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2

Preliminaries on convex analysis and vector
optimization

In this chapter we introduce some basic notions and results in convex anal-
ysis and vector optimization in order to make the book as self-contained as
possible. The reader is supposed to have basic notions of functional analysis.

2.1 Convex sets

This section is dedicated mainly to the presentation of convex sets and their
properties. With some exceptions the results we present in this section are
given without proofs, as these can be found in the books and monographs on
this topic mentioned in the bibliographical notes at the end of the chapter.
All around this book we denote by R"™ the n-dimensional real vector space,
while by R = {x = (21,...,2,)T €R" : 2; > 0 forall i = 1,...,n} we
denote its nonnegative orthant. By N = {1,2,...} we denote the set of natural
numbers, while () is the empty set. All the vectors are considered as column
vectors. An upper index 7 transposes a column vector to a row one and vice
versa. By R™*"™ we denote the space of the m x n matrices with real entries.
When we have a matrix A € R™*™ by A;, i = 1,...,m, we denote its rows
and, naturally, by AT its transpose. By €' € R™ we denote the i-th unit vector
of R", while by e := Y7 | e’ € R" we understand the vector having all entries
equal to 1. If a function f takes everywhere the value a € R we write f = a.

2.1.1 Algebraic properties of convex sets

Let X be a real nontrivial vector space. A linear subspace of X is a nonempty
subset of it which is invariant with respect to the addition and the scalar
multiplication on X. Note that an intersection of linear subspaces is itself a
linear subspace. The algebraic dual space of X is defined as the set of all
linear functionals on X and it is denoted by X#. Given any linear functional
x# € X7, we denote its value at x € X by (z7, ).
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10 2 Preliminaries on convex analysis and vector optimization

For z# € X#\{0} and X\ € R the set H := {z € X : (z# z) = A} is called
hyperplane. The sets {z € X : (27, x) < A} and {z € X : (27, ) > A} are the
closed halfspaces determined by the hyperplane H, while {z € X : (27, x) <
A} and {z € X : (z%,z) > A} are the open halfspaces determined by H. In
order to simplify the presentation, the origins of all spaces will be denoted by
0, since the space where this notation is used always arises from the context.
By Axm we denote the set {(x,...,x) € X™ : © € X}, which is a linear
subspace of X" := X x ... x X ={(z1,...,2m) 2, € X,;i=1,...,m}.

If U and V are two subsets of X, their Minkowski sum is defined as U +
Vi={u+v:ueU veV} For UC X wedefinealsox+U =U +a :=
U+ {z} when z € X, \U :={Au:u € U} when A € R and AU := Uy AU
when A C R. According to these definitions one has that U +0 =0+ U =
and A\) = () whenever U C X and A\ € R. Moreover, if U CV C X and U # V
we write U & V.

Some important classes of subsets of a real vector space X follow. Let be

UCX.If [-1,1]JU C U, then U is said to be a balanced set. When U = —U
we say that U is symmetric, while U is called absorbing if for all z € X there
is some A > 0 such that one has x € \U.
Affine and convex sets. Before introducing the notions of affine and convex
sets, some necessary prerequisites follow. Taking some z; € X and \; € R,
i = 1,...,n, the sum Y., \;z; is said to be a linear combination of the
vectors {x; : i = 1,...,n}. The vectors z; € X, i = 1,...,n, are called
linearly independent if from " | Ajz; = 0 follows A; =0 for all i = 1,...,n.
The linear hull of a set U C X,

lin(U) := {Zmi: neN,z; €U\ €R, z:ln}

i=1

is the intersection of all linear subspaces containing U, being the smallest
linear subspace having U as a subset.

The set U C X is called affine if Az + (1 — \)y € U whenever X\ € R. The
intersection of arbitrarily many affine sets is affine, too. The smallest affine
set containing U or, equivalently, the intersection of all affine sets having U
as a subset is the affine hull of U,

aff(U) = {Z)\ixi: neN,z; €U\ €R, izl,...,n,Z)\izl}.
=1

i=1
A set U C X is called convez if
Dz +(1—=Ny:A€0,1]} CU for all z,y € U.

Obviously, @ and the whole space X are convex sets, as well as the hyperplanes,
linear subspaces, affine sets and any set containing a single element. An ex-
ample of a convex set in R™ is the standard (n — 1)-simplex which is the set
Ay ={z=(21,...,2,)T €R} : >0 2, =1}. Given z; € X, i =1,...,n,
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and (A1,...,\,)T € A, the sum Z?Zl \ix; is said to be a convex combination
of the elements z;, i = 1,...,n. The intersection of arbitrarily many convex
sets is convex, while in general the union of convex sets is not convex. Note
also that when U and V are convex subsets of X, for all o, 3 € R the set
aU + BV is convex, too.

If X;,¢=1,...,m, are nontrivial real vector spaces, then U; C X;, i =
1,...,m, are convex sets if and only if [/, U; is a convex set in [, X;.
When X and Y are nontrivial real vector spaces and U C X xY', the projection
of U on X is the set Prx(U) := {x € X : Jy € Y such that (z,y) e U}. If U
is convex then Prx (U) is convex, too.

When U is a subset of the real vector space X, the intersection of all
convex sets containing U is the convex hull of U,

co(U) := {Z)\imi: neNz;, €U, i:1,...,V”L,()\l,...,)\n)TEAn}7
i=1

which is the smallest convex set with U as a subset. If U and V' are subsets
of X, for all «, 3 € R one gets co(aU + V) = aco(U) + Sco(V).

A special case of convex sets are the polyhedral sets which are finite in-
tersections of closed halfspaces. If U and V' are polyhedral sets, then for all
A, p € R the set AU + pV' is polyhedral, too.

Consider another nontrivial real vector space Y and let T': X — Y be
a given mapping. The image of a set U C X through T is the set T(U) :=
{T'(u) : w € U}, while the counter image of a set W C Y through T is
T-Y (W) :={x € X : T(x) € W}. The mapping A is called linear if A(z+y) =
Az + Ay and A(\z) = Mz for all z,y € X and all A € R or, equivalently, if

A(ax + Oy) = aAzx + fAy Yo,y € X Va, [ € R.

If A: X — Y is a linear mapping and U C X is a linear subspace, then A(U)
is a linear subspace, too. On the other hand, if W C Y is a linear subspace,
then A=1(W) is a linear subspace, too. A special linear mapping is the identity
function on X, idx : X — X defined by idx () = x for all x € X.

The mapping 7' : X — Y is said to be affine if

TAz+ 1 —-Ny)=AT(z)+ (1 —-NT(y) Yo,y € X VA e R.

If T:X — Y is an affine mapping and the set U C X is affine (or convex),
then T'(U) is affine (or convex), too. Moreover, if W C Y is affine (or convex),
then T (W) is affine (or convex), too.
Cones. A nonempty set K C X which satisfies the condition AK C K for
all A > 0 is said to be a cone. Throughout this book we assume, as follows
by the definition, that the considered cones always contain the origin. The
intersection of a family of cones is a cone, too.

A convex cone is a cone which is a convex set. One can prove that a cone
K is convex if and only if K+ K C K. If K is a convex cone, then its linearity
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space [(K) = KN (—K) is a linear subspace. A cone K is said to be pointed if
I(K) = {0}. The cones K = {0} and K = X are called trivial cones. Typical
examples of nontrivial cones which occur in optimization are, when X = R"™,
the nonnegative orthant R’ and the lexicographic cone

Ry, ={0tU{z e R": 2y > 0}U
{r € R": 3k € {2,...,n} such that z; =0 Vi € {1,...,k— 1} and 2} > 0},

while for X = R"*™ the cone of symmetric positive semidefinite matrices
St :={AeR"": A= AT (z,Az) > 0 Vz € R"}. Note that in R one can
find only four cones: {0}, Ry, —R; and R.

The conical hull of a set U C X, denoted by cone(U), is the intersection of
all the cones which contain U, being the smallest cone in X that contains U.
One can show that cone(U) = Ux>o AU. When U is convex, then lin(U —x) =
cone(U — x) and, consequently, aff(U) = x + cone(U — U), whenever z € U.

The convex conical hull of a set U C X,

coneco(U) := {Z)\ixi: neNz, eUN>0,i= 1,...,71}7

i=1

is the intersection of all the convex cones that contain U, being the smallest
convex cone having U as a subset. One has coneco(U) = cone(co(U)) =
co(cone(U)). Due to the Minkowski- Weyl theorem, a set U C R™ is polyhedral
if and only if there are two finite sets VW C R™ such that U = co(V) +
coneco(W).

If K is a nontrivial convex cone, then U C K is called a base of the cone K
if each = € K'\{0} has an unique representation of the form z = Au for some
A > 0 and v € U. Each nontrivial convex cone with a base in a nontrivial real
vector space is pointed.

If K C X is a given cone, its algebraic dual cone is K# = {z% € X7 :
(z#,z) > 0forallz € K}. The set K7 is a convex cone. If C' and K are cones
in X, one has (C+ K)# = C*NK# = (CUK)# and C# + K# C (CNK)#.
If the two cones satisfy C' C K, then C# O K7.

Given a set U C X and z € U we consider the normal cone to U at x,

NU,z) = {z# € X* . (a% y —x) <0 Vy € U},

which is a convex cone.

Partial orderings. Very important, not only in convex analysis, is to consider
certain orderings on the spaces one works with. Let the nonempty set R C
X x X be a so-called binary relation on X. The elements z,y € X are said
in this case to be in relation R if (z,y) € R and we write also zRy. A binary
relation R is said to be a partial ordering on the vector space X if it satisfies
the following axioms

(i) reflezivity: for all x € X it holds zRx;



2.1 Convex sets 13

(ii) transitiity: for all z,y,z € X from xRy and yRz follows zRz;

(iil) compatibility with the linear structure:
- for all z,y,z,w € X from xRy and zRw follows (z + 2)R(y + w);
- for all x,y € X and A € Ry from xRy follows (Ax)R(\y).

In such a situation it is common to use the symbol “<” and to write x < y for
xRy. The partial ordering “<” is called antisymmetric if for x,y € X fulfilling
r <y and y < x there is x = y. A real vector space equipped with a partial
ordering is called a partially ordered vector space.

If there is a partial ordering “<” on X, then the set {xr € X : 0 <z} isa
convex cone. If the partial ordering “<” is moreover antisymmetric, this cone
is also pointed. Vice versa, having a convex cone K C X, it induces on X a
partial ordering relation “<g” defined as follows

Ski={(z,y) eXxX:y—zeK}.

If K is pointed, then “<g” is antisymmetric. To write z <y y, also the
notation y 2k x is used, while x %K y means y — z ¢ K. We denote also
v <gyifx <k yand z # y, while x £, yis used when z <x y is not fulfilled.
A convex cone which induces a partial ordering on X is called ordering cone.
For the natural partial ordering on R"™, which is introduced by R, we use
“<” instead of “émi” and also “<” for “<gn”.

By R we denote the extended real space which consists of R U {#00}. The
operations on R are the usual ones on R to which we add the following natural
ones: A+ (+00) = (+00)+ A\ 1= 400 VA € (—00, +00], A+ (—00) = (—00)+ A :=
—00 VA € [—00,+0), A+ (+00) := 400 VA € (0,400], A+ (+00) := —c0 VA €
[-00,0), A+ (—00) := —00 VA € (0,400] and A - (—00) := 400 VA € [—00,0).
We also assume by convention that

(+00) + (—00) = (—00) + (4+00) := +00,0(+00) := +00 and 0(—oc0) := 0.

In analogy to the extended real space we attach to X a greatest and a small-
est element with respect to “<g”, denoted by +oox and —ocog, respectively,
which do not belong to X and let X := X U{+o0x}. Then for € X it holds
—oog Sk x Sk +oog. Similarly, we assume that —ocoy <y x <y +oox for
any € X. On X we consider the following operations, in analogy to the ones
stated above for the extended real space: z + (+0ok) = (+00f ) + 2 1= +00K
Ve € X U{+ook}, 2+ (—ook) = (—ook) + o := —ocog Vo € X U{—oc0k},
A (+OOK) = 4oog VA € (0,+OO], A (+OOK) = —oog VA € [—OO,O)7
A (—ook) == —oog VA € (0,400] and A+ (—oog) := +oog VA € [—00,0). We
consider also the following conventions

(+ook) + (—ooK) = (—ook) + (+00k) == +00k,

0(4+00k) := +ook and 0(—ocok ) := 0. (2.1)

Moreover, if 2% € K# we let (z%, +o00x) := +00.
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Algebraic interiority notions. Even without assuming a topological structure
on X, different algebraic interiority notions can be considered for its subsets,
as follows. The algebraic interior, also called core, of a set U C X is

core(U):={z € X: for every y € X35 > 0 such that = + Ay € UVA € [0,0]}.

It is clear that core(U) C U. The algebraic interior with respect to the affine
hull of U is called the intrinsic core of U, being the set

icr(U):={z € X: for every y € aff(U)3§ > 0 such that z+Xy € UVA € [0,4]}.

There is core(U) C icr(U). If x € U and U is convex, then x € core(U) if and
only if cone(U — z) = X and, on the other hand, z € icr(U) if and only if
cone(U — z) is a linear subspace, or, equivalently, cone(U —x) = cone(U — U).

Taking two subsets U and V' of X we have U + core(V') C core(U + V),
with equality if V' = core(V'). The equality holds also in case U and V are
convex and core(V) # (), as proved in [176]. Note also that a set U C X is
absorbing if and only if 0 € core(U). If K is a cone in X with core(K) # 0,
then K — K = X and, consequently, K# is pointed. When K is a convex cone
then core(K) U {0} is a convex cone, too, and core(K) = core(K) + K. If K
is a convex cone with nonempty algebraic interior, then one has core(K) =
{z € X : (a#,2) >0 Va# € K¥\{0}}.

2.1.2 Topological properties of convex sets

Further we consider X being a real topological vector space, i.e. a real vector
space endowed with a topology 7 which renders continuous the following
functions

(z,y)—x+y, v,y € X and (\,z) — \z, z € X, A €R.

Throughout the book, if we speak about (topological) vector spaces, we al-
ways mean real nontrivial (topological) vector spaces, this means not equal
to {0}. Moreover we agree to omit further the word “real” in such contexts.
A topological space for which any two different elements have disjoint neigh-
borhoods is said to be Hausdorff. A topological vector space X is said to be
metrizable if it can be endowed with a metric which is compatible with its
topology. Every metrizable vector space is Hausdorff.

For a set U C X we denote by int(U) the interior of U and by cl(U) its
closure. Then bd(U) = cl(U)\ int(U) is called the boundary of U.

If Y is a topological vector space and T : X — Y is a linear mapping,
then there is T'(cl(U)) C cl(T(U)) for every U C X. If U is a convex subset
of X, z € int(U) and y € cl(U), then {Az + (L — Ny : XA € (0,1]} C int(U).
For U C X there is int(U) C core(U). If U is convex and one of the following
conditions is fulfilled: int(U) # @; X is a Banach space and U is closed; X
is finite dimensional, then int(U) = core(U). If U is convex and int(U) # 0,



2.1 Convex sets 15

then it holds int(U) = int(cl(U)) and cl(int(U)) = cl(U). The interior and the
closure of a convex set in a topological vector space are convex, too. If U is
a subset of X, then the intersection of all closed convex sets containing U is
the closed convexr hull of U, denoted by ¢o(U), and it is the smallest closed
convex set containing U. It is also the closure of the convex hull of U.

When K C X is a convex cone with core(K) # () we denote K := core(K)U
{0} and, for x,y € X which satisfy y — a € core(K) we write z < y. When
int(K) # 0, + <x y means y — z € int(K). Concerning the elements +oox
and —oog introduced in the previous subsection we assume that for all z € X
one has —oog <g * <g +Xk.

In R™ we work with the Fuclidean topology induced by the Fuclidean norm.
The open ball centered in & € R™ and with radius € > 0 is denoted by B(z,¢),
while the closed ball centered in x € R™ and with radius € > 0 is denoted by
B(z,e).

Dual spaces. The set of all linear continuous mappings defined on X and
taking values in the topological vector space Y is denoted by £(X,Y).

The topological vector space L£(X,R) is said to be the topological dual
space of X, being denoted by X™*. Further, we refer with “dual” to topological
duals, not to algebraical ones, unless otherwise specified. Analogously to vector
spaces, by (z*, z) we denote the value taken at © € X by the linear continuous
functional z* € X*. The hyperplane H = {z € X : (2%,z) = A} with
2% € X7 and A € R is closed if and only if 27 is continuous.

For a mapping A € L(X,Y) we consider its adjoint mapping A* €
L(Y*,X*) defined by (A*y*,z) := (y*, Az) for all z € X and y* € Y™
When X = R" and Y = R™, A can be identified with an m x n matrix and
A* coincides with A”.

For every z* € X* let the seminorm p,+ : X — R defined by p,-(x) :=
[(x*, x)|. The coarsest topology on X which makes all the seminorms p,,
for z* € X*, continuous is called the weak topology on X induced by X*,
being denoted w(X, X*). Every weakly closed set in X, i.e. closed in the
weak topology, is closed also in the original topology on X, while the reverse
assertion does not always hold.

Considering for all z € X the seminorms p, : X* — R, p,(z*) = |[(z*, )|,
one defines analogously a topology on X*, called the weak* topology, denoted
w(X*, X). When one works with X* endowed with the topology w(X*, X),
the bidual space X** of X, defined as the topological dual of X™*, can be
identified with X.

Locally convex spaces. By a local base B of the topological vector space X
endowed with the topology 7 we understand a collection of neighborhoods of
zero from 7 such that every neighborhood of zero contains an element of .
Then a set belongs to 7 if and only if it can be written as a union of translates
of members of B. A topological vector space is called locally convex if it has
a local base whose members are convex sets. In a Hausdorff locally convex
space the weakly closed convex sets are identical with the closed convex sets.
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A locally convex space is called Fréchet if it is complete and metrizable by a
metric which is invariant to translations.

If X is a Hausdorff locally convex space, to a nonempty subset U of it one
can introduce the Bouligand tangent cone at x € cl(U), which is

TU,x):= {y € X : 3(x;);>1 € U and (N\;);>1 > 0 such that

lim z; =z and lim N(z;—z)= y}
l——+oc0 l—+4oc0

Whenever U # () and x € cl(U), T(U,z) is a cone and T(U, x) C cl(cone(U —
x)). For a convex set U C X there is cone(U — z) C T'(U, x), which yields in
this case that cl(T'(U,z)) = cl(cone(U — x)). If X is metrizable, then T'(U, z)
is closed and, thus, if U is convex one has T'(U,x) = cl(cone(U — z)) for all
xz € cl(U).

Topological dual cones. Analogously to the algebraic dual cone used when
working in vector spaces, one can consider a dual cone in topological vector
spaces, too. When K is a cone in X, its topological dual cone, further called
simply dual cone, is

K*:={z" e X*:(z",2) >0 forallz € K}.

The cone K* is always convex and weak™ closed. If K is a convex cone with
nonempty interior, then there is int(K) = {z € X : (z*,2) > 0 Va* €
K*\{0}}. If C and K are convex closed cones in X, then (C'N K)* =
cly(x+,x)(C* + K*) and the closure can be removed, for instance, when
C Nint(K) # 0.

The bidual cone of a cone K C X is

K™ :={xeX:(z"xz) >0 forall z* € K*}.

Note that K** =¢o(K). When X* is endowed with the weak* topology then
K** is nothing but the dual cone of K*.
Topological interiority notions. Let, unless otherwise specified, X be a Haus-
dorff locally convex space and X* its topological dual space endowed with the
weak* topology. Besides the already introduced interiority notions, which are
defined only by algebraical means, we deal in this book also with topological
notions of generalized interiors for a set.
The quasi relative interior of U C X is

qri(U) := {z € U : cl(cone(U — z)) is a linear subspace}.

If U is convex, then z € qri(U) if and only if x € U and N(U,x) is a linear
subspace of X* (cf. [21]). The quasi interior of a set U C X is the set

qi(U) := {& € U : cl(cone(U — z)) = X }.

Note that qi(U) is a subset of qri(U). When U is convex one has x € qi(U) if
and only if x € U and N(U,z) = {0} (cf. [26,27]) and also that if qi(U) # 0
then qi(U) = qri(U). The next result provides a characterization for the quasi
interior of the dual cone of a convex closed cone.
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Proposition 2.1.1. If K C X is a convex closed cone, then
qi(K*)={z* € K*: (z*,2) >0 for allx € K\{0}}. (2.2)

Proof. Assume first that there is some z* € qi(K*) not belonging to set in the
right-hand side of (2.2). Then there is some = € K\{0} such that (z*,z) = 0.
As (y*,x) > 0 for all y* € K*, we obtain (y* —z*, —z) < 0 for all y* € K*, i.e.
—x € N(K*,z*) = {0}. As this cannot take place because = # 0, it follows
that qi( K*) C {z* € K*: (z*,2) > 0Vx € K\{0}}. Assume now the existence
of some z* € K*\ qi(K*) which fulfills (z*, x) > 0 whenever z € K\{0}. Then
there is some y € X\{0} such that (y* —a*,y) <0 for all y* € K*. This yields
(y*,y) < (z*,y) for all y* € K*. Taking into consideration that K* is a cone,
this implies (y*,y) < 0 whenever y* € K*, i.e. y € —K**. As K is convex
and closed we get y € —K\{0}, thus (z*,y) < 0, which if false. Consequently,
(2.2) holds. O

Whenever K C X is a convex cone, even if not necessarily closed, the
above proposition motivates the use of the name quasi interior of the dual
cone of K for the set

K0 .= {z* € K*: (z*,2) >0 forallz € K\{0}}.

In case X is a separable normed space and K is a pointed convex closed
cone, the Krein-Rutman theorem guarantees the nonemptiness of K*0 (see
(104, Theorem 3.38]). Considering X = [ and K = (2, it can be noted that
(12)* is nonempty, different to int((/3)*) = int(/2) which is an empty set.
If K*0 # () then K is pointed. If K is closed and int,, x- x)(K*) # 0, then
intw(X*,X)(K*) = K*0,

The strong quasi relative interior of a set U C X is

sqri(U) := {z € U : cone(U — z) is a closed linear subspace}.

It is known that core(U) C sqri(U) Cicr(U). If U is convex, then u € sqri(U)
if and only if u € icr(U) and aff (U — u) is a closed linear subspace. Assuming
additionally that X = R"™ and U C R", there is qi(U) = int(U) and icr(U) =
sqri(U) = qri(U) = ri(U), where

ri(U) := {« € aff(U) : 3¢ > 0 such that B(z,e) Naff(U) C U}

is the relative interior of the set U.

Separation theorems. Separation statements are very important in convex
analysis and optimization, being crucial in the proofs of some of the basic
results. In the following we present the ones which we need later in this book.
We begin with a classical result in topological vector spaces followed by its
version for real vector spaces and a consequence.
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Theorem 2.1.2. (Eidelheit) Let U and V' be nonempty convex subsets of the
topological vector space X with int(U) # 0. Then int(U) NV = 0 if and only
if there are some x* € X*\{0} and A € R such that

sup(z*,z) < A < inf (z*,x)
=104 zeV

and (x*,z) < X for all x € int(U).

Theorem 2.1.3. Let U and V' be nonempty convex subsets of a vector space
X with core(U) # 0. Then core(U) NV = 0 if and only if there are some
% € X#\{0} and X\ € R such that

sup(z¥,2) < X < inf (a7, z)
xelU zeV

and (x#,z) < X for all z € core(U).

Corollary 2.1.4. Let U and V' be nonempty convex subsets of the topological
vector space X such that int(U — V) # 0. Then 0 ¢ int(U — V) if and only if
there exists an x* € X*\{0} such that

sup(z*,z) < inf (z*, x).

f

zeU zeV

When working in locally convex spaces one has the following separation
result.

Theorem 2.1.5. (Tuckey) Let U and V' be nonempty convex subsets of the
locally convex space X, one compact and the other closed. Then UNV =0 if
and only if there exists an x* € X*\{0} such that

igg(z ,x) < Iugv@: ,x)
Corollary 2.1.6. Let U and V' be nonempty convex subsets of the locally con-
vex space X. Then 0 ¢ cl(U — V) if and only if there exists an x* € X*\{0}
such that

sup(z*,z) < inf (z*, z).

f

zeU zeV

In finite dimensional spaces, i.e. when X = R", we also have the following
separation statement involving relative interiors.

Theorem 2.1.7. Let U and V' be nonempty convex sets in R™. Then ri(U) N
ri(V) = 0 if and only if there exists an x* € X*\{0} such that

21615@: ,z) < inf (2%, x)
and

inf (%, z) < ).
Inf (27, ) igg@c,x)
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2.2 Convex functions

In this section X and Y are considered, unless otherwise specified, Hausdorff
locally convex spaces and X* and Y™ their topological dual spaces, respec-
tively. We list some well-known basic results on convex functions, but, as in
the previous section, without proofs concerning the most of them. They can
be found in different textbooks and monographs devoted to convex analysis,
functional analysis, optimization theory, etc. (cf. [67,90,104,157,207]).

2.2.1 Algebraic properties of convex functions

We begin with some basic definitions and results.

Definition 2.2.1. A function f : X — R is called convez if for all z,y € X
and all A € [0,1] one has

FOz+ (1= Ny) <Af(z) + (1= N)f(y) (2.3)
A function f: X — R is said to be concave if (—f) is convez.

Remark 2.2.1. Given a convex set U C X we say that a function f: U — R is
convez on U if (2.3) holds for all z,y € U and every A € [0, 1]. The function
f is said to be concave on U if (—f) is convex on U. The extension of the
function f to the whole space is the function

B _ flz),ifx e,
[ X =R, f(x):= {+oo otherwise.

It is a simple verification to prove that f is convex if and only if U is a convex
set and f is convex on U. Thus the theory built for functions defined on
the whole space X and having values in R can be employed for real-valued
functions defined on subsets of X, too.

In case X = R the following convexity criterion can be useful.

Remark 2.2.2. Consider (a,b) C R and the twice differentiable function f :
(a,b) — R. Then f is convex (concave) on (a,b) if and only if f”(x) > (<)0
for all z € (a,b).

Definition 2.2.2. A function f : X — R is called strictly convex if for all
r,y € X with x # y and all X\ € (0,1) one has (2.3) fulfilled as a strict
inequality. A function f : X — R is called strictly concave if (—f) is strictly
CONVEL.

Ezample 2.2.1. (a) The indicator function

0, ifzel,

oy X — R 6U( ) {+oo otherwise,
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of aset U C X is convex if and only if U is convex.

(b) Let A be a n x n positive semidefinite matrix with real entries. Then
the function f : R® — R, f(x) = 2T Az, is convex. If A is positive definite,
then f is strictly convex.

(¢) If || - || denotes a norm on a vector space X, then x — ||x|| is a convex
function.

One can easily prove that a function f : X — R is convex if and only if
for any n € N, z; € X and \; € Ry, i = 1,...,n, such that >\, A\, = 1,
Jensen’s inequality is satisfied, namely

f<zz Am) < izj;)\if(xi).

For a function f : X — R we consider the (effective) domain dom f :=
{z € X : f(z) < 400} and the epigraph epi f := {(z,r7) € X xR : f(z) <r}.
The strict epigraph of f is epiy f := {(x,r) € X x R: f(x) < r}. A function
f: X — Ris called proper if f(x) > —oo for all x € X and dom f # 0.
Otherwise f is said to be improper.

A characterization of the convexity of a function through the convexity of
its epigraph is given in the next result.

Proposition 2.2.1. Let the function f : X — R. The following assertions
are equivalent:

(i) f is convex;
(i) epi [ is convex;
(#ii) epi, [ is convew.

Remark 2.2.3. For f : X — R we have Pry(epif) = dom f. Thus, if f is
convex, then its domain is a convex set.

If f: X >Rand XA € R, we call {x € X : f(z) < A} the level set of f at
Aand {x € X : f(z) < A} is said to be the strict level set of f at A\. If f is
convex, then the level sets and the strict level sets of f at A\ are convex, for
all A € R. The opposite assertion is not true in general.

Definition 2.2.3. A function f : X — R is called

(a) subadditive if for all x,y € X one has f(x+y) < f(z)+ f(y);
(b) positively homogenous if f(0) = 0 and for all x € X and all X > 0 one
has f(Ax) = Af(x);

(¢) sublinear if it is subadditive and positively homogenous.

Lzample 2.2.2. Given a nonempty set U C X, its support function oy : X* —
R defined by oy (2*) := sup{{z*,z) : « € U} is sublinear.
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Notice that a convex function f : X — R is sublinear if and only if it is
also positively homogenous.

Let be given the convex functions f,g: X — R. Then f+4g¢g and Af, A > 0,
are convex. One should notice that, due to the way the operations on the
extended real space are defined, there is 0f = dgom f-

Proposition 2.2.2. Given a family of functions f; : X — R, i € I, where I is
an arbitrary index set, one has epi(sup;c; fi) = Nicrepi f;. Consequently, the

pointwise supremum f : X — R of a family of convex functions f; : X — R,
i €1, defined by f(x) = sup,c; fi(z) is a convex function, too.

Consider the Hausdorff locally convex spaces X;, i = 1,...,m, and take
X = T[i%, X;. Given the convex functions f; : X; — R,i=1,...,m, the
function f : X — R defined by f(z!,...,2™) = 3" fi(z?) is convex, too.
Obviously, dom f = [~ dom f;.

Consider U C X x R a given set. To U we associate the so-called lower
bound function ¢y : X — R defined as

ou(zr) :=inf{t e R: (x,t) € U}.

For an arbitrary function f : X — R it holds f(z) = ¢epi (z) for all z € X. If
U is a convex set, then ¢ is a convex function. By means of the lower bound
function we introduce in the following the convez hull of a function.

Definition 2.2.4. Consider a function f: X — R. The function co f : X —
R, defined by

o f(2) := Goo(epi ) () = inf{t € R : (x,t) € co(epi f)},
18 called the convex hull of f.

It is clear from the construction that the convex hull of a function f :
X — R is convex and it is the greatest convex function less than or equal to
f. Consequently,

cof =sup{g: X - R:g(x) < f(z) for all z € X and g is convex}.

Thus, f is convex if and only if f = co f. Regarding the convex hull of f we
have also the following result.

Proposition 2.2.3. Let the function f : X — R be given. Then the con-
vex hull of its domain coincides with the domain of its convex hull, namely
co(dom f) = dom(co f). Moreover, there is epi (co f) C co(epi f) = epi(co f).

Next we consider some notions which extend the classical monotonicity to
functions defined on partially ordered spaces.

Definition 2.2.5. Let be the vector space V' partially ordered by the convex
cone K, a nonempty set W CV and g: V — R a given function.
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(a) If g(x) < g(y) for all x,y € W such that x S y, the function g is called
K-increasing on W.

(b) If g(x) < g(y) for all x,y € W such that x <k y, the function g is called
strongly K -increasing on W.

(c) If g is K-increasing on W, core(K) # 0 and for all z,y € W fulfilling
x < y follows g(x) < g(y), the function g is called strictly K-increasing
on W.

(d) When W =V we call these classes of functions K-increasing, strongly
K-increasing and strictly K-increasing, respectively.

Remark 2.2.4. When X = R, the R, -increasing functions are actually the in-
creasing functions, while the strongly and the strictly R -increasing functions
are actually the strictly increasing functions.

Remark 2.2.5. For a cone K C V with core(K) # 0, we defined K :=
core(K) U {0}. Then the definition of the strictly K-increasing functions on
a set W C V coincide with the strongly K -increasing functions on W. When
int(K) # 0 one has int(K) = core(K), thus the core of the cone K can be
replaced in Definition 2.2.5 by the interior of K.

Example 2.2.3. Consider a vector space V and a linear functional v# € V#.
If v#* € K#, then the definition of the algebraic dual cone secures that for
all vy,v3 € V such that v; <g vs we have (v¥ vy — vy) > 0. Therefore
(v# v1) < (v¥ vy) and this means that the elements of K# are actually
K-increasing linear functions on the vector space V.

If v# € K#0 = {a# € K# : (2% ,2) > 0 for all z € K\{0}}, which can be
seen as the analogous of K*? in vector spaces, then for all vi, vo € V such that
v1 <k v9 it holds (v#, vy —v1) > 0. According to the previous definition this
means that the elements of K#0 are strongly K-increasing linear functions on
V.

On the other hand, if core(K) # (), then, according to the representation
core(K) = {v € V : (v#,v) > 0 Vo# € K#\{0}}, every v# € K#\{0} is
strictly K-increasing on V.

There are notions given for functions with extended real values that can
be formulated also for functions mapping from X into vector spaces. Let V'
be Hausdorff locally convex space partially ordered by the convex cone K and
V =Vu {iOOK}

The domain of a vector function h : X — V is the set domh := {z €
X : h(z) # 400k }. When h(z) # —ocok for all z € X and domh # 0 we
call h proper. The K-epigraph of a vector function h : X — V is the set
epig h = {(z,v) € X xV : h(z) <k v}.

Definition 2.2.6. A vector function h : X — V is said to be K-convex if
epig h is a convex set.
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One can easily prove that a function h: X — V U {+ocok} is K-convex if
and only if

h(Az + (1= N)y) <k A(z) + (1= Nh(y) Yo,y € X VA € [0,1].

For a convex set U C X we say that the function h: U — V is K-convex on
Uif h(Az+(1—=N)y) <g Ahr(z)+ (1 —A)h(y) for all z,y € U and all A € [0, 1].
Considering the function

- . o h(x), if z € U,
h:X =V, hz):= {+OOK, otherwise,

note that h is K-convex if and only if U is convex and h is K-convex on U.
Having a set U C X, its vector indicator function is

V. T sV )0 ifz el
5U X — V? 5U (ZC) T { 400K, otherwise.

Then (55 is K-convex if and only if U is convex.

Remark 2.2.6.Let h : X — V be a given vector function. For v* € K™ we
shall use the notation (v*h) : X — R for the function defined by (v*h)(z) :=
(v*, h(z)) and one can easily notice that dom(v*h) = dom h.

The proof of the following result is straightforward.

Theorem 2.2.4. Let be the conver and K-increasing function f : V U
{+ookx} — R defined with the convention f(+ook) = +00 and consider the
proper K -convex function h : X — V. Then the function foh : X — R is
CONVEL.

Corollary 2.2.5. Let be the convex function f:V — R and the affine map-
ping T : X — V. Then the function foT : X — R is convex.

Proof. For K = {0}, the mapping T is K-convex and the result follows by
Theorem 2.2.4. O

Another important function attached to a given function @ : X x Y — R
is the so-called infimal value function to it, defined as follows

h:Y — R, h(y) = inf{®(x,y) : v € X}.

Theorem 2.2.6. Given a convex function & : X x Y — R, its infimal value
function is convez, too.

Proof. One can prove that epi, h = Pry xr(epi, @). As the projection preserves
the convexity and epi, @ is convex, it follows that epi, h is convex, too. By
Proposition 2.2.1, h is convex. 0O
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Remark 2.2.7. It can also be proven that
Pry «r(epi®) C epih C cl(Pry «r(epi ®)).
As a special case of Theorem 2.2.6 we obtain the following result.

Theorem 2.2.7. Let be the conver function f: X — R and T € L(X,V).
Then the infimal function of f through T,

Tf:V =R (Tf)(y) = inf{f(x) : T = y}
18 convezx, too.

For an arbitrary function f : X — Rand T € £(X, V) it holds dom(T'f) =
T(dom f).

The following notion can also be introduced as a particular instance of
the infimal function of a given function through a suitable linear continuous
mapping, as can be seen below. Though, we introduce it directly because of
its importance in convex analysis and optimization.

Definition 2.2.7. The infimal convolution of the functions f; : X — R, i =
1,...,m, is the function

AO0...Of : X - R, (f1D...Dfm)(x)::inf{§: fi(z"):2" € X,zm:xi = x}
i=1 i=1

When for x € X the infimum within is attained we say that the infimal con-
volution is exact at x. When the infimal convolution is exact everywhere we
call it simply exact.

For fi : X — R, i =1,...,m, given functions, f : X™ — R defined by
fltam™) =" fi(z) and A € L(X™, X), A(z!,...,2™) =37 2t it
holds Af = fi00...0fy,. Thus dom(f,0...0f,) = >/, dom f;. By Theo-

rem 2.2.7 it follows that if f; : X — R, ¢ =1,...,m, are convex, as stated in
the following theorem, their infimal convolution is convex, too.

Theorem 2.2.8. Given the conver functions f; : X — R,i=1,...,m, then
their infimal convolution f10O...0fy, : X — R is conver, too.

The notion we introduce next is a generalization of the K-convexity (see
Definition 2.2.6).

Definition 2.2.8. A wvector function h : X — V U {+ook} is called K-
convexlike if for all x,y € X and all X € [0,1] there is some z € X such
that h(z) <g Mh(z) + (1 — Nh(y).
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It is easy to see that h : X — V U {400k} is K-convexlike if and only if
h(domh) + K is a convex set.

For U C X a given nonempty set we call h : U — V K-convezlike on U
if for all z,y € U and all A € [0,1] there is some z € U such that h(z) <k
A(z)+ (1 —N)h(y). Note that h is K-convexlike on U if and only if h(U) + K

is a convex set.

Remark 2.2.8. Every K-convex function h : X — VU{+4ook } is K-convexlike,
but not all K-convexlike functions are K-convex. Consider, for instance, R?
partially ordered by the cone R%. Take the function & : R — R? U {+0o0pz }
defined by h(z) = (z,sinz) if x € [—m, 7] and h(x) = +oogz otherwise. It can
be proven that h is Ri—convexlike, but not Ri—convex.

2.2.2 Topological properties of convex functions

In this section we deal with topological notions for functions, which alongside
the convexity endow them with special properties.

Definition 2.2.9. A function f : X — R is called lower semicontinuous at
z € X ifliminf, .z f(x) > f(Z). A funclion f is said to be upper semicontin-
wous at T if (—f) is lower semicontinuous at T. When a function f is lower
(upper) semicontinuous at all x € X we call it lower (upper) semicontinuous.

Obviously, f : X — R is continuous at z € X if and only if f is lower and
upper semicontinuous at * € X.

In the following we give some equivalent characterizations of the lower
semicontinuity of a function.

Theorem 2.2.9. Let be the function f : X — R. The following statements
are equivalent:

(i) f is lower semicontinuous;
(ii) epi f is closed;
(i) the level set {x € X : f(x) < A} is closed for all X € R.

Example 2.2.4. Given a set U C X, its indicator function dy is lower semi-
continuous if and only if U is closed, while the support function oy is always
weak™ lower semicontinuous.

Proposition 2.2.10. The pointwise supremum of a family of lower semicon-

tinuous functions f; :+ X — R, i € I, where I is an arbitrary index set,
f: X — R defined by f(x) = sup,c; fi(z) is lower semicontinuous, too.

Proposition 2.2.11. If f,g : X — R are lower semicontinuous at x € X and
A € (0,+00), then f+ g and Af are lower semicontinuous at x, too.

Via the lower bound function one can introduce the lower semicontinuous
hull of a function as follows.
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Definition 2.2.10. Consider a function f : X — R. The function f : X — R,
defined by

f(@) := berepi ) () = nf{t = (2,t) € cl(epi f)}

is called the lower semicontinuous hull of f.
Example 2.2.5.1f f :R - R, f = d(—o0,0), then obviously f= O(—00,0]-

Theorem 2.2.12. Let be the function f : X — R. Then the following state-
ments are true

(a) epi f = cl(epi f);
(b) dom f C dom f C cl(dom f);
(c) f(z) = liminf,_, f(y) for allz € X.

Remark 2.2.9. For a given function f : X — R f is the greatest lower semi-
continuous function less than or equal to f. Consequently,

f=sup{g: X - R:g(z) < f(x) Vxr € X and g is lower semicontinuous}.

In the following we deal with functions that are both convex and lower
semicontinuous and show some of the properties this class of functions is
endowed with.

Theorem 2.2.13. Let be f : X — R a convex function . Then f is lower
semicontinuous if and only if it is weakly lower semicontinuous.

Proposition 2.2.14. If f : X — R is convex and lower semicontinuous, but
not proper, then f cannot take finite values, i.e. f is everywhere equal to 400
or [ takes the value —oo everywhere on its domain.

Proposition 2.2.14 has as consequence the fact that if f : X — R is convex
and lower semicontinuous and finite somewhere, then f(r) > —oo for all
2 € X. By Proposition 2.2.1 and Theorem 2.2.12 follows that if f: X — R
is convex then f is convex, too. Further, by Proposition 2.2.14 one has that
if there is some Z € X such that f(Z) = —oo, then f(z) = —oo for all
x € dom f D dom f.

We come now to a fundamental result linking a convex and lower semicon-
tinuous function with the set of its affine minorants. A function g : X — R
is said to be affine if there are some z* € X* and ¢ € R such that
g(z) = (z*,x) +cforall € X. If f: X — R is a given function, then
any affine function g : X — R which fulfills g(z) < f(x) for all 2 € X is said
to be an affine minorant of f.

Theorem 2.2.15. Let be the given function f : X — R. Then f is convex
and lower semicontinuous and takes nowhere the value —oo if and only if its
set of affine minorants is nonempty and f is the pointwise supremum of this
set.
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Proof. The sufficiency is obvious, as a pointwise supremum of a family of
affine functions is convex, by Proposition 2.2.2, and lower semicontinuous, via
Proposition 2.2.10, noting that a function having an affine minorant cannot
take the value —oo.

To verify the necessity we first prove that the set

M:={(z*,0) € X* xR: (z*,2) + a < f(z) Vo € X}

is nonempty. If f = +o0 then for all z* € X* and o € R we have (z*,2) + o <
f(z) for all z € X, ie. (2%, ) € M.

Otherwise, there must be at least an element y € X such that f(y) € R.
Then epi f # (0 and (y, f(y) — 1) ¢ epi f. As the hypotheses guarantee that
epi f is convex and closed, applying Theorem 2.1.5 follows the existence of
some z* € X* and a € R, (z*,a) # (0,0), such that

(% y) +a(fly) = 1) < (", 2) + ar V(z,r) € epi f.

As (y, f(y)) € epi f, it follows a > 0 and (1/a){z*,y — z) + f(y) — 1 < r for
all (x,r) € epi f. Taking into consideration that whenever x € dom f there is
(z, f(x)) € epi f, the last inequality yields (1/a){z*,y —z) + f(y) — 1 < f(z)
for all x € dom f, and one can easily note that this inequality is valid actually
for all z € X. Consequently, the function z — ((—1/a)z*, z) + (1/a)(z*,y) +
f(y) — 1 is an affine minorant of f, thus M # () in this case, too.

For all x € X one has

f(@) >sup{(z*,z) + o : (2%,0) € X* xR, (z",2) +a < f(z) Vz € X}

and next we prove that this inequality is always fulfilled as equality. Assume
that there are some € X and 7 € R such that

f(@)>7F>sup{(z*,Z) + a: (z",a) € X* xR, (#",2) +a < f(2) Vz € X }.

(2.4)
Then (z,7) ¢ epi f. Applying again Theorem 2.1.5 we obtain some z* € X*
and @ € R, (z*,&) # (0,0), and an € > 0 such that

(T, x) +ar > (T*,z) + ar +e Y(x,r) €epi f. (2.5)

For (z,s) € epi f we get (z,s +t) € epi f for all ¢ > 0, thus @ > 0. Assume
that f(Z) € R. Then we obtain a(f(Z) — 7) > e, which yields @ > 0. Thus for
all x € dom f one has f(z) > (1/a)(z*,z —x) + T+ (1/a)e > (1/a)(z*, & —
z) + 7. As the function z — ((—1/a)z*,z) + ((1/a)z*,z) + 7 is an affine
minorant of f taking at @ = Z the value 7, we obtain a contradiction to (2.4).
Consequently, f(Z) = +oo. Assuming @ > 0 we reach again a contradiction,
thus @ = 0. Consider then the function x — —(Z*,2 — T) + . By (2.5)
one gets —(z*,x — z) + ¢ < 0 for all x € domf. As M # 0, there are
some y* € X* and # € R such that (y*,z) + 8 < f(z) whenever z € X.
Denote v := (T — (y*,z) — () /e. It is clear that v > 0 and that the function
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x — (y* — vz x) + (v&*,Z) + 0 + e is affine. For all x € dom f there
is (y* — 92", 2) + (VT*,2) + B+ e = (¥, 2) + B+v((-7",2 — %) +¢) <
(y*,2)y + B8 < f(x), thus & — (y* — yZ*, x) + (YT*,T) + S + e is an affine
minorant of f and for x = T one gets (y* — yT*,Z) + (yZ*,Z) + B + e = T,
which contradicts (2.4). Thus f is the pointwise supremum of the set of its
affine minorants. 0O

The lower bound function can be also used to introduce the lower semi-
continuous convex hull of a function.

Definition 2.2.11. Consider a function f: X — R. The functioncof : X —
R, defined by

Cof(x) := des(epi f)(x) = inf{t : (x,t) € co(epi f)}
18 called the lower semicontinuous convex hull of f.
Some properties this notion is endowed with follow.

Theorem 2.2.16. Let f : X — R be a given function. Then the following
statements are true

(a) epi(cof) = co(epi f);
(b) dom(co f) = co(dom f) C dom(cof) C cl(dom(co f)) = co(dom f).

Remark 2.2.10. 1t is clear from the construction that the lower semicontinuous
convex hull of a function f : X — R is convex and lower semicontinuous and
it is the greatest convex lower semicontinuous function less than or equal to
f. Consequently,

cof =sup{g: X = R:g(z) < f(z) for all z € X and

g is convex and lower semicontinuous}.
Now we turn our attention to continuity properties of convex functions.

Theorem 2.2.17. Let be f : X — R a convex function. The following state-
ments are equivalent:

(i) there is a nonempty open subset of X on which [ is bounded from above
by a finite constant and is not everywhere equal to —oo;

(ii) f is proper and continuous on the interior of its effective domain, which
18 nonempty.

As a consequence of Theorem 2.2.17 it follows that a convex function
f: X — R is continuous on int(dom f) if and only if int(epi f) # 0. If we
take X = R™, every proper and convex function f : R” — R is continuous on
ri(dom f). Consequently, every convex function f : R™ — R is continuous.

Besides associating new functions to a given function, the lower bound
function can be used to define the notion of a gauge of a given set. For U C X,
consider the set cone(U x {1}) = {(Az,\) : A € Ry,z € U}. If U is convex

and closed, then cone(U x {1}) is convex and closed, too.
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Definition 2.2.12. Given a convez absorbing subset U of a vector space X,
the gauge (or Minkowski function) associated to it is the function vy : X — R
defined by

’YU(:L') = ¢c0ne(U><{1})(x) = lnf{/\ >0:x€ )\U}
In this situation, U is called the unit ball of the gauge vy .

Proposition 2.2.18. (a) If X is a vector space and U C X is absorbing and
convez, then vy is sublinear and core(U) = {z € X : vy (x) < 1}. If U is
moreover symmetric, then yy is a seminorm.

(b) If X is a topological vector space and U C X is a convex neighborhood
of 0, then vy is continuous, int(U) = {z € X : yy(x) < 1} and cl(U) =
{reX () <1}

There are several extensions of the notion of lower semicontinuity for vector
functions based on the properties of the lower semicontinuous functions. We
recall here three of them, which are mostly used in convex optimization. Like
before, V' is a Hausdorff locally convex space partially ordered by the convex
cone K.

Definition 2.2.13. A function h: X — V U {+ook} is called

(a) K-lower semicontinuous at © € X if for any neighborhood W of zero in
V' and for any b € V satisfying b S h(x), there exists a neighborhood U
of x in X such that h(U) Cb+ W 4+ K U{+ook};

(b) star K-lower semicontinuous at x € X if (k*h) is lower semicontinuous
at x for all k* € K*.

Remark 2.2.11. The K-lower semicontinuity of a function h : X — V U
{+o0k} was introduced by Penot ant Théra in [150], being later refined
in [50]. For all x € domh the definition of the K-lower semicontinuity of
h at x amounts to asking for any neighborhood W of zero in V the existence
of a neighborhood U of = in X such that h(U) C h(xz) + W + K U {+ocok }.
The notion of star K-lower semicontinuity was first considered in [106].

Definition 2.2.14. A function h: X — V U {+ocok} is called

(a) K -lower semicontinuous if it is K-lower semicontinuous at every x € X;

(b) star K-lower semicontinuous if it is star K -lower semicontinuous at every
zeX;

(c) K-epi closed if epig h is closed.

Proposition 2.2.19. Let be the function h : X — V U {400k }.

(a) If h is K-lower semicontinuous at x € X, then it is also star K-lower
semicontinuous at x.
(b) If h is star K-lower semicontinuous, then it is also K -epi closed.
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The following example shows that there are K-epi closed functions which
are not star K-lower semicontinuous.

FEzample 2.2.6. Consider the function

(i,x), if x>0,

. 2 =
h:R—R-U {+OORi}a h(z) = { JrooRi, otherwise.

It can be verified that h is Ri—convex and ]Ri—epi-closed7 but not star Ri—
lower semicontinuous. For instance, for k* = (0,1)" € (R%)* = R one has

((0,1)Th)(x) = {x if 2 >0,

400, otherwise,
which is not lower semicontinuous.

Remark 2.2.12. When V = R and K = R, the notions of K-lower semicon-
tinuity, star K-lower semicontinuity and K-epi closedness collapse into the
classical notion of lower semicontinuity.

2.3 Conjugate functions and subdifferentiability

Throughout this entire section we consider X to be a Hausdorff locally convex
space with its topological dual space X* endowed with the weak™ topology.

2.3.1 Conjugate functions

Let f : X — R be a given function. In the following we deal with the notion of
conjugate function of f, a basic one in the theory of convex analysis and very
important for establishing a general duality theory for convex optimization
problems (see chapter 3 for more on this topic).

Definition 2.3.1. The function

[P XT =R, ()= 5161;@({@*,@ — f(=)}

is said to be the (Fenchel) conjugate function of f.

Note that for all z* € X™ it holds f*(z*) = sup,eqom {(z", ) — f(2)}.
Some of the investigations we make in this book will employ the conjugate
function of f with respect to the nonempty set S C X, defined by

fi: X° =R f3() 1= (F +89)° (@) = sup{ (e, a) — £(2).

Lemma 2.3.1. (a) If the function [ is proper, then f*(xz*) > —oo for all
¥ e X*.
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(b) The function f* is proper if and only if dom f # () and f has an affine

minorant.

Proof. (a) If the function f is proper, then by definition there exists some
Z € X such that f(z) € R. Then for all z* € X* it holds f*(z*) =
sub,ex {2, 2) — f(2)} > (2%, 3) — f(&) > —o.

(b) Suppose first that the function f* is proper. By definition there exists
z* € X* such that that f*(z*) € R. Since f*(z*) = sup,ex {(z*,2) — f(z)} >
(7*,x) — f(z) for all z € X, x — (T*,x) — f*(Z*) is an affine minorant of the
function f. Assuming that dom f = ) or, equivalently, f = +oc0, one would
have that f* = —oo, which would contradict the assumption that f* is proper.
Thus dom f must be a nonempty set.

Assume now that dom f # () and that there exist z* € X* and ¢ € R such
that f(z) > (z*,x)+cfor all z € X. Obviously, the function f is proper and by
(a) we get f* > —oo on X*. Moreover, f*(Z*) = sup,c x{(z*,z)— f(2)} < —¢,
whence f* is proper. 0O

It is straightforward to verify that in case f is not proper one either has

* = —oo (if f = 400) or f* = +oo (if there exists an x € X with f(z) =

—00). In case dom f # () and f has an affine minorant =z — (z* z) + ¢,

with z* € X* and ¢ € R it holds, as we have seen, —c¢ > f*(z*). Under

these circumstances, —f*(z*) represents the largest value ¢ € R for which
x +— (x*,x) + c is an affine minorant of f.

Remark 2.3.1. It is a direct consequence of Definition 2.3.1 that f* is the
pointwise supremum of the family of affine functions g, : X* — R, g,(z*) =
(x*,z) — f(x), € dom f. Therefore f* turns out to be a convex and lower
semicontinuous function.

Next we collect some elementary properties of conjugate functions.

Proposition 2.3.2. Let f, g, f; : X — R, i € I, be given functions, where I
1s an arbitrary index set. Then the following statements hold

(a) f(x) + f*(x*) > (z*,2) Ve € X Vo* € X* (Young-Fenchel inequality);

(b) infrex f(SC) - —f*(()),

(c) f < g on X implies * > g* on X*;

(d) (sup;e; fi)* < infier [ and (infier f;)" = sup;e; f7;

(e) NF)*(x*) = Af*((1/N)a*) Va* € X* VA > 0;

() (F+6) ="~ BVAeR;

(g) for fio(x) = f(x — x0), when xo € X, there is (fz,)*(x*) = f*(z*) +
(x*, o) Va* € X*;

(h) for fex(x) = f(x) + (x5, 2), when x5 € X*, there is (fox)*(v*) = f* (2" —
x§) Vo* € X*;

(i) for Y a Hausdorff locally convex space and A : Y — X a linear continuous
invertible mapping there is (f o A)* = f* o (A71)*;

@) (F+9)" (@ +y") < fr(@") +97(y") Vam,y" € X~
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(k) (Af + (1= A)g)*(z") < Af*(x") + (1 = A)g*(z") V2~ € X* VA € (0,1);

(D) for f: X1 x...x X = R, f(x1,...,2) = 2_:111 fi(x;), where X; is
a Hausdorff locally convex space and f; : X; — R, i =1,...,m, there is
[y, ah) =200 fra) Y(ag, .. ak,) € X ox o x X

Proof. The verification of the above assertions is an obvious consequence of
Definition 2.3.1. Therefore we confine ourselves only to point out the proof of
the statements (d) and (7).

(d) For all j € I and z* € X* we have (suplel fi)*(x*) = supyex {(z*, x) —
sup;er fi(z)} < sup,ex{(z*,z) — fj(x)} = f7(z*). Taking the infimum over
j € I at the right-hand side of this mequahty ylelds the wanted result.

In the second part of the statement, for all z* € X* we have (inf;c; f;)*(2*)
7 EUP)JCEX{<73*7$> — infies fi(z)} = sup;e;supyex{(z*, z) — fi(z)} = sup;e;

().
(1) Let 2* € X* be arbitrarily taken. It holds (foA)*(x ) = sup,cx{(z*, x)
—f =
“(

(Ax)} = sup,ey {(z*, A7) — f(y)} = sup,ey {((A71)* 2%, y) — fly )
(A=) 2*) = (f* o (A71)*)(z*) and the desired relation is proved. O

Remark 2.3.2. The convention (400) + (—00) = (—00) 4 (4+00) = 400 ensures
that the Young-Fenchel inequality applies also to improper functions.

For a function defined on the dual space X ™ one can introduce its conjugate
function analogously. More precisely, if we consider g : X* — R, then

g X —R, g'x)= sup {(z",2) — g(=")}
rreX*

is the conjugate function of ¢. In particular, to the function f : X — R we
can attach the so-called biconjugate function of f, which is defined as the
conjugate function of the conjugate f*, i.e.

JX SR ) = () @) = sup {(@"2) - (@),

zreX*
The next lemma is a direct consequence of the Young-Fenchel inequality.
Lemma 2.3.3. For all x € X it holds f**(z) < f(z).
Next the conjugates of some convex functions needed later are provided.

Ezample 2.3.1. Let X =R and f: R — R.
(a) If f(z) = (1/2)22, x € R, then f*(x*) = (1/2)(x*)? for z* € R.
(b) If f(x) =¢€", z € R, then

z*(Inz* — 1), if 2* > 0,
") =<0, if 2* =0,
00, if * < 0.
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z(Inz — 1), if 2 > 0,
flx)=<0, ifx=0,
400, if x <0,

then f*(z*) =e* for z* € R.

Ezample 2.3.2. Letbe f : X = R, f(x) = (y*, z) +¢, with y* € X* and ¢ € R.
Then

* *\ * . —C, lfJC*:y*,

Fra7) =0y (@7) —e = {Jroo, otherwise.

Ezample 2.53.3. Let be U C X. Then for all £* € X* there is

o (a*) = sup{(z*, z) — dy(z)} = sup(z*, x) = oy (a™).
zeX zeU
Ezample 2.3.4. (a) Given a convex absorbing subset U of X, the conjugate of
its gauge 7y : X — R at some z* € X* is

() (z*) = jgg {{z*,z) —inf{A > 0: 2 € \U}}

= sup ¢ (z*,z) + sup {—A} = sup{ — A+ sup(x”, Ay}}
zeX A>0, A>0 yeu
zeEANU

_ * _ 0, if O-U(x*) <1,
= ilg()) {A(;gg(ﬂf Y) 1) } - { +00, otherwise.

(b) Let (X, || -||) be a normed vector space and (X*,| - ||.) its topological
dual space. The conjugate of the norm function can be deduced from the one
of the gauge corresponding to the set U = {z € X : ||z| < 1}, since yp = || - ||
and oy = || - ||«. Therefore for * € X* one has

wr o O, if 2] <1,
(I 1h™(2") = {—i—oo, otherwise.
Ezample 2.3.5. Let X be a normed space and f: X — R, f(z) = (1/p)]|=||P,
1 < p<oo. Then f*(z*) = (1/q)||z*||? for * € X*, where (1/p) + (1/q) = 1.

The results we prove next are necessary for deriving further statements,
in particular concerning duality.

Proposition 2.3.4. The following relations are always fulfilled

(a) f* = (f)* = (@f)" on X*;
(b) [ <cof <f<fonX.

Proof. (a) Taking a careful look at the way the functions cof and f are
defined, it is not hard to see that on X the inequalities cof < f < f are
always fulfilled (see also Theorem 2.2.12(a)). Applying Proposition 2.3.2(c)
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we get (¢of)* > f* > f* on X*. In order to get the desired conclusion, we
prove that (¢of)* < f*. Let * € X* be arbitrarily taken. We treat further
three cases.

If f*(a*) = o0 we get (@0f)*(2") = (F)*(a*) = f*(&*) = +oc.

If f*(z*) = —o0, then f** = 400 and, by Lemma 2.3.3, one has f = +oc.
This implies further f = @f = f = +oco and, consequently, (¢of)*(z*) =
(P (%) = J*(a*) = —o0.

It remains to consider the case f*(z*) € R. Consider the function g :
X = R, g(x) = (z*,2) — f*(«*). According to the Young-Fenchel inequality
for all x € X we have g(x) < f(x), which is equivalent to epig D epif.
Since ¢ is an affine function, epig is a convex and closed set and it holds
epig 2O @o(epi f). By Theorem 2.2.16(a) we get epig 2O epi(cof), and from
here we deduce that g(z) = (z*,z) — f*(2*) < cof(x) for all z € X. This
implies (Cof)*(2*) = sup,ex{(z*,2) —Cof(z)} < f*(2*) and in this way the
statement (a) has been verified.

(b) We only have to justify f** <<of on X. As the equality f* = (¢of)* is
secured by (a), it holds f** = (cof)** < @of on X, where the last inequality
follows by Lemma 2.3.3. O

Because of the inequality f** < f on X, arises in a natural way the
question when does the coincidence of f and f** occur. The next statement
gives an answer.

Theorem 2.3.5. If f : X — R is proper, convez and lower semicontinuous,
then f* is proper and f = f**.

Proof. We prove first that f* is proper. As f is proper, dom f # () and, by
Theorem 2.2.15, f has an affine minorant. Thus Lemma 2.3.1(b) guarantees
the properness of f*. We prove next that f = f**. For all x € X we have

[ (@) = sup {(z"2) — f*(a")} = sup  {(z%,x) +c} =
rreEX* z*eX” ceR,
fr(@")<—c

sup{{(z*,z) +c:a* € X", ce R, (z",2) + ¢ < f(2) Vz € X}
and this is equal, again by Theorem 2.2.15, to f(z). O

The well-known Fenchel-Moreau theorem follows as a direct consequence
of Theorem 2.3.5. Because of its fame and historical importance we cite it
here as a separate statement.

Theorem 2.3.6. (Fenchel-Moreau) Let f : X — R be a proper function.
Then f = f** if and only if f is convex and lower semicontinuous.

Corollary 2.3.7. Let f : X — R. Ifcof > —oo, then f** =cof.

Proof. If @6 f is proper, then the conclusion follows by Proposition 2.3.4(a)
and Theorem 2.3.5. If @6 f = +o00, then cof = f** = 400 and the result holds
also in this case. O
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Remark 2.53.3. It is an _immediate conclusion of Theorem 2.3.5 that for a con-
vex function f: X — R its conjugate function f* is proper if and only if f is
proper.

Remark 2.3.4. Until now we have attached to a function f : X — R the
conjugate function f* and the biconjugate function f**. It is natural to ask if
it makes sense to consider the conjugate of the latter, namely f***: X* — R
defined by f*** = (f**)*. Since we always have f* = f*** this is not the case.
In order to prove this we treat two cases.

Let us assume first that the function f* is proper. Since f* is also convex
and lower semicontinuous, Theorem 2.3.5 secures the equality f*** = (f*)** =
f*. Assume now that the function f* is not proper. If f* = 400 then f** =

—oo and this implies f*** = 4o00. If there is an z* such that f*(z*) = —o0,
then f** = 400, which yields f*** = —oo. Moreover, by Lemma 2.3.3 it is
obvious that f = 400 and so f* = —oc.

In convex analysis it is very natural and often also very useful to refor-
mulate results employing functions in the language of their epigraphs. This
applies also to conjugacy properties and the corresponding operations.

Let Y be another Hausdorff locally convex space whose topological dual
space Y* is endowed with the weak* topology. For f : X — R a given function
and A € L(X,Y) we calculate in the following the conjugate of the infimal
function of f through A and derive from it the formula for the conjugate of the
infimal convolution of a finite family of functions f; : X = R, i =1,...,m.

Proposition 2.3.8. (a) Let f : X — R be a given function and A € L(X,Y).
Then it holds (Af)* = f* o A*.

(b) Let f; : X = R, i=1,...,m, be given functions. Then (f10...0f,)* =
i 7

Proof. (a) By definition there holds for any y* € Y*

(Af)(y") = sup{(y*,y) — (Af)(y)} =sup{(y",y) — inf f(x)}=

yey yey zeX,Az=y
sup {(y*, Az) — f(2)} = sup{{A"y", z) — f(2)} = (/" 0 A")(y").
zeX zeX

(b) Taking f : X™ — R, f(z!,...,2™) =37 fi(2*) and A € L(X™, X),
A(zt,...,2™) = Y ', we have seen that Af = f10...0f,,. Applying
the result from (a) we get (f10...0f,)* = f* o A*. The conclusion follows
by using Proposition 2.3.2(1) and the fact that A*z* = (z*,...,2z*) for all
e X*. O

Of course, it is also of interest, to give a formula for the conjugate of
the sum of a finite number of functions. A first calculation shows that for
™ € X*, i=1,...,m, there is
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(Zfl) @ ):2;;{2 iﬁm}

< 252}3{(%”,@ — fi(z)} = Z; @),

Consequently, for z* € X*,

(Zﬁ) <1nf{Zf :éxi*:x*}:(fl*D...Df;)(x*).

(2.6)
In a natural way the question of the coincidence of both sides of (2.6) arises.
We can give first an equivalent characterization of this situation (see [38]).

Proposition 2.3.9. Let f; : X — R, i = 1,...,m, be proper functions such
that N, dom f; # (0. Then the following statements are equivalent:

(i) epi (3212 fi) =it epifi;
(ir) (0, fz)* = ff0O...0f% and the infimal convolution is exact.

Proof. (i) = (ii) Let * € X* be arbitrarily taken. Then (37, f;)" (z*) >
—oo. If (X0, f;)"(z*) = +oo then (i) is automatically fulfilled, thus we
consider further that (300, fi) (2*) < 400, ie. (2%, (0, fi) (x%) €
epi (Zl 1 fl) y (i) there exist (z**,7;) € epiff, i = 1,...,m, such that
zto= Y at and (>0, f)*(x*) = >, . This implies ff(z™) <y,
i = 1,...,m, followed by 1", fr(z*) < (X0, fz)*(m*) Consequently,
(F0...0f5) (@) < (X0, f;) (z*), which, combined with (2.6), yields (ii).

(14) = (¢) Let the pairs (z",r;) € epif, i = 1,...,m, be given. Then
(X fi)* (i 2™) <0 fi(@™) < 30 iy he (002 27, 3000 i) €
epi (0, f:)7. Therefore epi (X1, fi)" 2 3.7 epi f; and this inclusion is
always valid. Taking now some arbitrary pair (z*,r) € epi (Y /", fi)*, we
get (X0, fz)*(m*) < r. By (ii) there exist some z* € X*, i = 1,...,m,
such that Y ", ™ = z* and Y [~ f# (™) < r. This yields the existence of
some r; € R, ¢ = 1,...,m, with >.", r; = r, such that f}(z™*) < r; for
all i = 1,...,m. Then (z*,r*) = (X2, ™, 3" ;) € S0 epi ff and the
proof is complete. O

In order to give a sufficient condition for the equality in (2.6) note first that
for any proper functions f; : X — R, ¢ = 1,...,m, fulfilling N, dom f; # 0,
there is

cl (Zepiﬂ) Depi(fid...0fm) 2 Zepifi,
i=1 i=1

which has as consequence that
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cl(epi(f10...0fn)) = epi fild... Ofp = cl <Zepi f> (2.7)

i=1

The following two results characterize the epigraph of the conjugate of the
sum of finitely many functions.

Theorem 2.3.10. Let be f; : X — R, i=1,...,m, proper, convex and lower
semicontinuous functions fulfilling NI™, dom f; # 0. Then one has

(Zﬁ) _FO.OF
=1

and, consequently,

epi(Zﬁ) epiffD...Df;;Cl(Zepifi*).
i=1 i=1
Proof. By Theorem 2.2.12(b) we get

> dom f; = dom(f;0...0f;,) € dom fO.. OFy,.
i=1

Since Theorem 2.3.5 ensures that f, ¢« = 1,...,m, are proper functions, it
holds »"7" | dom f} # 0, consequently, dom f;O...0f;, # 0. Assuming that
there is some z* € X* such that ff0...Of (z%) = —oo, we get > .| f* =
>t fi = 400, which contradicts the hypothesis N, dom f; # 0. Therefore
fO...0f; is a proper function. We can apply now Theorem 2.3.5, which
yields ff0...0Of;, = (ff0...0f;,) " . Using Proposition 2.3.4(a) and Propo-
sition 2.3.8(b), it follows ffO...0Of; = (f0...0f)7 = (X258, £)"
Then the first formula follows via Theorem 2.3.5 and, together with (2.7), it
yields the second one, too. 0O

Remark 2.53.5. For two proper, convex and lower semicontinuous functions
f,9: X — R fulfilling dom f Ndom g # ), Theorem 2.3.10 yields the classical
Moreau-Rockafellar formula, namely

(f +9)" = fOg*.
Turning to epigraphs, we get
epi(f +g)" = epi f*Ug* = cl(epi f* + epig®).

Remark 2.3.6. As seen in Theorem 2.3.10 and Proposition 2.3.9, a sufficient
condition to have equality in (2.6) for the proper functions f; : X — R,
i =1,...,m, when N, dom f; # 0 and all these functions are convex and
lower semicontinuous, is Y .-, epi f/ closed. For other sufficient conditions

that guarantee the equality in (2.6) we refer to section 3.5.
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We close this subsection by characterizing the conjugate of a K-increasing
function, which will be useful in chapter 3 when dealing with composed convex
optimization problems. Let V' be a Hausdorfl locally convex space, partially
ordered by a convex cone K C V.

Proposition 2.3.11. If g : V — R is a K-increasing function with dom g #
(0, then g*(v*) = +oo for all v* ¢ K*, i.e. domg* C K*.

Proof. If K = {0} the conclusion follows automatically. Assume that K # {0}
and take an arbitrary v* ¢ K*. By definition there exists © € K such that
(v*,0) < 0. Since for some arbitrary © € domg and for all « > 0 we have
g(v — av) < ¢g(0), it is straightforward to see that

9" (") = sup{(v*,v) — g(v)} > sup{ (v", & — ) — g — a)}
veV a>0

> ili%{@*’ U —av) —g(0)} = (v*,0) — g(v) + Zli%{—a<v*7 v)} = +o0,

and the proof is complete. O

2.3.2 Subdifferentiability

In nondifferentiable convex optimization the classical (Gateauz) differentia-
bility may be replaced by the so-called subdifferentiability. To have a differen-
tiability notion is extremely beneficial in analysis and optimization not only
from the theoretical, but also from the numerical point of view. It allows, for
instance, to formulate functional equations to describe mathematical objects
and models for practical problems or to give optimality conditions in different
fields of mathematical programming, variational calculus, for optimal control
problems etc.

In this book we consider in the most situations scalar and multiobjective
programming problems which involve convex sets and convex functions, with-
out making use of the classical differentiability which is included as a special
case of the general setting.

Definition 2.3.2. Let f : X — R be a given function and take an arbitrary
x € X such that f(z) € R. The set

Of (@) :={a" € X" : f(y) — f(x) = (z",y —x) Vy € X}

is said to be the (conver) subdifferential of f at x. Its elements are called
subgradients of f at x. We say that the function f is subdifferentiable at x if

of (x) # 0.
If f(x) ¢ R we consider by convention Of(z) := (.

Example 2.3.6. For U C X and f = 6y : X — R, one can easily show that for
all z € U there is 90y () = N(U, x).
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If f: X — R is subdifferentiable at = with f(x) € R and 2* € df(x), then
the function h: X — R, h(y) = (2*,y) + f(x) — (z*,z) is an affine minorant
of f. Moreover, this affine minorant coincides at x with f. In the following
statement we give a characterization of the elements z* € df(z) according to
the fact that for z* and = the Fenchel-Young inequality is fulfilled as equality.

Theorem 2.3.12. Let the function f : X — R be given and © € X. Then
x* € Of(x) if and only if f(z) + f*(z*) = (x*, ).

Proof. Let z* € Of(x). Then f(z) € R and f*(z*) = sup{{(z*,y) — f(y) :
y € X} < (z*,x) — f(x). Since the opposite inequality is always true, f(x) +
f*(z*) = (z*, z) follows.

Vice versa, let x € X and z* € X* be such that f(z) + f*(2*) = (", ).
Then f(z) € R and (%,7) — f(z) = f*(z%) = sup,ex{(e*9) — F(n)} >
(x*,y) — f(y) for all y € X, and hence * € 9f(x). O

For f : X — R a given function one has that x € X with f(z) € R is
a solution of the optimization problem inf,cx f(x) if and only if 0 € df(x).
In general one can express necessary and sufficient optimality conditions for
optimization problems by means of subdifferentials as we shall see in section
3.3.

Proposition 2.3.13. (a) For a given function f : X — R, one has O(f +
(x*,))(x) = 0f (z) +a* for allz* € X* and all x € X.

(b) For f: X1 x ...x X, = R, f(z',...,2™) = 3" fi(z?), where X; is
a Hausdorff locally convex space and f; : X; — R, i =1,...,m, there is
of (@, ...,a™) =TI~ 0fi(z?) for all (z*,...,2™) € Xt x ... x X™.

Theorem 2.3.14. Let f : X — R and € X. The subdifferential Of (x) is a
(possibly empty) convex and closed set in X*.

Proof. Tf f(xz) = *oo there is nothing to prove. Let be f(z) € R. By the
Young-Fenchel inequality and Theorem 2.3.12 it follows that * € 0f () if and
only if f(x) 4+ f*(«*) < (2*,z). Therefore one can rewrite the subdifferential
of the function f at x as the level set of the convex and lower semicontinuous
function z* — —(z*, z) + f*(2*) at — f(x), i.e. Of (x) = {z* € X* : —(z*,x) +
f*(x*) < —f(x)}. This guarantees the convexity and, via Theorem 2.2.9, the
closedness of 0f(x). O

The aim of the next theorem is to present some connections between the
subdifferentials of the functions f, f and cof.

Theorem 2.3.15. Let be f : X — R and x € X be such that Of(x) # 0.
Then it holds

(a)cof(z) = f(x) = f(x) and the functions f, f and ©of are proper and f is
lower semicontinuous at x;

(b) 0(cof)(x) = Of (x) = Of (x);



40 2 Preliminaries on convex analysis and vector optimization

(c) I = oof.

Proof. (a) Let z* € Jf(x) be arbitrarily taken and consider the function
h:X — R, h(y) = (=*,y) + f(x) — (z*,2), which is an affine minorant of f.
Note that f(x) € R. Since h is also convex and lower semicontinuous it holds
h < @@f < f < f. Taking into consideration that f(z) = h(z) we deduce
that f(x) = h(z) < @ f(x) < f(x) < f(x) and the desired equalities follow.
This also implies that the function f is lower semicontinuous at = and the
properness of f, f and @of follows easily.

(b) If z* € Jf(x) then, by definition, f(y) > f(z) + (z*,y — ) for all
y € X. Asy — (z*,y —x) + f(x) is a convex and lower semicontinuous
function which is everywhere less than or equal to f, using (a) we get co f(y) >
cof(x) + (z*,y — z) for all y € X. Thus z* € 9(cof)(x) and the inclusion
df(z) C d(cof)(x) follows. Assume now that z* € 9(cof)(x). Because of (a),
for all y € X we have f(y) — f(z) > ¢of(y) —cof(x) > (z*,y — ), i.e. z* €
Of (z). Therefore (cof)(x) C df(z) and we actually have Of (z) = d(Tof)(x).
Following the same idea one can also prove that df(z) = df(x).

(¢) The assertion follows from (a) and Corollary 2.3.7. O

Theorem 2.3.16. Let be f: X — R and v € X.

(a) If Of (x) # 0, then f(z) = f**(x).
(0) If f(z) = f*(x), then Of (x) = Of ().

Proof. (a) The statement follows directly from Theorem 2.3.15(a), (¢).

(b) If f(z) = f**(z) = Zoo, then by convention we have Jf(x) =
Af**(x) = 0. Otherwise, Theorem 2.3.12 and Remark 2.3.4 allow to con-
clude that z* € 9f(z) & f*(z*) = —f(z) + (z*,z) & [**(2*) = —f(x) +
(x*,z) & x* € 0f**(x). O

Our next aim is to point out that the calculation rules which are available
for the classical differential can be applied in general only partially to the
subdifferential. Using Definition 2.3.2 it is easy to prove that for a given
function f: X — R and = € X it holds

OAf)(x) = ANOf(x) for all X > 0.

Coming now to the sum, for some given arbitrary proper functions f; : X — R,
i =1,...,m, one can only prove in general that for x € X it holds

i@fi(x) Qﬁ(iﬁ) (z). (2.8)

We refer the reader to section 3.5 for sufficient conditions which guarantee,
when the functions f;, ¢ = 1,...,m, are convex, equality in (2.8).

The next result displays some connections between the subdifferential of
a given function f and the one of its conjugate.
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Theorem 2.3.17. Letbe f : X - R and z € X.

(a) If x* € Of (x), then x € Of*(x*).
(b) If f(x) = f**(z), then x* € Of(x) if and only if v € Of*(z*).
(¢) If f is proper, convex and lower semicontinuous, then x* € df(x) if and

only if x € Of*(z*).

Proof. (a) Since z* € 9f(x), according to Theorem 2.3.12 we have f(z) +
fH(z*) = (z*,2). But f**(x) < f(z), by Lemma 2.3.3, and thus f**(x) +
f*(x*) < (z*,z). As the reverse inequality is always fulfilled, using once more
Theorem 2.3.12, we get x € df*(x*).

(b) Because of (a) only the sufficiency must be proven. For any z €
Of*(x*), again by Theorem 2.3.12, it holds (z*,z) = f*(z*) + f**(z) =
f*(x*) + f(z) and therefore z* € Of(x).

(¢) Theorem 2.3.5 yields f = f** and the equivalence follows from (b). O

A classical assertion on the existence of a subgradient is given in the fol-
lowing statement (cf. [67]).

Theorem 2.3.18. Let the convex function f : X — R be finite and continuous
at some point x € X. Then Of(x) # 0, i.e. f is subdifferentiable at x.

Theorem 2.3.18 follows easily as a consequence of the Fenchel duality state-
ment Theorem 3.2.6, which we give in the next chapter. For further results
concerning subdifferential calculus we refer to section 3.5 and the book [207].

We conclude this subsection by resuming the relations between the sub-
differentiability and the rather classical notion of Gateaux differentiability
accompanied by some further properties of the Gateaux differential.

Definition 2.3.3. Let f : X — R be a proper function and x € dom f. If the

limit
o S+ ty) = [ (@)
t10 t

exists we call it the directional derivative of f at x in the direction y € X and
we denote it by f'(x;y). If there exists an x* € X* such that f'(z;y) = (x*,y)
for all y € X, then f is said to be Gateauz differentiable at x, ™ is called
the Gdteaux differential of f at x and it is denoted by V f(z), i.e. f'(x;y) =
(Vf(x),y) forallye X.

We need to note that if f is proper and convex and = € dom f then f'(z;y)
exists for all y € X (cf. [207, Theorem 2.1.12]). If, additionally, f is continuous
at € dom f then for all y € X there is f/'(z;y) = max{(z*,y) : 2* € 0f(x)}.
For convex functions the Gateaux differentiability and the uniqueness of the
subgradient are closely related, as stated below.

Proposition 2.3.19. Let f : X — R be a proper and convex function and
z € dom f.
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(a) If x € core(dom f) and [ is Gdteauz differentiable at x, then f is subdif-
ferentiable at x and Of (x) = {V f(x)}.

(b) If f is continuous at x and its subdifferential Of (x) is a singleton, then f
is Gateauz differentiable at x and 0f(x) = {V f(x)}.

In the next results the convexity of a Gateaux differentiable function is
characterized.

Proposition 2.3.20. Let U C X be a nonempty, open and convexr set and
f U — R a Gateauz differentiable function on U. Then the function f is
convex on U if and only if f(y) > f(x)+(Vf(zx),y —x) for all z,y € U. This
is further equivalent to (V f(y) — Vf(z),y —x) >0 for all z,y € U.

2.4 Minimal and maximal elements of sets

It is characteristic for wvector optimization problems that, different to scalar
programming problems, more than one conflicting objectives have to be taken
into consideration. Thus, the objective values may be considered as vectors
in a finite or even infinite dimensional vector space. As an example let us
mention the Markowitz portfolio optimization problem which aims at finding
an optimal portfolio of several risky securities, e.g. stocks and shares of com-
panies. There are two reasonable objectives, the expected return which has to
be maximized, and the risk (measured via the variance of the expected return
or any other risk measure) that has to be minimized. These both objectives
are conflicting because in general the risk grows if the expected return is in-
creasing. This conflict must be reflected by a corresponding partial ordering
relation in the two dimensional objective space. Such an ordering relation al-
lows to compare different vector objective values in, at least, a partial sense.
Based on the considered partial ordering one can define distinct types of solu-
tions in connection to a vector optimization problem. Partial orderings in the
sense considered in this book are defined by convex cones as we have already
done in section 2.1. The basic terminology for such solutions is that of effi-
ciency, i.e. we consider different types of so-called efficient solutions. For the
first time efficient solutions have been considered by Edgeworth in [60] and
Pareto in [148].

In this section we present different notions of minimality (maximality)
for sets in vector spaces. In the next section these notions will be employed
when introducing different efficiency solution concepts for vector optimization
problems.

2.4.1 Minimality

Unless otherwise mentioned, in the following we consider V' to be a vector
space partially ordered by a convex cone K C V.
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First of all let us define the usual notion of minimality for a nonempty set
M C V with respect to the partial ordering “<g” induced by K. Initially,
we confine ourselves to the case where the ordering cone K is pointed, i.e.
I(K) = {0}, in which case “<g” is antisymmetric, since this is the situation
mostly encountered within this book and also in the majority of practical
applications of vector optimization.

Definition 2.4.1. An element v € M 1is said to be a minimal element of M
(regarding the partial ordering induced by K ) if there is no v € M satisfying
v <g 0. The set of all minimal elements of M is denoted by Min(M, K) and
it is called the minimal set of M (regarding the partial ordering defined by K ).

Remark 2.4.1. There are several obviously equivalent formulations for an el-
ement ¥ € M to be a minimal element of M. We list some of them in the
following:

(i) there is no v € M such that v — v € K\{0};
(ii) from v <k v, v € M, follows v = v;
(iil) from v <k v, v € M, follows v 2k ¥;
(iv) (0 K) M = (o);
(v) (M —v) N (=K) = {0};

(vi) for all v € M there is v £ 0.

We would like to underline that for the equivalence (i7) < (i4i) the pointedness
of K is indispensable.

Example 2.4.1. An important case which occurs in practice is when V = R

and K = R% . Let M C R*. Then v = (01,...,9)" € M is a minimal element
of M if there is no v = (vq,...,vx)T € M such that v # ¥ and v; < v; for
alli =1,...,k, i.e. there is no v = (vy,...,v;)T € M fulfilling v; < v; for all

i=1,...,k and v; < v, for at least one j € {1,...,k}.

In an analogous way one can define the notion of mazimal element of a
set M.

Definition 2.4.2. An element v € M is said to be a maximal element of M
(regarding the partial ordering induced by K ) if there is no v € M satisfying
v >k 0. The set of all mazimal elements of M is denoted by Max(M, K) and
it is called the mazimal set of M (regarding the partial ordering defined by
K).

Remark 2.4.2. As in Remark 2.4.1 one can give the following equivalent for-
mulations for the maximality of an element v € M in M:

(i) there is no v € M such that v — 7 € K\{0};
(ii) from v 2k v, v € M, follows v = ©;
(iii) from v 2k v, v € M, follows v < U;
(iv) 0+ K)NnM = {v};
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(v) (M —v) N K = {0};
(vi) for all v € M there is v # i 0.

Remark 2.4.3. The problem of finding the maximal elements of the set M re-
garding the cone K may be reformulated as the problem of finding the minimal
elements of the set (—M) regarding K or, equivalently, as the problem of find-
ing the minimal elements of the set M regarding the partial ordering induced
by the cone (—K). It holds Max(M, K) = Min(M, —K) = — Min(—M, K).

Although we mostly confine ourselves within this book to the most impor-
tant framework of partial orderings induced by pointed convex cones, for the
sake of completeness we present also the definition of minimality regarding
a partial ordering induced by a convex but not pointed cone K. As noted
in subsection 2.1.1, in this situation [(K) = K N (—K) is a linear subspace
of V not equal to {0}. If this situation occurs, then Definition 2.4.1 is not
always suitable for defining minimal elements, and this because it may hap-
pen to have a v € M, v # v, such that v < v <k v. More precisely, if
v—v € l(K) C K thenv—17 € I(K) C K, too, and now it is clear that
Definition 2.4.1 cannot be used if the ordering cone K is not pointed. This
situation can be avoided if instead of Definition 2.4.1 one uses the following
definition due to Borwein [19] (see also Remark 2.4.1(i:7)).

Definition 2.4.3. Let K C V be an arbitrary ordering cone. An element
v € M s said to be a minimal element of M (regarding the partial ordering
induced by K), if from v Sk v, v € M, follows v Zf .

From this definition immediately follows that if © € M is a minimal ele-
ment of M then any © € M such that v <y v is also a minimal element of M.
To see this take an arbitrary v € M such that v i 0. Since v € Min(M, K),
it holds v 2k ¥ 2k © and so v € Min(M, K).

We observe further that v being minimal means that for all v € M fulfilling
v Sk 0 it is binding to have v — v € I(K). If K is a pointed cone then
I(K) = {0} and in this case we have © = v. Therefore Definition 2.4.3 applies
to pointed cones K, too, while Definition 2.4.1 can be seen as a particular
case of it.

Next we give some equivalent formulations to the notion of minimality in
case the cone K is not assumed to be pointed. More precisely, v € M is a
minimal element of M if and only if one of the following conditions is fulfilled:

(i) there is no v € M such that v —v € K\I(K);
(i) v-K)NM Cov+ K;
(iii) (-K)N(M —7) C K.

The maximal elements of the set M (in case the cone K is not assumed
pointed) can be defined following the same idea as in Definition 2.4.3. Analo-
gously to Remark 2.4.3 one has Max(M, K)=Min(M, —K)=— Min(—M, K).

The next result describes the relation between the minimal elements of
the sets M and M + K.
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Lemma 2.4.1. (a) It holds Min(M, K) C Min(M + K, K).
(b) If K is pointed, then Min(M, K) = Min(M + K, K).

Proof. (a) Take an arbitrary v € Min(M, K). By definition v € M C M + K.
Let us prove now that for v € M + K such that v <y © the relation v <y v
holds, too. Since v € M + K we have v =0 + k for some v € M and k € K.
Obviously = v —k <k v — k <k 0. But the minimality of v secures v <y ©
and, since 0 = v — k S v, the desired conclusion follows.

(b) Assuming now K pointed, let o € Min(M + K, K). We have v € M + K
and we show that actually v € M. Assuming the contrary implies v = 0 + k
with © € M and k € K\{0}. This yields o <y @ and as ¥ € M + K, one would
get a contradiction to the minimality of v in M + K. Following a similar
reasoning one can prove that in fact © € Min(M, K). Now (a) yields the
desired conclusion. 0O

The next minimality notion we introduce is the so-called strong minimality.
We work in the same setting, with V' a vector space partially ordered by the
(not necessarily pointed) convex cone K and M a nonempty subset of V.

Definition 2.4.4. An element v € M is said to be a strongly minimal element
of M (regarding the partial ordering induced by K ) if v <k v for allv € M,
.e. M Cov+ K.

For vector optimization this definition is of secondary importance be-
cause in the most practical cases strongly minimal elements do not exist.
If we consider the classical situation when V = RF and K = R’L then
the strong minimality of o € M C R* means v; < v;, i = 1,...,k, for all
v = (vy,...,v;)T € M. Thus, in case of a multiobjective optimization prob-
lem, this must imply that all the k£ components of its objective function attain
their minima at the same point, i.e. the objectives are not conflicting as it is
typical for vector optimization.

Obviously, every strongly minimal element is minimal. A strongly mazimal
element v € M is defined in analogous manner, namely one must have v =y v
for all v e M.

2.4.2 Weak minimality

Although from the practical point of view not so important as the minimal el-
ements, the so-called weakly minimal elements of a given set are of theoretical
interest, one of the arguments sustaining this assertion being that they allow
a complete characterization by linear scalarization in the convex case, which
is not always possible with minimal elements. We consider in this subsection
V' to be a vector space partially ordered by the convex cone K C V fulfilling
core(K) # () and M C V being a nonempty set.
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Definition 2.4.5. An element v € M is said to be a weakly minimal element
of M (regarding the partial ordering induced by K ) if (0 — core(K))NM = {).
The set of all weakly minimal elements of M is denoted by WMin(M, K) and
it is called the weakly minimal set of M (regarding the partial ordering induced
by K ).

The relation (v — core(K)) N M = ) in Definition 2.4.5 is obviously equiv-
alent to (M —v) N (— core(K)) = (). From here follows that WMin(M, V) = 0.
Whenever the cone K is nontrivial one may also notice that if we consider
as ordering cone K = core(K)U{0}, then v € WMin(M, K) if and only if
(o — K)N M = {0}, or, equivalently, & € Min(M, K) (sec Remark 2.4.1(iv)).
Of course, if K = K , then the minimal and weakly minimal elements of M
regarding the partial ordering induced by K coincide. This, however, is not
the case in general.

If K # V, any minimal element of M is also weakly minimal, since (v —
K)NM C v+ K implies (v — core(K)) N M = 0. Indeed, notice that (v —
core(K))N (v + K) = 0, as in this situation — core(K) N K = (). This result is
summarized in the following statement.

Proposition 2.4.2. If K # V, then Min(M, K) C WMin(M, K).

Next we provide a result, similar to Lemma 2.4.1, for the weakly minimal
elements of a set M C V', the proof of which being relinquished to the reader
(see, for instance, [104, Lemma 4.13]).

Lemma 2.4.3. It holds

(a) WMin(M, K) C WMin(M + K, K);
(b) WMin(M + K, K) 0 M C WMin(M, K).

Remark 2.4.4. When V is taken to be a topological vector space, in the above
assertions the algebraic interior core(K) can be replaced with the topological
interior int(K) when the latter is nonempty.

Weakly mazximal elements may be defined analogously, namely an element
v € M is called a weakly maximal element of M (regarding the partial ordering
induced by K) if (v+core(K))NM = . The set of all weakly maximal elements
of M is denoted by WMax(M, K) and it is called the weakly maximal set of
M. Also here it holds WMax(M, K) = WMin(M, —K) = — WMin(—M, K).

Consequently, one can formulate obvious variants of Lemma 2.4.1, Propo-
sition 2.4.2 and Lemma 2.4.3 for maximal and weakly maximal elements of
the set M, respectively.

2.4.3 Proper minimality

There is another very important notion of minimality subsumed under the
category of properly minimal elements. Properly minimal elements turn out
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to be minimal elements with additional properties. There are a lot of different
kinds of properly minimal elements. In the following we present an overview
of their distinct definitions and establish some relations between them. The
majority of these notions have been introduced in connection to some vector
optimization problems under the name proper efficiency. We introduce them
in this subsection as proper minimality notions for a given set by extending
to this general situation the corresponding notions for vector optimization
problems. To this end one has only to take in this situation M to be the
image set of the feasible set through the objective function. Let us mention
also that here we work only with properly minimal elements, for considering
properly maximal elements one needs only replace the cone K by —K.

The first notion we present concerns a nonempty set M C RF when the
space RF is partially ordered by the cone K = Rﬁ, being inspired by Geof-
frion’s paper [71].

Definition 2.4.6. An element v = (vy,...,0;)T € M is said to be a properly
minimal element of M in the sense of Geoffrion if © € Min(M, Ri) and if

there exists a real number N > 0 such that for every i € {1,...,k} and every
v=(vi,...,05)T € M satisfyingv; < v; there exists at least one j € {1,...,k}
such that v; < v; and

L%,

'Uj — Uj

The set of all properly minimal elements of M in the sense of Geoffrion is
denoted by PMing. (M, R%).

The definition above can be interpreted as follows: a decrease in one com-
ponent relative to v entails an increase in at least another component such
that the ratio of the absolute values of those differences is bounded. In mul-
tiobjective optimization this means that the trade-offs among the different
components of the vector objective function are bounded. In economics un-
bounded trade-offs are mostly undesirable. However, not only with respect to
the practical applications but also from the theoretical point of view, properly
minimal (or maximal) elements have nice and beneficial properties as we will
see in the next subsection.

One can establish an analogous lemma to Lemma 2.4.1 and Lemma 2.4.3
by replacing M with M + Ri.

Lemma 2.4.4. There is PMing.(M + R | RY ) = PMing.(M,R%).

Proof. Take an arbitrary o € PMing.(M + R, RY). By definition v €
Min(M + R%,R*) and, by Lemma 2.4.1, it holds © € Min(M,R¥ ). This
implies, in particular, that v € M. Because M C M + Rﬁ, Definition 2.4.6
applies to any v € M, i.e. v € PMing. (M, R%).

Now let © € PMing, (M, Ri) and N > 0 be the positive constant provided
by Definition 2.4.6. Clearly v € M + Rﬁ_ and by Lemma 2.4.1, we get v €
Min(M,R%) = Min(M + R% | R%). Take an arbitrary v = 0+ h € M + R
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where v € M and h € ]R’j_ and i € {1,...,k} such that v; = 0; + h; < v;.
Obviously 9; < #; and, according to Definition 2.4.6, there exists at least one
j €{1,...,k} such that v; < v; and

vj =
But this implies v; < 9; + h; = v; and

Ui — v v; — U — hy < V; — U; <N

vj_@j @j—i_hj_@j_f)j_@j
Consequently, we get v € PMing.(M + Ri,Ri). a

Already ten years earlier Hurwicz [93] has introduced a notion of proper
efficiency for vector optimization problems which has been generalized in [83]
to sets in partially ordered topological vector spaces.

Further we assume that V' is a topological vector space partially ordered
by the pointed convex cone K and M C V is an arbitrary nonempty set.

Definition 2.4.7. An element v € M is said to be a properly minimal element
of M in the sense of Hurwicz if cl(coneco((M —v)UK)) N (—K) = {0}. The
set of all properly minimal elements of M in the sense of Hurwicz is denoted
by PMing, (M, K).

This definition seems to be in a certain manner natural if it is compared
with the definition of minimality of ¥ € M in the equivalent formulation given
in Remark 2.4.1(v) which states that (M —0)N(—K) = {0}. Because M —© C
cl(coneco((M — v) UK)) it is clear that PMing,, (M, K) C Min(M, K).

Lemma 2.4.5. There is PMing,, (M + K, K) = PMing, (M, K).

Proof. Noting that coneco((M — v)UK) = coneco((M + K — 0)UK), we
obtain the conclusion. 0O

Geoffrion’s definition of proper efficiency is very illustrative concerning
economical and geometrical aspects. But its drawback is the restriction to
the ordering cone K = Rﬁ_. To overcome this disadvantage Borwein proposed
in [17] a notion of proper efficiency for vector maximization problems given in
Hausdorff locally convex spaces partially ordered by a pointed convex closed
cone which generalizes Geoffrion’s definition. We employ Borwein’s definition
to sets and use the notion proper minimality instead of proper efficiency in
accordance with our general context.

For the remaining part of this subsection we take V' to be a Hausdorff
locally convex space partially ordered by the pointed convex cone K and
M C V an arbitrary nonempty set.
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Definition 2.4.8. An element v € M is said to be a properly minimal element
of M in the sense of Borwein if cl(T'(M + K,v)) N (—K) = {0}. The set of
all properly minimal elements of M in the sense of Borwein is denoted by
PMing, (M, K).

Remark 2.4.5. The proper minimality in the sense of Borwein can be equiva-
lently written as 0 € Min(cl(T'(M + K, 7)), K). Observing that T'(M + K, 7) =
T(M + K — ©,0) one can see the affinity of this kind of proper minimality to
the notion of minimality, via Remark 2.4.1(v) and Lemma 2.4.1. The element
v € M is minimal if and only if (M + K — ) N (—K) = {v}. Thus Borwein’s
definition of proper minimality is nothing else than additionally demanding
c(T(M + K —9,0)) N (—K) = {0}. Moreover, if V is metrizable, then the
tangent cone is closed and in this situation one may omit the closure operation
within Definition 2.4.8.

Remark 2.4.6. (a) Let us mention here that in the original definition in [17] the
ordering cone was not explicitly assumed to be pointed. But this has to be as-
sumed, otherwise PMing, (M, K) is the empty set. Indeed, if K is not pointed,
then let v € K N (—K), v # 0, be arbitrarily chosen and v € PMing,(M, K).
Setting vy = v+ (1/l)v € M + K for I > 1, we get lim;_, ;v = ¥ and
lim;_, o I(v; — ©) = v. But this means nothing else than v € T(M + K, 7).
Therefore cl(T'(M + K,0)) N (—K) # {0} and this means that in this situa-
tion PMing,(M, K) = 0.

(b) A second observation in this context is that in the original definition for
a vector maximization problem a properly efficient solution is, additionally, as-
sumed to be an efficient solution. This would mean to require in our definition
that o € Min(M, K). But this hypothesis is superfluous and turns out to be a
consequence of the condition cl(T(M + K, v))N(—K) = {0}. The conclusion is
obvious if K = {0}. Assume that K # {0} and that for a © € PMing,(M, K)
it holds o ¢ Min(M, K). Then there exists v € M such that 7 — v € K\{0}.
We show that v—o € T(M + K, 9). Setting v; = v+ (1/1)(v—1), 1 > 1, we can
easily see that vy = v+ ((I —1)/1)(v —v) € M + K for | > 1. Even more, as
lim;_ 1 oo vy = 0 and limy_, 4 oo [(v; — 0) = v —1, it follows v—v € T(M + K, v).
Finally, since 0 # v — 0 € T(M + K,v) N (—K) C c(T(M + K,v)) N (—K),
the equality cl(T'(M + K,v)) N (—K) = {0} fails, and this contradicts the
assumption o € PMing,(M, K).

Since by the convexity of K it holds (M + K)+ K = M + K, the following
result follows easily via Lemma 2.4.1 and Remark 2.4.6(b).

Lemma 2.4.6. There is PMing,(M + K, K) = PMing,(M, K).

Regarding the proper minimality in the sense of Geoffrion and in the sense
of Borwein in case V = R¥ and K = R’j, we have that for a nonempty set
M C RF it holds PMing.(M,R%) C PMing,(M,R%), which can be proven
similarly as in [17, Proposition 1]. The following result, giving a sufficient
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condition for the coincidence of both notions, can also be proven similarly as
for a corresponding assertion in [17] regarding a vector maximization problem
under convexity assumptions.

Proposition 2.4.7. If M C R* is nonempty and M + Ri is conver, then
PMing. (M, Ri) = PMing,(M, Ri)

The next proper minimality notion we consider here originates from Ben-
son’s paper [15] and it was introduced in order to extend Geoffrion’s proper
minimality.

Definition 2.4.9. An element v € M is said to be a properly minimal element
of M in the sense of Benson if cl(cone(M + K —v)) N (—K) = {0}. The set
of all properly minimal elements of M in the sense of Benson is denoted by
PMing. (M, K).

Remark 2.4.7. In [15] the notion introduced above was given as proper effi-
ciency for vector maximum problems in finite dimensional spaces, with the
efficiency of the elements in discussion additionally assumed. This means in
our situation to supplementary impose the condition v € Min(M, K'). But this
is superfluous since M — o C cl(cone(M + K — v)) implies v € Min(M, K) if
cl(cone(M + K —9)) N (=K) = {0}, i.e. (M —9)N(—=K) = {0}, too.

The next result is a consequence of the convexity of K along with Lemma
2.4.1 and Remark 2.4.7.

Lemma 2.4.8. There is PMing.(M + K, K) = PMing.(M, K).

As mentioned above, for V = RF and K = ]R’j_, when M C RF is an ar-
bitrary nonempty set, it holds (cf. [15]) PMing.(M,R¥) = PMing. (M, R% ).
By taking into consideration the way Borwein’s and Benson’s proper mini-
malities are defined, one has that PMing.(M, K) C PMing,(M, K) is always
fulfilled. Further, let us notice that for © € M it holds cone(M + K — v) C
coneco((M — v) U K), the two sets being equal if M + K is convex. Thus we
have in general that PMing, (M, K) C PMing.(M, K), while when M + K is
convex it follows that PMing, (M, K) = PMing.(M, K) = PMing,(M, K).

In the following we introduce another proper minimality concept due to
Borwein (cf. [18]), which is similar to Definition 2.4.9.

Definition 2.4.10. An element v € M is said to be a properly minimal ele-
ment of M in the global sense of Borwein if cl(cone(M — v)) N (—K) = {0}.
The set of all properly minimal elements of M in the global sense of Borwein
is denoted by PMingp,(M, K).

If for © € M Definition 2.4.10 is satisfied, then also (M —7)N(—K) = {0}
and, due to Remark 2.4.1(v), we have ¢ € Min(M, K). Furthermore, it is
always true that PMing. (M, K) = PMingp,(M + K, K).

The next result relates PMingp,(M + K, K) to PMingp.(M, K).
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Proposition 2.4.9. There is PMingp,(M + K, K) C PMingp.(M, K).

Proof. Take an arbitrary v € PMingg,(M + K,K). Thus v € M and
cl(cone(M + K — v)) N (=K) = {0}. Since M — v C M + K — ¢ it fol-

lows that cl(cone(M — 7)) N (—K) C cl(cone(M + K —7))N(—K) = {0} and,
consequently, cl(cone(M — v)) N (—K) = {0}, which completes the proof. O

Obviously, we have that PMing. (M, K) C PMingp,(M, K). On the other
hand, no relation of inclusion between PMing,(M, K) and PMingp,(M, K)
can be given in general. Obviously, when M+ K is convex, then PMing, (M, K)
C PMingpo(M, K).

A formally different minimality approach is the one introduced by Henig
[88] and Lampe [122] by employing a nontrivial convex cone K’ containing in
its interior the given ordering cone K.

Definition 2.4.11. An element v € M is said to be a properly minimal ele-
ment of M in the sense of Henig and Lampe if there exists a nontrivial convex
cone K' C X with K\{0} C int(K") such that (M —v) N (=K') = {0}. The
set of all properly minimal elements of M in the sense of Henig and Lampe
is denoted by PMing._r.(M, K).

If the cone K’ is assumed also pointed, instead of (M —v)N(—K") = {0} one
can write ¥ € Min(M, K'). Tt is an immediate consequence of this definition
that © € PMing._ (M, K) implies v € Min(M, K).

Lemma 2.4.10. There is PMinge_rqo(M + K, K) = PMing._r.(M, K).

Proof. Let v € PMing._ro(M + K, K) be arbitrarily taken. Then one can
easily show that v € M. Moreover, there exists a nontrivial convex cone
K’ such that K\{0} C int(K’) and (M + K — 9) N (—K’) = {0}. Thus
(M —0)N(=K") = {0} and so © € PMing._r.(M, K).

Vice versa, take v € PMing._r,(M,K). Then v € M C M + K and
there exists a nontrivial convex cone K’ such that K\{0} C int(K’) and
(M —v)n (=K'") = {0}. We prove that (M + K —v) N (—=K') = {0}. If we
assume the contrary there would exist v € M, k € K and k' € K'\{0} such
that v+ k-0 = —k.Thenv—0=—(k+ k) € —(K + (K'\{0})) C —(K' +
(K'\{0})) € =K’ and so k + k' = 0. Consequently, —k € K' N (—int(K")),
which leads to a contradiction. Therefore © € PMing._r.(M + K, K) and the
proof is complete. O

The following statement reveals the relation between the proper minimal-
ity notions in the sense of Benson and in the sense of Henig and Lampe.

Proposition 2.4.11. There is PMing._r,(M, K) C PMing.(M, K).

Proof. If K = {0} the inclusion follows automatically. Assume that K # {0}.
Let v € PMinge—_rqo(M, K). Then o € M and there exists a nontrivial convex
cone K’ such that K\{0} C int(K’) and (M — o) N (—K') = {0}. We prove
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that cl(cone(M + K —9)) N (—K) = {0}. To this end we assume the contrary,
namely that there exists a k € K\{0} such that —k € cl(cone(M + K — v)).
Thus —k € int(—K’) and consequently there exist © € M, ke K and A >
0 such that A\(0 4+ k — 7) € int(—K’). Obviously, A\ # 0 and so & — 7 €
—int(K’) — K’ C —int(K"). This yields that © — @ # 0, contradicting the fact
that (M —9)N(—=K') ={0}. O

The following proper minimality notion, based on linear scalarization, al-
lows the treatment of minimal elements as solutions of scalar optimization
problems.

Definition 2.4.12. An element v € M is said to be a properly minimal ele-
ment of M in the sense of linear scalarization if there exists a v* € K*° such
that (v*,0) < (v*,v) for all v € M. The set of properly minimal elements of
M in the sense of linear scalarization is denoted by PMings.(M, K).

The properly minimal elements of M in the sense of linear scalarization
are also minimal, as the next result shows.

Proposition 2.4.12. There is PMinys.(M, K) C Min(M, K).

Proof. Take ¥ € PMinps.(M, K) with the corresponding v* € K*0. If v ¢
Min(M, K), then there exists v € M satisfying v <g v. As v* € K*° and
v — v € K\{0}, there is (v*, o — v) > 0, contradicting Definition 2.4.12. O

Simple examples illustrating that the opposite inclusion is in general not
fulfilled can be found in [80]. Without any additional assumption on M, the
properly minimal elements in the sense of linear scalarization of M and M+ K
coincide. The simple proof of this assertion is left to the reader.

Lemma 2.4.13. There is PMings.(M + K, K) = PMinps.(M, K).

The connection between the properly minimal elements in the sense of
linear scalarization and the properly minimal elements in the sense of Hurwicz
and Henig and Lampe, respectively, is outlined in the following statements.

Proposition 2.4.14. There is PMinps.(M, K) C PMing,, (M, K).

Proof. If K = {0} there is nothing to be proven. Assume that K # {0} and
take v € PMingg.(M, K). Then © € M and there exists v* € K*° such that
(v*,v) > 0 for all v € M —v. This means that for all v € (M — o) U K it holds
(v*,v) > 0 and, consequently, (v*,v) > 0 for all v € cl(coneco(M — v) U K).

Assuming that there exists a k € K \ {0} such that —k € cl(coneco(M —
v) U K), we get (v*,k) < 0. On the other hand, since v* € K* there is
(v*,k) >0. O

Proposition 2.4.15. There is PMinps.(M, K) C PMing._r.(M, K).
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Proof. Take an abitrary © € PMinys.(M, K). Then v € M and there exists
v* € K*0 such that (v*,v) > 0 for all v € M — v. Let be K/ := {v €
X : (v*,v) > 0} U{0}. Obviously, K’ is a nontrivial convex cone and, since
v e K* K\{0} Cint(K’) = {v e X : (v*,v) > 0}.

We prove that (M —7) N (—K') = {0}. Assuming the contrary yields that
there exists v € M such that v —v € K'\{0}, or, equivalently, (v*, 7 —v) > 0.
This contradicts the fact that (v*,0) < (v*,v) forallv e M. O

Remark 2.4.8. In case the set M + K is convex Lemma 2.4.13 allows to char-
acterize the properly minimal elements v € PMinyg.(M, K) as solutions of
the scalar convex optimization problem
min_(v*,v)

vEM+K
with an appropriate v* € K*°. This again makes it possible to derive necessary
and sufficient optimality conditions via scalar duality and also to construct
vector dual problems in particular in the case when M is the image set of

a feasible set through the objective function of a given vector optimization
problem.

Summarizing the results proven above, we come to the following general
scheme for the proper minimal sets introduced in this section. First we con-
sider the general situation of an underlying Hausdorff locally convex space V'
partially ordered by the pointed convex cone K and let M C V' be a nonempty
set.

Proposition 2.4.16. There holds

CPMing.(M, K)C PMing o (M, K)

. PMin g, (M, K)
PMingps.(M, K)C = PMing, (M, K).

= PMing._r.(M, K)

If M + K is convex, then
PMinys.(M,K) C PMinge—rq(M, K) C PMing, (M, K)
= PMing.(M, K) = PMing,(M, K) € PMingp,(M, K).

Under additional hypotheses some opposite inclusions hold, too. We begin
with a statement that can be proven by considering some results from [83].

Proposition 2.4.17. (a) If the ordering cone K is closed and it has a com-
pact base, then PMinps.(M, K) = PMing, (M, K).

(b) If V is normed, the ordering cone K is closed and it has a weakly compact
base, then PMing._q(M, K) = PMing.(M, K) = PMingp,(M, K).

Whenever V = R*¥ and K = Ri more inclusions turn into equalities in
the scheme considered in Proposition 2.4.16 one can be include the properly
minimal elements in the sense of Geoffrion, too.
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Proposition 2.4.18. Let V =RF, K = R’j_ and M C R* a nonempty set.
(a) Then it holds

PMingg.(M,RY) = PMing, (M, RY) C PMinge_rq.(M,RY) =

PMing, (M, RY ) =PMing (M, R% ) =PMing g, (M, R% ) CPMing, (M, RY).

(b) If, additionally, M + R is convez, then all the inclusions in (a) turn into
equalities.

Remark 2.4.9. In section 4.4 we consider other minimality notions with respect
to general increasing scalarization functions used only there, while in chapter
7 some minimality notions introduced in this section are extended for sets

MCV.

2.4.4 Linear scalarization

In this subsection we turn our attention to linear scalarization and its connec-
tions to the different minimality concepts introduced before. Scalarization in
general allows us to associate a scalar optimization problem to a given vector
optimization problem. This is very closely related to the monotonicity prop-
erties of the scalarizing function. In this context the dual cone and the quasi
interior of the dual cone of the underlying ordering cone plays a crucial role.
As noticed in Remark 2.4.8, characterizing minimal, weakly minimal or prop-
erly minimal elements of a given set by monotone scalarization, in particular
linear scalarization, offers the possibility to investigate these notions by means
of techniques which come from the scalar optimization.

Unless otherwise mentioned, in this subsection we consider V' to be a vector
space partially ordered by a convex cone K C V. If the pointedness of the
cone K is required in some particular result, it will be explicitly mentioned.
Moreover, the set M C V is assumed to be nonempty.

Lemma 2.4.19. Let f : V — R be a given function.

(a) If f is K-increasing on M and there exists an uniquely determined element
v € M satisfying f(0) < f(v) for allv € M, then v € Min(M, K).

(b) If f is strongly K-increasing on M and there exists © € M satisfying
f(0) < f(v) for allv e M, then v € Min(M, K).

Proof. (a) Assuming ¢ ¢ Min(M, K') yields the existence of v € M such that
v <k v. Taking into consideration the fact that f is K-increasing we get
f) < f(v). Thus f(v) = f(v) and this contradicts the uniqueness of o as
solution of the problem min,eas f(v).

(b) Arguing as in part (a) in case v ¢ Min(M, K) one can find an element
v € M such that f(v) < f(), but this contradicts the minimality of f(7). O

For weakly minimal elements one has the following analogous characteri-
zation. Note that no difficulties arise if the ordering cone K is not pointed.
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Lemma 2.4.20. Suppose that core(K) # 0 and consider a function f:V —
R which is strictly K-increasing on M. If there is an element v € M fulfilling
f(@) < f(v) for allv e M, then v € WMin(M, K).

Proof. If v ¢ WMin(M, K) then there exists v € (v — core(K)) N M. This
implies f(v) < f(v), contradicting the assumption. 0O

The next scalarization result provides a necessary optimality condition for
the minimal elements of M. One can notice the usefulness of the assumption
of convexity for M + K, which allows giving such characterizations even if M
is not a convex set. We refer to the previous subsections for the connections
between the minimality properties of the sets M and M + K.

Theorem 2.4.21. Assume that the ordering cone K is nontrivial and pointed,
M + K is convex and core(M + K) # 0. If v € Min(M, K), then there exists
some v € K#\{0} such that (v¥ v) < (v, v) for allv € M.

Proof. If v € Min(M, K), then according to Lemma 2.4.1(a) we have v €
Min(M + K, K), too, and this can be equivalently rewritten as (M + K —
7) N (—=K) = {0}. Even more, as M + K — v and (—K) are convex sets,
core(M + K — v) # 0 and core(M + K —v) N (—K) = 0, Theorem 2.1.3 can
be applied. Thus there exist v# € V#\{0} and A € R such that

(0%, v+ ky —0) <A< (07, —ko) Yo € M Vky, ks € K. (2.9)

If there exists k € K\{0} such that (%, k) > 0, then choosing k; = ak for
a > 0, we obtain a contradiction to (2.9), as the left-hand side is unbounded
for o — +o0. Thus (v%,k) < 0 for all kK € K\{0} and this actually means
that % € —K#. Taking k; = ko = 0 and setting v# := —07 € K# we get
(v, v) < (v#,v) for all v € M, which completes the proof. O

It is clear that by means of the topological version of Eidelheit’s separa-
tion theorem one can state an analogous scalarization result for the minimal
elements of a subset M of a topological vector space.

Corollary 2.4.22. Let V' be a topological vector space partially ordered by a
nontrivial pointed convexr cone K. Moreover, assume that M + K 1is convex
and int(M + K) # 0. If v € Min(M, K), then there exists v* € K*\{0} such
that (v*,v) < (v*,v) for allve M.

Now we present, again in the vector space setting, sufficient conditions for
minimality which are immediate consequences of Lemma 2.4.19 and Example
2.2.3.

Theorem 2.4.23. (a) If there exists v € K¥ andv € M such that (v¥,v) <
(v*,v) for allv € M, v # v, then v € Min(M, K).

(b) If there exist v € K#9 and v € M such that (v¥#,v) < (v#, v) for all
ve M, then v € Min(M, K).
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Remark 2.4.10. (a) In Theorem 2.4.23(b) it is not necessary to impose the
pointedness of K, because otherwise K#0 = ().

(b) The necessary condition in Theorem 2.4.21 is not also sufficient be-
cause, as follows from Theorem 2.4.23(a), for this we need a strict inequality.
Indeed, if (v, 5) < (v#,v) is for all v € M fulfilled, then v is weakly minimal
to M, (see Theorem 2.4.25 below), but not necessarily minimal.

We would like to mention that in locally convex spaces partially ordered by
a convex closed cone the strongly minimal elements can be as well equivalently
characterized via linear scalarization by using linear continuous functionals
from K* (see [104, Theorem 5.6]). We omit giving this statement here, since
strongly minimal elements are not interesting from the viewpoint of vector
optimization and do not play any role in this book.

Next we turn our attention to necessary and sufficient optimality condi-
tions characterizing via linear scalarization the weakly minimal elements of a
nonempty subset of a vector space.

Theorem 2.4.24. Let K C 'V be such that core(K) # 0 and M+ K is convez.
If v € WMin(M, K) then there exists v € K#\{0} such that (v¥ v) <
(v, v) for allv € M.

Proof. The proof follows the lines of the proof of Theorem 2.4.21 using again
the algebraic version of Eidelheit’s separation theorem. O

Theorem 2.4.25. Suppose that core(K) # 0. If there exist v¥ € K#\{0}
and © € M such that for all v € M it holds (v¥,v) < (v¥ v), then v €
WMin(M, K).

Proof. The assertion is a straightforward conclusion of Lemma 2.4.20 and
Example 2.2.3. 0O

Combining Theorem 2.4.24 and Theorem 2.4.25 one obtains an equivalent
characterization via linear scalarization for weakly minimal elements.

Corollary 2.4.26. Let K C V be such that core(K) # 0 and M+ K is convex.
Then v € WMin(M, K) if and only if there exists v € K#\{0} satisfying
(v#,0) < (¥, v) for allv € M.

The following remark plays an important role when dealing with vector
duality with respect to weakly minimal elements.

Remark 2.4.11. Assuming that V' is a topological vector space partially or-
dered by the convex cone K with int(K) # @) and M C V is a nonempty
set with M + K convex, then by using the topological version of Eidelheit’s
separation theorem and the analog of Lemma 2.4.19 and Example 2.2.3 for
topological vector spaces, one gets that v € WMin(M, K) if and only if there
exists a v* € K*\{0} such that (v*,7) < (v*,v) for all v € M. Theorem
2.4.24 and Theorem 2.4.25 remain valid when formulated in a corresponding
topological framework.
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After characterizing minimal and weakly minimal elements of a set M C V
regarding the partial ordering induced by the convex cone K C V via lin-
ear scalarization it is natural to ask whether it is possible to give analogous
characterizations also for the properly minimal elements. First of all let us
take a closer look at Definition 2.4.12, where we introduced PMinys.(M, K),
the set of properly minimal elements of M with respect to linear scalar-
ization. This definition itself is already based on linear scalarization. If we
look at Proposition 2.4.17(a) we see that under some additional hypotheses
PMinzs.(M, K) = PMing, (M, K), i.e. the properly minimal elements of M
in the sense of Hurwicz may be characterized by linear scalarization using
a functional v* € K*°. Even more, as follows from Proposition 2.4.18(b), if
V =R K = R’j_ and M + K is a convex set, then all the properly mini-
mal elements introduced in this section may be characterized in an equivalent
manner by linear scalarization. But as far as properly minimal elements in the
sense of Borwein are concerned, there exists a more general linear scalarization
result, which can be proven like [104, Theorem 5.11 and Theorem 5.21].

Theorem 2.4.27. Let V be a Hausdorff locally convex space partially or-
dered by the pointed convex closed cone K with int, - vy(K*) # 0 and
the nonempty set M C V  for which we assume that M + K is convew.
Then v € PMing,(M, K) if and only if there exists v* € K*° such that
(v*,0) < (v*,v) for allve M.

Remark 2.4.12. One should notice that for V = R¥, K = R’_j and M C RF
with M + Rﬁ_ convex, when the hypotheses of Theorem 2.4.27 are fulfilled,
there is

PMinzs.(M,RY) = PMing, (M, RY) = PMinge_rq.(M,RY) =

PMing, (M, R%) = PMing. (M, R ) = PMingg,(M,R% ) = PMing,(M,RY),
which is nothing but the assertion of Proposition 2.4.18(b).

2.5 Vector optimization problems

An optimization problem consisting in the minimization or maximization of
several objective functions is a particular case of a vector optimization prob-
lem, for which one can find in the literature also the denotations multiobjective
(or multicriteria) optimization (or programming) problem as well as multiple
objective optimization (or programming) problem. The characteristic feature
is the occurrence of several conflicting objectives, i.e. not all objectives under
consideration attain their minimal or maximal values at the same element of
the feasible set, which is a subset of the space where the objective functions
are defined on, sometimes called decision space (or input space). In most real
life decisions it is much more realistic to take into account not only one objec-
tive but different ones. For instance, if we look at an investment decision on



58 2 Preliminaries on convex analysis and vector optimization

the capital market it is reasonable to consider at least two objectives, namely
the expected return which has to be maximized and the risk of an investment
in a security or a portfolio of securities which should be minimized. In other
situations one wants to minimize the cost and to maximize different features
of quality of a product or a production process or to minimize the production
time and to maximize the production capacity etc. It is obvious that such
objectives often appear in a conflicting manner or as conflicting interests be-
tween different persons, groups of people or within a single decision-maker
itself.

A widely used way of assessing the multiple objectives is on the base of
partial ordering relations induced by convex cones. This allows to compare
different vector objective values in the sense that an objective value is pre-
ferred if it is less than (if we consider a minimization problem) or greater than
(if case of a maximization problem) another one with respect to the consid-
ered partial ordering induced by the underlying convex cone. The solutions
are defined by those objective values that cannot be improved by another one
in the sense of this preference notion. Thus, one immediately sees that the
notions of minimal elements for sets introduced in section 2.4 turn out to be
natural solution concepts in vector optimization. Although in many practical
applications the number of considered objectives is finite, from a mathemat-
ical point of view the objective space (or image space), sometimes also called
outcome space, may be an infinite dimensional space. So, for the sake of gen-
erality, we will define the vector optimization problem initially by considering
general vector spaces for the decision and outcome spaces, the latter partially
ordered by a convex cone.

Let X and V be vector spaces and assume that V' is partially ordered by
the convex cone K C V. For a given proper function h : X — V =V U{+ook }
we investigate the vector optimization problem formally denoted by

(PVGQG) %l)r(lh(l‘)

It consists in determining the minimal, weakly minimal or properly min-
imal elements of the image set of X through h, also called outcome set (or
image set), h(domh) = {v € V : 3z € domh,v = h(x)}. In other words, we
are interested in determining the sets Min(h(dom h), K), WMin(h(dom k), K)
or PMin(h(dom h), K'), where PMin is a generic notation for all sets of prop-
erly minimal elements. On the other hand, we are also interested in finding the
so-called efficient, weakly efficient or properly efficient solutions to (PV Q).

Definition 2.5.1. An element T € X is said to be

(a) an efficient solution to the wvector optimization problem (PVG) if T €
domh and h(z) € Min(h(dom h), K);

(b) a weakly efficient solution to the vector optimization problem (PVG) if
z € domh and h(z) € WMin(h(dom h), K);



2.5 Vector optimization problems 59

(¢) a properly efficient solution to the vector optimization problem (PV Q) if
Z € domh and h(z) € PMin(h(domh), K).

The set containing all the efficient solutions to (PVG) is called the effi-
ciency set of (PVQG), the one containing all the weakly efficient solutions to
(PV Q) is said to be the weak efficiency set of (PVG), while the name used for
the one containing all the properly efficient solutions to (PVG) is the proper
efficiency set of (PVG).

It is worth mentioning that in many cases in practice a decision-maker
is only interested to have a subset or even a single element of one of these
efficiency sets. This is a direct consequence of the practical requirements in
applications.

Frequently, one looks for efficient elements in a nonempty subset A C X,
where the objective function is h : A — V. This problem can be reformulated
in the form of (PV Q) by considering as objective function h:X -V,

h(z) = {h(x), ifx € A,

400k, otherwise.

Although we have just defined the efficient solutions via the minimality
notions for the image set, for the sake of convenience let us state them in an
explicit manner.

Definition 2.5.2. An element & € X is said to be an efficient solution to the
vector optimization problem (PVG) if & € domh and for all x € dom h from
h(z) Sk h(Z) follows h(Z) <k h(x). The set of efficient solutions to (PV Q)
is denoted by Eff(PVG).

As pointed out in the previous section, there are several equivalent formu-
lations for z € Ef f(PVG), like, for example, (h(Z)—K)Nh(domh) C h(z)+K
and, in case K is pointed, (h(Z) — K) N h(domh) = {h(z)}.

Definition 2.5.3. Suppose that core(K) # 0. An element € X is said to
be a weakly efficient solution to the vector optimization problem (PVG) if
7 € domh and (h(z) — core(K)) N h(domh) = 0. The set of weakly efficient
solutions to (PV Q) is denoted by WEff(PVG).

One can see that z € WEff(PVG) if and only if z € dom . and there is
no = € dom h satisfying h(z) <x h(Z) .

Taking into consideration Proposition 2.4.2, whenever core(K) # @ and
K # V, we have Eff(PVG) C WEff(PVG). In section 2.4 we have pointed
out the close connection between the different types of minimal elements to
the sets M and M + K, when M C X is a nonempty set. These results are
important in the context of scalarization since we have seen that the property
of M+ K to be convex is sufficient for the characterization of minimal elements
of M by means of linear scalarization. We may transfer this to the vector
optimization problem in an obvious manner.
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From section 2.2 we know that if h : X — V is a proper function, the
assumption that h(domh) + K is convex is equivalent to the property that
the function h is K-convexlike. This allows to establish scalarization results
for vector optimization problems with K-convexlike and indirectly with K-
convex objective functions.

In an analogous manner one can deliver explicitly definitions for the dif-
ferent notions of properly efficient solutions. We restrict ourselves here only
to the properly efficient solutions with respect to linear scalarization based on
Definition 2.4.12 because this type of properly efficient solutions will be later
involved in different duality statements for vector optimization problems.

Let us suppose that V' is a Hausdorff locally convex space partially ordered
by a pointed convex cone K. One can alternatively define the properly efficient
solutions in the sense of linear scalarization in the following manner.

Definition 2.5.4. An element T € X is said to be a properly efficient solution
to (PVG) in the sense of linear scalarization if there exists v* € K*° such
that (v*h)(z) < (v*h)(z) for all x € X. The set of properly efficient solutions
in the sense of linear scalarization to (PVG) is denoted by PEff1s.(PVG).

In other words, z € PEff;,s.(PV () if and only if Z is an optimal solution
to the scalar optimization problem
in(v*h)(zx).
min(v*h)(z)
The results in this section can be used for providing corresponding charac-

terizations for the properly efficient solutions to (PVG) by means of linear
scalarization.
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