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Nonlinear Elliptic Equations

Introduction

Methods of the calculus of variations applied to problems in geometry and
classical continuum mechanics often lead to elliptic PDE that are not linear. We
discuss a number of examples and some of the developments that have arisen to
treat such problems.

The simplest nonlinear elliptic problems are the semilinear ones, of the form
Lu = f(x,D™ 'u), where L is a linear elliptic operator of order m and the
nonlinear term f(x, D™ 'u) involves derivatives of u of order < m —1.In§ 1 we
look at semilinear equations of the form

(0.1) Au= f(x,u),

on a compact, Riemannian manifold M, with or without boundary. The Dirichlet
problem for (0.1) is solvable provided 9, f(x,u) > 0 if each connected com-
ponent of M has a nonempty boundary. If M has no boundary, this condition
does not always imply the solvability of (0.1), but one can solve this equation if
one requires f(x,u) to be positive for u > a; and negative for u < ag. We use
three approaches to (0.1): a variational approach, minimizing a function defined
on a certain function space, the “method of continuity,” solving a one-parameter
family of equations of the type (0.1), and a variant of the method of continuity
that involves a Leray—Schauder fixed-point theorem. This fixed-point theorem is
established in Appendix B, at the end of this chapter.
A particular example of (0.1) is

(0.2) Au = k(x) — K(x)e®,

which arises when one has a 2-manifold with Gauss curvature k(x) and wants
to multiply the metric tensor by the conformal factor e2* and obtain K(x) as the
Gauss curvature. The condition 9, f(x,u) > 0 implies that K(x) < 0in (0.2).

In § 2 we study (0.2) on a compact, Riemannian 2-fold without boundary, given
K(x) < 0. The Gauss—Bonnet formula implies that y(M) < 0 is a necessary

M.E. Taylor, Partial Differential Equations III: Nonlinear Equations, 105
Applied Mathematical Sciences 117, DOI 10.1007/978-1-4419-7049-7_2,
© Springer Science+Business Media, LLC 1996, 2011



106 14. Nonlinear Elliptic Equations

condition for solvability in this case; the main result of §2 is that this is also a
sufficient condition. When you take K = —1, this establishes the uniformization
theorem for compact Riemann surfaces of negative Euler characteristic. When
x(M) = 0, one takes K = 0 and (0.2) is linear. The remaining case of this
uniformization theorem, y(M) = 2, is treated in Chap. 10, § 9.

The next topic is local solvability of nonlinear elliptic PDE. We establish this
via the inverse function theorem for C!-maps on a Banach space. We treat un-
derdetermined as well as determined elliptic equations. We obtain solutions in § 3
with a high but finite degree of regularity. In some cases such solutions are actu-
ally C°.In § 4 we establish higher regularity for solutions to elliptic PDE that are
already known to have a reasonably high degree of smoothness. This result suf-
fices for applications made in § 3, though PDE encountered further on will require
much more powerful regularity results.

In §5 we establish the theorem of J. Nash, on isometric imbeddings of com-
pact Riemannian manifolds in Euclidean space, largely following the ingenious
simplification of M. Giinther [Gul], allowing one to apply the inverse function
theorem for C !-maps on a Banach space. Again, the regularity result of § 4 ap-
plies, allowing one to obtain a C *°-isometric imbedding.

In § 6 we introduce the venerable problem of describing minimal surfaces. We
establish a number of classical results, in particular the solution to the Plateau
problem, producing a (generalized) minimal surface, as the image of the unit disc
under a harmonic and essentially conformal map, taking the boundary of the disc
homeomorphically onto a given simple closed curve.

In § 7 we begin to study the quasi-linear elliptic PDE satisfied by a function
whose graph is a minimal surface. We use results of § 6 to establish some re-
sults on the Dirichlet problem for the minimal surface equation, and we note
several questions about this Dirichlet problem whose solutions are not simple
consequences of the results of § 6, such as boundary regularity. These questions
serve as guides to the results of boundary problems for quasi-linear elliptic PDE
derived in the next three sections.

In § 8 we apply the paradifferential operator calculus developed in Chap. 13,
§ 10, to obtain regularity results for nonlinear elliptic boundary problems. We
concentrate on second-order PDE (possibly systems) on a compact manifold with
boundary M and obtain higher regularity for a solution u, assumed a priori to be-
long to C2*7 (M), for some r > 0, for a completely nonlinear elliptic PDE, or to
C'*7(M), in the quasi-linear case. To check how much these results accomplish,
we recall the minimal surface equation and note a gap between the regularity of
a solution needed to apply the main result (Theorem 8.4) and the regularity a
solution is known to possess as a consequence of results in § 7.

Section 9 is devoted to filling that gap, in the scalar case, by the famous
DeGiorgi—Nash—Moser theory. We follow mainly J. Moser [Mo2], together with
complementary results of C. B. Morrey on nonhomogeneous equations. Morrey’s
results use spaces now known as Morrey spaces, which are discussed in Appendix
A at the end of this chapter.
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With the regularity results of §§ 8 and 9 under our belt, we resume the study of
the Dirichlet problem for quasi-linear elliptic PDE in the scalar case, in § 10, with
particular attention to the minimal surface equation. We note that the Dirichlet
problem for general boundary data is not solvable unless there is a restriction on
the domain on which a solution u is sought. This has to do with the fact that the
minimal surface equation is not “uniformly elliptic.” We give examples of some
uniformly elliptic PDE, modeling stretched membranes, for which the Dirichlet
problem has a solution for general smooth data, on a general, smooth, bounded
domain. We do not treat the most general scalar, second-order, quasi-linear elliptic
PDE, though our treatment does include cases of major importance. More material
can be found in [GT] and [LU].

In § 11 we return to the variational method, introduced in § 1, and prove that a
variety of functionals

0.3) I(u) = / F(x,u,Vu) dV(x)
Q

possess minima in sets
0.4) V={ue H(Q):u= gondQ}.

The analysis includes cases both of real-valued u and of u taking values in RY
The latter case gives rise to N x N elliptic systems, and some regularity results
for quasi-linear elliptic systems are established in § 12. Sometimes solutions are
not smooth everywhere, but we can show that they are smooth on the complement
of a closed set X C 2 of Hausdorff dimension < n — 2 (n = dim €2). Results of
this nature are called “partial regularity” results.

In § 13 we establish results on linear elliptic equations in nondivergence form,
due to N. Krylov and M. Safonov, which take the place of DeGiorgi—Nash—Moser
estimates in the study of certain fully nonlinear equations, done in § 14. In § 15
we apply this to equations of the Monge—Ampere type.

In § 16 we obtain some results for nonlinear elliptic equations for functions of
two variables that are stronger than results available for functions of more vari-
ables.

One attack on second-order, scalar, nonlinear elliptic PDE that has been very
active recently is the “viscosity method.” We do not discuss this method here; one
can consult the review article [CIL] for material on this.

1. A class of semilinear equations
In this section we look at equations of the form

(1.1) Au= f(x,u) onM,
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where M is a Riemannian manifold, either compact or the interior of a compact
manifold M with smooth boundary. We first consider the Dirichlet boundary
condition

(1.2) sy, = 8.

where M is connected and has nonempty boundary. We suppose f € C®(M xR).
We will treat (1.1)—(1.2) under the hypothesis that

(13) i 2,
ou

Other cases will be considered later in this section. Suppose F(x,u) =
o f(x.,5)ds, so

(1.4) fx,u) = 0,F(x,u).
Then (1.3) is the hypothesis that F(x, u) is a convex function of u. Let
1
(1.5) I(u) = §||du||§2(M) + / F(x.u(x)) dV(x).
M

We will see that a solution to (1.1)—(1.2) is a critical point of / on the space of
functions u on M, equal to g on dM .
We will make the following temporary restriction on F':

(1.6) For [u| = K, 9, f(x,u) =0,

so F(x,u) is linear in u for u > K and for u < —K. Thus, for some constant L,

(1.7) |0, F(x,u)] <L onM xR.
Let
(1.8) V={uecH'(M):u=goniM}.

Lemma 1.1. Under the hypotheses (1.3)—(1.7), we have the following results
about the functional I : V — R:

(1.9) [ is strictly convex;

(1.10) I is Lipschitz continuous,
with the norm topology on V ;

(1.11) I is bounded below,
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and
(1.12) I(v) = +o00, as||v||g1 — oo.
Proof. (1.9) is trivial. (1.10) follows from
(1.13) |F(x,u) — F(x,v)| < Llu—v|,
which follows from (1.7). The convexity of F(x, «) in u implies
(1.14) F(x,u) > —Colu| — C.

Hence

1
I(u) = Elldull2 — Collull L1 — €}

(1.15) 1 )
> Z”d“”sz + EBllulliz = Cllull2 - C',
since
1
(1.16) §||du||iz > Bllull3, — C”, forueV.

The last line in (1.15) clearly implies (1.11) and (1.12).

Proposition 1.2. Under the hypotheses (1.3)—(1.7), 1(u) has a unique minimum
onV.

Proof. Let g = infy I(u). By (1.11), g is finite. Pick R such that K = V' N
Br(0) # @, where Bg(0) is the ball of radius R centered at 0 in H (M), and
such that |ju||g1 > R = I(#) > ap + 1, which is possible by (1.12). Note that
K is a closed, convex, bounded subset of H!(M). Let

(1.17) Ke={ue K:ap<I(u) <ay+¢}.

For each ¢ > 0, K, is a closed, convex subset of K. It follows that K, is weakly
closed in K, which is weakly compact. Hence

(1.18) ﬂK,s:Ko;é(b.

>0

Now inf I(u) is assumed on K. By the strict convexity of 7(u), Ky consists of a
single point.

If u is the unique pointin Ko and v € C§°(M), thenu+sv € V, forall s € R,
and /(u + sv) is a smooth function of s which is minimal at s = 0, so
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(1.19) 0= % T+ sv)|,_, = (—Au,v) + / £ (x, u(x))v(x) dV(x).
M

Hence (1.1) holds. We have the following regularity result:

Proposition 1.3. For k = 1,2,3,..., if g € H*TY2(0M), then any solution
u € Vo (1.1)~(1.2) belongs to H**t1(M). Hence, if g € C®(0M), then u €
C>®(M).

Proof. We start with u € H'(M). Then the right side of (1.1) belongs to H (M)
if f(x,u) satisfies (1.6). This gives u € H?(M), provided g € H?>?(M).
Additional regularity follows inductively.

We have uniqueness of the element u € V minimizing /(u), under the hy-
potheses (1.3)—(1.7). In fact, under the hypothesis (1.3), there is uniqueness of
solutions to (1.1)—(1.2) which are sufficiently smooth, as a consequence of the
following application of the maximum principle.

Proposition 1.4. Let u and v € C2(M) N C(M) satisfy (1.1), withu = g and
v=nhonoM.If(1.3) holds, then

(1.20) sup (u—v) <sup(g—h) VO,
M oM

where a vV b = max(a, b) and

(1.21) sup [u —v| < sup|g —h|.
M oM

Proof. Let w = u — v. Then, by (1.3),
(1.22) Aw = A(x)w, wl,,, =g—h,

where
few = few) o

u—v
IfO ={x e M :w(kx) > 0}, then Aw > 0 on O, so the maximum principle
applies on O, yielding (1.20). Replacing w by —w gives (1.20) with the roles of
u and v, and of g and 4, reversed, and (1.21) follows.

Alx) =

One application will be the following first step toward relaxing the hypothesis
(1.6).

Corollary 1.5. Let f(x.0) = ¢(x) € C®(M). Take g € C*°(IM), and let
® € C°(M) be the solution to

(1.23) Ab=gponM, ®=goniM.



1. A class of semilinear equations 111

Then, under the hypothesis (1.3), a solution u to (1.1)—(1.2) satisfies

(1.24) sup u < sup ¢ + (sup (=) v 0)
M M M
and
(1.25) sup |u| < sup 2|P|.
M M

Proof. We have
(1.26) Alu—®) = f(x,u) — f(x,0) = A(x)u,

with A(x) = [f(x,u) — f(x,0)]/u > 0. Thus A(u—P) >0on O ={x e M :
u(x) > 0}, so

sup (u — @) = sup (u — @) < sup(—P) v 0.
o 30 M

This gives (1.24). Also A(® —u) > 0on O~ = {x € M : u(x) < 0}, so
sup (® —u) = sup (& —u) <sup ®VvO0,
o~ do— M

which together with (1.24) gives (1.25).

We can now prove the following result on the solvability of (1.1)—(1.2).

Theorem 1.6. Suppose f(x,u) satisfies (1.3). Given g € C*°(dIM), there is a
unique solutionu € C*(M) to (1.1)—(1.2).

Proof. Let f;(x,u) be smooth, satisfying
(1.27) fitx,u) = f(x,u), for|u|l <j,

and be such_that (1.3)-(1.7) hold for each f;, with K = K ;. We have solutions
uj € COO(M) to

(1.28) Auj = fi(x,u)), ujlyy =g

Now f;(x,0) = f(x,0) = ¢(x), independent of j, and the estimate (1.25) holds
forall uj, so

(1.29) sup |u;| < sup 2|P],
M M

where @ is defined by (1.23). Thus the sequence (u;) stabilizes for large j, and
the proof is complete.
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We next discuss a geometrical problem that can be solved using the results
developed above. A more substantial variant of this problem will be tackled in
the next section. The problem we consider here is the following. Let M be a
connected, compact, two-dimensional manifold, with nonempty boundary. We
suppose that we are given a Riemannian metric g on M, and we desire to construct
a conformally related metric whose Gauss curvature K(x) is a given function on
M . As shown in (3.46) of Appendix C, if k(x) is the Gauss curvature of g and if
g’ = e?g, then the Gauss curvature of g’ is given by

(1.30) K(x) = (—Au + k(x))e™ 2",
where A is the Laplace operator for the metric g. Thus we want to solve the PDE
(1.31) Au = k(x) — K(x)e* = f(x,u),

for u. This is of the form (1.1). The hypothesis (1.3) is satisfied provided
K(x) < 0. Thus Theorem 1.6 yields the following.

Proposition 1.7. If M is a connected, compact 2-manifold with nonempty bound-
ary OM, g a Riemannian metric on M, and K € C*(M) a given function

satisfying
(1.32) K(x)<0on M,

then there exists u € C*®(M) such that the metric g’ = e*'g conformal to g has
Gauss curvature K. Given any v € C* (M), there is a unique such u satisfying

u=7vonoM.

Results of this section do not apply if K(x) is allowed to be positive some-
where; we refer to [KaW] and [Kaz] for results that do apply in that case.

If one desires to make (M, g) conformally equivalent to a flat metric, that is,
one with K(x) = 0, then (1.31) becomes the linear equation

(1.33) A= k().

This can be solved whenever M is connected with nonempty boundary, with
u prescribed on dM. As shown in Proposition 3.1 of Appendix C, when the
curvature vanishes, one can choose local coordinates so that the metric tensor
becomes § jx. This could provide an alternative proof of the existence of local
isothermal coordinates, which is established by a different argument in Chap. 5,
§ 10. However, the following logical wrinkle should be pointed out. The deriva-
tion of the formula (1.30) in §3 of Appendix C made use of a reduction to the
case gjx = €*Y8x and therefore relied on the existence of local isothermal co-
ordinates. Now, one could grind out a direct proof of (1.30) without using this
reduction, thus smoothing out this wrinkle.
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We next tackle the equation (1.1) when M is compact, without boundary. For
now, we retain the hypothesis (1.3), df/du > 0. Without a boundary for M,
we have a hard time bounding u, since (1.16) fails for constant functions on M.
In fact, the equation (1.31) cannot be solved when K(x) = —1, k(x) = 1, and
M = S2, so some further hypotheses are necessary. We will make the following
hypothesis: For some a; € R,

(1.34) u<ag= flx,u) <0, u>a; = f(x,u)>0.

If df /du > 0, this is equivalent to the existence of a function u = ¢(x) such that
f (x, (p(x)) = 0. We see how this hypothesis controls the size of a solution.

Proposition 1.8. Ifu solves (1.1) and M is compact, then
(1.35) ap < u(x) <ai,
provided (1.34) holds.

Proof. If u is maximal at xg, then Au(xg) < 0, so f(xo, u(xo)) < 0, and so
(1.34) implies u < a;. The other inequality in (1.35) follows similarly.

To get an existence result out of this estimate, we use a technique known as
the method of continuity. We show that, for each v € [0, 1], there is a smooth
solution to

(1.36) Au=(1—-1)u—->b)+ tf(x,u) = fr(x,u),

where we pick b = (ao + a1)/2. Clearly, this equation is solvable when t = 0.
Let J be the largest interval in [0, 1], containing 0, with the property that (1.36) is
solvable for all T € J. We wish to show that J = [0, 1]. First note that, for any
T €[0,1],

(1.37) u<ag= fe(x,u) <0, u>a; = f(x,u) >0,

so any solution u# = u, to (1.36) must satisfy

(1.38) ap < ug(x) < a.

Using this, we can show that J is closed in [0, 1]. In fact, let u; = Uz, solve
(1.36) for t; € J, t; /" o. We have |uj|L~ < a < oo by (1.38), so
gi(x) = fy (x, uj (x)) is bounded in C(M). Thus elliptic regularity for the

Laplace operator yields

(1.39) lujllcr oy < br < o0,
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for any r < 2. This yields a C"-bound for g;, and hence (1.39) holds for any
r < 4. Iterating, we get u; bounded in C*°(M). Any limit point u € C*(M)
solves (1.36) with T = o, so J is closed.

We next show that J is open in [0, 1]. Thatis, if 7o € J, 19 < 1, then, for some
e >0, [19,70 + &) C J. To do this, fix k large and define

(1.40)  W:[0,1] x H*(M) — H*2(M), W(r,u) = Au— fi(x,u).
This map is C, and its derivative with respect to the second argument is
(1.41) DV (19, u)v = Lv,

where
L:HY(M)— H*2(M)

is given by
(1.42) Lv=Av—AXx)v, AXx)=1—1+ 100, f(x,1).

Now, if f satisfies (1.3), then A(x) > 1 — 79, which is > 0if g < 1. Thus L is
an invertible operator. The inverse function theorem implies that W(z,u) = 0 is
solvable for |7 — 79| < &. We thus have the following:

Proposition 1.9. If M is a compact manifold without boundary and if f(x,u)
satisfies the conditions (1.3) and (1.34), then the PDE (1.1) has a smooth solution.
If (1.3) is strengthened to 9, f (x,u) > O, then the solution is unique.

The only point left to establish is uniqueness. If # and v are two solutions, then,
as in (1.22), we have for w = u — v the equation

Aw =A(x)w, Ax)=[f(x.u)— f(x,v)]/@@—v)=>0.

Thus
IVw|2, = /x<x)|w(x>|2 av,

which implies w = 0if A(x) > 0on M.

Note that if we only have A(x) > 0, then w must be constant (if M is
connected), and that constant must be 0 if A(x) > 0 on an open subset
of M, so cases of nonuniqueness are rather restricted, under the hypotheses
of Proposition 1.9. The reader can formulate further uniqueness results.

It is possible to obtain solutions to (1.1) without the hypothesis (1.3) if we
retain the hypothesis (1.34). To do this, first alter f(x,u) on u < a¢ and on
u > aj to a smooth g(x,u) satisfying g(x,u) = —ko < 0 foru < ap — é and
g(x,u) = k1 > 0foru > a; + §, where § is some positive number. We want to
show that, for each t € [0, 1], the equation
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(1.43) Au=(1—-1)(u—>b)+ tg(x,u) = g(x,u)
is solvable, with solution satisfying (1.38). Convert (1.43) to
(1.44) u=(A—1)"(ge(x,u) —u) = O (u).
Now each & is a continuous and compact map on the Banach space C(M ):
(1.45) P, C(M)— C(M),

with continuous dependence on t. For solvability we can use the Leray-Schauder
fixed-point theorem, proved in Appendix B at the end of this chapter. Note that
any solution to (1.44) is also a solution to (1.43) and hence satisfies (1.38). In
particular,

(1.46) u= O (u) = |lullcmy < A =max(|ao,|ai]).

Since ®g(u) = —(A — 1)7'h = b, which is independent of u, it follows from
Theorem B.5 that (1.44) is solvable for all T € [0, 1]. We have the following
improvement of Proposition 1.9.

Theorem 1.10. If M is a compact manifold without boundary and if the func-
tion f(x,u) satisfies the condition (1.34), then the equation (1.1) has a smooth
solution, satisfying ap < u(x) < aj.

The equation (1.31) for the conformal factor needed to adjust the curvature of a
2-manifold to a desired K (x) satisfies the hypotheses of Theorem 1.10 (even those
of Proposition 1.9) in the special case when k(x) < 0 and K(x) < 0, yielding a
special case of a result to be proved in § 2, where the assumption that k(x) < 0
is replaced by y(M) < 0. In some cases, Theorem 1.10 also applies to equations
for such conformal factors in higher dimensions. When dim M = n > 3, we alter
the metric by

(1.47) g =ut/ g
The scalar curvatures o and S of the metrics g and g’ are then related by

—1 2
(1.48) S —u(ou—yAu), y=4'"= o="T2
n—2 n—2

where A is the Laplacian for the metric g. Hence, obtaining the scalar curvature
S for g’ is equivalent to solving

(1.49) yAu = o (x)u — S(x)u®,

for a smooth positive function u. Note that @ > 1 and y > 1. For n = 3, we have
y=8and o = 5.
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Note that (1.34) holds, for some a; satisfying 0 < a9 < a; < oo, provided
both o (x) and S(x) are negative on M . Thus we have the next result:

Proposition 1.11. Let M be a compact manifold of dimensionn > 2. Let g be a
Riemannian metric on M with scalar curvature o. If both o and S are negative
functions in C® (M), then there exists a conformally equivalent metric g’ on M
with scalar curvature S.

An important special case of Proposition 1.11 is that if M has a metric with
negative scalar curvature, then that metric can be conformally altered to one with
constant negative scalar curvature. There is a very significant generalization of
this result, first stated by H. Yamabe. Namely, for any compact manifold with
a Riemannian metric g, there is a conformally equivalent metric with constant
scalar curvature. This result, known as the solution to the Yamabe problem, was
established by R. Schoen [Sch], following progress by N. Trudinger and T. Aubin.

Note that (1.3) also holds in the setting of Proposition 1.11; thus to prove this
latter result, we could appeal as well to Proposition 1.9 as to Theorem 1.10. Here
is a generalization of (1.49) to which Theorem 1.10 applies in some cases where
Proposition 1.9 does not:

(1.50) yAu = B(x)u? + o(x)u— Ax)u®, B<1<a.

It is possible that 8 < 0. Then we have (1.34), for some a; > 0, and hence the
solvability of (1.50), for some positive u € C (M), provided A(x) and B(x) are
both negative on M, for any 0 € C*(M). If we assume A < 0 on M but only
B < 0on M, we still have (1.34), and hence the solvability of (1.50), provided
o(x) <Oon{x € M : B(x) = 0}.

An equation of the form (1.50) arises in Chap. 18, in a discussion of results of
J. York and N. O’Murchadha, describing permissible first and second fundamental
forms for a compact, spacelike hypersurface of a Ricci-flat spacetime, in the case
when the mean curvature is a given constant. See (9.28) of Chap. 18.

Exercises

1. Assume f(x,u) is smooth and satisfies (1.6). Define F(x,u) and I(«) as in (1.4) and
(1.5). Show that I has the strict convexity property (1.9) on the space V' given by (1.8),
as long as

(1.51) 9 o) = 2o,
du

where Ag is the smallest eigenvalue of —A on M, with Dirichlet conditions on dM.
Extend Proposition 1.2 to cover this case, and deduce that the Dirichlet problem (1.1)—
(1.2) has a unique solution u € C% (M), for any g € C%(dM), when f(x, u) satisfies
these conditions.

2. Extend Theorem 1.6 to the case where f(x,u) satisfies (1.51) instead of (1.3).
(Hint: To obtain sup norm estimates, use the variants of the maximum principle indi-
cated in Exercises 5-7 of § 2, Chap. 5.)
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3. Letspec(—=A) = {A;}, where 0 < 19 < A1 <---. Suppose thereis a pair ; < A1
and & > 0 such that

ad
—)L,-+1+£§a—f(x,u)§—/lj—£,
’ u

for all x,u. Show that, for g € C*°(dM), the boundary problem (1.1)—(1.2) has a
unique solution u € C*°(M).
(Hint: With p = (A; +A;41)/2, u=v+g, g€ C®(M), rewrite (1.1)—(1.2) as

(A+pv=fxv+g) +nv—G, |y =0,
where G = (A + p)g, or
(1.52) v=(A+w fx.v+g) +puv]—g = 2@v).

Apply the contraction mapping principle.)
4. In the context of Exercise 3, this time assume

ad
—Ajy1te= Ef(x,u) <-Aj—1-s

so df/0u might assume the value —A ;. Take u = (A1 + A;41)/2, let Po be the
orthogonal projection of L2(M) on the A ;j eigenspace of —A, and let P1 = I — Po.
Writing

u—g=v = Pov+ Piv=1v9+ vy,

convert (1.1)—(1.2) to a system

vi = (A+ )7 P[00 + o1+ 9) + vt | - Prg,
(1.53)

vo = (i —lj)_lPo[f(X,vo +v1+g)+ lwo] — Pog.

Given vy, the first equation in (1.53) has a unique solution, v1 = E(vp), by the argu-
ment in Exercise 3. Thus the solvability of (1.1)—(1.2) is converted to the solvability of

(1.54)  wvo = (u —/\j)_lPo[f(x,vo + E(vo) + g) + Mvo] — Pog = ¥(vo).

Here, W is a nonlinear operator on a finite-dimensional space. (Essentially, on the real
line if A; is a simple eigenvalue of —A.) Examine various cases, where there will or
will not be solutions, perhaps more than one in number.

5. Given a Riemanian manifold M of dimension n > 3, with metric g and Laplace
operator A, define the “conformal Laplacian” on functions:

n—2

_ -1 -1 _
(1.55) Lf =Af —yp o) f va = A=)

where o (x) is the scalar curvature of (M, g). If g’ = u4/(”_2)g as in (1.47), and
(M, g') has scalar curvature S(x), set

(1.56) Lf=Af -y 'S/,
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where A is the Laplace operator for the metric g’. Show that
(1.57) Luf) =u® "L f

(Hint: First show that A(uf) — uut (1=2) Zf = (Au) f. Then use the identity (1.49).)

6. Assume M is compact and connected. Let Ag be the smallest eigenvalue of —L =
—A+y, L5 (x). A Ag-eigenfunction v of L is nowhere vanishing (by Proposition 2.9
of Chap. 8). Assume v(x) > 0 on M. Form the new metric'g = v4/("_2)g. Show that
the scalar curvature S of (M,’g) is given by

(1.58) S(x) = Agv 4/ @2,

which is positive everywhere if A9 > 0, negative everywhere if Ao < 0, and zero if
Ao = 0.
7. Establish existence for an £ x £ system

Au= f(x,u),

where M is a compact Riemannian manifold and f : M x RY — RE satisfies the
condition that, for some A < oo,

lu| > A= f(x,u)-u>0.

(Hint: Replace f by tf, and let 0 < v < 1. Show that any solution to such a system
satisfies |u(x)| < A4.)

8. Let Q be a compact, connected Riemannian manifold with nonempty boundary.
Consider

(1.59) Au+ flxu) =0, ulyo =g,

for some real-valued u; assume f € C®(Q x R), g e_C°°(3S2). Assume there is an
upper solution  and a lower solution u, in C%(2) N C(R), satisfying

A+ f(x,w) <0, lyg > g,
Au+ f(x,w) >0, ulyo <g.
Also assume u < 7 on .
Under these hypotheses, show that there exists a solution u € C°°(2) to (1.59), such
thatu <u <u. .
One approach. Let K = {v € C(2) : u < v < u}, which is a closed, bounded,

convex set in C(2). Pick A > 0 so that |9, f(x,u)| < A, for min u < u < max . Let
®(v) = w be the solution to

Aw —Aw = —Av — f(x,v), w|39 =g.

Show that ® : K — K continuously and that ®(K) is relatively compact in K. Deduce
that @ has a fixed point u € K.
Second approach. If ug = wand uj 1 = ®(u;), show that

u=up<wuy < <uj<--<u

and that u; /" u, solving (1.59).
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2. Surfaces with negative curvature

In this section we examine the possibility of imposing a given Gauss curvature
K(x) < 0 on a compact surface M without boundary, by conformally altering a
given metric g, whose Gauss curvature is k(x). As noted in § 1, if g and g’ are
conformally related,

2.1 g =e*g,
then K and k are related by
(2.2) K(x) = e 2 (—Au + k(x)),

where A is the Laplace operator for the original metric g, so we want to solve the
PDE

(2.3) Au = k(x) — K(x)e?".

This is not possible if M is diffeomorphic to the sphere S? or the torus T2, by
virtue of the Gauss—Bonnet formula (proved in § 5 of Appendix C):

(2.4) /k dv = /Kez“ dV =2my(M),
M M

where dV is the area element on M, for the original metric g, and y(M) is the
Euler characteristic of M. We have

(2.5) x(S*) =2, x(T? =o.

For us to be able to arrange that K < 0 be the curvature of M, it is necessary
for y(M) to be negative. This is the only obstruction; following [Bgr], we will
establish the following.

Theorem 2.1. If M is a compact surface satisfying y(M) < 0, with given
Riemannian metric g, then for any negative K € C° (M), the equation (2.3)

has a solution, so M has a metric, conformal to g, with Gauss curvature K(x).

We will produce the solution to (2.3) as an element where the function

(2.6) Flu) = /(%umz +k(x)u) dv
M

on the set

2.7 S={ueH (M): /K(x)ez“ dV =2my(M)}
M
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achieves a minimum. Note that the Gauss—Bonnet formula is built into (2.7), since
a metric g’ = e?“g has volume element e2“d V. While providing an obstruction
to specifying K(x), the Gauss—Bonnet formula also provides an aid in making a

prescription of K(x) < 0 when it is possible to do so, as we will see below.

Lemma 2.2. The set S is a nonempty C'-submanifold of H'(M) if K < 0 and
x(M) < 0.

Proof. Set

(2.8) d(u) = e

By Trudinger’s inequality,

(2.9) ®:HY(M) — LP(M),

for all p < oo. Take p = 1. We see that @ is differentiable at each u € H' (M)
and

(2.10) DO(u)v = 2¢*v, D®(u): HY(M) - LY (M).

Furthermore,

||(D<I>(u)—Dd>(w))v||L1(M) 52/|”|'|62”—e2'”|dv
M

2.11) 1/4 1/4 1/2
52(/|v|4dV) (/|u—w|4dV) (/e4“+4w dV)

<Clollg - lu=wlgr - exp [C(lullgr + Iwllg)]

sothemap ® : H' (M) — L'(M) is a C'-map. Consequently,

(2.12) J(u) :/KeZ”dV = J:H'(M)— R isaC'-map.
M

Furthermore, DJ(u) = 2K %", as an element of H~Y(M) ~ L(H'(M),R),
so DJ(u) # 0 on S. The implicit function theorem then implies that S is a
C '-submanifold of H'(M).If K < 0 and y(M) < 0, it is clear that there is a
constant function in S, so S # 0.

Lemma 2.3. Suppose F : S — R, defined by (2.6), assumes a minimum at
u € S. Then u solves the PDE (2.3), provided the hypotheses of Theorem 2.1
hold.
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Proof. Clearly, F : S — R is a C'-map. If y(s) is any C!-curve in S with
y(0) = u, y’(0) = v, we have

d
0= 2 Pt = /[(du,dv) +k(xyv] dV
M

- /(—Au +k())v dV.

M

(2.13)

The condition that v is tangent to S at u is

(2.14) / K2V qy = 27y (M) 4+ 0(s?),
M

which is equivalent to

(2.15) /erZ" dv =0.
M

Thus, if u € S is a minimum for F, we have

ve H' (M), /erz“deO:>/(—Au+k(x))v dv =0,
M M

and hence —Au + k(x) is parallel to Ke?*in H'(M)j; that is,
(2.16) —Au+ k(x) = pKe?,

for some constant . Integrating and using the Gauss-Bonnet theorem yield 8 = 1
if x(M) # 0.

By Trudinger’s estimate, the right side of (2.16) belongs to L?(M), so u €
H?(M). This implies e?* € H?(M), and an easy inductive argument gives u €
C>®(M).

Our task is now to show that F has a minimum on S, given K <0 and
x(M) <0. Let us write, forany u € H'(M),

(2.17) u=u+a,
where @ = (Area M)~! fM u dV is the mean value of u, and

(2.18) uo € H(M) = {veHl(M):/vdvzo}.
M
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Then u belongs to S if and only if

e / Ke?0 dV = 2my(M),
M

or equivalently,

_ 1 2uq
(2.19) o =3 log [an(M)// Ke dv].
Thus, foru € S,

Fu) = /(%|du0|2 n kuo) dv

M
(2.20)

+ zy(M) { log2m|x(M)| — log )/ K20 dV’ .
M

Lemma 2.4. If y(M) < 0and K < 0, then infs F(u) = a > —oc.

Proof. By (2.20), we need to estimate
—x (M) log )/ Ke?o dV’
M
from below. Indeed, granted that K(x) < —§ < 0,
/Ke2"0 dVv < —5/e2"0 dv.
Since e® > 1 + x, we have [e*0 dV > [dV + [2ugdV = area M, so

/Ke2"0 dV > -84 (A= Area M),
M

and hence

2.21) — (M) log )/ Ke2wo dV) > |7(M)| log 84] = b > —c0.
M

Thus, foru € S,

1
(2.22) F(u) > / (§|du0|2 + kuo) dV — C,,
M
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with C, independent of ug € H'(M). Now, since |uo||;2 < C||duo| 2,

Cs

(2.23) ‘/kuo dvj < Caellduoll}> + =,
M

with C3 and C,4 independent of €. Taking e = 1/2C3, we get F(u) > —C3C4—C>,
which proves the lemma.

We are now in a position to prove the main existence result.

Proposition 2.5. If M and K are as in Theorem 2.1, then F achieves a minimum
at a pointu € S, which consequently solves (2.3).

Proof. Pick u, € S sothata+1 > F(u,) N\, a. If we use (2.22) and (2.23), with
& = 1/4Cj3, we have

1
(2.24) a+ 1= Zlldunll7> = Cs,

where u,0 = u,— mean value. But the mean value of u, is

%log [an(M)// Ke2no dv],
M

which is bounded from above by the proof of Lemma 2.4. Hence
(2.25) u, is bounded in H'(M).

Passing to a subsequence, we have an element u € H ! (M) such that
(2.26) up, — u  weakly in H'(M).

By Proposition 4.3 of Chap. 12, e?n — ¢2*in L'(M), in norm, so u € S. Now
(2.26) implies that [, k(x)u, dV — [}, k(x)u dV and that

(2.27) / |[dul?>dV < liminf/ |dun|? dV,
M M

so F(u) <a = | s F(v), and the existence proof is completed.

The most important special case of Theorem 2.1 is the case K = —1. For any
compact surface with y(M) < 0, given a Riemannian metric g, it is conformally
equivalent to a metric for which K = —1. The universal covering surface

(2.28) M — M,
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endowed with the lifted metric, also has curvature —1. A basic theorem of
differential geometry is that any two complete, simply connected Riemannian
manifolds, with the same constant curvature (and the same dimension), are iso-
metric. See the exercises for dimension 2. For a proof in general, see [ChE]. One
model surface of curvature —1 is the Poincaré disk,

(2.29) D={(x,y) eR?:x2+y2 <1} ={zeC: |7 <1},
with metric
(2.30) ds? =4(1 —x? — yz)_z(alx2 + dyz).

This was discussed in § 5 of Chap. 8. Any compact surface M with negative Euler
characteristic is conformally equivalent to the quotient of D by a discrete group
I" of isometries. If M is orientable, all the elements of I" preserve orientation.

A group of orientation-preserving isometries of D is provided by the group G
of linear fractional transformations, where

az+b a b
231 T,o=&T2 4 ,
( ) gt cz+d & (c d)

for
(2.32) geG=SU(,1)= {(;E) cuv e C, u— v = 1} .
u

It is easy to see that G acts transitively on D; that is, for any z;,z2 € D, there
exists g € G such that Toz; = z5. We claim {T; : G € G} exhausts the group
of orientation-preserving isometries of D. In fact, let T be such an isometry of D;
say T(0) = zo. Pick g € G such that Tgzg = 0. Then T o T is an orientation-
preserving isometry of D, fixing 0, and it is easy to deduce that Ty o T must be a
rotation, which is given by an element of G.

Since each element of G defines a holomorphic map of D to itself, we have
the following result, a major chunk of the uniformization theorem for compact
Riemann surfaces:

Proposition 2.6. If M is a compact Riemann surface, (M) < 0, then there is a
holomorphic covering map of M by the unit disk D.

Let us take a brief look at the case y(M) = 0. We claim that any metric g on
such M is conformally equivalent to a flar metric g, that is, one for which K = 0.

Note that the PDE (2.3) is linear in this case; we have

(2.33) Au = k(x).
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This equation can be solved on M if and only if

(2.34) / k(x)dV =0,

M

which, by the Gauss-Bonnet formula (2.4) holds precisely when (M) = 0. In
this case, the universal covering surface M of M inherits a flat metric, and it must
be isometric to Euclidean space. Consequently, in analogy with Proposition 2.6,
we have the following:

Proposition 2.7. If M is a compact Riemann surface, (M) = 0, then M is holo-
morphically equivalent to the quotient of C by a discrete group of translations.

By the characterization
x(M) = dim H*(M) — dim H'(M) + dim H*(M) = 2 —dim H' (M),

if M is a compact, connected Riemann surface, we must have y(M) < 2. If
x(M) = 2, it follows from the Riemann—Roch theorem that M is conformally
equivalent to the standard sphere S? (see § 10 of Chap. 10). This implies the fol-
lowing.

Proposition 2.8. If M is a compact Riemannian manifold homeomorphic to S?,
with Riemannian metric tensor g, then M has a metric tensor, conformal to g,
with Gauss curvature = 1.

In other words, we can solve for u € C°° (M) the equation
(2.35) Au = k(x) — e,

where k(x) is the Gauss curvature of g. This result does not follow from Theorem
2.1. A PDE proof, involving a nonlinear parabolic equation, is given by [Chow],
following work of [Ham]. An elliptic PDE proof, under the hypothesis that M has
a metric with Gauss curvature k(x) > 0, has been given in Chap. 2 of [CK].

We end this section with a direct /inear PDE proof of the following, which as
noted above implies Proposition 2.8. This argument appeared in [MT].

Proposition 2.9. If M is a compact Riemannian manifold homeomorphic to S?,
there is a conformal diffeomorphism F : M — S? onto the standard Riemann
sphere.

Proof. Pick a Riemannian metric on M, compatible with its conformal structure.
Then pick p € M, and pick h € D'(M), supported at p, given in local coordinates
as a first-order derivative of §,, (plus perhaps a multiple of §,), such that (1, i) =
0. Hence there exists a solution u € D'(M) to
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(2.36) Au = h.

Thenu € C®(M \ p), and u is harmonic on M \ p and has a dist(x, p)~! type of
singularity. Now, if M is homeomorphic to $2, then M \ p is simply connected,
so u has a single-valued harmonic conjugate on M \ p, given by v(x) = [ qx xdu,

where we pick ¢ € M \ p. We see that v also has a dist(x, p)~! type singularity.
Then f = u+iv is holomorphicon M \ p and has a simple pole at p. From here
it is straightforward that f provides a conformal diffeomorphism of M onto the
standard Riemann sphere.

Actually, the bulk of [MT] dealt with an attack on the curvature equation (2.3),
with M a planar domain and K = —1, so the equation is

(2.37) Au=e* on QcC.
Here is one of the main results of [MT].

Proposition 2.10. Assume Q = C\ S, where S is a closed subset of C with more
than one point. Then there exists a solution to (2.37) on Q such that e**(dx?* +
dy?) is a complete metric on Q with curvature = —1.

As with Proposition 2.6, this has as a corollary the following special case of
the general uniformization theorem.

Corollary 2.11. If Q@ C C is as in Proposition 2.10, there exists a holomorphic
covering of Q2 by the unit disk D.

Techniques employed in the proof of Proposition 2.10 include maximal princi-
ple arguments and barrier constructions. We refer to [MT] for further details.

Exercises

1. Let M be a complete, simply connected 2-manifold, with Gauss curvature K = —1.
Fix p € M, and consider

Exp, :R? ~ T,M — M.

Show that this is a diffeomorphism.
(Hint: The map is onto by completeness. Negative curvature implies no Jacobi fields
vanishing at 0 and another point, so D Exp, is everywhere nonsingular. Use simple
connectivity of M to show that Exp ,, must be one-to-one.)

2. For M as in Exercise 1, take geodesic polar coordinates, so the metric is

ds? = dr? + G(r,0) d6>.
Use formula (3.37) of Appendix C, for the Gauss curvature, to deduce that

2VG =vVG
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if K = —1. Show that
VG(0,0) =0, 3v/G(0.0) =1,
and deduce that ~/G (, 8) = ¢(r) is the unique solution to
¢"(r) =) =0, ¢0)=0, ¢'(0) =1

Deduce that
G(r,0) = sinh? r.

3. Using Exercise 2, deduce that any two complete, simply connected 2-manifolds with
Gauss curvature K = —1 are isometric. Use (3.37) or (3.41) of Appendix C to show
that the Poincaré disk (2.30) has this property.

3. Local solvability of nonlinear elliptic equations
‘We take a look at nonlinear PDE, of the form

(3.1 f(x,D"u) = g(x),

where, in the latter argument of f,

(3.2) D"y = {D%u : |a|] < m}.

We suppose f(x, ¢) is smooth in its arguments, x €  C R”, and { = {{y :
|| < m}. The function u might take values in some vector space R¥. Set

(3.3) Fu) = f(x,D™u),

so F : C*®(Q) — C*(Q); F is the nonlinear differential operator. Let up €
C™(2). We say that the linearization of F at ug is DF (up), which is a linear map
from C™(£2) to C(£2). (Sometimes less smooth ug can be considered.) We have

(3.4) DF (uo)v = % Fluo+sv)|,_o= Y. i(x, D™uq) DPv,

h1=m 058

so DF (up) is itself a linear differential operator of order m. We say the operator
F is elliptic at ug if its linearization DF (u,) is an elliptic, linear differential
operator.

An operator of the form (3.3) with

(3.5) fx.D™u) =" ag(x. D" 'u)D*u+ fi(x. D™ 'u)

loe|=m
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is said to be guasi-linear. In that case, the linearization at ug is

(3.6) DF (up) = Z ag(x, D™ Yug) D% + Lv,

la|=m

where L is a linear differential operator of order m —1, with coefficients depending
on D™ 1yy. A nonlinear operator that is not quasi-linear is called completely
nonlinear. The distinction is made because some aspects of the theory of quasi-
linear operators are simpler than the general case.

An example of a completely nonlinear operator is the Monge—Ampere operator

(3.7) F(u) = det (”xx ”Xy) = Uxllyy — U,
Uxy Uyy

with (x, y) € Q C R2. In this case,

pr =] (1 29 (2 )
(3.8) Uxy Uyy —Uxy Uxx
= UyyVxx — 2UxyVxy + UxxVyy.

Thus the linear operator DF (u) acting on v is elliptic provided the matrix

(3.9) ( Uyy _uxJ’)
—Uxy Uxx
is either positive-definite or negative-definite. Since, for u real-valued, this is a

real symmetric matrix, we see that this condition holds precisely when F(u) > 0.
More generally, for 2 C R”, we consider the Monge—Ampere operator

(3.7a) F(u) = det H(u),

where H(u) = (0;0xu) is the Hessian matrix of second-order derivatives. In this
case, we have

(3.8a) DF(u)v =Tr [C(u)H(v)],

where H(v) is the Hessian matrix for v and C(u) is the cofactor matrix of H (u),
satisfying
Hw)C(u) = [det H(u)]].

In this setting we see that DF (u) is a linear, second-order differential operator that
is elliptic provided the matrix C(u) is either positive-definite or negative-definite,
and this holds provided the Hessian matrix H(u) is either positive-definite or
negative-definite.



3. Local solvability of nonlinear elliptic equations 129

Having introduced the concepts above, we aim to establish the following local
solvability result:

Theorem 3.1. Let g € C*°(2), and let u; € C*°(2) satisfy
(3.10) F(ur) = g(x), atx = xo,

where F(u) is of the form (3.3). Suppose that F is elliptic at uy. Then, for any £,
there exists u € C*(Q) such that

(3.11) Fu =g
on a neighborhood of x.

We begin with a formal power-series construction to arrange that (3.11) hold
to infinite order at xq.

Lemma 3.2. Under the hypotheses of Theorem 3.1, there exists ug € C(2)
such that

(3.12) F(uo) — g(x) = O(lx — x0|™)

and

(3.13) (o — u1)(x) = O(Jx — xo|"*1),

Proof. Making a change of variable, we can suppose xo = 0. Denote coordinates
near 0 in Q by (x, y) = (x1,...,Xs—1, ). We write up(x, y) as a formal power
series in y:

1
G14) uo(x,y) = vo(x) +vi(0)y + oo (Y e
Set
(3.15) vo(x) = u1(x,0), vi(x) = dyui(x,0),...,vm—1(x) = a'y"_lul(x,O).

Now the PDE F(u) = g can be rewritten in the form

am
(3.16) 8)/_”: = F*(x,y, D7"u, D7 Dyu,..., DLD7 "u).

Then the equation for vy, (x) becomes

(3.17) Um(x) = f*(x,0, D™vo(x),..., Divm_1(x)).
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Now, by (3.10), we have v,,(0) = 8}"u1(0,0), so (3.13) is satisfied. Taking
y-derivatives of (3.16) yields inductively the other coefficients v; (x), j > m+1,
and the lemma follows from this construction.

Note that if F is elliptic at u;, then F continues to be elliptic at ug, at least on
a neighborhood of xg; shrink 2 appropriately.
To continue the proof of Theorem 3.1, for k > m + 1 4+ n/2, we have that

(3.18) F: HY(Q) — H¥™(Q)
is a C'-map. We have
(3.19) L = DF(uo) : H*(Q) — H*™(Q).

Now, L is an elliptic operator of order m. We know from Chap. 5 that the Dirichlet
problem is a regular boundary problem for the strongly elliptic operator £L*.
Furthermore, if Q2 is a sufficiently small neighborhood of x¢, the map

(3.20) LL* 1 H™(Q) n HM(Q) — HF™(Q)

is invertible. Hence the map (3.19) is surjetive, so we can apply the implicit func-
tion theorem. For any neighborhood By, of ug in H*(2), the image of B under
the map F contains a neighborhood Cy of F(ug) in H¥~(Q). Now if (3.12)
holds, then any neighborhood of 7(x) = F(ug) — g in H*~™(Q) contains func-
tions that vanish on a neighborhood of xg, so any neighborhood Ci of F(uo)
contains functions equal to g(x) on a neighborhood of x¢. This establishes the
local solvability asserted in Theorem 3.1.

One would rather obtain a local solution # € C* than just an £-fold differen-
tiable solution. This can be achieved by using elliptic regularity results that will
be established in the next section.

We now discuss a refinement of Theorem 3.1.

Proposition 3.3. If u;,g € C°(Q) satisfy the hypotheses of Theorem 3.1 at
X = Xxo, with F elliptic at uy, then, for any £, there exists u € CZ(Q) such that,
on a neighborhood of x,

(321 Flu)=¢
and, furthermore,
(3.22) (u—u)(x) = O(|x —xo|" ™).
In the literature, one frequently sees a result weaker than (3.22). The desir-

ability of having this refinement was pointed out to the author by R. Bryant. As
before, results of the next section will give u € C*°(2).
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To begin the proof, we invoke Lemma 3.2, as before, obtaining ug. Now, for
k>m+1+n/2,set

Vi = {ue H Q) : (u—uo)(x) = O(|x — xo|™ 1)},

(3.23) i
Gi—m = {h € H™(Q) : h(xo) = g(x0)}.

Then

(3.24) F Vi — Giem

is a C '-map, and we want to show that F maps a neighborhood of ug in Vi onto
a neighborhood of gog = F(uo) in Gr—,,. We will again use the implicit function
theorem. We want to show that the linear map

(3.25) L= DF(uo): V{ — G,
is surjective, where

VP = {ve H*Q): DPu(xo) = 0 for |B] < m},

2
(:20) Gt ={he H-"™Q): h(xo) = 0}
are the tangent spaces to V; and Gi_y,, at ug and g, respectively.

By the previous argument involving (3.19) and (3.20), we know that, for any
given h € g}g_m, we can find v; € H¥(Q) such that Lv; = h, perhaps after
shrinking 2. To prove the surjectivity in (3.25), we need to find v € H* () such
that Lv = 0 and such that v — v; = O(]x — xo|™*!), so that v; — v € V]f and
L(v1 —v) = h. We will actually produce v € C°°(£2). To work on this problem,
we will find it convenient to use the notion of the m-jet J§* (v) of a function v €
C (), at xg, being the Taylor polynomial of order m for v about x¢. Note that

(B27)  JJ'w) = I ") = = 0H) ) = O(x — xo["H),

given that v,v* € C*(Q). The existence of the function v we seek here is
guaranteed by the following assertion.

Lemma 3.4. Given an elliptic operator L of order m, as above, let

(3.28) J =1Jy" (v) : Lo(xp) = 0}
and
(3.29) S={J"(v):v e C®Q), Lv=0o0nQ}.

Clearly, S C J. If Q is a sufficiently small neighborhood of xo, then S = J.
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Proof. This result is a simple special case of our goal, Proposition 3.3; the
beginning of the proof here just retraces arguments from the beginning of that
proof. Namely, let v; € C°°(£2) have m-jet in J, hence satisfying Lv; (x¢) = 0.
Then Lemma 3.2 applies, so there exists vg such that

(3.30) JiM (o) = J§"(v1) and Lvg = O(|x — x0[™).

Set ho = Lvo. Suppose €2 is shrunk so far that L£* in (3.20) is an isomorphism.
Now, for any & > 0, there exists #; € C°°(£2) such that

(3.31) hy = ho near xo,  ||h1llgeq) <&
Then the Dirichlet problem
LL*D =hyonQ, we H(Q)
has a unique solution W satisfying estimates
(3.32) 10| gre+2mqy < Cellhill gregy-
Fix £ > n/2. By Sobolev’s imbedding theorem, w = L*W satisfies
(3.33) lwllem@y < CHlwll getm (-
In light of this, we have
(3.34) |wllcm@) < Cfe, Lw =hyonQ,

so v = v; — w defines an element in S, provided 2 is shrunk to €21, on which
hi = hg in (3.31). Furthermore, J§* (v) differs from JJ" (v1) by J§" (w), which is
small (i.e., proportional to €). Since S is a linear subspace of the finite-dimensional
space J, this approximability yields the identity S = J and proves the lemma.

From the lemma, as we have seen, it follows that the map (3.25) is a surjective
linear map between two Hilbert spaces, so the implicit function theorem therefore
applies to the map F in (3.24). In other words, F' maps a neighborhood of ug in Vy
onto a neighborhood of go = F(ug) in Gx_,,. As in the proof of Theorem 3.1, we
see that any neighborhood of r(x) = F(ug) — g in g}g_m contains functions that
vanish on a neighborhood of xg, so any neighborhood of F(ug) in G_,, contains
functions equal to g(x) on a neighborhood of x¢. This completes the proof of
Proposition 3.3.

In some geometrical problems, it is useful to extend the notion of ellipticity.
A differential operator of the form (3.3) is said to be underdetermined elliptic at
ug provided DF (ug) has surjective symbol.
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Proposition 3.5. If F(uy) satisfies F(u1) = g at x = xg, and if F is underdeter-
mined elliptic at uy, then, for any £, there exists u € C*(Q) such that F(u) = g
on a neighborhood of xo and such that (u — uy)(x) = O(|x — xo|™*1).

Proof. We produce u in the form u = u; + u,, where we want
(3.35) F(uy + up) = g near xo.  ua(x) = O(|x — xo™*").

We will find u; in the form up = L*w, where £L = DF(u;). Thus we want to
find w € C*(Q) satisfying

(336)  ®(w) = Flu + L w) = g nearxo.  w(x) = O(x —xo"*1).

Now ®(w) is strongly elliptic of order 2m at w; and ®(w;) = 0 at xo if w; = 0.
Thus the existence of w satisfying (3.36) follows from Proposition 3.3, and the
proof is finished.

We will apply the local existence theory to establish the following classical
local isometric imbedding result.

Proposition 3.6. Let M be a 2-dimensonal Riemannian manifold. If pg € M and
the Gauss curvature K(po) > 0, then there is a neighborhood O of pg in M that
can be smoothly isometrically imbedded in R3.

The proof involves constructing a smooth, real-valued function # on O such
that du(pg) = 0 and such that g, = g — du? is a flat metric on O, where g is
the given metric tensor on M. Assuming this can be accomplished, then by the
fundamental property of curvature (Proposition 3.1 of Appendix C), we can take
coordinates (x, y) on O (after possibly shrinking O) such that g; = dx? + dy?2.
Thus g = dx? + dy? + du?, which implies that (x, y, u) : O — R3 provides the
desired local isometric imbedding.

Thus our task is to find such a function u. We need a formula for the Gauss
curvature K; of O, with metric tensor g, = g — du®. A lengthy but finite
computation from the fundamental formulas given in § 3 of Appendix C yields

(3.37) (1= |Vul?)’ Ky = (1 — [Vul?) K — det Hg (u).

Here, |Vu|? = g/*u.ju., and Hg (u) is the Hessian of u relative to the Levi-Civita
connection of g:

(3.38) Hg(u) = (u ).
This is the tensor field of type (1,1) associated to the tensor field V2u of type (0,2),

such as defined by (2.3)—(2.4) of Appendix C, or equivalently by (3.27) of Chap. 2.
In normal coordinates centered at p € M, we have Hg (1) = (9, 0xu), at p.
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Therefore, g is a flat metric if and only if u satisfies the PDE
(3.39) det Hg (u) = (1 —|Vul?)K.

By the sort of analysis done in (3.7)—(3.9), we see that this equation is elliptic,
provided K > 0 and |Vu| < 1. Thus Proposition 3.3 applies, to yield a local
solution u € C*(O), for arbitrarily large £, provided the metric tensor g is smooth.
As mentioned above, results of § 4 will imply that u € C*°(0).

If K(po) < 0, then (3.39) will be hyperbolic near pg, and results of Chap. 16
will apply, to produce an analogue of Proposition 3.6 in that case. No matter
what the value of K(py), if the metric tensor g is real analytic, then the nonlinear
Cauchy—Kowalewsky theorem, proved in §4 of Chap. 16, will apply, yielding in
that case a real analytic, local isometric imbedding of M into R3.

If M is compact (diffeomorphic to $2) and has a metric with K > 0 every-
where, then in fact M can be globally isometrically imbedded in R3. This result
is established in [Ni2] and [Po]. Of course, it is not true that a given compact
Riemannian 2-manifold M can be globally isometrically imbedded in R3 (for
example, if K < 0), but it can always be isometrically imbedded in R¥ for suf-
ficiently large N. In fact, this is true no matter what the dimension of M. This
important result of J. Nash will be proved in § 5 of this chapter.

Exercises

1. Given the formula (3.8a) for the linearization of F'(u) = det H (u), show that the symbol
of DF (u) is given by

(3.40) ODF (u) (x,8) = —C(w) - .

2. Let a surface M C R3 be given by x3 = u(x1, x2). Given K(x1,x2), to construct u
such that the Gauss curvature of M at (xp, x2,u(x1, x2)) is equal to K(x1, x2) is to
solve

(3.41) det H(u) = (1 + |Vu|?)’K.

See (4.29) of Appendix C. If one is given a smooth K(x1,x2) > 0, then this PDE is
elliptic. Applying Proposition 3.3, what geometrical properties of M can you prescribe
at a given point and guarantee a local solution?

3. Verity (3.37). Compare with formula (**) on p. 210 of [Spi], Vol. 5.

4. Show that, in local coordinates on a 2-dimensional Riemannian manifold, the left side
of (3.39) is given by

det(u/ 1) = g7 det(d; dgu) + AT* (x, Vi) 3 dpu + Q(Vu, Vo),
where g = det(g ),

Ak (x,Vu) = :i:gjkaj/zk/agu,
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with “47if j = k,“~"if j # k, j’ and k’ the indices complementary to j and k, and

ol = gt + T g™

aIld . . .
O(Vu, Vu) = det(t/ ), o/ = o4 du.

4. Elliptic regularity I (interior estimates)

Here we will discuss two methods of establishing regularity of solutions to nonlin-
ear elliptic PDE. The first is to consider regularity for a linear elliptic differential
operator of order m

(4.1) A(x.D) = Y aq(x) D%,

loe|<m

whose coefficients have limited regularity. The second method will involve use
of paradifferential operators. For both methods, we will make use of the Holder
spaces C*(R") and Zygmund spaces C;$(R"), discussed in § 8 of Chap. 13. Ma-
terial in this section largely follows the exposition in [T].

Let us suppose ay(x) € C*(R"), s € (0,00) \ Z. Then A(x, £) belongs to the
symbol space C;/ST", as defined in § 9 of Chap. 13. Recall that p(x, §) € CjS{',’S,
provided

(4.2) |Dg p(x.£)| < Calg)™"
and
(4.3) IDE p(.&)llcsmn < C*(E)™1*IH0s.

We would like to establish regularity results for elliptic A(x,§) € C;S{. by
pseudodifferential operator techniques. It is not so convenient to work with an
operator with symbol A(x, £)~!. Rather, we will decompose A(x, £) into a sum

(4.4) A(x,E) = A*(x, &) + AP (x,8),

in such a way that a good parametrix can be constructed for A*(x, D), while
AP (x, D) is regarded as a remainder term to be estimated. Pick § € (0, 1). As
shown in Proposition 9.9 of Chap. 13, any A(x,§) € C{ ST, can be written in the
form (4.4), with

@.5) A ) € STy AP(x.) € CIST
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To Ab(x, D) we apply Proposition 9.10 of Chap. 13, which, we recall, states that
4.6) p(x,§) € CiS{'s = p(x,D): CH7rm— I, —(1-=8)s<r<s.
Consequently,

(4.7) Ab(x,D)y:cmtr s e —(1=8)s<r <s.

Now let p(x, D) € OPS[§' be a parametrix for A*(x, D), which is elliptic.
Hence, mod C*°,

(4.8) p(x, D)A(x, D)u = u + p(x, D)A®(x, D)u,
so if
(4.9) A(x,D)u = f,

then, mod C*°,

(4.10) u= p(x,D)f — p(x,D)Ab(x, D)u.
In view of (4.7), we see that when (4.10) is satisfied,

(4.11) ue Cmtr=8s  feCr—=uecmrtr,
We then have the following.

Proposition 4.1. Let A(x,§) € C{ST'y be elliptic, and suppose u solves (4.9).

Assuming

(4.12) s>0, 0<d<1 and —(1-8)s<r<s,
we have

(4.13) ue C"r f e Cl = ueCmMt,

Note that, for || = m, D%u € CI~% and r — §s could be negative. However,
aq(x) D%u will still be well defined for aq € C*. Indeed, if (4.6) is applied to the
special case of a multiplication operator, we have

(4.14) aeC’,ueC! = aueC?, for —s <o <s.

Note that the range of r in (4.12) can be rewritten as —s < r —§s < (1 — §)s. If
we set r —8s = —s + ¢, this means 0 < ¢ < (2—§)s, so we can rewrite (4.13) as
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(415)  ueC™ ¢ feCl = ueCM, providede >0, r <s,

as long as the relation 7 = —(1—§)s + ¢ holds. Letting 6 range over (0, 1), we see
that this will hold for any r € (—s+=¢, ¢). However, if r € [, s), we can first obtain
from the hypothesis (4.15) that u € C" P for any p < e. This improves the a
priori regularity of u by almost s units. This argument can be iterated repeatedly,
to yield:

Theorem 4.2. If A(x,§) € C*SY' is elliptic and u solves (4.9), then (assuming
s >0)

ueCmSte f e Cf = ue T

(4.16) .
provided ¢ >0 and —s <r <s.

We can sharpen this up to obtain the following Schauder regularity result:
Theorem 4.3. Under the hypotheses above,
(4.17) ue C"3te feCi = ueCls,

Proof. Applying (4.16), we can assume u € CI"*" with s — r > 0 arbitrarily
small. Now if we invoke Proposition 9.7 of Chap. 13, which says

(4.18) p(x,§) e C"SY"), = p(x, D) : cmtrte . cr,
for all € > 0, we can supplement 4.7 with
(4.19) Ab(x, D) cmrsTste L 5 e>0.

If§ > 0,and if ¢ > 0 is picked small enough, we can write m+s—38s+& = m+r
with r < s, so, under the hypotheses of (4.17), the right side of (4.8) belongs to
CI"*s_ proving the theorem. We note that a similar argument also produces the
regularity result:

(4.20) ue H"3*t&P f e C = ue CI"s,

We now apply these results to solutions to the quasi-linear elliptic PDE

(4.21) > au(x, D™ 'u) Du = f.

la|<m

Aslong as u € C™ 175 qy(x, D™ u) € C*. If also u € C™ %%, we ob-
tain (4.16) and (4.17). If r > s, using the conclusion u € C"*S, we obtain
ag(x, D™ tu) € CST1, so we can reapply (4.16) and (4.17) for further regular-
ity, obtaining the following:
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Theorem 4.4. If u solves the quasi-linear elliptic PDE (4.21), then
(4.22) ue CmItsnemste f e Cl —= ue CM,

provided s > 0, ¢ > 0, and —s < r. Thus

(4.23) ue C" IS feCl = ueChtr,
provided

1
(4.24) s>§, r>s—1.

We can sharpen Theorem 4.4 a bit as follows. Replace the hypothesis in
(4.22) by

(4.25) ue Cmits o gmeitor

with p € (1, 00). Recall that Proposition 9.10 of Chap. 13 gives both (4.6) and,
for p € (1, 0),

(426 p(x.§) € CiSs = p(x.D): H™""™P — H"P,
' —(1=8)s<r<s.

Parallel to (4.14), we have

4.27) ac€C’ ue H? = quec H%?, for —s <o < s,

as a consequence of (4.26), so we see that the left side of (4.21) is well defined
provided s 4+ o > 1. We have (4.8) and, by (4.26),

(4.28) Ab(x, D) : H™T88P s HTP for —(1=8)s <r <3,
parallel to (4.7). Thus, if (4.25) holds, we obtain

(4.29) p(x, D)AY(x, Dyu € H"~1+o+ds.p,

provided —(1 —§)s < és — 1 + o < s, i.e., provided

(4.30) s+o>1and —14+0 +6s <s.

Thus, if f € H”? with p > 0 — 1, we manage to improve the regularity of u

over the hypothesized (4.25). One way to record this gain is to use the Sobolev
imbedding theorem:

8
(4.31) Hm—1+0+83,p C Hm—1+cr,p1, 1= pn S p(l n 2)
n—_§s n
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If we assume f € C] with r > 0 — 1, we can iterate this argument sufficiently
often to obtain u € C™~1t9~¢ for arbitrary ¢ > 0. Now we can arrange s + o >
1+¢, so we are now in a position to apply Theorem 4.4. This proves the following:

Theorem 4.5. If u solves the quasi-linear elliptic PDE (4.21), then
(4.32) ue CMItSqgmTIter f e CF = ue CMT,
provided 1 < p < oo and

(4.33) s>0, s4+o0>1, r>o0-—1.

Note thatif u € H™? forsome p > n,thenu € C" 'S fors = 1—n/p > 0,
and then (4.32) applies, with 0 = 1, or even witho =n/p + ¢.

We next obtain a result regarding the regularity of solutions to a completely
nonlinear elliptic system

(4.34) F(x,D™u) = f.
We could apply Theorems 4.2 and 4.3 to the equation for u; = du/dx;:

oF 0
(4.35) Z E(x, D"u)D%uj = —Fx,; (x, D™u) + % = fj.

loe|<m

Suppose u € C™TS, s > 0, so the coefficients aq(x) = (3F/3¢y)(x, D™u) €
CS.If f € C[,then f; € CS + C[~!. We can apply Theorems 4.2 and 4.3 to u;
providedu € C™*175%¢ (o conclude thatu € C**$T1UC™*" . This implication
can be iterated as long as s + 1 < r, until we obtain u € CI"*7.

This argument has the drawback of requiring too much regularity of u#, namely
that u € C™T175%¢ a5 well as u € C™%S. We can fix this up by considering
difference quotients rather than derivatives d ju. Thus, for y € R”, |y| small, set

vy(x) = [y] 7 ulx + y) —u()]:

vy satisfies the PDE

(4.36) D" ®ay () Dy (x) = Gy (x, D™u),

loe|<m

where

1
437)  Dgy(x) = /0 (OF /3%0) (x, tD™u(x) + (1 — () D™ u(x + y)) d1
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and Gy is an appropriate analogue of the right side of (4.35). Thus @, is in C?,
uniformly as |y| — 0, if u € C™*S, while this hypothesis also gives a uniform
bound on the C™~1*5-norm of vy. Now, for each y, Theorems 4.2 and 4.3 apply
to vy, and one can get an estimate on ||vy || cm+o, p = min(s,r — 1), uniform as
|y| — 0. Therefore, we have the following.

Theorem 4.6. If u solves the elliptic PDE (4.34), then

(4.38) ueC™ feCl=uecCrr,
provided
(4.39) O0<s<r.

We shall now give a second approach to regularity results for nonlinear elliptic
PDE, making use of the paradifferential operator calculus developed in § 10 of
Chap. 13. In addition to giving another perspective on interior estimates, this will
also serve as a warm-up for the work on boundary estimates in § 8.

If F is smooth in its arguments, then, as shown in (10.53)—(10.55) of Chap. 13,

(4.40) F(x.D™u) = Y My(x.D)D%u+ F(x, D" ¥y(D)u).

loe|<m

where F(x, Dm\IJO(D)u) € C*® and

(4.41) Mo (x.§) =Y mE () ¥i41(6),
k
with

3
(4.42) mg(x)zfo f(\pk(D)D’"uthw,m(D)Dmu) dr.

As shown in Proposition 10.7 of Chap. 13, we have, for r > 0,

(4.43) ueC" = My(x,§) € AgSY, C S, NCTSY,.

We recall from (10.31) of Chap. 13 that

4.44) p(x.§) € AGSTs <= IDEp(E)llcres < Cas ()", s> 0.
Consequently, if we set

(4.45) M(u:x,D) = Y Mqy(x, D)D",

la|<m

we obtain
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Proposition 4.7. Ifu € C™*7, r > 0, then
(4.46) F(x,D™u) = M(u; x, D)u + R,
with R € C* and
4.47) M(u; x,§) € ASS{'}l C S{'fl N CrS{'fO.

Decomposing each My (x, §), we have, by (10.60)—(10.61) of Chap. 13,

(4.48) M(u; x, ) = M*(x,€) + M"(x,§),
with

(4.49) M*(x,§) € ASY's C ST’

and

(4.50) MP(x.§) € CTST N AGST, € ST

Let us explicitly recall that (4.49) implies

DEM*(x.£) € ST Bl =,

(4.51) _
SKIS'FS(W\ r)’ IB] > r.

Note that the linearization of F(x, D™u) at u is given by

(4.52) Lv = Z Mgy (x)D%v,
loe|<m

where

(4.53) My(x) = gTF(x, D™u).

Comparison with (4.40)—(4.42) gives (for u € C™17)
(4.54) M(u; x,€) — L(x.§) € C"S{"[",

by the same analysis as in the proof of the § = 1 case of (9.35) of Chap. 13. More
generally, the difference in (4.54) belongs to C’S{”’g_rs, 0 <8 <1.Thus L(x,§)
and M (u; x, £) have many qualitative properties in common.

Consequently, given u € C™*", the operator M*(x,D) € OPS ;','8 is
microlocally elliptic in any direction (xg, &) € T*R” \ 0 that is noncharacteristic
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for F(x, D™u), which by definition means noncharacteristic for L. In particular,
M*#(x, D) is elliptic if F(x, D™u) is. Now if

(4.55) F(x,D™u) = f

is elliptic and Q € OPS[§" is a parametrix for M #(x, D), we have

(4.56) u=Q(f —M>x,Dyu), modC®.

By (4.50) we have

(4.57) OMb(x, D)y : H™78+s:p _, gmtsp 5.

(In fact s > —(1 — §)r suffices.) We deduce that

(4.58) ue Hnr+sp f e g$P — y € HMSP,

granted r > 0, s > 0, and p € (1,00). There is a similar implication, with
Sobolev spaces replaced by Holder (or Zygmund) spaces. This sort of implication
can be iterated, leading to a second proof of Theorem 4.6. We restate the result,
including Sobolev estimates, which could also have been obtained by the first

method used to prove Theorem 4.6.

Theorem 4.8. Suppose, given r > 0, that u € C™F" satisfies (4.55) and this
PDE is elliptic. Then, for each s > 0, p € (1, 00),

(4.59) feH = ue H"P? and f € C{ = uec CI"s,
By way of further comparison with the methods used earlier in this section,

we now rederive Theorem 4.5, on regularity for solutions to a quasi-linear elliptic
PDE. Note that, in the quasi-linear case,

(4.60) F(x,D"u)= Y ag(x, D" 'u)D*u = f.

loe|<m

the construction above gives F(x, D™u) = M(u;x, D)u + Ro(u) with the
property that, for r > 0,

(4.61) ueC™ = M@u:x.§) e C"H'SP, NS +C7 ST syt
Of more interest to us now is that, for0 < r < 1,

(4.62) ueC" M — M(u;x,§) € C"ST, N ST + ST
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which follows from (10.23) of Chap. 13. Thus we can decompose the term in
C"S1yNST"; viasymbol smoothing, as in (10.60)—(10.61) of Chap. 13, and throw
the term in S7"" into the remainder, to get

(4.63) M(u; x, &) = M*(x,€) + M (x,£),
with
(4.64) M*(x,£) € ST, MP(x.§) e ST

If P(x,D) € OPS[§ is a parametrix for the elliptic operator M #(x, D), then
whenever u € C™~ 147 0 HM=140.P ig 3 solution to (4.60), we have, mod C*®,

(4.65) u= P(x,D)f — P(x,D)M®(x, D)u.
Now
(4.66) P(x,D)M®(x,D): H™ PP s gm=ltetrdr  ifp 4 ps 1,

by the last part of (4.64). As long as this holds, we can iterate this argument and
obtain Theorem 4.5, with a shorter proof than the one given before.

Next we look at one example of a quasi-linear elliptic system in divergence
form, with a couple of special features. One is that we will be able to assume less
regularity a priori on u than in results above. The other is that the lower-order
terms have a more significant impact on the analysis than above. After analyzing
the following system, we will show how it arises in the study of the Ricci tensor.

We consider second-order elliptic systems of the form

(4.67) > 0;ak(x. w)gu + B(x.u, Vu) = f.
We assume that a jz (x, u) and B(x, u, p) are smooth in their arguments and that

(4.68) |B(x,u, p)| < C(p)*.

Proposition 4.9. Assume that a solution u to (4.67) satisfies
(4.69) Vue LY, forsomeq > n, henceu € C",
for somer € (0,1). Then, if p € (q,00) and s > —1, we have
(4.70) feHY = ue H"??,

To begin the proof of Proposition 4.9, we write

4.71) Zajk(x,u) Oru = A;(u;x, D)u
k
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mod C®°, with

(4.72) ueC = Aju;x.§) €C’S{yNS{ +58{7,
as established in Chap. 13. Hence, given § € (0, 1),

Aj(ux, ) = A% (x,§) + A%(x, ©),

(4.73) C
A8 e Sty Ab(x.g) e ST

It follows that we can write

4.74) Zajajk(x,u) u= P*u+ Pbu,
with

(4.75) P*=%"09;A%(x,D) € OPS};. elliptic,
and

(4.76) PP =%"0;45(x. D).

By Theorem 9.1 of Chap. 13, we have
@77 Ab(x,D): H'7ERrt s P forpn >0, 1< p < 0.

In particular (taking u = ré§, p’ = q),

(4.78) Vue L1 = PPye H™11704,
Now, if
(4.79) E* € OPST;

denotes a parametrix of P*, we have, mod C*°,
(4.80) u=E*f — E*B(x,u,Vu) — E*PPu,

and we see that under the hypothesis (4.69), we have some control over the last
term:

1 s

q n

(4.81) E*Pbyuec H'T04 c gla,

Q| —
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Note also that under our hypothesis on B(x, u, p),
(4.82) Vu e LY = B(x,u,Vu) € L2
Now, by Sobolev’s imbedding theorem,
(4.83) E*B(x,u,Vu) € H'?,
with p = ¢/(2 —¢q/n) if ¢ < 2n and for all p < oo if ¢ > 2n. Note that
p > q(l +a/n)if ¢ = n + a. This treats the middle term on the right side of
(4.80). Of course, the hypothesis on f yields

(4.84) E*f e HST2P, s+4+2>1,

which is just where we want to place u.
Having thus analyzed the three terms on the right side of (4.80), we have

(4.85) ue HY' | g¢* = min(p, p,q).
Iterating this argument a finite number of times, we get
(4.86) ue H?.
If s = —1 in (4.70), our work is done.
If s > —1 in (4.70), we proceed as follows. We already have u € HYP, so

Vu € L?. Thus, on the next pass through estimates of the form (4.78)—(4.83), we
obtain

E#Pbl/{ e H1+r8,17

(4.87)
E*B(x,u,Vu) € H>?/2 c g?>7"/Pp,
and hence
(4.88) ue H'W%P 5 = min (r8,1—2,1+s).
P

We can iterate this sort of argument a finite number of times until the conclusion
in (4.70) is reached.

Further results on elliptic systems of the form (4.67) will be given in § 12B.
We now apply Proposition 4.9 to estimates involving the Ricci tensor. Consider a
Riemannian metric g jx defined on the unit ball By C R”. We will work under the
following hypotheses:

(i) For some constants a; € (0, 00), there are estimates

(4.89) 0<aol <(gjk(x)) <ail.
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(ii) The coordinates x1, . . ., X are harmonic, namely
(4.90) Axy = 0.
Here, A is the Laplace operator determined by the metric g ;. In general,
(4.91) Av = g/%9 ;90 — A, AL = gkl

Note that Ax, = —)&Z, so the coordinates are harmonic if and only if At =o.
Thus, in harmonic coordinates,

(4.92) Av = g% 99,0

We will also assume some bounds on the Ricci tensor, and we desire to see
how this influences the regularity of g in these coordinates. Generally, as can
be derived from formulas in § 3 of Appendix C, the Ricci tensor is given by

. 1
Ricjx = Egem[_aﬁamgjk — 0,0k &em
(4.93) + 0k Omgej + 060 8km | + Mjr(g.Vg)

1 1 1
= =58 00 gk + S €je0eA’ + S8kedj A" + H(g. Vg,
with A% as in (4.91). In harmonic coordinates, we obtain

1 ; .
@94 =23 0;8™ () gum + Qem(8.VE) = Ricem,

and Qg (g, Vg) is a quadratic form in Vg, with coefficients that are smooth
functions of g, as long as (4.89) holds. Also, when (4.89) holds, the equation
(4.94) is elliptic, of the form (4.67). Thus Proposition 4.9 implies the following.

Proposition 4.10. Assume the metric tensor satisfies hypotheses (i) and (ii). Also
assume that, on B,

(4.95) Vgik € LY, forsomeq > n,
and
(4.96) Ricey € H*P,

for some p € (q,00), s > —1. Then, on the ball By,

(4.97) gk € HS TP,

In [DK] it was shown that if g;; € C?, in harmonic coordinates, then, for
k € Z*, a € (0,1), Ricgm € CKH = g € CkF2F@ Sych results also follow
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by the methods used to prove Proposition 4.10. A result stronger than Proposition
4.10, using Morrey spaces, is proved in [T2].

Exercises
1. Consider the system F(x, D"u) = f when
F(x.D™u)= Y ag(x.D’u) Du,
lor|<m

for some j such that 0 < j < m. Assume this quasi-linear system is elliptic. Given
p,q € (1,00), r > 0, assume

ue C/Hr AT RP g p s

Show that
feH™ = ueH ™I,

5. Isometric imbedding of Riemannian manifolds
In this section we will establish the following result.

Theorem 5.1. If M is a compact Riemannian manifold, there exists a C*°-map

(5.1 ®: M — RV,

which is an isometric imbedding.

This was first proved by J. Nash [Nal], but the proof was vastly simplified by
M. Giinther [Gul]-[Gu3]. These works also deal with noncompact Riemannian
manifolds and derive good bounds for N, but to keep the exposition simple we
will not cover these results.

To prove Theorem 5.1, we can suppose without loss of generality that M is a
torus T*. In fact, imbed M smoothly in some Euclidean space ]Rk; M will sit
inside some box; identify opposite faces to have M C T¥. Then smoothly extend
the Riemannian metric on M to one on T*.

If R denotes the set of smooth Riemannian metrics on TX and £ is the set of
such metrics arising from smooth imbeddings of T¥ into some Euclidean space,
our goal is to prove

(5.2) E=R.
Now R is clearly an open convex cone in the Fréchet space

V = C®(T*, §2T*)
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of smooth, second-order, symmetric, covariant tensor fields. As a preliminary to
demonstrating (5.2), we show that the subset £ shares some of these properties.

Lemma 5.2. € is a convex cone in'V.

Proof. If go € &, it is obvious from scaling the imbedding producing g¢ that
ago € &, forany a € (0, 00). Suppose also that g € £. If these metrics g; arise
from imbeddings ¢; : Tk — RY/, then go + g1 is a metric arising from the
imbedding ¢o @ ¢; : T — RY0+"1_ This proves the lemma.

Using Lemma 5.2 plus some functional analysis, we will proceed to establish
that any Riemannian metric on T* can be approximated by one in £. First, we
define some more useful objects. If u : T — R is any smooth map, let y,
denote the symmetric tensor field on T* obtained by pulling back the Euclidean
metric on R”. In a natural local coordinate system on T*¥ = R¥ /Z* arising from
standard coordinates (x1, ..., Xz) on Rk,

(5.3) Vu= ) oo dX; ® dx;.
Py

Whenever u is an immersion, y,, is a Riemannian metric; and if « is an imbedding,
then y, is of course an element of £. Denote by C the set of tensor fields on T* of
the form y,. By the same reasoning as in Lemma 5.2, C is a convex cone in V.

Lemma 5.3. & is a dense subset of R.

Proof. If not, take g € R such that g ¢ &, the closure of £ in V. Now € is a
closed, convex subset of V', so the Hahn—Banach theorem implies that there is a
continuous linear functional £ : ¥ — R such that £(€) < 0 while £(g) = a > 0.

Let us note that C C € (and hence C = &). In fact, if u : TF — R™ is any
smooth map and ¢ : T*¥ — R” is an imbedding, then, for any ¢ > 0, ¢ @® u :
Tk — R™*™ is an imbedding, and Yeoou = 2Vp + yu € E. Taking & \| 0, we
have y, € £.

Consequently, the linear functional ¢ produced above has the property
£(C) < 0. Now we can represent £ as a k x k symmetric matrix of distribu-
tions £;; on T*, and we deduce that

(5.4) D 0if 0 fili) 0. VfeC™(TH).

i,J

If we apply a Friedrichs mollifier J;, in the form of a convolution opera-
tor on T*, it follows easily that (5.4) holds with tij € D (T*) replaced by
Aij = Jolij € C>°(T*). Now it is an exercise to show that if Aij € Co°(Tk)
satisfies both A;; = A;; and the analogue of (5.4), then A = (A4;;) is a negative-
semidefinite, matrix-valued function on T* , and hence, for any positive-definite
G = (gij) € C®(T*,$°T*),
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(5.5) Z(gij,)tij) <0.

i,j
Taking A;; = J¢{;; and passing to the limit ¢ — 0, we have

(5.6) > (gij-tij) 0.

iL,J

for any Riemannian metric tensor (gij) on T. This contradicts the hypothesis
that we can take g ¢ £, so Lemma 5.3 is proved.

The following result, to the effect that £ has nonempty interior, is the analytical
heart of the proof of Theorem 5.1.

Lemma 5.4. There exist a Riemannian metric g9 € £ and a neighborhood U of
0in V such that go + h € € whenever h € U.

We now prove (5.2), hence Theorem 5.1, granted this result. Let g € R, and
take go € &, given by Lemma 5.4. Then set g1 = g + o (g — go), where ¢ > 0
is picked sufficiently small that g; € R. It follows that g is a convex combination
of go and g1; thatis, g = ago + (1 —a)g; forsome a € (0,1). By Lemma 5.4,
we have an open set U C V such that go + 7 € £ whenever h € U. But by
Lemma 5.3, there exists # € U such that g —bh € £, b = a/(1 — a). Thus
g =a(go+h)+ (1 —a)(g, — bh) is a convex combination of elements of &, so
by Lemma 5.1, g € &, as desired.

We turn now to a proof of Lemma 5.4. The metric go will be one arising from
a free imbedding

(5.7) u: Tk — RH,

defined as follows.

Definition. An imbedding as in (5.7) is free provided that the k + k(k + 1)/2
vectors

(5.8) 0ju(x), 0;0ru(x)

are linearly independent in R*, for each x € T*.

Here, we regard Tk = R¥ / 7% so u : R¥ — R¥, invariant under the transla-
tion action of Z* on R, and (x1, ... xx) are the standard coordinates on R¥. It is
not hard to establish the existence of free imbeddings; see the exercises.

Now, given that u is a free imbedding and that (4;;) is a smooth, symmetric
tensor field that is small in some norm (stronger than the C2-norm), we want to
find v € C°(T*, R*), small in a norm at least as strong as the C '-norm, such
that, with go = v,
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(5.9) D 0i (e + v)d (g + ve) = goij + i
l

or equivalently, using the dot product on R*,
(5.10) Oiu-0;v+0u-0;v+0;v-9;v=h.
We want to solve for v. Now, such a system turns out to be highly underdeter-

mined, and the key to success is to append convenient side conditions. Following
[Gu3], we apply A — 1to (5.10), where A = ) 8?, obtaining

0 {(A = D)@ju-v) + Av-;0} +0;{(A = D@ v) + Av- 00
1
(5.11) —2{(A — 1)(8i8ju' v) + Eaiv . 8,-1) —d;0¢v - ajagv
1

where we sum over £. Thus (5.10) will hold whenever v satisfies the new system
(A=D(&i(x)-v) = — Av-d;v,
1
(5.12) (A - 1)(Zij(x) : v) = - E(A - 1)hij

1
+ (8l~84v -0j0gv— Av-0;0;v — Ea,-v . 8]-1)) .
Here we have set {;(x) = 0;u(x), {;;(x) = 0;0;u(x), smooth R*-valued func-
tions on T,

Now (5.12) is a system of k(k + 3)/2 = « equations in ¢ unknowns, and it
has the form

(5.13)  (A=1)(E(x)v) + Q(D?*v,D*v) = H = (0,—%(A — 1)h,-,-) ,

where £(x) : R* — R¥ is surjective for each x, by the linear independence hy-
pothesis on (5.8), and Q is a bilinear function of its arguments D?v = {D%v :
|| < 2}. This is hence an underdetermined system for v. We can obtain a deter-
mined system for a function w on T* with values in R¥, by setting

(5.14) v=E(x)w,
namely

(5.15) (A = 1)(A(x)w) + O(D*w, D*w) = H,
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where, for each x € Tk R
(5.16) A(x) = £(x)E(x)" € End(R¥) is invertible.

If we denote the left side of (5.15) by F(w), the operator F is a nonlinear differ-
ential operator of order 2, and we have

(5.17) DF(w) f = (A —1)(A(x)f) + B(D*w, D*f),
where B is a bilinear function of its arguments. In particular,

(5.18) DF(0)f = (A —1)(A(x) f).

We thus see that, for any r € RT \ Z7,

(5.19) DF(0) : C"*2(T*,R¥) — C7(T*, R¥) is invertible.

Consequently, if we fix r € Rt \ ZT, and if H € C"(T*, R¥) has sufficiently
small norm (i.e., if (h;;) € Cr+2(T*, S2T*) has sufficiently small norm), then
(5.15) has a unique solution w € C’+2(Tk, R¥) with small norm, and via (5.14)
we get a solution v € C"+2(T*, R*), with small norm, to (5.13). If the norm of
v is small enough, then of course u + v is also an imbedding.

Furthermore, if the C”12-norm of w is small enough, then (5.15) is an elliptic
system for w. By the regularity result of Theorem 4.6, we can deduce that w is
C° (hence v is C*) if h is C*°. This concludes the proof of Lemma 5.4, hence
of Nash’s imbedding theorem.

Exercises

In Exercises 1-3, let B be the unit ball in ]Rk, centered at 0. Let (4; j) be a smooth,
symmetric, matrix-valued function on B such that

(5.20) > [@060 @00 dy 0y dr <0, VS € CRB).

i,
1. Taking fe € C§°(B) of the form
fe(x) = f(e%x1,e7 X)), 0<e<],

examine the behavior as ¢ N\, 0 of (5.20), with f replaced by f;. Establish that
211(0) = 0.

2. Show that the condition (5.20) is invariant under rotations of ]Rk, and deduce that
()t ij (0)) is a negative-semidefinite matrix.

3. Deduce that (;;(x)) is negative-semidefinite for all x € B.

4. Using the results above, demonstrate the implication (5.4) = (5.5), used in the proof of
Lemma 5.3.
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5. Suppose we have a C ®-imbedding ¢ : T — R”. Define a map
1
v TF — R" @ S2R” ~ R¥, po=nt on@+ 1),
to have components

pj(x), 1=j=n ¢x)pjx) 1<i=<j=n

Show that v is a free imbedding.

6. Using Leibniz’ rule to expand derivatives of products, verify that (5.10) and (5.11) are
equivalent, for v € C°(Tk RH).

7. In[Nal] the system (5.10) was augmented with d;u - v = 0, yielding, instead of (5.12),
the system

Gi(x)-v=0,
1
Cij(x)'v=§

What makes this system more difficult to solve than (5.12)?

(5.21)
(8[1) . ajv _hij)~

6. Minimal surfaces

A minimal surface is one that is critical for the area functional. To begin, we
consider a k-dimensional manifold M (generally with boundary) in R”. Let £ be
a compactly supported normal field to M, and consider the one-parameter family
of manifolds My C R”, images of M under the maps

6.1) ps(x) =x +sE(x), xeM.

We want a formula for the derivative of the k-dimensional area of My, ats = 0.
Let us suppose £ is supported on a single coordinate chart, and write

6.2) A(s)z/”&lX/\---/\akXH duy --dug,
Q

where @ C RK parameterizes My by X(s,u) = Xo(u) 4+ s&(u). We can also
suppose this chart is chosen so that [|d; Xo A --- A dx Xo|| = 1. Then we have

A'(0) =
6.3) &
Z/(alxo Ao ADEN A Xo,d1Xo A Ak Xo) duy -+~ dug.
j=1

By the Weingarten formula (see (4.9) of Appendix C), we can replace 9;§ by
—AgE;, where E; = 9; Xo. Without loss of generality, for any fixed x € M, we
can assume that £, ..., Ej is an orthonormal basis of 7, M . Then

(6.4) (ExA---NAgEj A+~ NEg,Ex N+~ A E) = (A¢Ej, Ej),
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at x. Summing over j yields Tr Ag(x), which is invariantly defined, so we have

(6.5) A0) = — / Tr Ag(x) dA(x),
M

where Ag(x) € End(TxM) is the Weingarten map of M and dA(x) the Rie-
mannian k-dimensional area element. We say M is a minimal submanifold of R”
provided 4’(0) = 0 for all variations of the form (6.1), for which the normal field
& vanishes on M .

If we specialize to the case where k = n—1 and M is an oriented hypersurface
of R”, letting N be the “outward” unit normal to M, for a variation My of M
given by

(6.6) ps(x) =x +sf(x)N(x), xeM,

we hence have

6.7) A(0) = — / Tr Ay (x) f(x) dA(x).

M

The criterion for a hypersurface M of R” to be minimal is hence that Tr Ay = 0
on M.

Recall from §4 of Appendix C that Ax (x) is a symmetric operator on Tx M .
Its eigenvalues, which are all real, are called the principal curvatures of M at x.
Various symmetric polynomials in these principal curvatures furnish quantities of
interest. The mean curvature H(x) of M at x is defined to be the mean value of
these principal curvatures, that is,

(6.8) H(x) = % Tr Ay (x).

Thus a hypersurface M C R” is a minimal submanifold of R” precisely when
H=0onM.

Note that changing the sign of N changes the sign of Ay, hence of H. Under
such a sign change, the mean curvature vector

(6.9) H(x) = H(x)N(x)
is invariant. In particular, this is well defined whether or not M is orientable, and
its vanishing is the condition for M to be a minimal submanifold. There is the

following useful formula for the mean curvature of a hypersurface M C R”. Let
X : M — R” be the isometric imbedding. We claim that

(6.10) H(x) = %AX,
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with k = n — 1, where A is the Laplace operator on the Riemannian manifold M,
acting componentwise on X . This is easy to see at a point p € M if we translate
and rotate R” to make p = 0 and represent M as the image of R¥ = R”~! under

(6.11) Y(X') = (¥, f(x"), x'=(x1,....x), Vf(0)=0.
Then one verifies that

AX(p) = 97Y(0) + -+ + 7Y (0) = (0,...,0,03 £(0) + --- + 07 £(0)),
and (6.10) follows from the formula

k
6.12) (ANOX.Y) = Y~ 8:9;£(0) X;Y;

i,j=1

for the second fundamental form of M at p, derived in (4.19) of Appendix C.
More generally, if M C R” has dimension k < n — 1, we can define the mean
curvature vector )(x) by

1
6.13) (9().8) = £ Tr Ae(x). H(x) L TxM,
so the criterion for M to be a minimal submanifold is that $§ = 0. Further-

more, (6.10) continues to hold. This can be seen by the same type of argument
used above; represent M as the image of R* under (6.11), where now f(xh =

(Xk+15---»Xn). Then (6.12) generalizes to
k
(6.14) (4eO)X,Y) = Y (£,0;0; £(0)) XY},

i,j=1
which yields (6.10). We record this observation.

Proposition 6.1. Let X : M — R” be an isometric immersion of a Riemannian
manifold into R"™. Then M is a minimal submanifold of R" if and only if the
coordinate functions X1, . . . , Xn, are harmonic functions on M.

A two-dimensional minimal submanifold of R” is called a minimal surface.
The theory is most developed in this case, and we will concentrate on the two-
dimensional case in the material below.

When dim M = 2, we can extend Proposition 6.1 to cases where X : M —
R”" is not an isometric map. This occurs because, in such a case, the class of
harmonic functions on M is invariant under conformal changes of metric. In fact,
if A is the Laplace operator for a Riemannian metric g;; on M and A; that for
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g1ij = e*gij, then, since Af = g=/20;(g7g'?9; f) and gY = e gl
while g1/ = ekug1/2 (if dim M = k), we have

(6.15) Avf =e 2 Af + e df,de® D"y = e 2Af ifk =2.
Hence ker A = ker A if k = 2. We hence have the following:
Proposition 6.2. If 2 is a Riemannian manifold of dimension 2 and X : Q — R”
a smooth immersion, with image M, then M is a minimal surface provided X is
harmonic and X : Q — M is conformal.

In fact, granted that X : 2 — M is conformal, M is minimal if and only if X
is harmonic on €.

We can use this result to produce lots of examples of minimal surfaces, by the
following classical device. Take  to be an open set in R? = C, with coordinates

(#1,u2). Given amap X : Q — R”", with components x; : @ — R, form the
complex-valued functions

(6.16) w,(z)z——i—z'zz—x,, ¢ =u +iu.

Clearly, v, is holomorphic if and only if x; is harmonic (for the standard flat
metric on €2), since A = 4(3/9¢)(9/0d¢). Furthermore, a short calculation gives

(6.17) Y w02 = [ X|* —[02X]* — 20 0:X - 0, X.
j=1

Granted that X : 2 — R” is an immersion, the criterion that it be conformal is
precisely that this quantity vanish. We have the following result.

Proposition 6.3. If Y1, ..., ¥, are holomorphic functions on Q@ C C such that

(6.18) Y Yi©*=0 onQ,

Jj=1

while Y |¥;()|? # 0 on Q, then setting

(619 xw = re 4,0 d¢
defines an immersion X : Q — R whose image is a minimal surface.

If Q is not simply connected, the domain of X is actually the universal covering
surface of €2.
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We mention some particularly famous minimal surfaces in R that arise in such
a fashion. Surely the premier candidate for (6.18) is

(6.20) sin? ¢ +cos?¢ —1=0.
Here, take 1 ({) = sin ¢, ¥»({) = —cos ¢, and ¥3(¢) = —i. Then (6.19) yields
(6.21) x1 = (cosuqp)(coshuz), xp = (sinug)(coshuy), x3 = us.

The surface obtained in R? is called the catenoid. It is the surface of revolution
about the x3-axis of the curve x; = coshxs in the (x; — x3)-plane. When-
ever ¥/, (¢) are holomorphic functions satisfying (6.18), so are e’ 0y 7(£), for any
0 € R. The resulting immersions Xg : Q& — R” give rise to a family of minimal
surfaces My C R”", which are said to be associated. In particular, My, is said
to be conjugate to M = My. When M, is the catenoid, defined by (6.21), the
conjugate minimal surface arises from ¥1 () = i sin¢, ¥»({) = —i cos{, and
¥3(¢) = 1 and is given by

(6.22) x1 = (sinup)(sinhuy), xp = (cosup)(sinhuy), x3 = ug.

This surface is called the helicoid. We mention that associated minimal surfaces
are locally isometric but generally not congruent; that is, the isometry between
the surfaces does not extend to a rigid motion of the ambient Euclidean space.
The catenoid and helicoid were given as examples of minimal surfaces by
Meusnier, in 1776.
One systematic way to produce triples of holomorphic functions y;({) satis-
fying (6.18) is to take

| .
623)  yi=3f(U-g) Va=3fU+) va=fz,

for arbitrary holomorphic functions f and g on Q. More generally, g can be
meromorphic on € as long as f has a zero of order 2m at each point where
g has a pole of order m. The resulting map X : @ — M C R3 is called
the Weierstrass—Enneper representation of the minimal surface M. It has an
interesting connection with the Gauss map of M, which will be sketched in the
exercises. The example arising from f = 1, g = ¢ produces “Enneper’s surface.”
This surface is immersed in R3 but not imbedded.

For a long time the only known examples of complete imbedded minimal
surfaces in R3 of finite topological type were the plane, the catenoid, and the
helicoid, but in the 1980s it was proved by [HM1] that the surface obtained by
taking g = ¢ and f({) = () (the Weierstrass gp-function) is another example.
Further examples have been found; computer graphics have been a valuable aid
in this search; see [HM2].
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A natural question is how general is the class of minimal surfaces arising from
the construction in Proposition 6.3. In fact, it is easy to see that every minimal
M C R” is at least locally representable in such a fashion, using the existence of
local isothermal coordinates, established in § 10 of Chap. 5. Thus any p € M has
a neighborhood O such that there is a conformal diffeomorphism X : Q& — O,
for some open set 2 C R2. By Proposition 6.2 and the remark following it, if
M is minimal, then X must be harmonic, so (6.16) furnishes the functions ¥; ({)
used in Proposition 6.3. Incidentally, this shows that any minimal surface in R” is
real analytic.

As for the question of whether the construction of Proposition 6.3 globally rep-
resents every minimal surface, the answer here is also “yes.” A proof uses the fact
that every noncompact Riemann surface (without boundary) is covered by either
C or the unit disk in C. This is a more complete version of the uniformization
theorem than the one we established in § 2 of this chapter. A positive answer, for
simply connected, compact minimal surfaces, with smooth boundary, is implied
by the following result, which will also be useful for an attack on the Plateau
problem.

Proposition 6.4. If M is a compact, connected, simply connected Riemannian
manifold of dimension 2, with nonempty, smooth boundary, then there exists a
conformal diffeomorphism

(6.24) &:M— D,

where D = {(x,y) e R? : x> + y2 < 1}.

This is a slight generalization of the Riemann mapping theorem, established
in §4 of Chap.5, and it has a proof along the lines of the argument given there.
Thus, fix p € M,andlet G € D'(M) N C*(M \ p) be the unique solution to

(6.25) AG =278, G =O0ondM.

Since M is simply connected, it is orientable, so we can pick a Hodge star oper-
ator, and *dG = B is a smooth closed 1-form on M \ p. If y is a curve in M
of degree 1 about p, then fy B can be calculated by deforming y to be a small
curve about p. The parametrix construction for the solution to (6.25), in nor-
mal coordinates centered at p, gives G(x) ~ log dist(x, p), and one establishes
that fy B = 2m. Thus we can write 8 = dH, where H is a smooth function

on M \ p, well defined mod 27Z. Hence ®(x) = e®+H is a single-valued
function, tending to 0 as x — p, which one verifies to be the desired conformal
diffeomorphism (6.24), by the same reasoning as used to complete the proof of
Theorem 4.1 in Chap. 5.

An immediate corollary is that the argument given above for the local
representation of a minimal surface in the form (6.19) extends to a global
representation of a compact, simply connected minimal surface, with smooth
boundary.
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So far we have dealt with smooth surfaces, at least immersed in R”. The
theorem of J. Douglas and T. Rado that we now tackle deals with “generalized”
surfaces, which we will simply define to be the images of two-dimensional mani-
folds under smooth maps into R” (or some other manifold). The theorem, a partial
answer to the “Plateau problem,” asserts the existence of an area-minimizing gen-
eralized surface whose boundary is a given simple, closed curve in R”.

To be precise, let y be a smooth, simple, closed curve in R”, that is, a diffeo-
morphic image of S!. Let

X, ={p e C(D,R")NC®(D,R"):

(6.26) |
¢ : S* — y monotone, and a(¢) < oo},

where « is the area functional:

(6.27) a(p) = [ 101¢ A dagl dxids.
D

Then let

(6.28) A, =inf{la(p) 19 € X, }.

The existence theorem of Douglas and Rado is the following:
Theorem 6.5. There is a map ¢ € X, such that a(¢) = A,.

We can choose ¢, € X, such that a(¢p,) \, Ay, but {¢,} could hardly be
expected to have a convergent subsequence unless some structure is imposed on
the maps ¢,. The reason is that a(p) = a(p o ¥) for any C *°-diffeomorphism
V¥ : D — D.Wesay ¢ o ¥ is a reparameterization of ¢. The key to success is
to take ¢,, which approximately minimize not only the area functional a(¢) but
also the energy functional

(6.29) P(p) = / |ng>()c)|2 dxidx,,
D

so that we will also have #(¢,) \, dy, where
(6.30) dy, = inf{d(¢) 19 € X, }.

To relate these, we compare (6.29) and the area functional (6.27).
To compare integrands, we have

(6.31) IVo|* = [010]* + |92/
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while the square of the integrand in (6.27) is equal to

1019 A 020]% = |019]%]0200]* — (319, 0200)
ERIRENIR

1
< < (lnpl + 10,0)°,

IA

(6.32)

A

where equality holds if and only if
(6.33) |01¢] = [929] and (919, d29) = 0.
Whenever Vg # 0, this is the condition that ¢ be conformal. More generally, if

(6.33) holds, but we allow Vg(x) = 0, we say that ¢ is essentially conformal.
Thus, we have seen that, for each ¢ € X,

1
(6.34) a(p) < 519(90),

with equality if and only if ¢ is essentially conformal. The following result allows
us to transform the problem of minimizing «(¢) over X,, into that of minimizing
U () over X,,, which will be an important tool in the proof of Theorem 6.5. Set

(6.35) X ={peC®D.R") :¢: 8" -y diffeo.}.
Proposition 6.6. Given ¢ > 0, any ¢ € X}° has a reparameterization ¢ oy such
that
1
(6.36) 5@ ov) <alp) +e.

Proof. We will obtain this from Proposition 6.4, but that result may not apply
to ¢(D), so we do the following. Take § > 0 and define ®s : D — R"*2 by
Ps(x) = ((p(x),é’x). For any § > 0, ®s is a diffeomorphism of D onto its
image, and if § is very small, area ®5(D) is only a little larger than area (D).
Now, by Proposition 6.4, there is a conformal diffeomorphism ¥ : ®s(D) — D.

Sety =5 = (Vo q>3)‘1 : D — D.Then ®s oy = U~! and, as established
above, (1/2)9(¥~1) = Area(V~1(D)), ie.,

(6.37) 19(®s 0 y) = Area(Ps(D)).

Since ¥ (@ oY) < F(Ds o V), the result (6.34) follows if § is taken small enough.

One can show that

(6.38) A, =infla(p) : 9 € XJ°},  dy =inf{d(p) : ¢ € X7°}.
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It then follows from Proposition 6.6 that A, = (1/2)dy, and if ¢, € X}° is
chosen so that ¥ (¢,) — d,, then a fortiori o(¢y) — A,.

There is still an obstacle to obtaining a convergent subsequence of such {¢,}.
Namely, the energy integral (6.29) is invariant under reparameterizations ¢ +—>
@ o for which ¢ : D — D is a conformal diffeomorphism. We can put a clamp
on this by noting that, given any two triples of (distinct) points {p1, p2, p>} and
{q1.492.q3} in S' = D, there is a unique conformal diffeomorphism ¥ : D —
D such that Y(pj) = q;.1 < j < 3.Let us now make one choice of {p;} on
S1—for example, the three cube roots of 1—and make one choice of a triple {q,}
of distinct points in y. The following key compactness result will enable us to
prove Theorem 6.5.

Proposition 6.7. For any d € (d,, 00), the set
(6.39) Ta={pe€ X5° 1 @ harmonic, p(p;) = q;, and ¥(p) < d}

is relatively compact in C(D,R™).

In view of the mapping properties of the Poisson integral, this result is equiva-
lent to the relative compactness in C(dD, y) of

(6.40) Sk ={u e C®(S',y)diffeo.: u(p;) = q;. and ||ull g1/2(s1y < K},

for any given K < oo. For u € Sk, we have [lul| g1/2(s1) =~ [[PLullg1(p). To
demonstrate this compactness, there is no loss of generality in taking y = S! C
R%and p; = q;.

We will show that the oscillation of u over any arc I C S! of length 2§ is
< CK / +/log(1/8). This modulus of continuity will imply the compactness, by
Ascoli’s theorem.

Pick a point z € S!. Let C, denote the portion of the circle of radius r and
center z which lies in D. Thus C, is an arc, of length < 7rr.Let$ € (0,1). Asr
varies from § to /8, C, sweeps out part of an annulus, as illustrated in Fig. 6.1.

FIGURE 6.1 Annular Region in the Disk
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We claim there exists p € [§, v/8] such that

2
log %

(6.41) /|V(p| ds < K
Cp

if K = [|[Vo| r2(p), ¢ = Plu. To establish this, let
w(r) = r/ [Vo|? ds.
C,

Then
V8 dr v
/ w(r)—z/ /|qu|2dsdr:I < K2.
§ r 8 &

By the mean-value theorem, there exists p € [§, +/8] such that

V5
I:a)(p)/ ﬂ=wlogl.
8 r 2 8

For this value of p, we have

21 2K?
< .
logé logé

(6.42) o / [Vo|? ds =
Cp

Then Cauchy’s inequality yields (6.41), since length(C,) < mp.
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This almost gives the desired modulus of continuity. The arc C, is mapped
by ¢ into a curve of length < K /27 /log(1/§), whose endpoints divide y into
two segments, one rather short (if § is small) and one not so short. There are two
possibilities: ¢(z) is contained in either the short segment (as in Fig. 6.2) or the
long segment (as in Fig. 6.3). However, as long as ¢(p;) = p; for three points

D, this latter possibility cannot occur. We see that
p
2 . . ¢ ' ¢(2)
—
a

FIGURE 6.2 Mapping of an Arc
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b
P2 0 o(2)
/—\
a
P
P3 '

FIGURE 6.3 Alternative Mapping of an Arc

21

|u(a) —u(d)| < K T
log 5

if a and b are the points where C,, intersects S!. Now the monotonicity of u along
S1 guarantees that the total variation of u on the (small) arc froma to b in S Lis

< K,/2n / log(1/8). This establishes the modulus of continuity and concludes
the proof.

Now that we have Proposition 6.7, we proceed as follows. Pick a sequence ¢,
in X7° such that #(py) — dy, so also a(py) — A,. Now we do not increase

¥ (¢y) if we replace ¢, by the Poisson integral of ¢, } ap- and we do not alter this
energy integral if we reparameterize via a conformal diffeomorphism to take {p; }
to {g;}. Thus we may as well suppose that ¢, € X;. Using Proposition 6.7 and
passing to a subsequence, we can assume
(6.43) oo — ¢ inC(D,R"),
and we can furthermore arrange
(6.44) ¢y — ¢ weakly in H'(D,R").
Of course, by interior estimates for harmonic functions, we have
(6.45) ¢y — ¢ in C*(D,R").
The limit function ¢ is certainly harmonic on D. By (6.44), we of course have
(6.46) He) < lim V(py) = dy.

v—>00

Now (6.34) applies to ¢, so we have

(6.47) a(p) < %ﬁ(w) < %dy = Ay.
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On the other hand, (6.43) implies that ¢ : dD — y is monotone. Thus ¢ belongs
to X,. Hence we have

(6.48) alp) = A,.
This proves Theorem 6.5 and most of the following more precise result.

Theorem 6.8. If y is a smooth, simple, closed curve in R", there exists a contin-
uous map ¢ : D — R" such that

(6.49) V() =d, and a(p) = Ay,
(6.50) ¢ : D — R" is harmonic and essentially conformal,
(6.51) ¢ S' — v, homeomorphically.

Proof. We have (6.49) from (6.46)—(6.48). By the argument involving (6.31) and
(6.32), this forces ¢ to be essentially conformal. It remains to demonstrate (6.51).

We know that ¢ : S — y, monotonically. If it fails to be a homeomorphism,
there must be an interval / C S on which ¢ is constant. Using a linear fractional
transformation to map D conformally onto the upper half-plane 2t C C, we can
regard ¢ as a harmonic and essentially conformal map of Q%+t — R”", constant
on an interval / on the real axis R. Via the Schwartz reflection principle, we can
extend ¢ to a harmonic function

p:C\(R\I)— R".

Now consider the holomorphic function ¢ : C\ (R\ /) — C”, given by ¥ ({) =
d@/d¢. As in the calculations leading to Proposition 6.3, the identities

(6.52) 019> — 020> =0, 319029 =0,

which hold on @, imply Y_, ¥;({)*> = 0 on Q*; hence this holds on C \
(R \ 1), and so does (6.52). But since d;¢ = 0 on I, we deduce that d,¢ = 0 on
I, hence ¥ = O on I, hence ¥ = 0. This implies that ¢, being both R”-valued
and antiholomorphic, must be constant, which is impossible. This contradiction
establishes (6.51).

Theorem 6.8 furnishes a generalized minimal surface whose boundary is a
given smooth, closed curve in R”. We know that ¢ is smooth on D. It has been
shown by [Hild] that ¢ is C* on D when the curve y is C®°, as we have assumed
here. It should be mentioned that Douglas and others treated the Plateau problem
for simple, closed curves y that were not smooth. We have restricted attention to
smooth y for simplicity. A treatment of the general case can be found in [Nitl];
see also [Nit2].

There remains the question of the smoothness of the image surface M = ¢(D).
The map ¢ : D — R” would fail to be an immersion at a point z € D where
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Vo(z) = 0. At such a point, the C”-valued holomorphic function ¥ = d¢/d¢
must vanish; that is, each of its components must vanish. Since a holomorphic
function on D C C that is not identically zero can vanish only on a discrete set,
we have the following:

Proposition 6.9. The map ¢ : D — R”" parameterizing the generalized minimal
surface in Theorem 6.8 has injective derivative except at a discrete set of points
in D.

If Vo(z) = 0, then ¢(z) € M = @(D) is said to be a branch point of the
generalized minimal surface M ; we say M is a branched surface. If n > 4, there
are indeed generalized minimal surfaces with branch points that arise via Theorem
6.8. Results of Osserman [Oss2], complemented by [Gul], show that if n = 3, the
construction of Theorem 6.8 yields a smooth minimal surface, immersed in R3.
Such a minimal surface need not be imbedded; for example, if y is a knot in R3,
such a surface with boundary equal to y is certainly not imbedded. If y is analytic,
it is known that there cannot be branch points on the boundary, though this is open
for merely smooth y. An extensive discussion of boundary regularity is given in
Vol. 2 of [DHKW].

The following result of Rado yields one simple criterion for a generalized min-
imal surface to have no branch points.

Proposition 6.10. Let y be a smooth, closed curve in R™. If a minimal surface
with boundary y produced by Theorem 6.8 has any branch points, then y has the
property that

‘or some p € R", every hyperplane through
6.53) J P ry hyperp gh p

intersects y in at least four points.

Proof. Suppose zo € D and Vg(zo) = 0, so ¥ = d¢/d¢ vanishes at 7. Let
L(x) = a-x 4+ ¢ = 0 be the equation of an arbitrary hyperplane through
p = ¢(z0). Then h(x) = L((p(x)) is a (real-valued) harmonic function on D,
satisfying

(6.54) Ah=0onD, Vh(z) =0.
The proposition is then proved, by the following:

Lemma 6.11. Any real-valued h € C*®(D) N C(D) having the property (6.54)
must assume the value h(zg) on at least four points on dD.

We leave the proof as an exercise for the reader.
The following result gives a condition under which a minimal surface con-
structed by Theorem 6.8 is the graph of a function.
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Proposition 6.12. Let O be a bounded convex domain in R? with smooth
boundary. Let g : 30 — R"*72 be smooth. Then there exists a function

(6.55) f e C®O,R"2)NC(O,R"?),

whose graph is a minimal surface, and whose boundary is the curve y C R” that
is the graph of g, so

(6.56) f=g ond0.

Proof. Let ¢ : D — R” be the function constructed in Theorem 6.8. Set F(x) =
(¢1(x). ¢2(x)). Then F : D — R? is harmonic on D and F maps S' = 9D
homeomorphically onto Q. It follows from the convexity of O and the maximum
principle for harmonic functions that F : D — O.

We claim that DF(x) is invertible for each x € D. Indeed, if xo € D and

DF(x¢) is singular, we can choose nonzero & = (1,02) € R? such that, at
X = Xo,
d d
a1ﬂ+a2ﬂ=0, j =12
ax]' 8x,-

Then the function 2(x) = a1¢1(x) + o2¢2(x) has the property (6.54), so h(x)
must take the value /(x¢) at four distinct points of dD. Since F : dD — 90 is
a homeomorphism, this forces the linear function oy x; + a2 x, to take the same
value at four distinct points of dO, which contradicts the convexity of O.

Thus F : D — O is alocal diffeomorphism. Since F gives a homeomorphism
of the boundaries of these regions, degree theory implies that F is a diffeomor-
phism of D onto © and a homeomorphism of D onto O. Consequently, the
desired function in (6.55)is f =@ o F~!, where g(x) = (¢2(x), ..., ¢n(x)).

Functions whose graphs are minimal surfaces satisfy a certain nonlinear PDE,
called the minimal surface equation, which we will derive and study in § 7.

Let us mention that while one ingredient in the solution to the Plateau problem
presented above is a version of the Riemann mapping theorem, Proposition 6.4,
there are presentations for which the Riemann mapping theorem is a consequence
of the argument, rather than an ingredient (see, e.g., [Nit2]).

It is also of interest to consider the analogue of the Plateau problem when,
instead of immersing the disk in R” as a minimal surface with given boundary,
one takes a surface of higher genus, and perhaps several boundary components.
An extra complication is that Proposition 6.4 must be replaced by something more
elaborate, since two compact surfaces with boundary which are diffeomorphic to
each other but not to the disk may not be conformally equivalent. One needs to
consider spaces of “moduli” of such surfaces; Theorem 4.2 of Chap. 5 deals with
the easiest case after the disk. This problem was tackled by Douglas [Dou2] and
by Courant [Cou2], but their work has been criticized by [ToT] and [Jos], who
present alternative solutions. The paper [Jos] also treats the Plateau problem for
surfaces in Riemannian manifolds, extending results of [Morl].
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There have been successful attacks on problems in the theory of minimal
submanifolds, particularly in higher dimension, using very different techniques,
involving geometric measure theory, currents, and varifolds. Material on these
important developments can be found in [Alm, Fed, Morg].

So far in this section, we have devoted all our attention to minimal submani-
folds of Euclidean space. It is also interesting to consider minimal submanifolds
of other Riemannian manifolds. We make a few brief comments on this topic.
A great deal more can be found in [Cher, Law, Law2, Morl, Pi] and in survey
articles in [Bom)].

Let Y be a smooth, compact Riemannian manifold. Assume Y is isometrically
imbedded in R”, which can always be arranged, by Nash’s theorem. Let M be a
compact, k-dimensional submanifold of Y. We say M is a minimal submanifold
of Y if its k-dimensional volume is a critical point with respect to small variations
of M, within Y. The computations in (6.1)—(6.13) extend to this case. We need to
take X = X(s,u) with 95X (s,u) = £(s, u), tangent to Y, rather than X (s,u) =
Xo(u) + s&(u). Then these computations show that M is a minimal submanifold
of Y if and only if, foreach x € M,

(6.57) H(x) L TyY,

where $)(x) is the mean curvature vector of M (as a submanifold of R"), defined
by (6.13).

There is also a well-defined mean curvature vector Hy (x) € Ty Y, orthogonal
to Tx M, obtained from the second fundamental form of M as a submanifold
of Y. One sees that Hy (x) is the orthogonal projection of $(x) onto T Y, so the
condition that M be a minimal submanifold of Y is that Hy = 0 on M.

The formula (6.10) continues to hold for the isometric imbedding X : M —
R”. Thus M is a minimal submanifold of Y if and only if, for each x € M,

(6.58) AX(x) L TyY.

If dim M = 2, the formula (6.15) holds, so if M is given a new metric, con-
formally scaled by a factor e?*, the new Laplace operator A has the property
that A; X = e"2“AX, hence is parallel to AX. Thus the property (6.58) is unaf-
fected by such a conformal change of metric; we have the following extension of
Proposition 6.2:

Proposition 6.13. If M is a Riemannian manifold of dimension 2 and X : M —
R" is a smooth imbedding, with image My C Y, then My is a minimal submani-
fold of Y provided X : M — M is conformal and, for each x € M,

(6.59) AX(x) L TxyY.
We note that (6.59) alone specifies that X is a harmonic map from M into Y.

Harmonic maps will be considered further in §§ 11 and 12B; they will also be
studied, via parabolic PDE, in Chap. 15, § 2.
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Exercises

1. Consider the Gauss map N : M — § 2 for a smooth, oriented surface M C R3.
Show that N is antiholomorphic if and only if M is a minimal surface.
(Hint: I N(p) = q, DN(p) : TpM — Tq52 ~ Tp M is identified with —A4 . Com-
pare (4.67) in Appendix C. Check when A J = —JAy, where J is counterclockwise
rotation by 90°, on Tp M.) Thus, if we define the antipodal Gauss map N:M — 82
by N(p) = —N(p), this map is holomorphic precisely when M is a minimal surface.

2. If x € §%2 c R3, pick v € TeS2 Cc R3,setw = Ju € TxS? C R3, and take
£ = v+ iw € C3. Show that the one-dimensional, complex span of £ is independent
of the choice of v, and that we hence have a holomorphic map

E:S2 - CP3.

Show that the image Z(S2) C CP3 is contained in the image of {¢ € C3\ 0 :
é’% + é’% + fg = 0} under the natural map C3\ 0 — CP3.

3. Suppose that M C R3 is a minimal surface constructed by the method of Proposition
63, via X : Q > M C R3. Define ¥ : Q — C3\0by ¥ = (1,2, ¥3), and
define X : Q — CP3 by composing ¥ with the natural map C3\ 0 — CP3. Show
that, for u € €2, _

X(u) = EoN(X(w).
For the relation between ¥ ; and the Gauss map for minimal surfaces in R”, n > 3,
see [Law].

4. Give a detailed demonstration of (6.38).

5. Inanalogy with Proposition 6.4, extend Theorem 4.3 of Chap. 5 to the following result:

Proposition. If M is a compact Riemannian manifold of dimension 2 which is
homeomorphic to an annulus, then there exists a conformal diffeomorphism

VM — ﬁp,
for a unique p € (0,1), where A, = {z€ C :p < |z < 1}.

6. If 11 is the second fundamental form of a minimal hypersurface M C R”, show that Jii
has divergence zero. As in Chap. 2, § 3, we define the divergence of a second-order ten-
sor field T by T/ k .k~ (Hint: Use the Codazzi equation (cf. Appendix C, § 4, especially
(4.18)) plus the zero trace condition.)

7. Similarly, if 17 is the second fundamental form of a minimal submanifold M of codi-
mension 1 in S” (with its standard metric), show that 77 has divergence zero.

(Hint: The Codazzi equation, from (4.16) of Appendix C, is

(Vy IT)(X.Z) — (VyIT)(Y, Z) = (R(X.Y)Z,N),

where V is the Levi—Civita connection on M; X, Y, Z are tangent to M ; Z is normal
to M (but tangent to S™); and R is the curvature tensor of S”. In such a case, the right
side vanishes. (See Exercise 6 in §4 of Appendix C.) Thus the argument needed for
Exercise 6 above extends.)

8. Extend the result of Exercises 67 to the case where M is a codimension-1 minimal
submanifold in any Riemannian manifold €2 with constant sectional curvature.
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9. Let M be a two-dimensional minimal submanifold of S3, with its standard metric.
Assume M is diffeomorphic to S2. Show that M must be a “great sphere” in S3.
(Hinr: By Exercise 7, Ilisa symmetric trace free tensor of divergence zero; that is,
11 belongs to

V={ueC®M,SET*) : divu = 0},
a space introduced in (10.47) of Chap. 10. As noted there, when M is a Riemann
surface, V &~ O(k ® k). By Corollary 9.4 of Chap. 10, O(k ® k) = 0 when M has
genus g = 0.)
10. Prove Lemma 6.11.

6B. Second variation of area

In this appendix to § 6, we take up a computation of the second variation of the
area integral, and some implications, for a family of manifolds of dimension k,
immersed in a Riemannian manifold Y. First, we take ¥ = R” and suppose the
family is given by X(s,u) = Xo(u) + s&(u), as in (6.1)—(6.5).

Suppose, as in the computation (6.2)—(6.5), that |01 Xo A - A I Xo| = 1
on M, while E; = 0; X, form an orthonormal basis of 7y M, for a given point
x € M. Then, extending (6.3), we have

(6b.1) A(s) =

k NX A NIEANANX, 01 XA A X
Zf( J )

j=1 01X A-o A0 X

duy---dug.

Consequently, A”(0) will be the integral with respect to du; - - - duy of a sum of
three terms:

(6b.2)
—Z(alX()/\"'/\al'%'/\"'/\akX(),alX()/\"'/\akX())
i,

X(81X0/\---/\ajég'/\---/\akXo,alXo/\---/\akX0>
+ZZ(alXO/\---/\8,-&/\---Aajé/\---AakXo,alXo/\---/\8kX0)

i<j

+Z(alXO/\---/\8,-5/\---AakXO,alXo/\---/\a,-é/\---/\akXO).
i,j

Let us write

(6b.3) A¢E; = Zange,
4
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with E; = 9, X as before. Then, as in (6.4), the first sum in (6b.2) is equal to
(6b.4) =Y afal.
i,j

Let us move to the last sum in (6b.2). We use the Weingarten formula 9§ =
V/lé — A¢E;, to write this sum as

(6b.5) Za” § 4 ) (VIEVIE),
i,j

at x. Note that the first sum in (6b.5) cancels (6b.4), while the last sum in (6b.5)
can be written as |V!£||2. Here, V! is the connection induced on the normal
bundle of M.

Now we look at the middle term in (6b.2), namely,

(6b.6) 222# I™E A ANE¢A-AEmA-AEg, Ey A+~ A Eg),

i<j Lm

at x, where Ey appears in the i th slot and E,, appears in the j th slot in the k-fold
wedge product. This is equal to

(6b.7) 22 af'a gf - a”ag’) =2Tr A%4,

i<j
at x. Thus we have
(6b.8) A"(0) = /[nvlgnz +2Tr AzAg] dA(x).
M

If M is a hypersurface of R”, and we take £ = fN, where N is a unit normal
field, then || V&2 = ||V f||? and (6b.7) is equal to

(6b.9) 2Z(R(E,~, E)Ei E;)f* = Sf?,
i<j

by the Theorema Egregium, where S is the scalar curvature of M. Consequently,
if M C R” is a hypersurface (with boundary), and the hypersurfaces M are given
by (6.6), with area integral (6.2), then

(6b.10) A"(0) = /[||Vf||2 + S(x)fz] dA(x).

M



170 14. Nonlinear Elliptic Equations
Recall that when dim M = 2,s0 M C R3,
(6b.11) S =2K,

where K is the Gauss curvature, which is < 0 whenever M is a minimal surface
in R3.
If M has general codimension in R”, we can rewrite (6b.8) using the identity

(6b.12) 2Tr A% A = (Tr Ag)? — || Ag|*
where || Ag|| denotes the Hilbert—Schmidt norm of Ag, that is,
[ Ael® = Tr(Af Ag).

Recalling (6.13), if k = dim M, we get

@13 A0 = [[IV'EIR = 1elP + k(90,6 dAco.
M

Of course, the last term in the integrand vanishes for all compactly supported
fields £ normal to M when M is a minimal submanifold of R”.

We next suppose the family of manifolds My is contained in a manifold ¥ C
R”. Hence, as before, instead of X (s, u) = Xo(«)+s&(u), we require ds X (s, u) =
£(s,u) to be tangent to Y. We take X (0,u) = Xo(u). Then (6b.1) holds, and we
need to add to (6b.2) the following term, in order to compute A”(0):

k
(6b.14) ®= Zzz(alXO Ao NN - A0k Xo, 01 Xo A -+ A Ok Xo),

j=1
K = 056 = 92 X.

If, as before, 0; Xo = E; form an orthonormal basis of T, M, for a givenx € M,
then

k
(6b.15) = (d;x. E;). atx.
j=1

Now, given the compactly supported field &(0, u), tangent to ¥ and normal to
M, let us suppose that, for each u, y,(s) = X(s,u) is a constant-speed geodesic
in Y, such that y,(0) = £(0,u). Thus ¥ = y;/(0) is normal to Y, and, by the
Weingarten formula for M C R”,

(6b.16) djk = Vg &k — AcEj,
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at x, where V! is the connection on the normal bundle to M C R” and A4 is as
before the Weingarten map for M C R”. Thus

(6b.17) ®=—Y (AE;. Ej) = —Tr Ac = —k(H(x). ),
J

where k = dim M.

If we suppose M is a minimal submanifold of Y, then $(x) is normal to
Y, so, for any compactly supported field &, normal to M and tangent to Y, the
computationss (6b.13) supplemented by (6b.14)—(6b.17) gives

(66.18) A7) = [[IV61P = 141 = k(9. )] dA o).
M

Recall that A is the Weingarten map of M C R”.
We prefer to use Bg, the Weingarten map of M C Y. Itis readily verified that

(6b.19) Ag¢ = By € End TxM

if £ € TyY and § L T, M ; see Exercise 13 in § 4 of Appendix C. Thus in (6b.18)
we can simply replace ||Ag||? by ||Bg|?. Also recall that V! in (6b.18) is the
connection on the normal bundle to M C R”. We prefer to use the connection
on the normal bundle to M C Y, which we denote by V*. To relate these two
objects, we use the identities

0;6 =ViE—AE;, 0;6 =V £+ 117(E;.8),

(6b.20) -
V€=Vt — B:E,,

where V denotes the covariant derivative on Y ,and I77Y is the second fundamen-
tal form of Y C R”. In view of (6b.19), we obtain

(6b.21) Vie= Vi + ITV(E;.§),
a sum of terms tangent to ¥ and normal to Y, respectively. Hence

(6b.22) IVYEN? = IV*eI> + D IV (E;.6))1%.
J

Thus we can rewrite (6b.18) as

(6023 4" = [ [IV'IP = 1Bl + 1117 (B, 6)1P = Tr e dAc)
M J
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We want to replace the last two terms in this integrand by a quantity defined
intrinsically by My C Y, not by the way Y is imbedded in R"”. Now Tr A, =
S (IIM(E;,E}), k), where I1™ is the second fundamental form of M C R".
On the other hand, it is easily verified that

(6b.24) K =y/(0) = I1Y (£ 8).

Thus the last two terms in the integrand sum to

©b25) W= (11T EOIP - (1Y €. 11" (E; )|
J

We can replace 11 (Ej, Ej)by 17 (E;, E;) here, since these two objects have
the same component normal to Y. Then Gauss’ formula implies

(6b.26) W= (RV(E E)E E)),
j

where RY is the Riemann curvature tensor of Y. We define /& € End N. M,
where N(M) is the normal bundle of N C Y, by

(6b.27) (RE).n) =Y _(RV(E Ejn. E)),

J

at x, where {E;} is an orthonormal basis of 7y M. It follows easily that this is
independent of the choice of such an orthonormal basis.
Our calculation of A”(0) becomes

628 A0 = [[IVEIP ~ 181 + (5©).£)] dacw)
M

when M is a minimal submanifold of Y, where V* is the connection on the normal
bundle to M C Y, B is the Weingarten map for M C Y, and R is defined
by (6b.27). If we define a second-order differential operator £ and a zero-order
operator B on C§°(M, N(M)) by

(6b.29) Lok = (VH*VPE, (B(§),n) = Tr(B; By),
respectively, we can write this as
(6b.30) A"0) = (LE.8) o)y L€ = Lo — B(E) + R(E).

We emphasize that these formulas, and the ones below, for A”(0) are valid for
immersed minimal submanifolds of Y as well as for imbedded submanifolds.
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Suppose that M has codimension 1 in ¥ and that ¥ and M are orientable.
Complete the basis {£;} of Ty M to an orthonormal basis

Ej:1<j<k+1}
of T, Y. In this case, Ex1(x) and £(x) are parallel, so
(RY(€. Exs1)n. Ex41) = 0.
Thus (6b.27) becomes
(6b.31) R(E) = —RicYE ifdimY = dim M + 1,

where Ric? denotes the Ricci tensor of Y. In such a case, taking § = fEpy, =
fv, where v is a unit normal field to M, tangent to Y, we obtain

') = [[IV£12 = (1B + @Rie v.) 1 7] daco
(6b.32) A

= (LS, f) 2y
where
(6b.33) Lf =—-Af +o¢f. ¢ =—|B,|> - (RicY v, v).
We can express ¢ in a different form, noting that
k
(6b.34) (Ric"v,v) =S¥ = > "(Ric" E;. E;).

Jj=1

where SY is the scalar curvature of Y. From Gauss’ formula we readily obtain,
for general M C Y of any codimension,

(RicY E;, E;) = (RY(Ej,v)v, E;) + (RicM E;  E)
(6b.35) + Y NI(E; E)|? - k(%y. T1(E;. E))).
4

where /1 denotes the second fundamental form of M C Y. Summing over 1 <
Jj <k, when M has codimension 1 in Y, and v is a unit normal to M, we get

(6b.36) 2(RicYv,v) =S¥ —SM _||B, | + |57 %
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If M is a minimal submanifold of ¥ of codimension 1, this implies that

1 1
= (M =S = JIBI?
(6b.37) 1
E(SM — STy + TrA2B,.

We also note that when dim M = 2 and dim Y = 3, then, forx € M,
(6b.38) Tr A%B,(x) = KM(x) — KY (T M),

where KM = (1/2)SM is the Gauss curvature of M and KY (T, M) is the
sectional curvature of Y, along the plane 7, M .

We consider another special case, where dim M = 1. We have (%3(£).£) =
—|&2KY (ITprg), where KY (ITpze) is the sectional curvature of ¥ along the plane
in 7xY spanned by Tx M and §. In this case, to say M is minimal is to say it is
a geodesic; hence B = 0 and V*¢ = Vr§, where V is the covariant derivative
on Y, and 7 is a unit tangent vector to M. Thus (6b.28) becomes the familiar
formula for the second variation of arc length for a geodesic:

(60.39) €0 = [[1Frel? - 5Px7 0] s

v

where we have used y instead of M to denote the curve, and also £ instead of A
and ds instead of d A, to denote arc length.

The operators £ and L are second-order elliptic operators that are self-adjoint,
with domain H2(M), if M is compact and without boundary, and with domain
H?>(M)N H} (M), if M is compact with boundary. In such cases, the spectra of
these operators consist of eigenvalues A; ' +o0.If M is not compact, but B and
R are bounded, we can use the Friedrichs method to define self-adjoint extensions
£ and L, which might have continuous spectrum.

We say a minimal submanifold M C Y is stable if A”(0) > 0 for all smooth,
compactly supported variations &, normal to M (and vanishing on dM ). Thus the
condition that M be stable is that the spectrum of £ (equivalently, of L, if codim
M = 1) be contained in [0, 00). In particular, if M is actually area minimizing
with respect to small perturbations, leaving dM fixed (which we will just call
“area minimizing”), then it must be stable, so

(6b.40) M area minimizing = spec £ C [0, 00).

The second variational formulas above provide necessary conditions for a
minimal immersed submanifold to be stable. For example, suppose M is a bound-
aryless, codimension-1 minimal submanifold of Y, and both are orientable. Then
we can take f = 1 in (6b.32), to get
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(6b.41) M stable —> /(llellz + (RicY v, v)) dA < 0.
M

Ifdim M = 2 and dim Y = 3, then, by (6b.37), we have

(6b.42) M stable —> /<||Bv||2 487 2KM) dA <0.
M

In this case, if M has genus g, the Gauss—Bonnet theorem implies that
[ KM dA=4r(1-g),s0

(6b.43) M stable —> /(HBV”Z + SY) dA < 8x(1 - g).
M

This implies some nonexistence results.

Proposition 6b.1. Assume that Y is a compact, oriented Riemannian manifold
and that Y and M have no boundary.

If the Ricci tensor RicY is positive-definite, then Y cannot contain any com-
pact, oriented, area-minimizing immersed hypersurface M. If RicY is positive-
semidefinite, then any such M would have to be totally geodesic in Y .

Now assume dim' Y = 3. If Y has scalar curvature SY > 0 everywhere, then
Y cannot contain any compact, oriented, area-minimizing immersed surface M
of genus g > 1.

More generally, if SY > 0 everywhere, and if M is a compact, oriented, im-
mersed hypersurface of genus g > 1, then for M to be area minimizing it is
necessary that g = 1 and that M be totally geodesic in Y .

R. Schoen and S.-T. Yau [SY] obtained topological consequences for a com-
pact, oriented 3-manifold Y from this together with the following existence
theorem. Suppose M is a compact, oriented surface of genus g > 1, and sup-
pose the fundamental group 71(Y') contains a subgroup isomorphic to m;(M).
Then, given any Riemannian metric on Y, there is a smooth immersion of M
into Y which is area minimizing with respect to small perturbations, as shown in
[SY]. It follows that if ¥ is a compact, oriented Riemannian 3-manifold, whose
scalar curvature SY is everywhere positive, then 7, (Y) cannot have a subgroup
isomorphic to 1 (M), for any compact Riemann surface M of genus g > 1.

We will not prove the result of [SY] on the existence of such minimal immer-
sions. Instead, we demonstrate a topological result, due to Synge, of a similar
flavor but simpler to prove. It makes use of the second variational formula (6b.39)
for arc length.

Proposition 6b.2. If Y is a compact, oriented Riemannian manifold of even
dimension, with positive sectional curvature everywhere, then Y is simply
connected.



176 14. Nonlinear Elliptic Equations

Proof. It is a simple consequence of Ascoli’s theorem that there is a length-
minimizing, closed geodesic in each homotopy class of maps from S! to Y. Thus,
if w1 (Y') # 0, there is a nontrivial stable geodesic, y. Pick p € y, £, normal to
y at p (i.e., £, € Np(y)), and parallel translate £ about y, obtaining §I, € Np(y)
after one circuit. This defines an orientation-preserving, orthogonal, linear trans-
formation t : N,y — N,py.If Y has dimension 2k, then N,y has dimension
2k —1,s0 t € SO(2k — 1). It follows that  must have an eigenvector in Ny,
with eigenvalue 1. Thus we get a nontrivial, smooth section ¢ of N(y) which is
parallel over y, so (6b.39) implies

(6b.44) / KY(I,¢) ds < 0.
Y

If KY (IT) > 0 everywhere, this is impossible.

One might compare these results with Proposition 4.7 of Chap. 10, which states
that if Y is a compact Riemannian manifold and RicY > 0, then the first coho-
mology group H!(Y) = 0.

7. The minimal surface equation

We now study a nonlinear PDE for functions whose graphs are minimal surfaces.
We begin with a formula for the mean curvature of a hypersurface M C R”*1
defined by u(x) = ¢, where Vu # 0 on M. If N = Vu/|Vu|, we have the
formula

(7.1) (ANX.Y) = —|Vu[(D?u)(X,Y),
for X,Y € TyM, as shown in (4.26) of Appendix C. To take the trace of the

restriction of D2?u to Ty M, we merely take Tr(D?u) — D?u(N, N). Of course,
Tr(D?u) = Au. Thus, forx € M,

(1.2) Tr Ay (x) = —|Vau(x)|™! [Au — |Vu|2D2u(Vu, vu)].
Suppose now that M is given by the equation

Xnt1 = f(X), X' = (x1,...,xn).

Thus we take u(x) = xp4+1 — f(x'), with Vu = (=V £, 1). We obtain for the
mean curvature the formula

(03 0l = s (V0247 = DAV LY)] = M)



7. The minimal surface equation 177

where (V £)2 = 1 + |V f(x")|?. Written out more fully, the quantity in brackets
above is

2 —_—~
SV R,

8x,~ an 8x,~ axj

(7.4) L+ VfP)Af =D
i,

Thus the equation stating that a hypersurface x,4+1 = f(x’) be a minimal sub-

manifold of R”*1! is

(7.5) M(f)=0.

In case n = 2, we have the minimal surface equation, which can also be written as

(7.6)  (1+102/17) 03/ —2(01f - 02.f) d102f + (1 + 101 /%) 331 = 0.

It can be verified that this PDE also holds for a minimal surface in R” described
by x” = f(x'), where x” = (x3,...,xp), if (7.6) is regarded as a system of k
equations in k unknowns, k = n — 2, and (91 f - 02 f) is the dot product of
R*-valued functions. We continue to denote the left side of (7.6) by M( f).

Proposition 6.12 can be translated immediately into the following existence
theorem for the minimal surface equation:

Proposition 7.1. Let O be a bounded, convex domain in R? with smooth bound-
ary. Let g € C®(d0,R¥) be given. Then there is a solution

(1.7) ue C®O,RF N CO,RF
to the boundary problem
(7.8) M@w) =0, ul,, =g
When k = 1, we also have uniqueness, as a consequence of the following:

Proposition 7.2. Let O be any bounded domain in R". Letu; € C*°(O)NC (@)
be real-valued solutions to

(7.9) ./T/l/(uj) =0, u;=g;0nd0,
for j = 1,2. Then
(7.10) g1 <8 0nd0 = u; <uponO.

Proof. We prove this by deriving a linear PDE for the difference v = up —u; and
applying the maximum principle. In general,

1
(7.11) ®(up) — P(uy) = Lv, L =/ D®(tuz + (1 — t)ur) dr.
0



178 14. Nonlinear Elliptic Equations

Suppose @ is a second-order differential operator:

(7.12) ®(u) = F(u, du, 9*u), F = F(u,p,?).

Then, as in (3.4),

(7.13) D®(u) = Fe(u,ou, 0%u) v + Fp(u, 0u, 0%u) dv + F,(u, du, 9*u)v.

When &(u) = M(u) is given by (7.4), F,(u, &,¢) = 0, and we have

(7.14) DM(u)v = A(u)v + B(u)v,
where

2
(7.15) Ay = (1 + |Vuf? AU—Z Ou u 07

0x; ax; ;i 0x;0x;

is strongly elliptic, and B(u) is a first-order differential operator. Consequently,
we have

(7.16) M(uz) — M(uy) = Av + B,

where A = fol A(Tuz +(1- r)uz) d is strongly elliptic of order 2 at each point
of O, and B is a first-order differential operator, which annihilates constants. If
(7.9) holds, then Av 4+ Bv = 0. Now (7.10) follows from the maximum principle,
Proposition 2.1 of Chap. 5.

We have as of yet no estimates on |Vu; (x)| as x — 90, so A, which is elliptic
in O, could conceivably degenerate at 0. To achieve a situation where the results
of Chap. 5, § 2, apply, we could note that the hypotheses of Proposition 7.2 imply
that, for any ¢ > 0, u; < u + ¢ on a neighborhood of 00. Alternatively, one can
check that the proof of Proposition 2.1 in Chap. 5 works even if the elliptic oper-
ator is allowed to degenerate at the boundary. Either way, the maximum principle
then applies to yield (7.10).

While Proposition 7.2 is a sort of result that holds for a large class of second-
order, scalar, elliptic PDE, the next result is much more special and has interesting
consequences. It implies that the size of a solution to the minimal surface equation
(7.8) can sometimes be controlled by the behavior of g on part of the boundary.

Proposition7.3. Let O C R? be _a domain contained in the annulus
r1 < |x| < ra, and let u € C%(O) N C(O) solve M(u) = 0. Set

(7.17) G(x;r) =r cosh™! (m) , for|x| >r, G(x;r)<0.
r
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If
(7.18) u(x) <Gx;r))+ M on {x €00 :|x| > r1},
for some M € R, then
(7.19) u(x) <G(x;r1)+M on O.

Here, z = G(x;r;) defines the lower half of a catenoid, over {x € R? :
|x| = r1}. This function solves the minimal surface equation on |x| > r; and
vanishes on |x| = ry.

Proof. Givens € (ry,r3), let

(7.20) e(s) = max |G(x;r1) — G(x;s)|.

s<|x|<r2
The hypothesis (7.18) implies that
(7.21) u(x) < G(x;s) + M + e(s)
on {x € 00 : |x| > s}. We claim that (7.21) holds for x in
(7.22) OGB)=0N{x:s < |x| <r}.

Once this is established, (7.19) follows by taking s ~\ r1. To prove this, it suffices
by Proposition 7.2 to show that (7.21) holds on dO(s). Since it holds on 90, it
remains to show that (7.21) holds for x in

(7.23) C(s) =0N{x:|x| =s},

illustrated by a broken arc in Fig.7.1. If not, then u(x) — G(x;s) would have a
maximum M7 > M + &(s) at some point p € C(s). By Proposition 7.1, we have
u(x) — G(x;s) < My on O(s). However, Vu(x) is bounded on a neighborhood
of p, while

(7.24) aiG(x;s) =—00 on|x|=s.
r

This implies that u(x) — G(x;s) > My, for all points in O(s) sufficiently near p.
This contradiction shows that (7.21) must hold on C(s), and the proposition is
proved.

One implication is that if O C R? is as illustrated in Fig.7.1, it is not pos-
sible to solve the boundary problem (7.8) with g prescribed arbitrarily on all of
d0. A more precise statement about domains @ C R? for which (7.8) is always
solvable is the following:
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Y,

,

d

FIGURE 7.1 Nonconvex Region O

FIGURE 7.2 Another Nonconvex Region O

Proposition 7.4. Let © C R? be a bounded, connected domain with smooth
boundary. Then (7.8) has a solution for all g € C*°(00) if and only if O is
convex.

Proof. The positive result is given in Proposition 7.1. Now, if O is not convex,
let p € 9O be a point where O is concave, as illustrated in Fig. 7.2. Pick a disk D
whose boundary C is tangent to dO at p and such that, near p, C intersects the
complement O¢ only at p. Then apply Proposition 7.3 to the domain O = O\ D,
taking the origin to be the center of D and ry to be the radius of D. We deduce
that if u solves M (u) = 0 on O, then

(7.25) u(x) <M + G(x;ry) ondO\D = u(p) < M,

which certainly restricts the class of functions g for which (7.8) can be solved.
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Note that the function v(x) = G(x;r) defined by (7.17) also provides an
example of a solution to the minimal surface equation (7.8) on an annular region

O={xeR?:r < |x| <s}
with smooth (in fact, locally constant) boundary values
1S
v=0on|x|=r, v=-—rcosh™" —on|x|=s,
r
which is not a smooth function, or even a Lipschitz function, on O. This is another
phenomenon that is different when O is convex. We will establish the following:
Proposition 7.5. If O C R? is a bounded region with smooth boundary which is
strictly convex (i.e., 00 has positive curvature), and g € C°°(30) is real-valued,
then the solution to (7.8) is Lipschitz at each point xo € 0.
Proof. Given xo € 90, we have zo = (xo.g(x0)) € y C R?, where y is the
boundary of the minimal surface M which is the graph of z = u(x). The strict
convexity hypothesis on O implies that there are two planes IT; in R3 through

20, such that IT; lies below y and II, above y, and II; are given by z = «;-
(x—x0)+8(x0) = Wjxy(x), @; = atj(xp) € R3. There is an estimate of the form

(7.26) laj (x0)| < K(x0)llg © pxo ll 2,

where py, is the radial projection (from the center of O) of dO onto a circle C(xo)
containing O and tangent to dO at xo, and K(x¢) depends on the curvature of
C(xo). Now Proposition 7.2 applies to give

(727) W1xo ()C) =< u(x) =< waO(X), X € 67

since linear functions solve the minimal surface equation. This establishes the
Lipschitz continuity, with the quantitative estimate

(7.28) lu(xo) — u(x)| < Alx — xo|, x0 €90, x € O,
where
(7.29) A= sup |ai(xo)| + |a2(x0)l.

x0€00

This result points toward an estimate on |Vu(x)|, x € O, for a solution to
(7.8). We begin the line of reasoning that leads to such an estimate, a line that
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applies to other situations. First, let’s rederive the minimal surface equation, as
the stationary condition for

(7.30) 1) = / F(Vu(x)) dx,
o
where
1/2
(731) Fipy=(1+1pP) "

so (7.30) gives the area of the graph of z = u(x). The method used in Chapter 2,
§ 1, yields the PDE

(7.32) > AT (Vu) 0;0u = 0.
where
2
(7.33) AY (p) = F )
apidp;

Compare this with (1.68) and (1.36) of Chap.2. When F(p) is given by (7.31),
we have

(7.34) A7 (p) = (p) 7 (8 () = pips).

so in this case (7.32) is equal to —M(u), defined by (7.3). Now, when u is a
sufficiently smooth solution to (7.32), we can apply d; = d/dx, to this equation
and obtain the PDE

(7.35) >0 AY (Vu) djwe = 0.

for wy = dgu, not for all PDE of the form (7.32), but whenever A" (p) is sym-
metric in (i, j) and satisfies

dAll paim
(7.36) —_— = ,
apm apj

which happens when A% (p) has the form (7.33). If (7.35) satisfies the ellipticity
condition

(7.37) > AT (Vu(x)) & = C(x)IE7. Cx) >0,

for x € O, then we can apply the maximum principle, to obtain the following:
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Proposition 7.6. Assume u € C(O) is real-valued and satisfies the PDE (7.32),
with coefficients given by (7.33). If the ellipticity condition (7.37) holds, then
dgu(x) assumes its maximum and minimum values on 00, hence

(7.38) sup |Vu(x)| = sup |Vu(x)|.
pde) x€do

Combining this result with Proposition 7.5, we have the following:

Proposition 7.7. Let O C R? be a bounded region with smooth boundary which
is strictly convex, g € C®(0Q) real-valued. If u € C*(O) N C1(O) is a solution
to (7.8), then there is an estimate

(7.39) lullcr@y < CO) lglle2p0)-

Note that the existence result of Proposition 7.1 does not provide us with the
knowledge that u belongs to C ' (O), and thus it will take further work to demon-
strate that the estimate (7.39) actually holds for an arbitrary real-valued solution
to (7.8) when O C R? is strictly convex and g is smooth. We will be in a position
to establish this result, and further regularity, after sufficient theory is developed
in the next two sections. See in particular Theorem 10.4. For now, we can regard
this as motivation to develop the tools in the following sections, on the regularity
of solutions to elliptic boundary problems.

We next look at the Gauss curvature of a minimal surface M, given by z =
u(x), x € O C R2. For a general u, the curvature is given by

_ 2\—2 9u
(7.40) K = (14 [Vul?) det(axjan).

See (4.29) in Appendix C. When u satisfies the minimal surface equation, there
are some other formulas for K, in terms of operations on

(7.41) O(x) = F(Vu) ™' = (1+ |Vu?) "2,

which we will list, leaving their verification as an exercise:

. [Vo|?
(7.42) K = o2
1
(7.43) K=—A®,
20
(7.44) K = A log(1 + D).

Now if we alter the metric g induced on M via its imbedding in R3 by a
conformal factor:

(7.45) g =(1+0)’g=e"g, v=log(l+ ),
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then, as in formula (1.30), we see that the Gauss curvature k of M in the new
metric is

(7.46) k= (=Av+ K)e ™ = 0;

in other words, the metric g’ = (1 + ®)2g is flat! Using this observation, we can
establish the following remarkable theorem of S. Bernstein:

Theorem 7.8. If u : R? — R is an everywhere-defined C?-solution to the mini-
mal surface equation, then u is a linear function.

Proof. Consider the minimal surface M given by z = u(x), x € R2, in the
metric g’ = (1 + ®)?g, which, as we have seen, is flat. Now g’ > g, so this is
a complete metric on M. Thus (M, g’) is isometrically equivalent to R?. Hence
(M, g) is conformally equivalent to C.

On the other hand, the antipodal Gauss map

(7.47) N:M—S% N = (Vu) ' (Vu,-1),

is holomorphic; see Exercise 1 of § 6. But the range of N is contained in the lower
hemisphere of S2, so if we take S = C U {oo} with the point at infinity identi-
fied with the “north pole” (0,0, 1), we see that LV yields a bounded holomorphic
function on M ~ C. By Liouville’s theorem, N must be constant. Thus M is a
flat plane in R3.

It turns out that Bernstein’s theorem extends to u : R” — R, forn < 7, by
work of E. DeGiorgi, F. Almgren, and J. Simons, but not to n > 8.

Exercises

1. If Dﬂ(u) is the differential operator given by (7.14)—(7.15), show that its principal
symbol satisfies

(7.48) —0p 7w 6 = (1 +pP)IEP - (p- )% = |,

where p = Vu(x).
2. Show that the formula (7.3) for M( f) is equivalent to

(7.49) M(f)="0; (VAT 0 f) =div((VS)T'Vf).
j

3. Give a detailed demonstration of the estimate (7.26) on the slope of planes that can lie
above and below the graph of g over dO (assumed to have positive curvature), needed
for the proof of Proposition 7.5. (Hint: In case d© is the unit circle S, consider the
cases g(0) = cosk 6.)

4. Establish the formulas (7.42)—(7.44) for the Gauss curvature of a minimal surface.
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8. Elliptic regularity II (boundary estimates)

We establish estimates and regularity for solutions to nonlinear elliptic bound-
ary problems. We treat completely nonlinear, second-order equations, obtaining
L2-Sobolev estimates for solutions assumed a priori to belong to C2t7 (M), r >
0. We make note of improved estimates for solutions to quasi-linear, second-order
equations. In § 10 we will show how such results, when supplemented by the
DeGiorgi—Nash—Moser theory, apply to the solvability of the Dirichlet problem
for certain quasi-linear elliptic PDE.

Though we restrict attention to second-order equations, the analysis in this
section extends readily to higher-order elliptic systems, such as we treated in § 11
of Chap. 5. The exposition here is taken from [T].

Having looked at interior regularity in §4, we restrict attention to a collar
neighborhood of the boundary dM = X, so we look at a PDE of the form

8.1) aiu = F(y,x,D)ZCu, D)lcayu),
with y € [0,1],x € X. We set
8.2) v = Au, v = 0yu,

and produce a first-order system for v = (vy, v2),

0
% = Avy,
(8.3) avy
8_2 = F(y, x, D)%A_lvl, D}Cvz).
y

An operator like 7 = A or T = D2A~! does not map C¥+1+7(I x X) to
Ck+7(I x X), but if we set

(8.4) CHHrH(I x x) = | cFHe x x),
>0

then

(8.5) T:CFUH+ (I x X) — CF7 (1 x X).

Thus we will assume u € C2*"+. This implies v € C'T"*, and the arguments
D2A~'v; and D1lv, appearing in (8.3) belong to C™. We will be able to drop
the “+4” in the statement of the main result.

Now if we treat y as a parameter and apply the paradifferential operator con-
struction developed in § 10 of Chap. 13 to the family of operators on functions of
X, we obtain

F(y,x, D)%A_lvl, D}Cvz) = A1(v;y,x, Dx)vq

(8.6)
+ Az(v; y,x, Dx)vy + R(v),



186 14. Nonlinear Elliptic Equations

with (for fixed y) R(v) € C*°(X),

(8.7) Aj(viy,x.§) € AjS{, CC"S{ N ST,
and
(8.8) DBAa;est, for|pl<r, ST for || >,

provided u € C2+7 7,
Note that if we write F = F(y,x,,n), {o = D%u (o] < 2), ng =
D%0dyu (Joe| < 1), then we can set

oF

7. (D2A"1 vy, Dluy)g® (£)~!

(8.9) Bi(viy,x.§) =)

lo|<2

(suppressing the y- and x-arguments of F') and

OF _
(8.10) By(viy.x.6) = Y a—(DﬁA Yoy, Dluy)Ee.
loj<1 1*
Thus
(8.11) veCWt = 4, -B; €C"S|7".

Using (8.4), we can rewrite the system (8.3) as

8v1

a— = Ava,
(8.12) 33}
B_yz = A1(x, D)vy + A2(x, D)vy + R(v).

We also write this as

(8.13) g_v =K@w;y,x,Dx)v+ R (ReC®),
Y

where K(v; y, x, Dy) is a 2 X 2 matrix of first-order pseudodifferential operators.
Let us denote the symbol obtained by replacing A; by B; as K, so

(8.14) K—-KeC's{y.
The ellipticity condition can be expressed as

(8.15) spec K(v;y,x,6) C{ze C :|Rez| > C|E[},
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for || large. Hence we can make the same statement about the spectrum of the
symbol K, for |£| large, provided v € C!'*"* with r > 0.

In order to derive L?-Sobolev estimates, we will construct a symmetrizer, in
a fashion similar to § 11 in Chap.5. In particular, we will make use of Lemma
11.4 of Chap. 5. Let E = E(v; y, x, £) denote the projection onto the {Re z > 0}
spectral space of K, defined by

(8.16) E(y,x,§) = ﬁ /(Z— K(y.x.))" dz.
Y

where y is a curve enclosing that part of the spectrum of K (¥, x, &) contained in
{Re z > 0}. Then the symbol

(8.17) A=QE-1DKeC'S}

has spectrum in {Re z > 0}. (The symbol class C"S”} is defined as in (9.46) of

Chap.13.)Let P € C” Sé’l be a symmetrizer for the symbol A, constructed via
Lemma 11.4 of Chap. 5, namely,

P(y.x.§) = ®(A(y. x.§)).
where @ is as in (11.54)—(11.55) in Chap.5. Thus P and (PA + A*P) are
positive-definite symbols, for || > 1. o 3
We now want to apply symbol smoothing to P, 4, and E. It will be convenient
to modify the construction slightly, and smooth in both x and y. Thus we obtain

various symbols in S{"s, with the understanding that the symbol classes reflect
estimates on D, ,-derivatives. For example, we obtain (with 0 < § < 1)

(8.18) P(y,x,£) €Sy P—PeC'S;y

by smoothing P, in (y, x). We set
1
(8.19) 0= 5(P(y,x, Dy) + P(y.x.Dx)*) + KA,

with K > 0 picked to make the operator Q positive-definite on L?(X). Similarly,
define A and E by smoothing A and E in (y, x), so

A(y.x.E) eS8l A-AeC sy,

(8.20) o - raers
E(y,x,§) € S1,5’ EFE—-FeC Sl,8 ,

and we smooth K, writing

8.21) K=Ko+K’ KoeSl; KbecCrsiyinsiyr.
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Consequently, on the symbol level,

A= (QE-1DKo+ A", 4besiyr,

(8.22)
PA + A*P > C|€|, for |§| large.

Let us note that the homogeneous symbols K , E , and A commute, for each
(y, x,&); hence the commutators of the various symbols K, E, A have order
< ré units less than the sum of the orders of these symbols; for example,

(8.23) [E(y,x.£). Ko(y.x,§)] € SI57°.

Using this symmetrizer construction, we will look for estimates for solutions
to a system of the form (8.3) in the spaces Hy (M) = Hy (I x X), with norms

k

(8.24) iz s = Y193 A T 0132 wxy-
Jj=0

We shall differentiate (QASEv, A*Ev) and (QA®(1 — E)v, AS(1 — E)v) with
respect to y (these expressions being L2(X)-inner products) and sum the two
resulting expressions, to obtain the desired a priori estimates, parallel to the
treatment in § 11 of Chap. 5.

Using (8.13), we have

di(QASEv,ASEv) =2Re(QA°*E(Kv + R), A*Ev)

(8.25) + (Q'AEv, A*Ev)

+2Re(QA°E'v, A*Ev).

Note that given v € C'*+ r > 0, Q' and E’ belong to OPS? ;. Hence, for
fixed y, each of the last two terms is bounded by

(8.26) Clv)35+s/-

Here and below, we will adopt the convention that C = C(||v|c1+r+), with a
slight abuse of notation. Namely, v € C '*7F belongs to C !*7*¢ for some & > 0,
and we loosely use ||v||c1+-+ instead of ||v]|c1+r+e.

To analyze the first term on the right side of (8.25), we write

(OA*E(Kv + R), A*Ev) = (QA°EKov, A*Ev)
(8.27) + (OA*KPv, A*Ev)
+ (OA°ER, A*Ev),
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where the last term is harmless and, for fixed y,
(8.28) [(QA°EK v, A*Ev)| < Cllv()Ily5s-r0)/2-

provided s + (1 —r8)/2 — (1 —ré) > —(1 — §)r, that is,

(8.29) UL
) ——r+ =ré,
73 2

in view of (8.21).
Since E(y, x, £) is a projection, we have E(y, x,£)? — E(y.x,§) € Sl_gs and

E(y,x,D)— E(y,x,D)?> = F(y,x,D) € OPS[3.

(8.30)

o = min (r§, 1 —§).
Thus
(8.31) QEKo= QAE +G: G(y) € OPS|5°.

Consequently, we can write the first term on the right side of (8.27) as
(8.32) (QAEA’v, AEv) — (GA°v, A°*Ev) + (Q[A*, EKoJv, A*Ev).
The last two terms in (8.32) are bounded (for each y) by

(8.33) Cllv(y) ||i]x+(l—tr)/2~

As for the contribution of the first term in (8.32) to the estimation of (8.25), we
have, for each y,

(8.34) (QAEA°v,A°Ev) = (QAA°Ev, A" Ev) + (QA[E, A]v, A®v),
the last term estimable by (8.33), and
(8.35)  2Re(QAA*Ev, A°Ev) > Cil[Ev(»)|3ye41/2 — C2ll Ev(3) s,

by (8.22) and Garding’s inequality. Keeping track of the various ingredients in the
analysis of (8.25), we see that

d
@(QASEU, N Ev) = CEv D) 4172

- C2||U(y)||§{.v+(l—a)/2 - C3||R(J’)||%-1s,

(8.36)

where C; = C;(||[v|c1+r+) > 0.
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A similar analysis gives

d 5 _ N _
837 E(QA (1—E)v, AS(1 — E)v)

<-Cy|l(1 - E)v(y)||i]s+l/2 + C2||U(J’)||§.1s+<1fa/2) + C3||R(y)||%1s.

Putting together these two estimates yields

1
ECIHU()’)”ipﬂ/z = C1||EU(J’)||§.1s+1/2 + C(1 = E)v(y)”qu+l/2
(8.38) - i(QASEU, ASEv) — i(QAS(l — E)u, AS(1 — E)v)
dy dy
+ C2||U(J’)||i1s+(1fa)/2 + C3|R(Y) 35

Now standard arguments allow us to replace H5+t(179)/2 by H! witht << s.
Then integration over y € [0, 1] gives

Cillvlg g1/ < IASEv(D)[7, + [A*(1 = E)v(0)]7,

(8.39)

+ Callvlig, + C3lIRIG s
Recalling that
(8.40) I35 = IA 07200 + 18°85 011724,

and using (8.13) to estimate d, v, we have
B41) 11 oy 2 = CLIEVD) G + 1= EYo I3 + 013, + IRIZ, |

with C = C(||v||c1+r+), provided that v € C'*7+ with r > 0 and that s satisfies
the lower bound (8.29). Let us note that

Ci[1A (= Eyo(DI2, + A Ev(©0)]12, ]
could have been included on the left side of (8.39), so we also have the estimate

(8.42) (1= E)v(1)|%s + | Ev(0)[|%s < right side of (8.41).

Having completed a first round of a priori estimates, we bring in a consid-
eration of boundary conditions that might be imposed. Of course, the boundary
conditions Ev(1) = f1,(1 — E)v(0) = fp are a possibility, but these are really
a tool with which to analyze other, more naturally occurring boundary condi-
tions. The “real” boundary conditions of interest include the Dirichlet condition
on (8.1):

(8.43) u(0) = fo, u(l) = fi,
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various sorts of (possibly nonlinear) conditions involving first-order derivatives:
(8.44) Gj(x,D'uy=f;, aty =j (j =0,1),

and when (8.1) is itself a K x K system, other possibilities, which can
be analyzed in the same spirit. Now if we write D'u = (u,0xu, oyu) =
(A~ vy, 0, A" vy, v2), and use the paradifferential operator construction of
Chap. 13, § 10, we can write (8.44) as

(8.45) Hj(v;x,D)v=g;, aty = j,
where, given v € C1T7 T,
(8.46) Hj(v:x, &) e Agt"SY cc'tr s n sy .

Of course, (8.43) can be written in the same form, with H;jv = v;.
Now the following is the natural regularity hypothesis to make on (8.45);
namely, that we have an estimate of the form

> WG = C[IEvO I + 10 = Eyo()y: |

847 7

+C Y1, i, DY (DIgs + () |
J

We then say the boundary condition is regular. If we combine this with (8.41) and
(8.42), we obtain the following fundamental estimate:

Proposition 8.1. If v satisfies the elliptic system (8.3), together with the bound-
ary condition (8.45), assumed to be regular, then

(8.48) 101 —1/2 = €[ gy I3as + W03, + IRIZ, ).
J

providedv € Hy s_1/2N C'™7 r > 0, and s satisfies (8.29). We can take t << s.
In case (8.44) holds, we can replace ||g || s by || f; | as, and in case the Dirichlet
condition (8.43) holds and is regular, we can replace ||g; || s by || fill gs+1 in
(8.48).

Here, we have taken the opportunity to drop the “+” from C1"+; to justify
this, we need only shift r slightly. For the same reason, we can assume that, in
(8.1), u € C**", for some r > 0. In the rest of this section, we assume for
simplicity that s — 1/2 € Z* U {0}.

We can now easily obtain higher-order estimates, of the form

(8.49) 10IZ o1/ = C[ D7 g B + 013, + IRIE,,, ]
J
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fort << s —1/2, by induction from

2 2 2
Il s—1/2 = I0lk—1541/2 T 130l 1 5125

plus substituting the right side of (8.3) for 9, v. This follows from the existence of
Moser-type estimates:

[FC, wr, wa2)llk,s—1/2

(8.50)
< C(lwilizee. Twzllzee) [lwillic,s—1/2 + llwalli,s—1/2].

fork,k+s—1/2> 0.1f s —1/2 € Z™* U{0}, such an estimate can be established
by methods used in § 3 of Chap. 13.

We also obtain a corresponding regularity theorem, via inclusion of Friedrich
mollifiers in the standard fashion. Thus replace A* by A = A®J; in (8.25) and
repeat the analysis. One must keep in mind that K? must be applicable to v(y) for
the analogue of (8.28) to work. Given (8.21), we need v(y) € H? witho > 1—r.
However, v € C'*7 already implies this. We thus have the following result.

Theorem 8.2. Let v be a solution to the elliptic system (8.3), satisfying the bound-
ary conditions (8.45), assumed to be regular. Assume

(8.51) veC, r>o,
and
(8.52) gj € HST1(x),

withs —1/2 € Z U {0}. Then
(8.53) ve His 120 xX).
In particular, taking s = 1/2, and noting that
(8.54) Hio(M) = H*(M),
we can specialize this implication to
(8.55) gj € HV2(X) = v e H¥(I x X),

fork =1,2,3,..., granted (8.51) (which makes the k = 1 case trivial).

Note that, in (8.36)—(8.38), one could replace the term || R(y) ”%—IS by the prod-
uct [|R(Y)|| gs—1/2 - [[v(¥) || gs+1/2; then an absorption can be performed in (8.38),
and hence in (8.39)—(8.41) we can substitute ||R||§,S_1/2, and use ||R||i_1,s_1/2
in (8.49).

We note that Theorem 8.2 is also valid for solutions to a nonhomogeneous
elliptic system, where R in (8.13) can contain an extra term, belonging to
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Hpy_1,5-1/2, and then the estimate (8.49), strengthened as indicated above, and
consequent regularity theorem are still valid. If (8.1) is generalized to

(8.56) Pu= F(DZu,Dydyu) + f.

then a term of the form (0, 1)’ is added to (8.13).

In view of the estimate (8.11) comparing the symbol of K with that obtained
from the linearization of the original PDE (8.1), and the analogous result that
holds for H, derived from G, we deduce the following:

Proposition 8.3. Suppose that, at each point on M, the linearization of the
boundary condition of (8.44) is regular for the linearization of the PDE (8.1).
Assume u € C2T7, r > 0. Then the regularity estimate (8.49) holds. In particu-
lar, this holds for the Dirichlet problem, for any scalar (real) elliptic PDE of the
form (8.1).

We next establish a strengthened version of Theorem 8.2 when u solves a quasi-
linear, second-order elliptic PDE, with a regular boundary condition. Thus we are
looking at the special case of (8.1) in which

F(y.x.D3u. Dydyu) = — Y B/ (x.y. D'w) d;0yu
J
(8.57) — Y Ay, D u) 3 dku
ik
+ Fi(x,y, D).

All the calculations done above apply, but some of the estimates are better. This
is because when we derive the equation (8.13), namely,

9
(8.58) a—” =K@ y.x.Dy)v+R (ReC®)
y

for v = (v1,v2) = (Au, dyu), (8.7) is improved to
(8.59) ue C'"t —= K e AjS| + 877 (r>0).

Compare with (4.62). Under the hypothesisu € C 147+ one has the result (8.17),
A e C”S!,, which before required u € C>*7*. Also (8.20)~(8.22) now hold
for u € C'"F . Thus all the a priori estimates, down through (8.49), hold, with
C = C(|lullci+r+)- As before, we can delete the “+.” One point that must be
taken into consideration is that, for the estimates to work, one needs v(y) € H®
with 0 > 1 — r, and now this does not necessarily follow from the hypothesis
u € C'". Hence we have the following regularity result. Compare the interior
regularity established in Theorem 4.5.
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Theorem 8.4. Let u satisfy a second-order, quasi-linear elliptic PDE with a
regular boundary condition, of the form (8.45), for v = (Au, dyu). Assume that

(8.60) ueC*'NH 4 r>0 r+4o>1.
Then, fork =0,1,2,...,
(8.61) gj € HV2(X) = v e H*(I x X).
The Dirichlet boundary condition is regular (if the PDE is real and scalar), and
(8.62) u(j) = fi e HYP(X) = v e Hy 1 (I xX)
if s > (1 —r)/2. In particular,

u(j) = f; € H**YV2(X) = v e H*(I x X)

(8.63)
— ue H (I x X).

We consider now the further special case

F(y,x,D*u,Do,u) = — Z BY(x,y,u)d;0yu
(8.64) T
— > AR (x.y.u) 9 0ku + Fi(x,y, D'u).
J.k
In this case, when we derive the system (8.58), we have the implication

(8.65) ueC'™H(M)= K e AfS{, +S{7" (r>0).

Similarly, under this hypothesis, we have A € C” SC1 , and so forth. Therefore we
have the following:

Proposition 8.5. If u satisfies the PDE (8.1) with F given by (8.64), then the
conclusions of Theorem 8.4 hold when the hypothesis (8.60) is weakened to

(8.66) ueC'NHy 5, r+o>1.

Note that associated to this regularity is an estimate. For example, if u satisfies
the Dirichlet boundary condition, we have, for k > 2,

(8.67) el 25 ary = Crelull cr ) Lleelona | 172081y + Nutll L2 ]-

where we have used Poincaré’s inequality to replace the H; s-norm of u by the
L?-norm on the right.
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Let us see to what extent the results obtained here apply to solutions to the
minimal surface equation produced in § 7. Recall the boundary problem (7.8):

ou du  0%u
(8.68) (Vu)?Au— Z FTo el e =0, u=gondo,

where O is a strictly convex region in R2, with smooth boundary. For this bound-
ary problem, Theorem 8.4 applies, to yield the implication

(8.69) g€ H*12(00) = u e H**(0), k=0.1,2,...,
provided we know that
(8.70) ue C'""O)YNHis(A), r>0, r+o>1,

where A is a collar neighborhood of 0O in 0. Now, while we know that solutions
to the minimal surface equation are smooth inside O (having proved that minimal
surfaces are real analytic), we so far have only continuity of a solution u on O,
plus a Lipschitz bound on u|30 and a hope of obtaining a bound in C!(O). We
therefore have a gap to close to be able to apply the results of this section to
solutions of (8.68).

The material of the next two sections will close this gap. As we’ll see, we will
be able to treat (8.68), not only for dim O = 2, but also for dim O = n > 2. Also,
the gap will be closed on a number of other quasi-linear elliptic PDE.

Exercises

1. Suppose u is a solution to a quasi-linear elliptic PDE of the form
> aj(x.u)d;dgu+ b(x.u, Vu) =0 on M,
satisfying boundary conditions
Bo(x,u)u = go, Bi(x,u,D)u= gy, ondM,

assumed to be regular. The operators B have order j. Generalizing (8.67), show that,
for any r > 0, k > 2, there is an estimate

(8.71)
lull grx (ary < Ck(||”||cr(ﬁ))(||80||1-1k71/2(3M) + g1l gr—3/2¢9n1) + ||“||L2(M))-

2. Extend Theorem 8.4 to nonhomogeneous, quasi-linear equations,

(8.72) > aj(x. D'u)d;gu + b(x, D'u) = h(x),
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satisfying regular boundary conditions. If one uses the Dirichlet boundary condition,
"|8M = g, show that

(8.73)
el gz agy = Cic (e cary) (18 zr—/2anay + Wl pri—2qany + 1l 22ar) )-

3. Give a proof of the mapping property (8.5).
4. Prove the Moser-type estimate (8.50), when s — 1/2 = £ € Z+ U {0}. (Hint. Rework
Propositions 3.2-3.9 of Chap. 13, with H k replaced by Hy ¢.)

9. Elliptic regularity III (DeGiorgi—Nash—Moser theory)

As noted at the end of § 8, there is a gap between conditions needed on the solution
of boundary problems for many nonlinear elliptic PDEs, in order to obtain higher-
order regularity, and conditions that solutions constructed by methods used so far
in this chapter have been shown to satisfy. One method of closing this gap, that
has proved useful in many cases, involves the study of second-order, scalar, linear
elliptic PDE, in divergence form, whose coefficients have no regularity beyond
being bounded and measurable.

In this section we establish regularity for a class of PDE Lu = f, for second-
order operators of the form (using the summation convention)

©.1) Lu=b""9;(a’*b dgu),

where (a/¥ (x)) is a positive-definite, bounded matrix and 0 < by < b(x) < by, b
scalar, and a/ k, b are merely measurable. The breakthroughs on this were first
achieved by DeGiorgi [DeG] and Nash [Na2]. We will present Moser’s derivation
of interior bounds and Holder continuity of solutions to Lu = 0, from [Mo2], and
then Morrey’s analysis of the nonhomogeneous equation Lu = f and proof of
boundary regularity, from [Mor2]. Other proofs can be found in [GT] and [KS].

We make a few preliminary remarks on (9.1). We will use a/¥ to define an
inner product of vectors:

9.2) (V.W) = Va’*w,

and use b dx = dV as the volume element. In case g ;i (x) is a metric tensor, if
one takes a/¥ = g/K and b = g'/2, then (9.1) defines the Laplace operator. For a
compactly supported function w,

(9.3) (Lu, w) = —/(Vu, Vw) dV.

The behavior of L on a nonlinear function of u, v = f(u), plays an important
role in estimates; we have

(9.4) v=f) = Lv=f'(wLu+ f"@)]|Vul?,
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where we set |[V|2 = (V, V). Also, taking w = v2u in (9.3) gives the following
important identity. If Lu = g on an open set 2 and ¢ € CO1 (2), then

9.5) /w2|Vu|2dV = —2/(wvu,uvw) dV—/wzgudV.

Applying Cauchy’s inequality to the first term on the right yields the useful
estimate

(9.6) %/w2|Vu|2dV 52/|u|2|w|2d1/—/¢2gudv.

Given these preliminaries, we are ready to present an approach to sup norm
estimates known as “Moser iteration.” Once this is done (in Theorem 9.3 below),
we will then tackle Holder estimates.

To implement Moser iteration, consider a nested sequence of open sets with
smooth boundary

.7 Q()D"'DQJ'DQJ.HD"'

with intersection O, as illustrated in Fig.9.1. We will make the geometrical
hypothesisthat the distance of any point on 32 ;11 to 92 is ~ Cj 2. We want
to estimate the sup norm of a function v on O in terms of its L?-norm on Qy,
assuming

9.8) v > 0 is a subsolution of L  (i.e., Lv > 0).

In view of (9.4), an example is

9.9) v=>_1+u»HY? Lu=0.

FIGURE 9.1 Setup for Moser Iteration
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We will obtain such an estimate in terms of the Sobolev constants y(£2;) and C;,
defined below. Ingredients for the analysis include the following two lemmas, the
first being a standard Sobolev inequality.

Lemma 9.1. Forv e HY(Q}), k <n/(n—2),

(9.10) 19172,y = Y@DIIVOITs Q) + 012 )

The nextlemma follows from (9.6) if we take v/ = 1 0on §2 41, tending roughly
linearly to 0 on 0€2 ;.

Lemma 9.2. Ifv > 0 is a subsolution of L, then, with C; = C(2;,R2;+1),
(9.11) IVVll2@;, ) = CillvliLza,)-

Under the geometrical conditions indicated above on €2 ;, we can assume
9.12) y(@) =y, C=CG2+D).
Putting together the two lemmas, we see that when v satisfies (9.8),

2 2 2 2
ony e 2 y(©@j 0| CH I ) + 10125, ]
=< VO(CJ'ZK + 1)”””%,’62(9_/)-
Fix k € (1,n/(n — 2)]. Now, if v satisfies (9.8), so does
(9.14) v = v,

by (9.4). Note that v = v’/‘.. Now let

1/x/
9.15) N = vl i g,y = 0l g, -
s0
(9.16) lvllLoo(oy < limsup N;.
Jj—o00
If we apply (9.13) to v;, we have
(9.17) lwis1l72,, ) = (€7 + DIvilIT5q -

Note that the left side is equal to N /.zf_j;rl , and the norm on the right is equal to
N 1-2"'/ "' Thus (9.17) is equivalent to
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I/KjJrl
(9.18) N2, < [yO(C}K + 1)] N2,
By (9.12), Cf" + 1< Co(j* +1),50
0 1/kd 1
limsup N? < [ | [yoCo(j‘“‘ n 1)] N2
/oo j=0

9.19) s )
< (roC)M®™V Lexp Y k77" log(j* + 1) | N§

j=0
< KNy,
for finite K. This gives Moser’s sup-norm estimate:
Theorem 9.3. If v > 0 is a subsolution of L, then
(9.20) [vllzee oy = KllvllL2(0q)-
where K = K(yg, Co, n).

Holder continuity of a solution to Lu = 0 will be obtained as a consequence
of the following “Harnack inequality.” Let B, = {x : |x| < p}.

Proposition 9.4. Let u > 0 be a solution of Lu = 0 in By,. Pick cy € (0, 00).
Suppose

9.21) meas{x € B, : u(x) > 1} > c5'r".
Then there is a constant ¢ > 0 such that
(9.22) u(x) > ¢! in Byjs.
This will be established by examining v = f(u) with
(9.23) f(u) = max{—log(u + ¢), 0},
where ¢ is chosen in (0, 1). Note that f is convex, so v is a subsolution. Our first
goal will be to estimate the L?(B,)-norm of Vv. Once this is done, Theorem 9.3
will be applied to estimate v from above (hence u from below) on B,».

We begin with a variant of (9.5), obtained by taking w = %2 f’(u) in (9.3).
The identity (for smooth f') is

(9.24) /wzf”|Vu|2 av + 2/(1/ff’vu, V) dV = —(Lu, y2 f).
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This vanishes if Lu = 0. Applying Cauchy’s inequality to the second integral, we
obtain

1
02 [v[rw-grwivatar < g [1verar
Now the function f () in (9.23) has the property that
(9.26) h = —e/ is aconvex function;
indeed, in this case 7 (u#) = max{—(u + ¢€), —1}. Thus
(9.27) "= (f?=eln" >o.

Thus f”(u)|Vu|?> > f'(u)?|Vu|?> = |Vv|? if v = f(u). Taking §> = 1/2 in
(9.25), we obtain

(9.28) /¢2|vu|2 dVv < 4/ V|2 dV,

after one overcomes the minor problem that /' has a jump discontinuity. If we
pick ¥ to = 1 on B, and go linearly to 0 on dB,,, we obtain the estimate

(9.29) / |Vu|>dV < Cr" 2,
By
forv = f(u), given that Lu = 0 and that (9.26) holds.

Now the hypothesis (9.21) implies that v vanishes on a subset of B, of measure
> ¢y 17" Hence there is an elementary estimate of the form

(9.30) r—"/v2 dv < Crz_”/|Vv|2 dv,
B, B,

which is bounded from above by (9.29). Now Theorem 9.3, together with a simple
scaling argument, gives

(9.31) v(x)2 < Cr ™ / v2dV < CE,  x € By,
B,

SO

(9.32) u+e>e €1 forx e By,

forall ¢ € (0, 1). Taking & — 0, we have the proof of Proposition 9.4.
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We remark that Moser obtained a stronger Harnack inequality in [Mo3], by a
more elaborate argument. In that work, the hypothesis (9.21) is weakened to

(9.21a) sup u(x) > 1.

r

To deduce the Holder continuity of a solution to Lu = 0 given Proposition 9.4
is fairly simple. Following [Mo2], who followed DeGiorgi, we have from (9.20)
a bound

(9.33) lu(x)| < K

on any compact subset O of Qy, given u € H'(Q0), Lu = 0.Fix xo € O, such
that B,(x9) C O, and, for r < p, let

(9.34) w(r) = supu(x) — ilrglfu(x),

where B, = B;(x¢). Clearly, w(p) < 2K. Adding a constant to u, we can assume
i 1
(9.35) supu(x) = —glfu(x) = Ea)(p) =M.
0

B,

Thenuy = 1+ u/M and u— = 1 — u/M are also annihilated by L. They are
both > 0 and at least one of them satisfies the hypothesis (9.21), with r = p/2.
If, for example, u4 does, then Proposition 9.4 implies

(9.36) up(x) > ¢ in By,
SO
1
(9.37) —M(l - Z) <u(x) <M inB,,.
Hence
1
9.38) w(p/4) = (1= 52 )o(p).

which gives Holder continuity:

(9.39) o(r) < w(p)(%)a, o« = —10g4(1 - %)

We state the result formally.
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Theorem 9.5. If u € H'(Q) solves Lu = 0, then for every compact O in Qy,
there is an estimate

(9.40) lullcaoy < Cllull 2@

It will be convenient to replace (9.40) by an estimate involving Morrey spaces,
which are discussed in Appendix A at the end of this chapter. We claim that under
the hypotheses of Theorem 9.5,

n

(9.41) Vul, e My, p=

3

l -«
where the Morrey space M consists of functions f satisfying the ¢ = 2 case
of (A.2). The property (9.41) is stronger than (9.40), by Morrey’s lemma (Lemma

A.1). To see (9.41), if Bg is a ball of radius R centered at y, Bor C €2, then let
¢ = u(y) and replace u by u(x) — ¢ in (9.6), to get

1
3 [ wIvuR av <2 [l - cpIvul av
Taking ¥ = 1 on Bpg, going linearly to 0 on dB5g, gives

(9.42) / |Vul? dV < C R"2+2%
Bgr
as needed to have (9.41).
So far we have dealt with the homogeneous equation, Lu = 0. We now turn to
regularity for solutions to a nonhomogeneous equation. We will follow a method

of Morrey, and Morrey spaces will play a very important role in this analysis. We
take L as in (9.1), with a’/ k measurable, satisfying

(9.43) 0 < Aols? =) a* ()& < MEP,

while for simplicity we assume b, b~! € Lip(R2). We consider a PDE
(9.44) Lu=f

It is clear that, foru € Hy (),

(9.45) (Lu,u) = C Y [13;ull75,

so we have an isomorphism

(9.46) L:HNQ) = HY(Q).
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Thus, for any f € H~!(), (9.44) has a unique solution u € H, (). One can
write such f as

(9.47) f=) 08, g €L}Q.

The solution u € H{ (RQ) then satisfies

(9.48) el @y < € D lgil3a-

Here C depends on 2, Ag, A1, and b € Lip(ﬁ).
One can also consider the boundary problem

(9.49) Lv=00on, v=w ondL,

given w € H'(Q), where the latter condition means v — w € HJ (). Indeed,
setting v = u + w, the equation for u is Lu = —Lw, u € HO1 (2). Thus (9.49) is
uniquely solvable, with an estimate

(9.50) [VullL2() = ClIVwlL2(q)-

where C has a dependence as in (9.48).
Our present goal is to give Morrey’s proof of the following local regularity
result.

Theorem 9.6. Suppose u € H'(Q) solves (9.44), with f = Y. 03,8;, g; €
MI(Q), q > n, that is,

r\n—2+2u
9.51) / g, av = K3(%)

B,

Cou=1-"¢c.
q

Assume L is (1 the form (9.1), where the coefficients a’k satisfy (9.43) and
b,b™! € Lip(RQ). Let © CC Q, and assume i < jLo = o, for which Theorem
9.5 holds. Then u € C*(O); more precisely, Vu € M3 (O), that is,

2 2( 7
(9.52) /|Vu| dv < K2<R
B,

)n—2+2u

Morrey established this by using (9.48), (9.50), and an elegant dilation argu-
ment, in concert with Theorem 9.5. For this, suppose Bg = Bgr(y) C 2 for each
y € O. We can write u = U + H on Bpg, where

LU =Y 0;gjonBg. U € Hy(Bg).

(9.53)
LH =0on Bg, H —ucec H}(Bg),
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and we have

954)  VUlIL2g) = Cillgll2ry:  IVHz2(8g) < C2lVullL2(8z)-
where [|g[|7, = > llg; 17, Letus set

(9.55) IFllr = [1Fllz2(8,)-

Also let k (g, R) be the best constant K for which (9.51) is valid for0 < r < R.
If g:(x) = g(tx), note that

k(ge, T 1S) = t”/zlc(g, S).

Now define

¢(r) = sup{|VU|,s : U € H}(Bs). LU =) "0,g;. on Bs,

(9.56)
k(gj,S)<1,0<S <R}
Let us denote by ¢s(r) the sup in (9.56) with S fixed, in (0, R]. Then ¢s(r)
coincides with gg(r), with L replaced by the dilated operator, coming from the
dilation taking Bgs to Bg. More precisely, the dilated operator is

(9.57) Ls = bs 3; aft bg" o,

with _ .
alf(x) = a’(SR™'x), bs(x) = b(SR™'x),

assuming O has been arranged to be the center of Br. To see this, note that if
T =S/R,Ur(x) = v 1U(tx), and gz (x) = g;j(x), then

(9.58) LU =Y 0;gj <= LsUr =Y 9,8

Also, VU, (x) = (VU)(zx), 50 [VUs|ls/c = T/ VU|s.

Now for this family L s, one has a uniform bound on C in (9.48); hence ¢(r) is
finite for r € (0, 1]. We also note that the bounds in (9.40) and (9.42) are uniformly
valid for this family of operators. Theorem 9.6 will be proved when we show that

(9.59) o(r) < A P20

In fact, this will give the estimate (9.52) with u replaced by U; meanwhile such
an estimate with u replaced by H is a consequence of (9.42). Let H satisfy (9.42)
with o« = pp. We take u < wo.

Pick S € (0, R] and pick g; satisfying (9.51), with R replaced by S and K; by
K. Write the U of (9.53)as U = Us+ Hgs on Bg, where Ug € HO1 (Bs), LUs =
LU =) "0;g; on Bg. Clearly, (9.51) implies
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(9.60) /lgj|2 dV < Kz(%)n—2+2u«<§)n—2+2u'
B,

Thus, as in (9.54) (and recalling the definition of ¢), we have

3

S\n/2—1+un
IVUsls < 41k (%)

9.61) g
IVHss < 42| VU5 < A2Ko( ).

Now, suppose 0 < r < S < R. Then, applying (9.42) to Hs, we have

IVUll» = IVUsllr + IVHs]

(9.62) - K<%)n/2—l+u¢<§) N A3K¢(%)<§)n/2_l+uo.

Therefore, setting s = r/R, t = S/R, we have the inequality

’

(963) (p(S) < ZJl/Z—l-I—;,L(p(;) + A3(p([)<;)n/2 1+uro
valid for 0 < s < ¢ < 1. Since it is clear that ¢ () is monotone and finite on (0, 1],
it is an elementary exercise to deduce from (9.63) that ¢(r) satisfies an estimate
of the form (9.59), as long as 1t < po. This proves Theorem 9.6.

Now that we have interior regularity estimates for the nonhomogeneous prob-
lem, we will be able to use a few simple tricks to establish regularity up to the
boundary for solutions to the Dirichlet problem

(9.64) Lu=Y) 0;jg;. u= fondQ,
where L has the form (9.1), Qis compact with smooth boundary, f € Lip(9<2),

and g; € L9(Q2), with ¢ > n. First, extend f to f € Lip(Q). Thenu = v + f,
where v solves

(9.65) Lv=> 0;hj. v=00n0Q,
where
(9.66) djh; =d;g; —b~';(a’%b 3 f).

We will assume b € Lip(2); then j can be chosen in L? also.

The class of equations (9.65) is invariant under smooth changes of variables
(indeed, invariant under Lipschitz homeomorphisms with Lipschitz inverses, hav-
ing the further property of preserving volume up to a factor in Lip(S2)). Thus
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make a change of variables to flatten out the boundary (locally), so we consider a
solution v € H! to (9.65)in x,, > 0, |x| < R. We can even arrange that b = 1.
Now extend v to negative x, to be odd under the reflection x,, — —x,. Also ex-
tend a/* (x) to be even when j, k < nor j = k = n, and odd when j ork = n
(but not both). Extend /; to be odd for j < n and even for j = n. With these
extensions, we continue to have (9.65) holding, this time in the ball |x| < R. Thus
interior regularity applies to this extension of v, yielding Holder continuity. The
following is hence proved.

Theorem 9.7. Let u € H'(Q) solve the PDE
(9.67) > b9 (a*b ogu) =) 08,00 Q. u= fondQ.
Assume g; € L1(Q) with g > n = dim Q, and f € Lip(0Q). Assume that

b,b~' € Lip(Q) and that (a’*) is measurable and satisfies the uniform ellipticity
condition (9.43). Then u has a Holder estimate

9.68) lellen = €1 (D gs o + 1 lupas ).

More precisely, if u = 1 —n/q € (0, 1) is sufficiently small, then Vu belongs to
the Morrey space Mg (R2), and

(9.69) 1Vullags @ = C2( g hac + 1f luipiamy )-
In these estimates, C; = C;j(2,A1,A2,b).

So far in this section we have looked at differential operators of the form
(9.1) in which (a’/¥) is symmetric, but unlike the nondivergence case, where
a’®(x) 3;0ru = a* (x) 3 0xu, nonsymmetric cases do arise; we will see an ex-
ample in § 15. Thus we briefly describe the extension of the analysis of (9.1) to

(9.70) Lu=b719;([a’* + 0/*1b dxu).

We make the same hypotheses on a/*(x) and b(x) as before, and we assume
(w’ ky is antisymmetric and bounded:

9.71) w*(x) = =¥ (x), »’* € L®(Q).

We thus have both a positive symmetric form and an antisymmetric form defined
at almost all x € Q:

9.72) (VW) = Via* )W, [V.W] = V;0*(x)W.
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We use the subscript L? to indicate the integrated quantities:

(9.73) (v, w)r2 = /(v,w) dVv, [v,w]2 = /[v,w] dv.
Then, in place of (9.3), we have
9.74) (Lu,w) = —(Vu,Vw) 2 — [Vu, Vw] 2.

The formula (9.4) remains valid, with |Vu|?> = (Vu, Vu), as before. Instead of
(9.5), we have

(9.75) /1//2|Vu|2dV = —2(¢'Vu, uw)Lz—z[wu,uw]Lz—/ v2gudV,

when Lu = gon Q and ¢ € CO1 (£2). This leads to a minor change in (9.6):
1
(9.76) E/1p2|vu|2 dv < (2 + Co)/ [ul?|Vy |> dV —/wzgudV,

where Cy is determined by the operator norm of (w”¥), relative to the inner prod-
uct {, ).

From here, the proofs of Lemmas 9.1 and 9.2, and that of Theorem 9.3, go
through without essential change, so we have the sup-norm estimate (9.20). In the
proof of the Harnack inequality, (9.24) is replaced by

/ V2LV V20 Vi V) o+ 200 Vi V]2
— (LS.

9.77)

Hence (9.25) still works if you replace the factor 1/82 by (1 + C1)/82, where
again C| is estimated by the size of (w”/¥). Thus Proposition 9.4 extends to our
present case, and hence so does the key regularity result, Theorem 9.5. Let us
record what has been noted so far:

Proposition 9.8. Assume Lu has the form (9.70), where (a’*) and b satisfy the
hypotheses of Theorem 9.5, and (w’*) satisfies (9.71). If u € H'(Q) solves
Lu = 0, then, for every compact O C S, there is an estimate

(9.78) lullce o) = CllullL2(Qq)-

The Morrey space estimates go through as before, and the analysis of (9.64) is
also easily modified to incorporate the change in L. Thus we have the following:

Proposition 9.9. The boundary regularity of Theorem 9.7 extends to the opera-
tors L of the form (9.70), under the hypothesis (9.71) on (w/%).
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Exercises

1. Given the strengthened form of the Harnack inequality, in which the hypothesis (9.21) is
replaced by (9.21a), produce a shorter form of the argument in (9.33)—(9.40) for Holder
continuity of solutions to Lu = 0.

2. Show that in the statement of Theorem 9.7, )" 9 g ; in (9.67) can be replaced by

h+28jgj, gj €LI(Q), helP(Q), q>n,p>%.

(Hint: Write h = ) d;h; for some h; € L9(Q).)
3. With L given by (9.1), consider

Li=L+X, X=) A;x)9J.

Show that in place of (9.4) and (9.6), we have

v=f) = Liv=f'@Lu+ f"@)Vul?
and

%/MWP dv < /(4|V1//|2 + 2Aw2)|u|2 dv —/wzu(Llu) av,
where A(x)2 =Y A4;(x)2.
Extend the sup-norm estimate of Theorem 9.3 to this case, given A; € L*°(R).
4. With L given by (9.1), suppose u solves

Lu+ Zaj(Aj(x)u) +C(x)u=g onQ € R".

Supppose we have

4j€LU(Q). C e LP(Q). g € LP(Q). p> >

, 4 >n,
2 q

and suppose we also have
lull g1y + lulloo@) < K. ulyq = f € Lip(3Q).

Show that, for some & > 0, u € CH*(Q). (Hint: Apply Theorem 9.7, together with
Exercise 2.)

10. The Dirichlet problem for quasi-linear elliptic equations

The primary goal in this section is to establish the existence of smooth solutions
to the Dirichlet problem for a quasi-linear elliptic PDE of the form

(10.1) > Fp,p(Vu)d;ogu=00nQ, u=gondQ.
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More general equations will also be considered. As noted in (7.32), this is the
PDE satisfied by a critical point of the function

(10.2) I(u) = / F(Vu) dx

Q
defined on the space
V) ={ue H'(Q) :u=¢ondQ}.

Assume ¢ € C°°(Q). We assume F is smooth and satisfies

(10.3) ALPIEP <Y Fpy pi (D)EjEx < Aa(p)EI,

with A; : R" — (0, 00), continuous.
We use the method of continuity, showing that, for each t € [0, 1], there is a
smooth solution to

(10.4) &, (D*u) =00onQ, u= ¢, ond,

where @ (D?u) = ®(D?u) is the left side of (10.1) and ¢; = ¢. We arrange a
situation where (10.4) is clearly solvable for t = 0. For example, we might take
¢ = ¢ and

(10.5) @, (D%u) = t®(D*u) + (1 — 1) Au =Y AIF(Vu) 0 0pu,
with

. 1
(10.6) ALK (p) = 0,0, [TF(p) + 51 = 0l ].

Another possibility is to take
(10.7) O (D%u) = ®(D%u),  ¢c(x) = T (x),

since at 7 = 0 we have the solution # = 0 in this case.

Let J be the largest interval containing {0} such that (10.7) has a solution
u=u, € C®(Q) foreach t € J. We will show that J is all of [0, 1] by showing
it is both open and closed in [0, 1]. We will deal specifically with the method
(10.5)—(10.6), but a similar argument can be applied to the method (10.7).

Demonstrating the openness of J is the relatively easy part.

Lemma 10.1. If 7y € J, then, for some ¢ > 0, [19,79 + &) C J.
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Proof. Fix k large and define

(10.8) W01 x VF — H2(Q)
by ¥(t,u) = ®,(D?u), where

(10.9) VE ={ue H*(Q) :u=¢on0dQ}.

This map is C!, and its derivative with respect to the second argument is

(10.10) D2V (1o, u)v = Lu,

where

(10.11) L:Vk=HnH} — H2(Q)
is given by

(10.12) Lv =09, AJF(Vu(x)) 9.

L is an elliptic operator with coefficients in C*®°($2) when u = U, clearly an
isomorphismin (10.11). Thus, by the inverse function theorem, for t close enough
to o, there will be u,, close to u,, such that W(z, u;) = 0. Since u, € Hk(Q)
solves the regular elliptic boundary problem (10.4), if we pick k large enough, we
can apply the regularity result of Theorem 8.4 to deduce u, € C*®(Q).

The next task is to show that J is closed. This will follow from a sufficient a
priori bound on solutions u = u;, v € J. We start with fairly weak bounds. First,
the maximum principle implies

(10.13) llull oo ary = ll@llLoo @)

foreachu =u,, t € J.
Next we estimate derivatives. Each wy, = dyu satisfies

(10.14) >0, A7K (Vu)dw = 0,

where A/%(Vu) is given by (10.6); we drop the subscript 7.
The next ingredient is a “boundary gradient estimate,” of the form

(10.15) |Vu(x)| < K, forx € 092,

As we have seen in the discussion of the minimal surface equation in § 7, whether
this holds depends on the nature of the PDE and the region M. For now, we will
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make (10.15) a hypothesis. Then the maximum principle applied to (10.14) yields
a uniform bound

(10.16) ||VM||Loo(Q) < K.

For the next step of the argument, we will suppose for simplicity that Q@ =
T~ x [0, 1], for the present, and discuss the modification of the argument for
the general case later. Under this assumption, in addition to (10.14), we also have

(10.17) wg = dgpon 902, forl <€ <n-—1,
since dg is tangentto dQ2 for 1 < £ <n —1.

Now we can say that Theorem 9.7 applies to uy = dgu, for 1 < £ <n —1.
Thus there is an r > 0 for which we have bounds

Let us note that Theorem 9.7 yields the bounds
(10.19) ”VwE”MZP(Q) <K', 1<{<n-—1,

which are more precise than (10.18); here 1 — r = n/p. Away from the bound-
ary, such a property on all first derivatives of a solution to (10.1) leads to the
applicability of Schauder estimates to establish interior regularity.

In the case of examining regularity at the boundary, more work is required since
(10.18) does not include a derivative 9, transverse to the boundary. Now, using
(10.4), we can solve for aﬁu interms of ;0 u,forl < j <n, 1 <k <n-1
This will lead to the estimate

(10.20) lullerer g < K.

as we will now show.
In order to prove (10.20), note that, by (10.19),

(10.21) Mogue MP(Q), forl<€<n—1,1<k <n,

where p € (n,00) and r € (0, 1) are related by 1 — r = n/p. Now the PDE
(10.4) enables us to write 8%14 as a linear combination of the terms in (10.21),
with L°°(2)-coefficients. Hence

(10.22) PZue MI(Q),

SO

(10.23) V(dnu) € MP(Q) C MP(Q).
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Morrey’s lemma (Lemma A.1) states that

(10.24) Voe MP(Q) = veCT(Q) iftr=1-"2¢e(0,1).
p

Thus

(10.25) Opu € CT(Q),

and this together with (10.18) yields (10.20). From this, plus the Morrey space
inclusions (10.21)—(10.22), we have the hypothesis (8.60) of Theorem 8.4, with
r > 0 and 0 = 1. Thus, by Theorem 8.4, and the associated estimate (8.73), we
deduce estimates

(10.26) lull gy < K.

for k = 2,3,.... Therefore, if [0,77) C J, as t, /' 11, we can pick a subse-
quence of u,, converging weakly in H k+1(Q), hence strongly in H*(Q). If k is
picked large enough, the limit u; is an element of H*¥T1(), solving (10.4) for
T = 11, and furthermore the regularity result Theorem 8.4 is applicable; hence
uy € C*®(K). This implies that J is closed.

Hence we have a proof of the solvability of the boundary problem (10.1), for
the special case Q = T”~! x [0, 1], granted the validity of the boundary gradient
estimate (10.15).

As noted, to have dg, 1 < € <n — 1, tangentto IM, we required§ =Tr1x
[0, 1]. For QCR.ifX = > bydg is a smooth vector field tangent to 9€2, then
ux = Xu solves, in place of (10.14),

(10.27) > 0,47 (Vu) ogux =0, F;.

with F; € L calculable in terms of Vu. Thus Theorem 9.7 still applies, and the
rest of the argument above extends easily. We have the following result.

Theorem 10.2. Let F : R” — R be a smooth function satisfying (10.3). Let
Q C R” be a bounded domain with smooth boundary. Let ¢ € C*°(02). Then
the Dirichlet problem (10.1) has a unique solution u € C%(Q), provided the
boundary gradient estimate (10.15) is valid for all solutions u = u to (10.4), for
T € [0,1].

Proof. Existence follows from the fact that J is open and closed in [0, 1], and
nonempty, as 0 € J. Uniqueness follows from the maximum principle argument
used to establish Proposition 7.2.

Let us record a result that implies uniqueness.
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Proposition 10.3. Let Q2 be any bounded domain in R". Assume that u, €
C®(R2) N C () are real-valued solutions to

(10.28) G(Vu,, Puy,) =00nQ, uy, = gy on d%2,

forv = 1,2, where G = G(p,§), { = ({jk). Then, under the ellipticity hypoth-
esis

(10.29) Z (p 0) €& = A(p)IE]> >0,
we have
(10.30) g1 <82 0ndQ = u; <uy onQ.

Proof. Same as Proposition 7.2. As shown there, v = up — u; satisfies the iden-
tity Lv = G(Vua, 0%*up) — G(Vuy, 0%uy), and L satisfies the conditions for the
maximum principle, in the form of Proposition 2.1 of Chap. 5, given (10.29).

It is also useful to note that we can replace the first part of (10.28) by
(10.31) G(Vuz, 3uz) < G(Vuy, %uy),

and the maximum principle still yields the conclusion (10.30).

Since the boundary gradient estimate was verified in Proposition 7.5 for the
minimal surface equation whenever 2 C R? has strictly convex boundary, we
have existence of smooth solutions in that case. In fact, the proof of Proposition
7.5 works when  C R” is strictly convex, so that Q2 has positive Gauss
curvature everywhere. We hence have the following result.

Theorem 10.4. If @ C R” is a bounded domain with smooth boundary that is
strictly convex, then the Dirichlet problem

ou du  *u
10.32 V > Au— —— =0, = 082,
( ) u " Z 0x; 8xk 0x j 0xg u=gon

for a minimal hypersurface, has a unique solution u € C®(Q), given
g € C*®(0RQ).

In Proposition 7.1, it was shown that when n = 2, the equation (10.32) has a
solution # € C*®(2) N C(R), and Proposition 7.2 showed that such a solution
must be unique. Hence in the case n = 2, Theorem 10.4 implies the regularity at
d<2 for this solution, given ¢ € C*°(9R2).

We now look at other cases where the boundary gradient estimate can be ver-
ified, by extending the argument used in Proposition 7.5. Some terminology is
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useful. Let us be given a nonlinear operator F(D?u), and g € C*(dS2). We say
a function By € C2(Q) is an upper barrier at y € 9Q (for g), provided

F(D?B;)<0o0nQ, By eCYQ),

(10.33)
By >gondQ, By(y)=g).

Similarly, we say B_ € C?(2) is a lower barrier at y (for g), provided

F(D?B_)>00nQ, B_eCYQ).

(10.34)
B_<gondQ, B_(y)=2g(y).

An alternative expression is that g has an upper (or lower) barrier at y. Note well
the requirement that By belong to C !(R2). We say g has upper (resp., lower) bar-
riers along 02 if there are upper (resp., lower) barriers for g at each y € 92, with
uniformly bounded C ! (2)-norms. The following result parallels Proposition 7.5.

Proposition 10.5. Let @ C R" be a bounded region with smooth boundary.
Consider a nonlinear differential operator of the form F(D?*u) = G(Vu, 3*u),
satisfying the ellipticity hypothesis (10.29). Assume that g has upper and lower
barriers along 0K, whose gradients are everywhere bounded by K. Then a
solutionu € C*() N C(Q) to F(D?u) =0, u = g on 9L, satisfies

(10.35) lu(y) —u(x)] <2K|y —x|, y€dQ, xcQ.

Ifu e C3(Q) N CYRQ), then

(10.36) |Vu(x)] < 2K, xeQ.

Proof. Same as Proposition 7.5. If B, are the barriers for g at y € 92, then

Boy(x) <u(x) < Biy(x). xel.

which readily yields (10.35). Note that wy; = dyu satisfies the PDE
G G

(10.37) Do djdkwe+ Y — 3w =0 onQ,
98 jk Ip;

so the maximum principle yields (10.36).

Now, behind the specific implementation of Proposition 7.5 is the fact that
when 0€ is strictly convex and g € C*°(d), there are linear functions B,
satisfying B_, < g < By, ond2, B_,(y) = g(y) = B4y(y), with bounded
gradients. Such functions B+, are annihilated by operators of the form (10.1).
Therefore, we have the following extension of Theorem 10.4.



10. The Dirichlet problem for quasi-linear elliptic equations 215

Theorem 10.6. If Q@ C R” is a bounded domain with smooth boundary that

is strictly convex, then the Dirichlet problem (10.1) has a unique solution u €
C>®(R), given ¢ € C*(0), provided the ellipticity hypothesis (10.3) holds.

We next consider the construction of upper and lower barriers when F (D?%u) =
> A k(Vu)d Ok u satisfies the uniform ellipticity condition

(10.38) Mol€l? <Y A (p)EE < Mg,

for some A ; € (0, 00), independent of p. Givenz € R”, R = |y —z|,a € (0, 00),
set

(10.39) Ey.(x)=e @ —e @R 12—y _72

A calculation, used already in the derivation of maximum principles in §2 of
Chap. 5, gives

> AK(p) 80k Ey.(x)
(10.40) . . :
=e [4a2A’k(P)(x]' —2j) (X —2k) — 2O‘Ajj(p)] '

Under the hypothesis (10.38), we have
(10.41) Z A% (p) 0;0kEy (x) > 2ae™er [2aholx — 7? - nii].

To make use of these functions, we proceed as follows. Given y € 92, pick
7z = z(y) € R™ \ Q such that y is the closest point to z on . Given that Q is
compact and d<2 is smooth, we can arrange that |y — z| = R, a positive constant,
with the property that R~! is greater than twice the absolute value of any principal
curvature of 92 at any point. Note that, for any choice of ¢ > 0, E, .(y) = O and
Ey.(x) < 0forx € Q\ {y}. From (10.41) we see that if « is picked sufficiently
large (namely, o > nd/2R?Lo), then

(10.42) ZA”‘ (p) ;0 Ey(x) >0, x€Q,

for all p, since |x — z| > R. Now, given g € C*°(dR2), we can find K € (0, c0)
such that, for all x € 9%2,

(1043)  Bxy(x) = g(y) F KEy:(x) = B—y(x) < g(x) < B4y (x).

Consequently, we have upper and lower barriers for g along 9<2. Therefore, we
have the following existence theorem.
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Theorem 10.7. Let 2 C R" be any bounded region with smooth boundary. If the
PDE (10.1) is uniformly elliptic, then (10.1) has a unique solution u € C*°(R2)
Sfor any ¢ € C*(022).

Certainly the equation (10.32) for minimal hypersurfaces is not uniformly el-
liptic. Here is an example of a uniformly elliptic equation. Take

2
(1044)  F(p) = (VI+1pP=a) = |pP —2ayT+[pP +1+d%

with a € (0, 1). This models the potential energy of a stretched membrane, say
a surface S C R3, given by z = u(x), with the property that each point in S is
constrained to move parallel to the z-axis. Compare with (1.5) in Chap. 2.

It is also natural to look at the variational equation for a stretched membrane
for which gravity also contributes to the potential energy. Thus we replace F(p)
in (10.44) by

(10.45) F*(u, p) = F(p) + au,

where a is a positive constant. This is of a form not encompassed by the class
considered so far in this section. The PDE for u in this case has the form

(10.46) div Fji(u, Vu) — F}f (u, Vu) =0,
which, when F#(u, p) has the form (10.45), becomes
(10.47) > Fp,p(Vu)d;0u—a =0.

We want to extend the existence argument to this case, to produce a solution u €
C (), with given boundary data ¢ € C*(9Q). Using the continuity method,
we need estimates parallel to (10.13)—(10.20). Now, since @ > 0, the maximum
principle implies

(10.48) sup u(x) = sup @(y).
xXeQ yeoQ

To estimate ||u| Lo, we also need control of infg u(x). Such an estimate will
follow if we obtain an estimate on || Vu|| L (). To get this, note that the equation
(10.14) for wg = d,u continues to hold. Again the maximum principle applies, so
the boundary gradient estimate (10.15) continues to imply (10.16). Furthermore,
the construction of upper and lower barriers in (10.39)-(10.43) is easily extended,
so one has such a boundary gradient estimate.

Now one needs to apply the DeGiorgi—Nash—Moser theory. Since (10.14) con-
tinues to hold, this application goes through without change, to yield (10.20), and
the argument producing (10.26) also goes through as before. Thus Theorem 10.7
extends to PDE of the form (10.47).
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One might consider more general force fields, replacing the potential energy
function (10.45) by

(10.49) F*(u, p) = F(p) + V(u).
Then the PDE for u becomes

(10.50) > Fpp (V)dj 0u — V' (u) = 0.
In this case, wy = dyu satisfies

(10.51) > 0, A% (Vu)dgwe — V" (wywg = 0.

This time, we won’t start with an estimate on ||u|| oo, but we will aim directly for
an estimate on ||Vu|| Lo, which will serve to bound ||u|| ., given that u = ¢ on
Q.

The maximum principle applies to (10.51), to yield

(10.52) [Vull Loy = sup |Vu(y)|. provided V" (u) > 0.
yeiQ

Next, we check whether the barrier construction (10.39)—(10.43) yields a bound-
ary gradient estimate in this case. Having (10.43) (with g = ¢), we want

(10.53) H(D?Byy) < H(D*u) < H(D*B_,) on Q,

in place of (10.42), where H(D?u) is given by the left side of (10.50), and we
want this sequence of inequalities together with (10.43) to yield

(10.54) B_y(x) <u(x) < Byy(x), xeQ.

To obtain (10.53), note that we can arrange the left side of (10.42) to exceed a
large constant, and also a large multiple of E, .(x). Note that the middle quentity
in (10.53) is zero, so we want H(D?By,) < 0 and H(D?B_,) > 0, on Q. We
can certainly achieve this under the hypothesis that there is an estimate

(10.55) V()| < A1 + Azlul.

In such a case, we have (10.53). To get (10.54) from this, we use the following
extension of Proposition 10.3.

Proposition 10.8. Let Q@ C R” be bounded. Consider a nonlinear differential
operator of the form

(10.56) H(x,D?u) = G(x,u, Vu, 3%u),
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where G(x, u, p, {) satisfies the ellipticity hypothesis (10.29), and

(10.57) 0,G(x,u, p,¢) <0.

Then, given u, € C2(Q) N C(Q),

(10.58)  H(D?up) < H(D*u1) on Q, uy < up on 92 = u; < up on Q.

Proof. Same as Proposition 10.3. For the relevant maximum principle, replace
Proposition 2.1 of Chap. 5 by Proposition 2.6 of that chapter.

To continue our analysis of the PDE (10.50), Proposition 10.8 applies to give
(10.53) = (10.54), provided V" (1) > 0. Consequently, we achieve a bound on
| V|| L oo (), and hence also on ||u|| oo (@), provided V' (u) satisfies the hypotheses
stated in (10.52) and (10.55).

It remains to apply the DeGiorgi—-Nash—Moser theory. In the simplified case
where @ = T"~' x [0, 1], we obtain (10.18), this time by regarding (10.51)
as a nonhomogeneous PDE for wy, of the form (9.67), with one term 9,g;,
namely d¢V’(u). The L°-estimate we have on u is more than enough to apply
Theorem 9.7, so we again have (10.18)—(10.19). Next, the argument (10.21)—
(10.23) goes through, so we again have (10.20) and the Morrey space inclusions
(10.21)—(10.22). Hence the hypothesis (8.60) of Theorem 8.4 holds, with r > 0
and 0 = 1. Theorem 8.4 yields

(10.59) lull gx @) < Kk,
and a modification of the argument parallel to the use of (10.27) works for

Q C R”.
The estimates above work for

(10.60)  TY_ Fp,p (Vi)d;gu—tV'(u) + (1 =) Au=0. ul,q =0,
for all T € [0, 1]. Also, each linearized operator is seen to be invertible, provided

V" (u) > 0. Thus all the ingredients needed to use the method of continuity are in
place. We have the following existence result.

Proposition 10.9. Let 2 C R” be any bounded domain with smooth boundary.
If the PDE

(10.61) Z Fp,p (Vu)d;dgu— V' () =0, u=¢ondQ,
is uniformly elliptic, and if V'(u) satisfies
(10.62) V()] < A1 + Azlul.  V"(u) =0,

then (10.61) has a unique solution u € C*®(Q), given ¢ € C®(IQ).
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Consider the case V(1) = Au?. This satisfies (10.62) if A > 0 but not if
A < 0. The case A < 0 corresponds to a repulsive force (away from u = 0) that
increases linearly with distance. The physical basis for the failure of (10.61) to
have a solution is that if #(x) takes a large enough value, the repulsive force due
to the potential V' cannot be matched by the elastic force of the membrane. If
Fp, pc (p) is independent of p and 24 < 0 is an eigenvalue of the linear operator
> Fp, p 90k, then certainly (10.61) is not solvable.

On the other hand, if V(u) = Au® with 0 > A > —{,, where {; is less
than the smallest eigenvalue of all operators }_ 4/ k9 0 with coefficients satis-
fying (10.38), then one can still hope to establish solvability for (10.61), in the
uniformly elliptic case. We will not pursue the details on such existence results.

We now consider more general equations, of the form

(10.63) H(D?u) = Fp, p, (V) 9 05u + g(x.u. V) =0, ul,q = .
Consider the family

(10.64) He(D*u) =Y Fp, p (V) 9 05u+1g(x.u.Vu) =0,  ufy = 790.
We will prove the following:

Proposition 10.10. Assume that the equation (10.63) satisfies the ellipticity con-
dition (10.3) and that 3,8 (x,u, p) < 0. Let 2 C R" be a bounded domain with
smooth boundary, and let ¢ € C*°(02) be given. Assume that, for t € [0, 1], any
solution u = uy to (10.64) has an a priori bound in C'(Q). Then (10.63) has a
solution u € C®(Q).

Proof. For w; = dyu, we have, in place of (10.14),
(10.65) >0, A7 (Vu) dpwe = —dg(x. u. Vi)

The C!-bound on u yields an L>°-bound on g(x, u, Vu), so, as in the proof of
Proposition 10.9, we can use Theorem 9.7 and proceed from there to obtain high-
order Sobolev estimates on solutions to (10.64).

Thus the largest interval J in [0, 1] that contains T = 0 and such that (10.64)
is solvable for all = € J is closed. The hypothesis d,g < O implies that the
linearized equation at t = 71 is uniquely solvable, so, as in Lemma 10.1, J is
open in [0, 1], and the proposition is proved.

A simple example of (10.63) is the equation for a surface z = u(x) of given
constant mean curvature H:

(10.66) (Vu)_3[(Vu)2Au — D2u(Vu, Vu)] YnH =0, u=g¢ondQ,
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which is of the form (10.63), with F(p) = (1 + |p[?)"/* and g(x,u, p) = nH.
Note that members of the family (10.64) are all of the same type in this case,
namely equations for surfaces with mean curvature T H. We see that Proposition
10.3 applies to this equation. This implies uniqueness of solutions to (10.66),
provided they exist, and also gives a tool to estimate L°°-norms, at least in some
cases, by using equations of graphs of spheres of radius 1/H as candidates to
bound u from above and below. We can also use such functions to construct barri-
ers, replacing the linear functions used in the proof of Proposition 7.5. This change
means that the class of domains and boundary data for which upper and lower bar-
riers can be constructed is different when H # 0 than it is in the minimal surface
case H = 0.

Note that if u solves (10.66), then wy; = dpu solves a PDE of the form
(10.14). Thus the maximum principle yields || Vu||Loo () = supyq |Vu(y)|. Con-
sequently, we have the solvability of (10.66) whenever we can construct barriers
to prove the boundary gradient estimate.

The methods for constructing barriers described above do not exhaust the re-
sults one can obtain on boundary gradient estimates, which have been pushed
quite far. We mention a result of H. Jenkins and J. Serrin. They have shown that the
Dirichlet problem (10.66) for surfaces of constant mean curvature H is solvable
for arbitrary ¢ € C°°(9Q2) if and only if the mean curvature x(y) of 02 C R”
satisfies

(10.67) %(y) > L1|H|, Vy € 99.
n_

In the special case n = 2, H = 0, this implies Proposition 7.3 in this chapter.
See [GT] and [Se2] for proofs of this and extensions, including variable mean
curvature H(x), as well as extensive general discussions of boundary gradient
estimates. We will have a little more practice constructing barriers and deducing
boundary gradient estimates in §§ 13 and 15 of this chapter. See the proofs of
Lemma 13.12 and of the estimate (15.54).

Results discussed above extend to more general second-order, scalar,
quasi-linear PDE. In particular, Proposition 10.10 can be extended to all equations
of the form

(10.68) > aji (e, Vi) 0 0ku + b(x.u, Vi) = 0, ufyg = ¢.

Let ¢ € C°°(dL2) be given. As long as it can be shown that, for each t € [0, 1], a
solution to

(10.69) Y aji (e, Vu) 0 0ku + h(x.u. Vi) =0, ulyo = 70,

has an a priori bound in C!(2), then (10.68) has a solution u € C* (). This
result, due to O. Ladyzhenskaya and N. Ural’tseva, is proved in [GT] and [LU].
These references, as well as [Se2], also discuss conditions under which one can
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establish a boundary gradient estimate for solutions to such PDE, and when one
can pass from that to a C ! (Q2)-estimate on solutions. The DeGiorgi—Nash—Moser
estimates are still a major analytical tool in the proof of this general result, but
further work is required beyond what was used to prove Proposition 10.10.

Exercises

1. Carry out the construction of barriers for the equation of a surface of constant mean cur-
vature mentioned below (10.66) and thus obtain some existence results for this equation.
Compare these results with the result of Jenkins and Serrin, stated in (10.67).

Exercises 2—4 deal with quasi-linear elliptic equations of the form
(10.70) Y 0;4%(x wdu=0 onQ. ulyg =g
Assume there are positive functions A ; such that
AL@)E? <" AT* (e kg < A w)lE2
2. Fix ¢ € C*°(9R2). Consider the operator ®(u) = v, the solution to
ZajAjk(x,u)akv =0, U‘BQ =@.
Show that, for some r > 0,

d:C(Q) — CT(Q),
continuously. Use the Schauder fixed-point theorem to deduce that @ has a fixed point
in{u € C(Q2) :sup [u| <sup |p[} NC"(Q).

3. Show that this fixed point lies in C*° ().

4. Examine whether solutions to (10.70) are unique.
5. Extend results on (10.1) to the case

(10.71) D0 Fp;(x.Vu) =0, ulyg =g.

arising from the search for critical points of /(u) = jQ F(x,Vu) dx, generalizing the
case considered in (10.2).

In Exercises 6-9, we consider a PDE of the form
(10.72) > 0jal (x.u,Vu) + b(x,u) =0 on Q.
We assume ¢/ and b are smooth in their arguments and

la’ (x.u, p)| < CW){p). |Vpa’(x.u,p)| < C(u).

We make the ellipticity hypothesis

da’
Z ;Tk(x% Pk = AWIER,  A(w) > 0.
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6. Show thatif u € H1(S2) N L®(£) solves (10.72), then u solves a PDE of the form
> 054K ()ou + 95¢7 (x.u) + b(x,u) =0,
with ) )
Ak e N aKE ik = AEP.
(Hint: Start with

a/ (x.u. p) = al (x.u.0) + Y A% (x.u. p)py.
k

~ 1 9q7
A/k(x,u,p) =/0 aifk(x,u,sp) ds.)

7. Deduce that if u € H1() N L®(Q) solves (10.72), then u is Holder continuous on
the interior of 2.

8. If © is a smooth, bounded region in R” and u € H(Q) N L°°(Q) satisfies (10.72) and
"’89 = ¢ € C1(3Q), show that u is Holder continuous on &2 and that Vu € Mq (),
for some g > n.

9. Ifu € C%(Q) satisfies (10.72), show that u; = d,u satisfies

0; apk(x u, Vu) dgug + 0; [a (x.u, Viryuy |
+8jax£ (x,u, Vu) + by (x, u)uy + bxl(x,u) =0.

Discuss obtaining estimates on u in C 177 (), given estimates on u in C 1 ().

11. Direct methods in the calculus of variations

We study the existence of minima (or other stationary points) of functionals of the
form

(11.1) I(w) = /F(x,u, Vu) dV(x),
Q

on some set of functions, such as {u € B : u = g on 02}, where B is a suitable
Banach space of functions on €2, possibly taking values in R, and g is a given
smooth function on 9Q. We assume € is a compact Riemannian manifold with
boundary and

(11.2) F:RY x (RN @ T*Q) —> R is continuous.

Let us begin with a fairly direct generalization of the hypotheses (1.3)—(1.8)
made in § 1. Thus, let

(11.3) V={ue H(Q,RY):u=gondQ}.
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For now, we assume that, for each x € Q,
(11.4) F(x,-,-) :RY x (RY @ T}Q) —> R is convex,
where the domain has its natural linear structure. We also assume
(11.5) Aolg* = Bolu| = Co < F(x.u.£),
for some positive constants Ag, By, Cp, and
(11.6)  |F(x,u,§) = F(x,v,0)] < C(ju—v| + [ = |)(I&] + [¢] + 1).
These hypotheses will be relaxed below.
Proposition 11.1. Assume Q is connected, with nonempty boundary. Assume
I(u) < oo for some u € V. Under the hypotheses (11.2)—(11.6), I has a min-

imumonV.

Proof. As in the situation dealt with in Proposition 1.2, we see that [ : V' — R is
Lipschitz continuous, bounded below, and convex. Thus, if g = infy I(u), then

(11.7) Ke={ueV: o <I(u) <ay+ ¢}
is, for each ¢ € (0, 1], a nonempty, closed, convex subset of V. Hence K, is

weakly compact in H'(2,R"). Hence (\,., Ke = Ko # 9, and inf I(u) is
assumed on K.

>0

We will state a rather general result whose proof is given by the argument
above.

Proposition 11.2. Let V be a closed, convex subset of a reflexive Banach space
W, andlet ® : V — R be a continuous map, satisfying:

(11.8) ir‘}f ® = g € (—00, 00),
(11.9) 3b > g such that 1 ([ozo, b]) is bounded in W,
(11.10) Yy € (ap,b], qD_l([ao,y]) is convex.

Then there exists v € V such that ®(v) = op.

As above, the proof comes down to the observation that, for 0 < ¢ <
b — ap, K, is a nested family of subsets of W that are compact when W has
the weak topology. This result encompasses such generalizations of Proposition
11.1 as the following. Given p € (1,00), g € C®(d2,RV), let

(11.11) V={ueH"”(Q,RY):u=gondQ}.
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We continue to assume (11.4), but replace (11.5) and (11.6) by
(11.12) Aol§|” — Bolu| — Co = F(x,u.§),

for some positive Ag, By, Co, and

(1113) |F(x,u.£) — F(x.v.0)] < C(lu—v| + [£ =) (I + ¢ + 1)

Then we have the following:

Proposition 11.3. Assume 2 is connected, with nonempty boundary. Take p €
(1, 00), and assume I(u) < oo for some u € V. Under the hypotheses (11.2),
(11.4), and (11.11)—(11.13), I has a minumum on 'V .

It is useful to extend Propositions 11.1 and 11.3, replacing (11.4) by a hypoth-
esis of convexity only in the last set of variables.

Proposition 11.4. Make the hypotheses of Proposition 11.1, or more generally of
Proposition 11.3, but weaken (11.4) to the hypothesis that

(11.14) F(x,u,-):RY ®T;§—>Ris convex,

for each (x,u) € Q@ xRN . Then I has a minimum on V.

Proof. Let g = infy 7(u). The hypothesis (11.12) plus Poincaré’s inequality
imply that cg > —oo and that

(11.15) B={ueV:Iu)<ay+ 1}isboundedin H"?(Q2,RY).
Pick u; € B so that I(u;) — op. Passing to a subsequence, we can assume
(11.16) u; — u weakly in HY?(Q,RY).
Hence u; — u strongly in L? (2, R"). We want to show that
(11.17) I(1) = ay.

To this end, set
(11.18) D(u,v) = / F(x,u,v)dV(x).

Q

With v; = Vu;, we have
(11.19) D(uj,v;) = ao.

Also v; — v = Vu weakly in LP(Q, RN ® T*).
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We can conclude that /(u) < ag, and hence (11.17) holds if we show that
(11.20) D(u,v) < ap.

Now, by hypothesis (11.13) we have

| P(uj,v;) —Pu,v;)| < C/luj —u|(|vj| + l)p_1 dV(x)
Q

(11.21)
< C'luj —ullLr(@).

SO

(11.22) ®(u, v;) —> .

This time, by (11.5), (11.6), and (11.14) we have that, for each ¢ € (0, 1],
(11.23) Ke ={we LP(Q.RY @ T*) : ®(u, w) < g + €}

is a closed, convex subset of L?(2,RY ® T*). Hence K, is weakly compact,
provided it is nonempty. Furthermore, by (11.22), v; € K¢, withe; — 0, so we
have v € Ky. This implies (11.20), so Proposition 11.4 is proved.

The following extension of Proposition 11.4 applies to certain constrained
minimization problems.

Proposition 11.5. Let p € (1,00), and let F(x,u,§) satisfy the hypotheses of
Proposition 11.4. Then, if S is any subset of V (given by (11.11)) that is closed in
the weak topology of HV? (2, RN), it follows that I |S has a minimum in S.

Proof. Let og = infs I(u), and take u; € S, I(u;) — op. Since (11.15) holds,
we can take a subsequence u; — u weakly in HYP(Q,RY), sou € S. We
want to show that /(u) = . Indeed, if we form ®(u, v) as in (11.18), then the
argument involving (11.19)—(11.23) continues to hold, and our assertion is proved.

For example, if X C R¥ is a closed subset, we could take
(11.24) S={ueV: :ulx)e X forae. x € Q},

and Proposition 11.5 applies. As a specific example, X could be a compact Rie-
mannian manifold, isometrically imbedded in R¥, and we could take p =2,
F(x,u,Vu) = |Vu|?. The resulting minimum of () is a harmonic map of Q
into X. If u : @ — X is a harmonic map, it satisfies the PDE

(11.25) Au—T(u)(Vu,Vu) =0,
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where I"(u)(Vu, Vu) is a certain quadratic form in Vu. See § 2 of Chap. 15 for a
derivation.

A generalization of the notion of harmonic map arises in the study of “liquid
crystals.” One takes

(11.26) F(x,u, Vu) = ay|Vu|* +az(div u)® + a3 (u-curl u)?® + aq|u x curl u)?,

where the coefficients a; are positive constants, and then one minimizes the func-
tional fQ F(x,u,Vu)dV(x) overaset S of the form (11.24), with X = S2 C R3,
namely, over

(11.27) S={ue H(Q,R? : |u(x)| =1ae.onQ, u=gond}.
In this case, F(x, u, £) has the form

F(x.u.§) =Y bjaél,. bja(w)=ar >0,

Jset

where each coefficient b j, (1) is a polynomial of degree 2 in u. Clearly, this func-
tion is convex in £. The function F(x, u, £) does not satisfy (11.6); hence, in going
through the argument establishing Proposition 11.4, we would need to replace the
p = 2 case of (11.22) by

(11.28) |®uj,v;)— P(u,v;)| <C / luj —ul - v;|* dV(x).
Q

The following result covers integrands of the form (11.26), as well as many
others. It assumes a slightly bigger lower bound on F than the previous results,
but it greatly relaxes the hypotheses on how rapidly F can vary.

Theorem 11.6. Assume 2 is connected, with nonempty boundary. Take p €
(1, 00), and set

V={ue H"?(Q,R"):u=gondQ).
Assume I(u) < oo for some u € V. Assume that F(x,u,§) is smooth in
its arguments and satisfies the convexity condition (11.14) in & and the lower
bound
(11.29) Aol€]” = F(x,u,§),
for some Ay > 0. Then I has a minimum on V.

Also, if S is a subset of V that is closed in the weak topology of HV?(Q,RN),
then 1 |S has a minimum in S.
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Proof. Clearly, op = infg I(u) > 0. With B as in (11.15), pick u; € BN S so
that

(11.30) I(uj) — ap, u; — u weakly in H"?(Q,RY).

Passing to a subsequence, we can assume u; — u a.e. on £2. We need to show
that

(11.31) /F(x,u,Vu)deao.
Q

By Egorov’s theorem, we can pick measurable sets £, D E, 1 D -+ in 2, of
measure < 277, such that #; — u uniformly on Q2 \ E\,. We can also arrange that

(11.32) lu(x)| + |Vu(x)| < C -2, for x € Q\ E,.

Now, we have

/F(x,u,Vu)dV: /F(x,uj,Vuj)dV

Q\E, Q\E,
(11.33) + / [F(x,u;,Vu) = F(x,u;,Vu;)] dV
Q\E,
+ / [F(x,u,Vu)—F(x,uj,Vu)]dV.
Q\E,

To estimate the second integral on the right side of (11.33), we use the convexity
hypothesis to write

(11.34)  F(x,u;,Vu) — F(x,u;,Vu;) < D¢ F(x,u;, Vu) - (Vu — Vu;).
Now, for each v,
(11.35) De¢F(x,uj,Vu) — DgF(x,u, Vu), uniformlyon Q\ E,,

while Vi — Vu; — 0 weakly in L? (2, R"), so

(11.36) lim [F(x,u;, Vi) — F(x,u;, Vu;)] dV = 0.
Jj—00

Q\E,
Estimating the last integral in (11.33) is easy, since

(11.37) F(x,u,Vu) — F(x,u;,Vu) — 0, uniformlyon @\ E,.
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Thus, from our analysis of (11.33), we have

(11.38) / F(x,u,Vu) dV < limsup / F(x,u;,Vu;)dV < ap,
Jj—>o0

Q\E, Q\E,

for all v, and taking v — oo gives (11.31). The theorem is proved.

There are a number of variants of the results above. We mention one:

Proposition 11.7. Assume that F is smooth in (x, u, §), that

(11.39) F(x,u,§) >0,
and that
(11.40) F(x,u,-):RY ® TXQ — R is convex,

for each x,u. Suppose

(11.41) uy — u weakly in Hllz_l(Q,RN).
Then
(11.42) I(u) < liminf 7I(u,).

vV—>00

For a proof, and other extensions, see [Gia] or [Dac]. It is a result of J. Serrin
[Sel] that, in the case where u is real-valued, the hypothesis (11.41) can be
weakened to
(11.43) up,u € HoN(Q), wy — u in LL(Q).

In [Mor2] there is an attempt to extend Serrin’s result to systems, but it was shown
by [Eis] that such an extension is false.

In [Dac] there is also a discussion of a replacement for convexity, due to
Morrey, called “quasi-convexity.” For other contexts in which the convexity hy-
pothesis is absent, and one often looks not for a minimizer but some sort of saddle
point, see [Str2] and [Gia2].

In this section we have obtained solutions to extremal problems, but these so-
lutions lie in Sobolev spaces with rather low regularity. The problem of higher
regularity for such solutions is considered in § 12.

Exercises
1. In Theorem 11.6, take p > n = dim 2 = N, and consider

S={ueV:det Du=1, ae.on Q}.
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Show that S is closed in the weak topology of H 17 (€2, R") and hence that Theorem
11.6 applies. (Hint: See (6.35)—(6.36) of Chap. 13.) .
2. In Theorem 11.6, take p € (1,00), Q CR", N = 1.Let h € C*°(R), and consider

S={ueV:u>honQ}
Show that S is closed in the weak topology of H 1'P () and hence that Theorem 11.6
applies.
Say | s achieves its minimum at u, and suppose you are given that u € C(£2), so

O ={xeQ:ulx)>hx)}

is open. Assume also that dF /3¢ ; and 0F /0u satisfy convenient bounds. Show that, on
O, u satisfies the PDE

Zangj (x,u, Vu) + Fy(x,u, Vu) = 0.
J

For more on this sort of variational problem, see [KS].

12. Quasi-linear elliptic systems

Here we (partially) extend the study of the scalar equation (10.1) to a study of an
N x N system

(12.1) Aé];(Vu)ajakuﬂ =0on 2, u=g¢ on 9%,

where ¢ € C*®(0Q,R¥) is given. The hypothesis of strong ellipticity used
previously is

(12.2) Y AL (p)vavpt ke = CloPlE. € >0,

but many nonlinear results require that Aég (p) satisfy the very strong ellipticity
hypothesis:

(12.3) > AL () jalis = kIE Kk > 0.

We mention that, in much of the literature, (12.3) is called strong ellipticity and
(12.2) is called the “Legendre—Hadamard condition.”
In the case when (12.1) arises from minimizing the function

(12.4) I(u) = / F(Vu) dx,

Q
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we have
(12.5) ALE () = 0, 0pis F (D).

In such a case, (12.3) is the statement that F(p) is a uniformly strongly convex
function of p. If (12.5) holds, (12.1) can be written as

(12.6) > 9,GJ(Vu)=0on Q, u=¢ on 0Q: GJ(p)=0,,,F(p).
J
We will assume

aolp|> —bo < F(p) < a1|p|® + b1,

(12.7) ) )
IG{(P) < Colp),  |ALg(p)] < Ch.

These are called “controllable growth conditions.”
If (12.5) holds, then

0;GJ(Vu) — ;G (Vv) = 3; AL (x)d (uP —vP),
(12.8) " 1 "
Ajp(x) = /0 Alg(sVu+(1 —5)Vv) ds.

This leads to a uniqueness result:

Proposition 12.1. Assume Q C R” is a smoothly bounded domain, and assume
that (12.3) and (12.7) hold. If u,v € H (2, RY) both solve (12.6), then u = v
on 2.

Proof. By (12.8), we have

(12.9) /Aé];(x) 8j(ua — 1)04) 8k(uﬂ — vﬁ) dx =0,
Q

so (12.3) implies ; (v — v) = 0, which immediately gives u = v.

LetX =) bﬁaz be a smooth vector field on €2, tangent to d€2. If we knew that
u € H?(), we could deduce that uy = Xu is the unique solutionin H (2, RY)
to

(12.10) > 0,4 (Vuyopux =) 0,/ + g ux = X¢ on 02,
where

£1 = AR (V) @b Deu) + Beb))GE(Vu),

12.11 .
(1240 g = —(3,0,b9G1(Vu).
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Under the growth hypothesis (12.7), | f/(x)| < C|Vu(x)], so | f/ll;2@q) <
ClIVul p2(q)- Similarly, |[g||z2(q) < ClIVul 12(q) + C. Hence, we can say that
(12.10) has a unique solution, satisfying

(12.12) lux | g1y < C(llull g + lellaz@ + 1)

It is unsatisfactory to hypothesize that u belong to H?(2), so we replace the
differentiation of (12.6) by taking difference quotients. Let F% denote the flow on
Q generated by X, and set uj, = u o F ;’( Then uy, extremizes a functional

(12.13) Ih(uh) = /Fh(x,Vuh) dx,
Q

where Fj(x, p) depends smoothly on (%, x, p) and Fo(x, p) = F(p). (In fact,
(12.13) is simply (12.4), after a coordinate change.) Thus uy, satisfies the PDE

(12.14) 0 (0p,o Fr)(x,Vup) =0, up = @i on 9S2.

Applying the fundamental theorem of calculus to the difference of (12.14) and
(12.6), we have

I/tf —M‘B

h

(12.15) ;. ALfy, () 0 ) = 0, HJ)(x. Vun),

where Aégh(x) is as in (12.8), with v = uy, and

(12.16) H (x,p) = /Oh %(am Fy)(x, p) ds.
As in the analysis of (12.10), we have
(12.17) 1A~ (un — Wl g1y < C(lulm@ + llellg2@) + 1)-
Taking i1 — 0, we have uxy € H'(Q,RY), with the estimate (12.12).
From here, a standard use of ellipticity, parallel to the argument in

(10.21)—~(10.25), gives an H!'-bound on a transversal derivative of u; hence
ue H*(Q,R"), and

(12.18) lull g2y < C(llull @) + el a2 + 1)

As in the scalar case, one of the keys to the further analysis of a solution to
(12.6) is an examination of regularity for solutions to linear elliptic systems with
L°°-coefficients. Thus we consider linear operators of the form
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(12.19) Lu=b(x)"" Y 9,;(4*(x)b(x) deu).
Jk=1

Compare with (9.1). Here u takes values in R and each A7% is an N x N matrix,

with real-valued entries Ai’; € L°(2). We assume Aik = A][;ja As in (12.3),
we make the hypothesis

(12.20) MR =" AR alip = MolL2. Ao > 0,

of very strong ellipticity. Thus Aé’; defines a positive-definite inner product { , )
on T* ® RY. We also assume

(12.21) 0<Cy < b(x) < (.

Then b(x) dx = dV defines a volume element, and, for ¢ € C} (2, RY),

(12.22) (Lu, @) = —/(Vu, Vo)dV.
Q

We will establish the following result of [Mey].

Proposition 12.2. Let 2 C R” be a bounded domain with smooth boundary, let
fi € LY, RN) for some q > 2, and let u be the unique solution in HOI’Z(Q) to

(12.23) Lu=Y 0;f.

Assume L has the form (12.19), with coefficients ATk e Lo(Q), satisfying
(12.20), and b € C®(Q), satisfying (12.21). Then u € HVP(Q), for some p > 2.

Proof. We define the affine map

(12.24) T:Hy?(Q) — HyP(Q)

as follows. Let A be the Laplace operator on €2, endowed with a smooth
Riemannian metric whose volume element is dV = b(x) dx, and adjust A, A1

so (12.20) holds when |¢|? is computed via the inner product (, ) on T* ® RY
associated with this metric, so that

(12.25) (Au, ) = —/(w, Vo) dV.
Q
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Then we define 7w = v to be the unique solution in H01’2(Q) to
(12.26) Av=Aw—A7"Lw+ 27" "0, f;.

The mapping property (12.24) holds for 2 < p < ¢, by the L?-estimates of
Chap. 13. In fact, if Av = "9, g/, v € Hy>(R), then

(12.27) [VvllLr@) = C(PgllLr(@)-
If we fix r > 2, then, for 2 < p < r, interpolation yields such an estimate, with

1-6 6 1 -2
(12.28) cp=cr)f, —24+i=2 e, 0=_2"2%
2 r P pr—2

Hence C(p) \( 1, as p N\ 2. Now we see that Tw; — Twy = vy — vy satisfies

(12.29) A(vy —v2) = (A = AT L) (w1 — wy) = Vg,
where
(12.30) g% =0, (w§ —wg) — A7 AL O (wf —wh),

and hence, under our hypotheses,

A
(1231) lglzr = (1= 52) IV —wo)lr@.
1
SO
Ao
(1232) V0= w)ller@ = C)(1= 77 ) IV = w2)lzr@),

for2 < p < g. We see that, for some p > 2, C(p)(l — AO/AI) < 1;hence T is
a contraction on H 7(Q) in such a case. Thus T has a unique fixed point. This
fixed point is u, so we have u € Hol’p(Q), as claimed.

Corollary 12.3. With hypotheses as in Proposition 12.2, given a function W €
H'9(Q), the unique solution u € H2(Q) satisfying (12.23) and

(12.33) u=1vy on 092

also belongs to HP (), for some p > 2.
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Proof. Apply Proposition 12.2 to u — .

Let us return to the analysis of a solution u € H'(2,RY) to the nonlinear
system (12.6), under the hypotheses of Proposition 12.1. Since we have estab-
lished that u € H2(2,RY), we have a bound

(12.34) ||Vu||Lq(Q) <A, q>2.

In fact, this holds with ¢ = 2n/(n —2) if n > 3, and forallg < coifn = 2.
As above, if X = ) bt 9, is a smooth vector field on €2, tangent to d<2, then
ux = Xu is the unique solution in H(2,RY) to (12.10), and we can now say
that £/ € L9(Q). Thus Corollary 12.3 gives

(12.35) Xue HYP(Q), forsome p > 2,

with a bound, and again a standard use of ellipticity gives an H-?-bound on a
transversal derivative of u. We have established the following result.

Theorem 12.4. Ifu € H'(Q,RYN) solves (12.6) on a smoothly bounded domain
Q € R”, and if the very strong ellipticity hypothesis (12.3) and the controllable
growth hypothesis (12.7) hold, then u € H*?(Q,RN), for some p > 2, and

(12.36) lull 2.0 @) < C(IVull L2y + @l g2.a@) + 1)-

The case n = dim 2 = 2 of this result is particularly significant, since, for
p>n, H?(Q) C C"(RQ), r > 0. Thus, under the hypotheses of Theorem 12.4,
we have u € C'77(Q), for some r > 0, if n = 2. Then the material of § 8 applies
to (12.1), so we have the following:

Proposition 12.5. If u € H'(Q,RY) solves (12.6) on a smoothly bounded
domain Q C R?, and the hypotheses (12.3) and (12.7) hold, then u € C*(Q),
provided ¢ € C*(092).

When n = 2, we then have existence of a unique smooth solution to (12.1),
given ¢ € C*°(3L2). In fact, we have two routes to such existence. We could
obtain a minimizer u € H'(Q,RY) for (12.4), subject to the condition that
Ulyg = @, by the results of §11, and then apply Proposition 12.5 to deduce
smoothness.

Alternatively, we could apply the continuity method, to solve

(12.37) AL (V)9 ;P =0 on Q. u=rtp on IQ.

This is clearly solvable for t = 0, and the proof that the biggest t-interval
J C [0, 1], containing 0, on which (12.37) has a unique solution u € C °°(§),
is both open and closed is accomplished along lines similar to arguments in § 10.
However, unlike in § 10, we do not need to establish a sup-norm bound on Vu,
or even on u; we make do with an H !'-norm bound, which can be deduced from
(12.3) as follows.
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If .Ajﬂ(x) is given by (12.8), with v = ¢, we have

[ Al 06w — 9P 0, - )
(12.38)
= /3;'Gé (Vo) (@® — ¢%) dx,

for a solution to (12.37) (in case T = 1). Hence
(12.39) KV = )72 < Cllu— ol 2)-

Note the different exponents. We have ||u — ¢||L2(Q) < G| V(u— (p)||L2(Q),
Poincaré’s inequality, so

C
12.40 _ < C
( ) lu—olr2@) = G,

Plugging this back into (12.39) gives

2

(12.41) V(@ — @)”iz(m = m,
which implies the desired H!-bound on u.

Once we have the H'-bound on u = u,, (12.36) gives an H??-bound for
some p > 2, hence a bound in C'*7(Q), for some r > 0. Then the results of § 8
give bounds in higher norms, sufficient to show that J is closed.

Proposition 12.5 does not in itself imply all the results of § 10 when dim 2 = 2,
since the hypotheses (12.3) and (12.7) imply that (12.1) is uniformly elliptic. For
example, the minimal surface equation is not covered by Proposition 12.5. How-
ever, it is a simple matter to prove the following result, which does (essentially)
contain the n = 2 case of Theorem 10.2.

Proposition 12.6. Assume Aé’; (p) is smooth in p and satisfies

(12.42) AL(P)jalip = CPIEP, C(p) > 0.

Let @ C R? be a smoothly bounded domain. Then the Dirichlet problem (12.1)
has a unique solution u € C*°(S2), provided one has an a priori bound

(12.43) Vi Loo@) < K,

for all smooth solutions u = uy to (12.37), for T € [0, 1].
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Proof. Use the method of continuity, as above. To prove that J is closed, simply
modify F(p)on{p :|p| = K + 1} to obtain F(p), satisfying (12.3) and (12.7).
The solution u, to (12.1) for T € J also solves the modified equation, for which
(12.36) works, so as above we have strong norm bounds on u; as t approaches an
endpoint of J.

Recall that, for scalar equations, (12.43) follows from a boundary gradient es-
timate, via the maximum principle. The maximum principle is not available for
general elliptic N x N systems, even under the very strong ellipticity hypothesis,
so (12.43) is then a more severe hypothesis.

Moving beyond the case n = 2, we need to confront the fact that solutions
to elliptic PDE of the form (12.1) need not be smooth everywhere. A number
of examples have been found; we give one of J. Necas [Nec], where Ai ]; (p) in
(12.1) has the form (12.5), satisfying (12.3), such that F(p) satisfies | D* F(p)| <
Co(p)~ ™ p2, ¥ a > 0. Namely, take

10u u/ 1 dul dukk
FVu)y=-——+52—
(Vu) 2 Oxp 0xg + 2 Ox; 0x;

(12.44) . .
du'/ Ju* Ju‘t Ju’k Vu)~?
- u) 2,
0x; 0xg 0xy 0xp
where u takes values in M,,x,, ~ R"z, and we set
n3—1 4 +ni

12.45 A=2 , = =
( ) nn—1)n3—-—n+1) H n2—n+1

Since A, 4 — 0 as n — oo, we have ellipticity for sufficiently large n. But for
any n,

XiXj

(12.46) U’ (x) = N

is a solution to (12.1). Thus u is Lipschitz but not C! on every neighborhood
of 0 € R”. See [Gia] for other examples. Also, when one looks at more general
classes of nonlinear elliptic systems, there are examples of singular solutions even
in the case n = 2; this is discussed further in § 12B.

We now discuss some results known as partial regularity, to the effect that so-
lutions u € H'(Q,RY) to (12.1) can be singular only on relatively small subsets
of Q.

We will measure how small the singular set is via the Hausdorff s-dimensional
measure H*, which is defined for s € [0, co) as follows. First, given p > 0, S C
R”, set

(1247) k¥ ,(S) =inf{ > (diam ¥;)* : S ¢ | ) ¥;. diam ¥, < p¢.
j=>1 j=1
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Here diam Y; = sup{|x — y| : x,y € Y;}. Each set function /g , is an outer
measure on R”. As p decreases, h ,(S) increases. Set

(12.48) RE(S) = lim K (S).
0—0 ’

Then A} (S) is an outer measure. It is seen to be a metric outer measure, that
is,if A, B C R" and inf{|x — y| : x € A,y € B} > 0, then h;(AU B) =
hi(A) + hi (B). It follows by a fundamental theorem of Caratheodory that every
Borel set in R” is /1§ -measurable. For any /1 -measurable set A, we set

n,s/22—s

(12.49) HAA) = yshs () vs = 55y
2

the factor y; being picked so thatif k < n is an integer and S C R” is a smooth, k-
dimensional surface, then ¥ (S) is exactly the k-dimensional surface area of S.
Treatments of Hausdorff measure can be found in [EG, Fed, Fol].

Our next goal will be to establish the following result. Assume n > 3.

Theorem 12.7. If @ C R” is a smoothly bounded domain and u € H'(Q,RY)
solves (12.1), then there exists an open Q9 C Q2 such that u € C*°(Qg) and

(12.50) H(Q2\ Qo) =0, forsome r <n—2.

We know from Theorem 12.4 that u € H?>?(Q,R"), for some p > 2. Hence
(12.10) holds for derivatives of u; in particular,

(12.51) ug = dgu = ug € H?(Q,RY)

and

(12.52) 3; A (Vu)dgug =0, 1<L€<n.

Regarding this as an elliptic system for v = (d1u,...,d,u), we see that to

establish Theorem 12.7, it suffices to prove the following:

Proposition 12.8. Assume that v € H“P(Q2,RM), for some p > 2, and that v
solves the system

(12.53) 3; A7 (x,v) v = 0,
where Aég (x,v) is uniformly continuous in (x, v) and satisfies

(12.54) M2 = AL (0 alip = AolZP. Ao > 0.

Then there is an open Q2o C 2 such that v is Holder continuous on 29, and

(12.50) holds.
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In turn, we will derive Proposition 12.8 from the following more precise result:

Proposition 12.9. Under the hypotheses of Proposition 12.8, consider the subset
¥ C Q2 defined by

(12.55) xel< lilrenigf R™ / [v(y) — vx.r]? dy > 0,
—
BRr(x)

where
(12.56) A ! / (»)d

. Ux,R = Av V= ———— v .

xR 882 VT V0 BR(x) )y
BRr(x)

Then
(12.57) H'(X) =0, forsome r <n-—2,

and X contains a closed subset X of Q2 such that v is Holder continuous on Q¢ =

Q\ =

Note that every point of continuity of v belongs to @ \ X; it follows from
Proposition 12.9 that v is Holder continuous on a neighborhood of every point of
continuity, under the hypotheses of Proposition 12.8. As Lemma 12.11 will show,
for this fact we need assume only that u € H'2, instead of u € H? for some
p>2.

Let us first prove that X, defined by (12.55), has the property (12.57). First, by
Poincaré’s inequality,

(12.58) e {x € Q:liminf B> / Vo) dy > 0}.
BRr(x)

Since Vv € L?(R2) for some p > 2, Holder’s inequality implies
(12.59) e {x € Q : liminf RP™" / IVo()|? dy > o}.
R—0

Br(x)

Therefore, (12.57) is a consequence of the following.

Lemma 12.10. Givenw € L1 (Q), 0 < s < n, let

(12.60) Es = {x €Q:limsup r—° / lw(y)| dy > o}.
r—0

B (x)
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Then
(12.61) HSYE(Eg) =0, Ve>O0.

It is actually true that HS(Es) = 0 (see [EG] and [Gia]), but to shorten the
argument we will merely prove the weaker result (12.61), which will suffice for
our purposes. In fact, we will show that

(12.62) H(Ess) <00, V>0,
where

Eg = {x € Q :limsup r~° / lw(y)| dy > 5}-
—0
" By (x)

This implies that HT¢(Ess) = 0, V & > 0, and since E; = |, E 1/n, this
yields (12.61).
As atool in the argument, we use the following:

Vitali covering lemma. Let C be a collection of closed balls in R" (with positive
radius) such that diam B < Cy < oo, for all B € C. Then there exists a countable
Sfamily F of disjoint balls in C such that

(12.63) B> s

BeF BecC
where B is a ball concentric with B, with five times its radius.
Sketch of proof. Take C; = {B € C : 27/Cy < diam B < 2'7/Cy}. Let Fy
be a maximal disjoint collection of balls in C;. Inductively, let ; be a maximal
disjoint set of balls in

{B € Ci : B disjoint from all balls in Fi, ..., Fx—1}.

Then set F = | Fi. One can then verify (12.63).

To begin the proof of (12.62), note that, for each p > 0, Es is covered by a
collection C of balls B, of radius r, < p, such that

(12.64) / lw(y)| dy = éry.
By

Thus there is a collection .77A0f disjoint balls B, in C (of radius r,) such that
(12.63) holds. In particular, { B, } covers Es, so
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* K] C" Cﬂ
(1265)  hisp(Ess) <Cu )y = = [ wO)ldy = S lwlie)
’ UB.
where C, is independent of p. This proves (12.62) and hence Lemma 12.10.
Thus we have (12.57) in Proposition 12.9. To prove the other results stated in
that proposition, we will establish the following:
Lemma 12.11. Given t € (0, 1), there exist constants
80=80(‘L’,I’l,M,)LO_111), R():Ro(‘L',I’I,M,)LO_l)Ll),
and furthermore there exists a constant

Ag = Ao(n, M, 25" 1),

independent of T, such that the following holds. Ifu € H'(Q,RM) solves (12.53)
and if, for some xo € Q2 and some

R < Ry(x9) = min(Ry, dist(xg, 052)),

we have

(12.66) U(xo, R) < €3,

where

(12.67) Uto ) = R [ () = sl .
BR(x0)

then

(12.68) U(xo,TR) < 2497*U(xo, R).

Let us show how this result yields Proposition 12.9. Pick ¢ € (0, 1), and
choose T € (0, 1) such that 24¢7272% = 1. Suppose xo € Q and R < min(Ry,
dist(xo, 0€2)), and suppose (12.66) holds. Then (12.68) implies

U(xo, TR) < 1%*U(x0, R).

In particular, U(xp, TR) < U(xp, R) < 8%, so inductively the implication (12.66)
= (12.68) yields

U(xo, ¥ R) < t2**U(xy, R).
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Hence, for p < R,
p 20
(12.69) Utxo.p) = C(%) Ulxo. R).

Note that, for fixed R > 0, U(xg, R) is continuous in xg, so if (12.66) holds at
Xo, then we have U(x, R) < 83 for every x in some neighborhood B, (xg) of x,
and hence

p 20
Ur.p) = € (%) UG R). x € Br(xo:
that is, we have
(12.70) / u(y) =tz p|* dy < Cp" 2"
B,a(x)
uniformly for x € B, (xp). This implies, by Proposition A.2,
(12.71) u € C*(B,(xo)).

In fact, we can say more. Extending some of the preliminary results of §9, we
have, for a solution u € H! (2) of (12.53), estimates of the form

(12.72) IVulZ2ep, 0y < CP2 / u(y) = x| dy:
B,a(x)

see Exercise 2 below. Consequently, (12.70) implies

n

q —
(12.73) Vil g, (xo) € M3 (Br(x0)), 4 =1——
which by Morrey’s lemma implies (12.71). Thus, granted Lemma 12.11,
Proposition 12.9 is proved, with

(12.74) Qo={xoeQ: X inf ) U(xo, R) < &3},

<Ro(xo
since clearly ¥ D Q \ Q¢ = s,
The proof of Lemma 12.11 (following the exposition in [Gia]) evolved from
work of E. DeGiorgi [DeG2] and F. Almgren [Alm2] on regularity for minimal
surfaces. It consists of blowing up small neighborhoods of x( and obtaining a

limiting PDE for a limit of the resulting dilations of u. As a preliminary to the
proof of Lemma 12.11, we first identify the constant Ay.

Lt_amma 12.12. There is a constant Ay = Ao(n, M, A1/Ag) such that whenever
b;g are constants satisfying

(12.75) MR =Y bltiales = Molg2 Ao >0,
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the following holds. If u € H' (Bl (0), RM) solves

(12.76) ajb;";akuﬂ =0 on Bi(0),

then, for all p € (0, 1),

(12.77) U(0,p) < 40p>U(0, 1).

Proof. For p € (0, 1/2], we have

1278 UO.p =" [ VU0 dy = Cop Vil o
B, (0)

On the other hand, regularity for the constant-coefficient, elliptic PDE (12.76)
readily yields an estimate

(12.79)  [IVulgoo (s, 20 = BollVull72(p, 40 = Billu — w0172, (0))-
with B; = B;(n, M, A1/A¢), from which (12.77) easily follows.

We now tackle the proof of Lemma 12.11. If the conclusion (12.68) is false,
then there exist 7 € (0,1) and x, € 2, ¢, —> 0, R, — 0,and u, € HI(Q,RM),
solving (12.53), such that
(12.80) Uy(xy,R)) = €2, Uy(x,.TR,) > 247%e2.

To implement the dilation argument mentioned above, we set
(12.81) Uy (%) = &) [un (xy + RuX) — thyx, R, |-
Then v,, solves

(12.82) 8<,-A‘é1/§ (xy + RuX, &40y (X) + ttox, R, ) V2 =0 on B1(0).

If we set
Vo(0.0) = p~" f 10w (¥) — oo dy
B,(0
(12.83) o ()
= 2R f 0y (7) — om0 .

BpRV (xv)
we have (since v,0,1 = 0)

(12.84) Vo) = 0ul 5,0 = 1 V(0.7) > 2407>.
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Passing to a subsequence, we can assume that
(12.85) vy, — v weakly in LZ(Bl(O), ]RM), eyvy — 0 a.e.in B1(0).
Also

(12.86) AT (xy. v, R,) — bLE.

an array of constants satisfying (12.75). The uniform continuity of A‘é ],; then im-
plies

(12.87) Ai’; (xv + Rux, 505 (X) + thyx, R, ) —> bé’; ae.in B;(0).
Now, as in (12.72), the fact that v, solves (12.82) implies

(12.88) lvll 1,0y < Coo Vo<l

Hence, passing to a further subsequence if necessary, we have

vy, —> v strongly in LIZOC(BI(O)),
Vv, — Vv weakly in L? (Bl(O)).

loc

(12.89)

Since the functions in (12.87) are uniformly bounded on B;(0), these results
imply that we can pass to the limit in (12.82), to conclude that

(12.90) 3;bls 9P =0 on By(0).

Then Lemma 12.12 implies

(12.91) V(0,7) < Agt?V (0, 1),

which is < 4972 by (12.85). On the other hand, (12.89) implies
(12.92) V(0,7) > 2407

if (12.80) holds. This contradiction proves Lemma 12.11.

Hence the proof of Proposition 12.9 is complete, so we have Theorem 12.7.

Theorem 12.7 can be extended to a result on partial regularity up to the bound-
ary (see [Gia)).

There is a condition more general than strong convexity on the integrand in
(12.4), known as “quasi-convexity,” under which extrema for (12.4) have been
shown to possess partial regularity of the sort established in Theorem 12.7 (see
[Ev3]).
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There are also some results on regularity everywhere for stationary points of
(12.4) when 2 has dimension > 3. A notable result of [U] is that such solutions
are smooth on Q provided F(Vu) in (12.4), in addition to being strongly convex
in Vu and satisfying the controllable growth conditions, depends only on |Vu|2.
A proof can also be found in [Gia].

Exercises

In Exercises 1-3, we consider an N x N system
ik
(12.93) Za‘,-A;;ﬂ (xX)ouf = Y 0;f onBy={xeR":|x| <1}

under the very strong ellipticity hypothesis (12.20). Assume f; € L?%(By).
1. Show that, with C = C(4¢, A1),

(12.94) IVl 28, 5y < Cllull2epyy + € Y1 fillL2m,)-

(Hint: Extend (9.6).)
2. Let 6yv(x) = v(rx). Show that, for r € (0, 1],

(1295 18- (Vi) z2(p, ) < Cr™ ' 1r (=)l 12,y + C D 18- fillL2(B,):

where u = Avgp, u. (Hint: First apply a dilation argument to (12.94). Then apply the
result to u — u.) This sort of estimate is called a “Caccioppoli inequality.”

3. Deduce from Exercise 2 that if u € H1() solves (12.93), then

(12.96)

2n
18- (Vill 2B, ) < ClI8- (V) zaary +C 1o fill2my) 4=

<2
n+2

This sort of estimate is sometimes called a “reverse Holder inequality.”
4. Deduce from (12.95) that if u € HI(Q) solves (12.93), then, for0 < r < 1,

(1297)  ueC™(By). fj € MP(By). p = 1"—r — Vue MP(By5).
Compare (9.41)—(9.42).
5. Let C(p) be the constant in (12.27), in case @ = Bj. Show thatif C(n)(1 —Ag/A1) <

1, then a solution u € H(} () to (12.93) is Holder continuous on B, provided f; €
L4(By) for some g > n. Consider the problem of obtaining precise estimates on C(p)
in this case.

12B. Further results on quasi-linear systems

Regularity questions can become more complex when lower-order terms are
added to systems of the form (12.1). In fact, there are extra complications even
for solutions to a semilinear system of the form

(12b.1) Lu+ B(x,u,Vu) = f,
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where L is a second-order, linear elliptic differential operator and B(x, u, p) is
smooth in its arguments. One limitation on what one could possibly prove is given
by the following example of J. Frehse [Freh], namely that
(12b.2) uy(x) = sinloglog |x|™',  up(x) = cosloglog |x|™*

provides a bounded, weak solution to the 2 x 2 system

2(“1 + ’42) |2

A =0,
it |
(12b.3)
Au + Ml |2 =0
2T w2 ’

belonging to H !(B), for any ball B C R?, centered at the origin, of radius r < 1.
Evidently, u is not continuous at the origin; one can also see that Vu does not
belong to L?(B) for any p > 2. (After all, that would force u to be Holder
continuous.) Thus Theorem 12.4 and Proposition 12.5 do not extend to this case.

The following result shows that if a weak solution to such a semilinear system
as (12b.1) has any Holder continuity, then higher-order regularity results hold.

Proposition 12B.1. Assume u € H' solves (12b.1) and B(x,u, p) is a smooth
function of its arguments, satisfying

(12b.4) |B(x.u.p)| = C(p)*.

Then, givenr > 0, s > —1,

(12b.5) ueC’, feCi= ueCit
Proof. Write

(12b.6) u=Ef — EB(x,u,Vu), mod C%,

where E € OPSy 2 is a parametrix for the elliptic operator L. We have Ef €
C5%2, and, sinceu € H' = B(x,u, Vu) € L', we have

EB(x,u,Vu) € H>* %% V>0, 0>

1+¢

If s > 0, this implies
(12b.7) ue H>oltengr-or,
forall p < oo, hence

(12b.8) ue[H*> e H™™OPl,. V0 e(0,1).
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Results on such interpolation spaces follow from (6.30) of Chap. 13. If we set
6 = 1/2 and take p large enough, we have

(12b.9) ue HIFr/2702%2 - v e e (0,1), o > 1’f-.
I

On the other hand, if we set 6 = (1 —a)/(2 —r), (assuming r < 1), we have

(12b.10) we HY4, Vg < 11__%:,
hence

1—1r r
(12b.11) B(x,u,Vu) e L1, Vgq< 1_2r , eg,qg=1+ 7
Another look at (12b.6) now yields
(12b.12) ue H¥'712n %P Vp < oo,

provided s > 0, which is an improvement of (12b.7). We can iterate this argument
until we get (12b.5), provided s > 0.

If instead we merely assume s > —1, then, instead of (12b.7), we deduce from
(12b.6) and EB(x,u, Vu) € H?>=%1*¢ that

(12b.13) EB(x,u,Vu) € H¥%*en gr-or
and hence (parallel to (12b.8)—(12b.11)) that

EB(x.u.Vu)e (1) [H>%\Fe, H'=0P],
(12b.14) o
c H'tr/202 H1,2+r’

so another look at (12b.6) gives

we HLH2HT
hence
(12b.15) B(x,u,Vu) € L'T7/2,
o)
(12b.16) EB(x,u.Vu) € H*'*7/2 0 g7,

and we can iterate this argument until (12b.5) is proved.
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Note that Proposition 12B.1 applies to the semilinear system (11.25) for a
harmonic map u : 2 — X, where X is a submanifold of RV

(12b.17) Au—T(u)(Vu,Vu) = 0.
On the other hand, there are quasi-linear equations with a somewhat similar struc-
ture that also arise naturally in geometry, such as the system (4.94) satisfied by

the metric tensor, in harmonic coordinates, when the Ricci tensor is given. This
system has the following form, more general than (12b.1):

(12b.18) Zajajk(x,u)aku + B(x,u,Vu) = f.

We assume that /% (x, u) and B(x,u, p) are smooth in their arguments and that
(12b.4) holds. Recall that we have established one regularity result for such a
system in § 4, namely, if n = dim Q andn < g < p < oo, then

(12b.19) ue HY, f e HS? = ye H*T%?

if s > —1. Here, we want to weaken the hypothesis thatu € H 1.4 for some q>n,
which of course implies u € C”, r = 1 —n/q. We will establish the following:

Proposition 12B.2. Assume that u € H' solves (12b.18) and that B(x,u, p)
satisfies (12b.4). Also assume u € C" for some r > 0. Then

(12b.20) fel'=— ue H™ % Vge(0,1), o> %
&

and, if 1 < p < oo,
(12b.21) fel? = ue H*P.
More generally, for s > 0,
(12b.22) feH"! = ue H*??,
To begin the proof, as in the demonstration of Proposition 4.9, we write
(12b.23) > " a* (x.u) deu = A (u: x. Dyu,
mod C®°, with

(12b.24) ue Cr = Aj(ux.£) € C"StoN S + ST
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Hence, given 6 € (0, 1),

Aj(uix,§) = A% (x.6) + Ab(x.©),

(12b.25) i
A oesl;  Awpes”

Thus we can write

(12b.26) > 0ja’%(x.&) 0gu = PPu+ PPy,
with

(12b.27) P*=%"9;4%(x.D) € OPS};. elliptic
and

(12b.28) PP =>"0;45(x. D).

Then we let

(12b.29) E* € OPS(;

be a parametrix for P¥, and we have

(12b.30) u=—E*PPu+ E*B(x,u,Vu) + E* f,
mod C*®, andifu € C7,

(12b.31) PP HOP 5 go2Hrép - pb. o, cOT2HTS
provided 1 < p <ococando —2 4 r§ > —1, so

(12b.32) o>1-ré.

Therefore, our hypotheses on u imply

(12b.33) E*PPu e g2,

Now, if u € H'(R), then (12b.4) implies

(12b.34) B(x,u,Vu) € L1,

so, for small e > 0, 0 > ne/(1 + ¢),

(12b.35) E*B(x,u,Vu) € H> %1%,
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Hence we have (12b.30), mod C *°, with

E#Pbu c H1+r8,2’ E#B(x,u, Vu) c HZ_O-’IJFE,

(12b36) E#f c H2_6’1+€.

This implies
ue H1+r8,l+a,

hence, by (12b.31),
(12b.37) E#Pbu c H1+2r8,1+s‘
Another look at (12b.30) gives

ue Ht2rélte  if 1 4 2p§ <20,

(12b.38)
H> e if 14218 >2—0.

If the first of these alternatives holds, then

E#Pbu c H1+3I‘8,1+8

‘We continue until the conclusion of (12b.20) is achieved.
Given that u € C” and that (12b.20) holds, by interpolation we have

(12b.39) ue[H> M H™oP], . V0 e(0.1),
using C; C H'™%?, Vo >0, p < oco. If we take 6 = 1/2 we get

1 1

_ 1
= H1+r/2 0,9 I

9

+ )
q 242¢ 2p

hence, taking p arbitrarily large, we have

(12b.40) we H'Fr2=0242 v oe(01), o> 1'25 .
&

249

Note that this is an improvement of the original hypothesis that u € H 2. On the

other hand, if we take 6 = (1 —0)/(2 —r), we get

1—35r
(12b.41) ue HY?1, Vg < ; 2
—r

SO

1—3r
(12b.42) B(x,u,Vu) € LY, Vg < I 2

—r
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Hence

(12b.43) E*B(x,u,Vu) € H*4.
Meanwhile, by (12b.40),

(12b.44) E*Pby e gitr/2trizoz,
On the other hand, if we set

(12b.45) g=1+ %

which satisfies the condition in (12b.41), we can take 8 &~ r/(2 + r) in (12b.39)
and get

4 2
(12b.46) we HWA, V< 2117
2+r
hence
#pb 44712
(12b.47) E*P°ue H?, Vp< +ré
247
Note that
4+r? , 1,
(12b.48) +r§=2—r+ré+r°—-r>+---,
24r 4

which is > 2, for any given r € (0, 1), if § is taken close enough to 1. Now,
another look at (12b.30) establishes the following special case of (12b.21):

(12b.49) 1<p§1+%, fel?(Q) = ue HP.

Under the hypotheses that u € C” and that (12b.49) holds, we have, parallel to
(12b.39),

(12b.50) ue[H>? H'™®C],. V0e(.1),

forallo > 0, Q < oco. As before, we can take 8 ~ 1/(2 — r) and get

(12b.51) ue HY?1, Vg < ;

Hence, parallel to (12b.43), and as before using 1 +7/2 < (1 —r/2)/(1 —r), we
have
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(12b.52) E*B(x,u,Vu) € H>(F7/2p

Similarly, if we take 6 ~ r/(2 + r) in (12b.50), we get

4 2
(12.53) we HOHrp g 2T
24r
and hence
2

E*PPy e HPOH/DP v < drr
’ 247
As before, givenr € (0, 1), we can choose § close enoughto 1 that p > 2. Another

look at (12b.30) establishes that

+ ré.

2
(12b.54) l<p< (1+%) . felP(Q) = ue H*P.

Now we can iterate this argument repeatedly, and since, for all » > 0, we have
(14 r/2)*¥ — oo as k — oo, we obtain (12b.21).
We next want to weaken the requirement of Holder continuity on u.

Proposition 12B.3. Let u € H'(Q) solve (12b.18). Assume the very strong
ellipticity condition

(12b.55) als (x.u)jalip = AolC%. Ao > 0.

Also assume B(x,u, Vu) is a quadratic form in Vu. Assume furthermore that u is
continuous on 2. Then, locally, if p > n/2,

(12b.56) feMf = Vue M}, forsomeq >n.
Hence u € C', for some r > 0.

To begin, given x¢ € €2, shrink  down to a smaller neighborhood, on which
(12b.57) lu(x) —uo| < E,

for some ug € RM (if (12b.18) is an M x M system). We will specify E below.
With the same notation as in (12.22), write

(12b.58) (9;a7% (x, u) g, w) > = —/(Vu,Vw) dx,

SO aég (x,u) determines an inner product on 7} ® RM foreach x € €, in a
fashion that depends on u, perhaps, but one has bounds on the set of inner products
so arising. Now, if we let € C§°(Q) and w = ¥ (x)?(u—uo), and take the inner
product of (12b.18) with w, we have
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/ V2| Vu|? dx + 2/ Y (Vu) (VYY) (u — up) dx
(12b.59) —/W(u —uo)B(x,u, Vu) dx
—/wzf(u — up) dx.

Hence we obtain the inequality

/w2[|Vu|2—|u—u0|-|B(x,u,Vu)|—82|Vu|2] dx
(12b.60)
< 55 [ V9Pl dx + [ 92171 o= wol dx,

for any § € (0, 1). Now, for some A < co, we have
(12b.61) |B(x,u, Vu)| < A|Vul.
Then we choose E in (12b.57) so that

(12b.62) EA<l-a<l.

Then take §2 = a/2, and we have

2
(12b.63) %/wzwuﬁdx < —/|Vl//|2-|u—u0|2dx+/w2|f|-|u—u0|dx.
a

Now, given x € , for R < dist(x, d€2), define U(x, R) as in (12.67) by
(12b.64) Ux,R)=R™" / |u(y) — ux,r|* dy.
Br(x)

where, as before, uy g is the mean value of u| x . The following result is
analogous to Lemma 12.11. Let A be the constant produced by Lemma 12.12,
applied to the present case, and pick p such that 4¢p? < 1/2.

Lemma 12B 4. Let © CC Q. There exist Ry > 0, & < 1, and Cy < 00 such
thatif x € O and r < Ry, then either

(12b.65) Ux,r) < C0r2(2—n/p)’
or

(12b.66) U(x,pr) <9U(x,r).
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Proof. If not, there exist x, € O, R, — 0, ¥, — 1, and u, € H'(Q,RM)
solving (12b.18) such that

(12b.67) Uy(xy, R,) = &2 > CoR2Z7/P)
and
(12b.68) Uy(xy, pR)) > U, (xy, R)).

The hypothesis that u is continuous implies ¢, — 0. We want to obtain a contra-
diction.
Asin (12.81), set

(12b.69) vy (%) = &) [un (xy + RuX) — thyx, R, |-
Then v,, solves

8<,-aig (xv 4+ Rux, &,vy(x) + tyx, R,) akvf
(12b.70) R
+ sz(xv + Ryx,epvy(x) + Upx, Ry » VUU()C)) = 8—Uf

v

Note that, by the hypothesis (12b.67),

R? 1

12b.71 —v - __RMP,
( ) Ey Co Y
Now set
(12b.72) V(©O,r)y=r"" / [ow () — vvo,r|? dy.
B (0)
Then, as in (12.84), we have
(12b.73) V0. 1) = [0l172(5,0 = 1. Vo(0.p) > Do

Passing to a subsequence, we can assume that

(12b.74) v, — v weakly in LZ(Bl(O),]RM), gyvy — 0 a.e.in B1(0).

Also, as in (12.87), there is an array of constants bo’lg such that

(12b75)  alf(xy + Rux.ey0y(x) + thvx, 8,) — bJ5 ae.in By (0),

and this is bounded convergence.
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We next need to estimate the L2-norm of Vv,, which will take just slightly
more work than it did in (12.88).

Substituting &, v, ((x —xv)/R,,) ~+Uyx,,R, foru,(x)in (12b.63), and replacing
uo by uyx, R, , we have

5 [ lon () ax
vv(x ;jv)‘z dx
+ f—ffw2|f| e ‘f“)\ dx,

R
for ¥ € C§°(Bgr, (xy)). Actually, for this new value of u, the estimate (12b.57)
might change to |u(x) — ug| < 2E, so at this point we strengthen the hypothesis
(12b.62) to

2
(12b.76) < Z/REIVWIZ

(12b.77) 2EA<l—-a<l,

in order to get (12b.76). Since R2 /¢, < Rﬁ/p/Co, we have, for ¥(x) = ¥ (x, +
Rux) € C(B1(0)),

a 2 2 2 20, 12 Rﬁ/p 2
(12b.78) 5/\11 |V, |2 dx < —/|W| vy | dx+C—/‘~IJ |F|-|vy| dx,
a 0

where F(x) = f(x, + Ryx).
Since ||v1,||L2(B1 oy = L, if ¥ < 1, we have

1/2
(12b.79) /\112|F| vo| dx < ( / |F|? dx) < CR;MP
B1(0)

if f € M?, so we have
2 C
(12b.80) ‘—Z/\IJZWUVP dx < —/ (VW2 0y 2 dx 4 — | f [l pg2-
2 a Co 2

This implies that v, is bounded in H! (Bp(O)) for each p < 1. Now, as in (12.89),
we can pass to a further subsequence and obtain

vy —> v strongly in L (B1(0)),

(12b.81) N
Vv, — Vv weakly in L7 (B1(0)).
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Thus, as in (12.90), we can pass to the limit in (12b.70), to obtain

(12b.82) 3;bl50kvP =0 on By(0).

Also, by (12b.73),

(12b.83) V(0.1) = [[vliL2g,0p = 1. V(0,p) > 1.

This contradicts Lemma 12.12, which requires V(0, p) < (1/2)V(0, 1).

Now that we have Lemma 12B .4, the proof of Proposition 12B.3 is easily com-
pleted, by estimates similar to those in (12.69)—(12.73).
We can combine Propositions 12B.2 and 12B.3 to obtain the following:

Corollary 12B.5. Letu € H'(Q) N C(RQ) solve (12b.18). If the very strong ellip-
ticity condition (12b.53) holds and B(x,u, Vu) is a quadratic form in Vu, then,
givenp >n/2, q € (1,00), s >0,

(12b.84) feM{ NHY = ue H*?4,

We mention that there are improvements of Proposition 12B.3, in which the
hypothesis that u is continuous is relaxed to the hypothesis that the local oscilla-
tion of u is sufficiently small (see [HW]). For a number of results in the case when
the hypothesis (12b.4) is strengthened to

[B(x,u, p)| < C(p)*,

for some a < 2, see [Gia]. Extensions of Corollary 12B.5, involving Morrey space
estimates, can be found in [T2].

Corollary 12B.5 implies that any harmonic map (satisfying (12b.17)) is smooth
wherever it is continuous. An example of a discontinuous harmonic map from R3
to the unit sphere S C R3 is

X
(12b.85) u(x) = —.
|x|

It has been shown by F. Helein [Hel2] that any harmonic map u : 2 — M from a
two-dimensional manifold €2 into a compact Riemannian manifold M is smooth.
Here we will give the proof of Helein’s first result of this nature:

Proposition 12B.6. Letr Q2 be a two-dimensional Riemannian manifold and let

(12b.86) u: Q —s S

be a harmonic map into the standard unit sphere S™ C R™ 1 Thenu € C®(Q).
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Proof. We are assuming that u € H,! (), that u satisfies (12b.86), and that the
components u; of u = (uy, ..., Umy1) satisty

(12b.87) Auj +u;|Vul* = 0.

Here, Auj and |Vu|? = Y |Vuy|? are determined by the Riemannian metric on
2, but the property of being a harmonic map is invariant under conformal changes
in this metric (see Chap. 15, § 2, for more on this), so we may as well take €2 to
be an open set in R?, and A = 9% + 93 the standard Laplace operator. Now
|u(x)|?> = 1 a.e. on Q implies

m—+1
(12b.88) Z wj@u;) =0, i=12,
j=1

and putting this together with (12b.87) gives

m—+1
(12b.89) Auj = — Z(ujwk —ugVuj)-Vug, Vj.
k=1

On the other hand, a calculation gives

(12b.90) div(u; Vug —uxVu;) = Z Op(ujogur —urdgu;) =0,
l

for all j and k. Furthermore, since u € Hl(l)C () N L°(RQ),
(12b.91) u;jVug —uVuj € L2 (Q), Vuy € LE (Q).

Now Proposition 12.14 of Chap. 13 implies

(12b.92) > W Vug —wVuy) - Vg = fi € 91,(Q).
k

where 531100(9) is the local Hardy space, discussed in § 12 of Chap. 13. Also, by
Corollary 12.12 of Chap. 13, when dim Q = 2,

(12b.93) Auj = —f; € HL(Q) = u; € C(Q).
Now that we have u € C(2), Proposition 12B.6 follows from Corollary 12B.5.

If dim © > 2, there are results on partial regularity for harmonic maps u : 2 —
M, for energy-minimizing harmonic maps [SU] and for “stationary” harmonic
maps; see [Ev4] and [Bet]. See also [Si2], for an exposition. On the other hand,
there is an example due to T. Riviere [Riv] of a harmonic map for which there is
no partial regularity.
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We mention another system of the type (12b.1), the 3 x 3 system
(12b.94) Au=2Huy xu, on Q, wu=g on 99Q.

Here H is a real constant, Q is a bounded open set in R2, and g € C®°(Q,R?).
We seek u : @ — R3. This equation arises in the study of surfaces in R3 of
constant mean curvature H. In fact, if ¥ € R3is asurfaceandu : @ — X a
conformal map (using, e.g., isothermal coordinates) then, by (6.10) and (6.15),
Y has constant mean curvature H if and only if (12b.94) holds. In one approach
to the analogue of the Plateau problem for surfaces of mean curvature H, the
problem (12b.94) plays a role parallel to that played by Au = 0 in the study of
the Plateau problem for minimal surfaces (the H = 0 case) in § 6. For this reason,
in some articles (12b.94) is called the “equation of prescribed mean curvature,”
though that term is a bit of a misnomer.
The equation (12b.94) is satisfied by a critical point of the functional

1 2
(12b.95) J(u) = /{§|Vu|2 + §H(u Uy X uy)} dx dy,
Q
acting on the space

(12b.96) V={ue H (Q,R®:u=goniQ}.

That J is well defined and smooth on V' follows from the following estimate of
Rado:

1 3
(120.97) V@ = V() = o (IVul}s + [Vg132)’,

provided u = g on 9€2, where

(12b.98) V() = /(u “Ux X uy) dx dy.
Q
The boundary problem (12b.94) is not solvable for all g, though it is known to
be solvable provided
(12b.99) |H|-|lgllLee = 1.
We refer to [Str1] for a discussion of this and also a treatment of the Plateau prob-
lem for surfaces of mean curvature H, using (12b.94). Here we merely mention

that given u € H'(2,R?), solving (12b.94), the fact that

(12b.100) ueC(Q.R?
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then follows from Corollary 12.12 and Proposition 12.14 of Chap. 13, just as in

(12b.93). Hence Corollary 12B.5 is applicable. This result, established by [Wen],
was an important precursor to Proposition 12.13 of Chap. 13.

13. Elliptic regularity IV (Krylov—Safonov estimates)

In this section we obtain estimates for solutions to second-order elliptic equations
of the form

(13.1) Lu=f Lu=a"*(x)d;du+b/(x)d;u+c(x)u,

on a domain  C R”. We assume that a/ k, b/, and ¢ are real-valued and that
a’* e L°°(Q), with

(13.2) MEP < a?* (086 < ALEI%,
for certain A, A € (0, 00). We define
(13.3) D = det (a’%), D, =DV".

A. Alexandrov [Al] proved that if |b|/D« € L"(2) and ¢ < 0 on 2, then

(13.4) ueC(Q)NHZ(Q), Lu> fonQ,

implies

(13.5) sup u(x) < sup u*(y) + C|D;" fllLn (@)
xeQ yeIQ

where C = C(n, diam €2, ”b/D*”Ln). We will not make use of this and will
not include a proof, but we will establish the following result of I. Bakelman [B],

essentially a more precise version of (13.5) for the special case b/ = ¢ = 0
(under stronger regularity hypotheses on u). It is used in some proofs of (13.5)
(see [GTY)).

To formulate this result, set

(13.6) I'={yeQ:ux)<u@®)+p - (x—y),VxeQ,

' for some p = p(y) € R*}.
If u € C1(R), then y belongs to I'" if and only if the graph of u lies everywhere
below its tangent plane at (y, u(y)). If u € C%(R2), then u is concave on I' ™, that
is, (3;0pu) <OonTT.
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Proposition 13.1. Ifu € C2(Q) N C(R), we have

d

nan/n

(13.7) sup u(x) < sup u(y)+ ”D*_l(afkajaku)”L,,
yeo

4+
xX€EQ )

where d = diam 2, and Vy, is the volume of the unit ball in R".
To establish this, we use the matrix inequality
1 n
(13.8) (det A)(det B) < (— TrAB) ,
n

for positive, symmetric, n x n matrices A and B. (See the exercise at the end of
this section for a proof.) Setting

(13.9) A=—H@u) = —(3;0u(x)), B=(a*x), xelT,

where H (u) is the Hessian matrix, as in (3.7a), we have
1 . n

(13.10) |det H(u)| < D! (——a/k ajaku) onTF,
n

Thus Proposition 13.1 follows from

Lemma 13.2. Foru € C2(Q) N C(RQ), we have

d 1/n
(13.11) sup u(x) < sup u(y)+ W(/ |det H (u)| dx) .
xeQ yed Va o

Proof. Replacing u by u — supyq u, it suffices to assume # < 0 on 92. Define
x() tobe U, eq x(y), where

(13.12) 1) ={peR" tu(x) <u(y) +p-(x—y),VxeQj
s0 x(y) # @ < y € I't. Also, if u € C1(Q) (as we assume here),
(13.13) x(y) = {Du(y)}, fory eT't,

Thus the Lebesgue measure of y(2) is given by

(13.14) E”(X(Q)):£”()((F+)):£”(Du(1“+))§/|detH(u)|dx.

r+
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Thus it suffices to show that if u € C(2) N C%(R) and u < 0 on L2, then

d
(13.15) sup u(x) < 7 L (x()).

xeQ

This is basically a comparison result. Assume sup u > 0 is attained at x¢. Let
W, be the function on © whose graph is the cone with apex at (xo, u(xo)) and
base 92 x {0}. Then, if yw, (») denotes the function (13.12) with u replaced by
W1, we have

(13.16) Xu($2) D xw, (2).

Similarly, if W is the function on B;(x¢) whose graph is the cone with apex at
(x0. u(xo)) and base {x : |x — xo| = d} x {0}, then

(13.17) xwy () D xw, (Ba(xo)).

Finally, the inequality

d
(13.18) sup W, < VI/HE”(sz(Bd(xo)))

n
is elementary, so we have (13.15), and hence Lemma 13.2 is proved.

We now make the assumption that

A bIV2 _ el
(13.19) Z=r (5) =v Tew

and establish the following local maximum principle, following [GT].

Proposition 13.3. Let u € H>"(Q), Lu > f. f € L™(Q). Then, for any ball
B = Byr(y) C Q and any p € (0, n], we have

(1320)  sup u(x) <C (
XE€EBR(y)

1 +p 1/p R
i [ an)” U e ¢
B

where C = C(n,y,vR?, p).

Proof. Translating and dilating, we can assume without loss of generality that
0 € Q and B = B;(0). We will also assume that u € C?(Q2) N H?" (), since
if (13.20) is established in this case, the more general case follows by a simple
approximation argument.
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Given 8 > 1, define
(13.21) n(x) = (1= |xP)?. for|x| < 1.
Setting v = nu on B, we have

a’* 3 ;0,0 = na’* 8 0 u + 2a7% (3 ) () + ua’* 3;9xn

(13.22) | " N
>n(f —b’ 0ju—cu) +2a’(9;1)(Oku) + ua’™ 9 dn.

Let T';f be as in (13.6), but with u replaced by v, and Q2 replaced by B. Clearly,
u>0onTI,;. We have

(13.23) |Dv| < on T,

1—|x|

SO

1 v
|Dul = n~'|{Dv —uDn| < - + u| D
(13.24) n<1 — |x| )
<2(1+ ﬁ)n_l/ﬂu on F;L.
Hence
—a’* ;9w < {(16/32 +28n) AP £ 28|bIn~ P 4 c}v +nf
<CAn Py + f,

(13.25)

on I';t, where C = C(n, B, y,v). Of course, a/%9;0,v < 0on ;. If B > 2, we
have, upon applying Proposition 13.1 to v,

1
sup v < C(Hn_z/ﬂerHLn(B) + IIIfIILn(B))
(13.26) 1
1-2
<C; {(sgp v) /8 ||(u+)2/ﬂ ”L”(B) + X”f”L"(B)} .
Choose 8 = 2n/p > 2, so we have

1— 1
(13.27) su;p v <C %(sgp vF) p/"||u+||1£47n(3) + X”f”L”(B)% -

(Here we allow p < 1, in which case || - ||L» is not a norm, but (13.27) is still
valid.) Using the elementary inequality

(13.28) al=PInpPIn < eq 4 5_("/p_1)b, Y e € (0,00),
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and taking a = supg v", b = |u™||Lr(p), and € = 1/2Cy, we have (the R = 1
case of) (13.20), so Proposition 13.3 is proved.

Replacing u by —u, we have an estimate on supg, ) (—u) when Lu < f.
Thus, when Lu = f and the hypotheses of Proposition 13.3 hold, we have

1 /p R
(1329)  sup lul=<C <V01(B)/|u|p dx) "+ 1l
B

Br(»)

Next we establish a “weak Harnack inequality” of [KrS], which will lead to
results on Holder continuity of solutions of Lu = f. This result will also be
applied directly in the next section, to results on solutions to certain completely
nonlinear equations.

Proposition 13.4. Assume u € H>™*(Q), Lu< finQ, f € L™(RQ), andu > 0
onaball B = Bygr(y) C Q. Then

1/p

) R
wdx| = (infut T )

(13.30)

for some positive p = p(n,y,vR?) and C = C(n,y, vR?).

As before, there is no loss of generality in assuming B = B;(0). Also, replac-
ing L and f by A\™'L and A7 f, we can assume A = 1.
To begin the proof, take ¢ > 0 and set

_ 1
u=u+e+|fllrm, w=Ilog -

(13.31)
vV = nw’ g =

where 7 is given by (13.21). Note that w is large (positive) where u is small. We
have

—a’* ;0,0 = —na’* 30w — 2a7% (3 1) (B w) — wa’* 3057

n[—a* (3 w)(@w) + b7 d;w + |c| + g]
(13.32) —2a7% (3, n) (B w) — wa’* §; 37

IA

IA

2 . .
Eafk@ ) (@kn) —wa’® 3;dn + (b1 + le| + ).

where the last inequality is obtained via Cauchy’s inequality, applied to the inner
product (V, W) = V;a/*W.
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“Now the form of 7 implies that a’k 0;0xn > 0 provided 2(8 — l)aijij +
a’/|x|?> > a’’, and hence

(13.33) 2B1x)? = nA = a’* ;3 > 0.
Thus, if « € (0, 1), then

(13.34) B> ;—y x| > a = a/% 80,7 > 0.
(07

Hence, on the set BY = {x € B : w(x) > 0}, we have

. _ ik g9
—a/* 990 < 487 (1 = 1xP)" | + s, sup (—%)
By

2nBA
<4B2A+ |b]? +c| + g+ p

1= g2 AP

Note that ||g||z»(gy < 1. Thus Proposition 13.1 yields

(13.36) sup v < C(1+ v |lLnsy)).
B

with C = C(n, o, y, v).

Note that if u satisfies the hypotheses of Proposition 13.4 and ¢ € (0, 00), then
u/t satisfies L(u/t) < f/t, and the analogue of w in (13.31) is w — k, where
k = log(1/t). The function g in (13.31) is unchanged, and, working through
(13.32)—(13.36), we obtain the following extension of (13.36):

(13.37) sup n(w —k) < C(L+ [[n(w —k)F||nsy)). Yk eR,
B

with constants independent of k.

The next stage in the proof of Proposition 13.4 will involve a decomposition
into cubes of the sort used for Calderon—Zygmund estimates in § 5 of Chap. 13.
To set up some notation, given y € R”, R > 0, let Q g(y) denote the open cube
centered at y, of edge 2R:

(13.38) Or(y) ={x eR":|x; —yj| <R 1=j=<nj}

Ifa < 1/4/n,then Oy = Q4(0) CC B.

The cube decomposition we will use in the proof of Lemma 13.5 below can
be described in general as follows. Let Q¢ be a cube in R”, let ¢ > 0 be an
element of L'(Qy), and suppose fQo ¢ dx < tL*(Qy), t € (0,00). Bisecting
the edges of Qg, we subdivide it into 2" subcubes. Those subcubes that satisfy
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quo dx < tL"(Q) are similarly subdivided, and this process is repeated
indefinitely. Let F denote the set of subcubes so obtained that satisfy

/(p dx >tL"(Q);
o

we do not further subdivide these cubes. For each 0 € F, denote by @ the
subcube whose subdivision gives Q. Since L£"(Q)/L"(Q) = 2", we see that

1
Lr(

(13.39) t < 0) /qo dx <2™, VY QekF.
9

Also, setting F = {Jger Q@ and G = Qo \ F, we have
(13.40) ¢ <t, ae.in G.

This subdivision was also done in the proof of Lemma 5.5 in Chap. 13. Let us
also set F = UQGF Q;since Q € F = Q ¢ F, we have

(13.41) /qp dx < tL"(F).

F

In particular, when ¢ is the characteristic function yr of a measurable subset I'
of Qy, of measure < ¢ - L"(Qy), we deduce from (13.40)—(13.41) that

(13.42) LYT) =LY NF) <iL(F).
We have the following measure-theoretic result:
Lemma 13.5. Let Q¢ be a cube in R*, w € L'(Qy), and, fork € R, set
(13.43) Iy ={x € Qp:wx) <k}
Suppose there are positive constants § < 1 and C such that

(13.44) sup (w—-k)<C
Q0N03r(2)

whenever k and Q = Q,(z) C Q satisfy

(13.45) L' (TN Q) =38L"(Q).
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Then, for all k € R,

log(L™"(T'x)/L"
(13.46) supw—k)<C[1+ og(£"(T)/£"(Q0)) )
2o log &
Proof. We show by induction that
(13.47) sup (w — k) <mC,

Qo

forany m € Z* and k € R such that £"(Tx) > §™L"(Qo). This is true by
hypothesis if m = 1. Suppose that it holds form = M € 7 and that £(Ty) >
SM+1.7(0y). Define T by

(1348)  Tp = {03 N Qo: L(Qr(x) N T%) = 8 L"(Q,(2))}.
Applying the estimate (13.42), with ¢ = §, we see that either f‘k = Qpor
(13.49) £"(Tx) = §71L"(T) = 8¥ vol(Qo).

and hence, replacing k by k 4+ C, we obtain

(13.50) sup(w — k) < (M + 1)C,
Qo

which verifies (13.47) form = M + 1.
Now, the estimate (13.46) follows by choosing m appropriately, and the lemma
is proved.

Returning to the estimation of the functions defined in (13.31), we see that
(13.36) implies

1/n

(13.51)  sup v < C(1 + vt |ncon) < C(l + [vol(@)]"" sup v+),
B B

where Qo = Q4(0), as stated below (13.38), and
OF ={x e Qq:v(x) >0} ={xe€ Qq:ulx) <1}
Hence, if C is the constant in (13.36),

vol(Qd) _
vol(Qq) —

Now choose « = 1/3n, and take 6 = (4aC)™", as in (13.52). Using the coor-
dinate change x +— a(x — z)/r, we obtain for any cube Q = Q,(z) such that
B3, (2) C B, the implication

(13.52)

(4;C)n =0 = sgp v < 2C.
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1 +
w<9=> sup w < C(n,y,v).

(13.53) ol(Q) = Sup

With « and 6 as specified above, take § = 1 — 6, Q¢ = Q4(0), and note that
the estimate (13.53) holds also when w is replaced by w — k, and QT is replaced
by the set {x € Q : w(x) — k > 0}, as a consequence of (13.37). Let

(13.54) p(t) = L"({x € Qo : u(x) > t}).
Setting k = log 1/¢, we have from Lemma 13.5 the estimate

(13.55) u(t) < C(iélf t~'a), V>0,
0

where C = C(n,y,v), kK = k(n,y,v). Replacing the cube Q¢ by the inscribed
ball B, (0), « = 1/3n, and using the identity

o0
(13.56) /(ﬁ)” dx = p/ P () dt,
Qo 0
we have
(13.57) /(ﬁ)p dx < C(illglf ﬁ)p, for p = g
By “

The inequality (13.30) then follows by letting ¢ — 0 if we use a covering

argument to extend (13.57) to arbitrary o < 1 (especially, « = 1/2) and use the

coordinate transformation x + (x —y)/2R. Thus Proposition 13.4 is established.
Putting together (13.29) and (13.30), we have the following.

Corollary 13.6. Assumeu € H>™(Q), Lu= f on Q, f € L"(Q), andu > 0
onaball B = Bsgr(y) C Q. Then

R
(13.58 sup u(x) <C inf wu+ — n ,
) S ul) < Cr(inf u+ TS e

for some C1 = Ci(n,y, vR?). In particular, ifu > 0 on R,

(13.59) Lu=0= sup u(x) <C; inf u(x).
Br(») Bar(y)

We can use this to establish Holder estimates on solutions to Lu = f. We will
actually apply Corollary 13.6to Ly = a/* ;0 +b70;,50 Liu = fi = f —cu.
Suppose that
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(13.60) a= inf u< sup u=h.
B4r(») Bar(y)

Thenv = (u—a)/(b—a)is > 0on Bsr(y),and L1v = f1/(b—a), so Corollary
13.6 yields

u—a u—a R 1
13.61 <C( inf S T T )
(13.61) leilg) = Ot 5o I —culLrai

Without loss of generality, we can assume C; > 1. Now given this, one of the
following two cases must hold:

0 Ci inf u—a - 1 u—a
i in — su ,

1BzR(y) b—a 2 BR(I;),) b—a
.. . u—a 1 u—a
(i1) Cy inf — sup

< .
Brr(») b—a 2BR(J’) b—a

If case (i) holds, then either

u—a

sup

1 . u—a 1
< - or inf >
Br(y) b—a =2

Br(y) b—a — E,

and hence (since we are assuming C; > 1)

1
(13.62) (i) = osc u< (1 — —) 0sC U.
Br(») 4C1 ) Bar(»)

If case (ii) holds, then

u—a<2R 1
su -
Buty b—a~ A b—a

||f_C”||L”(B4R)’
SO
B 2R
(13.63) (i) = osc u< —|f —cullpr(B,p)
Br(y) A

which is bounded by C; R in view of the sup-norm estimate (13.29). Consequently,
under the hypotheses of Corollary 13.6, we have

1
(13.64 osc u <max({CaR,({1——) osc u),
) Br() ( g ( C1) Bir () )



268 14. Nonlinear Elliptic Equations

with Cl = Cl (l’l, Vs VR(Z))s C2 = Cz(l’l, Vs VR(Z))[”f”L"(Q) + ”M”L"(Q)], giVCIl
B4ro(y) C 2, R < Rg. Therefore, we have the following:

Theorem 13.7. Assumeuc H>"(Q), Lu= f, and f € L"(Q). Given O CC L,
there is a positive p = u(O, 2, n,y,v) such that

(13.65) lullcroy < A(llullny + 1Lf |2 @))-
with A = A(O,Q2,n,y,v).

Some boundary regularity results follow fairly easily from the methods devel-
oped above. For the present, assume €2 is a smoothly bounded region in R”, that

. _
(13.66) ue H>"(Q)NCQ). ul,, <0,

and that Lu = f on Q. Let B = Byr(y) be a ball centered at y € 9<2. Then,
extending (13.20), we have, for any p € (0, n],

1 1/p R
(13.67)  sup u<C ( / wh)? dX) + = fllznBne) ¢
QNBR») VOl(B)BnQ A,

with C = C(n,y,vR?, p). To establish this, extend u to be 0 on B \ Q. This
extended function might not belong to H 2" (B), but the proof of Proposition 13.3
can still be seen to apply, given the following observation:

Lemma 13.8. Assume that u satisfies the hypotheses of Proposition 13.1 and that
Q CQ,andsetu =00nQ\ Q. Then

d

nan/n

(13.68) sup u < sup u +
Q a2

|7 @ 0 0kw) | e
where d = diam EZJ,AJand T+ is the upper contact set of u, defined as in (13.6),
with 2, replaced by €.

Note that if u(x) > 0 anywhere on €2, then Ttcrt.
The following result extends Proposition 13.4.

Proposition 13.9. Assume u € H>"(Q), Lu= f onQ, u> 0on B N Q. Set

(13.69) m= inf u,
BN
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and
(13.70) u(x) = min(m, u(x)), xe€ BN,
m, x e B\ Q.
Then
1/p
(13.71) 1 /(ﬁ)p dx < C( inf 4+ E”f”L”(Br\Q))
vol(BR) - QNBg 2 ,
Bpr

for some positive p = p(n,y, vR?) and C = C(n,y, vR?).

Proof. One adapts the proof of Proposition 13.4, with u replaced by . One gets
an estimate of the form (13.53), with w replaced by w — k, k > —logm. From
there, one gets an estimate of the form (13.55), for 0 < ¢ < m. But u(¢) = 0 for
t > m,so (13.71) follows as before.

This leads as before to a Holder estimate:

Proposition 13.10. Assume u € H*"(Q), Lu = f € L"(Q), u|,, = ¢ €
CB(3Q), and B > 0. Then there is a positive . = (2, n,y, v, B) such that

(13.72) lullcng) = A(llullL"(sz) + 1 f @) + ||€0||cﬂ(352))»
with A = A(Q,n,y,v, B).

We next establish another type of boundary estimate, which will also be very
useful in applications in the following sections. The following result is due to

[Kry2]; we follow the exposition in [Kaz] of a proof of L. Caffarelli.

Proposition 13.11. Assume u € C*(Q) satisfies

(13.73) Lu=f, uly,=0.
Assume
(13.74) ull Lo (@) + IVullLoo@) + | f Lo @) < K.

Then there is a Hilder estimate for the normal derivative of u on 0$2:
(13.75) dvullcepe) < CK,

for some positive x = a(2,n,v,A, A, K)and C = C(2,n,v, A, A).



270 14. Nonlinear Elliptic Equations

To prove this, we can flatten out a portion of the boundary. After having done
so, absorb the terms b/ (x)d ju + c(x)u into f. It suffices to assume that

(13.76) Lu=f on BY, Lu=a'*(x)d;0u.

where
BT ={x eR": |x| <4, x, >0},

and that

(13.77) u=0 on LT ={xeR":|x| <4, x, =0},

and to show that there is an estimate

(13.78) 0nutllceqry < CK, C =C(n,A,A),

where K is as in (13.74), with Q replaced by BT, « = a(n, A, A, K) > 0, and
(13.79) F'={xeX:|x] <1}

Note that, for (x’,0) € X,

(13.80) nu(x’,0) = v(x’,0),
where
(13.81) v(x) = x;lu(x).

Let us fix some notation. Given R < 1 and§ = 1/9nA < 1/2,let

Q(R)={xe BT :|xX| <R, 0<x, <R},
(13.82) 1
Ot (R)={x € Q(R): FOR < xn = SR}

(see Fig. 13.1). Then set

(13.83) mgr = inf v, Mpr = sup v,
Q(R) O(R)

S0 0SCg(Rr) V = Mg — mpg. Before proving Proposition 13.11, we establish two
lemmas.

Lemma 13.12. Under the hypotheses (13.76) and (13.77), ifalsou > 0 on Q(R),
then

2 R
(13.84 inf v<- inf v+ — su .
) o+ (R 8 0(R/2) x P /]
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Xn

«—1— 0*(R)
S ---} 8R2

/ - x'
ORI 4 R2 R

FIGURE 13.1 Setup for Boundary Estimate

Proof. Let y = inf{v(x) : |x’| < R, x, = 6R}, and set

26 1 1
(1385)  2(0) = yxu (8 = 251212 4+ ) = 50 (5K —xa) sup | |

Given 6 € (0, 1/2], we have the following behavior on dQ (R):

2(x) =0, for x = (x',0), (bottom),
(13.86) 2(x) <0 on {x € O(R): |x'| = R}, (side),
2(x) <2y8%R < y8R on {x € Q(R) : x, = R} (top).

Also,

(13.87) Lz<—sup |f|<f on Q(R) if §= L
OnA

Since u > 0 on Q(R) and u = x,v > YR on the top of Q(R), we have
(13.88) Lu—2)>0on Q(R), u>z on dQ(R).

Thus, by the maximum principle, # > z on Q(R), so v(z) > z(x)/x, on Q(R).
Hence

) R
13.89 inf >—\y—— .
(13.89) pint vz S (y =5 s If1)

Since y > ian+(R) v, this yields (13.84).

Lemma 13.13. If u satisfies (13.76) and (13.77) and u > 0 on Q(2R), then

(13.90) sup v < C?( inf v+ R sup Lfl),
0+ (R) 0t (R)

with C = C(n, A, A, K).
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Proof. By (13.58),if x € QT (R), r = §R/8, we have

(13.91 sup u < C| inf u+r? su .
) sup u=C(nf p1f1)

Since §R/2 < x, < SR on Q" (R), (13.90) follows from this plus a simple
covering argument.

We now prove Proposition 13.11. The various factors C; will all have the form
C;, =Cj(n, A, A, K). If we apply (13.90), with u replaced by u — magrx, > 0,
on Q(2R), we obtain

(13.92) sup (v —maR) < Cl( inf (v —maR) + R sup |f|)
0+(R) 0t (R)
By Lemma 13.12, this is

< 1 —
< CZ(Q(IE%(U maR) + R sup Ifl)

= Cy(mgj2 —mar + R sup | f]).

(13.93)

Reasoning similarly, with u replaced by Magrx, — u > 0 on Q(2R), we have

(13.94) sup (Mag —v) < Co(Mar — Mgj2 + R sup | f]).
0+ (R)

Summing these two inequalities yields
(13.95) Mg —mag < C3[(Mar —mag) — (Mgj2 —mgy2) + R sup | f]],
which implies

(13.96) osc v <1 osc v+ R sup |f],
Q(R/2) 0(2R)

with ¥ = 1—1/C3 < 1. This readily implies the Holder estimate (13.78), proving
Proposition 13.11.

Exercises

1. Prove the matrix inequality (13.8). (Hint: Set C = Al/2 > 0 and reduce (13.8) to
1 1/n

(13.97) —Tr X > (det X)"/",
n

for X = CBC > 0. This is equivalent to the inequality

1
(13.98) S ) = (a2 2> 0
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which is called the arithmetic-geometric mean inequality. It can be deduced from the
facts that log x is concave and that any concave function ¢ satisfies

[o(A1) + -+ 9(An)])

S |-

(13.99) o(L0 4t ) 2

14. Regularity for a class of completely nonlinear equations

In this section we derive Holder estimates on the second derivatives of real-valued
solutions to nonlinear PDE of the form

(14.1) F(x,D*u) =0,
satisfying the following conditions. First we require uniform strong ellipticity:
(14.2) MEP < 0g,, F(x,u, Vu, *u)é & < A€,

with A, A € (0, 00), constants. Next, we require that F' be a concave function
of ¢:

(143) 3;_/k3;lmF(x,u, p> é‘)EjkEKm = Oa E/k = Ekj’

provided ¢ = 8%u(x), p = Vu(x).
As an example, consider

(14.4) F(x,u, p,¢) =log det{ — f(x,u, p).

Then (D¢ F)E = Tr(.~' E), so the quantity (14.3) is equal to
(14.5) ~Tr((7'8¢7'E) = - Tr(¢/2BETBCTY?), E'=E,

provided the real, symmetric, n x n matrix  is positive-definite, and £~1/2 is the
positive-definite square root of {~1. Then the function (14.4) satisfies (14.3), on
the region where ¢ is positive-definite. It also satisfies (14.2) for 0%u(x) = ¢ € K,
any compact set of positive-definite, real, n X n matrices. In particular, if F is a
bounded set in C%(2) such that (3 0k u) is positive-definite for each u € F, and
(14.1) holds, with | f(x, u, Vu)| < Cy, then (14.2) holds, uniformly for u € F.

We first establish interior estimates on solutions to (14.1). We will make use of
results of § 13 to establish these estimates, following [Ev], with simplifications of
[GT]. To begin, let & € R” be a unit vector and apply d,, to (14.1), to get

(14.6) Fy,, 0i00uu + Fp, 0;0,u + F, 0pu+ p' 0y, F = 0.
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Then apply 9,, again, to obtain

Fr,, 9:9;02u + (3g;, 0¢,, F)(8:079,0) (95 09 10

14.7) i ) )
+Aj (x, D7u) 9;9;9,u + By (x, D7u) = 0,

where
Ai{ (x, Dzu) = 2(8;ij 0py F)(0 0 u) + 2(8;17 0, F)(0,u) + 2uk(8;ij 0x, F),

and B (x, Dzu) also involves first- and second-order derivatives of F.
Given the concavity of F, we have the differential inequality

(14.8) Fy,, 9;0,0%u > —Al 0;0,;0,u— By,

where Ai{ = AZ (x, D?u), B, = B, (x, D?u).If we set

_ 1 ul _ 2
(14.9) h, = §<1 + H——M) M = sup ¥l
then (14.8) implies
(14.10) —Fey; 00, < 1 (Aold*ul + Bo).
where
(14.11) Ao = Ao(lullc2im).  Bo = Bo(llullea(g))-

Now let {ux : 1 <k < N} be a collection of unit vectors, and set

N
(14.12) hie=hye. v=)_ h.
k=1

Use hy in (14.10), multiply this by &, and sum over k, to obtain

N
1
(14.13) Z F;-’.j (8l~hk)(8jhk) - EF;’._/. 8,-8]-1) < (Ao|a3u| + Bo).

ot 14+ M

Make sure that {ux : 1 < k < N} contains the set

(14.14) U={e;:1<j<nfU{27V2(e; te;):1<i<j<n}



14. Regularity for a class of completely nonlinear equations 275

where {e;} is the standard basis of R”. Consequently,

N
(14.15) 0%ul® = > " 10;0;00u” < 4(1+ M)> > |0y |,
i,jt k=1
The ellipticity condition (14.2) implies
N N
(14.16) > Fpy Qi) @) = A [0k |

k=1 k=1
Now, take ¢ € (0, 1), and set
(14.17) wg = hi + &v.

We have

N
1
(14.18) eA ) |8hk|2—§F;ij 30w <C

N B,
A0<Z | ) + T
k=1 =1

Thus, by Cauchy’s inequality,

J— J— Cn A2 B()
14.19 Fr, 8i0;wy > —AJTL, :_(_0 _)
(14.19) g 0idjwe = =l B= (0 Ty
We now prepare to apply Proposition 13.4. Let Bg C B, r be concentric balls
in €2, and set

Wis = sup wg, Mg = sup hg, mgg = inf g,
Br Bsr Bsr

(14.20) N N
o(sR) = kZ:l 9sc e = ;(Mks — M)

Applying Proposition 13.4 to (14.19), we have

1/p

1
(14.21) / (Wea —wi)” dx | < C(Wia = Wit + ER?),
vol Br

Bpr

where p = p(n,A/A) > 0, C = C(n,A/L). Denote the left side of (14.21) by

@y R(Wia — wy).
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Note that
Wio — wi > Myr — hy — 2ew(2R),
(14.22) szkz— Wklk ;M:zz— Mkkl + 252)(2;?).
Hence
(14.23) ®p R(Myz — hi) < C{Mys — Mi1 + s0(2R) + LR?}.
Consequently,

Opr (Y (Mio = hi)) = NP3 @ (M — )
(14.24) % %

<{(1 +&)w(2R) —w(R) + ZR*}.

We want a complementary estimate on @, r(hy — my,). We exploit the con-
cavity of F in ¢ again to obtain

Fyyy (v, D?u(3)) (90 u(y) — 0:0u(x))
< F(y. Du(y), %u(x)) — F(y, Du(y), #u(y))

(14.25)
= F(y, Du(y), 82u(x)) - F(x, Du(x), 32u(x))
< Do|x — y|,

where

(14.26) Do = D0(||u||cz(§))-

The equality in (14.25) follows from F(x, D?u) = 0. At this point, we impose a
special condition on the unit vectors wx used to define iy above. The following
is a result of [MW]:

Lemma 14.1. Given 0 < A < A < oo, let S(A, A) denote the set of positive-
definite, real, n x n matrices with spectrum in [A, A]. Then there exist N € 7
and A* < A* in (0, 00), depending only on n, A, and A, and unit vectors puy €
R* 1<k <N, such that

(14.27) {ur : 1 <k <N} DA,

where U is defined by (14.14), and such that every A € S(A, A) can be written in

the form

N
(14.28) A=) BePue Br €V A%,
k=1

where Py, is the orthogonal projection of R* onto the linear span of .
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Proof. Let the set of real, symmetric, n x n matrices be denoted as Symm(n)
~ R"#+1/2 Note that A € Symm(n) belongs to S(A, A) if and only if

Av]? <v-Av < Ap|?, YveR™M

Thus S(A, A) is seen to be a compact, convex subset of Symm(n). Also, S(A, A)
is contained in the interior of S(A1, A1) if 0 < A1 <A < A < Aj.

It suffices to prove the lemma in the case A = 1/2n. Suppose 0 < A < 1/2n.
By the spectral theorem for elements of Symm(n), S(A/2,1/2n) is contained in
the interior of the convex hull C H(P) of the set

={0}U{P,:neS" ! CR"}.

Thus, there exists a finite subset 2 D 1 of unit vectors such that S(1/2, 1/2n) is
contained in the interior of CH(Py), with Py = {0} U {P,, : n € A}. Write A as
{ik 1 1 < k < N}. Then any element of S(A/2,1/2n) has a representation of
the form Zk 1 ,BkPuk, with Bx € [0, 1].

Now, if we take A € S(A, 1/2n), it follows that

i\]: A (A 1 )
— 2N P 2" 2n/’
s0A=YN_ (Bi +1/2N)P,, has the form (14.28), with B = By + A/2N €

[A/2N,2]. This proves the lemma.

If we choose the set {ug : 1 < k < N} of unit vectors to satisfy the condition
of Lemma 14.1, then

Fg, (v, D2u(3))(9:0u(y) — 9;0u(x))

N
(14.29) = > B8], uy) — 87, u(x))
' k=1

N
=21+ M) Y B (k) = hie (),

k=1

with Br(y) € [A*, A*]. Consequently, for x € Byr, y € Bpg, we have from
(14.25) that

N

(14.30) D Bk (hi(y) — hi(x)) < CATIR, T =
k=1

Dy
A+ M)
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Hence, forany £ € {1,..., N},

1 ~ *
he(y) = mez < T2 {CARR + A" Y (Mo =i (7)) |
(14.31) ket

< C{ER+ Y (Mia —hi ()}
kL

where C = C(n, A/A). We can use (14.24) to estimate the right side of (14.31),
obtaining

(14.32) @, r(he —me) < C{(1 4+ &)w(2R) — w(R) + AR + &R?}.

Setting £ = k, adding (14.32) to (14.23), and then summing over k, we obtain

(14.33) w(2R) < C{(1 + &)w(2R) — »(R) + &R + LR?},
and hence
(14.34) w(R) < (1 — é + s)a)(ZR) + (R + IR?).

Now C is independent of &, though 7t is not. Thus fix ¢ = 1/2C, to obtain

1 o
(14.35) o(R) < (1 - f)a)(zle) + (AR + ZR?).

From this it follows that if Bog, C €2 and R < Ry, we have
2 R\« ~ 2
(14.36) osc 9%u < c(—) (1 + M)(1 + TRy + RZ),
BR RO

where C and « are positive constants depending only on n and A/A. We have
proved the following interior estimate:

Proposition 14.2. Let u € C*(Q) satisfy (14.1), and assume that (14.2) and
(14.3) hold. Then, for any O CC <, there is an estimate

(14.37) 18%ullceo) < C(O.Q.n. A, A, || Fllc2. [ullc2))-

In fact, examining the derivation of (14.36), we can specify the dependence on
0,Q.If Oisaball,and |x — y| > pforallx € O, y € IR, then

(14.38) 18%ullcaioy < C(n, A AL Fll 2, lull o2y o
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We now tackle global estimates on  for solutions to the Dirichlet problem for
(14.1). We first obtain estimates for 82u| 9

Lemma 14.3. Under the hypotheses of Proposition 14.2, if 1,t|BQ = @, there is an
estimate

(14.39) 18%ullce@a) < C (.. A, A Fllcz. [ull ez 19l c3 o))

Proof. Let Y = b%(x)d, be a smooth vector field tangent to d$2, and consider
v = Yu, which solves the boundary problem

(14.40) Fy;, 00,0 = G(x), = Yo,

U\asz

where

G(x) = 2Fy,; (3; B")(9,0¢u) + F,, (9;0;6%)9qu

(14.41) ‘ )
+ Fp; (0;6%)(0gu) — Fp; 0iv — F,v — b™0x, F.

The hypotheses give a bound on ||G || Lo (g) in terms of the right side of (14.39).
If ¥ € C?(Q) denotes an extension of Y¢ from 92 to 2, then Proposition 13.11,
applied to v — , yields an estimate

(14.42) I0vY ullceag) = C.

where C is of the form (14.39). On the other hand, the ellipticity of (14.1) allows
one to solve for 812)14}39 in terms of quantities estimated in (14.42), plus u| aq and

Vu and second-order tangential derivatives of u, so (14.39) is proved.

a2’

We now want to estimate |02u(x) —92u(xo)|, given xo € 9Q, x € Q, y € R”
a unit vector. For simplicity, we will strengthen the concavity hypothesis (14.3) to
strong concavity:

t

)

a1

(14.43) g1 0g0, F(x 10, P, O)E jk Bum < —Aol I, =2
for some A9 > 0, when ¢ = 8%u, p = Vu. Then we can improve (14.8) to
(14.44) Fy,, 9;0,(2u) < —AY 8;0;0yu— B, — Xo|0*d,ul* < —C1,
by Cauchy’s inequality, where

Ci = Ci(n. 2, A, Ao, [ Ay (x, D?u)||os, | By (x, D2u)||1os).

Now the function

(14.45) W(x)=Calx —x0l* O<a<l)
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is concave on R” \ {xo}, and if C, is sufficiently large, compared to C; -
diam(£2)27%/A, we have

(14.46) LW <—Cy, Lv=Fg, 0;0;v.

Hence, by the maximum principle,

(14.47) Pu <02 (xo) + W on 0Q = 2u < u(xo) + W on Q.
Now the estimate (14.39) implies that the hypothesis of (14.47) is satisfied, pro-
vided that also C2 > |8%u||ce«(sq), so we have the one-sided estimate given by
the conclusion of (14.47).

For the reverse estimate, use (14.25), with y = Xx¢, together with (14.29), to
write

4

(14.48) Z Br (x0) (37, u(x0) — 87, u(x)) < Dolx — xol.

Recall that B (xo) € [A*, A*], A* > 0. This together with (14.47) implies
(14.49) |97, u(x) — 97, u(x0)| < Cs|x — xo%,

with C3 of the form (14.39), and we can express any d; d¢u as a linear combination
of the Eﬁ . U, to obtain the following:

Lemma 14.4. If we have the hypotheses of Lemma 14.3, and we also assume
(14.43), then there is an estimate

(14.50) [0%u(x) — 3%u(xo)| < Clx — x0|%, X0 € 0Q, x € Q,
with
(14.51) C=C(2,n,4 A%, IFlc2, [ulc2y 2 lcson)-

We now put (14.38) and (14.50) together to obtain a Holder estimate for 0%u
on Q. To estimate |3%u(x) — 3%u(y)|, given x, y € R, suppose dist(x, dQ) +
dist(y, 02) = 2p, and consider two cases:

() |x —y| < p?,
(i) |x —y| = p%

In case (i), we can use (14.38) to deduce that

(14.52) 10%u(x) — %u(y)| < Clx — y[*p™® < C|x — y|*/2.
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In case (ii), let x’ € 9 minimize the distance from x to d$2, and let y’ € 02
minimize the distance from y to d€2. Thus

(1453 Ix—x'|<2p<2lx—y"2,  |y—y|<2p<2/x—y|"2
X = '] < |x =y + X = x| + [y = y| < |x — y| +4]x — y|V2
Thus
102u(x) — Pu(y)] < [0%u(x) — u(x)| + 8%u(x") — 2u(y")]
(14.54) +10%u(y") — 9u(y)|

<Clx—x|"+Clx' = y'|*+Cly —y
< Clx —y|*2.

In (14.52) and (14.54), C has the form (14.51). Taking r = «/2, we have the
following global estimate:

Proposition 14.5. Let u € C*(Q) satisfy (14.1), with u} g = ¢. Assume the
ellipticity hypothesis (14.2) and the strong concavity hypothesis (14.43). Then
there is an estimate

(14’55) ||u||c2+r(§) = C(Q,I’l, A, AvAOv ”F”sz ”u”()2(§)v ”(p”C:"(aQ))’
for some r > 0, depending on the same quantities as C.

Now that we have this estimate, the continuity method yields the following
existence result. For t € [0, 1], consider a family of boundary problems

(14.56) Fe(x,D?u) =0 on Q. ulyo =¢r.

Assume F; and @, are smooth in all variables, including 7. Also, assume that
the ellipticity condition (14.2) and the strong concavity condition (14.43) hold,
uniformly in 7, for any smooth solution u.

Theorem 14.6. Assume there is a uniform bound in C 2(Q) for any solution u; €
C™(2) of (14.56). Also assume that 3, Fy < 0. Then, if (14.56) has a solution in
C>®(R2) for T = 0, it has a smooth solution for T = 1.

With some more work, one can replace the strong concavity hypothesis (14.43)
by (14.3); see [CKNS].

There is an interesting class of elliptic PDE, known as Bellman equations,
for which F(x,u, p,{) is concave but not strongly concave in ¢, and also it is
Lipschitz but not C*° in its arguments; see [Ev2] for an analysis.

Verifying the hypothesis in Theorem 14.6 that u, is bounded in C?(£2) can be
a nontrivial task. We will tackle this, for Monge—Ampere equations, in the next
section.
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Exercises
1. Discuss the Dirichlet problem for
1
Au + 8%14 + 5(1 + (Au)2)1/2 =oe",

foro > 0.

15. Monge—Ampere equations

Here we look at equations of Monge—Ampere type:
(15.1) det Hu) — F(x,u,Vu) =00on Q, u= ¢ondL2,

where Q2 is a smoothly bounded domain in R”, which we will assume to be
strongly convex. As in (3.7a), H(«) = (9 0xu) is the Hessian matrix. We assume
F(x,u,Vu) > 0, say F(x,u,Vu) = exp f(x,u, Vu), and look for a convex
solution to (15.1). It is convenient to set

(15.2) G(u) = log det H(u) — f(x,u, Vu),
so (15.1) is equivalent to G(u) = 0 on 2, u = ¢ on d<2. Note that
(15.3) DGuyv = g/¥ 3;05v — (3, £)(x,u, Vi) ;v — (3, f) (x, u, Vi)v,

where (g7/¥) is the inverse matrix of (3 0k ), which we will also denote as (g jx ).
We will assume

(15.4) (9 f)(x,u, p) = 0,

this hypothesis being equivalent to (d, F)(x, u, p) > 0.
The hypotheses made above do not suffice to guarantee that (15.1) has a
solution. Consider the following example:

(15.5) det Hw) — K(1 + |Vu[>)> =00onQ, u=00nd<Q,

where € is a domain in R2. Compare with (3.41). Let K be a positive constant. If
there is a convex solution u, the surface ¥ = {(x,u(x)) : x € Q} is a surface in
R3 with Gauss curvature K. If  is convex, then the Gauss map N : ¥ — S?2 is
one-to-one and the image N(X) has area equal to K - Area(€2). But N(X) must be
contained in a hemisphere of S2, so we must have K - Area(Q) < 2. We deduce
that if K - Area(2) > 27, then (15.5) has no solution.

To avoid this obstruction to existence, we hypothesize that there exists ub e
C°°(Q), which is convex and satisfies

(15.6) log det Hw?) — f(x,u®, Vi) >00on Q, u’ = ¢ ondS.
g ( @



15. Monge—Ampere equations 283

We call u? a lower solution to (15.1). Note that the first part of (15.6) is equivalent
to det H (ub) > F(x, ub, Vub). In ﬂlCh a case, we will use the method of conti-
nuity and seek a convex us € C°°(2) solving

log det H(ug) — f(x,uq, Vig)
(15.7) = (1 —o)[log det H(u®) — f(x,u’, VuP)]
= (1 —0)h(x),

for o € [0,1] and uy = ¢ on 9. Note that uy = u? solves (15.7) for o = 0. If
such u, exists for all o € [0, 1], then u = u; is the desired solution to (15.1).

Let J be the largest interval in [0, 1], containing 0, such that (15.7) has a convex
solution uy € C*(Q) forall o € J. Since the linear operator in (15.3) is elliptic
and invertible (by the maximum principle) under the hypothesis (15.4), the same
sort of argument used in the proof of Lemma 10.1 shows that J is open, and the
real work is to show that J is closed. In this case, we need to obtain bounds on u
in C2+#(Q), for some y > 0, in order to apply the regularity theory of §8 and
conclude that J is closed.

Lemma 15.1. Giveno <t € J, we have

(15.8) ub < U <u; onS.

Proof. The operator G (u) satisfies the hypotheses of Proposition 10.8; since u? =

g = u on 082, (15.8) follows.

In particular, taking ¢ = 7, we have uniqueness of the solution u, € C*®(Q)
to (15.7).

Next we record some estimates that are simple consequences of convexity
alone:

Lemma 15.2. Assume 2 is convex. For any o € J,

(15.9) Uy < sup ¢ on Q2
Q2
and
(15.10) sup [Vug(x)| < sup [Vug(y)].
xX€EQ y€eiIQ

Thus we will have a bound on u, in C1(Q) if we bound Vu, on 9. Since
Uy \39 = ¢ € C%(dRQ), it remains to bound the normal derivative d, us; on 2.
Assume 9, points out of 2. Then (15.8) implies

(15.11) doite (y) < du®(y), Yy €dQ.



284 14. Nonlinear Elliptic Equations

On the other hand, a lower bound on 9, u,(y) follows from convexity alone. In
fact, if v(y) is the outward normal to 92 at y, say ¥ = y — £(y)v(y) is the other
point in d€2 through which the normal line passes. Then convexity of uy implies

(15.12) ug(sy + (1= 5)7) <50(y) + (1 =)e(F).
for 0 < s < 1. Noting that £(y) = |y — 7|, we have

o(y) — qo(y)_

3uua(Y) > —
[y =yl

Thus we have the next result:

Lemma 15.3. If Q is convex, then, for any o € J,

(15.13) sup |Vug| < Lip* (¢) + sup |Vi®|.
Q Q
Here, Lip1 (¢) denotes the Lipschitz constant of ¢:
_ /
(15.14) Lipig) = sup £ =00l
v,y €02 |y - |

We now look for C2-bounds on solutions to (15.7). For notational simplicity,
we write (15.7) as

(15.15) log det H(u) — f(x,u,Vu) =0, ulyo =g,
where the second term on the left is
Jo(x,u, Vu) = f(x,u, Vu) + (1 —o)h(x),
and we drop the o. By (15.4) and (15.6), we have f(x,u,p) > 0 and
(0 f)(x.u, p) < 0.

Since u is convex, it suffices to estimate pure second derivatives af,u from
above. Following [CNS], who followed [LiP2], we make use of the function

2
w = ePIVuT/2 af,u,

where f is a constant that will be chosen later. Suppose this is maximized, among
all unit y € R”, x € Q, at y = Yo, X = Xp. Rotating coordinates, we can
assume (g x(x0)) = (9, 0ku(xo)) is in diagonal form and yo = (1,0, ..., 0). Set
= a%u, so we take

(15.16) w = BV = y (Viyu,.

We now derive some identities and inequalities valid on all of €2.
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Differentiating (15.15), we obtain

gij 3iajagu = agf(X, u, VM),
(15.17) ) .
g7 0;0ju11 = g1 g™ (0:9,;01u) (9 dmdu) + 03 £,

where (g'/) is the inverse matrix to (g;;) = (9;0u), as above. Also, a calculation
gives

(15.18)
w d;w = (log V) p, 0 du + uy} (9;0%u),

w! 0idjw = w_z(a,-w)(ajw) + (log W)Pkpe (0; Ox ) (0 Ogut)
+ (log Iﬂ)pk (aiajaku) + ul_ll aiaju“ — Ml_lz(ala%u)(a]a%u)

Forming w™! g/ 9; 0; w and using (15.17) to rewrite the term ul_llg’j 0;0ju11, we
obtain

1//_1gij 0;0;w
(15.19) = un1[(0g V) pe 8" (3s04) (@) + (log ) i 8" ;005
+ 8™ g (8:0;010) (O dedrue) — w87 (;93u) (0, 97u) + 7 1
Now we have (log ¥) p, = Bpi and (Iog V) p, p, = B8kE, and hence

(15.20) (102 V) py pp & (3:dg1e) (3 gu) = BSXE 8713, 90u) = BAu.

Let us assume the following bounds hold on f(x, u, p):

(15.21) (VA u p)| < s 1 F)(xu, p)| < g

Using the first identity in (15.17), we have

ur1(log ¥) p, 8 0;0;0gu + 93 f

15.22
(1522 > fp (W dwhuny — C[1 4+ 192 + B+ [Pul)].

with C = C(,u, ||VM||Loo(Q)).

Now, let us look at x(, where, recall, e IVul?/ 28%14 is maximal, among all values
of eBIVH P22y (x). If xg € Q (e, xo ¢ 9S), then d;w(xo) = 0 and the left
side of (15.19) is < 0 at xo. Furthermore, due to the diagonal nature of (g/) at
xo, we easily verify that g'1g"/ ¢;1¢ ;1 < g’.jgkeé‘,-k{‘jg, and hence

(15.23) Uyt g (3; Pu)(d;8%u) < g% g7t (;0;01u)(3xdpd1u),
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at xo. Thus the evaluation of (15.19) at x( implies the estimate

(15.24) 0> B(B3u)(Au) — w — C[1 + [0%u)® + B(1 + |9%u))]
if xo ¢ 09Q2. Hence, with X = a%u(xo),

(15.25) (B—CDX? < BCo(1 + X) + p,

where C; and C, depend on p and | Vul| L, but not on B. Taking B large, we
obtain a bound on X:

(15.26) du(xo) < C(w. [IVullpeo()) if xo ¢ 9.
On the other hand, if sup w is achieved on €2, we have

sup |8f,u(x)| < sup |82u| . exp(ﬁ||Vu||Loo).
X,y 2

This establishes the following.

Lemma 15.4. Ifu € C3(Q) N C23(Q) solves (15.15) and the hypotheses above
hold, then

(15.27) sup |0%u| < C(u, ||Vu||Loo(Q))[1 + sup |82u|].
) 0

To estimate 3%u at a boundary point y € 9<2, suppose coordinates are rotated
so that v(y) is parallel to the x,-axis. Pick vector fields Y, tangent to d€2, so that
Y;(y) =0;, 1 < j <n—1.Then we easily get

(15.28) [0;0ku()| < |Y; YeoW)| + CIVu(y)|, 1=<j, k<n-—1.

In fact, for later reference, we note the following. Suppose Y is the vector field
tangent to 0€2, equal to d; at y, and obtained by parallel transport along geodesics
emanating from y. If Y = bﬁ dg, then

Y Yieu(y) = 0;0cu(y) + (355 (»)) deu(y)

15.29
( ) =0;0cu(y) + (Vg/. Yie)u(y).

where V9 is the standard flat connection on R”. If V is tl,lgLevi—CiVita connection
on 02, we have Vy, Yk = 0 at y, hence Vg‘ Y = —11(9;,0x) 0, at y, where
- J

dy = —N is the outward-pointing normal and 11 is the second fundamental form
of 9€2; see § 4 of Appendix C. Hence

(15.30)  0;0ku(y) = Y, Yu(y) + I1(3;,06) dwue(y), 1<j, k<n—1.
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Later it will be important to note that strong convexity of €2 implies positive
definiteness of 71.

We next need to estimate d, Yyu(y), 1 <k <n—-11Y, = bﬁ(x) d¢, then
vr = Yju satisfies the equation

(15.31) €700k — fp; divi = A(x) + g Bij (x).
where

A(x) = 20;bL + fo, bl + fuvk + fp, (9:b5) dgu,

(15.32) ¢
Bij (x) = (aiajbk) agu,

and vg | 9q = Yk@. This follows by multiplying the first identity in (15.17) by bf;
and summing over £; one also makes use of the identity g/ 9;d,u = §';.

We first derive a boundary gradient estimate for vy = Yzu when (15.15) takes
the simpler form
(15.33) log det H(u) — f(x.u) =0, ul,, =¢:

that is, Vu is not an argument of f. Here, we follow [Au]. We assume ¢ €
C>®(R), set

(15.34) wi = Yi(u—¢) = vk — Yio,
then let o and B be real numbers, to be fixed below, and set
(15.35) Wi = wg +ah + Blu— ).

Here, h € C*®(R) is picked to vanish on 92 and satisfy a strong convexity con-
dition:

(15.36) (3;0;h) = 1. hl|yg = 0.
The hypothesis that Q is strongly convex is equivalent to the existence of such a
function.

Now, a calculation using (15.31) (and noting that in this case f,, = 0) gives
(15.37) g7 0;0;Wx = A(x) +nB + gV Bi;(x), Wy, =0.

where A(x) is as in (15.32) (with the last term equal to zero), and

(15.38) §ij(x) = Bj; (x) — a[ank(p + o 8,-8<,-h - B 8,-8<,-<p.
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We now choose o and . Pick B = By, so large that A(x) + nfo > 0. This
done, pick @ = g, so large that (B;;) > 0. Then W, defined by (15.34) with
a = ag, B = Po, satisfies

(15.39) g7 9;9;Wko = 0,  Wgolyg = 0.

Similarly, pick B = B sufficiently negative that A(x) + nf; < 0, and then pick
o = a; sufficiently negative that (B;;) < 0. Then, W, defined by (15.35) with
a = op and B = B, satisfies

(15.40) g70i0; Wiy <0, W]y = 0.

The maximum principle implies Wk < 0 and Wx; > 0; hence

(15.41) Yep —arh — Bi(u—¢) < Yiu < Yrp —aoh — Bo(u—¢).
Thus, if d,, denotes the normal derivative at 0€2,

(15.42) |0y Yeu| < (2o — 1) [0uh| + (Bo — f1)|0vu — D] + |0y Yol

when u solves (15.33).

In view of the example (15.5), for a surface with Gauss curvature K, we have
ample motivation to estimate the normal derivative of Y u when u solves the more
general equation (15.15). We now tackle this, following [CNS].

Generally, if wy = Yi(u — ¢), (15.31) yields

g7 0,0 jwk — fp, 0wy

(15.43) )
= [A(x) + [, 0 Yep] + &7 [Bij(x) — 3;0, Yip] = P(x).

Note that, given a bound for u in C 1 (§), we have
(15.44) |®(x)| < C + Cg”,

where g7/ is the trace of (g%).

Translate coordinates so that y = 0. Recall that we assume v(y) is parallel
to the x,-axis. Assume x, > 0 on 2. As above, assume i € C °°(§) satisfies
(15.36). Take 11 € (0,1/4) and M € (0, 00), and set h;, (x) = h(x) — u|x|*. We
have

(8" 9;0; — fp; 0)(hy + Mx)
(15.45) = 8" 9i9hy = fp; dihyu + 2Mg"" = 2M fp, X

1 ..
> (587 +2Mg") — (M fpxn + S, Bihy).
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The arithmetic-geometric mean inequality implies

(Mo ---0,) " < %(Zgj + Mon),

j<n
and if the eigenvalues of (gij ) are o, < --- < 01, we have g"" > 0,, and hence
(15.46) [M det(g”)]"" < %(g” + Mg"™).
Given a positive lower bound on det(g”/) = 1/ F(x,u, Vu), we have
(15.47) %gjj +2Mg" > g 4 ey MV,
Hence (15.45) implies
(15.48) (g¥ 0;0; — fp; 0:)(hy + Mx2) > cg + MY — ) —c3Mx,,.
At this point, fix M sufficiently large that c; M /n > 1 + ¢5, so that
(15.49) (g7 9;9; — fp; 0i)(hy + Mx2) > 1+ cg” —c3Mx, on Q.

Now, let
O, ={xe:0<x, <e¢},
as illustrated in Fig. 15.1. We can then pick ¢ sufficiently small that (e.g., with
w=1/8)
. |
(15.50) (87 0;0; — fp; 0:)(hy + Mxp) > cg” + 5 on O

Note that the function / has the property Vi £ 0 on d2. Thus, after possibly
further shrinking ¢, we have

hy + Mx2 < 0 on 00, N 0L,

(15.51)
—c4 <0 on QN{x, =¢}

Ok /

0

FIGURE 15.1 Setup for Normal Derivative Estimate
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With ¢ > 0 so fixed, we can then pick A sufficiently large (depending on
lullc1(g)) that caA = ||[Yeu||Loo(e); hence

wi + A(hy, + Mx}) <0,

(15.52) 2
wie — A(hy + Mx2) > 0

on d0,. We can also pick A so large that (by (15.50) and (15.43)—(15.44))

(870;0; — f,0i)(wi + A(hy + Mx2)) > 0,

(15.53) 3 ,
(89;9; — fp; i) (wx — A(hy + Mx;)) <0

on O,. The maximum principle then implies that (15.52) holds on O,. Thus
(15.54) |0n Yieu(y)| < Aldnhu ().

This completes our estimation of d, Yiu(y), begun at (15.31).

We prepare to tackle the estimation of 8%14( ¥). A key ingredient will be a pos-
itive lower bound on 8%u(y), for1 < j < n —1.In order to get this, we make
a further (temporary) hypothesis, namely that there is a strictly convex function
u* € C®(Q) satisfying

(15.55) logdet H(u") — f(x.u*, Vu*) <0on Q. |, = 0.
The function u* is called an upper solution to (15.1). The proof of (15.8) yields
(15.56) w’ <ug <u; <u* on Q,

foro < 7 € J. In the present context, where we have dropped the o and where
u € C*®(L2) is a solution to (15.15), this means w<u<utonQ. Consequently,
complementing (15.11), we have

(15.57) dou > d,u” on .

Now let Y; be the vector field tangent to 9€2, equal to d; at y, used in (15.30).
‘We have

(15.58) Puly) = YAu(y) + k;duu(y). «; =11(3;.0;) >0,

for1 < j <n—1,by (15.30), assuming 92 is strongly convex. There is a similar
identity for 93u*(y). Since u = u* = ¢ on 3, subtraction yields

(15.59) Fuly) = ut(y) + x;[dou(y) — dout(y)] = %ut(y).
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for 1 < j < n — 1, the inequality following from (15.57). Since u* is assumed to

be a given strongly convex function, this yields a positive lower bound:
(15.60) Fu(y)=Ko>0, 1<j<n—L

Now we can get an upper bound on d2u(y). Rotating the x; . .. x,—; coordinate
axes, we can assume (8j akt,t(y))lsj.,kSn_1 is diagonal. Then, at y,

n—1
(15.61) det H(u) = 3u) [ [ @) + 2(%w),

j=1
where x is an n-linear form in 3%u(y) that does not contain d2u(y). Since det
H(u) = f(x,u,Vu) and we have estimates on Vu, as well as d;dxu(y) for
0,0k # 8%, we deduce that
(15.62) KI'92u(y) < K.

This completes the estimation of [|ul|c2 ).
Once we have a bound in C2() for solutions to (15.15), we can apply The-

orem 14.6 to deduce the existence of a solution u € C°°(Q) to (15.1). We thus
have the following:

Proposition 15.5. Let Q@ C R” be a smoothly bounded, open set with strongly
convex boundary. Consider the Dirichlet problem (15.1), with ¢ € C*°(9R).
Assume F(x,u, p) is a smooth function of its arguments satisfying

F(x.u,p) >0, 8,F(x.u.p) > 0.

Furtizrmore, assume (15.1) has a lower solution ub, and an upper solution u”* €
C®°(R2). Then (15.1) has a unique convex solution u € C*°(R2).

After a little more work, we will show that we need not assume the existence
of an upper solution u*. Note that ¥ was not needed for the estimates of

so = sup |u|, s1 =sup |Vu|
in Lemmas 15.1-15.3. Thus, if we take a constant a satisfying
0<a<inf{F(x,u,p):x €, |ul <so. |p| <s1},
then any smooth, strongly convex u* satisfying

(15.63) det Hu'y <a on Q. u*|,, =0,
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will serve as an upper solution to (15.1). Thus, for arbitrary a > 0, we want to
produce u* € C*(), which is strongly convex and satisfies (15.63). For this
purpose, it is more than sufficient to have the following result, which is of interest
in its own right.

Proposition 15.6. Ler @ C R" be a smoothly bounded, open set with strongly
convex boundary. Let ¢ € C>(9R2) be given and assume F € C*(Q) is positive.
Then there is a unique convex solution u € C*°(2) to

(15.64) det H) = F(x), ul,o =o.

Proof. First, note that (15.64) always has a lower solution. In fact, if you extend
¢ to an element of C°(Q) and let 1 € C*°(Q) be as in (15.36), then u® = ¢ +h
will work, for sufficiently large t.

Following the proof of Proposition 15.5, we see that to establish Proposition
15.6, it suffices to obtain an a priori estimate in C2(2) for a solution to (15.64).
All the arguments used above to establish Proposition 15.5 apply in this case, up
to the use of u*, in (15.55)—(15.59), to establish the estimate (15.60), namely,

(15.65) Fu(y)>Ko>0, 1<j<n-—1

Recall that y is an arbitrarily selected pointin €2, and we have rotated coordinates
so that the normal v(y) to d<2 is parallel to the x,-axis. If we establish (15.65) in
this case, without using the hypothesis that an upper solution exists, then the rest
of the previous argument giving an estimate in C 2($2) will work, and Proposition
15.6 will be proved.

We establish (15.65), following [CNS], via a certain barrier function. It suffices
to treat the case j = 1. We can also assume that y is the origin in R” and that,
near y, d<2 is given by

n—1
(15.66) xn=p(x) =Y Bjx}+O0(x]). B; >0,
j=1
where x’ = (x1,..., Xn—1).
Note that adding a linear term to u leaves the left side of (15.64) unchanged

and also has no effect on aﬁu. Thus, without loss of generality, we can assume
that

(15.67) u(©0)=0, 9u(0)=0, 1<j<n—1L

We have, on €2,

1
(15.68) Uu=q@ = 3 Z VikXjXk + x3(x') + 0(|X|4),

J.k<n

where x3(x’) is a polynomial, homogeneous of degree 3 in x’.
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Now consider
(15.69) (x) = u(x) —Axy, A= Byly.

This function satisfies det H () = F(x). Looking at 12} o =¢— Ap(x’), we see
that the coefficients of x% cancel out here. We claim there is an estimate of the
form

(15.70) 12}39 < Z ajjxix; + C( Z x,% + |x|4).

1<j<n 1<k<n

Indeed, in light of our remark about the disappearance of x7, we need only worry
about a multiple of x3, which can be dominated on 92 by a term of the form
a1nX1Xy, plus a multiple of the quantity in parentheses in (15.70).

The barrier function will take the form

1
(15.71) W) =% > (arjxi + Bxj)? + 8|x|* — exy.

I<j=n

Take B >> C, then fix § > 0 small, and take ¢ << §. We can do this in such a
fashion as to arrange

(15.72) W >i on 0SQ.

Note that 2§ is the smallest eigenvalue of H (W), and all the other eigenvalues are
bounded above independently of § € (0, 1), so choosing § small enough gives

(15.73) det HW) < F(x) on Q.

Then W is an upper barrier for i; the maximum principle yields

(15.74) u<W on Q.
Consequently,
(15.75) 0,1(0) < 9, W(0) = —e.

As noted above, our construction (15.69) yields

(15.76) ata(x', p(x")) =0, at x' =0,

that is, 24 + (9,)93p = 0, at x’ = 0. Hence

(15.77) 07u(0) = 87ii(0) = —d,i(0) - 93 p(0) = £33 p(0).

This proves the j = 1 case of (15.65), as needed, so Proposition 15.6 is proved.
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In light of the comments made after the statement of Proposition 15.5, we have

Corollary 15.7. In Proposition 15.5, the hypothesis that there exists an upper
solution u* can be omitted.

There are some results for Monge—Ampere equations on nonconvex domains;
see [GS] and [HRS].

In addition to the Monge—Ampere equations studied here, there are complex
Monge—Ampere equations, whose study has been very important in complex
function theory and differential geometry; see [Au, BT, CKNS, Fef, Yaul].

Exercises

1. Let Q_C R? be a strongly convex, smoothly bounded region. Let us assume that F' €
C®(Q), ¢ € C*®(0R2), and F > 0. Show that

det Hw) = F(x) on Q, ulzq =0,

has exactly two solutions in C % (Q), one convex and one concave.

2. Suppose the hypothesis 9, F(x,u, p) > 0 in Proposition 15.5 is dropped. Establish the
existence of solutions, using the Leray—Schauder theory.

3. Given Q as in Proposition 15.5, ¢ € C%°(92), show that there exists Ko > 0 such
that, for all K € (0, Ko), there is a unique convex solution ux € C () to

(15.78) det H(ug) = K(1 +Vug )" on @, uglyg = 0.

(Hint: Show that the convex solution to (15.64), with F = 1, yields a lower solution
for (15.78), provided K > 0 is sufficiently small.)
Note that the graph of ug is a surface with Gauss curvature K.

4. With ug as in Exercise 3, show that there is ug € Lip1 () such that

(15.79) ug /S up as K \(O0.
In what sense can you say that ug solves
(15.80) det H(ug) =0 on Q. uglyq = ¢?

See [RT] and [TU] for more on (15.80).

16. Elliptic equations in two variables

We have seen in § 12 that results on quasi-linear, uniformly elliptic equations for
real-valued functions on a domain 2 are obtained more easily when dim Q2 = 2
than when dim € > 3 and have extensions to systems that do not work in higher
dimensions. Here we will obtain results on completely nonlinear equations for
functions of two variables which are more general than those established in § 14
for functions of n variables. The key is the following result of Morrey on linear
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equations with bounded measurable coefficients, whose conclusion is stronger
than that of Theorem 13.7:

Theorem 16.1. Assume u € C2(Q) and Lu = f on Q@ C R?, where

2
(16.1) Lu= Y a/*(x)0;du
jk=1

Assume a’* = a¥ are measurable on Q and
(16.2) MEP < a/* ()€ < Mg

for some A, A € (0,00). Pick p > 2. Then, for O CC L, there is a 0 > 0 such
that

(16.3) lullcr+uey < Cllulmiqy + ILflLr@)]-

where C = C(O, 2, p, A, A).
Proof. Let V; = 0;u. Then these functions satisfy the divergence-form equations

31(;%311/1 + 2?321/1) + 92(3211) = 31( S )

22 a22
(16.4) 22 12 f

a a
a1 (al VZ) + aZ(aTaZVZ + 2a731 Vz) = 82<aT)
Proposition 9.8 applies to each of these equations, yielding

(16.5) IVilleroy < CIVillL2@y + ILf lLr@)]-

This yields the desired estimate (16.3).

Morrey’s original proof of Theorem 16.1 came earlier than the DeGiorgi-
Nash-Moser estimate used in the proof above. Instead, he used estimates on
quasi-conformal mappings (see [Mor2]).

We apply Theorem 16.1 to estimates for real-valued solutions to equations of
the form

(16.6) F(x,u,Vu,3*u) = f onQ C R?,

where F = F(x,u, p,¢) is a smooth function of its arguments satisfying the
ellipticity condition

oF
MEP = 3 g p. )86 < AP,
J
0<A=Au,p,C), A=Aunp,0).

(16.7)
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Forh >0, £ = 1,2, set

(16.8) Ven(x) = h™ " (u(x + heg) — u(x)).
Then Vyy, satisfies the equation

(16.9) Zaff(x)ajakVeh = gun(x)
ik

on Q; = {x € Q : dist(x,R?\ Q) > h}, where the coefficients agf(x) are
given by

; L 9F
(16.10) aﬁ:(x) = / F(X + sheg, ..., s tgu+ (1 — s)azu) ds,
o 9k

with 7gpu(x) = u(x + hey), and the functions gy (x) are given by

1

oF
gon(x) = — Z [/ g (x + shey, ... ,Saz‘l,'ghu +(1- S)azu) dsi| 0; Vik
joHo

LoF
—/ a—(x + sheg,...,s g + (1 —5)9%u) ds Vi
0

u

1

F

(16.11) _/ —gx (x + sheq,....stgpu + (1 — 5)0%u) ds
0 4

+hH(f(x + heg) — f(x)).
Theorem 16.1 then yields an estimate
(16.12) IVenllcr+uoy < ClIVerliLzy + IgerllLe @]

with C = C(O,Q, p. A, A, ||ul ¢c2(g))- Note that

(16.13) lgenllr@ < C(lullca) + 07 @t = 1) 1oy

Letting 7 — 0, we have the following:
Theorem 16.2. Assume that @ C R2, that u € C*(Q) solves (16.6), that the

ellipticity condition (16.7) holds, and that f € H'“P(Q), for some p > 2. Then,
given O CC Q, there is a ju > 0 such that u € C*T*(0) and

(16.14) lull 210y < CL1+ 1L larr ey ]
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where
(16.15) C = C((’), Q,p, A A, ”“”C2(§))'

For estimates up to the boundary, we use the following complement to
Theorem 16.1:

Proposition 16.3. If u € C%(Q) and the hypotheses of Theorem 16.1 hold, then
there is an estimate

(16.16) lullcr+uy < Cllullgre@ + lellczon) + 1/ e @)
where ¢ = u|39 and C = C(Q2, p, A, N).

Proof. Given y € 92, locally flatten 92 near y, using a coordinate change, trans-
forming it to the x;-axis. In the new coordinates, u satisfies an elliptic equation of
the form

(16.17) @k du=f—bloju=7F.

Then Vl = 0 u satisfies an analogue of the first equation in (16.4), while Vl =
d1¢ on the flattened part of d€2. Thus Proposition 9.9 (or rather the local version
mentioned at the end of § 9) yields an estimate on ViinC (U N Q), for some
neighborhood U of y in R2.

Thus, for any smooth vector field X on R2, tangent to €2, we have an estimate
on || Xullcu (g by the right side of (16.16). Furthermore, by Proposition 9.9, there
is a Morrey space estimate

(16.18) IV Xullpy9 () < RHS,

for some g > 2, where “RHS” stands for the right side of (16.16). We may as well
assume ¢ < p, so f e LP(Q2) C Mq(Q) Then (16.17) and (16.18) together
imply

(16.19) 18, 0kull g @) < RHS,

for all j, k <2, which in turn implies (16.16).

We now establish the following:

Theorem 16.4. Assume that @ C R? and that u € C>(Q) solves (16.6), with the
Q= ¢

Then, for some u > 0, there is an estimate

(16.20) lull 2t < C[1+ l@llczony + 11 a1
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where
(16.21) C=C(Qp.AA ulleaig)-

Proof. If X = b%d, is a smooth vector field in R2, tangent to dS2, then Xu
satisfies

Fe, ;06 (Xu) = — Fp, 3;(Xu) — F, Xu+ Fe, (3;0b°)(9qu)

(16.22) . )
+2F;, (9;0%) (9 deue) + Fp, (3;0%)(dgu) + X,

and Xu = X¢ on dS2. Thus Proposition 16.3 applies. We have a C!T#(Q)-
estimate on X u, and even better, a Morrey space estimate:

(16.23) 10 9 X ullprg (@) = RHS,

for some g > 2, and for all j, k < 2, where “RHS” now stands for the right side
of (16.20).
The proof is almost done. Parallel to (16.22), we have, for any £,

(16.24) F;jk ajakaguz—ij 0;0¢u— F, 0pu+ 0¢ f.
Thus we can solve for d;0;deu in terms of functions of the form 9;dx Xu and

other terms estimable in the M./ (€2)-norm by the right side of (16.20). Hence we
have (16.20), and even the stronger estimate

(16.25) [93u]| M@ < RHS.
From this result the continuity method readily gives the following:
Theorem 16.5. Let Q be a smoothly bounded domain in R?. Let the function

Fo(x,u, p, ) depend smoothly on all its arguments, for o € [0, 1], and let g, €
C°(R2) have smooth dependence on o. Assume that, for each o € [0, 1],

auFO'(-xvuspvé.) SO

and that the ellipticity condition (16.7) holds. Also assume that, for any solution
ug € C*(R2) to the equation

(16.26) Fy(x,ug, Vig, Pug) =00nQ, uy aq = Yo
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there is a C*(Q)-bound:
(16.27) luollc>@ < K-

If (16.26) has a solution in C®(Q) for o = 0, then it has a solution in C*®(S2)
foro = 1.

Exercises

1. In the proof of Theorem 16.1, can you replace the use of Proposition 9.8 by a result
analogous to Proposition 12.5?

2. Suppose that, in (16.7), A and A are independent of . Obtain a variant of Theorem 16.5
in which (16.27) is weakened to a bound in C 1 ().

A. Morrey spaces

Given f € LL (R"), p € [1,00), one says f € MP(R") provided that

loc

(A1) R™" / |f(x)] dx <C R,
Bpr

for all balls Bg of radius R < 1 in R”. More generally, if | < ¢ < p and
f e Ll (R"), wewill say f € M} (R") provided that, for all such Bg,

loc

(A2) R™" / | f(x)|? dx < C RT"/P,
Bpr

The spaces M (R") are called Morrey spaces. If we set §g f(x) = f(Rx), the
left side of (A.2) is equal to | B, |6r f(x)|? dx, so an equivalent condition is

(A.3) 18R f | La B,y < C'RT™P,

for all balls B; of radius 1, and for all R € (0, 1]. It follows from Holder’s
inequality that

LE(R") = MPR") € MP(R") C MP(R").

We can give an equivalent characterization of M ? in terms of the heat kernel.
Let p,(§) = e "€ Then, given f € L1 (R"),

uni

(A4) f e MP(R") <= p,(D)|f| < Cr P,



300 14. Nonlinear Elliptic Equations
for 0 < r < 1. To see the implication =, given x € R” write f = f1 + f2,
where f7 is the restriction of f to the unit ball By (x) centered at x, and f> is the

restriction of f to the complement. That p,(D)| f1|(x) < Cr~/? forr € (0,1],
follows easily from the characterization (A.1) and the formula

Pr(D)8:(y) = (4rr?) /2 el /ar?

while this formula also implies that p, (D)| f2|(x) is rapidly decreasing as r ~\ 0.
The implication <= is similarly easy to verify. Note that

(A.5) f satisfies (A.4) = |p,(D) f| < Cr /7,

Recall the Zygmund spaces CJ(R"), r € R, introduced in § 8 of Chap. 13,
with norms defined as follows. Let Wo(§) € Cg°(R”) be equal to 1 for [§] < 1,

set Wi (§) = Wo(27%¢), and let g (§) = W (§) — We—1(€). The set {yx (§)} is a
Littlewood—Paley partition of unity. One sets

(A.6) Ifllcr = sup 2|y (D) f || oo

For r € (0,00) \ Z*, CI coincides with the Holder space C”, and C; is the
classical Zygmund space. As shown in Chap. 13, one has, for all m, r € R,

(A7) P € OPS'y = P :Cl — CI™.

The following relation exists between Zygmund spaces and Morrey spaces.
From (A.4)-(A.5) we readily obtain the inclusion

(A.8) MPR") c C]VP(R™M).

From this we deduce a result known as Morrey’s lemma:

Lemma A.1. If p > n, then, for f € S'(R"),

(A9) VfeMPR")= feC(R"), r=1- % € (0, 1).

Proof. We can write

(A10) f =) B;j(@f)+Rf. B; € OPST'(R"), Re OPS™®R").
j=1

Then (A.7)-(A.8) imply that B; 9; f € C](R"), if the hypothesis of (A.9) holds.
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If @ C R” is a bounded region, we say f € MP(Q) if f € M} (R"), where
f(x) = f(x)forx € 2, 0forx ¢ Q.If IQ2 is smooth, it is easy to extend (A.9)
to the implication (for p > n):

(A.11) VfeMP(Q) — feC'(Q), rzl—%e(O, 1,

via a simple reflection argument (across 0€2).
One also considers homogeneous versions of Morrey spaces. If p € (1, 00)
and1 < g < p, f € Ll (R"), wesay f € MJ(R") provided (A.2) holds for

all R € (0, 00), not just for R < 1. Note that if we set

1/
(A12) Ly = sup &7 (R [ 100 ax) ™,
Bpr

where R runs over (0, o0) and Bg over all balls of radius R, then
(A.13) 18 f gz =r~™ 2 1 f sz

where &, f(x) = f(rx). This is the same type of scaling as the L?(R")-norm.
It is clear that compactly supported elements of M/ (R") and of MZ (R") coin-
cide. In a number of references, including [P], ./\/lg is denoted £, 5, with A = n
(1-a/p).

The following refinement of Morrey’s lemma is due to S. Campanato.

Proposition A.2. Given p € [1,00), s € (0, 1), assume that u € LY (R") and
that, for each ball Br(x) with R < 1, there exists « € C such that

(A.14) / lu(y) —a|? dy < CR" P75,
BRr(x)

Then

(A.15) ueCp.(R").

Proof. Pick ¢ € C5°(R") to be a radial function, supported on |x| < 1, such that
(&) = 0,andlet y = Ag, so [ ¢ dx = 0. It suffices to show that

(A.16) |(Vr*uw)(x)| = CR, R=1,

where Yg(x) = R~y (R 'x). Note that, for fixed x, R, a = a(Bgr(x)), we
have

(A.17) (R *u)(x) = YR * (u—a)(x),
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SO

|(Wr *u)(x)]

<ll¥r ”LP’(BR(O)) llu—allLeBgre)

ALS 1/p’ 1/p
(A-18) 5( / R—"P’W(R—lyw’dy) ( / |u(y)—a|f’dy)

BR(0) BR(x)
< C R—n ‘Rn/p/ .Rn/p.Rs — RS,

as desired.

B. Leray—Schauder fixed-point theorems

We will demonstrate several fixed-point theorems that are useful for nonlin-
ear PDE. The first, known as Schauder’s fixed-point theorem, is an infinite
dimensional extension of Brouwer’s fixed-point theorem, which we recall.

Proposition B.1. If K is a compact, convex set in a finite-dimensional vector
space V, and F : K — K is a continuous map, then F has a fixed point.

This was proved in § 19 of Chap. 1, specifically when K was the closed unit
ball in R”. Now, given any compact convex K C V/, if we translate it, we can
assume 0 € K. Let W denote the smallest vector space in V' that contains K; say
dimg W = n. Thus there is a basis of W, of the form £ C K. Clearly, the convex
hull of E has nonempty interior in W. From here, it is easily established that K
is homeomorphic to the closed unit ball in R”.

A quicker reduction to the case of a ball goes like this. Put an inner product
on V', and say a ball B C V contains K. Let ¢y : B — K map a point x to the
point in K closest to x. Then consider a fixed pointof F oy : B — K C B.

The following is Schauder’s generalization:

Theorem B.2. If K is a compact, convex set in a Banach space V, and
F : K — K is a continuous map, then F has a fixed point.

Proof. Whether or not I has a countable dense set, K certainly does; say {v; :
j € Z*}is densein K. For each n > 1, let V,, be the linear span of {vy,...,v,}
and K, C K the closed, convex hull of {vy,...,v,}. Thus K, is a compact,
convex subset of V},, a linear space of dimension < n.

We define continuous maps Q, : K — K, as follows. Cover K by balls of
radius 8, centered at the points v;, 1 < j < n.Let{p,; : 1 < j < n}bea
partition of unity subordinate to this cover, satisfying 0 < ¢; < 1. Then set

n

(B.1) 0n() =) ¢ajW)v;, Qn: K — K,y

Jj=1
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Since ¢p;(v) = O unless ||[v — v || < &, it follows that

(B.2) [9n(v) — vl < 8n.

The denseness of {v; : j € ZT}in K implies we can take §, — 0 as n — oc.
Now consider the maps F, : K, — K, givenby F,, = Q, o F}Kn. By
Proposition B.1, each F;, has a fixed point x,, € K. Now

(B.3) OnF(xp) = xp = || F(xp) — x| < 6p.

Since K is compact, (x,) has a limit point x € K and (B.3) implies F(x) = x,
as desired.

It is easy to extend Theorem B.2 to the case where V is a Fréchet space, using
a translation-invariant distance function. In fact, a theorem of Tychonov extends
it to general locally convex V.

The following slight extension of Theorem B.2 is technically useful:

Corollary B.3. Let E be a closed, convex set in a Banach space V, and let F :
E — E be a continuous map such that F(E) is relatively compact. Then F has
a fixed point.

Proof. The closed, convex hull K of F(FE) is compact; simply consider F } K
which maps K to itself.

Corollary B.4. Let B be the open unit ball in a Banach space V. Let F B—V
be a continuous map such that F (B) is relatively compact and F(0B) C B. Then
F has a fixed point.

Proof. Defineamap G : B — B by

F(x)
[F )|

Gx)=F(x) if [F)I =1, Gkx) = if [FO = 1.

Then G : B — B is continuous and G(B) is relatively compact. Corollary B.3
implies that G has a fixed point; G(x) = x. The hypothesis F(dB) C B implies
x|l < 1,s0 F(x) = G(x) = x.

The following Leray-Schauder theorem is the one we directly apply to such
results as Theorem 1.10. The argument here follows [GT].

Theorem B.5. Let V be a Banach space, and let F : [0,1] x V — V be a
continuous, compact map, such that F(0,v) = vy is independent of v € V.
Suppose there exists M < oo such that, for all (o, x) € [0,1] x V,

(B.4) F(o,x) =x = ||x|| < M.

Then the map Fy 1V — V given by F1(v) = F(1,v) has a fixed point.
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Proof. Without loss of generality, we can assume vo = 0 and M = 1. Let B be
the open unit ball in V. Given ¢ € (0, 1], define G, : B — V by

(1 dxl x Y
G(x)=F|——,— | if 1—e<|x| =1,
e xl

F(l, al ) i xl<1—e
1—c¢

Note that G.(dB) = 0. For each ¢ € (0, 1], Corollary B.4 applies to G.. Hence
each G, has a fixed point x (¢). Let x; = x(1/k), and set

) 1
ok = k(1= llxell) if 1— <l =1,

1
1 if <l--,
if vl <1

so o € (0,1] and F(og,xr) = xi. Passing to a subsequence, we have
(0%, Xx) — (0,x) in [0, 1] x B, since the map F is compact.

We claim ¢ = 1. Indeed, if 0 < 1, then ||xg|| > 1 — 1/k for large k, hence
|x|| = 1 and F(o,x) = x, contradicting (B.4) (with M = 1). Thus oy — 1 and
we have F (1, x) = x, as desired.

There are more general results, involving Leray-Schauder “degree theory,”
which can be found in [Schw, Ni6, Deim].
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