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Chapter 2

Demimartingales

2.1 Introduction

Let (2, F, P) be a probability space and suppose that a set of random variables
X1,...,X,, defined on the probability space (£, F, P) have mean zero and are
associated. Let Sy =0 and S; = X1 +...+ Xj, j =1,...,n. Then it follows that,
for any componentwise nondecreasing function g,

E((Sj“ij)g(Sl,...,Sj)) ZO, jzl,...,n (211)
provided the expectation exists.

Throughout this chapter, we assume that all the relevant expectations exist
unless otherwise specified. Recall that a sequence of random variables {S,,, n >
1} defined on a probability space (2, F, P) is a martingale with respect to the
natural sequence F,, = o{S1,...,Sn} of o-algebras if E(S,1|S1,...,5.) = Sn
a.s. for n > 1. Here 0{S1,...,S,} denotes the o-algebra generated by the random
sequence Si,...,95,. An alternate way of defining the martingale property of the
sequence {S,, n > 1} is that

E((Sn+1 *Sn)g(Sl,...,Sn)) :O, ?’LZ 1
for all measurable functions g(x1, ..., z,) assuming that the expectations exist.
Newman and Wright (1982) introduced the notion of demimartingales.

Definition. A sequence of random variables {S,, n > 1} in L}(Q, F, P) is called a
demimartingale if, for every componentwise nondecreasing function g,

E((Sj+1 —Sj)g(Sl,...,Sj)) > O, ] > 1 (2.1.2)

Remarks. If the sequence {X,,, n > 1} is an L', mean zero sequence of associated
random variables and S; = X1 + ... + X; with Sy = 0, then the sequence {S,,
n > 1} is a demimartingale.
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32 Chapter 2. Demimartingales

If the function g is required to be nonnegative (resp., non-positive ) and
nondecreasing in (2.1.2), then the sequence will be called a demisubmartingale
(resp., demisupermartingale ).

A martingale {S,, F,, n > 1} with the natural choice of o-algebras {F,,
n> 1}, F, =0{S1,...,5,} is a demimartingale. This can be seen by noting that

E((Sj+1—55)9(51, ..., 5;)) = E[E((Sj+1 — S;)9(51, .., S)IF)] - (2.1.3)
= Elg(S1,- .., S;)E((Sj1 — 55)1F;)]

=0

by the martingale property of the process {S,,F,, n > 1}. Similarly it can be
seen that every submartingale {S,, F,, n > 1} with the natural choice of o-
algebras {F,, n > 1}, F, = o(S1,...,Sn) is a demisubmartingale. However a

demisubmartingale need not be a submartingale. This can be seen by the following
example (cf. Hadjikyriakou (2010)).

Example 2.1.1. Let the random variables { X7, X2} be such that
P(X1 = —I,XQ = —2) =P and P(Xl = I,XQ = 2) =1 —p

where 0 < p < % Then the finite sequence {X7, X5} is a demisubmartingale since
for every nonnegative nondecreasing function g(.),

B[(X2 — X1)9(X1)] = —pg(=1) + (1 = p)g(1) (2.1.4)
—pg(—1) +pg(1) (since p < %)
p(g(1) —g(-1)) > 0.

However the sequence {X7, X5} is not a submartingale since

v

E(Xs|X, =-1)= Z ToP(Xy = 25| X; = —1) = -2 < —1.
I2:72,2

As remarked earlier, the sequence of partial sums of mean zero associated
random variables is a demimartingale. However the converse need not hold. In
other words, there exist demimartingales such that the demimartingale differences
are not associated. This can be seen again by the following example (cf. Hadjikyr-
iakou (2010)).

Example 2.1.2. Let X; and X» be random variables such that

3 1

P(X1:5,X2:7):§, P(X1:—3,X2:7):§
and 4
P(X1 =-3,Xy = 7) = 3
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Let g be a nondecreasing function. Then the finite sequence {X;, X2} is a demi-
martingale since

Bl(X2 = X0)g(X0)] = £lo(3) — g(-3)) 2 0.

Let f be a nondecreasing function such that
f(z) =0 for  <0,f(2)=2,f(5) =5 and f(10) = 20.

It can be checked that

COV(f(Xl),f(XQ — Xl)) = *ng < 0

and hence X; and X5 — X7 are not associated.

Christofides (2004) constructed another example of a demimartingale. We
now discuss his example.

Example 2.1.3. Let Xi,..., X, be associated random variables, let h(z1,...,Tm)
be a “kernel” mapping R™ to R where 1 < m < n. Without loss of generality, we
assume that h is a symmetric function. Define the U-statistic

U, = <;L>_1 Y hXa, X)) (2.1.5)

1<i1 <. <im <n

where >, ; o i o, MX;,,..., X, ) denotes the summation over the () com-
binations of m distinct elements {i1,...,in} from {1,...,n}. Suppose that the
function h is componentwise nondecreasing and F(h) = 0. Then the sequence
{S, = ()Un, n > m} is a demimartingale. This can be checked in the following

way.
Note that
Spp1 — Sy = > MXi .. X ) — > MXi .. X))
1<i1<..<im<n+1 1<i1<...<im<n
= > WXy Xi s Xn1) (2.1.6)

1<i1 <. <im_1<n

Then, for any componentwise nondecreasing function g, and for n > m,

E[(Sn—l-l - Sn)g(sma e Sn)] (217)
= F| > (X Xi s X 1)9(Sms -5 Sn)]

1<i1<...<tm-1<n

= > Er(Xiy,. s Xip 1y Xn11)9(Smy - -+, Sn)]

1< <. <im—1<n
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= > Eh(Xi,, ..., X, Xnp)o(X1, ..., X))

1<i1 < . <ip_1<n
>0

where, for n > m,

v(xl,...,xn):g(h(xh...,xm), Z h(Ziyy ey @iy )y ey

1<y < .. <in <m+1

Z h(xil,...,xim)).

1<i1 <. <im<n

Note that the function v(zy,...,z,) is componentwise nondecreasing. The last
inequality in equation (2.1.7) follows from the fact that the sequence {X;, i > 1}
is an associated random sequence and the function v(z1, ..., z,) is componentwise
nondecreasing. Hence the sequence {S,, n > m} is a demimartingale.

Example 2.1.4 (Hadjikyriakou (2010)). Suppose the random sequence {X,,, n > 1}
is a sequence of associated identically distributed random variables such that the
probability density function of X5 is f(z,0) with respect to a o-finite measure u
and the support of the density function f(z,#) does not depend on 6. Suppose the

function o 6)
_ x,U;
h(x) B f(.’L’, 90)

is nondecreasing in z for any fixed 6y and ;. Define
— ﬁ f(Xk)a 91)
s f (X, 0o)

Then, under the hypothesis Hy : 8 = 6, the sequence {L,, n > 1} is a demisub-
martingale. This can be checked in the following manner. Observe that

f(Xng1,61)
Lyii— Ly =" -1|L,
b=l ey !
and, for any componentwise nonnegative nondecreasing function g,
Xny1,0
Bl(Lsr — La)olLacoos L)) = BOREE kgL L)) (219

f(Xny1,00)

nt1,0
> B(LE ) a0, L)
f(Xny1,00)

=0.

Note that the inequality in the above relations is a consequence of the fact that
the random sequence {X,,, n > 1} is associated and the last equality follows from
the observation that

f(Xnt1,61)

E([f(XnJrlv to)

=1
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under Hy; 60 = 6y. Observe that L, is the likelihood ratio when the random se-
quence {X,, n > 1} is an independent sequence of random variables.

The following result, due to Christofides (2000), shows that if the random se-
quence {S,, n > 1} is a demisubmartingale or a demimartingale, then the random
sequence {g(Sy), n > 1} is a demisubmartingale if ¢ is a nondecreasing convex
function.

Theorem 2.1.1. Let the random sequence {S,, n > 1} be a demisubmartingale (or
a demimartingale) and g be a nondecreasing conver function. Then the random
sequence {g(Sy), n > 1} is a demisubmartingale.

Proof. Define
hz) = lim I =9W)
x—y—0 T—y

From the convexity of the function g, it follows that the function & is a nonnegative
nondecreasing function. Furthermore

9(y) = g(x) + (y — z)h(z).

Suppose that f is a nonnegative componentwise nondecreasing function. Then

E[(g(sn-‘rl) - g(Sn))f(g(Sl)a s 7g(Sn))]
Z E[(Sn+1 - Sn)h(sn)f(g(sl)v e vg(Sn))]
= E[(Spt1— Sn) [*(S1,. .., Sn)] (2.1.9)

where f*(z1,...,2n) = h(zn) f(g(z1),...,9(zy)). Note that f* is a componentwise
nondecreasing and nonnegative function. Since the sequence {S,, n > 1} is a
demimartingale, it follows that the last term is nonnegative and hence the sequence
{9(Sn), n > 1} is a demimartingale. O

As an application of the above theorem, we have the following result.

Theorem 2.1.2. If the sequence {S,, n > 1} is a demimartingale, then the sequence
{S;f, n > 1} is a demisubmartingale and the sequence {S, , n > 1} is also a
demisubmartingale.

n’

Proof. Since the function g(z) = 27 = max(0, x) is nondecreasing and convex, it
follows that the sequence {S;", n > 1} is a demisubmartingale from the previous
theorem. Let Y,, = —S,, n > 1. It is easy to see that the sequence {Y,, n > 1}
is also a demimartingale and Y7 = S, where 2= = max(0, —x). Hence, as an
application of the first part of the theorem, it follows that the sequence {S, ,
n > 1} is a demisubmartingale. O

Suppose the sequence {S,,, n > 1} is a demimartingale. The following result
due to Hu et al. (2010) gives sufficient conditions for a stopped demisubmartingale
to be a demisubmartingale.
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Theorem 2.1.3. Let the sequence {Sn, n > 1} be a demisubmartingale, Sy =
0, and T be a positive integer-valued random variable. Furthermore suppose that
the indicator function Ijr<; = h;(S1,...,S5;) is a componentwise nonincreasing
function of St,...,S; for j > 1. Then the random sequence {S; = Swin(r.j), J > 1}
is a demisubmartingale.

Proof. Note that
J
Z(Si = Si—1)r>q)-

=1

N
*
|
n
E
g
B
&,
Il

We have to show that
Bl(SE — SOS(S5, 8] 20, j=1
for any f which is componentwise nondecreasing and nonnegative. Since
gi(S1,...,8;) =1 —=1Ij;<j)=1—h;(51,...,5;)
is a componentwise nondecreasing and and nonnegative function, we get that
u;(S1,...,8;) =g;(S1,...,9)f(S1,...,5;)

is a componentwise nondecreasing nonnegative function. By the demisubmartin-
gale property, we get that

E[(Sj11 = S (ST, 5 57)] = El(Sj1 = Si) 2y F (ST, -+ 57)]
= E[(Sj+1 — Si)[r>j+11f (51, -, S))]
:E[(Sj+1 —Sj)Uj(Sl,...,Sj)] Z 0 (2110)

for j > 1. Hence the sequence {SJ* ,J > 1} is a demisubmartingale. ]

We now obtain some consequences of this theorem.

Theorem 2.1.4. Let the sequence {S,, n > 1} be a demisubmartingale. and T be
a positive integer-valued random variable. Furthermore suppose that the indicator
function I.<;) = hj(S1,...,5;5) is a componentwise nonincreasing function of
Si,...,8; for j > 1. Then, for any 1 <n <m,

E(Smin(T,m)) > E(Smin(r,n)) > E(Sl), (2111)
Suppose the sequence {Sy, n > 1} is a demimartingale and the indicator function
I <j) = hj(S1,...,5;5) is a componentwise nondecreasing function of Si,...,S;

for 3 > 1. Then, for any 1 < n < m,

E(Smin(T,m)) S E(Smin(T,n)) é E(Sl) (2112)
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Proof. Suppose that the sequence {S,,, n > 1} is a demisubmartingale and the in-
dicator function Ij;<j; = h;(S1,...,S;) is a componentwise nonincreasing function
of S1,...,S5; for j > 1. Then the sequence {S}, n > 1} is a demisubmartingale
by Theorem 2.1.3. The inequalities stated in equation (2.1.11) follow from the
demisubmartingale property by choosing f =1 in equation (2.1.10).

Suppose the sequence {S,,, n > 1} is a demimartingale and that the indicator

function I,<;) = h;(S1,...,85;) is a componentwise nondecreasing function of
S1,...,S; for j > 1. Since the sequence {S,, n > 1} is a demimartingale, we note
that

—E(Sj1 — S7) = —E[(Sj+1 — ) r>j41]
= E[(Sj+1 — ) (h;(S1,...,8;) — 1)]
>0 (2.1.13)

for j > 1 from the demimartingale property. This in turn proves (2.1.12). (]

2.2 Characteristic Function Inequalities

For any two complex-valued functions f(z1,...,zm,) and fi(21,...,2,) defined
on R™, define f < fi if fi — Re(e'® f) is componentwise nondecreasing for all real

a. Note that
f= (f1 = Re(f)) + (fr = Re(=/))
' 2
and hence f is real-valued and nondecreasing. Furthermore f < f; for real f if
and only if f; + f and f; — f are both nondecreasing. We write f <4 f1if f < fi
and both the functions f and f; depend only on z;, j € A. The following results
are due to Newman (1984).

Lemma 2.2.1. Suppose h is real and h < hy and ¢ is a complez-valued function
on R such that
[p(t) — ¢(s)| < |t — 5], —o0<t,s<o0.

Then ¢(h) < hy. In particular, this property holds for the function ¢(h) = e

Proof. For any function g(x1, ..., %), defined on R™, let Ag denote the increment
in the function whenever one or more of the components x;, 1 < j < m is increased.
We have to prove that

A[hy — Re(e™¢(h))] >0 (2.2.1)

for any real a. Note that
|ARe(e¢(h))| < [A(e™p(h))| = [Ad(h)| < |Ah|
from the property of the function ¢ and
|AR| < Al

since h < hi. O
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Lemma 2.2.2. Suppose f <4 f1 and g <p ¢1. Define
<fa g> = COV(f(X17X27 c ')7g(X17 X27 <. ))

where the X;’s are either associated or negatively associated. In the negatively
associated case, assume in addition that the sets A and B are disjoint. Then

[f, )| < (fi,91) if f and/or g real

and

[(f,9)| < 2{(f1,91) otherwise.
Proof. Suppose that f is real. Since |(f, g)| = sup,cp Re(e**(f, g)), it is sufficient
to show that Re(e'(f,g)) < (f1,91) for every a € R. This can be seen from the
observation that h = Re(e'®g) < g1 and f < f1 and the identities

(fiog1) = (f, ) = %[(fl +fig—h)+{fi—fig1+h)]>0 (2.2.2)
in the associated case and
—(fi,q) —{f,h) = %[(fl +fg+h)+{fi—figr—m] >0 (2.2.3)

in the negatively associated case. If g is real, the arguments are the same. If neither
f nor g is real, then

(£, 9)] = [(Re f,h) +i(Im f,g)] < [(Re f,g)| + [{Im f,9)| (2.2.4)
and the required inequality follows from the inequality for the real f case discussed
above. (]

As a consequence of Lemma 2.2.1 and arguments similar to those given in
the proof of Lemma 2.2.2, Newman (1984) proved the following theorem.

Theorem 2.2.3. Let {S,, n > 1} be a demimartingale, Sy = 0, and f and fi be
complez-valued functions on R? such that f < fi. Then

By 41— ) F(S1s- S < B(Sy1 = S (S0, 8). (225)
In particular, this is the case for the function flz1,...,2;) = exp{t Z£=1 TRTE }
and fi(z1,...,25) = D0y [Telak.

The next result due to Newman (1984) gives sufficient conditions for a demi-
martingale to be a martingale with respect to the natural sequence of sub-o-
algebras.

Theorem 2.2.4. Let Sy = 0, and the sequence {S,, n > 1} be an L?-demimartin-
gale. Let F,, be the o-algebra generated by the sequence {S1,...,Sn}. If the random
sequence { Sy, n > 1} has uncorrelated increments, that is, if

Cov((Sj+1—55), (Sk+1 —Sk)) =0, 0<k <y,

then the sequence {Sy, Fn, n > 1} is a martingale.
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Proof. For any 0 < k < j,
Cov(Sj+1 —8;,8k) = E[(Sj+1 — S;j)Sk] — E[(Sj+1 — ;) E[Sk]
= E[(Sj+1 — 5;)Sk] (2.2.6)

since E(S;)] = E[S;+1] by the demimartingale property of the sequence {S,,
n > 1}. From the uncorrelated increment hypothesis, we get that

E[(Sj11 =858 =0, 1<k<j.

Applying Theorem 2.2.3, we get that

E[(Sj+1 — 5;) exp(inkSk)] =0
k=1

for r1,...,rr € R. This in turn proves that
E[Sj_H - S]‘]:J] =0 as ] > 1.
Hence the random sequence {S,,, F,, n > 1} is a martingale. (]

Remarks. Suppose Sy = 0 and S, = X; + ... + X,, where {X,,, n > 1} is a
Gaussian process. Then the sequence {S,, n > 1} is a martingale if and only if
Cov(Xy, X;) =0 for all k > j and E[X;] = 0 for all j > 1. It is the partial sum
sequence of associated random variables if Cov(Xy, X;) > 0 for all k£ > j and the
sequence {Sp, n > 1} is a demimartingale if and only if Z?Zl Cov(Xy, X;) >0
for all k > n and E[X;] =0 for all j > 1.

2.3 Doob Type Maximal Inequality

We will now discuss a Doob type maximal inequality for demisubmartingales due
to Newman and Wright (1982). Let

Sy =max(S1,...,S5). (2.3.1)
Define the rank orders R, ; by
R j-th largest of (S1,...,S,), ifj<mn,
el min(Si, ..., S,) = Run, if j >n.

The following theorem is due to Newman and Wright (1982).

Theorem 2.3.1. Suppose Si,Ss,... is a demimartingale (resp., demisubmartin-
gale) and m is a nondecreasing (resp., nonnegative and nondecreasing) function
on (—o0,00) with m(0) = 0; then, for any n and j,

R j
B /0 w dm(u)) < E(Sum(Boy)); (2.3.2)
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and, for any A >0,

AP(R,; >\ < / SpdP. (2.3.3)
(R g >N

Proof. For fixed n and j, let Y, = R ; and Yy = 0. Then

Sum(¥i) = 3 Sicea(m(Vieer) = m(¥) + (St — Sm(V). (234
k=0 k=1

From the definition of R, ;, it follows that
for k < j, either Y = Yi41 or Sky1 = Yit1;
and
for k > j, either Y = Yy 11 or Sgr1 > Yira.
Hence, for any k,
Yit1

Sk+1(Mm(Yier1 — m(Ye)) > Y1 (m(Yerr — m(Yr)) > /Y wdm(u). (2.3.5)

Combining the inequalities in equations (2.3.4) and (2.3.5), we get that

Y, n—1
Spm(Yy,) > / u dm(u) + Z(Sk+1 — Sp)m(Yy). (2.3.6)
0 k=1
Note that
E[(Sk+1 — Sk)m(Y)] >0, 1<k<n-1 (2.3.7)

by the definition of demimartingale (resp., demisubmartingale) since the func-
tion m(Y%) is a nondecreasing (resp., nonnegative and nondecreasing) function of
Si,...,Sk. Taking the expectations on both sides of the inequality (2.3.6) and
applying the inequality (2.3.7), we obtain the inequality (2.3.2) stated in the the-
orem by observing that Y,, = R,, ;. . The inequality (2.3.3) is an easy consequence
of (2.3.2) by choosing the function m(u) to be the indicator function Ij,>y. O

We obtain some corollaries to the theorem stated above.

Theorem 2.3.2. If the sequence {S,,, n > 1} is an L?-demimartingale, then
E((R,,; — Sn)?) < E(S2) (2.3.8)
and if the sequence {S,,, n > 1} is an L?*-demisubmartingale, then

E((R; — Sa)?) < E(S2). (2.3.9)
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Proof. In the demimartingale case, the corollary is proved by choosing m(u) = u
to obtain the inequality
E(R}, ;/2) < E(SuRn.;)

which is equivalent to the inequality stated in (2.3.8). In the demisubmartingale
case, we prove (2.3.9) by choosing m(u) = ulj,>q- O

The following result gives a maximal inequality for the sequence of partial
sums of mean zero associated random variables. This can be derived as a corollary
to the theorem proved earlier. We omit the proof of this result. For details, see
Newman and Wright (1982).

Theorem 2.3.3. Suppose the sequence {X,, n > 1} is a mean zero associated
sequence of random variables and S, = X1 + ...+ X,, with Sy = 0. Then the
sequence {Sp, n > 1} is a demimartingale and

E(R: ;) < E(S2) =07, (2.3.10)
and, for Ay < Ao,
(1—02/(Aa = M)HP(SE > N2) < P(S,, > M), (2.3.11)

so that for a; < ag with ag —ay > 1,

. 2
P(mas($al, ., |8al) > o) < 22— %) -P(S] > aroy).  (2:3.12)

(g —a1)? —

Note that Theorem 2.3.3 holds for partial sums of mean zero associated
random variables which form a demimartingale. However the following maximal
inequality is valid for any demimartingale.

Theorem 2.3.4. Suppose the sequence {S,, n > 1} is an L*-demisubmartingale.
Let E(S2%) = o2, Then, for 0 < \; < g,

PS5 > X2) < (00/(A2 = M) (P (S = M1)2. (2.3.13)
If S1,Ss,... is an L? demimartingale, then for 0 < oy < as,
P(max(|S1],...,|Sn|) > az0n) < V2(az — 1) " H(P(|S,] > alan))l/Z. (2.3.14)

Proof. Let A = g and j = 1 in the inequality proved in (2.3.3). Then, it follows
that

X P(S; > Xo) < / 5, dP
[Si:>X2]

< / Sy dP +/ Sy dP
[Sn2>\1] [S:Z}\Q,Sn<)\l]
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< / S, dP + MP(SE > Ao) (2.3.15)
[Sn>A1]

which implies that
P(S} > X2) < (A2 — A1) T E(Snlis, >A))- (2.3.16)

Applying the Cauchy-Schwartz inequality to the term on the right-hand side of
the above inequality, we get the inequality (2.3.13). In order to derive inequality
(2.3.14), we take A\; = a;0,, and add to (2.3.13) the corresponding inequality with
all the S;’s replaced by —S;’s which also forms a demimartingale. ([l

Chow (1960) proved a maximal inequality for submartingales. Christofides
(2000) obtained an analogue of this inequality for demisubmartingales. Prakasa
Rao (2002, 2007) and Wang (2004) derived other maximal inequalities for demisub-
martingales. We will discuss these results later in this chapter.

2.4 An Upcrossing Inequality

The following theorem, due to Newman and Wright (1982), extends Doob’s up-
crossing inequality for submartingales to demisubmartingales. Given a set of ran-
dom variables S1,S2,...,5, and a < b, we define a sequence of stopping times
Jo=0,J1,Ja,... as follows (for k =1,2,...):

J ) n41 if {j: Jap—2 <j <nand S; <a} is empty,
k=1 min{j : Jop—2 < j <nand S; <a}, otherwise,

and
J n41 if {j: Jak—2 <j <nand S; > b} is empty,
k=1 min{j : Jor—2 < j <mand S; > b}, otherwise.
The number of complete upcrossings of the interval [a, b] by Si,..., Sy is denoted

by U, where
Ua,b = max{k S < n+ 1} (241)

Theorem 2.4.1. If the finite sequence S1,S2,...,S, is a demisubmartingale, then
fora <b,
E((Sp,—a)t)— E((S1 —a)*
E(Uyy) < 25 0) b) (5 —a)T) (2.4.2)
—a
The following theorem gives sufficient conditions for the almost sure conver-
gence of a demimartingale. It is a consequence of the upcrossing inequality stated

in Theorem 2.4.1 as in the case of martingales.

Theorem 2.4.2. If the sequence {S,, n > 1} is a demimartingale and

limsup E|S,| < oo,

n— oo

then the S, converge a.s. to a random variable X such that E|X| < co.
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We now prove the upcrossing inequality.

Proof of Theorem 2.4.1. For 1 < j <n — 1, define

1 iffor some k=1,2,..., Jop_o < j < Jop_
j:{ k2 ket (2.4.3)

0 if forsome k=1,2,..., Jop_1 < J < Jog
so that 1 — ¢, is the indicator function of the event that the time interval [j, j + 1)
is a part of an upcrossing possibly incomplete; equivalently
1 if either S; >a fori=1,...,j or
€ = forsomei=1,...,5, S;>band Sy >afork=i+1,...,5 (2.4.4)
=0 otherwise.

Let A be the event that the sequence S, ..., S, ends with an incomplete upcross-
ing, that is, J = Joy, ,+1 < n. Note that

n—1
(Sn — CL)Jr — (Sl — a)+ = Z[(Sj+1 — a)+ — (S] — U,)Jr] = Mu + Md (245)
j=1
where
n—1 n—1
My=> [(Sjs1—a)" = (S5 —a)T1 = > €;(Sjs1—S)). (2.4.6)
Jj=1 j=1

This inequality follows from the observation that
(Sjr1—a)" > Sj1—a

and
€i(Sj—a)T =¢;(S; —a)

since €; = 1 implies that S; > a from the definition of €;. Observe that

My =3 (- )lSim — ) — (8- )] (2.47)

JU:b Jor—1 n—1

= [(Sj41 = a)" = (S5 — )]+ D _[(Sj1 —a)t = (S; —a) "]
k=1j=Jor_1 i=J
Ua,b

= [(SJzk - a)+ - (SJ2A-,—1 - a)ﬂ + [(Sn - a)+ - (SJ - a’)+]IA
-

= Z(SJ% a)+ + (Sn a)ﬂIA

vV

—_
Sl
| Ll

N—

=

o
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Combining equations (2.4.5), (2.4.6) and (2.4.7) and taking expectations, we get
that

n—1

E[(Sp—a)" = (S1—a)] > (b= a)E[Uap] + Y Elej(Sj1 — 5)].  (2.4.8)
j=1
Note that €; is a nonnegative nondecreasing function of S1,..., S, from the defi-
nition of €;. Since {S;,j =1,...,n} is a demisubmartingale, it follows that

E[Gj(Sj+1_Sj)]ZO, j=1,...,n—1.
Hence
E[(Sp—a)t —(S1—a)T] > (b— a)EUq ] (2.4.9)

which implies the upcrossing inequality stated in the theorem. (I

2.5 Chow Type Maximal Inequality

We now derive some more maximal inequalities for demimartingales which can be
used to derive strong laws of large numbers for demimartingales. The following
result, due to Christofides (2000), is an analogue of the maximal inequality for
submartingales proved by Chow (1960).

Theorem 2.5.1. Let the sequence {Sy, n > 1} be a demisubmartingale with So = 0.
Let {¢p, n > 0} be a nonincreasing sequence of positive numbers, Then, for any
e >0,

+ +
€ P[lrgrl]?%(n Sk > € < Zlcj E[S] — 5] (2.5.1)
iz

where z7 = max{0, z}.
Proof. Let € > 0. Let A = [maxj<g<n xSk > €| and

Aj =[max ¢;S; <e€ ¢; S5 >¢, j=1,...,n.
1<i<y

Let £ denote the complement of a set E. Let I[g) denote the indicator function
of a set E. Note that the events A;, j = 1,...,n are disjoint and A = U]_, A;.
Hence

e P(A) = ei P(A)) (2.5.2)
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<> Ele; il

.
Il
N

M=

< Ele; SjI[Aj]]

.
Il
fa

n

=1 E[S{] = a1 E[S{ Tag)] + > Elcj S Ijay)]
j=2
< a1 E[ST] = E[S{ Tiag)] + 2 E[SF Iy + Y Ele; 8§ I,
=3
n

= C1E[Sii_] + CQE[(S;_ - ST)I[AE]] - C2E[S;_I[A(140Af2«‘]] + ZE[C]' S;_I[AJ]}

Jj=3

The last equality follows from the fact that Ija,) = I{a¢] — [{acnag) Which in turn
holds since As C A§. The expression on the right-hand side of the last equality
can be written in the form

ClE[Sfr]—l—CQE[S;—S;F}—CQE[(S;—ST)I[AI]]—CQE[S;I[AEQAE]]—&-ZE[C]‘ S‘?I[A]‘]]'
Jj=3

Let h(y) = limgy—y—o % Then h(.) is a nonnegative nondecreasing function

by the convexity of the function z* = max{0,z} and we have
S5 — S > (S2 = S1)h(S1).
Therefore
E[(SS — S1)1a,)] = E[(S2 = S1)h(S1)1[a,))-
Since h(S1)I[4,) is a nonnegative nondecreasing function of Si, it follows that

E[(S2 — S1)h(S1)I[a] = 0

by the demisubmartingale property of the sequence {S,,n > 1} which in turn
shows that
E[(S3 = S )jay] = 0.

Hence the expression on the right-hand side of the last inequality in (2.5.2) is
bounded above by J where

J = ClE[Sf] + CQE[S;r - Sf] - C2E[S;I[A§OA§]] + ZE[C]' S;LI[A].]].
j=3
Since the sequence ¢ is a nondecreasing sequence,

J < ClE[SfL] + CQE[S; — SfL] — CSE[S;I[AfmAg]] + ZE[Cj SjI[A]]} (253)

Jj=3
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= A E[ST] + 2B[ST — 871+ 3 E[(S5 — S [acnag)]
n
— C3E[S;_I[A§HA§0A§]] + ZE[Cj S;_I[Aj]]
j=4

and the last equality follows from the fact that Ij4, = ljacnag) — [lasnagnag)
which in turn holds since A3 C A§ N AS. The expression on the right-hand side of
the last equality can be written in the form

3
E:CJ'E[S;r — 571 = 3 Bl(SF — S3)a,0a,)] — sE[SF Taenagnag)
P

n

+ Y Ele; SFIiay)- (2.5.4)
j=4

Applying the convexity of the function z+ again, we get that
B[(S5 — S3)1a,04,]] = E[(S5 — S2)h(S2)11a,04,)]-

Since the function h(S2)I[4,ua4,) is a nonnegative componentwise nondecreasing
function of (S, S2), it follows that

E[(SS - SQ)h(SQ)I[Alqu]] >0

by the demisubmartingale property of the sequence {S,, n > 1}. Hence the quan-
tity defined by (2.5.4) is bounded above by

3 n
ZCJE[S;_ — 871 = e3BSS Tiasnagnag)] + ZE[CJ S Iay)- (2.5.5)
Jj=1 j=4

Proceeding in this way, we get that

eP(A) <Y ¢E[S] = Sf 1] — cu B[S T 4] (2.5.6)
j=1
< ¢E[S) - S
j=1
since ¢, > 0. [l

A corollary to the Chow type maximal inequality is the following Doob type
maximal inequality which was derived earlier by other methods.

Theorem 2.5.2. Suppose the sequence {S,, n > 1} is a demisubmartingale. Then,
for any € > 0,

e P[max Sy > €] < / SndP.
1<k<n [maxi<p<n Sk>¢]
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Applications of Chow Type Maximal Inequality

As an application of the Chow type maximal inequality, we can obtain the following
results.

Theorem 2.5.3. Let the sequence {S,, n > 1} be a demimartingale with Sy = 0.
Suppose that {ck, k > 1} is a positive nonincreasing sequence of numbers such
that limy_,o ¢, = 0. Suppose there exists v > 1 such that E[|Sk|"] < oo for every
k > 1. Assume that

> KBSk = |Sk-1]") < o0. (2.5.7)
k=1

Then
cnSn 250 as n — oo.

Proof. Let € > 0. Note that
P[sup ck|Sk| > €] = P[sup c¢f|Sk|” > €”]
k>n k>n

< P[sup cZ(S’,j)” > €” /2] + Plsup ¢i[(S, )" > €/2].
k>n k>n

Since the function z¥, x > 0 is a nondecreasing convex function for any v >
1, it follows that the sequences {(S;)”, k > 1} and {(S; )", k > 1} are both
demisubmartingales. Applying the Chow type maximal inequality proved earlier,
we get that

Plsup (S > € /2] + Plsup ci(5;)” 2 €/2] (2.5.8)
<2eV(LENSD T+ Yk EI(SH” = (S{))]
k=n+1
+AE(S) 1+ Y L EI(Sy)” = (Si)’])
k=n+1
=2V (GE(S"T+ Y & ElISk]” — |Sk-1]"])
k=n-+1

from the fact that [S,|” = (S;})”+(S,,)”. The Kronecker lemma and the condition
(2.5.7) imply that lim, o ¢ E|S,|” = 0. From the inequality derived above, we
get that

lim P[sup cx|Sk| > €] =0, (2.5.9)
n—0o0 k>n
equivalently
cnSn 220 as n — oco. (2.5.10)

O
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Strong Law of Large Numbers for Associated Sequences

Consider a sequence of mean zero associated random variables. The following
Kolmogorov type of strong law of large numbers can be proved for such a sequence
as a consequence of Theorem 2.5.3.

Theorem 2.5.4. Let the sequence {X,, n > 1} be a sequence of L?>-mean zero
associated random variables. Let S,, = X1 + ...+ X,, and Sy = 0. Suppose that

Z n~2Cov(X,,S,) < 0o
n=1

Then

STL a.s
— =0 as n — oo. (2.5.11)
n

Proof. Since the sequence {X,,, n > 1} is mean zero associated, it follows that
{S,, n > 1} is a demimartingale. Applying Theorem 2.5.3 with v = 2 and ¢, = +

it follows that "

S
2280 as n— oo
n

provided
Zn”E (82 - 52 ) < .
n=1
Observe that
E(SE —S2_)) =2E(XnSn-1) + BE(X})

and

2 i n2E(X,Sn-1) + i n?E(X2) <2 i n2E(X,S,) (2.5.12)

n=1 n=1 n=1

=2 n?Cov(Xy,8,) <oo. O

n=1

This strong law of large numbers for associated sequences was also proved
by Birkel (1989). Wang (2004) generalized Theorem 2.5.1 to obtain a maximal
inequality for nonnegative convex functions of a demimartingale.

Theorem 2.5.5. Let Sy = 0 and the sequence {S,, n > 1} be a demimartingale.
Let g(.) be a nonnegative convez function on R with g(0) = 0. Suppose that the
sequence {c;, 1 < i < n} is a non-increasing sequence of positive numbers. Let
S* = maxi<i<n ¢;9(Si). Then, for any A > 0,

AP(S, 2 A) Z = 9(Si—1)] = en E[g(Sn) (52 <A]] (2.5.13)
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< Z ciBlg(Si) — 9(Si-1)].

We now give a sketch of proof of this theorem following the ideas in Hadji-
kyriakou (2010) and Wang (2004).

Proof. Define the functions
u(r) = Q(I)I[zzo} and v(r) = 9($)I[z<0]~

Note that the function u(x) is a nonnegative nondecreasing convex function and
the function v(x) is a nonnegative nonincreasing convex function. It is obvious

that
9(x) = u(a) + v(z) = max{u(x), v(a)}.

Furthermore
P[lrgfg(n cig(S;) > \) = [1I£1ia<xn c; max{u(S;),v(Si)} > Al (2.5.14)

< P[lrga<xn ciu(S;) > A+ P[lmZaXn civ(S;) > M.

Applying Theorem 2.5.1, we get that
AP[max c;u(S;) > A < chE[u(Sl) —u(S;-1)]. (2.5.15)
Let

A ={cpv(Sk) < A, 1 <k <i, cu(S;) > A}, i=1,...,n
Following the method in the proof of Theorem 2.5.1, we get that
)\P[lrél%xn civ(S;) > A < ZCZ | + 1 E[v(S1)] + c2E[v(S2) — v(S1)]
- CzE[ v(S2)Lagnag] — c2E[(v(S52) — v(51))1a,].
(2.5.16)

Let h(.) be the left derivative of the function v(.) Then h(.) is a non-positive
nondecreasing function and

v(z) —v(y) = (z = y)h(y).

Hence
’U(SQ) — U(Sl) Z (Sg — Sl)h(Sl)

and
El(v(S2 = v(S1))1a,] = E[(S2 = S1)h(S1)14,].
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Since I4, is a nonincreasing function of S; and h(.) is a non-positive nondecreas-
ing function, it follows that h(S1)I4, is a nondecreasing function of S;. By the
demimartingale property, we get that

E[(SQ — Sl)h(Sl)IAl] > 0.

Applying arguments similar to those in the proof of Theorem 2.5.1, we get that

AP[ max ¢;v(S;) > A < zn:ciE[v(Si) —v(Si—1)]- (2.5.17)

1<i<n

Combining the inequalities (2.5.14), (2.5.15) and (2.5.17), we obtain the inequality
(2.5.13). O

Suppose the sequence {S,, n > 1} is a nonnegative demimartingale. As a
corollary to this theorem, it can be proved that

(&
)< —— * .
E(f;l?é‘n Si) < o [1+ E(Splog™ Sy)]

For a proof of this inequality , see Corollary 2.1 in Wang (2004).

2.6 Whittle Type Maximal Inequality

We now discuss a Whittle type maximal inequality for demisubmartingales due
to Prakasa Rao (2002). This result generalizes the Kolmogorov inequality and the
Hajek-Renyi inequality for independent random variables (Whittle (1969)) and is
an extension of the results in Christofides (2000) for demisubmartingales.

Let the sequence {S,, n > 1} be a demisubmartingale. Suppose ¢(.) is a
nondecreasing convex function. Then the sequence {¢(Sy,), n > 1} is a demisub-
martingale by Theorem 2.1.1 (cf. Christofides (2000)).

Theorem 2.6.1. Let Sy = 0 and suppose the sequence of random variables {S,, n >
1} is a demisubmartingale. Let ¢(.) be nonnegative nondecreasing convex function
such that ¢(0) = 0. Let ¢ (u) be a positive nondecreasing function for u > 0. Let
A, be the event that ¢(Sk) < Y(ug), 1 <k < n, where 0 = up < uy < ... < uy,.
Then

~ E[6(Sk)] — E[¢(Sk-1)]

PA) 1= ur)

If, in addition, there exist nonnegative real numbers A, 1 < k < n such that
0 < E[(¢(Sk) = (Sk—1))f((S1), - - -, ¢(Sk-1))] < AkE[f($(S1), - - $(Sk-1))]

for 1 < k <n for all componentwise nonnegative nondecreasing functions f such
that the expectation is defined and

(2.6.1)

Y(ug) > P(ug—1) + Ap, 1<k <n,
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then

P An Z 1-
(= Tl 5o
Proof. Since the sequence {S,, n > 1} is a demisubmartingale by hypothesis and
the function ¢(.) is a nondecreasing convex function, it follows that the sequence
{¢(Sn), n > 1} forms a demisubmartingale by Theorem 2.1.1. Hence

E{(¢(Snt1) — d(Su)) F(0(S1)s---,0(Sn))} >0, n>1 (2.6.3)

for every nonnegative componentwise nondecreasing function f such that the ex-
pectation is defined. Let x; be the indicator function of the event [¢(S;) < ¥(u;)]
for 1 < j < n. Note that

). (2.6.2)

and hence
P(A,) = E(_H Xi) = E({ﬁ Xi}xn)
n—1
B(Sn)
> E({ iH1 — ).
o
Note that
w5 -1 2 252

= (1= T2y g

since the function 1 — H?;ll Xi 1S a nonnegative componentwise nondecreasing
function of ¢(S;), 1 <i <n — 1. Hence

P(a) = BUT b -2 wf;;;) ) - E{¢(Sn')}¢(u€§¢(s"‘l)}
n—2
g S8a—1)y E{(Sn)} — B{¢(Sn-1)}
> E({g X} = ) o ,

The last inequality follows from the observation that the sequence t(u,),n > 1 is
positive and nondecreasing.
Applying this inequality repeatedly, we get that
n

N Eo(Sk)] — Eo(Sk-1)]
Pldn) 21 ; ¥(uk)

(2.6.4)
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completing the proof of the first part of the theorem. Note that

E{f[ xi(1—

R Hlxz

¢)(Sn*1) " ”
w(u”)w(Un_l)['l/)( n) 11) n— 1 HXz

and the last term is nonnegative by hypothesis. Hence

n—2
d)(sn*l)
E xi (1 — ———=%)). 2.6.5
({J:l1 3 (o ) (2.6.5)
Applying this inequality repeatedly, we obtain that

P(A,) >
k

(2.6.6)

n
=1

Applications

As applications of the Whittle type maximal inequality derived above, the follow-
ing results can be obtained.

Suppose the sequence {S,, n > 1} is a demisubmartingale. Then the se-
quences {(S;7)?, n > 1} and {(S,;)?, n > 1} are demisubmartingales for p > 1 by
Theorem 2.1.1. Furthermore |S,, ,|p = (S;F)P + (S, )P for all p > 1.

(1) Let ¢(u) = wP, p > 1 in Theorem 2.6.1. Applying Theorem 2.6.1, we get

that
mE(ST)P - E(ST)P

P(Sf <uj1<j<n)>1- Z — (2.6.7)
j=1 7
. (5;)" ~ E(S;)
~ , " B(S7)P — E(S )P
j=1 J
Hence , for every ¢ > 0,
S. S|P
P( sup M25):P( sup %ng)
1<j<n Uj 1<j<n U
SHP 4+ (S7)P
_p(sup ST E S
1<j<n Uy
(S*)p 1 ST 1
= P( su J —eP) 4+ P( su I > —¢P
(1§jls)n uf =37 (1§j1§)n up 2 )
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" B(S)) — B(SLY
]
" B(S] ) — B(S;, )

< 2e” ”Z
+25_pz J 7

j=1 j
—pi E|S;|” — E|Sj-1[”

P
u -
=1 i

= 2¢

In particular, for p = 2, we have

" ES? - E52
P( sup m ) < 2e _QZ — I (2.6.9)

1<j<n Uj

which is the Hajek-Renyi type inequality for associated sequences derived in the
Corollary 2.3 of Christofides (2000).

Suppose p = 1. Let ¢(z) = max(0, ). Then the function ¢(z) is a nonnegative
nondecreasing convex function and it is clear that S, < S;' = ¢(S,) for every
n > 1. Let ¢(u) = v in Theorem 2.6.1. Then

S, S.+ " ES] - ES,
P(sup = >¢e) < P(sup —- 12
1<j<n U 1<j<n U

by Theorem 2.6.1 which is the Chow type maximal inequality derived in Theorem
2.5.1 (cf. Christofides (2000)).

(2) Let p = 2 again in the above discussion. If

E(SJ2 - 5]2_1) < u? —u?

7—1
for 1 < j <n, then
(S7_1)

=110 HE) P

which is an analogue of the Dufresnoy type maximal inequality for martingales
(cf. Dufresnoy (1967)).

(3) Let the sequence {Sy,, n > 1} be a demisubmartingale and the function
@(.) be a nonnegative nondecreasing convex function such that ¢(Sy) = 0. Let
¥ (u) be a positive nondecreasing function for v > 0. Then, for any nondecreasing
sequence Uy, n > 1 with ug = 0,

P( sup ¢(S) 712 [d)(Sk 1)] (2610)

1<j<n ¢(U]) k)
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In particular, for any fixed n > 1,

o

Ploup 252 5 o) < @Sn)y | 5 ElotSull = Blo(Si-)ly

) == ) 2 ()

(2.6.11)

As a consequence of this inequality, we get the following strong law of large
numbers for demisubmartingales (cf. Prakasa Rao (2002)).

Theorem 2.6.2. Let Sy = 0 and let the sequence {S,, n > 1} be a demisubmartin-
gale. Let ¢(.) be a nonnegative nondecreasing convex function such that ¢(0) = 0.
Let ¥(u) be a positive nondecreasing function for u > 0 such that ¥(u) — oo as
u — 00. Further suppose that

— E[6(Sk)] — E[¢(Sk-1)]
pt ¥ (uk)

< 0

for a nondecreasing sequence u, — oo as n — oco. Then

$(Sn)
Y(un)

a.s
=0 as n — oo.

2.7 More on Maximal Inequalities

Suppose the sequence {S,, n > 1} is a demisubmartingale. Let SP®* = max S;

1<i<n
and ™t = min ;. As special cases of Theorem 2.3.1, we get that
A Plsm > )] < / S, dP (2.7.1)
[S‘g)axZ)\]
and
A P[STIn > )] < / S,dP (2.7.2)
[Spin 2]
for any A > 0.

The inequality (2.7.1) can also be obtained directly without using Theorem
2.3.1 by the standard methods used to prove the Kolomogorov inequality. We now
prove a variant of the inequality (2.7.2).

Suppose the sequence {S,, n > 1} is a demisubmartingale. Let A > 0. Let

A:[min Sk<>\],A1:[Sl<)\]
1<k<n

and
Ak:[Sk</\,Sj2)\,1§j§k—1}, k>1.
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Observe that .
A= ] A
k=1

and Ay € F, = o{S51,...,Sk}. Furthermore the sets A;, 1 < k < n are disjoint

and
k—1

A c (| A

i=1
where A¢ denotes the complement of the set A in €2. Note that
E(Sl) = S1dP + S1dP < \ dP + SadP.
Ay Ag Ay Ag

The last inequality follows by observing that
/ S1dP — / SodP = (81— S2)dP = E((S1 — S2)1[a¢))-
i i Af

Since the indicator function of the set A{ = [S; > A] is a nonnegative nondecreas-
ing function of S; and the fact that {Sg, 1 < k < n} is a demisubmartingale, it
follows that

E((S2 — S1)I1ag)) > 0.

Therefore
E((S1 — S2)11as) <0

which implies that

S1dP < SadP.
Af A7

This proves the inequality

B(S)) < )\/ dP+ [ SpdP = AP(A1)+ | S»dP.
A A A

Observe that Ay C A§. Hence

/ SgdP:/ SzdP+/ SodP
A As AgnAe

S/ SQdP+/ Ss3dP
As AgnAe

<A P(A2)+/ S3dP.
ASNAS

c
1

The second inequality in the above chain follows from the observation that the
indicator function of the set ASNA{ = I|g,>,5,>] IS a nonnegative nondecreasing
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function of Sp, S and the fact that the sequence {Sg, 1 < k < n} is a demisub-
martingale. By repeated application of these arguments, we get that

E(S1) < )\iP(Ai) +/ SpdP

A
= P(A)+/ SndP—/ SpdP.
Q A

Hence
A P(A) > / S, dP — / (S — S1)dP
A Q
and we have the following result.

Theorem 2.7.1 (Wood (1984)). Suppose that the sequence {S,, n > 1} is a demi-
submartingale. Let

A=[min Si <)
1<k<n
for any A > 0. Then
A P(A) > / SpdP — / (S, — S1)dP. (2.7.3)
A Q

In particular, if the sequence {S,,, n > 1} is a demimartingale, then it is easy
to check that E(S,) = E(S;) for all n > 1 and hence we have the following result
as a corollary to Theorem 2.7.1.

Theorem 2.7.2. Suppose that the sequence {S,, n > 1} is a demimartingale. Let
A = [miny<k<n S < A] for any A > 0. Then

A P(A) > / S,dP. (2.7.4)
A

We now prove some inequalities for E(S™2%) and E(S™") for nonnegative
demisubmartingales {S,, n > 1}. The following results are from Prakasa Rao
(2007).

Theorem 2.7.3. Suppose that the sequence {Sy,, n > 1} is a positive demimartingale
with S; = 1. Let v(z) =x — 1 —logx for x > 0. Then

Y(E(Sy™)) < E(Snlog Sn) (2.7.5)

and
YE(S™)) < E(Sylog Sy). (2.7.6)

Proof. Note that the function v(z) is a convex function with minimum ~(1) = 0.
Observe that S2'** > S; =1 and hence
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E(S;™) —1= / PSP > Nd\ — 1
0
1 0o
= / PS> A]dA +/ PSP > NdX\ — 1
0 1
= / P[Sy#* > NJd\ (since S; =1)
1
<1
< / = / SndPYdA (by (2.7.2))
1 A Jismaxzy

o0 Sn[ max
:E(/ 7[53 =0
1

max
Sn

= E(sn/1 N

— B(S, log(SI™)).

Using the fact that y(x) > 0 for all x > 0, we get that

max

E(S) =1 < E[Sn(log(5™) + (g ama )]

S, B(S)
= E[S, (log(S™) + _ S 1—1lo (ﬂ))]
— PTG B (Sme) S, B(Smax)

=1—E(Sy) + E(S,log Sy) + E(Sy,) log E(S;).
Rearranging the terms in the above inequality, we get that
YV(E(S™)) = E(Sy™) — 1 = log E(5,") (2.7.7)
<1-—E(S,)+ E(Sylog Sy) + E(S,)log E(S),**) —log E(S;'*)
= E(S,log Sn) + (E(S,) — 1)(log E(S{™)) — 1)
= FE(S,logSy,)

since E(S,) = E(S1) =1 for all n > 1. This proves the inequality (2.7.5).
Observe that 0 < S™n < §; = 1 which implies that

1
E(Smin) = / P[S™In > A\]dA (2.7.8)
0
1 .
=1 —/ P[S™™ < AJdA (2.7.9)
0
'
< 1—/ {f/ SpdP}dX (by Theorem 2.7.2) (2.7.10)
0 AJsmincy

LS, Irgmin
=1- E(/ %d)\) (2.7.11)
0
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1
=1- E(Sn/ ldA) (2.7.12)
min A
=1+ E(S, log(S™m)). (2.7.13)

Applying arguments similar to those given above to prove the inequality (2.7.5),
we get that

Y(E(Sy™)) < E(Sylog S,) (2.7.14)
which proves the inequality (2.7.6). O

The above inequalities for positive demimartingales are analogues of maximal
inequalities for nonnegative martingales proved in Harremoés (2008).

2.8 Maximal ¢-Inequalities for Nonnegative
Demisubmartingales

Let C denote the class of Orlicz functions that is, unbounded, nondecreasing convex

functions ¢ : [0, 00) — [0, 00) with ¢(0) = 0. If the right derivative ¢’ is unbounded,

then the function ¢ is called a Young function and we denote the subclass of such
functions by C’. Since

o) = / " ¢/ (s)ds < 26/ (x)

by convexity, it follows that

e 2e (@)
Pé ;>f0 (b(x)
and
o 2(2)
¢ x>0 (b(l‘)

are in [1,00]. The function ¢ is called moderate if py < 00, or equivalently, if for
some A\ > 1, there exists a finite constant ¢y such that

o(Az) < cng(z), = >0.

An example of such a function is ¢(x) = z® for a € [1,00). Example of a non-
moderate Orlicz function is ¢(x) = exp(x®) — 1 for o > 1.

Let C* denote the set of all differentiable ¢ € C whose derivative is concave
or convex and C’ denote the set of ¢ € C such that ¢'(x)/x is integrable at 0, and
thus, in particular ¢'(0) = 0. Let C = C’' NC*.

Given ¢ € C and a > 0, define

v = [ [t 20
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It can be seen that the function ®,1, o) € C for any a > 0 where I4 denotes the
indicator function of the set A. If ¢ € C’, the same holds for & = ®q. If ¢ € C§,
then ® € Cj. Furthermore, if ¢’ is concave or convex, the same holds for

' (x) = /OZ (b/(r)dr,

r

and hence ¢ € Cj implies that ® € Cj. It can be checked that ¢ and ® are related
through the differential equation

@' (z) — ®(x) = ¢p(z), x>0

under the initial conditions ¢(0) = ¢'(0) = ®(0) = &'(0) = 0. If ¢(x) = P for
some p > 1, then ®(x) = 2P /(p — 1). For instance, if ¢(z) = 22, then ®(x) = 22.
If ¢(z) = x, then ®(x) = 0o but ®1(z) = zlogx —x + 1. It is known that if ¢ € C’
with py > 1, then the function ¢ satisfies the inequalities

O(x) < !
Py — 1

o(x), x=>0.

Furthermore, if ¢ is moderate, that is pj < oo, then

O(x) > —
)2

The brief introduction for properties of Orlicz functions given here is based

on Alsmeyer and Rosler (2006).

We now prove some maximal ¢-inequalities for nonnegative demisubmartin-
gales following the techniques in Alsmeyer and Rosler (2006).

Theorem 2.8.1. Let the sequence {S,, n > 1} be a nonnegative demisubmartingale
and let ¢ € C. Then

P(SMa > ) < (1_)\/\)75 /too P(S, > As)ds (2.8.1)
A Sn
St

foralln>1,t>0 and 0 < A < 1. Furthermore,

BT <00+ 17 [ @5~ 0a0) ~ 2 0)(F - 0P (282

foralln>1,a>0,b>0 and 0 < X\ < 1. If ¢'(x)/x is integrable at 0, that is,
¢ € C', then the inequality (2.8.2) holds for b = 0.
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Proof. Let t > 0 and 0 < A < 1. The inequality (2.7.1) implies that
1
PSP > 1) < / SpdP (2.8.3)
t Jismaxsy

o
= f/ PS> t,8, > s]ds
tJo

1 At 1 00
- P[Sy** > t]lds + — PI[S,, > s]ds
t Jo U St

)\ (oo}
< PS> tlds + 5 / P[S, > As]ds.
t

IN

Rearranging the last inequality, we get that

A o0 \ s,
m/t P(S, > As)ds = = )\)tE(T -t

foralln > 1,¢> 0 and 0 < A < 1 proving the inequality (2.8.1). Let b > 0. Then

P(S™% > t) <

Smax / ¢ Smax )dt
/ (b Smax dt + / ¢ Smax )dt
/ & () P(S™™ > t)dt

<o)+ 1 A )ds]dt (by (2.7.1))
=¢(b) + (;5’ P(S, > \s)ds
= o(b) + L (q»/ (s) — @1 (b)) P(S,, > As)ds
(S
1—)\ " >Ab] ®a(57) = Pa(b) — ¥, (0) (57— b)dP

foralln >1,6>0,t>0,0< A< 1anda > 0. The value of a can be chosen to
be 0 if ¢'(z)/x is integrable at 0. O

As special cases of the above result, we obtain the following inequalities by
choosing b = a in (2.8.2). Observe that ®,(a) = 9/ (a) = 0.

Theorem 2.8.2. Let the sequence {S,, n > 1} be a nonnegative demisubmartingale
and let ¢ € C. Then

A Sh

Elo(S2™)] < 6(a) + T2 Fl@a(2)] (2:8.4
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foralla>0,0<A<1landn>1. Let A\ = % in (2.8.4). Then
El¢p(Sy™)] < ¢(a) + E[®4(25,)] (2.8.5)

foralla>0 andn > 1.
The following lemma is due to Alsmeyer and Rosler (2006).

Lemma 2.8.3. Let X and Y be nonnegative random variables satisfying the in-
equality
t P(Y >1t) < E(XIjy>q)

for allt > 0. Then

E[p(Y)] < E[p(gsX)] (2.8.6)
for any Orlicz function ¢ where gy = pffl and py = inf,~ L’(S).

This lemma follows as an application of the Choquet decomposition
o(x) = / (x —t)T¢/(dt),x > 0.
[0,00)
In view of the inequality (2.8.2), we can apply the above lemma to the random

variables X =5, and Y = 5]'** to obtain the following result.

Theorem 2.8.4. Let the sequence {S,, n > 1} be a nonnegative demisubmartingale
and let ¢ € C with py > 1. Then

E[p(Sy™)] < E[p(qSh)] (2.8.7)
for allm > 1.

Theorem 2.8.5. Let the sequence {S,,, n > 1} be a nonnegative demisubmartingale.
Suppose that the function ¢ € C is moderate. Then

E[p(S™)] < Elp(q55)] < 65 E[6(Sn)]- (2.8.8)

The first part of the inequality (2.8.8) of Theorem 2.8.5 follows from Theorem
2.8.4. The last part of the inequality follows from the observation that if ¢ € C is
moderate, that is,

. z¢/(x)

Py = sup
¢ >0 ¢((E)

< 00,

then
o(Ax) < A" o(x)
for all A > 1 and = > 0 (see equation (1.10) of Alsmeyer and Rosler (2006)).
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Theorem 2.8.6. Let the sequence {S,, n > 1} be a nonnegative demisubmartingale.
Suppose ¢ is a nonnegative nondecreasing function on [0,00) such that &7 is also
nondecreasing and convex for some v > 1. Then

B[3(S7)) < (1) Blo(Sw) (2.8.9)

Proof. The inequality

AP(SM > )) < / S,dP

[Sipex 2]

given in (2.7.1) implies that

BI(SE™)) < (CELPE(SY), p> 1 (2.8.10)
by an application of Hélder’s inequality (cf. Chow and Teicher (1997), p. 255).
Note that the sequence {[¢(S,)]'/7, n > 1} is a nonnegative demisubmartingale
by Theorem 2.1.1. Applying the inequality (2.8.10) for the sequence {[¢(S,)]*/7,
n > 1} and choosing p = v in that inequality, we get that

Blo(S7™)] < (—17) Blo(5.)] (2.8.11)

for all v > 1. ]

Examples of functions ¢ satisfying the conditions stated in Theorem 2.8.6 are
o(z) = 2P[log(1+ z)]” for p > 1 and 7 > 0 and ¢(x) = ™ for r > 0. Applying the
result in Theorem 2.8.6 for the function ¢(z) = e",r > 0, we obtain the following
inequality.

Theorem 2.8.7. Let the sequence {S,, n > 1} be a nonnegative demisubmartingale.
Then
Ele™n"] < eE[e™"], r>0. (2.8.12)

Proof. Applying the result stated in Theorem 2.8.6 to the function ¢(x) = ™, we
get that

ElemSi™] < (-2 o) VB[] (2.8.13)
v —
for any v > 1. Let v — oo. Then
Ty
()b
and we get that 4
Ele™n™] < eE[e™"],r > 0. (2.8.14)
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The next result deals with maximal inequalities for functions ¢ € C which
are k times differentiable with the k-th derivative ¢*) € C for some k > 1.

Theorem 2.8.8. Let the sequence {S,, n > 1} be a nonnegative demisubmartingale.
Let ¢ € C which is differentiable k times with the k-th derivative ¢*) € C for some

k> 1. Then

Blo(sp™)] < () Blo(S,)] (2815)

Proof. The proof follows the arguments given in Alsmeyer and Rosler (2006) fol-
lowing the inequality (2.8.9). We present the proof here for completeness. Note
that

6@ = [ (=07 Quld)
[0,00)
where
Qg (dt) = ¢'(0)do + ¢'(dt)
and dg is the Kronecker delta function. Hence, if ¢’ € C, then

() = /Ox ¢'(y)dy (2.8.16)

-/ /OOO (v — 1)+ Qo (dt)dy
/[O OO)/ — 1) dyQy (dt)

B (z—t)* ) /
_ /[O,Oo) S Q).

An inductive argument shows that

T —t)T k+1
¢(x)/[0 )WQW(dt) (2.8.17)

for any ¢ € C such that ¢(*) € C. Let

((.’E _ t)+)k:+1

Pra(@) = (k+1)!

for any & > 1 and ¢ > 0. Note that the function [¢y, ¢(z)]'/**1 is nonnegative,
convex and nondecreasing in x for any £ > 1 and ¢ > 0. Hence the process
{[Pr.t(Sn)]Y/*F+D  n > 1} is a nonnegative demisubmartingale by Theorem 2.1.1.
Following the arguments given to prove (2.8.10), we obtain that

k+1

- )k+lE(([¢k,t(Sn)}1/(k+1))k+1)

(([¢kt(smax)]l/(k-&-l))k-ﬁ-l) (
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which implies that
E+1

Bl (Sn™)] < (— ) B¢, (Sn))- (2.8.18)
Hence
E[p(5.))] /[O )E[aﬁk,t(Sﬁla")]me(dt) (by (2.8.17)) (2.8.19)
< (EE D / Elor.t(S2)]Qp (dt) (by (28.18))
0,00)
= (“E L Blg(s,)]
which proves the theorem. O

We now consider a special case of the maximal inequality derived in (2.8.2)
of Theorem 2.8.1. Let ¢(x) = z. Then ®;(z) = zlogz — z + 1 and ®}(z) = logx.
The inequality (2.8.2) reduces to

A Sp. S, S, Sh
E[S™™] < p4+ —C— 2 Jog 22 — 2 4 b — (logb) 22 )dP
(S <b+ 17— [Sn>>\b]()‘ og = =~ +b—(logb)-7")

:b—i-L/ (Snlog S, — Sp(log A +1logb+ 1) + \b)dP
1= Jis, >

forallb>0and 0 <A< 1. Let b>1and A = %. Then we obtain the inequality

max(Sy,1)
E(S);*) <b+ %E(/ logz dx), b>1, n>1. (2.8.20)
1

The value of b which minimizes the term on the right-hand side of equation (2.8.20)

18
max(snal)

b* =1+ (E(/ logz dx))*/?
1

and hence

max(Sy,1)
E(Sy™) <1+ (E(/ logz dx))'/?)2. (2.8.21)
1

Since "
/logy dy =zlogtx — (x —1), x=>1,
1

the inequality (2.8.20) can be written in the form

B(S™) < b+ %(E(Sn log™ S,) — E(S, — 1)), b>1,n>1. (2.8.22)
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Let b= E(S, — 1)* in equation (2.8.22). Then we get the maximal inequality

1+ E(S,—1)*
E(S, —1)*

If we choose b = e in equation (2.8.22), then we get the maximal inequality

E(Sy™) < E(Sylog® Sy,). (2.8.23)

B(S™) < e+ Ll(E(Sn log™ Sp) — E(S, —1)%), b>1,n>1 (2.824)
-

Results discussed in this section are due to Prakasa Rao (2007).

2.9 Maximal Inequalities for Functions of
Demisubmartingales

We now derive some maximal inequalities due to Wang and Hu (2009) and Wang
et al. (2010) for functions of demimartingales and demisubmartingales.

Theorem 2.9.1. Let the sequence {S,,, n > 1} be a demisubmartingale with So = 0
and g(.) be a nondecreasing convezr function on R with g(0) = 0. Suppose that
E|g(S;)| < oo, i > 1. Let the sequence {c,, n > 1} be a nonincreasing sequence of
positive numbers. Then, for any € > 0,

€ P[ max c,g(Sk) > € chE — g7 (Sk_1)]. (2.9.1)

1<k<n]

Proof. This result follows from the fact that {g(Sy), n > 1} is a demisubmartingale
and applying Theorem 5.1 on Chow type maximal inequality for demisubmartin-
gales (cf. Christofides (2000)). O

The following theorem is due to Wang (2004). We omit the proof.

Theorem 2.9.2. Let the sequence {Sp,, n > 1} be a demimartingale, So = 0, and g(.)
be a nonnegative convex function on R with g(0) = 0. Suppose that E|g(S;)| < oo,
i > 1. Let {¢n, n > 1} be a nonincreasing sequence of positive numbers. Then, for
any € > 0,

M:

e P max c¢,g(Sk) > ¢ <

1<k<n] R El(g(Sk) — g(skfl))l[ma’nsmb ey9(8;)2ell

=

Sl

—

IN

ek Eg(Sk) — 9(Sk-1)]- (2.9.2)

b
\ |

As an application of the above theorem, we obtain the following result by
choosing the function g(z) = |z|. For any € > 0,

> — . 9.
eP[11<I}§1<X]ck|Sk\ €] ZCkEHSH [Sk—1l] (2.9.3)
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The following inequality gives a Doob type maximal inequality for functions
of demisubmartingales.

Theorem 2.9.3. Let the sequence {S,, n > 1} be a demisubmartingale, Sy = 0,
and g(.) be a nondecreasing convex function on R with g(0) = 0. Suppose that
E|g(Si)| < 00, i > 1. Then, for any e > 0,

¢ P[max g(Sy) > < / 9(S,)] dP. (2.9.4)
1sksn [max <<n 9(Sk)>e]

Proof. This result follows from the fact that the sequence {g(S,), n > 1} is a
demisubmartingale and applying Theorem 2.1 on Doob type maximal inequality
for demisubmartingales. O

The following inequality gives a Doob type maximal inequality for nonnega-
tive convex functions of demimartingales.

Theorem 2.9.4. Let the sequence {S,, n > 1} be a demimartingale and ¢(.) be a
nonnegative convezx function on R with g(0) = 0. Suppose that the random variables
9(S:), i > 1 are integrable. Then, for any e > 0,

e P max ¢g(Sk) > ¢] < / 9(Sy,) dP. (2.9.5)
I<k<n [maxi<p<n g(Sk)>e€]
For a proof, see Wang and Hu (2009). In particular, by choosing g(z) = |z|",
r > 1, we obtain the following result.

Theorem 2.9.5. Let the sequence {S,, n > 1} be a demimartingale, Sy = 0, and
suppose that E|S,|"” < co, n > 1 for some r > 1. Then, for any e > 0,

1 1
Pl max |Si| > ¢ < 7/ Su" dP < S B[S, (2.9.6)
I<ks<n € JImaxi<p<n |Sk|">e] €
Wang et al. (2010) derived some inequalities for expectations of maxima of
functions of demisubmartingales. We now discuss some of these results.

Theorem 2.9.6. Let the sequence {S,, n > 1} be a demimartingale and g(.) be a
nonnegative conver function on R with g(0) = 0. Suppose that E|g(Sk)|P < oo,
k > 1, for some p > 1. Let {c,, n > 1} be a nonincreasing sequence of positive
numbers. Then

Blmax crg(SkP < (CEPEL erl(9(Sk) = g(Sh)))" (29.7)
k=1
If p=1, then
E[1r<n’§ix ckg(Sk)] (2.9.8)

B> erly( 9(Sk-1))log" (D _ cx(g(Sk) = 9(Sk—1))))-

k=1 k=1

.
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Proof. Let p > 1. Then, by Theorem 2.9.2 due to Wang (2004) and Hoélder’s
inequality, we have

E[lg}jﬁ] crg(Sk)]” (2.9.9)

= T >
p/o 2P P| max. ckg(Sk) > x| dx

ép/ zP QEZC] J 1))I[Hlax1<k<n Pkg(sk)>z]] dx
ch Si-1)( max crg(Si)" ™)
an Si— )P (B( max exg(Si)")"/?

where ¢ is such that 1/p + 1/q = 1. Rearranging the last inequality, we get that

(E[lg}cagjil] ckg(Sk)]P )l/p < ZCJ S;— 1))];))1/;7 (2.9.10)

which implies that

E[lg}jzx]ckg(Sk)]p <( pE ch Si—1)]P. (2.9.11)

Let us now consider the case p = 1. Then

E[lg}&x | ck9(Sk)] (2.9.12)

< 1+/1 P[lglz?? ckg(Sk) = x| dz
§1+/ ZC] Sj— 1))I[maxl<k<n Ckg(Sk)>ﬂf]] dx
<
1+ E ZCJ S; 1)) log™ (m];?gc crg(Sk))]-

Note that, for any ¢ > 0 and b > 0,
alogt b < alogt a4+ be™?

Applying this inequality, we get that
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E[lglljlf k9(Sk)] (2.9.13)

<1+ E[( ch 1)) log™* (Z ¢j(9(S;) — 9(Sj-1))]
1E[ max. ckg(Sk)]

Hence

E[1r<n]§1)( ck9(Sk)] (2.9.14)

Sj-1)1og™ (> ¢;(a( (S;—))). O
j=1

As a corollary to the above result, we get the following bound on the ex-
pectations for maximum of a nonnegative convex function of a demimartingale.
Choose ¢, =1, k > 1.

Theorem 2.9.7. Let the sequence {S,, n > 1} be a demimartingale and g(.) be
a nonnegative convex function on R with g(0) = 0. Suppose that E|g(Sk|P < oo,
k> 1, for somep>1. Ifp > 1, then

Blmax g(Su < (L) Blg(S,)P (2.9.15)
and
B max g(S1)] < —[1+ B(g(S.) log™ 9(S.)- (2.9.16)

As an additional corollary, we obtain the following Doob type maximal in-
equality for demimartingales.

Theorem 2.9.8. Let the sequence {S,, n > 1} be a demimartingale and p > 1.
Suppose that E|Sk|P < 0o, k > 1. Then, for every n > 1,

P P P
Elmax (S < CELPESL p>1 (2.9.17)
and
e +
Bl max [Suf) < —[1+ B(1S|log" [, ). (29.18)

Remarks. As corollaries to the above results, one can obtain a strong law of large
numbers for functions of demimartingales and partial sums of mean zero associated
random variables using conditions developed in Fazekas and Klesov (2001) and Hu
and Hu (2006). For related results, see Hu et al. (2008). We will not discuss these
results.
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2.10 Central Limit Theorems

As was mentioned in Chapter 1, Newman (1980,1984) obtained the central limit
theorem for partial sums of mean zero stationary associated random variables
which form a demimartingale This result also holds for weakly associated random
sequences as defined below. This was pointed out by Sethuraman (2000). However
it is not known whether the central limit theorem holds for any demimartingale
in general.

Let {v(t) = (vi(t),...,vm(t)), t > 0} be an m-dimensional L?-process with
stationary increments. This process is said to have weakly positive associated in-
crements if

E[p(v(t+s) =v(s)d(v(s1),- .., v(sn))] = E[o(vIOIEW(V(s1), .-, V(sn)]

for all componentwise nondecreasing functions ¢ and %, for all s,t > 0 and for
0<s1<...,8,=8,n2>1.

Sethuraman (2000, 2006) proved the following invariance principle for pro-
cesses which have weakly positive associated increments. This theorem is a con-
sequence of the central limit theorem due to Newman (1980) and the maximal
inequalities for demimartingales discussed earlier in this chapter (cf. Newman and
Wright (1982)). Let d denote a column vector in R™ and d’ the corresponding
row vector.

Theorem 2.10.1. Let {v'(t) = (vi(t),...,vm(t)), t > 0} be an m-dimensional L?-
process in C[0,00) with stationary and weakly positive associated increments such
that Efv;(¢)] =0 for 1 <i <m and t > 0. Further suppose that

3 _1 . . e ..
tlggot Elv;(t)vj(t)] = 045 < o00. (2.10.1)
Then
o V2! (at)d — W(d'Sdt) as a — oo (2.10.2)

weakly in the uniform topology where ¥ = ((0ij)mxm 1S the covariance matriz,
d € R™ and W s the standard Brownian motion.

Newman (1984) conjectured the following result: Let So = 0 and the sequence
{S,,n > 1} be an L2- demimartingale whose difference sequence { X,, = S,,—S,,_1,
n > 1} is strictly stationary and ergodic with

0<o®=Var(X;) + QZCOV(Xl,Xj) < 00.
j=2
Then
nil/QSn 5 oZ as n — 0o

where Z is a standard normal random variable. It is not known whether the above
conjecture is true. The problem remains open. We will come back to the discussion
on Newman’s conjecture in Chapter 6.
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2.11 Dominated Demisubmartingales

Let My = Ny = 0 and the sequence {M,,, n > 0} be a sequence of random variables
defined on a probability space (2, F, P). Suppose that

E[(Mn-H - Mn)f(Mov s aMn)Kn] >0

for any nonnegative componentwise nondecreasing function f given a filtration
{¢n, n > 0} contained in F. Then the sequence {M,,, n > 0} is said to be a strong
demisubmartingale with respect to the filtration {¢,, n > 0}. It is obvious that a
strong demisubmartingale is a demisubmartingale in the sense discussed earlier.

Definition. Let My = 0 = Ny. Suppose { M,,, n > 0} is a strong demisubmartingale
with respect to the filtration generated by a demisubmartingale {N,, n > 0}.
The strong demisubmartingale {M,,, n > 0} is said to be weakly dominated by
the demisubmartingale {N,, n > 0} if for every nondecreasing convex function
¢ : Ry — R, and for any nonnegative componentwise nondecreasing function
f:R>™ = R,

El(¢(len]) = ¢(|dnl) f(Mo, ..., Myp_1;No, ..., Np—1)|Noy .., Npe1] 20 aus.,
(2.11.1)
for all n > 1 where d,, = M,, — M,,_1 and e,, = N,, — N,,_1. We write M < N in
such a case.

In analogy with the inequalities for dominated martingales developed in Os-
ekowski (2007), we will now prove an inequality for domination between a strong
demisubmartingale and a demisubmartingale.

Following Osekowski (2007), define the functions u<o(x,y) and usa(z,y) as
given below. Let

2 _ 2 f D
weala,y) = 4 VI = Ol , @y €D 5119
2lyl = 1+ 8lyl*Ijjy <1y + (16]y| — 8) 1y >y if (z,y) € D°
and
0 if (z,y) € E,
u>2\,Y) = 2.11.3
A {9|y|2 = (|2l = 1)? = 8(jz| = 1)* ap>y if (z,y) € B, (2.11.3)
where

D ={(z,y) € R? : |y| + 3|z| < 1} and E = {(z,y) € R? : 3|y| + |z| < 1}.

We now state a weak-type inequality between dominated demisubmartin-
gales.
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Theorem 2.11.1. Suppose the sequence {M,, n > 0} is a strong demisubmartingale
with respect to the filtration generated by the sequence {N,, n > 0} which is a
demisubmartingale . Further suppose that M < N. Then, for any A > 0,

A P(|M,| > \) <6E|N,|, n>0. (2.11.4)

We will first state and sketch the proof of a lemma which will be used to prove
Theorem 2.11.1. The method of proof is the same as that in Osekowski (2007).

Lemma 2.11.2. Suppose the sequence {M,, n > 0} is a strong demisubmartingale
with respect to the filtration generated by the sequence {N,, n > 0} which is a
demisubmartingale. Further suppose that M < N. Then

Eluco(My, Np) f(Mo, ..., Mp_1; No, ..., Np_1)] (2.11.5)
> Eluco(My—1,Np—1)f(Mo, ..., Mp_1;No, ..., Np—1)]

and
Eluso(My, Np) f(Mo, ..., Mp_1; No, ..., Np_1)] (2.11.6)
> Eluso(My—1,Np—1)f(Mo, ..., Mp_1;No, ..., Np_1)]

for any nonnegative componentwise nondecreasing function f : R*™ — R, n > 1.

Proof. Define u(x,y) where u = ucg or u = usy. From the arguments given
in Osekowski (2007), it follows that there exist a nonnegative function A(x,y)
nondecreasing in & and a nonnegative function B(z,y) nondecreasing in y and a
convex nondecreasing function ¢, ,(.) : Ry — R, such that, for any h and k,

u(z,y) + Az, y)h + Bz, y)k + oy (|k]) — ¢y (|h]) S u(z+h,y+ k). (2.11.7)
Let t = M,,_1, y = Np_1, h =d,, and k = e,,. Then, it follows that

U(Mnfl, anl) + A(Mnfl, anl)dn + B(Mnfl, anl)en (2118)

+ oM,y N ([€n]) = O,y v, ([dn])
Su(Mp—1 4 dn, N1+ ep) = u(M,, Ny).

Note that,
E[A(Mn_h Nn—l)dnf(Moa ey Mn—l; No, PN ,Nn_1)|N0, ey Nn—l] Z 0 a.s.

from the fact that {M,,, n > 0} is a strong demisubmartingale with respect to the
filtration generated by the process {N,, n > 0} and that the function

A($n—1,yn—1)f($0, ey Tn—15Y90,- - - 7yn—1)

is a nonnegative componentwise nondecreasing function in xg,...,x,_1 for any
fixed yg, - ..,yn—1. Taking expectation on both sides of the above inequality, we
get that

E[A(Mn,]_,Nn,]_)dnf(Mo, ey Mn,ﬁ N07 e ,Nn,]_)] Z 0. (2119)
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Similarly we get that
E[B(Mnfla anl)dnf(M(J? LARE Mnfl; NO, AR anl)] Z 0. (21110)

Since the sequence {M,, n > 0} is dominated by the sequence {N,, n > 0}, it
follows that

E[(¢M7L71,an1(|en|) - ¢Mn—17Nn71(|dn|)f(MO’ ooy Myp—1; No, ..., Nn—l)] >0
(2.11.11)
by taking the expectations on both sides of (2.11.1). Combining the relations
(2.11.7) to (2.11.11), we get that

Elu(My, No) f(Mo, ..., My_1;No,y ..., Np—1)] (2.11.12)
_E[ (Mn—17Nn—1)f(MO7'"7M’I’L—1;N07"'7Nn—1)]' D

Remarks. Let f = 1. Repeated application of the inequality obtained in Lemma
2.11.2 shows that
Eu(My,, N,)] > E[u(My, No)] = 0. (2.11.13)

Proof of Theorem 2.11.1. Let
o) =18 Jyl — Tlla] > 1.
It can be checked that (cf. Osekowski (2007))
v(x,y) > uca(z,y). (2.11.14)

Let A > 0. It is easy to see that the strong demlsubmartlngale 3)\ , n >0} is

weakly dominated by the demisubmartingale { 32, n > 0}. In view of the inequal-
ities (2.11.7) and (2.11.8), we get that

M, N, M, Ny,
— >)\) = —noTny > - >
6 BINu| = A P(Mo| > %) = AB[o( 555, 22)) 2 ABluca (5, 52)] 2 0
(2.11.15)
which proves the inequality
A P(|M,| > X) <6 E|N,|,n>0. (2.11.16)

O

Results discussed in this section are from Prakasa Rao (2007).
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