g0‖ + 2M‖Lng1 − g1‖ + ‖Lng2 − g2‖,

where M = max(|a|, |b|). Since for i = 0, 1, and 2, each term ‖Lngi − gi‖
may be made as small as we please, by taking n sufficiently large, it follows
that

(Lnφt)(t) → 0 as n → ∞, (7.36)

uniformly in t.
Now let f be any function in C[a, b]. Given any ε > 0, it follows from

the uniform continuity of f that there exists a δ > 0 such that for all
t, x ∈ [a, b],

|t− x| < δ ⇒ |f(t) − f(x)| < ε. (7.37)

On the other hand, if |t− x| ≥ δ, we have

|f(t) − f(x)| ≤ 2‖f‖ ≤ 2‖f‖ (t− x)2

δ2
= αφt(x), (7.38)
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say, where α = 2‖f‖/δ2 > 0. Note that φt(x) ≥ 0. Then, from (7.37) and
(7.38), we see that for all t, x ∈ [a, b],

|f(t) − f(x)| ≤ ε+ αφt(x),

and so
−ε− αφt(x) ≤ f(t) − f(x) ≤ ε+ αφt(x). (7.39)

At this stage we make use of the monotonicity of the linear operator Ln. We
apply Ln to each term in (7.39), regarded as a function of x, and evaluate
each resulting function of x at the point t, to give

−ε(Lng0)(t) − α(Lnφt)(t) ≤ f(t)(Lng0)(t) − (Lnf)(t)
≤ ε(Lng0)(t) + α(Lnφt)(t).

Observe that (Lnφt)(t) ≥ 0, since Ln is monotone and φt(x) ≥ 0. Thus we
obtain the inequality

|f(t)(Lng0)(t) − (Lnf)(t)| ≤ ε‖Lng0‖ + α(Lnφt)(t). (7.40)

If we now write Lng0 = 1 + (Lng0 − g0), we obtain

‖Lng0‖ ≤ 1 + ‖Lng0 − g0‖,
and so derive the inequality

|f(t)(Lng0)(t) − (Lnf)(t)| ≤ ε(1 + ‖Lng0 − g0‖) + α(Lnφt)(t). (7.41)

We now write

f(t) − (Lnf)(t) = [f(t)(Lng0)(t) − (Lnf)(t)] + [f(t) − f(t)(Lng0)(t)],

and hence obtain the inequality

|f(t) − (Lnf)(t)| ≤ |f(t)(Lng0)(t) − (Lnf)(t)|
+|f(t) − f(t)(Lng0)(t)|. (7.42)

In (7.41) we have already obtained an upper bound for the first term on
the right of (7.42), and the second term satisfies the inequality

|f(t) − f(t)(Lng0)(t)| ≤ ‖f‖ ‖Lng0 − g0‖. (7.43)

Then, on substituting the two inequalities (7.41) and (7.43) into (7.42), we
find that

|f(t) − (Lnf)(t)| ≤ ε+ (‖f‖ + ε) ‖Lng0 − g0‖ + α(Lnφt)(t). (7.44)

On the right side of the above inequality we have ε plus two nonnegative
quantities, each of which can be made less than ε for all n greater than
some sufficiently large number N , and so

|f(t) − (Lnf)(t)| < 3ε,
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uniformly in t, for all n > N . This completes the proof. ■

Remark If we go through the above proof again, we can see that the
following is a valid alternative version of the statement of Theorem 7.2.1.
We will find this helpful when we discuss the Hermite–Fejér operator.

Let (Ln) denote a sequence of monotone linear operators that map func-
tions f ∈ C[a, b] to functions Lnf ∈ C[a, b]. Then if Lng0 → g0 uniformly
on [0, 1], and (Lnφt)(t) → 0 uniformly in t on [0, 1], where g0 and φt are
defined in the proof of Theorem 7.2.1, it follows that Lnf → f uniformly
on [0, 1] for all f ∈ C[a, b]. ■

Example 7.2.1 We see from Examples 7.1.1 and 7.1.2 that

Bn(1;x) = 1, Bn(x;x) = x, and Bn(x2;x) = x2 +
1
n
x(1 − x).

Thus Bn(f ;x) converges uniformly to f(x) on [0, 1] for f(x) = 1, x, and
x2, and since the Bernstein operator Bn is also linear and monotone, it
follows from the Bohman–Korovkin Theorem 7.2.1 that Bn(f ;x) converges
uniformly to f(x) on [0, 1] for all f ∈ C[0, 1], as we already found in Bern-
stein’s Theorem 7.1.5. ■

We now recall the Hermite interpolating polynomial p2n+1, defined by
(1.38). If we write

q2n+1(x) =
n∑

i=0

[aiui(x) + bivi(x)], (7.45)

where ui and vi are defined in (1.39) and (1.40), then

q2n+1(xi) = ai, q′
2n+1(xi) = bi, 0 ≤ i ≤ n. (7.46)

If we now choose

ai = f(xi), bi = 0, 0 ≤ i ≤ n, (7.47)

where the xi are the zeros of the Chebyshev polynomial Tn+1 and f is a
given function defined on [−1, 1], it follows that

q2n+1(x) =
n∑

i=0

f(xi)ui(x) = (Lnf)(x), (7.48)

say, where ui is given by (2.103), and so

(Lnf)(x) =
(
Tn+1(x)
n+ 1

)2 n∑
i=0

f(xi)
1 − xix

(x− xi)2
. (7.49)
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We call Ln the Hermite–Fejér operator. It is clear that Ln is a linear oper-
ator, and since

0 ≤ 1 − xix ≤ 2 for − 1 ≤ x ≤ 1, (7.50)

for all i, we see that Ln is monotone. We also note that Ln reproduces
the function 1, since the derivative of 1 is zero and (Ln1)(x) interpolates
1 on the Chebyshev zeros. It is also obvious that Ln does not reproduce
the functions x and x2, since their first derivatives are not zero on all the
Chebyshev zeros. Let us apply Ln to the function φt(x) = (t − x)2. We
obtain

(Lnφt)(t) =
(
Tn+1(t)
n+ 1

)2 n∑
i=0

(1 − xit),

and it follows from (7.50) that

|(Lnφt)(t)| ≤ 2
n+ 1

,

so that (Lnφt)(t) → 0 uniformly in t on [−1, 1]. Thus, in view of the
alternative statement of Theorem 7.2.1, given in the remark following the
proof of the theorem, we deduce the following result as a special case of
the Bohman–Korovkin Theorem 7.2.1.

Theorem 7.2.2 Let (Ln) denote the sequence of Hermite–Fejér operators,
defined by (7.49). Then Lnf → f uniformly for all f ∈ C[−1, 1]. ■

Theorem 7.2.2, like Bernstein’s Theorem 7.1.5, gives a constructive proof
of the Weierstrass theorem. A direct proof of Theorem 7.2.2, which does
not explicitly use the Bohman–Korovkin theorem, is given in Davis [10].
We will give another application of the Bohman–Korovkin theorem in the
next section.

We can show (see Problem 7.2.1) that the only linear monotone operator
that reproduces 1, x, and x2, and thus all quadratic polynomials, is the
identity operator. This puts into perspective the behaviour of the Bernstein
operator, which reproduces linear polynomials, but does not reproduce x2,
and the Hermite–Fejér operator, which does not reproduce x or x2.

Problem 7.2.1 Let L denote a linear monotone operator acting on func-
tions f ∈ C[a, b] that reproduces 1, x, and x2. Show that (Lnφt)(t) = 0,
where φt(x) = (t − x)2. By working through the proof of Theorem 7.2.1
show that for a given f ∈ C[a, b], (7.40) yields

|f(t) − (Lf)(t)| ≤ ε

for all t ∈ [a, b] and any given ε > 0. Deduce that Lf = f for all f ∈ C[a, b],
and thus L is the identity operator.
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Problem 7.2.2 Deduce from Theorem 7.2.2 that

lim
n→∞

(
Tn+1(x)
n+ 1

)2 n∑
i=0

1 − xix

(x− xi)2
= 1,

where the xi denote the zeros of Tn+1.

7.3 On the q-Integers

In view of the many interesting properties of the Bernstein polynomials,
it is not surprising that several generalizations have been proposed. In
this section we discuss a generalization based on the q-integers, which are
defined in Section 1.5. Let us write

Bn(f ;x) =
n∑

r=0

fr

[
n
r

]
xr

n−r−1∏
s=0

(1 − qsx) (7.51)

for each positive integer n, where fr denotes the value of the function f at
x = [r]/[n], the quotient of the q-integers [r] and [n], and

[
n
r

]
denotes

a q-binomial coefficient, defined in (1.116). Note that an empty product
in (7.51) denotes 1. When we put q = 1 in (7.51), we obtain the classical
Bernstein polynomial, defined by (7.1), and in this section we consistently
write Bn(f ;x) to mean the generalized Bernstein polynomial, defined by
(7.51). In Section 7.5, whenever we need to emphasize the dependence of
the generalized Bernstein polynomial on the parameter q, we will write
Bq

n(f ;x) in place of Bn(f ;x).
We see immediately from (7.51) that

Bn(f ; 0) = f(0) and Bn(f ; 1) = f(1), (7.52)

giving interpolation at the endpoints, as we have for the classical Bernstein
polynomials. It is shown in Section 8.2 that every q-binomial coefficient is
a polynomial in q (called a Gaussian polynomial) with coefficients that are
all positive integers. It is thus clear that Bn, defined by (7.51), is a linear
operator, and with 0 < q < 1, it is a monotone operator that maps functions
defined on [0, 1] to Pn. The following theorem involves q-differences, which
are defined in Section 1.5. This result yields Theorem 7.1.1 when q = 1.

Theorem 7.3.1 The generalized Bernstein polynomial may be expressed
in the form

Bn(f ;x) =
n∑

r=0

[
n
r

]
∆r

qf0 x
r, (7.53)

where
∆r

qfj = ∆r−1
q fj+1 − qr−1∆r−1

q fj , r ≥ 1,

with ∆0
qfj = fj = f([j]/[n]).
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Proof. Here we require the identity,

n−r−1∏
s=0

(1 − qsx) =
n−r∑
s=0

(−1)sqs(s−1)/2
[
n− r
s

]
xs, (7.54)

which is equivalent to (8.12) and reduces to a binomial expansion when we
put q = 1. Beginning with (7.51), and expanding the term consisting of the
product of the factors (1 − qsx), we obtain

Bn(f ;x) =
n∑

r=0

fr

[
n
r

]
xr

n−r∑
s=0

(−1)sqs(s−1)/2
[
n− r
s

]
xs.

Let us put t = r + s. Then, since[
n
r

] [
n− r
s

]
=
[
n
t

] [
t
r

]
,

we may write the latter double sum as

n∑
t=0

[
n
t

]
xt

t∑
r=0

(−1)t−rq(t−r)(t−r−1)/2
[
t
r

]
fr =

n∑
t=0

[
n
t

]
∆t

qf0 x
t,

on using the expansion for a higher-order q-difference, as in (1.121). This
completes the proof. ■

We see from (1.33) and (1.113) that

∆k
qf(x0)

qk(k−1)/2 [k]!
= f [x0, x1, . . . , xk] =

f (k)(ξ)
k!

,

where xj = [j] and ξ ∈ (x0, xk). Thus q-differences of the monomial xk of
order greater than k are zero, and we see from Theorem 7.3.1 that for all
n ≥ k, Bn(xk;x) is a polynomial of degree k.

We deduce from Theorem 7.3.1 that

Bn(1;x) = 1. (7.55)

For f(x) = x we have ∆0
qf0 = f0 = 0 and ∆1

qf0 = f1 − f0 = 1/[n] , and it
follows from Theorem 7.3.1 that

Bn(x;x) = x. (7.56)

For f(x) = x2 we have ∆0
qf0 = f0 = 0, ∆1

qf0 = f1 − f0 = 1/[n]2 , and

∆2
qf0 = f2 − (1 + q)f1 + qf0 =

(
[2]
[n]

)2

− (1 + q)
(

[1]
[n]

)2

.
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We then find from Theorem 7.3.1 that

Bn(x2;x) = x2 +
x(1 − x)

[n]
. (7.57)

The above expressions for Bn(1;x), Bn(x;x), and Bn(x2;x) generalize their
counterparts given earlier for the case q = 1 and, with the help of Theorem
7.2.1, lead us to the following theorem on the convergence of the generalized
Bernstein polynomials.

Theorem 7.3.2 Let (qn) denote a sequence such that 0 < qn < 1 and
qn → 1 as n → ∞. Then, for any f ∈ C[0, 1], Bn(f ;x) converges uniformly
to f(x) on [0, 1], where Bn(f ;x) is defined by (7.51) with q = qn.

Proof. We saw above from (7.55) and (7.56) that Bn(f ;x) = f(x) for
f(x) = 1 and f(x) = x, and since qn → 1 as n → ∞, we see from (7.57) that
Bn(f ;x) converges uniformly to f(x) for f(x) = x2. Also, since 0 < qn < 1,
it follows that Bn is a monotone operator, and the proof is completed by
applying the Bohman–Korovkin Theorem 7.2.1. ■

We now state and prove the following generalizations of Theorems 7.1.8
and 7.1.9.

Theorem 7.3.3 If f(x) is convex on [0, 1], then

Bn(f ;x) ≥ f(x), 0 ≤ x ≤ 1, (7.58)

for all n ≥ 1 and for 0 < q ≤ 1.

Proof. For each x ∈ [0, 1], let us define

xr =
[r]
[n]

and λr =
[
n
r

]
xr

n−r+1∏
s=0

(1 − qsx), 0 ≤ r ≤ n.

We see that λr ≥ 0 when 0 < q ≤ 1 and x ∈ [0, 1], and note from (7.55)
and (7.56), respectively, that

λ0 + λ1 + · · · + λn = 1

and
λ0x0 + λ1x1 + · · · + λnxn = x.

Then we obtain from the result in Problem 7.1.3 that if f is convex on
[0, 1],

Bn(f ;x) =
n∑

r=0

λrf(xr) ≥ f

(
n∑

r=0

λrxr

)
= f(x),

and this completes the proof. ■
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Theorem 7.3.4 If f(x) is convex on [0, 1],

Bn−1(f ;x) ≥ Bn(f ;x), 0 ≤ x ≤ 1, (7.59)

for all n ≥ 2, where Bn−1(f ;x) and Bn(f ;x) are evaluated using the same
value of the parameter q. The Bernstein polynomials are equal at x = 0 and
x = 1, since they interpolate f at these points. If f ∈ C[0, 1], the inequality
in (7.59) is strict for 0 < x < 1 unless, for a given value of n, the function
f is linear in each of the intervals

[
[r−1]
[n−1] ,

[r]
[n−1]

]
, for 1 ≤ r ≤ n − 1, when

we have simply Bn−1(f ;x) = Bn(f ;x).

Proof. In the proof given by Davis [10] for the special case of this theorem
when q = 1, the difference between two consecutive Bernstein polynomials
is expressed in terms of powers of x/(1 − x). This is not appropriate for
q �= 1, and our proof follows that given by Oruç and Phillips [40]. For
0 < q < 1, let us write

(Bn−1(f ;x) −Bn(f ;x))
n−1∏
s=0

(1 − qsx)−1

=
n−1∑
r=0

f

(
[r]

[n− 1]

)[
n− 1
r

]
xr

n−1∏
s=n−r−1

(1 − qsx)−1

−
n∑

r=0

f

(
[r]
[n]

)[
n
r

]
xr

n−1∏
s=n−r

(1 − qsx)−1.

We now split the first of the above summations into two, writing

xr
n−1∏

s=n−r−1

(1 − qsx)−1 = ψr(x) + qn−r−1ψr+1(x),

say, where

ψr(x) = xr
n−1∏

s=n−r

(1 − qsx)−1. (7.60)

On combining the resulting three summations, the terms in ψ0(x) and
ψn(x) cancel, and we obtain

(Bn−1(f ;x) −Bn(f ;x))
n−1∏
s=0

(1 − qsx)−1 =
n−1∑
r=1

[
n
r

]
arψr(x), (7.61)

where

ar =
[n− r]

[n]
f

(
[r]

[n− 1]

)
+ qn−r [r]

[n]
f

(
[r − 1]
[n− 1]

)
− f

(
[r]
[n]

)
. (7.62)
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It is clear from (7.60) that each ψr(x) is nonnegative on [0, 1] for 0 ≤ q ≤ 1,
and thus from (7.61), it will suffice to show that each ar is nonnegative.
Let us write

λ =
[n− r]

[n]
, x1 =

[r]
[n− 1]

, and x2 =
[r − 1]
[n− 1]

.

It then follows that

1 − λ = qn−r [r]
[n]

and λx1 + (1 − λ)x2 =
[r]
[n]
,

and we see immediately, on comparing (7.62) and (7.28), that

ar = λf(x1) + (1 − λ)f(x2) − f(λx1 + (1 − λ)x2) ≥ 0,

and so Bn−1(f ;x) ≥ Bn(f ;x). We obviously have equality at x = 0 and
x = 1, since all Bernstein polynomials interpolate f at these endpoints.
The inequality will be strict for 0 < x < 1 unless every ar is zero; this can
occur only when f is linear in each of the intervals between consecutive
points [r]/[n− 1], 0 ≤ r ≤ n− 1, when we have Bn−1(f ;x) = Bn(f ;x) for
0 < x < 1. This completes the proof. ■

We now give an algorithm, first published in 1996 (see Phillips [42]), for
evaluating the generalized Bernstein polynomials. When q = 1 it reduces
to the well-known de Casteljau algorithm (see Hoschek and Lasser [26]) for
evaluating the classical Bernstein polynomials.

Algorithm 7.3.1 This algorithm begins with the value of q and the values
of f at the n+ 1 points [r]/[n], 0 ≤ r ≤ n, and computes Bn(f ;x) = f

[n]
0 ,

which is the final number generated by the algorithm.

input: q; f([0]/[n]), f([1]/[n]), . . . , f([n]/[n])
for r = 0 to n
f

[0]
r := f([r]/[n])

next r
for m = 1 to n

for r = 0 to n−m
f

[m]
r := (qr − qm−1x)f [m−1]

r + xf
[m−1]
r+1

next r
next m

output: f
[n]
0 = Bn(f ;x) ■

The following theorem justifies the above algorithm.

Theorem 7.3.5 For 0 ≤ m ≤ n and 0 ≤ r ≤ n−m, we have

f [m]
r =

m∑
t=0

fr+t

[
m
t

]
xt

m−t−1∏
s=0

(qr − qsx), (7.63)
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and, in particular,
f

[n]
0 = Bn(f ;x). (7.64)

Proof. We use induction on m. From the initial conditions in the algorithm,
f

[0]
r := f([r]/[n]) = fr, 0 ≤ r ≤ n, it is clear that (7.63) holds for m = 0

and 0 ≤ r ≤ n. Note that an empty product in (7.63) denotes 1. Let us
assume that (7.63) holds for some m such that 0 ≤ m < n, and for all r
such that 0 ≤ r ≤ n−m. Then, for 0 ≤ r ≤ n−m− 1, it follows from the
algorithm that

f [m+1]
r = (qr − qmx)f [m]

r + xf
[m]
r+1,

and using (7.63), we obtain

f [m+1]
r = ( qr − qmx)

m∑
t=0

fr+t

[
m
t

]
xt

m−t−1∏
s=0

(qr − qsx)

+ x

m∑
t=0

fr+t+1

[
m
t

]
xt

m−t−1∏
s=0

(qr+1 − qsx).

The coefficient of fr on the right of the latter equation is

(qr − qmx)
m−1∏
s=0

(qr − qsx) =
m∏

s=0

(qr − qsx),

and the coefficient of fr+m+1 is xm+1. For 1 ≤ t ≤ m, we find that the
coefficient of fr+t is

(qr− qmx)
[
m
t

]
xt

m−t−1∏
s=0

(qr − qsx) +
[

m
t− 1

]
xt

m−t∏
s=0

(qr+1 − qsx)

= atx
t

m−t−1∏
s=0

(qr − qsx),

say. We see that

at = (qr − qmx)
[
m
t

]
+ qm−t(qr+1 − x)

[
m
t− 1

]

and hence

at = qr

([
m
t

]
+ qm+1−t

[
m
t− 1

])
− qm−tx

(
qt

[
m
t

]
+
[

m
t− 1

])
.

It is easily verified (see (8.7) and (8.8)) that[
m
t

]
+ qm+1−t

[
m
t− 1

]
= qt

[
m
t

]
+
[

m
t− 1

]
=
[
m+ 1
t

]
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and thus

at = (qr − qm−tx)
[
m+ 1
t

]
.

Hence the coefficient of fr+t, for 1 ≤ t ≤ m, in the above expression for
f

[m+1]
r is [

m+ 1
t

]
xt

m−t∏
s=0

(qr − qsx),

and we note that this also holds for t = 0 and t = m+ 1. Thus we obtain

f [m+1]
r =

m+1∑
t=0

fr+t

[
m+ 1
t

]
xt

m−t∏
s=0

(qr − qsx),

and this completes the proof by induction. ■

The above algorithm for evaluating Bn(f ;x) is not unlike Algorithm 1.1.1
(Neville–Aitken). In the latter algorithm, each quantity that is computed
is, like the final result, an interpolating polynomial on certain abscissas.
Similarly, in Algorithm 7.3.1, as we see in (7.63), each intermediate number
f

[m]
r has a form that resembles that of the final number f [n]

0 = Bn(f ;x).
We now show that each f

[m]
r can also be expressed simply in terms of

q-differences, as we have for Bn(f ;x) in (7.53).

Theorem 7.3.6 For 0 ≤ m ≤ n and 0 ≤ r ≤ n−m, we have

f [m]
r =

m∑
s=0

q(m−s)r
[
m
s

]
∆s

qfr x
s. (7.65)

Proof. We may verify (7.65) by induction on m, using the recurrence rela-
tion in Algorithm 7.3.1. Alternatively, we can derive (7.65) from (7.63) as
follows. First we write

m−t−1∏
s=0

(qr − qsx) = q(m−t)r
m−t−1∏

s=0

(1 − qsy),

where y = x/qr, and we find with the aid of (7.54) that

m−t−1∏
s=0

(qr − qsx) =
m−t∑
j=0

(−1)jqj(j−1)/2+(m−t−j)r
[
m− t
j

]
xj .

On substituting this into (7.63), we obtain

f [m]
r =

m∑
t=0

fr+t

[
m
t

]
xt

m−t∑
j=0

(−1)jqj(j−1)/2+(m−t−j)r
[
m− t
j

]
xj .
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If we now let s = j + t, we may rewrite the above double summation as
m∑

s=0

q(m−s)r
[
m
s

]
xs

s∑
j=0

(−1)jqj(j−1)/2
[
s
j

]
fr+s−j ,

which, in view of (1.121), gives

f [m]
r =

m∑
s=0

q(m−s)r
[
m
s

]
∆s

qfr x
s,

and this completes the proof. ■

Problem 7.3.1 Verify (7.65) directly by induction on m, using the recur-
rence relation in Algorithm 7.3.1.

Problem 7.3.2 Work through Algorithm 7.3.1 for the case n = 2, and so
verify directly that f [2]

0 = B2(f ;x).

7.4 Total Positivity

We begin this section by defining a totally positive matrix, and discuss
the nature of linear transformations when the matrix is totally positive.
We will apply these ideas in Section 7.5 to justify further properties of the
Bernstein polynomials concerned with shape, such us convexity.

Definition 7.4.1 A real matrix A is called totally positive if all its minors
are nonnegative, that is,

A
(

i1, i2, . . . , ik
j1, j2, . . . , jk

)
= det



ai1,j1 · · · ai1,jk

...
...

aik,j1 · · · aik,jk


 ≥ 0, (7.66)

for all i1 < i2 < · · · < ik and all j1 < j2 < · · · < jk. We say that A is
strictly totally positive if all its minors are positive, so that ≥ is replaced
by > in (7.66). ■

It follows, on putting k = 1 in (7.66), that a necessary condition for a
matrix to be totally positive is that all its elements are nonnegative.

Theorem 7.4.1 A real matrix A = (aij) is totally positive if

A
(

i, i+ 1, . . . , i+ k
j, j + 1, . . . , j + k

)
≥ 0 for all i, j, and k. (7.67)

Similarly, the matrix A is strictly totally positive if the minors given in
(7.67), which are formed from consecutive rows and columns, are all posi-
tive. ■
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For a proof, see Karlin [28]. In view of Theorem 7.4.1, we can determine
whether A is totally positive or strictly totally positive by testing the pos-
itivity of only those minors that are formed from consecutive rows and
columns, rather than having to examine all minors.

Example 7.4.1 Let us consider the Vandermonde matrix

V = V(x0, . . . , xn) =




1 x0 x2
0 · · · xn

0
1 x1 x2

1 · · · xn
1

...
...

...
...

...
1 xn x2

n · · · xn
n


 . (7.68)

As we showed in Chapter 1 (see Problem 1.1.1),

detV(x0, . . . , xn) =
∏
i>j

(xi − xj). (7.69)

Let 0 < x0 < x1 < · · · < xn. Then we see from (7.69) that detV > 0, and
we now prove that V is strictly totally positive. Using Theorem 7.4.1, it is
sufficient to show that the minors

det




xj
i xj+1

i · · · xj+k
i

xj
i+1 xj+1

i+1 · · · xj+k
i+1

...
...

...
xj

i+k xj+1
i+k · · · xj+k

i+k




are positive for all nonnegative i, j, k such that i+k, j+k ≤ n. On removing
common factors from its rows, the above determinant may be expressed as

(xi · · ·xi+k)j detV(xi, . . . , xi+k) > 0,

since
detV(xi, . . . , xi+k) =

∏
i≤r<s≤i+k

(xs − xr) > 0.

This completes the proof that V is strictly totally positive. ■

If A = BC, where A, B, and C denote matrices of orders m×n,m× k,
and k × n, respectively, then

A
(
i1, . . . , ip
j1, . . . , jp

)
=
∑ · · ·∑
β1<···<βp

B
(
i1, . . . , ip
β1, . . . , βp

)
C
(
β1, . . . , βp

j1, · · · , jp
)
. (7.70)

This is known as the Cauchy–Binet determinant identity. It follows imme-
diately from this most useful identity that the product of totally positive
matrices is a totally positive matrix, and the product of strictly totally
positive matrices is a strictly totally positive matrix.
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Definition 7.4.2 Let v denote the sequence (vi), which may be finite or
infinite. Then we denote by S−(v) the number of strict sign changes in the
sequence v. ■

For example, S−(1,−2, 3,−4, 5,−6) = 5, S−(1, 0, 0, 1,−1) = 1, and
S−(1,−1, 1,−1, 1,−1, . . .) = ∞, where the last sequence alternates +1 and
−1 indefinitely. It is clear that inserting zeros into a sequence, or deleting
zeros from a sequence, does not alter the number of changes of sign. Also,
deleting terms of a sequence does not increase the number of changes of
sign. We use the same notation to denote sign changes in a function.

Definition 7.4.3 Let

vi =
n∑

k=0

aikuk, i = 0, 1, . . . ,m,

where the uk and the aik, and thus the vi, are all real. This linear trans-
formation is said to be variation-diminishing if

S−(v) ≤ S−(u). ■

Definition 7.4.4 A matrix A, which may be finite or infinite, is said to
be m-banded if there exists an integer l such that aij �= 0 implies that
l ≤ j − i ≤ l +m. ■

This is equivalent to saying that all the nonzero elements of A lie on
m + 1 diagonals. We will say that a matrix A is banded if it is m-banded
for some m. Note that every finite matrix is banded. We have already
met 1-banded and 2-banded (tridiagonal) matrices in Chapter 6. In this
section we will be particularly interested in 1-banded matrices, also called
bidiagonal matrices, because of Theorem 7.4.3 below.

We now come to the first of the main results of this section.

Theorem 7.4.2 If T is a totally positive banded matrix and v is any
vector for which Tv is defined, then

S−(Tv) ≤ S−(v). ■

For a proof of this theorem see Goodman [22].
When we first encounter it, the question of whether a linear transfor-

mation is variation-diminishing may not seem very interesting. However,
building on the concept of a variation-diminishing linear transformation,
we will see in Section 7.5 that the number of sign changes in a function f
defined on [0, 1] is not increased if we apply a Bernstein operator, and we
say that Bernstein operators are shape-preserving. This property does not
always hold, for example, for interpolating operators.
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Example 7.4.2 Let v denote an infinite real sequence for which S−(v) is
finite. Consider the sequence w = (wi)∞

i=0 defined by

wi = vi + vi−1 for i ≥ 1, and w0 = v0.

Then w = Tv, where

T =




1 0 0 0 · · ·
1 1 0 0 · · ·
0 1 1 0 · · ·
0 0 1 1 · · ·
...

...
...

...
...


 .

Let us consider the minors of T constructed from consecutive rows and
columns. Any such minor whose leading (top left) element is 0 has either a
whole row or a whole column of zeros, and so the minor is zero. It is also not
hard to see that any minor constructed from consecutive rows and columns
whose leading element is 1 has itself the value 1. Thus, by Theorem 7.4.1,
the matrix T is totally positive, and so we deduce from Theorem 7.4.2 that
S−(w) = S−(Tv) ≤ S−(v). ■

Theorem 7.4.3 A finite matrix is totally positive if and only if it is a
product of 1-banded matrices with nonnegative elements. ■

For a proof of this theorem, see de Boor and Pinkus [13]. An immediate con-
sequence of Theorem 7.4.3 is that the product of totally positive matrices is
totally positive, as we have already deduced above from the Cauchy–Binet
identity.

Example 7.4.3 To illustrate Theorem 7.4.3, consider the 1-banded fac-
torization
 1 1 1

1 2 4
1 3 9


 =


 1 0 0

0 1 0
0 1 1




 1 0 0

1 1 0
0 1 1




 1 1 0

0 1 2
0 0 2




 1 0 0

0 1 1
0 0 1


 .

The four matrices in the above product are indeed all 1-banded matrices
with nonnegative elements, and their product is totally positive. ■

We now state a theorem, and give a related example, concerning the
factorization of a matrix into the product of lower and upper triangular
matrices.

Theorem 7.4.4 A matrix A is strictly totally positive if and only if it can
be expressed in the form A = LU where L is a lower triangular matrix,
U is an upper triangular matrix, and both L and U are totally positive
matrices. ■
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For a proof, see Cryer [9].

Example 7.4.4 To illustrate Theorem 7.4.4, we continue Example 7.4.3,
in which the matrix

A =


 1 1 1

1 2 4
1 3 9




is expressed as a product of four 1-banded matrices. If we multiply the first
two of these 1-banded matrices, and also multiply the third and fourth, we
obtain the LU factorization

A =


 1 0 0

1 1 0
1 2 1




 1 1 1

0 1 3
0 0 2


 = LU,

and it is easy to verify that L and U are both totally positive. ■

The matrix A in Example 7.4.4 is the 3×3 Vandermonde matrix V(1, 2, 3).
In Section 1.2 we gave (see Theorem 1.2.3) the LU factorization of the
general Vandermonde matrix.

Example 7.4.5 Let

A =


 1 0 1

1 0 1
0 0 0


 .

Then we can easily verify that A is totally positive, and it is obviously not
strictly totally positive. We give two different LU factorizations of A:

A = LU =


 1 0 0

1 0 0
0 0 0




 1 0 1

0 1 0
0 0 0


 ,

where L is totally positive but U is not, and

A = LU =


 1 0 0

1 1 0
0 1 1




 1 0 1

0 0 0
0 0 0


 ,

where both L and U are totally positive. This example shows that we can-
not replace “strictly totally positive” by “totally positive” in the statement
of Theorem 7.4.4. ■

Definition 7.4.5 For a real-valued function f on an interval I, we define
S−(f) to be the number of sign changes of f , that is,

S−(f) = supS−(f(x0), . . . , f(xm)),

where the supremum is taken over all increasing sequences (x0, . . . , xm) in
I, for all m.
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Definition 7.4.6 We say that a sequence (φ0, . . . , φn) of real-valued func-
tions on an interval I is totally positive if for any points 0 < x0 < · · · < xn

in I, the collocation matrix (φj(xi))n
i,j=0 is totally positive. ■

Theorem 7.4.5 Let ψi(x) = ω(x)φi(x), for 0 ≤ i ≤ n. Then, if ω(x) ≥ 0
on I and the sequence of functions (φ0, . . . , φn) is totally positive on I, the
sequence (ψ0, . . . , ψn) is also totally positive on I.

Proof. This follows easily from the definitions. ■

Theorem 7.4.6 If (φ0, . . . , φn) is totally positive on I, then for any num-
bers a0, . . . , an,

S−(a0φn + · · · + anφn) ≤ S−(a0, . . . , an). ■

For a proof of this theorem see Goodman [22].

Definition 7.4.7 Let L denote a linear operator that maps each function
f defined on an interval [0, 1] onto Lf defined on [0, 1]. Then we say that
L is variation-diminishing if

S−(Lf) ≤ S−(f). ■

Problem 7.4.1 Show that an n×n matrix has (2n −1)2 minors, of which
1
4n

2(n + 1)2 are formed from consecutive rows and columns. How many
minors are there in these two categories for an m× n matrix?

Problem 7.4.2 Show that the matrix

a0 a1 a2 a3 a4
0 a0 a1 a2 a3
0 0 a0 a1 a2
0 0 0 a0 a1
0 0 0 0 a0




is totally positive, where ai ≥ 0 for all i, and a2
i −ai−1ai+1 ≥ 0 for 1 ≤ i ≤ 3.

Problem 7.4.3 Let v denote an infinite real sequence for which S−(v) is
finite. Consider the sequence w defined by

wr =
r∑

s=0

vs for r ≥ 0.

Show that S−(w) ≤ S−(v).
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Problem 7.4.4 Repeat Problem 7.4.3 with the sequence w defined by

wr =
r∑

s=0

(
r
s

)
vs for r ≥ 0,

again showing that S−(w) ≤ S−(v).

Problem 7.4.5 Show that the matrix


(x0 + t0)−1 (x0 + t1)−1 1 x0
(x1 + t0)−1 (x1 + t1)−1 1 x1
(x2 + t0)−1 (x2 + t1)−1 1 x2
(x3 + t0)−1 (x3 + t1)−1 1 x3




is totally positive if 0 < x0 < x1 < x2 < x3 and 0 < t0 < t1.

7.5 Further Results

This section is based on the work of Goodman, Oruç and Phillips [23]. We
will use the theory of total positivity, developed in the last section, to justify
shape-preserving properties of the generalized Bernstein polynomials. We
will also show that if a function f is convex on [0, 1], then for each x
in [0, 1] the generalized Bernstein polynomial Bn(f ;x) approaches f(x)
monotonically from above as the parameter q increases, for 0 < q ≤ 1.

In the last section we saw that for 0 < x0 < x1 < · · · < xn, the Vander-
monde matrix V(x0, . . . , xn) is strictly totally positive. It then follows from
Definition 7.4.6 that the sequence of monomials (xi)n

i=0 is totally positive on
any interval [0,∞). We now make the change of variable t = x/(1−x), and
note that t is an increasing function of x. Thus, if ti = xi/(1 − xi), and we
now let 0 < x0 < x1 < · · · < xn < 1, it follows that 0 < t0 < t1 < · · · < tn.

Since the Vandermonde matrix V(t0, . . . , tn) is strictly totally positive,
it follows that the sequence of functions(

1,
x

1 − x
,

x2

(1 − x)2
, . . . ,

xn

(1 − x)n

)

is totally positive on [0, 1]. We also see from Theorem 7.4.5 that the se-
quence of functions(

(1 − x)n, x(1 − x)n−1, x2(1 − x)n−2, . . . , xn−1(1 − x), xn
)

(7.71)

is totally positive on [0, 1]. Since the n+ 1 functions in the sequence (7.71)
are a basis for Pn, the subspace of polynomials of degree at most n, they
are a basis for all the classical Bernstein polynomials of degree n, defined
by (7.1), and we can immediately deduce the following powerful result from
Theorem 7.4.6.
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Theorem 7.5.1 Let Bn(f ;x) denote the classical Bernstein polynomial of
degree n for the function f . Then

S−(Bnf) ≤ S−(f) (7.72)

for all f defined on [0, 1], and thus the classical Bernstein operator Bn is
variation-diminishing.

Proof. Using Theorem 7.4.6, we have

S−(Bnf) ≤ S−(f0, f1, . . . , fn) ≤ S−(f),

where fr = f(r/n). ■

For each q such that 0 < q ≤ 1, and each n ≥ 1, we now define

P q
n,j(x) = xj

n−j−1∏
s=0

(1 − qsx), 0 ≤ x ≤ 1, (7.73)

for 0 ≤ j ≤ n. These functions are a basis for Pn, and are thus a basis
for all the generalized Bernstein polynomials of degree n, defined by (7.51).
We have already seen above that (P 1

n,0, P
1
n,1, . . . , P

1
n,n) is totally positive on

[0, 1], and we will show below that the same holds for (P q
n,0, P

q
n,1, . . . , P

q
n,n),

for any q such that 0 < q ≤ 1.
Since the functions defined in (7.73) are a basis for Pn, it follows that

for any choice of q and r satisfying 0 < q, r ≤ 1, there exists a nonsingular
matrix Tn,q,r such that


P q

n,0(x)
...

P q
n,n(x)


 = Tn,q,r



P r

n,0(x)
...

P r
n,n(x)


 . (7.74)

Theorem 7.5.2 For 0 < q ≤ r ≤ 1 all elements of the matrix Tn,q,r are
nonnegative.

Proof. We use induction on n. Since T1,q,r is the 2 × 2 identity matrix,
its elements are obviously nonnegative. Let us assume that the elements of
Tn,q,r are all nonnegative for some n ≥ 1. Then, since

P q
n+1,j+1(x) = xP q

n,j(x), 0 ≤ j ≤ n, (7.75)

for all q such that 0 < q ≤ 1, we see from (7.75) and (7.74) that




P q
n+1,1(x)

...
P q

n+1,n+1(x)


 = Tn,q,r




P r
n+1,1(x)

...
P r

n+1,n+1(x)


 . (7.76)
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Also, we have

P q
n+1,0(x) = (1 − qnx)P q

n,0(x) = (1 − qnx)
n∑

j=0

tn,q,r
0,j P r

n,j(x), (7.77)

where (tn,q,r
0,0 , tn,q,r

0,1 , . . . , tn,q,r
0,n ) denotes the first row of the matrix Tn,q,r.

If we now substitute

(1 − qnx)P r
n,j(x) = P r

n+1,j(x) + (rn−j − qn)P r
n+1,j+1(x)

in the right side of (7.77) and simplify, we obtain

P q
n+1,0(x) = t n,q,r

0,0 P r
n+1,0(x) + (1 − qn)tn,q,r

0,n P r
n+1,n+1(x)

+
n∑

j=1

(
(rn+1−j − qn)tn,q,r

0,j−1 + tn,q,r
0,j

)
P r

n+1,j(x). (7.78)

Then, on combining (7.76) and (7.78), we find that


P q
n+1,0(x)
P q

n+1,1(x)
...

P q
n+1,n+1(x)


 =



tn,q,r
0,0 vT

n+1

0 Tn,q,r






P r
n+1,0(x)
P r

n+1,1(x)
...

P r
n+1,n+1(x)


 , (7.79)

so that

Tn+1,q,r =



tn,q,r
0,0 vT

n+1

0 Tn,q,r


 . (7.80)

In the block matrix on the right side of (7.80) 0 denotes the zero vector
with n + 1 elements, and vT

n+1 is the row vector whose elements are the
coefficients of P r

n+1,1(x), . . . , P
r
n+1,n+1(x), given by (7.78). On substituting

x = 0 in (7.80), it is clear that tn,q,r
0,0 = 1. We can deduce from (7.78) that

if 0 < q ≤ r ≤ 1, the elements of vT
n+1 are nonnegative, and this completes

the proof by induction. ■

It follows from (7.80) and the definition of vT
n+1 that

tn+1,q,r
0,0 = tn,q,r

0,0 (7.81)

and
tn+1,q,r
0,j = (rn+1−j − qn)tn,q,r

0,j−1 + tn,q,r
0,j , 1 ≤ j ≤ n. (7.82)

We will require this recurrence relation, which expresses the elements in
the first row of Tn+1,q,r in terms of those in the first row of Tn,q,r, in
the proof of our next theorem. This shows that the transformation matrix
Tn,q,r can be factorized as a product of 1-banded matrices. First we require
the following lemma.
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Lemma 7.5.1 For m ≥ 1 and any real r and a, let A(m, a) denote the
m× (m+ 1) matrix


1 rm − a

1 rm−1 − a
· ·

· ·
1 r − a


 .

Then
A(m, a)A(m+ 1, b) = A(m, b)A(m+ 1, a). (7.83)

Proof. For i = 0, . . . ,m− 1 the ith row of each side of (7.83) is[
0, . . . , 0, 1, rm+1−i + rm−i − a− b, (rm−i − a)(rm−i − b), 0, . . . , 0

]
. ■

For 1 ≤ j ≤ n−1, let B(n)
j denote the 1-banded (n+1)× (n+1) matrix

that has units on the main diagonal, and has the elements

rj − qn−j , rj−1 − qn−j , . . . , r − qn−j , 0, . . . , 0

on the diagonal above the main diagonal, where there are n − j zeros at
the lower end of that diagonal. Thus, for example,

B(n)
2 =




1 r2 − qn−2

1 r − qn−2

1
·

·
1



.

The matrix B(n+1)
j can be expressed in a block form involving the matrix

B(n)
j . We can verify that

B(n+1)
1 =


 1 cT

0

0 I


 (7.84)

and

B(n+1)
j+1 =


 1 cT

j

0 B(n)
j


 (7.85)

for 1 ≤ j ≤ n−1, where each cT
j is a row vector, 0 denotes the zero vector,

and I is the unit matrix of order n+ 1.
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Theorem 7.5.3 For n ≥ 2 and any q, r, we have

Tn,q,r = B(n)
1 B(n)

2 · · ·B(n)
n−1, (7.86)

where B(n)
j is the 1-banded matrix defined above.

Proof. We use induction on n. For all n ≥ 2 let

Sn,q,r = B(n)
1 B(n)

2 · · ·B(n)
n−1. (7.87)

It is easily verified that

T2,q,r = S2,q,r = B(2)
1 =


 1 r − q 0

0 1 0
0 0 1


 .

Let us assume that for some n ≥ 2, Tn,q,r = Sn,q,r. It follows from (7.84)
and (7.85) that

Sn+1,q,r =


 1 cT

0

0 I




 1 cT

1

0 B(n)
1


 · · ·


 1 cT

n−1

0 B(n)
n−1


 . (7.88)

If we carry out the multiplication of the n block matrices on the right of
(7.88), then, using (7.86), we see that

Sn+1,q,r =


 1 dT

0 Tn,q,r


 ,

where dT is a row vector. Thus it remains only to verify that the first rows
of Tn+1,q,r and Sn+1,q,r are equal. Let us denote the first row of Sn,q,r by[

sn,q,r
0,0 , sn,q,r

0,1 , . . . , sn,q,r
0,n

]
.

We will show that sn,q,r
0,n = 0. Let us examine the product of the n − 1

matrices on the right of (7.87). We can show by induction on j that for
1 ≤ j ≤ n−1, the product B(n)

1 B(n)
2 · · ·B(n)

j is j-banded, where the nonzero
elements are on the main diagonal and the j diagonals above the main
diagonal. (See Problem 7.5.2.) Thus Sn,q,r is (n − 1)-banded, and so the
last element in its first row, sn,q,r

0,n , is zero.

Now let us write the matrix B(n+1)
j in the block form

B(n+1)
j =


 A(j, qn+1−j) O

Cj Dj


 ,



7.5 Further Results 285

where A(j, qn+1−j) is the j × (j + 1) matrix defined in Lemma 7.5.1, O
is the j × (n + 1 − j) zero matrix, Cj is (n + 2 − j) × (j + 1), and Dj is
(n+ 2 − j) × (n+ 1 − j). Thus

B(n+1)
1 B(n+1)

2 · · ·B(n+1)
j =


 A(1, qn) · · ·A(j, qn+1−j) 0T

Fj Gj


 , (7.89)

where A(1, qn) · · ·A(j, qn+1−j) is 1× (j+1) and 0T is the zero vector with
n + 1 − j elements. In particular, on putting j = n in (7.89), we see from
(7.87) that the first row of Sn+1,q,r is[

A(1, qn)A(2, qn−1) · · ·A(n− 1, q2)A(n, q), 0
]

=
[
wT , 0

]
, (7.90)

say, where wT is a row vector with n + 1 elements. (We note in passing
that this confirms our earlier observation that the last element of the first
row of Sn+1,q,r is zero.) In view of Lemma 7.5.1, we may permute the
quantities qn, qn−1, . . . , q in (7.90), leaving wT unchanged. In particular,
we may write

wT = A(1, qn−1)A(2, qn−2) · · ·A(n− 1, q)A(n, qn). (7.91)

Now, by comparison with (7.90), the product of the first n− 1 matrices in
(7.91) is the row vector containing the first n elements in the first row of
Sn,q,r, and thus

wT = [sn,q,r
0,0 , . . . , sn,q,r

0,n−1]




1 rn − qn

. . . . . .
1 r − qn




= [tn,q,r
0,0 , . . . , tn,q,r

0,n−1]




1 rn − qn

. . . . . .
1 r − qn


 .

This gives
sn+1,q,r
0,0 = tn,q,r

0,0

and
sn+1,q,r
0,j = (rn+1−j − qn)tn,q,r

0,j−1 + tn,q,r
0,j , 1 ≤ j ≤ n,

where we note that tn,q,r
0,n = 0. It then follows from (7.81) and (7.82) that

sn+1,q,r
0,j = tn+1,q,r

0,j , 0 ≤ j ≤ n,

and since sn+1,q,r
0,n+1 = 0 = tn+1,q,r

0,n+1 , (7.86) holds for n+1. This completes the
proof. ■

If 0 < q ≤ rn−1 ≤ 1, all elements in the 1-banded matrices B(n)
j on the

right of (7.86) are nonnegative. Then, from Theorem 7.4.3, we immediately
have the following result concerning the total positivity of Tn,q,r.
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Theorem 7.5.4 If 0 < q ≤ rn−1 ≤ 1, the transformation matrix Tn,q,r is
totally positive. ■

Theorem 7.5.4 has the following important consequence for the generalized
Bernstein polynomials.

Theorem 7.5.5 For 0 < q ≤ 1, the set of functions (P q
n,0, . . . , P

q
n,n), which

are a basis for all generalized Bernstein polynomials of degree n, is totally
positive on [0, 1].

Proof. Let Aq
n denote the collocation matrix (P q

n,j(xi))n
i,j=0, where we have

0 ≤ x0 < · · · < xn ≤ 1. Then we see from (7.74) that

Aq
n = Tn,1,qA1

n. (7.92)

For every q such that 0 < q ≤ 1, Aq
n is the product of two totally positive

matrices, and so is itself totally positive. It then follows from Definition
7.4.6 that (P q

n,0, . . . , P
q
n,n) is totally positive on [0, 1]. ■

Let p denote any polynomial in Pn, and let q, r denote any real numbers
such that 0 < q, r ≤ 1. Since (P q

n,0, . . . , P
q
n,n) and (P r

n,0, . . . , P
r
n,n) are both

bases for Pn, there exist real numbers aq
0, . . . , a

q
n and ar

0, . . . , a
r
n such that

p(x) = aq
0P

q
n,0(x) + · · · + aq

nP
q
n,n(x) = ar

0P
r
n,0(x) + · · · + ar

nP
r
n,n(x), (7.93)

and we can deduce from (7.74) that

[aq
0, a

q
1, . . . , a

q
n]Tn,q,r = [ar

0, a
r
1, . . . , a

r
n]. (7.94)

If 0 < q ≤ rn−1, the matrix Tn,q,r is totally positive and (see Problem
7.5.1) so is its transpose. In particular, the matrix Tn,r,1 is totally positive
for all r such that 0 < r ≤ 1. Thus we see from (7.94) and Theorem 7.4.2
that

S− (a1
0, . . . , a

1
n

) ≤ S− (ar
0, . . . , a

r
n) ≤ S− (aq

0, . . . , a
q
n) ,

where
p(x) = a1

0P
1
n,0(x) + · · · + a1

nP
1
n,n(x). (7.95)

Since (P 1
n,0, . . . , P

1
n,n) is totally positive, it follows from Theorem 7.4.6 that

for 0 < q ≤ rn−1 ≤ 1 and with p defined by (7.93) and (7.95),

S−(p) ≤ S− (a1
0, . . . , a

1
n

) ≤ S− (ar
0, . . . , a

r
n) ≤ S− (aq

0, . . . , a
q
n) . (7.96)

We can now state a generalization of Theorem 7.5.1.

Theorem 7.5.6 Let Bq
n(f ;x) denote the generalized Bernstein polynomial

that we denoted by Bn(f ;x) in (7.51). Then

S−(Bq
nf) ≤ S−(f) (7.97)

on [0, 1], and thus the operator Bq
n is variation-diminishing.
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Proof. Let us choose

p(x) = Bq
n(f ;x) = aq

0P
q
n,0(x) + · · · + aq

nP
q
n,n(x)

in (7.97). We have already noted that the q-binomial coefficient
[

n
r

]
is a

polynomial in q with positive integer coefficients, and so is positive if q > 0.
Thus, for q > 0,

S−(Bq
nf) ≤ S−(f0, f1, . . . , fn) ≤ S−(f),

where fr = f([r]/[n]). ■

Let p denote any linear polynomial; that is, p ∈ P1. Then, since Bq
n

reproduces linear polynomials, we may deduce the following result from
Theorem 7.5.6.

Theorem 7.5.7 For any function f and any linear polynomial p, we have

S−(Bq
nf − p) ≤ S−(Bq

n(f − p)) ≤ S−(f − p), (7.98)

for 0 < q ≤ 1. ■

The next two theorems readily follow from Theorem 7.5.7.

Theorem 7.5.8 Let f be monotonically increasing (decreasing) on [0, 1].
Then the generalized Bernstein polynomial Bq

nf is also monotonically in-
creasing (decreasing) on [0, 1], for 0 < q ≤ 1.

Proof. We have already proved this in Theorem 7.1.2 when q = 1. Let us
replace p in (7.98) by the constant c. Then, if f is monotonically increasing
on [0, 1],

S−(Bq
nf − c) ≤ S−(f − c) ≤ 1

for all choices of constant c, and thus Bq
nf is monotonically increasing or

decreasing. Since

Bq
n(f ; 0) = f(0) ≤ f(1) = Bq

n(f ; 1),

Bq
nf must be monotonically increasing. On the other hand, if f is monoton-

ically decreasing, we may replace f by −f , and repeat the above argument,
concluding that Bq

nf is monotonically decreasing. ■

Theorem 7.5.9 If f is convex on [0, 1], then Bq
nf is also convex on [0, 1],

for 0 < q ≤ 1.

Proof. Let p denote any linear polynomial. Then if f is convex, the graph of
p can intersect that of f at no more than two points, and thus S−(f−p) ≤ 2.
It follows from (7.98) that for any q such that 0 < q ≤ 1,

S−(Bq
nf − p) = S−(Bq

n(f − p)) ≤ S−(f − p) ≤ 2. (7.99)
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Suppose the graph of p intersects that of Bq
nf at a and b. Then we have

p(a) = Bq
n(f ; a) and p(b) = Bq

n(f ; b), where 0 < a < b < 1, and we see
from (7.99) that Bq

nf − p cannot change sign in (a, b). As we vary a and b,
a continuity argument shows that the sign of Bq

nf − p on (a, b) is the same
for all a and b, 0 < a < b < 1. From the convexity of f we see that in the
limiting case where a = 0 and b = 1, 0 ≤ p(x) − f(x) on [0, 1], so that

0 ≤ Bq
n(p− f ;x) = p(x) −Bq

n(f ;x), 0 ≤ x ≤ 1,

and thus Bq
n is convex. ■

We conclude this section by proving that if f is convex, the generalized
Bernstein polynomials Bq

nf , for n fixed, are monotonic in q.

Theorem 7.5.10 For 0 < q ≤ r ≤ 1 and for f convex on [0, 1], we have

f(x) ≤ Br
n(f ;x) ≤ Bq

n(f ;x), 0 ≤ x ≤ 1. (7.100)

Proof. It remains only to establish the second inequality in (7.100), since
the first inequality has already been proved in Theorem 7.3.3. Let us write

ζq
n,j =

[j]
[n]

and aq
n,j =

[
n
j

]
.

Then, for any function g on [0,1],

Bq
n(g;x) =

n∑
j=0

g(ζq
n,j)a

q
n,jP

q
n,j(x) =

n∑
j=0

n∑
k=0

g(ζq
n,j)a

q
n,jt

n,q,r
j,k P r

n,k(x),

and thus

Bq
n(g;x) =

n∑
k=0

P r
n,k(x)

n∑
j=0

tn,q,r
j,k g(ζq

n,j)a
q
n,j . (7.101)

With g(x) = 1, this gives

1 =
n∑

j=0

aq
n,jP

q
n,j(x) =

n∑
k=0

P r
n,k(x)

n∑
j=0

tn,q,r
j,k aq

n,j

and hence
n∑

j=0

tn,q,r
j,k aq

n,j = ar
n,k, 0 ≤ k ≤ n. (7.102)

On putting g(x) = x in (7.101), we obtain

x =
n∑

j=0

ζq
n,ja

q
n,jP

q
n,j(x) =

n∑
k=0

P r
n,k(x)

n∑
j=0

tn,q,r
j,k ζq

n,ja
q
n,j .
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Since
n∑

j=0

ζr
n,ja

r
n,jP

r
n,j(x) = x,

we have
n∑

j=0

tn,q,r
j,k ζq

n,ja
q
n,j = ζr

n,ka
r
n,k, 0 ≤ k ≤ n. (7.103)

Let us write

λj =
tn,q,r
j,k aq

n,j

ar
n,k

,

and we see from (7.102) and (7.103), respectively, that

n∑
j=0

λj = 1 and ζr
n,k =

n∑
j=0

λjζ
q
n,j .

It then follows from Problem 7.1.3 that if f is convex,

f(ζr
n,k) = f


 n∑

j=0

λjζ
q
n,j


 ≤

n∑
j=0

λjf(ζq
n,j),

which gives

f(ζr
n,k) ≤

n∑
j=0

(ar
n,k)−1tn,q,r

j,k aq
n,jf(ζq

n,j). (7.104)

On substituting

P q
n,j(x) =

n∑
k=0

tn,q,r
j,k P r

n,k(x),

obtained from (7.74), into

Bq
n(f ;x) =

n∑
j=0

f(ζq
n,j)a

q
n,jP

q
n,j(x),

we find that

Bq
n(f ;x) =

n∑
k=0

ar
n,kP

r
n,k(x)

n∑
j=0

(ar
n,k)−1tn,q,r

j,k f(ζq
n,j)a

q
n,j .

It then follows from (7.104) that

Bq
n(f ;x) ≥

n∑
k=0

ar
n,kP

r
n,k(x)f(ζr

n,k) = Br
n(f ;x),

and this completes the proof. ■
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Problem 7.5.1 Given that

detA = detAT ,

for any square matrix A, deduce from Definition 7.4.1 that if the matrix
A is totally positive, so also is AT .

Problem 7.5.2 Let A1,A2, . . . denote m×m matrices that are 1-banded,
and whose nonzero elements are on the main diagonal and the diagonal
above the main diagonal. Show by induction on j that for 1 ≤ j ≤ m− 1,
the product A1A1 · · ·Aj is a j-banded matrix.




