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Chapter 2

Demimartingales

2.1 Introduction

Let (Ω,F , P ) be a probability space and suppose that a set of random variables
X1, . . . , Xn defined on the probability space (Ω,F , P ) have mean zero and are
associated. Let S0 = 0 and Sj = X1 + . . .+Xj , j = 1, . . . , n. Then it follows that,
for any componentwise nondecreasing function g,

E((Sj+1 − Sj)g(S1, . . . , Sj)) ≥ 0, j = 1, . . . , n (2.1.1)

provided the expectation exists.

Throughout this chapter, we assume that all the relevant expectations exist
unless otherwise specified. Recall that a sequence of random variables {Sn, n ≥
1} defined on a probability space (Ω,F , P ) is a martingale with respect to the
natural sequence Fn = σ{S1, . . . , Sn} of σ-algebras if E(Sn+1|S1, . . . , Sn) = Sn

a.s. for n ≥ 1. Here σ{S1, . . . , Sn} denotes the σ-algebra generated by the random
sequence S1, . . . , Sn. An alternate way of defining the martingale property of the
sequence {Sn, n ≥ 1} is that

E((Sn+1 − Sn)g(S1, . . . , Sn)) = 0, n ≥ 1

for all measurable functions g(x1, . . . , xn) assuming that the expectations exist.

Newman and Wright (1982) introduced the notion of demimartingales.

Definition. A sequence of random variables {Sn, n ≥ 1} in L1(Ω,F , P ) is called a
demimartingale if, for every componentwise nondecreasing function g,

E((Sj+1 − Sj)g(S1, . . . , Sj)) ≥ 0, j ≥ 1 (2.1.2)

Remarks. If the sequence {Xn, n ≥ 1} is an L1, mean zero sequence of associated
random variables and Sj = X1 + . . . + Xj with S0 = 0, then the sequence {Sn,
n ≥ 1} is a demimartingale.
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Chapter 2. Demimartingales

If the function g is required to be nonnegative (resp., non-positive ) and
nondecreasing in (2.1.2), then the sequence will be called a demisubmartingale
(resp., demisupermartingale ).

A martingale {Sn,Fn, n ≥ 1} with the natural choice of σ-algebras {Fn,
n ≥ 1}, Fn = σ{S1, . . . , Sn} is a demimartingale. This can be seen by noting that

E((Sj+1 − Sj)g(S1, . . . , Sj)) = E[E((Sj+1 − Sj)g(S1, . . . , Sj)|Fj)] (2.1.3)

= E[g(S1, . . . , Sj)E((Sj+1 − Sj)|Fj)]

= 0

by the martingale property of the process {Sn,Fn, n ≥ 1}. Similarly it can be
seen that every submartingale {Sn,Fn, n ≥ 1} with the natural choice of σ-
algebras {Fn, n ≥ 1}, Fn = σ(S1, . . . , Sn) is a demisubmartingale. However a
demisubmartingale need not be a submartingale. This can be seen by the following
example (cf. Hadjikyriakou (2010)).

Example 2.1.1. Let the random variables {X1, X2} be such that

P (X1 = −1, X2 = −2) = p and P (X1 = 1, X2 = 2) = 1− p

where 0 ≤ p ≤ 1
2 . Then the finite sequence {X1, X2} is a demisubmartingale since

for every nonnegative nondecreasing function g(.),

E[(X2 −X1)g(X1)] = −pg(−1) + (1− p)g(1) (2.1.4)

≥ −pg(−1) + pg(1) (since p ≤ 1

2
)

= p(g(1)− g(−1)) ≥ 0.

However the sequence {X1, X2} is not a submartingale since

E(X2|X1 = −1) =
∑

x2=−2,2

x2P (X2 = x2|X1 = −1) = −2 < −1.

As remarked earlier, the sequence of partial sums of mean zero associated
random variables is a demimartingale. However the converse need not hold. In
other words, there exist demimartingales such that the demimartingale differences
are not associated. This can be seen again by the following example (cf. Hadjikyr-
iakou (2010)).

Example 2.1.2. Let X1 and X2 be random variables such that

P (X1 = 5, X2 = 7) =
3

8
, P (X1 = −3, X2 = 7) =

1

8

and

P (X1 = −3, X2 = 7) =
4

8
.
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2.1. Introduction

Let g be a nondecreasing function. Then the finite sequence {X1, X2} is a demi-
martingale since

E[(X2 −X1)g(X1)] =
6

8
[g(5)− g(−3)] ≥ 0.

Let f be a nondecreasing function such that

f(x) = 0 for x < 0, f(2) = 2, f(5) = 5 and f(10) = 20.

It can be checked that

Cov(f(X1), f(X2 −X1)) = −75

32
< 0

and hence X1 and X2 −X1 are not associated.

Christofides (2004) constructed another example of a demimartingale. We
now discuss his example.

Example 2.1.3. Let X1, . . . , Xn be associated random variables, let h(x1, . . . , xm)
be a “kernel” mapping Rm to R where 1 ≤ m ≤ n. Without loss of generality, we
assume that h is a symmetric function. Define the U -statistic

Un =

(
n

m

)−1 ∑
1≤i1<...<im≤n

h(Xi1 , . . . , Xim) (2.1.5)

where
∑

1≤i1<...<im≤n h(Xi1 , . . . , Xim) denotes the summation over the
(
n
m

)
com-

binations of m distinct elements {i1, . . . , im} from {1, . . . , n}. Suppose that the
function h is componentwise nondecreasing and E(h) = 0. Then the sequence
{Sn =

(
n
m

)
Un, n ≥ m} is a demimartingale. This can be checked in the following

way.
Note that

Sn+1 − Sn =
∑

1≤i1<...<im≤n+1

h(Xi1 , . . . , Xim)−
∑

1≤i1<...<im≤n

h(Xi1 , . . . , Xim)

=
∑

1≤i1<...<im−1≤n

h(Xi1 , . . . , Xim−1
, Xn+1) (2.1.6)

Then, for any componentwise nondecreasing function g, and for n ≥ m,

E[(Sn+1 − Sn)g(Sm, . . . , Sn)] (2.1.7)

= E[
∑

1≤i1<...<im−1≤n

h(Xi1 , . . . , Xim−1 , Xn+1)g(Sm, . . . , Sn)]

=
∑

1≤i1<...<im−1≤n

E[h(Xi1 , . . . , Xim−1 , Xn+1)g(Sm, . . . , Sn)]
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Chapter 2. Demimartingales

=
∑

1≤i1<...<im−1≤n

E[h(Xi1 , . . . , Xim−1
, Xn+1)v(X1, . . . , Xn)]

≥ 0

where, for n ≥ m,

v(x1, . . . , xn) = g
(
h(x1, . . . , xm),

∑
1≤i1<...<im≤m+1

h(xi1 , . . . , xim), . . . ,

∑
1≤i1<...<im≤n

h(xi1 , . . . , xim)
)
.

Note that the function v(x1, . . . , xn) is componentwise nondecreasing. The last
inequality in equation (2.1.7) follows from the fact that the sequence {Xi, i ≥ 1}
is an associated random sequence and the function v(x1, . . . , xn) is componentwise
nondecreasing. Hence the sequence {Sn, n ≥ m} is a demimartingale.

Example 2.1.4 (Hadjikyriakou (2010)). Suppose the random sequence {Xn, n ≥ 1}
is a sequence of associated identically distributed random variables such that the
probability density function of X1 is f(x, θ) with respect to a σ-finite measure μ
and the support of the density function f(x, θ) does not depend on θ. Suppose the
function

h(x) =
f(x, θ1)

f(x, θ0)

is nondecreasing in x for any fixed θ0 and θ1. Define

Ln =

n∏
k=1

f(Xk, θ1)

f(Xk, θ0)
.

Then, under the hypothesis H0 : θ = θ0, the sequence {Ln, n ≥ 1} is a demisub-
martingale. This can be checked in the following manner. Observe that

Ln+1 − Ln = [
f(Xn+1, θ1)

f(Xn+1, θ0)
− 1]Ln

and, for any componentwise nonnegative nondecreasing function g,

E[(Ln+1 − Ln)g(L1, . . . , Ln)] = E([
f(Xn+1, θ1)

f(Xn+1, θ0)
− 1]Lng(L1, . . . , Ln)) (2.1.8)

≥ E([
f(Xn+1, θ1)

f(Xn+1, θ0)
− 1])E(Lng(L1, . . . , Ln))

= 0.

Note that the inequality in the above relations is a consequence of the fact that
the random sequence {Xn, n ≥ 1} is associated and the last equality follows from
the observation that

E([
f(Xn+1, θ1)

f(Xn+1, θ0)
] = 1
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2.1. Introduction

under H0; θ = θ0. Observe that Ln is the likelihood ratio when the random se-
quence {Xn, n ≥ 1} is an independent sequence of random variables.

The following result, due to Christofides (2000), shows that if the random se-
quence {Sn, n ≥ 1} is a demisubmartingale or a demimartingale, then the random
sequence {g(Sn), n ≥ 1} is a demisubmartingale if g is a nondecreasing convex
function.

Theorem 2.1.1. Let the random sequence {Sn, n ≥ 1} be a demisubmartingale (or
a demimartingale) and g be a nondecreasing convex function. Then the random
sequence {g(Sn), n ≥ 1} is a demisubmartingale.

Proof. Define

h(x) = lim
x→y−0

g(x)− g(y)

x− y
.

From the convexity of the function g, it follows that the function h is a nonnegative
nondecreasing function. Furthermore

g(y) ≥ g(x) + (y − x)h(x).

Suppose that f is a nonnegative componentwise nondecreasing function. Then

E[(g(Sn+1)− g(Sn))f(g(S1), . . . , g(Sn))]

≥ E[(Sn+1 − Sn)h(Sn)f(g(S1), . . . , g(Sn))]

= E[(Sn+1 − Sn)f
∗(S1, . . . , Sn)] (2.1.9)

where f∗(x1, . . . , xn) = h(xn)f(g(x1), . . . , g(xn)). Note that f∗ is a componentwise
nondecreasing and nonnegative function. Since the sequence {Sn, n ≥ 1} is a
demimartingale, it follows that the last term is nonnegative and hence the sequence
{g(Sn), n ≥ 1} is a demimartingale. �

As an application of the above theorem, we have the following result.

Theorem 2.1.2. If the sequence {Sn, n ≥ 1} is a demimartingale, then the sequence
{S+

n , n ≥ 1} is a demisubmartingale and the sequence {S−n , n ≥ 1} is also a
demisubmartingale.

Proof. Since the function g(x) ≡ x+ = max(0, x) is nondecreasing and convex, it
follows that the sequence {S+

n , n ≥ 1} is a demisubmartingale from the previous
theorem. Let Yn = −Sn, n ≥ 1. It is easy to see that the sequence {Yn, n ≥ 1}
is also a demimartingale and Y +

n = S−n where x− = max(0,−x). Hence, as an
application of the first part of the theorem, it follows that the sequence {S−n ,
n ≥ 1} is a demisubmartingale. �

Suppose the sequence {Sn, n ≥ 1} is a demimartingale. The following result
due to Hu et al. (2010) gives sufficient conditions for a stopped demisubmartingale
to be a demisubmartingale.
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Chapter 2. Demimartingales

Theorem 2.1.3. Let the sequence {Sn, n ≥ 1} be a demisubmartingale, S0 =
0, and τ be a positive integer-valued random variable. Furthermore suppose that
the indicator function I[τ≤j] = hj(S1, . . . , Sj) is a componentwise nonincreasing
function of S1, . . . , Sj for j ≥ 1. Then the random sequence {S∗j = Smin(τ,j), j ≥ 1}
is a demisubmartingale.

Proof. Note that

S∗j = Smin(τ,j) =

j∑
i=1

(Si − Si−1)I[τ≥i].

We have to show that

E[(S∗j+1 − S∗j )f(S
∗
1 , . . . , S

∗
j )] ≥ 0, j ≥ 1

for any f which is componentwise nondecreasing and nonnegative. Since

gj(S1, . . . , Sj) ≡ 1− I[τ≤j] = 1− hj(S1, . . . , Sj)

is a componentwise nondecreasing and and nonnegative function, we get that

uj(S1, . . . , Sj) ≡ gj(S1, . . . , Sj)f(S1, . . . , Sj)

is a componentwise nondecreasing nonnegative function. By the demisubmartin-
gale property, we get that

E[(S∗j+1 − S∗j )f(S
∗
1 , . . . , S

∗
j )] = E[(Sj+1 − Sj)I[τ≥j+1]f(S

∗
1 , . . . , S

∗
j )]

= E[(Sj+1 − Sj)I[τ≥j+1]f(S1, . . . , Sj)]

= E[(Sj+1 − Sj)uj(S1, . . . , Sj)] ≥ 0 (2.1.10)

for j ≥ 1. Hence the sequence {S∗j , j ≥ 1} is a demisubmartingale. �

We now obtain some consequences of this theorem.

Theorem 2.1.4. Let the sequence {Sn, n ≥ 1} be a demisubmartingale. and τ be
a positive integer-valued random variable. Furthermore suppose that the indicator
function I[τ≤j] = hj(S1, . . . , Sj) is a componentwise nonincreasing function of
S1, . . . , Sj for j ≥ 1. Then, for any 1 ≤ n ≤ m,

E(Smin(τ,m)) ≥ E(Smin(τ,n)) ≥ E(S1), (2.1.11)

Suppose the sequence {Sn, n ≥ 1} is a demimartingale and the indicator function
I[τ≤j] = hj(S1, . . . , Sj) is a componentwise nondecreasing function of S1, . . . , Sj

for j ≥ 1. Then, for any 1 ≤ n ≤ m,

E(Smin(τ,m)) ≤ E(Smin(τ,n)) ≤ E(S1). (2.1.12)
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Proof. Suppose that the sequence {Sn, n ≥ 1} is a demisubmartingale and the in-
dicator function I[τ≤j] = hj(S1, . . . , Sj) is a componentwise nonincreasing function
of S1, . . . , Sj for j ≥ 1. Then the sequence {S∗n, n ≥ 1} is a demisubmartingale
by Theorem 2.1.3. The inequalities stated in equation (2.1.11) follow from the
demisubmartingale property by choosing f ≡ 1 in equation (2.1.10).

Suppose the sequence {Sn, n ≥ 1} is a demimartingale and that the indicator
function I[τ≤j] = hj(S1, . . . , Sj) is a componentwise nondecreasing function of
S1, . . . , Sj for j ≥ 1. Since the sequence {Sn, n ≥ 1} is a demimartingale, we note
that

−E(S∗j+1 − S∗j ) = −E[(Sj+1 − Sj)I[τ≥j+1]]

= E[(Sj+1 − Sj)(hj(S1, . . . , Sj)− 1)]

≥ 0 (2.1.13)

for j ≥ 1 from the demimartingale property. This in turn proves (2.1.12). �

2.2 Characteristic Function Inequalities

For any two complex-valued functions f(x1, . . . , xm) and f1(x1, . . . , xm) defined
on Rm, define f � f1 if f1−Re(eiαf) is componentwise nondecreasing for all real
α. Note that

f1 =
(f1 −Re(f)) + (f1 −Re(−f))

2
and hence f1 is real-valued and nondecreasing. Furthermore f � f1 for real f if
and only if f1+f and f1−f are both nondecreasing. We write f �A f1 if f � f1
and both the functions f and f1 depend only on xj , j ∈ A. The following results
are due to Newman (1984).

Lemma 2.2.1. Suppose h is real and h � h1 and φ is a complex-valued function
on R such that

|φ(t)− φ(s)| ≤ |t− s|, −∞ < t, s <∞.

Then φ(h)� h1. In particular, this property holds for the function φ(h) = eih.

Proof. For any function g(x1, . . . , xm), defined on Rm, let Δg denote the increment
in the function whenever one or more of the components xj , 1 ≤ j ≤ m is increased.
We have to prove that

Δ[h1 −Re(eiαφ(h))] ≥ 0 (2.2.1)

for any real α. Note that

|ΔRe(eiαφ(h))| ≤ |Δ(eiαφ(h))| = |Δφ(h)| ≤ |Δh|
from the property of the function φ and

|Δh| ≤ Δh1

since h� h1. �
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Chapter 2. Demimartingales

Lemma 2.2.2. Suppose f �A f1 and g �B g1. Define

〈f, g〉 = Cov(f(X1, X2, . . .), g(X1, X2, . . .))

where the Xj’s are either associated or negatively associated. In the negatively
associated case, assume in addition that the sets A and B are disjoint. Then

|〈f, g〉| ≤ 〈f1, g1〉 if f and/or g real

and
|〈f, g〉| ≤ 2〈f1, g1〉 otherwise.

Proof. Suppose that f is real. Since |〈f, g〉| = supα∈R Re(eiα〈f, g〉), it is sufficient
to show that Re(eiα〈f, g〉) ≤ 〈f1, g1〉 for every α ∈ R. This can be seen from the
observation that h ≡ Re(eiαg)� g1 and f � f1 and the identities

〈f1, g1〉 − 〈f, h〉 = 1

2
[〈f1 + f, g1 − h〉+ 〈f1 − f, g1 + h〉] ≥ 0 (2.2.2)

in the associated case and

−〈f1, g1〉 − 〈f, h〉 = 1

2
[〈f1 + f, g1 + h〉+ 〈f1 − f, g1 − h〉] ≥ 0 (2.2.3)

in the negatively associated case. If g is real, the arguments are the same. If neither
f nor g is real, then

|〈f, g〉| = |〈Re f, h〉+ i〈Im f, g〉| ≤ |〈Re f, g〉|+ |〈Im f, g〉| (2.2.4)

and the required inequality follows from the inequality for the real f case discussed
above. �

As a consequence of Lemma 2.2.1 and arguments similar to those given in
the proof of Lemma 2.2.2, Newman (1984) proved the following theorem.

Theorem 2.2.3. Let {Sn, n ≥ 1} be a demimartingale, S0 = 0, and f and f1 be
complex-valued functions on Rj such that f � f1. Then

|E((Sj+1 − Sj)f(S1, . . . , Sj))| ≤ E((Sj+1 − Sj)f1(S1, . . . , Sj)). (2.2.5)

In particular, this is the case for the function f(x1, . . . , xj) = exp{i∑j
k=1 rkxk}

and f1(x1, . . . , xj) =
∑j

k=1 |rk|xk.

The next result due to Newman (1984) gives sufficient conditions for a demi-
martingale to be a martingale with respect to the natural sequence of sub-σ-
algebras.

Theorem 2.2.4. Let S0 = 0, and the sequence {Sn, n ≥ 1} be an L2-demimartin-
gale. Let Fn be the σ-algebra generated by the sequence {S1, . . . , Sn}. If the random
sequence {Sn, n ≥ 1} has uncorrelated increments, that is, if

Cov((Sj+1 − Sj), (Sk+1 − Sk)) = 0, 0 ≤ k ≤ j,

then the sequence {Sn,Fn, n ≥ 1} is a martingale.
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2.3. Doob Type Maximal Inequality

Proof. For any 0 ≤ k ≤ j,

Cov(Sj+1 − Sj , Sk) = E[(Sj+1 − Sj)Sk]− E[(Sj+1 − Sj)]E[Sk]

= E[(Sj+1 − Sj)Sk] (2.2.6)

since E(Sj)] = E[Sj+1] by the demimartingale property of the sequence {Sn,
n ≥ 1}. From the uncorrelated increment hypothesis, we get that

E[(Sj+1 − Sj)Sk] = 0, 1 ≤ k ≤ j.

Applying Theorem 2.2.3, we get that

E[(Sj+1 − Sj) exp(i

j∑
k=1

rkSk)] = 0

for r1, . . . , rk ∈ R. This in turn proves that

E[Sj+1 − Sj |Fj ] = 0 a.s j ≥ 1.

Hence the random sequence {Sn,Fn, n ≥ 1} is a martingale. �
Remarks. Suppose S0 ≡ 0 and Sn = X1 + . . . + Xn where {Xn, n ≥ 1} is a
Gaussian process. Then the sequence {Sn, n ≥ 1} is a martingale if and only if
Cov(Xk, Xj) = 0 for all k > j and E[Xj ] = 0 for all j ≥ 1. It is the partial sum
sequence of associated random variables if Cov(Xk, Xj) ≥ 0 for all k > j and the
sequence {Sn, n ≥ 1} is a demimartingale if and only if

∑n
j=1 Cov(Xk, Xj) ≥ 0

for all k > n and E[Xj ] = 0 for all j ≥ 1.

2.3 Doob Type Maximal Inequality

We will now discuss a Doob type maximal inequality for demisubmartingales due
to Newman and Wright (1982). Let

S∗n = max(S1, . . . , Sn). (2.3.1)

Define the rank orders Rn,j by

Rn,j =

{
j-th largest of (S1, . . . , Sn), if j ≤ n,

min(S1, . . . , Sn) = Rn,n, if j > n.

The following theorem is due to Newman and Wright (1982).

Theorem 2.3.1. Suppose S1, S2, . . . is a demimartingale (resp., demisubmartin-
gale) and m is a nondecreasing (resp., nonnegative and nondecreasing) function
on (−∞,∞) with m(0) = 0; then, for any n and j,

E(

∫ Rn,j

0

u dm(u)) ≤ E(Snm(Rn,j)); (2.3.2)
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Chapter 2. Demimartingales

and, for any λ > 0,

λ P (Rn,j ≥ λ) ≤
∫
[Rn,j≥λ]

SndP. (2.3.3)

Proof. For fixed n and j, let Yk = Rk,j and Y0 = 0. Then

Snm(Yn) =
n−1∑
k=0

Sk+1(m(Yk+1)−m(Yk)) +
n−1∑
k=1

(Sk+1 − Sk)m(Yk). (2.3.4)

From the definition of Rn,j , it follows that

for k < j, either Yk = Yk+1 or Sk+1 = Yk+1;

and

for k ≥ j, either Yk = Yk+1 or Sk+1 ≥ Yk+1.

Hence, for any k,

Sk+1(m(Yk+1 −m(Yk)) ≥ Yk+1(m(Yk+1 −m(Yk)) ≥
∫ Yk+1

Yk

u dm(u). (2.3.5)

Combining the inequalities in equations (2.3.4) and (2.3.5), we get that

Snm(Yn) ≥
∫ Yn

0

u dm(u) +

n−1∑
k=1

(Sk+1 − Sk)m(Yk). (2.3.6)

Note that

E[(Sk+1 − Sk)m(Yk)] ≥ 0, 1 ≤ k ≤ n− 1 (2.3.7)

by the definition of demimartingale (resp., demisubmartingale) since the func-
tion m(Yk) is a nondecreasing (resp., nonnegative and nondecreasing) function of
S1, . . . , Sk. Taking the expectations on both sides of the inequality (2.3.6) and
applying the inequality (2.3.7), we obtain the inequality (2.3.2) stated in the the-
orem by observing that Yn = Rn,j . . The inequality (2.3.3) is an easy consequence
of (2.3.2) by choosing the function m(u) to be the indicator function I[u≥λ]. �

We obtain some corollaries to the theorem stated above.

Theorem 2.3.2. If the sequence {Sn, n ≥ 1} is an L2-demimartingale, then

E((Rn,j − Sn)
2) ≤ E(S2

n) (2.3.8)

and if the sequence {Sn, n ≥ 1} is an L2-demisubmartingale, then

E((R+
n,j − Sn)

2) ≤ E(S2
n). (2.3.9)
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2.3. Doob Type Maximal Inequality

Proof. In the demimartingale case, the corollary is proved by choosing m(u) = u
to obtain the inequality

E(R2
n,j/2) ≤ E(SnRn,j)

which is equivalent to the inequality stated in (2.3.8). In the demisubmartingale
case, we prove (2.3.9) by choosing m(u) = uI[u≥0]. �

The following result gives a maximal inequality for the sequence of partial
sums of mean zero associated random variables. This can be derived as a corollary
to the theorem proved earlier. We omit the proof of this result. For details, see
Newman and Wright (1982).

Theorem 2.3.3. Suppose the sequence {Xn, n ≥ 1} is a mean zero associated
sequence of random variables and Sn = X1 + . . . + Xn with S0 = 0. Then the
sequence {Sn, n ≥ 1} is a demimartingale and

E(R2
n,j) ≤ E(S2

n) = σ2
n, (2.3.10)

and, for λ1 < λ2,

(1− σ2
n/(λ2 − λ1)

2)P (S∗n ≥ λ2) ≤ P (Sn ≥ λ1), (2.3.11)

so that for α1 < α2 with α2 − α1 > 1,

P (max(|S1|, . . . , |Sn|) ≥ α2σn) ≤ (α2 − α1)
2

(α2 − α1)2 − 1
P (|Sn| ≥ α1σn). (2.3.12)

Note that Theorem 2.3.3 holds for partial sums of mean zero associated
random variables which form a demimartingale. However the following maximal
inequality is valid for any demimartingale.

Theorem 2.3.4. Suppose the sequence {Sn, n ≥ 1} is an L2-demisubmartingale.
Let E(S2

n) = σ2
n. Then, for 0 ≤ λ1 < λ2,

P (S∗n ≥ λ2) ≤ (σn/(λ2 − λ1))(P (Sn ≥ λ1))
1/2. (2.3.13)

If S1, S2, . . . is an L2 demimartingale, then for 0 ≤ α1 < α2,

P (max(|S1|, . . . , |Sn|) ≥ α2σn) ≤
√
2(α2 − α1)

−1(P (|Sn| ≥ α1σn))
1/2. (2.3.14)

Proof. Let λ = λ2 and j = 1 in the inequality proved in (2.3.3). Then, it follows
that

λ2 P (S∗n ≥ λ2) ≤
∫
[S∗n≥λ2]

Sn dP

≤
∫
[Sn≥λ1]

Sn dP +

∫
[S∗n≥λ2,Sn<λ1]

Sn dP
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≤
∫
[Sn≥λ1]

Sn dP + λ1P (S∗n ≥ λ2) (2.3.15)

which implies that

P (S∗n ≥ λ2) ≤ (λ2 − λ1)
−1E(SnI[Sn≥λ1]). (2.3.16)

Applying the Cauchy-Schwartz inequality to the term on the right-hand side of
the above inequality, we get the inequality (2.3.13). In order to derive inequality
(2.3.14), we take λi = αiσn and add to (2.3.13) the corresponding inequality with
all the Si’s replaced by −Si’s which also forms a demimartingale. �

Chow (1960) proved a maximal inequality for submartingales. Christofides
(2000) obtained an analogue of this inequality for demisubmartingales. Prakasa
Rao (2002, 2007) andWang (2004) derived other maximal inequalities for demisub-
martingales. We will discuss these results later in this chapter.

2.4 An Upcrossing Inequality

The following theorem, due to Newman and Wright (1982), extends Doob’s up-
crossing inequality for submartingales to demisubmartingales. Given a set of ran-
dom variables S1, S2, . . . , Sn and a < b, we define a sequence of stopping times
J0 = 0, J1, J2, . . . as follows (for k = 1, 2, . . .):

J2k−1 =

{
n+ 1 if {j : J2k−2 < j ≤ n and Sj ≤ a} is empty,

min{j : J2k−2 < j ≤ n and Sj ≤ a}, otherwise,

and

J2k−1 =

{
n+ 1 if {j : J2k−2 < j ≤ n and Sj ≥ b} is empty,

min{j : J2k−2 < j ≤ n and Sj ≥ b}, otherwise.

The number of complete upcrossings of the interval [a, b] by S1, . . . , Sn is denoted
by Ua,b where

Ua,b = max{k : J2k < n+ 1}. (2.4.1)

Theorem 2.4.1. If the finite sequence S1, S2, . . . , Sn is a demisubmartingale, then
for a < b,

E(Ua,b) ≤ E((Sn − a)+)− E((S1 − a)+)

b− a
. (2.4.2)

The following theorem gives sufficient conditions for the almost sure conver-
gence of a demimartingale. It is a consequence of the upcrossing inequality stated
in Theorem 2.4.1 as in the case of martingales.

Theorem 2.4.2. If the sequence {Sn, n ≥ 1} is a demimartingale and

lim sup
n→∞

E|Sn| <∞,

then the Sn converge a.s. to a random variable X such that E|X| <∞.
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We now prove the upcrossing inequality.

Proof of Theorem 2.4.1. For 1 ≤ j ≤ n− 1, define

εj =

{
1 if for some k = 1, 2, . . . , J2k−2 ≤ j < J2k−1

0 if for some k = 1, 2, . . . , J2k−1 ≤ j < J2k
(2.4.3)

so that 1− εj is the indicator function of the event that the time interval [j, j+1)
is a part of an upcrossing possibly incomplete; equivalently

εj =

⎧⎪⎨
⎪⎩
1 if either Si > a for i = 1, . . . , j or

for some i = 1, . . . , j, Si ≥ b and Sk > a for k = i+ 1, . . . , j

= 0 otherwise.

(2.4.4)

Let Λ be the event that the sequence S1, . . . , Sn ends with an incomplete upcross-
ing, that is, J̃ ≡ J2Ua,b+1 < n. Note that

(Sn − a)+ − (S1 − a)+ =

n−1∑
j=1

[(Sj+1 − a)+ − (Sj − a)+] = Mu +Md (2.4.5)

where

Md =

n−1∑
j=1

εj [(Sj+1 − a)+ − (Sj − a)+] ≥
n−1∑
j=1

εj(Sj+1 − Sj). (2.4.6)

This inequality follows from the observation that

(Sj+1 − a)+ ≥ Sj+1 − a

and
εj(Sj − a)+ = εj(Sj − a)

since εj = 1 implies that Sj > a from the definition of εj . Observe that

Mu =

n−1∑
j=1

(1− εj)[(Sj+1 − a)+ − (Sj − a)+] (2.4.7)

=

Ua,b∑
k=1

J2k−1∑
j=J2k−1

[(Sj+1 − a)+ − (Sj − a)+] +

n−1∑
j=J̃

[(Sj+1 − a)+ − (Sj − a)+]

=

Ua,b∑
k=1

[(SJ2k
− a)+ − (SJ2k−1

− a)+] + [(Sn − a)+ − (SJ̃ − a)+]IΛ

=

Ua,b∑
k=1

(SJ2k
− a)+ + (Sn − a)+]IΛ

≥ (b− a)Ua,b.
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Combining equations (2.4.5), (2.4.6) and (2.4.7) and taking expectations, we get
that

E[(Sn − a)+ − (S1 − a)+] ≥ (b− a)E[Ua,b] +

n−1∑
j=1

E[εj(Sj+1 − Sj)]. (2.4.8)

Note that εj is a nonnegative nondecreasing function of S1, . . . , Sn from the defi-
nition of εj . Since {Sj , j = 1, . . . , n} is a demisubmartingale, it follows that

E[εj(Sj+1 − Sj)] ≥ 0, j = 1, . . . , n− 1.

Hence

E[(Sn − a)+ − (S1 − a)+] ≥ (b− a)E[Ua,b] (2.4.9)

which implies the upcrossing inequality stated in the theorem. �

2.5 Chow Type Maximal Inequality

We now derive some more maximal inequalities for demimartingales which can be
used to derive strong laws of large numbers for demimartingales. The following
result, due to Christofides (2000), is an analogue of the maximal inequality for
submartingales proved by Chow (1960).

Theorem 2.5.1. Let the sequence {Sn, n ≥ 1} be a demisubmartingale with S0 = 0.
Let {cn, n ≥ 0} be a nonincreasing sequence of positive numbers, Then, for any
ε > 0,

ε P [ max
1≤k≤n

ckSk ≥ ε] ≤
n∑

j=1

cj E[S+
j − S+

j−1] (2.5.1)

where x+ = max{0, x}.
Proof. Let ε > 0. Let A = [max1≤k≤n ckSk ≥ ε] and

Aj = [ max
1≤i<j

ciSi < ε, cj Sj ≥ ε], j = 1, . . . , n.

Let Ec denote the complement of a set E. Let I[E] denote the indicator function
of a set E. Note that the events Aj , j = 1, . . . , n are disjoint and A = ∪n

j=1Aj .
Hence

ε P (A) = ε

n∑
j=1

P (Aj) (2.5.2)

=
n∑

j=1

E[εI[Aj ]]
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≤
n∑

j=1

E[cj SjI[Aj ]]

≤
n∑

j=1

E[cj S
+
j I[Aj ]]

= c1E[S+
1 ]− c1E[S+

1 I[Ac
1]
] +

n∑
j=2

E[cj S
+
j I[Aj ]]

≤ c1E[S+
1 ]− c2E[S+

1 I[Ac
1]
] + c2E[S+

2 I[A2]] +

n∑
j=3

E[cj S
+
j I[Aj ]]

= c1E[S+
1 ] + c2E[(S+

2 − S+
1 )I[Ac

1]
]− c2E[S+

2 I[Ac
1∩Ac

2]
] +

n∑
j=3

E[cj S
+
j I[Aj ]].

The last equality follows from the fact that I[A2] = I[Ac
1]
− I[Ac

1∩Ac
2]

which in turn
holds since A2 ⊂ Ac

1. The expression on the right-hand side of the last equality
can be written in the form

c1E[S+
1 ]+c2E[S+

2 −S+
1 ]−c2E[(S+

2 −S+
1 )I[A1]]−c2E[S+

2 I[Ac
1∩Ac

2]
]+

n∑
j=3

E[cj S
+
j I[Aj ]].

Let h(y) = limx→y−o
x+−y+

x−y . Then h(.) is a nonnegative nondecreasing function

by the convexity of the function x+ = max{0, x} and we have

S+
2 − S+

1 ≥ (S2 − S1)h(S1).

Therefore
E[(S+

2 − S+
1 )I[A1]] ≥ E[(S2 − S1)h(S1)I[A1]].

Since h(S1)I[A1] is a nonnegative nondecreasing function of S1, it follows that

E[(S2 − S1)h(S1)I[A1]] ≥ 0

by the demisubmartingale property of the sequence {Sn, n ≥ 1} which in turn
shows that

E[(S+
2 − S+

1 )I[A1]] ≥ 0.

Hence the expression on the right-hand side of the last inequality in (2.5.2) is
bounded above by J where

J = c1E[S+
1 ] + c2E[S+

2 − S+
1 ]− c2E[S+

2 I[Ac
1∩Ac

2]
] +

n∑
j=3

E[cj S
+
j I[Aj ]].

Since the sequence ck is a nondecreasing sequence,

J ≤ c1E[S+
1 ] + c2E[S+

2 − S+
1 ]− c3E[S+

2 I[Ac
1∩Ac

2]
] +

n∑
j=3

E[cj S
+
j I[Aj ]] (2.5.3)
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= c1E[S+
1 ] + c2E[S+

2 − S+
1 ] + c3E[(S+

3 − S+
2 )I[Ac

1∩Ac
2]
]

− c3E[S+
3 I[Ac

1∩Ac
2∩Ac

3]
] +

n∑
j=4

E[cj S
+
j I[Aj ]]

and the last equality follows from the fact that I[A3] = I[Ac
1∩Ac

2]
− I[Ac

1∩Ac
2∩Ac

3]

which in turn holds since A3 ⊂ Ac
1 ∩Ac

2. The expression on the right-hand side of
the last equality can be written in the form

3∑
j=1

cjE[S+
j − S+

j−1]− c3E[(S+
3 − S+

2 )I[A1∪A2]]− c3E[S+
3 I[Ac

1∩Ac
2∩Ac

3]
]

+
n∑

j=4

E[cj S
+
j I[Aj ]]. (2.5.4)

Applying the convexity of the function x+ again, we get that

E[(S+
3 − S+

2 )I[A1∪A2]] ≥ E[(S3 − S2)h(S2)I[A1∪A2]].

Since the function h(S2)I[A1∪A2] is a nonnegative componentwise nondecreasing
function of (S1, S2), it follows that

E[(S3 − S2)h(S2)I[A1∪A2]] ≥ 0

by the demisubmartingale property of the sequence {Sn, n ≥ 1}. Hence the quan-
tity defined by (2.5.4) is bounded above by

3∑
j=1

cjE[S+
j − S+

j−1]− c3E[S+
3 I[Ac

1∩Ac
2∩Ac

3]
] +

n∑
j=4

E[cj S
+
j I[Aj ]]. (2.5.5)

Proceeding in this way, we get that

εP (A) ≤
n∑

j=1

cjE[S+
j − S+

j−1]− cnE[S+
n I[Ac]] (2.5.6)

≤
n∑

j=1

cjE[S+
j − S+

j−1]

since cn > 0. �
A corollary to the Chow type maximal inequality is the following Doob type

maximal inequality which was derived earlier by other methods.

Theorem 2.5.2. Suppose the sequence {Sn, n ≥ 1} is a demisubmartingale. Then,
for any ε > 0,

ε P [ max
1≤k≤n

Sk ≥ ε] ≤
∫
[max1≤k≤n Sk≥ε]

SndP.
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Applications of Chow Type Maximal Inequality

As an application of the Chow type maximal inequality, we can obtain the following
results.

Theorem 2.5.3. Let the sequence {Sn, n ≥ 1} be a demimartingale with S0 = 0.
Suppose that {ck, k ≥ 1} is a positive nonincreasing sequence of numbers such
that limk→0 ck = 0. Suppose there exists ν ≥ 1 such that E[|Sk|ν ] < ∞ for every
k ≥ 1. Assume that

∞∑
k=1

cνkE(|Sk|ν − |Sk−1|ν) <∞. (2.5.7)

Then

cnSn
a.s→ 0 as n→∞.

Proof. Let ε > 0. Note that

P [sup
k≥n

ck|Sk| ≥ ε] = P [sup
k≥n

cνk|Sk|ν ≥ εν ]

≤ P [sup
k≥n

cνk(S
+
k )ν ≥ εν/2] + P [sup

k≥n
cνk(S

−
k )ν ≥ εν/2].

Since the function xν , x ≥ 0 is a nondecreasing convex function for any ν ≥
1, it follows that the sequences {(S+

k )ν , k ≥ 1} and {(S−k )ν , k ≥ 1} are both
demisubmartingales. Applying the Chow type maximal inequality proved earlier,
we get that

P [sup
k≥n

cνk(S
+
k )ν ≥ εν/2] + P [sup

k≥n
cνk(S

−
k )ν ≥ εν/2] (2.5.8)

≤ 2ε−ν(cνnE[(S+
n )ν ] +

∞∑
k=n+1

cνk E[(S+
k )ν − (S+

k−1)
ν ]

+ cνnE[(S−n )ν ] +

∞∑
k=n+1

cνk E[(S−k )ν − (S−k−1)
ν ])

= 2ε−ν(cνnE[|Sn|ν ] +
∞∑

k=n+1

cνk E[|Sk|ν − |Sk−1|ν ])

from the fact that |Sn|ν = (S+
n )ν+(S−n )ν . The Kronecker lemma and the condition

(2.5.7) imply that limn→∞ cνnE|Sn|ν = 0. From the inequality derived above, we
get that

lim
n→∞P [sup

k≥n
ck|Sk| ≥ ε] = 0, (2.5.9)

equivalently

cnSn
a.s→ 0 as n→∞. (2.5.10)

�
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Strong Law of Large Numbers for Associated Sequences

Consider a sequence of mean zero associated random variables. The following
Kolmogorov type of strong law of large numbers can be proved for such a sequence
as a consequence of Theorem 2.5.3.

Theorem 2.5.4. Let the sequence {Xn, n ≥ 1} be a sequence of L2-mean zero
associated random variables. Let Sn = X1 + . . .+Xn and S0 = 0. Suppose that

∞∑
n=1

n−2 Cov(Xn, Sn) <∞.

Then
Sn

n

a.s→ 0 as n→∞. (2.5.11)

Proof. Since the sequence {Xn, n ≥ 1} is mean zero associated, it follows that
{Sn, n ≥ 1} is a demimartingale. Applying Theorem 2.5.3 with ν = 2 and cn = 1

n ,
it follows that

Sn

n

a.s→ 0 as n→∞
provided

∞∑
n=1

n−2E(S2
n − S2

n−1) <∞.

Observe that
E(S2

n − S2
n−1) = 2E(XnSn−1) + E(X2

n)

and

2
∞∑

n=1

n−2E(XnSn−1) +

∞∑
n=1

n−2E(X2
n) ≤ 2

∞∑
n=1

n−2E(XnSn) (2.5.12)

= 2
∞∑

n=1

n−2 Cov(Xn, Sn) <∞. �

This strong law of large numbers for associated sequences was also proved
by Birkel (1989). Wang (2004) generalized Theorem 2.5.1 to obtain a maximal
inequality for nonnegative convex functions of a demimartingale.

Theorem 2.5.5. Let S0 = 0 and the sequence {Sn, n ≥ 1} be a demimartingale.
Let g(.) be a nonnegative convex function on R with g(0) = 0. Suppose that the
sequence {ci, 1 ≤ i ≤ n} is a non-increasing sequence of positive numbers. Let
S∗n = max1≤i≤n cig(Si). Then, for any λ > 0,

λP (S∗n ≥ λ) ≤
n∑

i=1

ciE[g(Si)− g(Si−1)]− cnE[g(Sn)I[S∗n<λ]] (2.5.13)
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≤
n∑

i=1

ciE[g(Si)− g(Si−1)].

We now give a sketch of proof of this theorem following the ideas in Hadji-
kyriakou (2010) and Wang (2004).

Proof. Define the functions

u(x) = g(x)I[x≥0] and v(x) = g(x)I[x<0].

Note that the function u(x) is a nonnegative nondecreasing convex function and
the function v(x) is a nonnegative nonincreasing convex function. It is obvious
that

g(x) = u(x) + v(x) = max{u(x), v(x)}.
Furthermore

P [ max
1≤i≤n

cig(Si) ≥ λ) = P [ max
1≤i≤n

ci max{u(Si), v(Si)} ≥ λ] (2.5.14)

≤ P [ max
1≤i≤n

ciu(Si) ≥ λ] + P [ max
1≤i≤n

civ(Si) ≥ λ].

Applying Theorem 2.5.1, we get that

λP [ max
1≤i≤n

ciu(Si) ≥ λ] ≤
n∑

i=1

ciE[u(Si)− u(Si−1)]. (2.5.15)

Let
Ai = {ckv(Sk) < λ, 1 ≤ k < i, civ(Si) ≥ λ}, i = 1, . . . , n.

Following the method in the proof of Theorem 2.5.1, we get that

λP [ max
1≤i≤n

civ(Si) ≥ λ] ≤
n∑

i=3

ciE[v(si)IAi
] + c1E[v(S1)] + c2E[v(S2)− v(S1)]

− c2E[v(S2)IAc
1∩Ac

2
]− c2E[(v(S2)− v(S1))IA1 ].

(2.5.16)

Let h(.) be the left derivative of the function v(.) Then h(.) is a non-positive
nondecreasing function and

v(x)− v(y) ≥ (x− y)h(y).

Hence
v(S2)− v(S1) ≥ (S2 − S1)h(S1)

and
E[(v(S2 − v(S1))IA1

] ≥ E[(S2 − S1)h(S1)IA1
].
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Since IA1
is a nonincreasing function of S1 and h(.) is a non-positive nondecreas-

ing function, it follows that h(S1)IA1
is a nondecreasing function of S1. By the

demimartingale property, we get that

E[(S2 − S1)h(S1)IA1
] ≥ 0.

Applying arguments similar to those in the proof of Theorem 2.5.1, we get that

λP [ max
1≤i≤n

civ(Si) ≥ λ] ≤
n∑

i=1

ciE[v(Si)− v(Si−1)]. (2.5.17)

Combining the inequalities (2.5.14), (2.5.15) and (2.5.17), we obtain the inequality
(2.5.13). �

Suppose the sequence {Sn, n ≥ 1} is a nonnegative demimartingale. As a
corollary to this theorem, it can be proved that

E( max
1≤i≤n

Si) ≤ e

e− 1
[1 + E(Sn log

+ Sn)].

For a proof of this inequality , see Corollary 2.1 in Wang (2004).

2.6 Whittle Type Maximal Inequality

We now discuss a Whittle type maximal inequality for demisubmartingales due
to Prakasa Rao (2002). This result generalizes the Kolmogorov inequality and the
Hajek-Renyi inequality for independent random variables (Whittle (1969)) and is
an extension of the results in Christofides (2000) for demisubmartingales.

Let the sequence {Sn, n ≥ 1} be a demisubmartingale. Suppose φ(.) is a
nondecreasing convex function. Then the sequence {φ(Sn), n ≥ 1} is a demisub-
martingale by Theorem 2.1.1 (cf. Christofides (2000)).

Theorem 2.6.1. Let S0 = 0 and suppose the sequence of random variables {Sn, n ≥
1} is a demisubmartingale. Let φ(.) be nonnegative nondecreasing convex function
such that φ(0) = 0. Let ψ(u) be a positive nondecreasing function for u > 0. Let
An be the event that φ(Sk) ≤ ψ(uk), 1 ≤ k ≤ n, where 0 = u0 < u1 ≤ . . . ≤ un.
Then

P (An) ≥ 1−
n∑

k=1

E[φ(Sk)]− E[φ(Sk−1)]

ψ(uk)
. (2.6.1)

If, in addition, there exist nonnegative real numbers Δk, 1 ≤ k ≤ n such that

0 ≤ E[(φ(Sk)− φ(Sk−1))f(φ(S1), . . . , φ(Sk−1))] ≤ ΔkE[f(φ(S1), . . . , φ(Sk−1))]

for 1 ≤ k ≤ n for all componentwise nonnegative nondecreasing functions f such
that the expectation is defined and

ψ(uk) ≥ ψ(uk−1) + Δk, 1 ≤ k ≤ n,
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then

P (An) ≥
n∏

k=1

(1− Δk

ψ(uk)
). (2.6.2)

Proof. Since the sequence {Sn, n ≥ 1} is a demisubmartingale by hypothesis and
the function φ(.) is a nondecreasing convex function, it follows that the sequence
{φ(Sn), n ≥ 1} forms a demisubmartingale by Theorem 2.1.1. Hence

E{(φ(Sn+1)− φ(Sn))f(φ(S1), . . . , φ(Sn))} ≥ 0, n ≥ 1 (2.6.3)

for every nonnegative componentwise nondecreasing function f such that the ex-
pectation is defined. Let χj be the indicator function of the event [φ(Sj) ≤ ψ(uj)]
for 1 ≤ j ≤ n. Note that

χn ≥ (1− φ(Sn)

ψ(un)
)

and hence

P (An) = E(

n∏
i=1

χi) = E({
n−1∏
i=1

χi}χn)

≥ E({
n−1∏
i=1

χi}(1− φ(Sn)

ψ(un)
)).

Note that

E[{
n−1∏
i=1

χi}{(1− φ(Sn)

ψ(un)
)− (1− φ(Sn−1)

ψ(un)
)}+ φ(Sn)− φ(Sn−1)

ψ(un)
]

= E[(1−
n−1∏
i=1

χi)(
φ(Sn)− φ(Sn−1)

ψ(un)
)] ≥ 0

since the function 1 − ∏n−1
i=1 χi is a nonnegative componentwise nondecreasing

function of φ(Si), 1 ≤ i ≤ n− 1. Hence

P (An) ≥ E({
n−1∏
i=1

χi}(1− φ(Sn−1)

ψ(un)
))− E{φ(Sn)} − E{φ(Sn−1)}

ψ(un)

≥ E({
n−2∏
i=1

χi}(1− φ(Sn−1)

ψ(un−1)
))− E{φ(Sn)} − E{φ(Sn−1)}

ψ(un)
.

The last inequality follows from the observation that the sequence ψ(un), n ≥ 1 is
positive and nondecreasing.

Applying this inequality repeatedly, we get that

P (An) ≥ 1−
n∑

k=1

E[φ(Sk)]− E[φ(Sk−1)]

ψ(uk)
(2.6.4)
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completing the proof of the first part of the theorem. Note that

E{
n−1∏
i=1

χi(1− φ(Sn)

ψ(un)
)− (1− Δn

ψ(un)
)(1− φ(Sn−1)

ψ(un−1)
)
n−1∏
i=1

χi}

≥ E{ φ(Sn−1)

ψ(un)ψ(un−1)
[ψ(un)− ψ(un−1)−Δn]

n−1∏
i=1

χi}

and the last term is nonnegative by hypothesis. Hence

P (An) ≥ (1− Δn

ψ(un)
)E({

n−2∏
i=1

χi}(1− φ(Sn−1)

ψ(un−1)
)). (2.6.5)

Applying this inequality repeatedly, we obtain that

P (An) ≥
n∏

k=1

(1− Δk

ψ(uk)
). (2.6.6)

�

Applications

As applications of the Whittle type maximal inequality derived above, the follow-
ing results can be obtained.

Suppose the sequence {Sn, n ≥ 1} is a demisubmartingale. Then the se-
quences {(S+

n )p, n ≥ 1} and {(S−n )p, n ≥ 1} are demisubmartingales for p ≥ 1 by
Theorem 2.1.1. Furthermore |Sn|p = (S+

n )p + (S−n )p for all p ≥ 1.

(1) Let ψ(u) = up, p ≥ 1 in Theorem 2.6.1. Applying Theorem 2.6.1, we get
that

P (S+
j ≤ uj , 1 ≤ j ≤ n) ≥ 1−

n∑
j=1

E(S+
j )p − E(S+

j−1)
p

up
j

(2.6.7)

and

P (S−j ≤ uj , 1 ≤ j ≤ n) ≥ 1−
n∑

j=1

E(S−j )p − E(S−j−1)
p

up
j

. (2.6.8)

Hence , for every ε > 0,

P ( sup
1≤j≤n

|Sj |
uj

≥ ε) = P ( sup
1≤j≤n

|Sj |p
up
j

≥ εp)

= P ( sup
1≤j≤n

(S+
j )p + (S−j )p

up
j

≥ εp)

= P ( sup
1≤j≤n

(S+
j )p

up
j

≥ 1

2
εp) + P ( sup

1≤j≤n

(S−j )p

up
j

≥ 1

2
εp)
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≤ 2ε−p
n∑

j=1

E(S+
j )p − E(S+

j−1)
p

up
j

+ 2ε−p
n∑

j=1

E(S−j )p − E(S−j−1)
p

up
j

= 2ε−p
n∑

j=1

E|Sj |p − E|Sj−1|p
up
j

.

In particular, for p = 2, we have

P ( sup
1≤j≤n

|Sj |
uj

≥ ε) ≤ 2ε−2
n∑

j=1

ES2
j − ES2

j−1

u2
j

. (2.6.9)

which is the Hajek-Renyi type inequality for associated sequences derived in the
Corollary 2.3 of Christofides (2000).

Suppose p = 1. Let φ(x) = max(0, x). Then the function φ(x) is a nonnegative
nondecreasing convex function and it is clear that Sn ≤ S+

n = φ(Sn) for every
n ≥ 1. Let ψ(u) = u in Theorem 2.6.1. Then

P ( sup
1≤j≤n

Sj

uj
≥ ε) ≤ P ( sup

1≤j≤n

S+
j

uj
≥ ε) ≤ ε−1

n∑
j=1

ES+
j − ES+

j−1

uj

by Theorem 2.6.1 which is the Chow type maximal inequality derived in Theorem
2.5.1 (cf. Christofides (2000)).

(2) Let p = 2 again in the above discussion. If

E(S2
j − S2

j−1) ≤ u2
j − u2

j−1,

for 1 ≤ j ≤ n, then

P (An) ≥
n∏

j=1

(1− E(S2
j )− E(S2

j−1)

u2
j

)

which is an analogue of the Dufresnoy type maximal inequality for martingales
(cf. Dufresnoy (1967)).

(3) Let the sequence {Sn, n ≥ 1} be a demisubmartingale and the function
φ(.) be a nonnegative nondecreasing convex function such that φ(S0) = 0. Let
ψ(u) be a positive nondecreasing function for u > 0. Then, for any nondecreasing
sequence un, n ≥ 1 with u0 = 0,

P ( sup
1≤j≤n

φ(Sj)

ψ(uj)
≥ ε) ≤ ε−1

n∑
k=1

E[φ(Sk)]− E[φ(Sk−1)]

ψ(uk)
. (2.6.10)
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In particular, for any fixed n ≥ 1,

P (sup
k≥n

φ(Sk)

ψ(uk)
≥ ε) ≤ ε−1[E(

φ(Sn)

ψ(un)
) +

∞∑
k=n+1

E[φ(Sk)]− E[φ(Sk−1)]

ψ(uk)
]. (2.6.11)

As a consequence of this inequality, we get the following strong law of large
numbers for demisubmartingales (cf. Prakasa Rao (2002)).

Theorem 2.6.2. Let S0 = 0 and let the sequence {Sn, n ≥ 1} be a demisubmartin-
gale. Let φ(.) be a nonnegative nondecreasing convex function such that φ(0) = 0.
Let ψ(u) be a positive nondecreasing function for u > 0 such that ψ(u) → ∞ as
u→∞. Further suppose that

∞∑
k=1

E[φ(Sk)]− E[φ(Sk−1)]

ψ(uk)
<∞

for a nondecreasing sequence un →∞ as n→∞. Then

φ(Sn)

ψ(un)

a.s→ 0 as n→∞.

2.7 More on Maximal Inequalities

Suppose the sequence {Sn, n ≥ 1} is a demisubmartingale. Let Smax
n = max

1≤i≤n
Si

and Smin
n = min

1≤i≤n
Si. As special cases of Theorem 2.3.1, we get that

λ P [Smax
n ≥ λ] ≤

∫
[Smax

n ≥λ]

SndP (2.7.1)

and

λ P [Smin
n ≥ λ] ≤

∫
[Smin

n ≥λ]

SndP (2.7.2)

for any λ > 0.

The inequality (2.7.1) can also be obtained directly without using Theorem
2.3.1 by the standard methods used to prove the Kolomogorov inequality. We now
prove a variant of the inequality (2.7.2).

Suppose the sequence {Sn, n ≥ 1} is a demisubmartingale. Let λ > 0. Let

A = [ min
1≤k≤n

Sk < λ], A1 = [S1 < λ]

and
Ak = [Sk < λ, Sj ≥ λ, 1 ≤ j ≤ k − 1], k > 1.
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Observe that

A =
n⋃

k=1

Ak

and Ak ∈ Fk = σ{S1, . . . , Sk}. Furthermore the sets Ak, 1 ≤ k ≤ n are disjoint
and

Ak ⊂ (

k−1⋃
i=1

Ai)
c

where Ac denotes the complement of the set A in Ω. Note that

E(S1) =

∫
A1

S1dP +

∫
Ac

1

S1dP ≤ λ

∫
A1

dP +

∫
Ac

1

S2dP.

The last inequality follows by observing that∫
Ac

1

S1dP −
∫
Ac

1

S2dP =

∫
Ac

1

(S1 − S2)dP = E((S1 − S2)I[Ac
1]
).

Since the indicator function of the set Ac
1 = [S1 ≥ λ] is a nonnegative nondecreas-

ing function of S1 and the fact that {Sk, 1 ≤ k ≤ n} is a demisubmartingale, it
follows that

E((S2 − S1)I[Ac
1]
) ≥ 0.

Therefore
E((S1 − S2)I[Ac

1]
) ≤ 0

which implies that ∫
Ac

1

S1dP ≤
∫
Ac

1

S2dP.

This proves the inequality

E(S1) ≤ λ

∫
A1

dP +

∫
Ac

1

S2dP = λP (A1) +

∫
Ac

1

S2dP.

Observe that A2 ⊂ Ac
1. Hence∫

Ac
1

S2dP =

∫
A2

S2dP +

∫
Ac

2∩Ac
1

S2dP

≤
∫
A2

S2dP +

∫
Ac

2∩Ac
1

S3dP

≤ λ P (A2) +

∫
Ac

2∩Ac
1

S3dP.

The second inequality in the above chain follows from the observation that the
indicator function of the set Ac

2∩Ac
1 = I[S1≥λ,S2≥λ] is a nonnegative nondecreasing
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function of S1, S2 and the fact that the sequence {Sk, 1 ≤ k ≤ n} is a demisub-
martingale. By repeated application of these arguments, we get that

E(S1) ≤ λ

n∑
i=1

P (Ai) +

∫
∩n

i=1A
c
i

SndP

= λ P (A) +

∫
Ω

SndP −
∫
A

SndP.

Hence

λ P (A) ≥
∫
A

SndP −
∫
Ω

(Sn − S1)dP

and we have the following result.

Theorem 2.7.1 (Wood (1984)). Suppose that the sequence {Sn, n ≥ 1} is a demi-
submartingale. Let

A = [ min
1≤k≤n

Sk < λ]

for any λ > 0. Then

λ P (A) ≥
∫
A

SndP −
∫
Ω

(Sn − S1)dP. (2.7.3)

In particular, if the sequence {Sn, n ≥ 1} is a demimartingale, then it is easy
to check that E(Sn) = E(S1) for all n ≥ 1 and hence we have the following result
as a corollary to Theorem 2.7.1.

Theorem 2.7.2. Suppose that the sequence {Sn, n ≥ 1} is a demimartingale. Let
A = [min1≤k≤n Sk < λ] for any λ > 0. Then

λ P (A) ≥
∫
A

SndP. (2.7.4)

We now prove some inequalities for E(Smax
n ) and E(Smin

n ) for nonnegative
demisubmartingales {Sn, n ≥ 1}. The following results are from Prakasa Rao
(2007).

Theorem 2.7.3. Suppose that the sequence {Sn, n ≥ 1} is a positive demimartingale
with S1 = 1. Let γ(x) = x− 1− log x for x > 0. Then

γ(E(Smax
n )) ≤ E(Sn logSn) (2.7.5)

and

γ(E(Smin
n )) ≤ E(Sn logSn). (2.7.6)

Proof. Note that the function γ(x) is a convex function with minimum γ(1) = 0.
Observe that Smax

n ≥ S1 = 1 and hence
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E(Smax
n )− 1 =

∫ ∞

0

P [Smax
n ≥ λ]dλ− 1

=

∫ 1

0

P [Smax
n ≥ λ]dλ+

∫ ∞

1

P [Smax
n ≥ λ]dλ− 1

=

∫ ∞

1

P [Smax
n ≥ λ]dλ (since S1 = 1)

≤
∫ ∞

1

{ 1
λ

∫
[Smax

n ≥λ]

SndP}dλ (by (2.7.2))

= E(

∫ ∞

1

SnI[Smax
n ≥λ]

λ
dλ)

= E(Sn

∫ Smax
n

1

1

λ
dλ)

= E(Sn log(S
max
n )).

Using the fact that γ(x) ≥ 0 for all x > 0, we get that

E(Smax
n )− 1 ≤ E[Sn(log(S

max
n ) + γ(

Smax
n

SnE(Smax
n )

))]

= E[Sn(log(S
max
n ) +

Smax
n

SnE(Smax
n )

− 1− log(
Smax
n

SnE(Smax
n )

))]

= 1− E(Sn) + E(Sn logSn) + E(Sn) logE(Smax
n ).

Rearranging the terms in the above inequality, we get that

γ(E(Smax
n )) = E(Smax

n )− 1− logE(Smax
n ) (2.7.7)

≤ 1− E(Sn) + E(Sn logSn) + E(Sn) logE(Smax
n )− logE(Smax

n )

= E(Sn logSn) + (E(Sn)− 1)(logE(S(max)
n )− 1)

= E(Sn logSn)

since E(Sn) = E(S1) = 1 for all n ≥ 1. This proves the inequality (2.7.5).
Observe that 0 ≤ Smin

n ≤ S1 = 1 which implies that

E(Smin
n ) =

∫ 1

0

P [Smin
n ≥ λ]dλ (2.7.8)

= 1−
∫ 1

0

P [Smin
n < λ]dλ (2.7.9)

≤ 1−
∫ 1

0

{ 1
λ

∫
[Smin

n <λ]

SndP}dλ (by Theorem 2.7.2) (2.7.10)

= 1− E(

∫ 1

0

SnI[Smin
n <λ]

λ
dλ) (2.7.11)
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= 1− E(Sn

∫ 1

Smin
n

1

λ
dλ) (2.7.12)

= 1 + E(Sn log(S
min
n )). (2.7.13)

Applying arguments similar to those given above to prove the inequality (2.7.5),
we get that

γ(E(Smin
n )) ≤ E(Sn logSn) (2.7.14)

which proves the inequality (2.7.6). �

The above inequalities for positive demimartingales are analogues of maximal
inequalities for nonnegative martingales proved in Harremoës (2008).

2.8 Maximal φ-Inequalities for Nonnegative
Demisubmartingales

Let C denote the class of Orlicz functions that is, unbounded, nondecreasing convex
functions φ : [0,∞)→ [0,∞) with φ(0) = 0. If the right derivative φ′ is unbounded,
then the function φ is called a Young function and we denote the subclass of such
functions by C′. Since

φ(x) =

∫ x

0

φ′(s)ds ≤ xφ′(x)

by convexity, it follows that

pφ = inf
x>0

xφ′(x)
φ(x)

and

p∗φ = sup
x>0

xφ′(x)
φ(x)

are in [1,∞]. The function φ is called moderate if p∗φ < ∞, or equivalently, if for
some λ > 1, there exists a finite constant cλ such that

φ(λx) ≤ cλφ(x), x ≥ 0.

An example of such a function is φ(x) = xα for α ∈ [1,∞). Example of a non-
moderate Orlicz function is φ(x) = exp(xα)− 1 for α ≥ 1.

Let C∗ denote the set of all differentiable φ ∈ C whose derivative is concave
or convex and C′ denote the set of φ ∈ C such that φ′(x)/x is integrable at 0, and
thus, in particular φ′(0) = 0. Let C∗0 = C′ ∩ C∗.

Given φ ∈ C and a ≥ 0, define

Φa(x) =

∫ x

a

∫ s

a

φ′(r)
r

drds, x > 0.
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It can be seen that the function ΦaI[a,∞) ∈ C for any a > 0 where IA denotes the
indicator function of the set A. If φ ∈ C′, the same holds for Φ ≡ Φ0. If φ ∈ C∗0 ,
then Φ ∈ C∗0 . Furthermore, if φ′ is concave or convex, the same holds for

Φ′(x) =
∫ x

0

φ′(r)
r

dr,

and hence φ ∈ C∗0 implies that Φ ∈ C∗0 . It can be checked that φ and Φ are related
through the differential equation

xΦ′(x)− Φ(x) = φ(x), x ≥ 0

under the initial conditions φ(0) = φ′(0) = Φ(0) = Φ′(0) = 0. If φ(x) = xp for
some p > 1, then Φ(x) = xp/(p − 1). For instance, if φ(x) = x2, then Φ(x) = x2.
If φ(x) = x, then Φ(x) ≡ ∞ but Φ1(x) = x log x−x+1. It is known that if φ ∈ C′
with pφ > 1, then the function φ satisfies the inequalities

Φ(x) ≤ 1

pφ − 1
φ(x), x ≥ 0.

Furthermore, if φ is moderate, that is p∗φ <∞, then

Φ(x) ≥ 1

p∗φ − 1
φ(x), x ≥ 0.

The brief introduction for properties of Orlicz functions given here is based
on Alsmeyer and Rosler (2006).

We now prove some maximal φ-inequalities for nonnegative demisubmartin-
gales following the techniques in Alsmeyer and Rosler (2006).

Theorem 2.8.1. Let the sequence {Sn, n ≥ 1} be a nonnegative demisubmartingale
and let φ ∈ C. Then

P (Smax
n ≥ t) ≤ λ

(1− λ)t

∫ ∞

t

P (Sn > λs)ds (2.8.1)

=
λ

(1− λ)t
E(

Sn

λ
− t)+

for all n ≥ 1, t > 0 and 0 < λ < 1. Furthermore,

E[φ(Smax
n )] ≤ φ(b) +

λ

1− λ

∫
[Sn>λb]

(Φa(
Sn

λ
)−Φa(b)−Φ′a(b)(

Sn

λ
− b))dP (2.8.2)

for all n ≥ 1, a > 0, b > 0 and 0 < λ < 1. If φ′(x)/x is integrable at 0, that is,
φ ∈ C′, then the inequality (2.8.2) holds for b = 0.
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Proof. Let t > 0 and 0 < λ < 1. The inequality (2.7.1) implies that

P (Smax
n ≥ t) ≤ 1

t

∫
[Smax

n ≥t]

SndP (2.8.3)

=
1

t

∫ ∞

0

P [Smax
n ≥ t, Sn > s]ds

≤ 1

t

∫ λt

0

P [Smax
n ≥ t]ds+

1

t

∫ ∞

λt

P [Sn > s]ds

≤ λP [Smax
n ≥ t]ds+

λ

t

∫ ∞

t

P [Sn > λs]ds.

Rearranging the last inequality, we get that

P (Smax
n ≥ t) ≤ λ

(1− λ)t

∫ ∞

t

P (Sn > λs)ds =
λ

(1− λ)t
E(

Sn

λ
− t)+

for all n ≥ 1, t > 0 and 0 < λ < 1 proving the inequality (2.8.1). Let b > 0. Then

E[φ(Smax
n )] =

∫ ∞

0

φ′(t)P (Smax
n > t)dt

=

∫ b

0

φ′(t)P (Smax
n > t)dt+

∫ ∞

b

φ′(t)P (Smax
n > t)dt

≤ φ(b) +

∫ ∞

b

φ′(t)P (Smax
n > t)dt

≤ φ(b) +
λ

1− λ

∫ ∞

b

φ′(t)
t

[

∫ ∞

t

P (Sn > λs)ds]dt (by (2.7.1))

= φ(b) +
λ

1− λ

∫ ∞

b

(

∫ s

b

φ′(t)
t

dt)P (Sn > λs)ds

= φ(b) +
λ

1− λ

∫ ∞

b

(Φ′a(s)− Φ′a(b))P (Sn > λs)ds

= φ(b) +
λ

1− λ

∫
[Sn>λb]

(Φa(
Sn

λ
)− Φa(b)− Φ′a(b)(

Sn

λ
− b))dP

for all n ≥ 1, b > 0, t > 0, 0 < λ < 1 and a > 0. The value of a can be chosen to
be 0 if φ′(x)/x is integrable at 0. �

As special cases of the above result, we obtain the following inequalities by
choosing b = a in (2.8.2). Observe that Φa(a) = Φ′a(a) = 0.

Theorem 2.8.2. Let the sequence {Sn, n ≥ 1} be a nonnegative demisubmartingale
and let φ ∈ C. Then

E[φ(Smax
n )] ≤ φ(a) +

λ

1− λ
E[Φa(

Sn

λ
)] (2.8.4)

60



2.8. Maximal φ-Inequalities for Nonnegative Demisubmartingales

for all a ≥ 0, 0 < λ < 1 and n ≥ 1. Let λ = 1
2 in (2.8.4). Then

E[φ(Smax
n )] ≤ φ(a) + E[Φa(2Sn)] (2.8.5)

for all a ≥ 0 and n ≥ 1.

The following lemma is due to Alsmeyer and Rosler (2006).

Lemma 2.8.3. Let X and Y be nonnegative random variables satisfying the in-
equality

t P (Y ≥ t) ≤ E(XI[Y≥t])

for all t ≥ 0. Then

E[φ(Y )] ≤ E[φ(qφX)] (2.8.6)

for any Orlicz function φ where qφ =
pφ

pφ−1 and pφ = infx>0
xφ′(x)
φ(x) .

This lemma follows as an application of the Choquet decomposition

φ(x) =

∫
[0,∞)

(x− t)+φ′(dt), x ≥ 0.

In view of the inequality (2.8.2), we can apply the above lemma to the random
variables X = Sn and Y = Smax

n to obtain the following result.

Theorem 2.8.4. Let the sequence {Sn, n ≥ 1} be a nonnegative demisubmartingale
and let φ ∈ C with pφ > 1. Then

E[φ(Smax
n )] ≤ E[φ(qφSn)] (2.8.7)

for all n ≥ 1.

Theorem 2.8.5. Let the sequence {Sn, n ≥ 1} be a nonnegative demisubmartingale.
Suppose that the function φ ∈ C is moderate. Then

E[φ(Smax
n )] ≤ E[φ(qφSn)] ≤ q

p∗φ
Φ E[φ(Sn)]. (2.8.8)

The first part of the inequality (2.8.8) of Theorem 2.8.5 follows from Theorem
2.8.4. The last part of the inequality follows from the observation that if φ ∈ C is
moderate, that is,

p∗φ = sup
x>0

xφ′(x)
φ(x)

<∞,

then

φ(λx) ≤ λp∗φφ(x)

for all λ > 1 and x > 0 (see equation (1.10) of Alsmeyer and Rosler (2006)).
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Theorem 2.8.6. Let the sequence {Sn, n ≥ 1} be a nonnegative demisubmartingale.
Suppose φ is a nonnegative nondecreasing function on [0,∞) such that φ1/γ is also
nondecreasing and convex for some γ > 1. Then

E[φ(Smax
n )] ≤ (

γ

γ − 1
)γE[φ(Sn)]. (2.8.9)

Proof. The inequality

λP (Smax
n ≥ λ) ≤

∫
[Smax

n ≥λ]

SndP

given in (2.7.1) implies that

E[(Smax
n )p] ≤ (

p

p− 1
)pE(Sp

n), p > 1 (2.8.10)

by an application of Hölder’s inequality (cf. Chow and Teicher (1997), p. 255).
Note that the sequence {[φ(Sn)]

1/γ , n ≥ 1} is a nonnegative demisubmartingale
by Theorem 2.1.1. Applying the inequality (2.8.10) for the sequence {[φ(Sn)]

1/γ ,
n ≥ 1} and choosing p = γ in that inequality, we get that

E[φ(Smax
n )] ≤ (

γ

γ − 1
)γE[φ(Sn)]. (2.8.11)

for all γ > 1. �

Examples of functions φ satisfying the conditions stated in Theorem 2.8.6 are
φ(x) = xp[log(1+x)]r for p > 1 and r ≥ 0 and φ(x) = erx for r > 0. Applying the
result in Theorem 2.8.6 for the function φ(x) = erx, r > 0, we obtain the following
inequality.

Theorem 2.8.7. Let the sequence {Sn, n ≥ 1} be a nonnegative demisubmartingale.
Then

E[erS
max
n ] ≤ eE[erSn ], r > 0. (2.8.12)

Proof. Applying the result stated in Theorem 2.8.6 to the function φ(x) = erx, we
get that

E[erS
max
n ] ≤ (

γ

γ − 1
)γE[erSn ] (2.8.13)

for any γ > 1. Let γ →∞. Then

(
γ

γ − 1
)γ ↓ e

and we get that

E[erS
max
n ] ≤ eE[erSn ], r > 0. (2.8.14)

�
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The next result deals with maximal inequalities for functions φ ∈ C which
are k times differentiable with the k-th derivative φ(k) ∈ C for some k ≥ 1.

Theorem 2.8.8. Let the sequence {Sn, n ≥ 1} be a nonnegative demisubmartingale.
Let φ ∈ C which is differentiable k times with the k-th derivative φ(k) ∈ C for some
k ≥ 1. Then

E[φ(Smax
n )] ≤ (

k + 1

k
)k+1E[φ(Sn)]. (2.8.15)

Proof. The proof follows the arguments given in Alsmeyer and Rosler (2006) fol-
lowing the inequality (2.8.9). We present the proof here for completeness. Note
that

φ(x) =

∫
[0,∞)

(x− t)+Qφ(dt)

where
Qφ(dt) = φ′(0)δ0 + φ′(dt)

and δ0 is the Kronecker delta function. Hence, if φ′ ∈ C, then

φ(x) =

∫ x

0

φ′(y)dy (2.8.16)

=

∫ x

0

∫
[0,∞)

(y − t)+Qφ′(dt)dy

=

∫
[0,∞)

∫ x

0

(y − t)+dyQφ′(dt)

=

∫
[0,∞)

((x− t)+)2

2
Qφ′(dt).

An inductive argument shows that

φ(x) =

∫
[0,∞)

((x− t)+)k+1

(k + 1)!
Qφ(k)(dt) (2.8.17)

for any φ ∈ C such that φ(k) ∈ C. Let

φk,t(x) =
((x− t)+)k+1

(k + 1)!

for any k ≥ 1 and t ≥ 0. Note that the function [φk,t(x)]
1/(k+1) is nonnegative,

convex and nondecreasing in x for any k ≥ 1 and t ≥ 0. Hence the process
{[φk,t(Sn)]

1/(k+1), n ≥ 1} is a nonnegative demisubmartingale by Theorem 2.1.1.
Following the arguments given to prove (2.8.10), we obtain that

E(([φk,t(S
max
n )]1/(k+1))k+1) ≤ (

k + 1

k
)k+1E(([φk,t(Sn)]

1/(k+1))k+1)
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which implies that

E[φk,t(S
max
n )] ≤ (

k + 1

k
)k+1E[φk,t(Sn)]. (2.8.18)

Hence

E[φ(Smax
n ))] =

∫
[0,∞)

E[φk,t(S
max
n )]Qφ(k)(dt) (by (2.8.17)) (2.8.19)

≤ (
k + 1

k
)k+1

∫
[0,∞)

E[φk,t(Sn)]Qφ(k)(dt) (by (2.8.18))

= (
k + 1

k
)k+1E[φ(Sn)]

which proves the theorem. �
We now consider a special case of the maximal inequality derived in (2.8.2)

of Theorem 2.8.1. Let φ(x) = x. Then Φ1(x) = x log x− x+ 1 and Φ′1(x) = log x.
The inequality (2.8.2) reduces to

E[Smax
n ] ≤ b+

λ

1− λ

∫
[Sn>λb]

(
Sn

λ
log

Sn

λ
− Sn

λ
+ b− (log b)

Sn

λ
)dP

= b+
λ

1− λ

∫
[Sn>λb]

(Sn logSn − Sn(log λ+ log b+ 1) + λb)dP

for all b > 0 and 0 < λ < 1. Let b > 1 and λ = 1
b . Then we obtain the inequality

E(Smax
n ) ≤ b+

b

b− 1
E(

∫ max(Sn,1)

1

log x dx), b > 1, n ≥ 1. (2.8.20)

The value of b which minimizes the term on the right-hand side of equation (2.8.20)
is

b∗ = 1 + (E(

∫ max(Sn,1)

1

log x dx))1/2

and hence

E(Smax
n ) ≤ (1 + (E(

∫ max(Sn,1)

1

log x dx))1/2)2. (2.8.21)

Since ∫ x

1

log y dy = x log+ x− (x− 1), x ≥ 1,

the inequality (2.8.20) can be written in the form

E(Smax
n ) ≤ b+

b

b− 1
(E(Sn log

+ Sn)− E(Sn − 1)+), b > 1, n ≥ 1. (2.8.22)
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Let b = E(Sn − 1)+ in equation (2.8.22). Then we get the maximal inequality

E(Smax
n ) ≤ 1 + E(Sn − 1)+

E(Sn − 1)+
E(Sn log

+ Sn). (2.8.23)

If we choose b = e in equation (2.8.22), then we get the maximal inequality

E(Smax
n ) ≤ e+

e

e− 1
(E(Sn log

+ Sn)− E(Sn − 1)+), b > 1, n ≥ 1. (2.8.24)

Results discussed in this section are due to Prakasa Rao (2007).

2.9 Maximal Inequalities for Functions of
Demisubmartingales

We now derive some maximal inequalities due to Wang and Hu (2009) and Wang
et al. (2010) for functions of demimartingales and demisubmartingales.

Theorem 2.9.1. Let the sequence {Sn, n ≥ 1} be a demisubmartingale with S0 = 0
and g(.) be a nondecreasing convex function on R with g(0) = 0. Suppose that
E|g(Si)| <∞, i ≥ 1. Let the sequence {cn, n ≥ 1} be a nonincreasing sequence of
positive numbers. Then, for any ε > 0,

ε P [ max
1≤k≤n]

ckg(Sk) ≥ ε] ≤
n∑

k=1

ckE[g+(Sk)− g+(Sk−1)]. (2.9.1)

Proof. This result follows from the fact that {g(Sn), n ≥ 1} is a demisubmartingale
and applying Theorem 5.1 on Chow type maximal inequality for demisubmartin-
gales (cf. Christofides (2000)). �

The following theorem is due to Wang (2004). We omit the proof.

Theorem 2.9.2. Let the sequence {Sn, n ≥ 1} be a demimartingale, S0 = 0, and g(.)
be a nonnegative convex function on R with g(0) = 0. Suppose that E|g(Si)| <∞,
i ≥ 1. Let {cn, n ≥ 1} be a nonincreasing sequence of positive numbers. Then, for
any ε > 0,

ε P [ max
1≤k≤n]

ckg(Sk) ≥ ε] ≤
n∑

k=1

ckE[(g(Sk)− g(Sk−1))I[max1≤j≤n cjg(Sj)≥ε]]

≤
n∑

k=1

ckE[g(Sk)− g(Sk−1)]. (2.9.2)

As an application of the above theorem, we obtain the following result by
choosing the function g(x) = |x|. For any ε > 0,

ε P [ max
1≤k≤n]

ck|Sk| ≥ ε] ≤
n∑

k=1

ckE[|Sk| − |Sk−1|]. (2.9.3)
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The following inequality gives a Doob type maximal inequality for functions
of demisubmartingales.

Theorem 2.9.3. Let the sequence {Sn, n ≥ 1} be a demisubmartingale, S0 = 0,
and g(.) be a nondecreasing convex function on R with g(0) = 0. Suppose that
E|g(Si)| <∞, i ≥ 1. Then, for any ε > 0,

ε P [ max
1≤k≤n

g(Sk) ≥ ε] ≤
∫
[max1≤k≤n g(Sk)≥ε]

g(Sn)] dP. (2.9.4)

Proof. This result follows from the fact that the sequence {g(Sn), n ≥ 1} is a
demisubmartingale and applying Theorem 2.1 on Doob type maximal inequality
for demisubmartingales. �

The following inequality gives a Doob type maximal inequality for nonnega-
tive convex functions of demimartingales.

Theorem 2.9.4. Let the sequence {Sn, n ≥ 1} be a demimartingale and g(.) be a
nonnegative convex function on R with g(0) = 0. Suppose that the random variables
g(Si), i ≥ 1 are integrable. Then, for any ε > 0,

ε P [ max
1≤k≤n

g(Sk) ≥ ε] ≤
∫
[max1≤k≤n g(Sk)≥ε]

g(Sn) dP. (2.9.5)

For a proof, see Wang and Hu (2009). In particular, by choosing g(x) = |x|r,
r ≥ 1, we obtain the following result.

Theorem 2.9.5. Let the sequence {Sn, n ≥ 1} be a demimartingale, S0 = 0, and
suppose that E|Sn|r <∞, n ≥ 1 for some r ≥ 1. Then, for any ε > 0,

P [ max
1≤k≤n

|Sk| ≥ ε] ≤ 1

εr

∫
[max1≤k≤n |Sk|r≥εr]

|Sn|r dP ≤ 1

εr
E|Sn|r. (2.9.6)

Wang et al. (2010) derived some inequalities for expectations of maxima of
functions of demisubmartingales. We now discuss some of these results.

Theorem 2.9.6. Let the sequence {Sn, n ≥ 1} be a demimartingale and g(.) be a
nonnegative convex function on R with g(0) = 0. Suppose that E|g(Sk)|p < ∞,
k ≥ 1, for some p > 1. Let {cn, n ≥ 1} be a nonincreasing sequence of positive
numbers. Then

E[ max
1≤k≤n

ckg(Sk)]
p ≤ (

p

p− 1
)pE[

n∑
k=1

ck(g(Sk)− g(Sk−1))]
p. (2.9.7)

If p = 1, then

E[ max
1≤k≤n

ckg(Sk)] (2.9.8)

≤ e

e− 1
(1 + E[(

n∑
k=1

ck(g(Sk)− g(Sk−1)) log
+(

n∑
k=1

ck(g(Sk)− g(Sk−1)))]).
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Proof. Let p > 1. Then, by Theorem 2.9.2 due to Wang (2004) and Hölder’s
inequality, we have

E[ max
1≤k≤n]

ckg(Sk)]
p (2.9.9)

= p

∫ ∞

0

xp−1P [ max
1≤k≤n

ckg(Sk) ≥ x] dx

≤ p

∫ ∞

0

xp−2E[
n∑

j=1

cj(g(Sj)− g(Sj−1))I[max1≤k≤n ckg(Sk)≥x]] dx

=
p

p− 1
E([

n∑
j=1

cj(g(Sj)− g(Sj−1))( max
1≤k≤n

ckg(Sk))
p−1)

≤ p

p− 1
(E([

n∑
j=1

cj(g(Sj)− g(Sj−1))]
p)1/p(E( max

1≤k≤n
ckg(Sk))

p)1/q

where q is such that 1/p+ 1/q = 1. Rearranging the last inequality, we get that

(E[ max
1≤k≤n]

ckg(Sk)]
p)1/p ≤ p

p− 1
(E[

n∑
j=1

cj(g(Sj)− g(Sj−1))]
p)1/p (2.9.10)

which implies that

E[ max
1≤k≤n]

ckg(Sk)]
p ≤ (

p

p− 1
)pE[

n∑
j=1

cj(g(Sj)− g(Sj−1))]
p. (2.9.11)

Let us now consider the case p = 1. Then

E[ max
1≤k≤n]

ckg(Sk)] (2.9.12)

≤ 1 +

∫ ∞

1

P [ max
1≤k≤n

ckg(Sk) ≥ x] dx

≤1 +
∫ ∞

1

x−1E[

n∑
j=1

cj(g(Sj)− g(Sj−1))I[max1≤k≤n ckg(Sk)≥x]] dx

≤ 1 + E[(
n∑

j=1

cj(g(Sj)− g(Sj−1))) log
+( max

1≤k≤n
ckg(Sk))].

Note that, for any a ≥ 0 and b > 0,

a log+ b ≤ a log+ a+ be−1.

Applying this inequality, we get that
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E[ max
1≤k≤n

ckg(Sk)] (2.9.13)

≤ 1 + E[(

n∑
j=1

cj(g(Sj)− g(Sj−1))) log
+(

n∑
j=1

cj(g(Sj)− g(Sj−1))]

+ e−1E[ max
1≤k≤n

ckg(Sk)].

Hence

E[ max
1≤k≤n

ckg(Sk)] (2.9.14)

≤ e

e− 1
(1 + E[(

n∑
j=1

cj(g(Sj)− g(Sj−1)) log
+(

n∑
j=1

cj(g(Sj)− g(Sj−1)))]). �

As a corollary to the above result, we get the following bound on the ex-
pectations for maximum of a nonnegative convex function of a demimartingale.
Choose ck = 1, k ≥ 1.

Theorem 2.9.7. Let the sequence {Sn, n ≥ 1} be a demimartingale and g(.) be
a nonnegative convex function on R with g(0) = 0. Suppose that E|g(Sk|p < ∞,
k ≥ 1, for some p ≥ 1. If p > 1, then

E[ max
1≤k≤n

g(Sk)]
p ≤ (

p

p− 1
)pE[g(Sn)]

p (2.9.15)

and

E[ max
1≤k≤n

g(Sk)] ≤ e

e− 1
[1 + E(g(Sn) log

+ g(Sn))]. (2.9.16)

As an additional corollary, we obtain the following Doob type maximal in-
equality for demimartingales.

Theorem 2.9.8. Let the sequence {Sn, n ≥ 1} be a demimartingale and p ≥ 1.
Suppose that E|Sk|p <∞, k ≥ 1. Then, for every n ≥ 1,

E[ max
1≤k≤n

|Sk|]p ≤ (
p

p− 1
)pE[|Sn|p], p > 1 (2.9.17)

and

E[ max
1≤k≤n

|Sk|] ≤ e

e− 1
[1 + E(|Sn| log+ |Sn|)]. (2.9.18)

Remarks. As corollaries to the above results, one can obtain a strong law of large
numbers for functions of demimartingales and partial sums of mean zero associated
random variables using conditions developed in Fazekas and Klesov (2001) and Hu
and Hu (2006). For related results, see Hu et al. (2008). We will not discuss these
results.
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2.10 Central Limit Theorems

As was mentioned in Chapter 1, Newman (1980,1984) obtained the central limit
theorem for partial sums of mean zero stationary associated random variables
which form a demimartingale This result also holds for weakly associated random
sequences as defined below. This was pointed out by Sethuraman (2000). However
it is not known whether the central limit theorem holds for any demimartingale
in general.

Let {v(t) = (v1(t), . . . , vm(t)), t ≥ 0} be an m-dimensional L2-process with
stationary increments. This process is said to have weakly positive associated in-
crements if

E[φ(v(t+ s)− v(s))ψ(v(s1), . . . ,v(sn))] ≥ E[φ(v(t))]E[ψ(v(s1), . . . ,v(sn)]

for all componentwise nondecreasing functions φ and ψ, for all s, t ≥ 0 and for
0 ≤ s1 < . . . , sn = s, n ≥ 1.

Sethuraman (2000, 2006) proved the following invariance principle for pro-
cesses which have weakly positive associated increments. This theorem is a con-
sequence of the central limit theorem due to Newman (1980) and the maximal
inequalities for demimartingales discussed earlier in this chapter (cf. Newman and
Wright (1982)). Let d denote a column vector in Rm and d′ the corresponding
row vector.

Theorem 2.10.1. Let {v′(t) = (v1(t), . . . , vm(t)), t ≥ 0} be an m-dimensional L2-
process in C[0,∞) with stationary and weakly positive associated increments such
that E[vi(t)] = 0 for 1 ≤ i ≤ m and t ≥ 0. Further suppose that

lim
t→∞ t−1E[vi(t)vj(t)] = σij <∞. (2.10.1)

Then
α−1/2v′(αt)d→W (d′Σdt) as α→∞ (2.10.2)

weakly in the uniform topology where Σ = ((σij)m×m is the covariance matrix,
d ∈ Rm and W is the standard Brownian motion.

Newman (1984) conjectured the following result: Let S0 ≡ 0 and the sequence
{Sn, n ≥ 1} be an L2- demimartingale whose difference sequence {Xn = Sn−Sn−1,
n ≥ 1} is strictly stationary and ergodic with

0 < σ2 = V ar(X1) + 2

∞∑
j=2

Cov(X1, Xj) <∞.

Then
n−1/2Sn

L→ σZ as n→∞
where Z is a standard normal random variable. It is not known whether the above
conjecture is true. The problem remains open. We will come back to the discussion
on Newman’s conjecture in Chapter 6.
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2.11 Dominated Demisubmartingales

LetM0 = N0 = 0 and the sequence {Mn, n ≥ 0} be a sequence of random variables
defined on a probability space (Ω,F , P ). Suppose that

E[(Mn+1 −Mn)f(M0, . . . ,Mn)|ζn] ≥ 0

for any nonnegative componentwise nondecreasing function f given a filtration
{ζn, n ≥ 0} contained in F . Then the sequence {Mn, n ≥ 0} is said to be a strong
demisubmartingale with respect to the filtration {ζn, n ≥ 0}. It is obvious that a
strong demisubmartingale is a demisubmartingale in the sense discussed earlier.

Definition. LetM0 = 0 = N0. Suppose {Mn, n ≥ 0} is a strong demisubmartingale
with respect to the filtration generated by a demisubmartingale {Nn, n ≥ 0}.
The strong demisubmartingale {Mn, n ≥ 0} is said to be weakly dominated by
the demisubmartingale {Nn, n ≥ 0} if for every nondecreasing convex function
φ : R+ → R, and for any nonnegative componentwise nondecreasing function
f : R2n → R,

E[(φ(|en|)− φ(|dn|)f(M0, . . . ,Mn−1;N0, . . . , Nn−1)|N0, . . . , Nn−1] ≥ 0 a.s.,
(2.11.1)

for all n ≥ 1 where dn = Mn −Mn−1 and en = Nn −Nn−1. We write M � N in
such a case.

In analogy with the inequalities for dominated martingales developed in Os-
ekowski (2007), we will now prove an inequality for domination between a strong
demisubmartingale and a demisubmartingale.

Following Osekowski (2007), define the functions u<2(x, y) and u>2(x, y) as
given below. Let

u<2(x, y) =

{
9|y|2 − 9|x|2 if (x, y) ∈ D,

2|y| − 1 + 8|y|2I[|y|≤1] + (16|y| − 8)I[|y|>1] if (x, y) ∈ Dc
(2.11.2)

and

u>2(x, y) =

{
0 if (x, y) ∈ E,

9|y|2 − (|x| − 1)2 − 8(|x| − 1)2I[|x|≥1] if (x, y) ∈ Ec,
(2.11.3)

where

D = {(x, y) ∈ R2 : |y|+ 3|x| ≤ 1} and E = {(x, y) ∈ R2 : 3|y|+ |x| ≤ 1}.

We now state a weak-type inequality between dominated demisubmartin-
gales.

70



2.11. Dominated Demisubmartingales

Theorem 2.11.1. Suppose the sequence {Mn, n ≥ 0} is a strong demisubmartingale
with respect to the filtration generated by the sequence {Nn, n ≥ 0} which is a
demisubmartingale . Further suppose that M � N. Then, for any λ > 0,

λ P (|Mn| ≥ λ) ≤ 6E|Nn|, n ≥ 0. (2.11.4)

We will first state and sketch the proof of a lemma which will be used to prove
Theorem 2.11.1. The method of proof is the same as that in Osekowski (2007).

Lemma 2.11.2. Suppose the sequence {Mn, n ≥ 0} is a strong demisubmartingale
with respect to the filtration generated by the sequence {Nn, n ≥ 0} which is a
demisubmartingale. Further suppose that M � N. Then

E[u<2(Mn, Nn)f(M0, . . . ,Mn−1;N0, . . . , Nn−1)] (2.11.5)

≥ E[u<2(Mn−1, Nn−1)f(M0, . . . ,Mn−1;N0, . . . , Nn−1)]

and

E[u>2(Mn, Nn)f(M0, . . . ,Mn−1;N0, . . . , Nn−1)] (2.11.6)

≥ E[u>2(Mn−1, Nn−1)f(M0, . . . ,Mn−1;N0, . . . , Nn−1)]

for any nonnegative componentwise nondecreasing function f : R2n → R, n ≥ 1.

Proof. Define u(x, y) where u = u<2 or u = u>2. From the arguments given
in Osekowski (2007), it follows that there exist a nonnegative function A(x, y)
nondecreasing in x and a nonnegative function B(x, y) nondecreasing in y and a
convex nondecreasing function φx,y(.) : R+ → R, such that, for any h and k,

u(x, y) +A(x, y)h+B(x, y)k + φx,y(|k|)− φx,y(|h|) ≤ u(x+ h, y + k). (2.11.7)

Let x = Mn−1, y = Nn−1, h = dn and k = en. Then, it follows that

u(Mn−1, Nn−1) +A(Mn−1, Nn−1)dn +B(Mn−1, Nn−1)en (2.11.8)

+ φMn−1,Nn−1(|en|)− φMn−1,Nn−1(|dn|)
≤ u(Mn−1 + dn, Nn−1 + en) = u(Mn, Nn).

Note that,

E[A(Mn−1, Nn−1)dnf(M0, . . . ,Mn−1;N0, . . . , Nn−1)|N0, . . . , Nn−1] ≥ 0 a.s.

from the fact that {Mn, n ≥ 0} is a strong demisubmartingale with respect to the
filtration generated by the process {Nn, n ≥ 0} and that the function

A(xn−1, yn−1)f(x0, . . . , xn−1; y0, . . . , yn−1)

is a nonnegative componentwise nondecreasing function in x0, . . . , xn−1 for any
fixed y0, . . . , yn−1. Taking expectation on both sides of the above inequality, we
get that

E[A(Mn−1, Nn−1)dnf(M0, . . . ,Mn−1;N0, . . . , Nn−1)] ≥ 0. (2.11.9)
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Similarly we get that

E[B(Mn−1, Nn−1)dnf(M0, . . . ,Mn−1;N0, . . . , Nn−1)] ≥ 0. (2.11.10)

Since the sequence {Mn, n ≥ 0} is dominated by the sequence {Nn, n ≥ 0}, it
follows that

E[(φMn−1,Nn−1(|en|)− φMn−1,Nn−1(|dn|)f(M0, . . . ,Mn−1;N0, . . . , Nn−1)] ≥ 0
(2.11.11)

by taking the expectations on both sides of (2.11.1). Combining the relations
(2.11.7) to (2.11.11), we get that

E[u(Mn, Nn)f(M0, . . . ,Mn−1;N0, . . . , Nn−1)] (2.11.12)

≥ E[u(Mn−1, Nn−1)f(M0, . . . ,Mn−1;N0, . . . , Nn−1)]. �

Remarks. Let f ≡ 1. Repeated application of the inequality obtained in Lemma
2.11.2 shows that

E[u(Mn, Nn)] ≥ E[u(M0, N0)] = 0. (2.11.13)

Proof of Theorem 2.11.1. Let

v(x, y) = 18 |y| − I[|x| ≥ 1

3
].

It can be checked that (cf. Osekowski (2007))

v(x, y) ≥ u<2(x, y). (2.11.14)

Let λ > 0. It is easy to see that the strong demisubmartingale {Mn

3λ , n ≥ 0} is

weakly dominated by the demisubmartingale {Nn

3λ , n ≥ 0}. In view of the inequal-
ities (2.11.7) and (2.11.8), we get that

6 E|Nn| − λ P (|Mn| ≥ λ) = λE[v(
Mn

3λ
,
Nn

3λ
)] ≥ λE[u<2(

Mn

3λ
,
Nn

3λ
)] ≥ 0

(2.11.15)
which proves the inequality

λ P (|Mn| ≥ λ) ≤ 6 E|Nn|, n ≥ 0. (2.11.16)

�
Results discussed in this section are from Prakasa Rao (2007).
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